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Abstract:

For certain group extensions of uniquely ergodic transformations,
we identify all locally finite, ergodic, invariant measures. These are
Maharam-type measures. We also establish the asymptotic behaviour
for these group extensions proving logarithmic ergodic theorems, and
bounded rational ergodicity. (€)1999

§0 INTRODUCTION AND GENERAL FRAMEWORK

Let (X,B) be a standard measurable space, and let 7: X - X be
an invertible measurable map. Let G be a locally compact, Abelian,
Polish (LCAP) topological group and let ¢ : X — G be measurable.

The skew product transformation 7, : X x G — X x G is defined by

T(1,y) = (T2,y + ¢(x)).

A measure m : B B(G) — [0, oo] is called locally finite if m(X x K) <
oo V K c G compact.

Our program is to identify all 74-invariant locally finite measures and
study their asymptotic behaviour.

It is known ([Fu], [Pa]) that if 7 is a uniquely ergodic homeomorphism
of a compact metric space (with invariant probability p), G is compact
(with Haar probability measure mg) and ¢ : X — G is continuous, then
ergodicity of 7, with respect to the product p x mg is equivalent to the
unique ergodicity of 7.

For non-compact G, it is well known that if 7 is uniquely ergodic
(with invariant probability p), and 74 is ergodic with respect to p x mg
, then there is no 74-invariant probability on X xG (see e.g. [A1] chapter
8, or [Sc2]).

It is natural to ask (as in [Ve]) for 74-invariant locally finite measures.
There is a natural class of 7,-invariant locally finite measures: the
Maharam measures which we proceed to describe.
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Let (X,B) and 7 be as above and let A : X - R, be measurable.
We call a probability u € P(X,B) (h,7)-conformal if o7 ~ p and
dg% =h p-a.e..

Now let ¢ : X — G be measurable, and let a: G - R be a continuous

homomorphism. Let pu = p, be a (e®°?, 7)-conformal probability on
(X, B).
The associated Maharam measure is m,, : B B(G) — [0, oo] defined by
dmy(z,y) = e*Wdu(x)dy (where dy denotes Haar measure on G).
The reason for this terminology is that Maharam measures were first
considered for G =R in [Mah)].

A Maharam measure is easily seen to be 7 -invariant, the dilation
from the first coordinate being canceled by the translation in the sec-
ond.

For the transformations 7, considered in this paper, we show the
following properties:

UNIQUE CONFORMAL PROBABILITIES:

For each continuous homomorphism a : G — R, there is a unique
(e@°?. T)-conformal probability p =y, on (X, B);

MAHARAM MEASURES ARE ERGODIC:

For each continuous homomorphism « : G - R, the Maharam mea-
sure m,, is ergodic (for 7);

ERGODIC MEASURES ARE MAHARAM:

The only ergodic 74-invariant locally finite measures are proportional
to Maharam measures.

Remarks

1) For G compact, the only continuous homomorphism « : G - R is
a =0, the only Maharam measures are of form m x mg, and the above
properties for 74 are equivalent to its unique ergodicity.

2) As shown in [Sc2], there are abundances of (e*°?,7)-conformal
infinite measures, and of non-locally finite, 7y-invariant, o-finite mea-
sures.

We attempt our program in two cases. In §1, we treat the so called
cylinder flow R, : TxR - TxR defined by R, ,(z,vy) = (z+a,y+x(z))
where o € T\ Q and where x(x) = (f+1) - Lo e y— B (some S > 0),

?B+1

the rest of the paper being devoted to certain group extensions of adic
transformations by symmetric cocycles (see below).

Let S be a finite, ordered set, let A : S xS - {0,1} be an irre-
ducible, aperiodic matrix and let ¥ = ¥4 ¢ SN be the corresponding
(topologically mixing) subshift of finite type (SFT).
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Let V' be the adding machine on SN. The adic transformation on X
is the induced transformation of V' on 3 defined (in §2) for all except
countably many points z € 3 by 7(z) = Vmin{n2l: V*(2)eX} (),

For f:3 - G, we consider the symmetric cocycle ¢;: 3 — G defined
by ¢s(x) = Y5 (f(Tiz) - f(T(7x))) where T': ¥ — X is the shift, the
sum terminating as T%(x) = T?(rx) V large i > 1.

In §2 we show that the class of 74 -invariant, locally finite measures
for f aperiodic having finite memory is the collection of measures which
are proportional to mixtures of the canonical Maharam measures (the-
orems 2.1 and 2.2).

In §3 and §4, we consider the asymptotic properties of 74, with re-
spect to Maharam measures, where f : ¥ — R? is an aperiodic Holder
continuous function.

For a € R4, consider the Maharam measure m,, : B(X x RY) - [0, oo]
defined by dmg(z,y) = e *¥du(x)dy where p = pu, is the (e*f, 7)-
conformal measure. In §4, we show that 74, is boundedly rationally
ergodic with return sequence a(n) x (log”n) 7 (see [A2], and/or §4) with

respect to mg. Bounded rational ergodicity is a strong form of rational
ergodicity, and so this entails a kind of absolutely normalized ergodic
theorem:

Su(f)

a(n)

where f,, ~ fif V. my 1 oo 3 ny, =my, 1 oo such that V p; =ny; 1 oo, we
have < Zj]\il fp, > [ae as N — oo (see [Al]).

For a # 0, 74, is squashable with respect to m, (see [A1]) and there

is no such kind of ergodic theorem. Nevertheless, we show in §3 that
the logarithmic ergodic theorem holds:

vffdmo V feL'Y(mg)
X

log Yo Fo7}, hy (T)
logn hiop(T)

My-a.e. as n — oo YF € L'(my,),

where p, is the equilibrium measure of « - f (see [Bo]).

There is some relation between the results of §2 and results in [P-S]
remarked at the end of §2. The program in §3 and §4 has been previ-
ously carried out in full in [A-W] for ¥ = {0, 1}N, f(z) = z;. Bounded
rational ergodicity of certain of the cylinder flows was established in
[A-K].

Horocycle flows on Abelian covers of compact, hyperbolic surfaces
can be considered as “smooth analogues” of the skew products consid-
ered here. Ergodic, Maharam measures for these horocycle flows were
introduced, and their asymptotics considered in [B-L].
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We conclude this introduction with a Basic Lemma, to be used in §1
and §2.

For a € G, define Q, : X xG - X x G by Q.(z,y) := (x,y + a), then
T50 Qg = Qg oTy. If m is an ergodic 74-invariant locally finite measure,
then so is mo @, (ae€G) whence, as is well known, either mo @, L m
or mo (), =cm for some ceR,.

For m an ergodic 7y-invariant locally finite measure, set

H=H,:={aeG: moQ,~m}.

0.1 Basic Lemma
(i) H is closed;
(i1) If H =G, then m is proportional to a Maharam measure.

Proof
(7) By unicity of absolutely continuous invariant measures, 3 a mul-
tiplicative homomorphism A : H — R, such that

XXGfOQadmzA(a)—/XXGfdiaeH, feL'(m).

For f : X xG - R continuous with compact support, we have that
foQa, = foQ, uniformly as a,, - a in G. Suppose that a, € H, a,, -
a ¢ H. This forces A(a,) — 0, since by the local finiteness assumption,
Ve>03 f: X xG— R, continuous with compact support such that

f fdmzl,/ FoQudm < e
XxG XxG

e> foQadme/XXGfoQandm:A(an).

XxG
On the other hand 3 f : X x G - R continuous, everywhere positive,

and absolutely integrable. Clearly fo @, >0 and [, g f o Q.dm > 0,
contradicting A(a,) - 0 and showing that a € H.

(#9) There is a measurable (hence continuous) homomorphism « :
G — R such that moQ, = e=*(®m. Define the measure m : B(X xG) —
[0,00] by dm(z,y) := e*®dm(z,y). It follows that m o Q, = m. For
AeB(X), BeB(G) and a € G, we have

m(Ax (B+a))=moQ.(AxB)=m(AxB).

Since the Haar measure on G is unique up to a constant, V A €
B(X), 3 u(A) € R, such that

(A x B) = ju(A)me(B) (B eB(G)).
It follows that p is a finite measure on X, and that

dm(z,y) = e *Wdu(x)dy.

whence
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The 7,-invariance of m now implies that pro7 ~ p with ds% = e*°? (it
being necessary to cancel the dilation due to translation of the second
coordinate by dilation of the first). O

§1 CYLINDER FLOWS

Let T := R/Z = [0,1) denote the additive circle (the multiplicative
circle being S' := ¢2™T c C) and let R,(x) :=z+« mod 1. The natural
distance function on T is given by the norm |z := min,z |z + n|.

For 8> 0, let Gg c R be the closed subgroup generated by 1 and /5.
Note that Gg = 8Z if B € Q and Gz =R if 3 ¢ Q. Consider for 5> 0, the
function x : T - Gg defined by

=B .= - 31 =(f+1)1 -
X=X [0’%)5[%71) (B )[0’%)

B

and the skew products (or cylinder flows) R, s : T x Gg — T x Gg
defined by R, ) (z,y) = (z +a,y+xP(z)) for a ¢Q, 5> 0.

The goal here is to identify all the locally finite, o-finite, R, (-

invariant measures. Write x$ := Y74 y(® o RE.
We recall some information about the continued fraction expansion

1
o=
ap +

az+

ag+...

of @ €[0,1) ~ Q. This can be found in [Kh].
The positive integers a,, are called the partial quotients of «.
Define Pns Gn € Z+, ng (pnaQTL) =1 by

Pn._ 1
= 1
dn a1+ angm
then
G =1, q1 = a1, Gne1 = Ans1Gn + Gn-1;
Po=0, p1 =1, Pns1 = Ans1Dn + Pr-1;
P2n ca< P2n+1
G2n q2n+1
and

Pn_ Ppa _ (1)
dn Gn+1 qnqn+1

The rationals ’q’—: are called the convergents of o, and the numbers g,
are called (principal) denominators of «.
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Recall the Denjoy-Koksma inequality, that ||F, |« < V1 F for any
function F : T — R of bounded variation (V1 F' < co) such that [ F'(¢)dt =

0. In particular, |x\?| < 2(8 +1).

1.1 Proposition
Va¢Q, B>0andn>0, 3 aunique (nX'” | Ry)-conformal probability
measure jL = fta,5, € P(T).

Proposition 1.1 follows from a more general “folklore theorem” (pointed
out to the authors by J-P. Conze and K. Schmidt):

Theorem Let o ¢ Q and suppose that h: T — R has bounded variation
and [; h(z)dz = 0. There exists a unique (eh, R,)-conformal e P(T).
Moreover i 1s non atomic.

Proof

We first prove existence.

Let T' be the (countable) set of discontinuities of h and let Iy, :=
Unez R2I. As shown in [Ke]:

1 X a compact metric space, T': X - X a homeomorphism, 7: X —
[0,1) continuous and finite to one, H : X - R continuous such that
(i) moT =Ryom, (it) Vo ¢Tle, [t} =1and, H(r 'z) = h(z).

It follows from the Denjoy-Koksma inequality that
(717) |Hy, ()| < V1 h ¥V @ € X\771T,, and hence (by continuity) V z € X.

By theorem 4.1 in [Sc2], 3 p € P(X) and ¢ € R such that poT ~

dpoT

—_ o,H+c :
o =€ . Since

and
1=pu(T"X) = / eHan*etn gy x o
X

as n — oo, we must have ¢ =0.

We claim that p is nonatomic. Otherwise 3 x € X with u({z}) >0
whence 3 v € P(X), v « p with v = ¥,,.7 4,07, where a, > 0. By
% =el, a, = ce (@ for some ¢ > 0 entailing ¥(X) > ¢,z eHan (@) =
oo and contradicting v € P(X).

Now define v € P(T) by v = pon~t. It follows that v is nonatomic,
whence v(T's) =0 and vo R, ~ v and %28 = ¢h pogee..

Existence and nonatomicity are now established and we turn to the
proof of unicity.

We prove that if voR, ~ v and d”[‘i’% =e" v-a.e., then R, is v-ergodic.
This suffices since nonunicity implies existence of p with po R, ~ p and
% =eh p-a.e., and R, not p-ergodic.

As above, v is non-atomic, and by minimality of R,, v(J) > 0 V
intervals J. Thus if 7 : [0,1) — [0,1) is defined by 7(x) := v((0,x))

h
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then 7 is an orientation preserving homeomorphism of T, and von~! =

Lebesgue measure. It follows that S = w o R, o 7~! is absolutely con-
tinuous with S’ = e"*™ and by theorem 2b in [dM-vS] S is ergodic with
respect to the Lebesgue measure. It follows that R, is ergodic (v).

O

Remark The (X, R,)-conformal i = i3, € P(T) can also be
obtained using the methods of [Her| (as in [N1] and [N2]):
Define the continuous f = f, 3: R - R by

b @) :{ n-x  xel0,a(n,p)))
8 n8(x—a(n,B)) +a(n,B)  welaln,B),1)

where a(n, ) := 7773?—1__11 (this value of a is forced by the slopes, and
continuity of f, g).

By the theory of rotation numbers, 3 0 < b < 1, and an orientation
preserving homeomorphism & : T — T with £(0) =0, £(1) = 1 such that
§to fuol =R, where f, = f,5+D.

It can be shown that if p:=mo &, then d“;f“ =X,

INVARIANT MEASURES FOR THE CYLINDER FLOW Rayx(l). Recall that
q € N is called a Legendre denominator for « if 3 p € N such that

la - E] < #. This is because of Legendre’s theorem that a Legendre

denominator for « is a principal denominator for «.

1.2 Sublemma
Suppose that q s an odd Legendre denominator for «, then |X((11)| =1.

Proof in case |a—§|<#.

Firstly{% mod1l: 0<k<qg-1}={0=a;<ay<--<a, <1} with
ai:z%;and{%+% mod 1: 0<k<qg-1}={0=b<by<---<b, <1}
satisfya1<b1<a2<b2<~~~<aq<bq<1Withbi—ai=ai+1—bi=%.

Now let k;,¢; (0 < i < g-1) be such that a; = k;p mod 1 and
bi:%p mod 1. Set @; := k;o mod 1 and b; = ;& mod 1.

We claim that @; < by <@ <by <--- <@y < b, <1. The reason for this
is that |ka—%p|<2iq (0 <k <g-1) whence in case o> £,

— 1
ai<ai<a,-+%_

_ -
bi<bi<bi+%—a,~+1<...,
and in case a<§,

— 1 7 1
ai+1>ai+1>ai+1—2—q:bi>bi>bi—%=ai>....
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Now X[(Il) is a step function with points of discontinuity 1 —a; >
1-by>1-Ty>1=by>-> 1-a, > 1—l_)q > 0, and jumps of +2 at
1-@ (1<i<q)and-2at1-a (1<i<gq). The values of x\"
are of form {v,v + 2} for some v € Z. The only v € Z permitted by the
condition |; P (#)dt =0 is v = -1. Thus [y = 1. O

This subsection is based on the following lemma, which is obtained
from sublemma 1.2 and the well known fact that there are infinitely
many odd Legendre denominators for any « ¢ Q:

1.3 Lemma
3 ny — oo such that ’X‘(IBJ =1Vk>1.

Remark
Sublemma 1.2 can be strengthened: |X((11)| = 1 whenever ¢ is an odd
principal denominator for c. This is shown in [N1].

For >0, a € T\ Q define the R, , )-invariant, Maharam measure
May on B(T x Z) by

ma,n(A x {n}) := ninua,l,n(A)-

1.4 Theorem

)Y a¢Qandn>0, (TxZ,B(TxZ),may, R, ) is a conservative,
ergodic measure preserving transformation.

2) If m is a locally finite measure on T x Z such that (T x Z,B(T x
Z),m,RmX(l)) 15 ergodic and measure preserving, then 3 n,c > 0 such
that m = cmq,.

Proof

The ergodicity of (T x Z,B(T x Z),mq,, R, 1)) was established in
[N1] (see [C-K] and also [A-K] for the Lebesgue case n = 1) and is
standard using [Scl] and lemma 1.3:

3 ng - oo (odd Legendre denominators) such that |X§L1k)| =1 and
farn(RIFA A A) > 0¥ AeB(T).

We prove (2). Let m be an R, ,m-ergodic locally finite measure on
TxZ. We claim that m = cm,,, for some ¢, > 0. By the Basic Lemma
and proposition 1.1, it suffices to prove that H :={neZ: mo@, ~
m}=2.

Suppose that H + Z, and write myg(A) := m(A x {k}). Then m :=
m_1+my L mg. 3 U c T open, such that mo(U) =1 and m(U) < %,

whence 3 I c T, an open interval such that m(7) < mOT(I)
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Given 0 < p <1 and an open interval L = (a —7,a +r), denote by L
the subinterval (a—pr,a+pr). Note that if z € L, and |y| < % then
x+yeL.

3 0 < p < 1 such that my(1,) >
that |gn, o < A-pllf| p)|1\

It follows that

mo (1)
2

. By lemma 1.3, 3 k£ > 1 such
and [x4,) | = 1.

Ry (I x {0}) € I x {-1,1}
whence
2l < myg(1,) = m(I, x {0})
= (R o (I, < {0))) < m(I x {~1,1})
=m(l) < 2oL,
T)he contradiction shows the impossibility of H # R, and thus proves
2). O

INVARIANT MEASURES FOR THE CYLINDER FLOW RM(B). For n, 8 >
0, a € T\ Q define the locally finite measure m, g, on B(T xR) by

dme,gn(2,y) =10 Ydapn(T)dy.

Evidently ma g, 0 R, ) = Ma,py-
Fix a € TN Q. For t € R, consider the set

L(t) = Lo(t) = {a€[0,1) : 3 ny - 0o, gyt mod 1—a}

(where {g, : n>1} are the denominators of ).

Theorem 4.1 in [Ku-Ni] implies that L(t) = [0,1) for Lebesgue-a.e.
t € R. Moreover, it is shown in [Kr-Li] that for o ¢ Q with bounded
partial quotients and t € R, L(t) is finite iff £ € Q + aQ.

1.5 Lemma
Ifae L(Bfl) is positive and g, Bﬁl mod 1 — a, thenV x €T, all limit

points of {Xq (z) }rs1 are contained in {(S+1)(N-a): N =-1,0,1,2}.

Proof
Let € >0, N € Z and suppose that |qn% - N —a| < e, then ¢,0 =
(B+1)(N +a=xe€), whence

Xan = B+ 5 e =B =(B+1)(L-axe)
"B+l

where L:=(1 3 ), - NeZ
[0.357)
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Recalling that |x{”| < 2(8+1) we see that ~2+a—-e<L<2+a+e.

It follows that for a € (0,1) and sufficiently small € > 0: L =-1,0,1,2.
O

1.6 Theorem

Suppose that o ¢ Q, B3>0 are such that L(%) is infinite, then

1) For each >0, (TxR,B(T xR),mqapy, Ry, ) is a conservative,
ergodic measure preserving transformation.

2) If m is a locally finite measure on T x R such that (T x R, B(T x
R),m, R, ) is ergodic and measure preserving, then 3 n,c >0 such
that m = cmeg, ..

Proof

The ergodicity of (T xR, B(T xR), mqa. g, R
[N2] and in [St] for n =1 (Lebesgue measure).

We prove (2). Let m be an R, , s»-ergodic locally finite measure on
TxR. We claim that m = ¢mq g, for some ¢, > 0. By the Basic Lemma
and proposition 1.1, it suffices to prove that H := {a e R: mo@Q, ~
m} =R.

Suppose otherwise, then H # R and 3 ¢ > 0 such that H = ¢Z. It
follows that 3 a € L(%) with (6+1)(N-a) ¢ HYV N =-1,0,1,2. (Else
L(%) € [0,1]nUn=-1,01.2(N + 5y H), whence since H = ¢Z, L(%) is
finite in contradiction to our assumptions).

Fix such an a and set F := {(B+1)(N -a): N =-1,0,1,2} then
EcRNH. Setm:=};gmoQ;, thenm L mand 3 K cTxR compact
such that m(K) >0, m(K) =0. 3 U c T xR open and precompact,
such that K c U and m(U) < % where n is the Besicovitch covering
constant for R? (n < 16, see [W-Z]).

For each z = (z,y) € K 3 an open rectangle R(z) with diameter less
than 2 min{|j - j/|: 4,5/ € E, j # j'} such that z € R(z) c U. 3 a finite
set I' ¢ K such that K c V := U,er R(2) and Y. 1) < n. Evidently
(V) < M)

bn
We claim that (at least) one of the rectangles R = R(z) (z€T') has
the property that m(R) < @

ax(®) Was established in

, else

m(V) 21y m(R(z)) > = > m(R(z)) > =m(K).

zell zel

It follows from the restriction on the diameter of R that {Q;R: j €
E} is a disjoint collection, whence, if S := U;ep @; R, then

m(S) =m(R) < ™8,
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Write R =1 x J where I c (0,1) and J c R are open intervals. Given
0 < p <1 and an open interval L = (a —r,a + r), denote by L, the
subinterval (a — pr,a + pr). Note that if x € L, and |y| < u%m then
r+yel.

3 0 < p <1 such that m(I, x J,) > @. By lemma 1.5, 3 k> 1 and
A c I, such that

-p)|I m(R
g, < 2L (A x g,) > 2D

and

: (8) | A-p)lJ]
f;.glb!l|ank($) —jl<Hm VaeA

It follows that
R (Ax ) c S
whence
g <m(Ax p) = m(RY o, (Ax J,)) 2 m(S) < =50
The contradiction shows the impossibility of H # R. U

§2 LOCALLY FINITE INVARIANT MEASURES FOR TAIL RELATIONS OF
SKEW PRODUCTS

Set S :={0,...s—-1} where s > 2, let A := (A;;)sxs be a matrix of
zeroes and ones such that Vj3i s.t. A;; =1 and Vi3j s.t. A;; =1. Set

=3y= {x: (1'1,932,...) ESN Vi Al’il‘iu = 1}'

We topologize ¥ by considering the base of cylinder sets, sets of the
form

[€1,...,en]={xeX: xp=¢, V1<k<n}
where €1,...,€6, € 5.

Let T : ¥ — ¥ be the left shift, T'(zy,x9,...) = (x2,23,...). The
topological dynamical system (3, 7T) is called a subshift of finite type.
Henceforth we assume that it is topologically mixing. This is equivalent
to the existence of some M € N such that all the entries of the matrix
AM are positive (see, e.g., [Bo]).

An admissible word (of length n) is an element (e, ...,€,) € S™ (or
word) satisfying A, .., =1V 1< j <n-1Note that a cylinder
[€1,...,€,] is nonempty iff its corresponding word (e, ..., €,) is admis-

sible. We denote the collection of admissible words of length n, or paths
of length n — 1 (the number of steps), by W,, and set W := U, W,.

Counsider 1"s tail relation
T=F(T)={(z,y)eX?: In>0, Tz =T"y}.
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Consider the reverse lexicographic order on T(7")-equivalence classes:
x<yiff Ings.t. z,, <yn, and z, =y, for any n>n,.

It is easy to see that for any fixed x < y there are finitely many
z such that x < z < y, so the type of ordering in each equivalence
class is either Z, or Z*, or Z~. Let X , 2_. be the set of maximal
and minimal elements of (X, <), respectively. To characterize these
elements, introduce functions Py ay, Puin S = S

Prax(a) =max{ieS: A;, =1},
Puin(a) =min{i:e S: A;, =1}.
Note that
T € Yoo = Tp-1 = Prax(2,) forall n.

It follows that there are at most s maximal points, (similarly, at most
s minimal points) and all of them are periodic.

The adic transformation 7 : 3\ Yo - X\ X_, assigns to each x the
smallest y strictly greater than z. Specifically, given x € XY, 32> 1
such that

Tj = Prax(j1) V 1< <l—-1 and 2y < Prax(Te11),

and we set 7(x) := (y1,¥y2,...) where the y;’s are defined reverse-
inductively:
Tk k>0+ 1,
Yg = min{ieS: i>wy, Aig,, =1} k=1,

Pmin(yk+1) 1SkS£—1

It is convenient to restrict 7 to g = X\ Ujz0 77X 00 N Ujeo TV X0

Remarks

1) It is possible to visualize ¥ as the space of infinite paths in the
directed graph I' with vertex set S x N and edges connecting (b,n) to
(c,n+1) iff Ay, = 1.

2) If = SN is the full shift, and V' is the adding machine, then 7 is
the induced transformation Vi, in the sense that 7(z) = VF®)(z) (€
Yo) where F(z):=min{n >1: V"(x) e X}.

3) Adic transformations were introduced in [V1] (see also [V2] and
[V3]) in the more general setting of non-stationary Markov chains.

Let G be a locally compact, Abelian, Polish topological group. For
f 3 — G, consider the skew product transformation Ty : X xG - X xG
defined by T¢(z,y) = (Tx,y + f(x)).
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Now T'’s tail relation is
T(Ty) = {((z.y), (2",y") e (ExC)*: In20, Tp(z,y) =T} (",y")}
={((z,y),(2",y) € (ExGC)*: (2,2) e X(T), y' ~y = ¥y(z,2")}
where the symmetric (or tail) cocycle 1 : T — G is defined by

bp(a,a’) =Y (f(The) - f(T*2')).
k=0
Consider 74, : 3o x G - ¥ x G defined by

T¢f(xay) = (T:L‘,y-f— ¢f(x))v

where ¢f(z) = ¢y(x,72). It is easy to see that the orbits of 7,4, are
exactly the equivalence classes of T(1y) n (X x G)%.

In this section we identify the 74 -invariant locally finite measures
for certain f : ¥ — G which we now proceed to describe. For f: ¥ — St
and k> 1, let

vk(f) =sup{[f(x) = f(Y)l: 2,y € X, wj=y; ¥V 1<j <k}

The collection of S'-valued Hélder continuous functions on X is Hgr :=
{f:£->S': 30<60<1, v,(f)=0(0") as n - oo} and the collection

of Sl-valued functions on X with summable variations is

o0

Fsr:={f:2->S": > u(f)<oo}.
k=1
The collection of G-valued Hélder continuous functions on X is Hg :=
{f:2 > G:¥yeG,vof eHg}, and the collection of G-valued function
on X with summable variationsis Fg:={f: X > G: Ve G,yofe Fsi}.
Finally, a function f :3 — G is said to have finite memory if 3 N > 1
such that f(x) = f(z1,...,zNn).

These notions coincide with the usual notions of Holder continuity,
summable variations, and finite memory of R-valued functions in the
case G = R. Clearly, every f:3 — R which is Hélder (respectively with
summable variations, finite memory) in the usual sense is also Holder
(respectively with summable variations, finite memory) according to
the definition above. To see the other direction, note that if f € Fr then
f is continuous, because 7 o f is continuous for every ~ € R. Therefore
| flleo < 00. Now consider the character v(z) = e?m@/10lfl= to see that
Un(f) 2 v, (yo f). It follows that if f is Holder continuous (respectively
with summable variations, finite memory) in the above sense, then it is
Holder (respectively with summable variations, finite memory) in the
ordinary sense.
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Clearly, if a : G - R is a continuous homomorphism, then aoHg c Hg
and a o Fg c Frg.

A measurable function f:3 — G is called periodic if 3 v € G, zeS!
and g : ¥ — S! measurable, not constant, such that yo f = zggo T. It
is known that in the case f € Hg, g is necessarily in Hg1. The function
f is called aperiodic if it is not periodic.

2.1 Theorem

Suppose that 3 4 is topologically mizing, and that f € Hg is aperiodic.
For every continuous homomorphism o : G - R:
1) there is a unique (e=*(®1) 7)-conformal probability i, € P(30);
2) o is non-atomic;
3) 7y, is ergodic with respect to the Maharam measure on ¥oxG defined
by dmy(z,y) = e *Wdu,(x)dy.

Theorem 2.1 is essentially known (although we indicate the proof). Our
main result in this section is

2.2 Theorem
Suppose that f 3 — G is aperiodic and has finite memory.
If m is an ergodic, 74,-invariant locally finite measure on Yo x G,

then m = cmg for some ¢ > 0 and some continuous homomorphism
a:G—-R.
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The collection of all locally finite, 74-invariant measures on ¥y x G
is identified by theorems 2.1 and 2.2 as the collection of mixtures of
Maharam measures. This is because by the ergodic decomposition
(see e.g. [Al]), any locally finite, 74-invariant measure is a mixture of
ergodic ones.

Conditions for aperiodicity based on [Kow| were given in §3 of [A-
D1]. We'll say that a topologically mixing subshift of finite type (X,7)
is almost onto if YV a,be S, An>1, a=sy,a1,...,8, =be .S such that
Tlsp]nT[sks1]#2 (0<k<n-1).

2.3 Proposition

Suppose that 3 is mizing and almost onto, and that ¢ : X - G sat-
isfies p(x) = ¢(xo), then either ¢ is aperiodic, or 3 v € G, X e St such
that v o ¢ = X. In particular, if Group(¢p(X)-¢(X)) = G, then ¢ is
aperiodic.

Some of the proofs use the theory of non-singular equivalence rela-
tions and we provide some background.

Let (X, B) be the standard Borel space. An equivalence relation R c
X x X is called standard, if R is a Borel subset of X x X, that is R is in
the product o-field Bx B. For any z € X R(x):={y: (x,y) € R} is the
equivalence class of x, and for a subset A c X, R(A) =u{R(z):x € A)}
is called the saturation of A. The standard equivalence relation R is
called countable if R(x) is countable for any x.

For a countable, standard relation R, Ae B = R(A)eB. If
G is a countable group of automorphisms of X then Rg = {(x,g(x)) :
x € X, g € G} is a countable, standard equivalence relation, and con-
versely, any countable standard relation R is generated in this way by
a countable group of automorphisms (see theorem 1 in [F-M]). A o-
finite measure p is called non-singular for R if (R(A)) = 0 whenever
pu(A) =0; it is called ergodic if, in addition, either pu(R(A)) =0 or
(X N R(A)) =0 for every AeB.

By a holonomy we mean a Borel automorphism ¢ : A - ¢(A) (some
A e B) whose graph I'(¢) = {(z,¢(x)) : x € A} is a subset of R.
A o- finite measure which is non-singular with respect to R is called
invariant for R if pu(A) = p(¢pA) for any holonomy ¢. By corollary 1 in
[FM], p is invariant under R iff p is invariant for the action of any G
with RG =R.

The following proposition appears in [P-S] (see also [B-M]). We use
the notation a = M*'b for the double inequality M~'a < b < Mb.

2.4 Proposition
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Suppose that ¥4 is topologically mixing, and f € Fr. There is a
unique (e=%7, 7)-conformal probability p € P(Xo), and there exists M >
1 such that

3 L1y n]) = MEe P F(TM0) v g ey >l
L
where P =max{h,(T) + [, fdp: peP(X), poT-'=p}.

The property (¢) is known as the Gibbs property. A T-invariant prob-
ability with the Gibbs property is known as a Gibbs measure.

As is shown in [Bo] and [R1]:
e 3 a unique probability ps € P(X) such that % = Ae~ for some
A>0;
o T is exact (whence 7 is ergodic) with respect to fiy;

e 3 a T-invariant probability ps ~ ps such that |log %Hw < 00;

and
e I M >1 such that

pr([x, . xnl), pe([ze, .. 2n]) = M e PrSin I(TF) y pexy p>1

where P is the topological pressure of f given by the variational prin-
ciple

P= max{hp(T)+f2fdp: peP(X), poT‘1=p}=hpf(T)+/Efdpf-

The probability py is known as the equilibrium measure of f (being the
unique maximizing 7-invariant probability) and is a Gibbs measure.

Proof of proposition 2.4 For every admissible word ¢ = (¢y,...,¢,)
and x € X such that A. ., = 1 let (¢,z) denote the concatenation
(c1,...,Cn; 21, Ta,...). The proof relies on the characterization of (e=¢7, 7)-
conformal measures as those measures p for which

APOE i ((aw), (b))
dp
whenever a = [ay,...,a,], b=[b,...,b,] are nonempty with a,, = by,
and k : a - b is defined by k(a,z) := (b,x). To check this charac-
terization, suppose = € ¥ and set y = 7(x). By the definition of
the Adic Transformation, there exists some ngy such that for every
ze[xy, ..., Tny),

T(Z) = (y17 <o Yngs Rng+ls Rng+2s - - )
Equivalently, 7|, 4,1 = & Where £ : a — b is defined as before with

a=(x1,...,2n,) and b= (y1,...,Yn,). For z = (a,w), the conformality
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condition now reads
du ok
dp

(a7w) = €_¢f(a7w) o e_wf((a7w)7’r(a7w)) = 6_¢f((a7w)7(b7w)).

Existence
We claim that us is (€797, 7)-conformal. To establish this, suppose
that a,b and k are as in the above. We show that
dgﬁjﬁ(a7 (L‘) = 6_¢f((a7$)7(b7m))'
For v, : T[a,] — a defined by v,(x) := (a,x) we have that v ! =T":
a — T[a,] whence

-1
d'ufova( ) = (dﬂdf:an(a,x)) = \"eZico foT*(a)

and, since k = v, o v, !,
i a.) = (T (a,0) Y (0, )
— d/,,LfOl)b( x)dﬂf o™ (a CC)
7 Y

dpg dpg
- 6_wf((a7x)7(b7x)) .

Uniqueness

Suppose that v € P(Xg) is (e ®7,7)-conformal. It follows that if
a=lay,...,a,], b =[b1,...,b,] are both nonempty with a, = b,, and
k:a — b is defined by k(a, ) := (b, z) then

dron (g ) = ¢~ ¥s((02) (),
whence 3 M > 1, K,(s)>0 (n>1, seS) such that
v([z1, ... x0]) = MK, (2,)eZi0 IT0) v > 1) 2 e 5.

But
eZieo J(T50) = M#1ePry ([, ... 20])

and so

v([x1,. . 2n]) = MK, (2,)e pr([21, - . ., 24]).
It follows that

v(T7"[s]) = M** K (s)e""ps([s])
whence Y ,.¢ Kn(s) < e v([z1,...,2,]) < M'ps([21,...,2,]), and
VL Uy
Writing F' := d‘i—”f, we see from dg% = dg% that F'or = F mod gy,
whence by ergodicity F'=1 and v = . U
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Proof of theorem 2.1

Let a: G - R be a continuous homomorphism. By proposition 2.4
and its proof, there is a unique (e=*(#s), 7)-conformal probability s, €
P (%), and this measure is equivalent to the (invariant) equilibrium
probability measure pa(e,)-

It is shown in [G] (see also [A-D2]) that if f € Hg is aperiodic then T
is exact with respect to m = pxmg where p is some equilibrium measure
on X. In particular, Ty is exact with respect to mq ~ pa(y,)*me, whence

Ty, is ergodic with respect to my,. U

Now let f:3 — G be measurable. If 3 a globally supported, o-finite
T's-nonsingular measure m on X x G such that
(2 xG,B(XxG),m,Ty) is exact, then f is aperiodic.

To see this, suppose otherwise, that 3 v € G, z€S! and g: X — St
Holder continuous, not constant , such that yo f = zgg o T. Consider
G € L>(X x G) defined by G(z,y) := g(x)v(y), then G is not m-a.e.
constant and G'o Ty = 2G. Thus T} is not weakly mixing and hence not
exact (in particular, G is T;"B-measurable V n > 0).

2.5 Proposition

Let f € Fo. Any 14,-invariant, ergodic locally finite measure m on
> x G with H,, = G is proportional to a Maharam measure, and the
existence of such implies that f is aperiodic.

Proof Let m be a 7, -invariant, ergodic locally finite measure on
¥ x G with H,, =G. By the Basic Lemma, m has the form dm(z,y) =
e*Wdu(z)dy where a : G — R is a continuous homomorphism and
pis (e@°?s 7)-conformal, whence (e®es, 7)-conformal. Proposition 2.4
shows that the (unique) conformal measure has the Gibbs property (¢),
and is therefore globally supported on Y. It follows that m is globally
supported and so as shown above, f is aperiodic. U

By possibly changing the state space, we may assume that f(z) =
g(1,2) in the assumptions of theorem 2.2. The proof of theorem 2.2

uses lemma 2.6 below.

For u:% — St and ¢ > 1, set u,(z) := Hf;(l) u(TVz).
2.6 Lemma

Assume u: X — St is Holder continuous, then either:

(1) 3 z€eSY g:¥ — St Holder continuous, such that u=zggoT;
or
(2) Fe>0, bo>1 such that ¥ £ >4y, veX, I yeX satisfying

ri=y, T'y=T% and |u(y)—w(z)|>e
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Proof Let L:C(X) — C(X) be the operator (Lf)(x) = Xry-s f(¥).
Ruelle’s Perron-Frobenius theorem implies that 3\ > 0, a Borel proba-
bility measure v and a positive continuous function A such that L*v =
Av, Lh = Ah, [ hdv = 1. Moreover, v and h are uniquely determined
up to a multiplicative constant, and Vf € C(X), A™L"f - h [ fdv
uniformly on ¥. Let P be the operator Pf = A‘lL(%f). It is not
difficult to check that P1 =1 and that if ¢ : 3 — S! is continuous and
Py =1, then p=1.

Let P, be the perturbed operator P, f := P(uf). One checks that for
every n, P f = P*(u, f) = A" L"(72=u, f). In [G-H] it is shown that
either 3z € S! and 3¢ : ¥ - S! Holder continuous such that P,(g) = zg,
or [P f|e — 0 for every feC(X).

We show that if (2) fails, then |P?f|e + 0 for some f e C(X). This
proves the lemma, because it implies that 3z € S! and 3¢ : ¥ —» St
Holder continuous such that P,(g) = zg, and P,(g) = zg implies that
P(Zg%Tu) =1, whence u = z%. hdv is known to be ergodic and globally
supported, (see e.g. [R2]). Therefore |g| =1 and (1) follows.

If (2) fails, Ve > 0 there are z(®) € 3, 1 < £}, 1 oo such that if

yed, k>1, :r;gk) =y, and T%z(®) = Ty
then
|u€k(x(k)) — Uy, (y)| <E€.
By possibly passing to a subsequence, we can ensure that Ja € SVk >
1,3:?“) = a. Set 7y := min{ Zgg tx,y € L}, Since ¥ is compact, 79 > 0
and

| P 1o oo > | (P 1)) (T2 )]

=\ h(y)
yex, Téky:Tékx(k) h(TEky)

> YA D (1= Jug, () = ug, () 11y (%)

yex, Tlky=T"k z(k)
>7(1 - E)Afgkszl[a](x(k))
Since A™(L"1[q])(x) tends uniformly to h(x)v[a], we have that

g, (Y)11a1(v)

liminf | P 141] e > 70(1 —€) mlznh(x) >0

as required. O
If u:Wy(X) - S, wu(x) = u(xy,x2) and a € W, is a path a =
(a,...,an41) of length n, then w, is constant on a. We denote u,(a) :=

un'a = H?:l ’LL(CL,‘, ai+1)~
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In lemma 2.6, when u(x) = u(x,x2), (2) has the combinatorial form:
(27) 3 £ such that V ¢ > ¢y, paths a = (ay,...,ae1) € Wy, 3 a path
b=(b1,...,be1) € Wy such that a; = by, apq = bey1 and ug(a) # ue(b).

Proof of theorem 2.2

By the Basic Lemma and proposition 2.4, it suffices to show that
H,, =C.

Suppose otherwise that H # G, then 3 v € G, v # 1 such that ~|g = 1.

Since m is 74 -invariant, it is also T(7y)-invariant and if x : A —
k(A) (AeB(XxG) is a T(Ty)-holonomy, then m(x(A)) =m(A).

Using aperiodicity and lemma 2.6, we fix £ > 1 so large that V paths
a=(ay,...,aps1) € Py, 3 apath b =10, = (by,...,bps1) € P, such that
aj = by, agq = beyr and yo fy(a) # yo fi(b), equivalently fo(a)—-fo(b) ¢ H.

Set J :={fi(a) - fo(bs) : a€ P}, then Jc G~ H and J is finite. Set
m =3 ymoQy, then m L mand 3 K c ¥ x G compact such that
m(K) >0, m(K) =0.

Set M = |W,|. Approximating K by larger precompact open sets,
we see that 3 U ¢ ¥ x G open , U compact such that K c U and
m(U) < 28

For each z = (z,y) € K Jaset W(z) =C(z)xV(z) of form cylinder x
open such that z € W(z) c U. By compactness of K 3 z,...,zy such
that K c V := Ui, W(2). We claim that V is a disjoint union of sets
of form cylinderxopen. To see this, let L be the maximum length of the
cylinders C(21),...,C(zn), then V = UL, W (z1) = Uply Ueew,, ecC(ay) €%
V' (zr) — a disjoint union. Thus K c V and m(V') < ”;(]\‘4/)

It follows that 3 a set C'x W of form cylinder x open such that
m(C x W) >0 and m(C x W) < &M otherwise V would not have
these properties.

Since C'x W = Uew, (C,a) x W, 3 a € Wy such that m((C,a) x W) >
m(CxW)

I\Afi}xt, 3b=(b1,...,bp41) € W, such that a; = by, ag1 = byyp and
fe(a) = fe(b) € J.

Define 7 : (C,a) x W - C xG by 7((C,a,x),y) = ((C,b,x),y +
fe(b) - fi(a)). Evidently 7 is a T(T)-holonomy and so by assumption,
m(r((C.a) x W) =m((C,a) x W) > "G,

On the other hand, 7((C,a) x W)) € Qy,)-f,(a)C x W whence

MO < m(r(C,a) x W) < mU(Q () sya)C X W) < TH(Cx W) < ZUEH)

and % > 1. This contradiction establishes theorem 2.2. ]

Remark
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The proof of theorem 2.2 establishes the (stronger) statement:

Suppose that f:3 — G is aperiodic and has finite memory.

If m is an ergodic, T(T)-invariant locally finite measure on X x G,
then m = cm,, for some continuous homomorphism « : G - R and some
c>0.

We conclude this section with an application of theorem 2.2 to the
“Markov-Pascal-adic” transformations considered in [P-S].

Let 3 = >4 be a mixing subshift of finite type and let f:3 - G. We
use the notation

a:f = (2, Ty, x5) 2 = (24, T, ...) (v eX)

Recall from [P-S], the equivalence relations:
S% cXax X, defined by
Sh={(z,y) eZaxZy: In21, a7 =yy,

(y1,---,Yn) a permutation of (xy,...,2,)};
and Si; C X4 x X4 defined by
Sh={(z,y) €TaxTa: In21, a7 =y7, ful@) = fu(y)}.

Evidently S% = Sg# where F'# : 3 — Z5 is defined by F#(xy,29,...); :=
51‘@1 (Z € S)

Suppose that G is discrete. Evidently if f:3 — G then
(z,y) €54 = ((2,0),(y,0)) e (Ty)

whence

(z,y)eSin¥?2 — 3Inez, (y,0) =75, (z,0)

and S/ N2 is generated by the induced transformation (7, ) Sox{0}-
We claim (as in [P-S]) that if f has finite memory and a: G - R is
a homomorphism, then g, is Sﬁ—invariant, ergodic.
To see this, recall from theorem 2.1, that m, is 7, -invariant, ergodic;
whence mq|sgxfo} 18 (74, )zox{o}-invariant, ergodic; whence our claim

(since mq (A x{0}) = ua(A)).
2.7 Corollary
Suppose that f : X - Z% (d>1) is aperiodic and has finite memory.
IfveP(X) is Sﬁ—invaﬂant and ergodic, then v = p, for some homo-
morphism o : Z% - R.

Proof
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We'll deduce this from theorem 2.2. To do this, we show first that
V(E AN Eo) =0.

We claim that all Sf;-equivalence classes are infinite (this implies
that v is non atomic, whence v(X \ 3g) = 0 as this set is countable).

To see this we’ll need the symmetrization F' of f defined on the
mixing SFT X xX by F(x,y) = f(z)-f(y) (F:3XxX > Z4). Evidently
F' has finite memory.

We claim that F'is aperiodic. If not, then

e2mia(f(x)=f(y)) = M (.CE Y € E)

for some geZ, ¢+0, z€S!, g:ZxZ»Slandthen

627rzq(fN($) In(y)) = ZN% VYV N> 17 T,y¢€ 2.

Choosing N > 1 and periodic points y = TNy, y’ = TN*1y' we have for
all z € 20,

e2miafn(Te) 2TFquN(y)Zz\fM
g9(Tz,y)
e27riQfN+1(ﬂc) — e2mqu+1(y) N+1M
g(x.y’)
whence (1) e?ma/(@) = Z GG(E[;;) contradicting the aperiodicity of f.

Let 1 be the measure of maximal entropy on X and let
P:LY(puxp)— LY(px p) be the transfer operator. By the local limit
theorem of [G-H], 3 ¢ > 0 such that V cylinders a, bc X,

nt pn (L(axb)n[Fn=01) (2, ) = cpp(a)p(b) uniformly on X x X as n — oco.
Now fix z € ¥ and N > 1, then 3 ny such that

B PP (L i) (T2, T72) > Su[aie([B)) ¥ a0, bW, n>
whence
HyeX: (z,y)e S} 2{yeX: TNy=T"z F, (z,y)=0}
> |WN| — 0
as N — oo and establishing our claim.
As mentioned above, v(3\¥g) = 0 and the probability 7 on ¥y x {0}

defined by 7(Ax{0}) = v(A) is (74, ) £x{oj-invariant and ergodic. Define
the measure m on Y x Z¢ by

-1
m(A) = /2 > laory dv.

0 k=0

The measure m is evidently locally finite. By Kac’s formula, it is

Ty -invariant, and by Kakutani’s tower theorem it is 7,,-ergodic (see
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e.g. [Al]). Thus, by theorem 2.2, m = m, for some homomorphism
a:Z% > R. Tt follows that v = fi,. O

2.8 Corollary

Suppose Y is a mizing, almost onto SF'T.

If v e P(X) is S}-invariant and ergodic, then v = i, for some homo-
morphism o : Z% - R.

Proof

As mentioned above, S% = Si# where F'# : ¥ — Z5 is defined by
F#(x); =0z, (i€S). Since evidently Group(F#(X) - F#(X)) = Z%,
F# is aperiodic by proposition 2.3. The result follows from corollary
2.7. O

Remark
Theorems 2.9 and 2.11 in [P-S] both follow from corollary 2.8. In
both cases, S ={0,1}, d=1 and ¥ is almost onto.

§3 A LOGARITHMIC ERGODIC THEOREM

Asin §2 let S={0,1,...,s-1} where se Nand let A: SxS - {0,1}
be an irreducible and aperiodic matrix and let ¥ = X% c SN be the
corresponding (topologically mixing) subshift of finite type. Recall
that T : ¥ — X is the left shift, 7 : 3y - > is the induced adding
machine, where ¥, is obtained from ¥ as in §2.

In this section, we consider the asymptotic properties of 74, where
f ¥ - R? an aperiodic Holder continuous function, with respect to
Maharam measures. It will be convenient to use the supremum norm
on R, [[(x1,...,24)| = maxicpeq |T1]-

Fix some « € R? and consider the Maharam measure m,, : B(XxR%) —
[0, 0o] defined by dmg (z,y) = e=*¥du(x)dy where p = pu,, is the (e*f, 7)-
conformal measure.

As mentioned above, the aperiodicity of f implies that T} is exact
with respect to m,. It follows that 74, is ergodic with respect to m,
(generating the the tail relation for 77) and also conservative (being
invertible, ergodic and preserving a non-atomic measure).

We prove the
Logarithmic ergodic theorem
log Tk Floms, by (T)

(1) ] —
ogn hiop(T)

VE € L'(m,), where p, is the equilibrium measure of o - f.

Mey-G.€. AS N —> 00
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It will sometimes be convenient to denote
(Td> ) n—1
Sp(F)=8,"7"(F):= I;)FOT;ff.

The proof of the logarithmic ergodic theorem is based on the follow-
ing two reductions:

Firstly, it is sufficient to establish (1) for a single Fy € L'(mg,),

Sn (F) Ix Fdm

since then, by the ratio ergodic theorem, g )~ TxFodm

log S,,(F') ~log S, (Fp) a.e..

Secondly, in order to establish (f) for Fy € L1(mg),, it is sufficient
to find:
e sets A, B e B(X xR?) with m,(A), m(B) >0 and
e (random) subsequences My : A - N, N : B — N such that My, Nj*1
oo, log My ~log My, log Ny ~log Ni,1 as k — oo;

a.e., whence

satisfying
< . log Sag, (Fo) _ hpo (T)
lim su - —— on A,
<i) k—oo P 1Og Mk htop(T)
and

.. Jdog Sy, (Fy) _ hyp (T)
1 f k > Po B.
®) R T g Ny (1) ™

To see this, note that V n large 3 k = k,, > 1 such that M, <n < M, 1,
log Sn (Fo) . 108 5m,,, (Fb)

whence e S T Togil and it follows from log M}, ~ log M}.,1
that o S11. (Fo)
: log Sn(Fo) —1; og Mk 0
limsup,,_, o ~hogn = lim sup;,_, oo g -
.. .. log Sy, (Fp) IRTIN logSNk(Fo)
Similarly liminf,,_, logn = liminfy_ o g N
log Sn (Fo) log Sn (Fo)

The functions limsup,,_, ., Toen and liminf,,_

invariant, whence so are the sets

logn are T¢f -

= : 108 S (Fo) _ hpg (T o [ 1 108 Sn(FD)  hpo (T
A= [1117?_>sololp glogsl 0) < hfopET))]v B:= [1111;rig1f glog(n 0) > hfop((T))].

By ergodicity, both sets (containing sets of positive measure by (1) and
(1)) are of full measure and (%) is established for Fj.

In the Main Lemma (below), we’ll establish (i) and (1) for Fj
IsuBy (o) and A= B =¥ x Byp(0) (for some M, M’ >0 where B);(0) :
{y e R?: |y| < M}) using the local limit theorem of [G-H] and large
deviation techniques.

The subsequences My, Nj are related to some counting functions,

which we proceed to define.
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We define the counting functions A, : X4 - N by
Ap(2):=min{N >1: {(tFz)": 0<k<N-1}=W,}

where W, denotes the collection of admissible words of length n (as in
§2). The reader may easily verify that in case ¥ is a full shift, A, =
s" = |W,| and consequently k — (7%z)7 defines a bijection {0,1,...,s"-
1} & W, V x € X. In other words, 7 generates T-equivalence classes
efficiently. For a mixing topological Markov shift, as shown by the
counting proposition below, the situation is analogous.

3.1 Counting Proposition Suppose that 4 is a mixing topological
Markov shift, and that L > 1 is such that all entries of A are positive,
then for x € ¥y:

Wo| € Ap(2) < 3[Whasi

Proof. The left hand inequality follows directly from the definition
of A, (x). To see the right side, assume by way of contradiction that
A, (x) > 3[Wy,r|, then there is a word a € W,,p and 0 < ki < ky <
ks < Ap(z) =1 such that 7%z € [a] for k =1,2,3. Set 7hix = (a,2()),
then z(1) < 22 < 23). For every € € W, choose some point of the
form z(g) = (g, w1, 2®) where w}~! is some word which makes z(g)
admissible. Clearly, 7"z < z(g) < 7%x. Thus W, is spanned by 77z
for 0 < 7 < k3 in contradiction to the minimality of A,,(z). The right
hand inequality is thus proved. 0

Set A == exp hyop(2) and assume without loss of generality that L > 2,
where L is as in proposition 3.1. For every x € >3 and n large enough
set

Up(x) =min{u>n+L:x, 1< Puax(xy)} , ) =u,—-L

lo(x) =max{f<n+L:xpq<Ppa(ze)} , ¢ =(,-L
where P, is as in §2. By possibly adding a vector of constants to f,
we may assume that [ fdp, = (0,...,0) (note that neither ¢; nor p,
change when a constant is added to f).
Set
pni=(m+L)-L,, op:=u,-(n+L).

3.2 Lemma 3 M, € R, such that

limsupp—n, lim sup < My a.e.

n—oco 10N~ nooo logn

Proof We prove this only for o,, the proof for p, being essentially
the same. Set P := P, (a- f). Recall that ¥ consists of at most s
points, all of which are periodic. Set Yo, = {z(M, 23 ... 2} and let
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p be the least common multiple of the periods of (9, then r < s and
for every x € ¥, TPx = x. Define by induction Pkl = PmaX o Pk . By
the definition of o, if 0,(z) > b then

Tn-*—Lx € [Pbax('rn+b+L) v Pmax($n+b+L)a l‘n+b+L]

For b > s the word (P2, (Tnspir), -, P2oS(Zpiper)) is made of a re-
peating period, hence is the prefix of a maximal point. Applying this
argument to b, := | Mylogn|, using the invariance of p, and the struc-
ture of ¥, we have

Do [0n > by ] Zpa[xo,.. ()_]

Since p, is a Gibbs measure and since for every i, T?Pz() = ()
Pa [x(()’)’ . Il()l) ] =0 (eoz-fbn(x(i))—bnp) -0 (e%a,fp(m(i))_bnp)

whence

afpu( )
(1) Do [0n > Mylogn] = (Z n Mot P))

a-fp(x®
It follows from the unicity of the equilibrium measure that # <P.
Thus, the exponents in (1]) are all negative and for M large enough,

Zpa [0, > Mylogn] < oo

n=1
The result follows. B O
The next lemma is the main lemma, being the version of (1) and (1))
that we prove. Let

Bi=2L|f] + gvk<a~f>
where vy (- f) =sup{la- o(z) —a-o(y)| 257" = y5 '}

3.3 Main Lemma There exists M > 2B for which
(2) '
hmsup—logSA " 1(IsxBay(0)) € hpo (T) Mg - a.e. on X x By2(0)

n—oo

(3) hmlnf—logSAg, 1(IsxBa ) 2 hpy (T) Mg - a.e. onXxBy2(0)

n—oo

The rest of this section is devoted to the proof of the main lemma.
Set

Un (2, M):={eeWn:Vyele] |fv(y)-fn(2)] <M}
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Vi (2, M) :={yeSo:Vze [y "] |fn(2) - fn(x)] < M}
= U el

eeUn(z,M)

3.4 Lemma
For each M > 2B, 3My, M, >0 such that for all (x,t) € 3o x Bpg/2(0)
and n large enough,

Ay -1 '
§=0
and
Ay -1 A
> nes (73, (@,0)) <|Us, (2, My)|
§=0
Proof

Fix some z € Xy and ¢t € R%. We estimate Ay := Z;,X:%_l LswBa(0) (Tif (z, t))
for N =], 0. It follows from the minimality of A,, that VO < j < Ay-1,

TN+L(rix) = TN+L (2), because all the entries of AL are positive, so
Ve € W, there exists ¢ € W;_y such that (g, ¢, Puax(Tn+1), 2%, ;) is ad-
missible and strictly larger than . Thus Y./_) ¢ (752) = fu.p (z) -
fnsr (T72), whence

Ay =1{0<j <Ay -1: | fyer (772) = frver (2) - t] < M}

Since for j < Ay (772)%,, = 2%, ;, the map j — (772)) "1 is 1-1, so
Ay =|By| where
N+L-1

By = {(Tjg;)o : HfN+L (Tja:) - fner () —tH <M ; 0<g< AN}_

We now prove the required inequalities. Setting N = u/, in the above
inequality we have V(x,t) € 3o x Ba/2(0)

A, = K@) | fun (F2) = fu, (@) =t S M 5 0<5 < Ay}
e € Wa ¥y € (€] Lfua () = fun(@)] < M+ BY]

and the upper inequality follows with M; := B + 3M /2.
Using the same argument for N = ¢/ one shows that for all (z,t) €
¥ x Bpj2(0) and n large enough so that £}, is well defined,

A% >

H(zj)énlivye[(fjﬂﬂ)é"l] |fe. () = fo, )| < 5 - B 051<A%}|'

IN
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: NS :
Since {(9x)y 10<j< Ay =1 =Wy,

Ay > {ge W Hfg,n (772) - for (x)H < % —B}‘

and this is the lower inequality for M, := ¥ - B. O

The following lemma provides, together with lemma 3.4, the upper
estimation (2) in the Main Lemma.

3.5 Lemma YM >0 lim ilog|U,(x,M)|<h,, (T) m, a.e.

Proof Since p, is the Gibbs measure for « - f, there exists some
constant K such that for all y € [ep7!],

K-lembnnP@f) ¢ [en1] < fgeofn@)-nP(f),

By the definition of U,, for every ei~! € U, (x, M) and y € [e}~!]

Pa [53‘1] < e fn(y)-nP(af) o goefa(z)-nP(ef)

whence

. Pa (Vo (z, M))

= g (@) -nP(af)

Thus, |U,(z, M)| = O (erP(eN)-efa(@))  Recall that according to our
assumptions, [ a- fdp, =0, so P(a- f) = hy, (T). The lemma follows
since by the ergodicity of p,, for almost all z € Xy, a-f, () =o(n). O

|Un (2, M)

We now turn to the lower estimation (3) in the Main Lemma.
For every N e N and ¢ > 0 set

En(8) = {yeSo:pa[pd]> e twaM-01
By the definition of Uy (z, M), VM >0,z € 3y and N > 0,
4 Un(a, M) 2 MDD [p, (Vi (2, M)) - pa (En ()]
We prove that

lim Llogp, (E,(5)) <0 Pa-a.e.
lim +logpa (V;, (z,M)) =0 Da-a.e.

Since for almost all z € 3, £, (x) ~ n, will follow from this, and
lemma 3.4

3.6 Lemma lim %logp, (E, (0)) <0 p,-a.e.
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Proof p, is a Gibbs measure, so 3K such that VnV y
Da [yg’_l] < Kea‘fn(y)_np(a‘f)
whence
E, (5) c {y €Y : Kexfn@)-nP(af) 5 gné-nhp, (T)}'
Since po (- f) =0, P(a- f) =hy,, (T). Thus, for n large enough
E,(0)c{yeX:a- f,(y)>nd/2}.
We will prove that

lim llogpa{yeE:oz-fn(y) >nd[2} <.
n—-oo n

using large deviations theory for the p,-distributions of « - f,,.
Using the Holder continuity of f and the Gibbs property of p,, it is
not difficult to prove that the following limit exists for ¢ € R (see [Bo)):

lim = log By, (¢5°92) = P(a- f +ga- f) - P(a- f) = e(q)

where P(-) denotes topological pressure and E,_ denotes expectation
with respect to pq.
By standard large deviations theory (see e.g. theorem I1.6.1 of [El]):

1
limsup —logp, {y € X: - f (y) 2nd/2} < - ir;%[ (p)
n—oo T D>
where I(p) is the Legendre-Fenchel transform of ¢(q) defined by I (p) :=
sup, {pq - c(q)}-
We outline the (standard) proof that infp> s I(p) >0.
&

By theorem 5.26 in [R1], ¢(q) is C? in R (see also [G-H]). By ape-
riodicity, « - f is not cohomologous to a constant and therefore (see
[G-H])

d(q)=pg(a-f) and " (q)>0
where p, is the equilibrium measure of (1+¢)a- f . It follows that
I(p) = qop — ¢(qo) where qq is the maximum point for ¢ — gp — ¢(q)
satisfying
0=p-¢(q)=p-pp(a-f)
whence

I(p) = qopg, (- f) = P[(1+qo) - f1+ P (a-f)
By the variational principle,
Pl(1+qo)a- f] :hpqo (T') + pgy (- f+qoce- ).
Thus,
T(p) =P (@ f) = (I (T) + oy (- 1)) > 0
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for p # 0, because then p,, # p, (since py(a - f) = (q) =p # 0 =
Pl - f)). Since I is finite and convex (being the the Legendre-
Fenchel transform of the convex function ¢), it is continuous, whence
inf,55/2 1 (p) > 0. O

3.7 Lemma There exists M3 > 0 such that Yo > 0, for p,-a.e. x €
Y0, 3 N1 €N such that Yn> Ny 3 n' <dn, € € W, satisfying

| for (y) = fu (@) < Mz Vyele].

Proof Fix some §’ > 0 (to be determined later). By the Ergodic
Theorem, for p,-almost all z € ¥ | f, ()| = o(n) so there exists
Ny = Ny (z,6") such that Vn > Ny | f, (z)| < é'n. Since f is aperiodic
and p, (f) =0, {foT*},, satisfy a local limit theorem with respect
to pa (see [G-H]). Thus, 3ko € N and ¢ > 0 such that V (wy,...,wy) €
{*I—].7 —1}d7 k> ]fo

Do [Vi 3B <wi(fi)s < 4B] 2 5

where (f); denotes the i-th coordinate of that vector. In particular,
for every w = (wyq,...,wq) € {+1,-1}9, there exists u(w) € Wy, such that

(5) Vze[u(w)] Vi2B <wfy, (2),<5B

It follows that for every ¢ € Wy, such that u(w)ce W and Vz € [u(w)c]
and V¢

B< wifk0+L (Z)z <6B

We use u(w) to construct €. Fix some n > Ny and 1 <i<d. We
begin by constructing words g € W, such that || < §'n and such that
for N = |¢f| and all z € [£7]

(6) |fn(2);|<7B for j=#i
% () fule)y | <TB for =i

We construct by induction sign vectors w* = (wf, ..., w") and words c* €
Wy, such that for all k& v* := (u(w?), ¢, u(w?), ..., u(wk)) is admis-
sible and such that () holds for all z € [v*] with N = Ny := [v*]. Choose
wl = (wi,...,w)) by w} =sgnf,(x); . Assume v* has been chosen and
choose some z € [u¥]. Define w* as follows: if |fy, (2); — fu(x):| < 7B
stop and set €' := v¥; else set for j =1 w;.“l = sgn(fu(z); - fn.(2);),
and for j # 1, w;.“l = —sgnfn,(2);. Now set vF*l = (vF k1 u(wk*l))
where cf*! € Wy is some word which makes v**! admissible. Since at
each step we get nearer to f,(x); in steps bounded from below by B,
this procedure will stop after less than ||f,(x)|/B < 6'n/B steps, so
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lg?| < 8'n(ko + L)/B . It can be easily verified that ¢’ satisfies () and
for N =|g?|. Now consider

e=(e', ... e

where ¢ € W make the above word admissible. The length of ¢ is less
than Ld+d(0'n(ko+ L)/B) so by choosing ¢’ small enough and n large
enough (i.e. Nj large enough) we can make this length smaller than
on as required. Also, it follows from the construction of &' that for all
z€[e],

| fier(z) = fu(2)| < 8Bd
The lemma is thus proved for M3 := 8Bd. U
3.8 Lemmma 3 ¢ >0, NyeN such that Vn > Ny

paf{yeS:Vzelyg] Ifu(2)| <28} >

3
oia| ©

Proof The probability in question is bounded from below by p, || f.|l < B],
and this in turn is bounded below by the local limit theorem. 0

3.9 Lemma There exists My > 2B such that for almost all x € ¥

1
lim —logpa (Vi (x, My)) =0 py-a.e.

n—oo

Proof Fix some arbitrary § > 0. Fix Ny > max {Ny,(No+ L) /(1 -6),(Ns+ L)/(1-0)}
where N; and N, are given by lemma 3.7 and lemma 3.8, and Nj is
large enough to ensure that e™" < —& for n > Nj.

Assume n > Ny. For almost all z € ¥y and all t € R Je = e(z) € W,

such that n’ < dn and

Vzele] [fu(2)-fa(@)] < Ms
Do ({y Ve [yg—(L+n )—l] ” fn—(LJrn’) (Z) ” < QB}) > 6—5(n—(L+n’)) > 6—5n

Set W := {y :Vze [yg_(“”’)_l] | fo-(ranry (2) | < QB}. Consider the

set

Ve=U {[é; cy ™ yeW and ce WL}

n

One checks that V! ¢ V, (x, My) where My = M35 + 3B. We estimate
the measure of V,!. Since p, is a Gibbs measure, there exist a constant
Ky > 1 such that [a],[b],[a,b] #+ @ = pala,b] > Ki'pa[a]pa[b]
and there is a constant Ky such that Va € Wy pa[a] > K;V. Set
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W':= {[yg_(n,%)_l] Ty € W}, then
Pa (Vi) > KT, 5 pafa) 2 K7 K, P, (W)
[a]lew’

Thus, p, (V,,) > K1 KL K;°me~9". Since the above is true for all n such
that n > N4,

lim llogVn (z,My) >-6(1+log Ks) .

n—>00

Since ¢ > 0 is arbitrary, the lemma is proved. O

As mentioned above, lemma 3.6, lemma 3.9 imply via (4) that 3M >
2B such that

1
liminf — log |U,,(x, M)| > h, (T') a.e.
n—-oo n

whence (using lemma 3.4) we have (3). This proves the Main Lemma,
and the logarithmic ergodic theorem. U

§4 BOUNDED RATIONAL ERGODICITY

Recall from [A2] that a conservative, ergodic, measure preserving
transformation (X,B,m,T) is called boundedly rationally ergodic if
there is a set A € B, 0 < m(A) < oo such that 3IM > 0 such that
for all n > 1,

(*)

n—1

n-1
ZlAOTk <M (ZlAOTk)dm.
A\ k=0

k=0

L=(A)
The rate of growth of the sequence a,, = m [4 Yia 14 0 TRdm does

not depend on the set A € B, 0 < m(A) < oo satisfying (*). This
sequence is known as the return sequence of T' and denoted a,,(T") (see
[A1]). In this section we prove the following theorem:

Theorem 4.1

Let 3 be a topologically mizing subshift of finite type, let u be the
(1,7)-conformal measure and let f € Hga be aperiodic, then Top 1S
boundedly rationally ergodic with respect to my = pu x mga and
n

an(7_¢f) = d*
2

(logn)
To prove theorem 4.1, we show that for A = 3 x By(0), M large,
3 0<c<C < oo such that

cn Cn
—gfsnu Ydmo, [Sn(1a)| () € —2—.
(togm)? = Ja A)dmo, |18 (1a) L (a) (logn)?



INVARIANT MEASURES AND ASYMPTOTICS FOR SOME SKEW PRODUCTS$3

As before, these estimations are first carried out along counting func-
tion sequences using the local limit theorem. We begin with the upper
estimation.

Let po be the measure of maximal entropy on . It is known that
dpo = hodp where hy is bounded away from zero and infinity. Since ¢;
is invariant under addition of constants to f, we can and do assume

that E,, (f) = (0, ...,0).

Lemma 4.2
V M >0, 3 A(M) >0 such that

o[l fn() =0 < M]< A(M)n~¥? ¥V beR?, neN.

Proof Set F :=[|y|| < M] < R? and fix some a = a(M) € (0,1) such
that

d rsinay; \* .
1F(y1,---,yd)s2]—[( ” ) =9(y)
i=1 7

where 4 is the Fourier transform of y(t) := 2(5% )2 1{j¢j<2a] (t) e, (1-
|). It follows that

‘t_z‘
2a

pol [ fn = bl < M]

Epo(lF(fn _b))

Epo(’?(fn - b))
1 bt —it-
(27)d/2 thQa] e’ E,, (e Im)y(t)dt

—1 =it fn .
(2m)/2 f[ltsza] |Em(6 o )|7(t)dt = An (M)

IN

IN

Note that the last term, A, (M) does not depend on b.
As shown in [G-H], there exist e >0 and A: [| - | <&] - C such that
A(t) =1-ct?+o(||t|?) as t — 0; and that for some 0 < <1,

A" +0(0m) ] <e,

B () = { O") |t] e [=.2a].

Making e smaller if necessary, we assume that for all || < e,

M) <1 - 1ct2 <e et
2
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Using the above to estimate A, (M), we have that for some K >0,

An(M) e '/g|t<2a] |Epo(€_it.f")|7(t)dt

< 2 fu o MO (D)t + (4a) K"
t]|<e

2 [ r " T

< —= M — —)d7 + (4a)*KO"
n¥? Jijr|<evm (ﬁ) V(ﬁ) (1a)
2 f 2 T

< — e N (—=)dT + (4a) KO
nY? Jijr|<ev/ml g n) (4a)
27(0) —er?
e Rde dr

The lemma follows from this. U

Set B:=L| f]oo + Xis0 vk (f) where L, as usual is some number such
that all the entries of AL are positive. Fix some M > 4B, set

A=Y < [[[t] < M]

and @(z,t) :=14.
Lemma 4.3 There is some Cy >0 such that for almost all (x,t),

n

A
|SAn(I)(1A)('r7 t)| <Gy nd/2

Proof Let s be the number of states of X, set Ly := L+ s+ 2, and
define

up(x) = inf{u>n+Lo:xu 1 < Puax(zy)}
lo(x) = sup{l<n+ Ly:xpq < Puax(zs)}-

For pp-almost all z € ¥ these are finite. For such x we have the following
representation:

T = (xgn_la Pun_zn_l(xun—1)7 R Pmax(xun—1)7 L1, Ty

max Un,

Define k,(z) € N by the equation
Tkn(z) (LIZ‘) = (Pr?lg;l(xunflx v 7Pmax($un*1)7 T -1 xzon)
If b>x,, -1 is be the minimal state such that bx,, is admissible, then

Tk"(x)ﬂ(l’) = (Pu"_l(b)v SRR Pmin(b)’ b7x70;;)

min
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We estimate Sy, 14 by breaking it into two members
kn(x
San (@) (1) (1) = S0y (1) (,8) + S, (@)oo (1) (7 (,1))

< Sy (1) (@, 1) + S, (raorriny (L) (757 (,£)) + 1
=J]+1]+1.

The inequality follows from the minimality of A, (z) as {(77z)071: 0<
J<kp(x) +1+ A (7F @) =W,

To estimate I, we begin by noting that the map j + (79z)5 " is 1-1
for 0 < j <k, —1. To see this note that for such 7, x < 77z < 7%z in the
reverse lexicographic order whence

3352 = (Tk”x)z = Puniénil(mun—l)v cee Pmax(xun_l),xu”_l,a:“’

max Un,

Thus the difference between the 77x’s must be reflected in the first 4,
coordinates. Since ¢, <n + Ly,

Sk, (La)(@,t) = [0<j <k =1zt +(¢r);(2)| < M}
{0 <j <k =1 [ farro(772) = farro () —t] < M}
< e €Wy : Yy € [e] | fairo (V) = frsro (@) —t] < M + B}|
Since pg, being the measure of maximal entropy, is the Gibbs measure
for the zero potential, there is some constant K such that for every

a €W, KTA\" < pgla] < KA. In particular, cylinders of the same
length are of comparable sizes whence

|Skn(x)(1A)(l‘7t)| < K/\n+L0p0[||fn+Lo(‘) - fn+LO(ZL’) - t” <M+ B]

Lemma 4.2 now implies that I = O(A\"n~%?) uniformly on A.
We now estimate I1. Set (z/,t') := T;;($)+1(£L’,t).
We have to estimate S, (,)(14)(2’,t"). We do this by showing that

(8) An (") < kn(2')

thus reducing the problem to that which was discussed in the previous
step.

There exists n+ L+ 1 < uj, < uy(2’) such that Ppin(2w ) < Prax(Tu,)
since otherwise, there would be an admissible word [ay, .. ., a,] for some
r < s+1 with a; = a, and Ppax(aj) = Puin(a;) (1 < j < 7). This
contradicts the aperiodicity of A.

Now consider

/
= (P () Pan(aly), (2)
/
y = (Prqégx(x;;% T Pmax(x;;.b)7 (x,)zz_l7le)

(@)t = (P Nwy),..., Prax(@y,-1), 250 _1)

max
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Slnce u!, > n+L+1, for every £ € W, there is some wt ! such that z(g) :=
(g, wk~ ,ymL) is adm1531ble and since !, < Uy, ¥’ < x(e) < rhn(@)+1gr,
This shows that W, is spanned by (Tﬂ(x’))g Yfor j=1,...,k,(2") -1,
whence . D

This completes the upper estimation, and we now address the lower
estimation.

Lemma 4.4 There exists ng such that for all x, 30 < iy < iy < Ayin, (:c)
1 such that for every iy < j <is, (792)% , is the same, and {(T9x)}~
21 < ] < ZQ} W

Proof Let L be large enough such that A > 0 and set ng := L +ny
where [W,,| > 3. Choose three different a; € W,,. There are 0 <
ki, ko, ks < Apyny — 1 such that z() := Tn+l(rhix) € [gj]. In particular,
29) are different. Without loss of generality, z(!) < 2(2) < 23 For every
€ € W, construct an admissible word of the form z(g) = (g, wf=, 2(3).
Let 2= and z* be the minimal and maximal points among the z(g).
Clearly, TF1z < 2= < 2+ < 7% whence 30 < iy < iy < Apyy () — 1 such
that = = 791z and x* = 7%2z. It follows that W, is spanned by 77z for
J =11,...,09. Since (27)%, = (z*),, = 2, (19x)% , is constant for

n+L —

j=i1,...,i2. O

Lemma 4.5 There exists Cy >0 such that for n large enough,

L

Proof It is enough to prove that for some C3 and all ||t| < B,

)\n
L Snu @)@ Ddpo(@) > o=

(the lemma will then follow by integration dt over [|¢] < B]).

By lemma 4.4 for some ng, for every x € ¥ and n € N there are
0 <4y <idg < Apiny(x) — 1 such that (772)2,; is constant for j =1is,..., 14
and such that W, = {(772)07' : j =41,...,is}. Tt follows that

Shning (@) (La) (1) 2 Z(1A°T¢ )(,1)

J=u

=[ir<j <ot | fuer(772) = frar(z) = t] < M}

= [{(F2)5™ 7 s g e [in, i), | faer(T72) = faer (@) — ] < M}
> {eeWn:3yelel, [fu(y) - fulz)] < M - 4B}

> K \"po[[| Fu (2, )| < M - AB]
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where F': Xx3 - R? is the symmetrization of f (as in the proof of corol-
lary 2.7) given by F(z,y) = f(2)~f(y), and F,(z,y) = X7 F(T"x, Tix).
Integrating with respect to dpo(x) we have for all || < B,

LSty (1) (@, 8) > KN (o x po) [ Ful < M = 4B],

As in the proof of corollary 2.7, (X x X, T'xT) is a subshift of finite type,
F:¥ x¥ - R4 is Holder continuous, and F is aperiodic. Therefore, F),
satisfy a local limit theorem ([G-H]):

1
(po x po)[[[ Fll < M = 4B]] o< 5.
whence the lemma. O

Proof of theorem 4.1 We prove that for M >4B, A:=YX x{t:|t] <
M} satisfies that

[1aSn1alleo = O([1aSN1alr1(05)) (N = 00)

By the counting proposition, uniformly in z, A,(x) X [W,| = A\?, where
A = elter(3) | Therefore, there exists ¢ € N such that for all x € ¥, and
n, Anetl < A, (z) < Ante. Fix N > A€ and choose the n such that
A" < N < A1 The last estimations imply that for every x € ¥,

Ay o(x) <N <Apio(z)

whence, by the preceding lemmas, for almost all every (z,t) € A and
N large enough,

Cl/\n+c
Sn(1a)(x,t) < (s o)
02/\n—c
Sn(14)d > —
/A N( A) m (n—c)d/2
The theorem follows from this. O
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