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1. Le t  U be a c o m p a c t  Lie  g roup .  A r e p r e s e n t a t i o n  ~ of the  g r o u p  U wi l l  be  c a l l e d  a m o d e l  i f  e v e r y  
i r r e d u c i b l e  r e p r e s e n t a t i o n  7r of the  g r o u p  U e n t e r s  into (r e x a c t l y  one t i m e .  The  t h e o r y  of h i g h e s t  we igh t  
p r o v i d e s  one me thod  to c o n s t r u c t  such  m o d e l s .  N a m e l y ,  cr can  be r e a l i z e d  in the s p a c e  of  a n a l y t i c  func t ions  
on the f u n d a m e n t a l  a f f ine  s p a c e  of the  g r o u p  U, i . e . ,  on the  f a c t o r  s p a c e  G / N  of  the  c o m p l e x  c o v e r  G of  the  
g roup  U by the m a x i m a l  un ipo ten t  s u b g r o u p  N C G. The  d e f e c t  of t h i s  c o n s t r u c t i o n  i s  t ha t  we m u s t  r e q u i r e  
tha t  o u r  func t ions  be ana ly t i c .  On the  o t h e r  hand ,  f o r  the  s i m p l e s t  g r o u p  SO(3) t h e r e  is  a n o t h e r  c l a s s i c a l  
r e a l i z a t i o n  of  a m o d e l  in the  s p a c e  of  a l l  s q u a r e - i n t e g r a b l e  func t ions  on the t w o - d i m e n s i o n a l  s p h e r e .  In 
th is  note  we i n t r o d u c e  an ana logous  c o n s t r u c t i o n  of a m o d e l  fo r  an a r b i t r a r y  c o m p a c t  L ie  g roup .  O u r  m o d e l  
wi l l  be  r e a l i z e d  in a s p a c e  of v e c t o r  func t ions  on  the  c o m p a c t  s y m m e t r i c  s p a c e  of m a x i m u m  r a n k  c o r r e -  
spond ing  to the  g roup  U. 

2. Le t  U be a c o n n e c t e d  c o m p a c t  L ie  g roup ,  l e t  T be  the  m a x i m a l  t o r u s  in U, and  l e t  A be  the  l a t t i c e  
of c h a r a c t e r s  of  T. We s h a l l  f ix  a C a r t a n  involu t ion ,  i . e . ,  an a n t i - a u t o m o r p h i s m  0: U ~ U such  tha t  0 2 = 1 
and 0(t) -- t f o r  a l l  t E T. L e t  us s e t  K = {u E U I 0(u) = u- t} .  We s h a l l  c a l l  K the i nvo lu t i ve  s u b g r o u p  in U; 
th is  s u b g r o u p  is  d e t e r m i n e d  by  the g r o u p  U un ique ly  up to an  i n n e r  a u t o m o r p h i s m  of U. An  i m p o r t a n t  r o l e  
wi l l  be p l a y e d  by  the  g r o u p  S = T • K. It i s  e a s y  to c h e c k  tha t  S c o n s i s t s  of  a l l  e l e m e n t s  of o r d e r  two in T, 
so tha t  S i s  a f in i t e  c o m m u t a t i v e  g roup  of o r d e r  2 r ,  w h e r e  r is  the  r a n k  of U. 

E x a m p l e .  If U = U(n) and 0 i s  a t r a n s p o s i t i o n ,  then  K = O(n) and S i s  the  g r o u p  of  d i a g o n a l  m a t r i c e s  
wi th  the  n u m b e r s  • 1 on the m a i n  d i agona l .  

3. Le t  T be a f i n i t e - d i m e n s i o n a l  r e p r e s e n t a t i o n  of the  g r o u p  K. Our  goa l  is  to s tudy  how the r e p r e -  
s e n t a t i o n  IndU(~) of the  g roup  U, i nduced  by  the  r e p r e s e n t a t i o n  T of the  s u b g r o u p  K, b r e a k s  up into  i r r e -  
duc ib l e  c o m p o n e n t s .  Le t  C C A be  the  s e t  of a l l  h i g h e s t  we igh t  i r r e d u c i b l e  r e p r e s e n t a t i o n s  of  U (with r e -  
s p e c t  to s o m e  o r d e r i n g ) .  

PROPOSITION 1. Le t  7r be an i r r e d u c i b l e  r e p r e s e n t a t i o n  of U with  h i g h e s t  we igh t  k: T --* C*. Then$ 

(IndK ~ (T), ~)V ~ (X IS, )~ JS)S. (*) 

COROLLARY. If z [S has spectrum of multiplicity one (i.e., decomposes into a direct sum of pair- 
wise inequivalent irreducible representations), then IndU(T) also has spectrum of multiplicity one. 

4. In what follows we shall study the conditions under which equality holds in formula (*). 

PROPOSITION 2. a) F o r  e v e r y  r e p r e s e n t a t i o n  ~ of  the  g r o u p  K we  can  find/~ E C s u c h  tha t  f o r  e v e r y  
i r r e d u c i b l e  r e p r e s e n t a t i o n  v of the  g r o u p  U wi th  h i g h e s t  we igh t  X E p + C, e q u a l i t y  ho lds  in f o r m u l a  (*).  

b) If T = 1 i s  the  i den t i t y  r e p r e s e n t a t i o n  of K, then  ec~uality ho lds  in  f o r m u l a  (*). In o t h e r  w o r d s ,  an 
i r r e d u c i b l e  r e p r e s e n t a t i o n  ~ of the  g r o u p  U e n t e r s  into Ind~(1) if and on ly  if  i t s  h i g h e s t  we igh t  7~ is  even ,  
i.e., XE2A. 

l ' (Pt ,  P2)G deno te s  the n u m b e r  of t i m e s  the  i r r e d u c i b l e  r e p r e s e n t a t i o n  P2 of the  g r o u p  G o c c u r s  in  the  
r e p r e s e n t a t i o n  Pl- 
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5. We shall describe those representations T for which equality always holds in formula (*). 

Let G be the complexification of U, let H C G be the complexification of T, and let ~ be a root of G 
with respect to H. We choose a homomorphism q~a: SL(2, C) ~ G so that the image under ~ lies in the 

standard three-dimensional subgroup of G corresponding to the root ~, and moreover, q~ (diag (a, a-i)) C 
H and ~(SO(2)) C K. Let Ca: SO(2) -* K be the restriction of ~. 

We note that the group SO(2) is isomorphic to the circle, and so its irreducible representations are 
one-dimensional and are defined by a single integer, the degree of the representation. 

Definition. A representation T of the group K will be called fine if, for every root c~, the representa- 
tion ~" o ¢c~ of the group SO(2) decomposes into a direct sum of one-dimensional representations of degrees 

0, i, and-i. 

We observe that it suffices to check this condition on one root from each orbit of the Weyl group. 

THEOREM i. If T is a fine representation of the group K, then, for every irreducible representation 
of the group U, equality holds in formula (*). This property holds only for fine representations. 

THEOREM 2. For every connected compact Lie group U there exists a fine representation 7 of the 
subgroup K C U such that ~" IS is a regular representation of S. 

If 7 is the representation mentioned in Theorem 2, then it follows from Theorem 1 that the repre- 
sentation IndU(~ ") is a model for the group U. This representation is realized in the space of sections of a 

vector bundle over a compact symmetric space U/K of maximal rank. The fiber of this bundle has dimen- 
sion 2 r. 

We note that, in general, the representation T in Theorem 2 is not uniquely determined. It can be 
shown, however, that if the factor-group Z/Z 0 of the center Z of the group U by the connected component 
of the identity Z°does not containelements of order two (for example, if the center Z is connected), then the 
representation I- in Theorem 2 is uniquely defined. 

6. In this section we shall indicate for every classical compact Lie group U a fine representation 7 
of the subgroup K C U for which Ind~(~') is a model. We shall denote by Pn the natural representation of 

the group U(n) in the space A* (c~) = ~ A ~ (c~) • 

a) U = U(n), K = O(n); T = Pn ]K is the natural representation of K in the space A*(cn). 

a') U = SU(n), K = SO(n); the representation T of the group K is the restriction of the representation 
Pn on some 2n-l-dimensional subspace L c A*(cn). To construct the space L we consider the operator 
B: A*(C n) --~ A*(C n) such  that  B 2 = 1 and fo r  e v e r y  o E O(n) we have  B.pn (o) ~ det o.pn (o).B , and we se t  L = 

{z C A* (c~) I Bx = ~} (the o p e r a t o r  B is e a s i l y  c o n s t r u c t e d  f r o m  the o r d i n a r y  o p e r a t o r *  (see [3], p. 33)). 

F o r  odd n we can  take  L =  e A ~(c~). 
i.(nl~ 

b) U = SO (2n+ ~ ) , w h e r e s  = 0, t, K = (O (n) × O (n -~ ~)) Q So (2 ~ ÷ ~) ; the r e p r e s e n t a t i o n  T in  the space  
A*(C n) is de f ined  by  the f o r m u l a  • (o × 03 = 0n (o), o ~ 0 (n), o' -~ 0 (n 4: 8). 

c) U = U(n, H) (the u n i t a r y  q u a t e r n i o n  group) ,  K = U(n); ~- = Pn is the n a t u r a l  r e p r e s e n t a t i o n  of K in 
the space  A*(cn).  

7. De ta i l ed  proofs  of the r e s u l t s  s t a ted  above,  and in p a r t i c u l a r ,  a comple t e  c o n s t r u c t i o n  of the 
mode ls  fo r  the s p i n o r  g roups  and the ba s i c  g roups  of type G2, F4, E 6, E 8 a r e  con ta ined  in [1]. 

Obvious ly ,  the c o n s t r u c t i o n  of the m o d e l s  can  be g e n e r a l i z e d  to a r b i t r a r y  s e m i s i m p l e  Lie g roups .  
A d i f f e r en t  c o n s t r u c t i o n  of mode l s ,  connec t ed  with the choice  of o t he r  s u b g r o u p s ,  is e x a m i n e d  in [2] for  
the ca se  of the f in i te  Cheva l l ey  g roups .  

Added in Proof .  D. P. Zhe lobenko has  b rough t  to ou r  a t t en t ion  that  s i m i l a r  r e s u l t s  have been  ob-  
t a ined  by Yu. B. Dzyadyk;  p a r t  of these  have b e e n  pub l i she d  in DokI. Akad. Nauk SSSR, 220, No. 5, 1019- 
1020; No. 6 , 1 2 5 9 - 1 2 6 2  (1975). 

i. 
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