
O N E - D I M E N S I O N A L  C O H O M O L O G I E S  O F  D I S C R E T E  S U B G R O U P S  

I .  N.  B e r n s h t e i n  a n d  D.  A .  K a z h d a n  

Le t  G be a loca l ly  c om pa c t  un imodula r  g roup  and r a d i s c r e t e  subgroup  t he r eo f  with the f a c t o r  g roup  
F \ G  compac t .  We sha l l  s tudy the g roup  HI{I ", C) compac t .  We shal l  s tudy the g roup  and its connec t ionwi th  
the decompos i t i on  into i r r e d u c i b l e s  of its r e p r e s e n t a t i o n  in L 2 ( F \ G  ). We shal l  suppose  G to have the fo l -  
lowing p r o p e r t y :  

(It) There  ex i s t s  in G a c o m p a c t  subgroup  K such that the r ing  F (with r e s p e c t  to convolut ion) ,  of con-  
t inuous finite funct ions  on G and two-way  inva r i an t  re la t ive  to K, is c o m m u t a t i v e .  

We shal l  p rove  two t h e o r e m s  with this a s sumpt ion .  

THEOREM 1. There  ex i s t s  a r e p r e s e n t a t i o n  H of G such  that  

H 1 (r, c) = Homo (L2 (P\G),  H). 

THEOREM 2. If G = G 1 x G2, with I" p r o j e c t e d  e v e r y w h e r e  dense  on G 1 and G2, then HI(I  ", C) = Horn- 
(G, C) (i .e. ,  e v e r y  h o m o m o r p h i s m  of I '  into C m a y  be extended to a cont inuous h o m o m o r p h i s m  of G into C). 

§ 1 .  G A R B I N G  S P A C E  A N D  A D U A L I T Y  T H E O R E M  

By a r e p r e s e n t a t i o n  T of g r o u p  G we mean  a h o m o m o r p h i s m  of G into the g roup  of inver t ib le  o p e r a -  
t o r s  of the loca l ly  convex comple te  l i nea r  space  L (over  C) such  that  the map  G x L ~ L given by {g, l) 

Tg(/) is cont inuous .  F o r  each  such r e p r e s e n t a t i o n  we c o n s t r u c t  a new r e p r e s e n t a t i o n  T ~° in L ~° cal led 

the r e p r e s e n t a t i o n  in Gard ing  space .  

It is  known f r o m  the c ons t ruc t i on  theory  of loca l ly  c o m p a c t  g roups  that  there  is an open subgroup  N 
in G with an admis s ib l e  subgroup  U i in any unit ne ighborhood (i.e.,  a compac t  subgroup  such  that  N n o r m a l -  

i zes  U i and N/U i is  a Lie  group).  We denote by L Ui the subspace  of L cons i s t ing  of v e c t o r s  x such  that  

1) TUi x = x; 

2) Tgx is an inf ini te ly  d i f ferent iable  v e c t o r  funct ion on N / U  i. 

We spec i fy  on L Ui a topology us ing the s y s t e m  of ne ighborhoods  V(p, ~) ,  whe re  p is  an e l emen t  of 

the enveloping  a l g e b r a  N/U i and ~ is a ne ighborhood in L; v iz . ,  we se t  V(p, ~) = {x e LUl l  p (Wgx)(e)e V}.  

We se t  L ¢0 = l im L Ui .  This is the de s i r e d  space .  The r e s t r i c t i o n  of T to L ~° is a r e p r e s e n t a t i o n  we shal l  
U i - * { e  } 

denote by T ~°. It is  e a s y  to see  that  L ~° is e v e r y w h e r e  dense  in L. Each  cont inuous r e p r e s e n t a t i o n  ma p  L 1 
L 2 induces  a cont inuous m a p  of Gard ing  r e p r e s e n t a t i o n s .  

DUALITY THEOREM. Let  T be a r e p r e s e n t a t i o n  of G in L. Then 

Homo (L °°, L 2 (P\G))  = Homo (L °°, L~ (PNO))=: Homr(C, (L°°)*) = H ° (r, (L°°)*). 

This t h e o r e m  is  p roved  in [1]. In pa r t i cu l a r ,  if  L ~° is  re f lex ive ,  then H°(r ,  ( L ~ * )  = H O m G ( I ~ ( r \ G ) ,  

(L ~) *). 
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§ 2 .  F - A C Y C L I C  M O D U L E S  

L e t  C o be  the s p a c e  of con t inuous  f in i te  func t ions  on G wi th  C O the c o r r e s p o n d i n g  G a r d i n g  s p a c e  
cO 

and ~ = (Co) * the s p a c e  of g e n e r a l i z e d  func t ions  on G. We s p e c i f y  on Co, C o , and ~2 a r i g h t  r e p r e s e n t a t i o n  

L of G: (Rg0f)(g) = f (gg0) ,  (Lg0f)(g)  = f ( g ~ l g ) .  

LEMMA 1. If ~ i s  r e g a r d e d  a s  a modu le  o v e r  F (us ing the l e f t  r e p r e s e n t a t i o n ) ,  then  H i ( r ,  ~)  = 0 f o r  

i > 0 .  

P r o o f .  A n  a d m i s s i b l e  s u b g r o u p  of V m a y  be c h o s e n  such  tha t  r a c t s  on G / V  wi thou t  f ixed  po in t s .  
Ther~ F \ G / V  i s  a c o m p a c t  v a r i e t y .  We s e l e c t  a C ~ - t r i a n g u l a t i o n  in  i t .  We denote  by ~ the s p a c e  of func-  

t ions  of ~2 wi th  c a r r i e r  in  the p r e i m a g e  of the i - s k e l e t o n .  ~0 C ~ C •. • C ~ = ~ ,  Ci = ~ / $ ~ - ~ .  • It i s  
then  e a s y  to  s ee  tha t  C i i s  the d i r e c t  p r o d u c t  of the F o p  w h e r e  the a i  a r e  i - s i m p l e x e s  and F a i  i s  the s p a c e  

c o n s i s t i n g  of T a y l o r  s e r i e s  in  v a r i a b l e s  n o r m a l  in  a i wi th  c o e f f i c i e n t s  in  func t ions  on the a i wh ich  a r e  g e n -  

e r a l i z e d  and which  do not  g r o w  qu ick ly .  It i s  su f f i c i en t  to show tha t  H i ( F ,  Ct0 = 0, i > 0. Th is  fo l lows  

f r o m  the fo l lowing :  

L E M M A  2. If C i s  the s p a c e  of func t ions  on F t ak ing  v a l u e s  in  the l i n e a r  s p a c e  F ,  then  Hi (F ,  C) = 0, 

i > 0 .  

P r o o f .  If N c M i s  a C ( l ' ) - m o d u l e  , then  the s equence  H o m r ( M ,  C) ~ Horn(N, C) --* 0 i s  e x a c t ,  for  

H o m r ( M  , C) = H o m c ( M ,  F) .  Th is  m e a n s  tha t  C i s  an i n j e c t i v e  r - m o d u l e  ( h o m o m o r p h i s m s  a r e  h e r e  c o n s i d -  

e r e d  wi thout  the topology) .  

Th is  p r o v e s  L e m m a  1. 

We deno te  by  A the s u b m o d u l e  o f  ~ c o n s i s t i n g  of func t ions  on G [  K. Since  A i s  a d i r e c t  s u m  in ~ ,  i t  
• i t  i s  i n j e c t i v e  o v e r  1P and H i ( r ,  A) = 0, i > 0. We e x a m i n e  the e x a c t  s e q u e n c e  of  m o d u l e s  0 ~ S ~ A ~ B 

-~ 0; the  S h e r e  c o n s i s t s  of c o n s t a n t s ,  and  B = A / S .  Since Hi (F ,  A) = 0, H i ( r ,  C) = H°(F,  B) /Tr . (H° (F ,  A)) .  
It i s  e a s y  to  s e e  tha t  ~2, A ,  and B a r e  r e f l e x i v e ,  and ~2. ,  A * ,  and  B* c o i n c i d e  with  t h e i r  G a r d i n g  s p a c e s .  

T h e r e f o r e  

(F, C) = H~no (L2 (P~G), B)/#. (Home (L 2 (F~G),  A). 

§ 3 .  H E C K E  O P E R A T O R S  

L e t  F c C O (~  c ~0} be f in i te  con t inuous  (gene ra l i z ed )  func t ions  t w o - w a y  i n v a r i a n t  r e l a t i v e  to  K, and 
F and F convo lu t ion  r i n g s .  We s h a l l  c o n s i d e r  that  (R) h o l d s ,  i . e . ,  F i s  c o m m u t a t i v e .  Since  F i s  dense  in  F ,  the  l a t -  
t e r  i s  a l s o  c o m m u t a t i v e .  I t  i s  hence  e a s y  to show tha t  i f  f E ~ i s  a g e n e r a l i z e d  func t ion  t w o - w a y  i n v a r i a n t  
r e l a t i v e  to K, ~ E F ,  then  f * ~  = q~ * f .  ~ a c t s  on A a c c o r d i n g  to R ~  ( f )  = f * ~.  Th is  a c t i o n  c o m m u t e s  
wi th  Lg.  The s u b s p a c e  S i s  i n v a r i a n t ,  so  t h e r e f o r e  F a c t s  on S and B. 

We denote  by  X the o n e - d i m e n s i o n a l  r e p r e s e n t a t i o n  {cha rac t e r )  of ~ .  In p a r t i c u l a r ,  we denote  by  X0 
the r e p r e s e n t a t i o n  in  S. F o r  any c h a r a c t e r  X we e x a m i n e  the s u b s p a c e  A x c A (B X c B, r e s p e c t i v e l y )  con -  

s i s t i n g  of e l e m e n t s  f such  tha t  A f  = X (29 f  fo r  a l l  2~ E F .  Th is  i s  a c l o s e d  G - i n v a r i a n t  s u b s p a c e .  

L e t  T be the r e p r e s e n t a t i o n  of G in  L.  F o r  any func t ion  ~0 E ~2 0 we def ine  the o p e r a t o r  T ~  = fq~(g), 
G 

Tgdg,  It i s  de f ined  on the e v e r y w h e r e  dense  s e t  L ~ .  L e t  ~K be  the  H a a r  m e a s u r e  on K r e g a r d e d  a s  a gen -  

e r a l i z e d  func t ion  on G. We denote  by  PK = TCpK' PK the p r o j e c t o r  of the K - i n v a r i a n t  v e c t o r s  in  L onto L K. 

If ~ E F ,  then  T ~  c a r r i e s  LK in to  i t s e l f .  If T i s  a u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n ,  then  L K  i s  nu l l -  o r  

o n e - d i m e n s i o n a l  ( see  [2]). If LK i s  o n e - d i m e n s i o n a l ,  then we  denote  the c o r r e s p o n d i n g  r e p r e s e n t a t i o n  of 

by XT. L e t  g be  the s e t  of e q u i v a l e n c e  c l a s s e s  of i r r e d u c i b l e  u n i t a r y  r e P r e s e n t a t i o n s  of G. We d e c o m -  

pose  $ in to  t h r e e  c l a s s e s :  

Zs : { T ] dim LK = 0}, S0 = {T [ Xr --- X0}, 

$1 : {T I Xr definitely, Xr =~ Xo}. 

Note  1. It i s  shown in  [2] tha t  f r o m  (R), $~  c o n s i s t s  only  of the  unit  r e p r e s e n t a t i o n .  

We e x p a n d  L~ ( F \ G )  into  the  s u m  of t e r m s  LS + L0 + LI  c o n s i s t i n g  of r e p r e s e n t a t i o n s  of  the  c o r r e -  
spond ing  c l a s s .  



LEMMA 3. Le t  f be a con t inuous  m a p  of the i r r e d u c i b l e  u n i t a r y  r e p r e s e n t a t i o n  T in to  the r e p r e s e n -  
t a t i on  A : f  : L ( ~  --* A.  Then,  i f  XT i s  de f ined ,  then  f ( L )  c AXT.  

It i s  enough to show tha t  a n o n t r i v i a l  v e c t o r  f r o m  L goes  in to  AXT. L e t  x be a n o n t r i v i a l  v e c t o r  f r o m  

L K. Then f ( x )  i s  a t w o - w a y  f imc t ion  on G ~nvar ian t  r e l a t i v e  to K wi th  A . f ( x )  = XT(A)f (x )  =f(:~2) • A fo r  

any  A E  ~ .  Th is  m e a n s  tha t  f ( x ) E A X T .  

LEMMA 4. If V i s  a nonnul l  i n v a r i a n t  s u b s p a c e  in  A ,  then  t h e r e  i s  a v e c t o r  v E V such  tha t  PK(V) ~ 0. 

P roo f .  We m a y  take  v to  be  a s m o o t h  func t ion  wi th  v(e) ; 0. Then PK(v)(e) = v(e) ~ 0. This  m e a n s  

tha t  HomG(T , A) = 0, i f  T E Ns • 

L E M M A  5. T h e r e  i s  a unique v e c t o r  in AX0 i n v a r i a n t  r e l a t i v e  to K. 

P r o o f .  L e t  ~0 E AXn and PK(~O) = ~o. We c o n s i d e r  the s p a c e  V = {~. aiLgi(~0 ) I ~.ai = 0} ; i t  i s  an i n v a r i -  
1 1 

x -  . . ani  s u b s p a c e  in A.  if  v E V, then  PK(V) = ( ~ a l P K L g i )  ~ = (ZaiPKLgiPK)cO = A *~o. S ince  Z a  i = 0, we have  
" 1 

t ha t  A * 1 = 0, i . e . ,  X0(A) = 0, and th i s  m e a n s  tha t  A * ~o = q~ * A = g0(A)~o = 0. I t  fo l lows  f r o m  L e m m a  4 
tha t  V i s  z e r o - d i m e n s i o n a l ,  wh ich  m e a n s  tha t  Tg~o = ~0 ~or a l l  g E G, i . e . ,  q) i s  c o n s t a n t .  ~Ihis p r o v e s  the 

lernma. 

-~ HomG(L1,  B) i s  an i s o m o r p h i s m .  PROPOSITION.  HOmG(~u, A) 

P r o o f .  F o r  e a c h  A 6 F ,  we denote  by  ~ the o p e r a t o r  cn L~ tha t  m u l t i p l i e s  the  v e c t o r s  o± e v e r y  i r r e -  
duc ib l e  c o m p o n e n t  of T by  X T ( A ) .  Suppose  we have  found a~a e l e m e n t  D E F such  tha t  ~J h a s  a con t inuous  i n -  

v e r s e  and X0(D) = 0. Since  D(S) = 0, t h e r e  e x i s t s  a unique m a p  5 such tha t  67r = [5. F o r  any f E  HomG(L1,B) ,  

7 = 5 ~ - 1 j  E ~i°mG(L~, A).  Then  7r(~) = f ,  a s  r e q u i r e d .  

How can  [] be found? We c o n s t r u c t  i t  such  tha t  [] i s  s t r i c t l y  pos i t i ve  de f in i t e ,  which  i~ wil!  be if  ~ i s  
such  on L1K. T h e r e  e x i s t s  an  a d m i s s i b l e  s u b g r o u p  U i which  ac t s  f r e e l y  on F \ G .  F u r t h e r ,  r \ G / U i  i s  a 

c o m p a c t  v a r i e t y ;  L1U i i s  a s u b s p a c e  in L 2 ( I ' \ G / U i ) .  We m a y  c o n s i d e r  a func t ion  ~o E &20, such  tha t  T~0 

t a k e s  L 2 ( r \ G / U i )  in to  i t s e l f ,  T~0 (1) = 0, and T~0 i s  e l l i p t i c a l  p o s i t i v e  de f in i t e .  If i t  e q u a l s  0 o v e r  a f in i te  

n u m b e r  of v e c t o r s  o t h e r  than  1, then  we s u p p l e m e n t  i t  wi th  a nonnega t ive  de f in i t e  k e r n e l  o p e r a t o r  of the 
f o r m  T¢ which  i s  not  equa l  to 0 on t h e s e  v e c t o r s  but  i s  on 1. (This  can  be done e a s i l y ,  s i n c e  fox" any /x E ~20, 

(TA)* a l s o  has  the f o r m  TA, ,  A '  E ~20.) This  m e a n s  tha t  T~o wi l l  be s t r i c t l y  p o s i t i v e  de f in i t e  on L 2 ( F \ G / K  ) 

- S  and PK~OPK wi l l  be s t r i c t l y  p o s i t i v e  de f in i t e  on L~K. We have thus  p r o v e d  tha t  

H t ([', C) = Homo (L o + Ls, B)/.% (Homo (L o + Ls, .4)). 

We have  ~ . ( t t o m G ( L 0 ,  A)) = 0, fo r  L 0 = {X} (X E C); HomG(LS,  A) = 0 by L e m m a  4. 

C) = HomG(L  0 + LS, B). 

Th is  m e a n s  tha t  H1(F, 

LEMMA 6. If T i s  a u n i t a r y  i r r e d u c i b l e  r e p r e s e n t a t i o n  in  tbe s F a c e  L,  and f : L - -  B i s  a m a p  of r e p -  
r e s e n t a t i o n s ,  then f ( L )  E B×0 i s  a m a p  of r e p r e s e n t a t i o n s ,  then  T E $0 U Ss , and f ( L )  E B×T fo r  T E ~ . 

The p r o o f  f o r  $0 and SL i s  the s a m e  as  i n L e m m a 3 .  Le t  TE,~s , A E F f o r x 0 ( Z ~ ) = 0 .  T h e n S f : T - - A ,  
and by L e m m a  4 5 f  = 0 (5 i s  i n t r o d u c e d  as  in the  p r o o f  of the p r o p o s i t i o n ) ,  A f  = ~r6f = 0, as  r e q u i r e d .  

Th i s  m e a n s  tha t  HI(I  ", C) = HomG(L  0 + LS, BX~ = H O m G ( I ~ ( r \ G ) ,  BXO. This  p r o v e s  T h e o r e m  1. 

LEMNL& 7. HOmG(L0, B) = Hom(G,  C +) i s  the s e t  of con t inuous  h o m o m o r p h i s m s  of G into C +. 

P r o o f .  L 0 i s  c a n o n i c a l l y  i s o m o r p h i c  to the modu le  C o v e r  G (with t r i v i a l  ac t ion ) .  L e t  f :  C -- B be 
con t inuous ,  f ( 1 )  the i m a g e  of 1, and v f  any  e l e m e n t  of A fo r  which 7rvf  = f ( 1 ) .  Then L g v f  - v f  E S -~ C, t 

i . e . ,  we have  a m a p  q~f:  G ~ C +. I t  i s  con t inuous  s i n c e  the p r e i m a g e  of BX0 c o n s i s t s  of con t inuous  func-  

t i ons .  It i s  e a s y  to s e e  tha t  q~f i s  a h o m o m o r p h i s m  and does  not  depend  on the cho i ce  of v f .  

L e t  a h o m o m o r p h i s m  q) : G ~ C + be g iven .  We c o n s i d e r  the funct ion  v(g) = ~o (g). It i s  e a s y  to s e e  
thai:  v E A and tha t  ~r (v) i s  i n v a r i a n t  r e l a t i v e  to  G. Maps  a r e  in  th is  way  c o n s t r u c t e d  on both s i d e s ,  and i t  
can  be e a s i l y  v e r i f i e d  tha t  they  y i e l d  an  i s o m o r p h i s m .  
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Note 2. We have thus proved that Hi(r ,  C) falls into a sum of two par ts :  Hom(G, C~), which does not 
depend on F, and HomG(LS, Bx~,which does. 

We now prove Theorem 2. In the case being considered it is enough to prove that HomG(LS, BX~ = 0. 

Let  T be an i r reducible  unitary representa t ion in  L, with T c L S. We prove that HomG(T, BX~ = 0. It 

easi ly follows f rom the f ac t  that G has proper ty  (R) that G 1 and G 2 do also. We may fur ther  consider  that 
K = K1 × K2. We introduce m the subspaces B 1 = BXoKI and 13 2 = BXoK2 into BX0. It may.be proved analogous- 

ly to L e m m a  5 that B 1 = BXOG1 and B 2 = BxoG2. :In par t icular ,  B 1 and B2+ a r e  invartant  relative to the action 

of G. 

LEMMA 8. ff T is a unitary i r reducible  representa t ion of G in L and f :  L --" BX0 is a map of r ep re -  

sentations, then f (L)  c B 1 U B2. 

Proof.  We consider  an element v ~ L which var ies  according to the representa t ion ~ 1 ® ~2 of group K 
(~1, ~2 i r reducible  representa t ions  of K 1 and K2, respect ively) .  If ~ 1 = 1, then f (v)E B 1, and the resul t  is 
proved.  Suppose ~ 1 ;~ 1. We denote by B~ ~ (A~ 1 and L~ 1' respectively) the space of vec tors  in B (in A and 

L, respectively) which va ry  according to the representa t ion ~ 1 : f (L~ 1) c B~ 1 = A~ 1" It may he proved anal- 

ogously to Lemma 4 that since f(L~l)  ~ ~0} in f ( L ) ,  there is a vector  invariant  relative to K z, i .e . ,  one that 

lies in 13~, as required.  

Suppose T occurs  in  L2(F\G ) andf (T)  c B1. Then L of T is real ized in the functions ~o on G which 
sat isfy the condition 

It follows f rom this that the ~ are  constant,  since the project ion of r onto G 2 is everywhere  dense. 
This means that ff T c LS, then HomG(T, BX~ = 0, which proves Theorem 2. 

1. 
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