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In th i s  note  the  fo l lowing  p r o b l e m  is  so lve d :  

L e t  P(x 1 . . . . .  x n) b e  a p o l y n o m i a l  wi th  r e a l  c o e f f i c i e n t s  and  ~O(x) b e  a fundamen ta l  funct ion  on R n 
( i . e . ,  an in f in i te ly  d i f f e r e n t i a b l e  funct ion with  c o m p a c t  s u p p o r t ) .  C o n s i d e r  the  i n t e g r a l  

1(~) = ~ IP(x) l ~  (x)dx~ . . . . .  d~" n 

The  i n t e g r a l  c o n v e r g e s  a b s o l u t e l y  fo r  Re X > 0 and is  an a n a l y t i c  funct ion of ~t. We wi sh  to p r o v e  tha t  I(X) 
can  be  a n a l y t i c a l l y  con t inued  on the whole  of  the  c o m p l e x  p lane  a s  a m e r o m o r p h i c  funct ion of  ~.. 

The  ~ r o b l e m  was  p o s e d  by  I. M. GeVfand a t  the  A m s t e r d a m  c o n g r e s s .  I t  has  b e e n  s o l v e d  fo r  v a r i o u s  
c l a s s e s  of  p o l y n o m i a l s  ( see  [1]). I.  M. G e l ' f a n d  c o n j e c t u r e d  tha t  one m i g h t  b e  ab le  to s o l v e  th i s  p r o b l e m  
for  an a r b i t r a r y  p o l y n o m i a l ,  u s i n g  H. I - I i ronaka 's  r e s u l t s  on the  r e s o l u t i o n  of  s i n g u l a r i t i e s .  Indeed ,  a s  we 
show in th is  no te ,  the  so lu t i on  of the  P~, p r o b l e m  fo l lows  e a s i l y  f r o m  H i r o n a k a ' s  r e s u l t s  [2]. ( S i m i l a r  
m e t h o d s  a r e  a p p l i e d  in [1], Ch. 3,  §4.) 

L e t  X be  an n - d i m e n s i o n a l  a l g e b r a i c  man i fo ld ,  de f ined  by  equa t ions  wi th  r e a l  c o e f f i c i e n t s  and l e t  X R 
and X C be  the  s e t s  of i t s  r e a l  and c o m p l e x  ~oints  r e s p e c t i v e l y .  We s h a l l  a l w a y s  a s s u m e  be low tha t  X C is  
n o n s i n g u l a r  and i r r e d u c i b l e  and tha t  X R is not  e m p t y .  We s h a l l  s a y  tha t  a r a t i o n a l  funct ion  P on X wi th  
r e a l  coe f f i c i en t s  is a r e g u l a r  func t ion ,  i f  P is  r e g u l a r  on X C. We sha l l  denote  the s e t  of  z e r o s  of  such  a 
funct ion by  Z(P) .  Z(P) = {x E X c I P ( x )  = 0}. 

L E M M A  1. If P i s  a r e g u l a r  funct ion on X, then  t h e r e  e x i s t s  a m a n i f o l d  X and a ma pp ing  g iven  by  
func t ions  wi th  r e a l  c o e f f i c i e n t s ,  7r::~ - - -X ,  such  tha t  the fo l lowing cond i t ions  a r e  s a t i s f i e d :  

t .  X C is n o n s i n g u l a r  and  i r r e d u c i b l e .  

2. 7r is a p r o p e r  m a p p i n g ,  i . e . ,  the  p r e i m a g e  of  a c o m p a c t u m  is a c o m v a c t u m .  

3. E x t e r i o r  to the  z e r o s  of  P the  mapp ing  T i s  an i s o m o r p h i s m :  v : : ~  c \ Z ( P )  -% X c \ Z ( P ) ,  w h e r e  
= v* (P). 

4. For any point x E XC there exist rational functions with real coefficients Yl, Y2 ..... Yn and Q 
such  tha t  

a) Yl(X) = . . . =yn(x)  = 0, Q(x) ~ O. 

b) The  d i f f e r e n t i a l s  dy 1 . . . .  , dy n a r e  l i n e a r l y  independen t  a t  the  poin t  x (i.e..~y l ,  . . . .  Yn a r e  l oca l  
p a r a m e t e r s  in a ne ighbo rhood  of  x).  

c) P = y ~ l . . . .  • yah  • Q, w h e r e  a I . . . . .  a n a r e  nonnega t ive  i n t e g e r s .  

Th i s  fo l lows f r o m  H. H i r o n a k a ' s  r e s u l t s  [see  [2], Ch. 0, §5 ,  C o r o l l a r y  3). 

L E M M A  2. L e t  ¢ ( x  I . . . . . .  x n, /1) be  a fundamen ta l  funct ion  on R n which  i s  a m e r o m o r p h i c  funct ion  
of  the ~ a r a m e t e r / ~ .  Then  the  funct ion 

. . . . . .  ~'~' ~) = f I x~ I ~- . . . . . .  I x~ t ~" • ~ (x, ~t) ~x~ . . .  d x ,  l (k 
Rn 

can  be  a n a l y t i c a l l y  con t inued  to a l l  v a l u e s  of  )tf . . . . .  )t n a s  a m e r o m o r p h i c  funct ion of k 1 . . . . . .  kn ,  #, and  
i t s  p o l e s  tha t  d i f f e r  f r o m  those  a l r e a d y  e x i s t i n g  in the  funct ion q(u) can  l i e  on h y p e r s u r f a c e s  of the  f o r m  
Xi +s  = 0, w h e r e  s a r e  odd n a t u r a l  n u m b e r s .  
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By r e p e a t e d  i n t e g r a t i o n  t h i s  a s s e r t i o n  r e d u c e s  to the  c a s e  n = 1, wh ich  is d i s c u s s e d  in [11, Ch. 1, ~3.  

T H E O R E M  1. L e t  X be  a m a n i f o l d ;  P be  a r e g u l a r  f u n c t i o n  on X; ¢o be  a r e g u l a r  d i f f e r e n t i a l  f o r m  

of  the  h i g h e s t  d i m e n s i o n  on  X ( i . e . ,  a f o r m  d e f i n e d  o v e r  t he  r e a l  n u m b e r s  and r e g u l a r  on X R ) ;  and  ~Obe a 

f u n d a m e n t a l  f u n c t i o n  on  X R .  L e t  ¢0 b e  n o n d e g e n e r a t e  on X c X , Z ( P ) .  T h e n  the  i n t e g r a l  I(k) = I(X, P ,  (P, ¢o;)t)= 

I P I ~" - q (x) • I,01 d e f i n e d  f o r  Re X > 0,  c a n  be  a n a l y t i c a l l y  c o n t i n u e d  as  a m e r o m o r p h i c  f u n c t i o n  o f  ~t on the  
xR 
w h o l e  o f  t h e  c o m p l e x  p l a n e  ,: :its p o l e s  b e l o n g i n g ~ t o  a fir~ite n u m b e r : o f  a r i t h m e t i c  p r o g r e s s i o n s  o f  the  f o r m  

aX +b + s 0,  w h e r e  a > 0 a n d b  > 0 a r e  f i xed  i n t e g e r  n u m b e r s  and: s ' i r u n s : t h r o u g h  a l l  t he  o d d  n a t u r a l  n u m -  

b e r s ( h e r e  k o l i s  t he  m e a s u r e  on  X R c o r r e s p o n d i n g  to '  the, f o r m  w; f o r  e x a m p l e ,  on a: s t r a i g h t  l i n e  t h e  

m e a s u r e  c o r r e s p o n d i n g  to  t h e  f o r m  x d x  is  Ixtdx).  

P r o o f .  By  L e m m a  1 w e f i n d  ~ e m a p p i n g  7r : .X --- X.  We d e f i n e  P = 7r*(P),  ~ = ~*(q~) ,  Co = 7r*(w). 

T h e n ,  a s  c a n  b e  s e e n  e a s i l y ,  X,  P ,  ~0, ¢0 s a t i s f y  the  c o n d i t i o n  o f  t he  t h e o r e m  and I(X, P ,  ~o, w; )t) = IC~, P ,  

~ ,~o;  ~ .  T h e r e f o r e ,  i t  i s  s u f f i c i e n t  to p r o v e  the  t h e o r e m  f o r  :~. L e t  x E .XR.  C o n s i d e r  the  l o c a l  p a r a -  

m e t e r s  Yl . . . . .  yn  m e n t i o n e d  in L e m m a  1. In s o m e  n e i g h b o r h o o d  of  x w e  h a v e  P = ya~ . . . . . y a n  . Q and  
o~ = S(y) dy 1 • . . . • dyn .  At  the  s a m e  t i m e ,  s i n c e  S(y) = 0 o n l y  on Z ( P ) ,  one  c a n  f ind ,  by  H i l b e r t ' s  t h e o r e m  

on z e r o s ,  a n u m b e r  N s u c h t h a t  ~ N i s  d i v i s i b l e  b y S ( y )  I . e . , S ( y )  = Y b l "  . . . . y ~ n  . Q l ,  w h e r e  Ql(x) # 0 .  

By  t h e  r e s o l u t i o n  o f  the  i d e n t i t y  o n e  h a s  t he  r e p r e s e n t a t i o n  ~ = ~ %. w h e r e  the  s u p p o r t  of  e a c h  f u n c t i o n  
~0j is  c o n c e n t r a t e d  in s u c h  a s m a l l  n e i g h b o r h o o d  U o f  s o m e  p o i n t  x.3 that.a).  Q(y) and QI(Y) do no t  v a n i s h  on 

U; b) Yl . . . .  Yn y i e l d  an  i s o m o r p h i s m  o f  U wi th  s o m e  d o m a i n  in R n (Yl, Y2 . . . . .  Yn, Q.  Q l ,  and U d e p e n d  

on xj). Then, 

/ (~,) = ~ / i  (~')' / / 0 , )  : :  I I .~, I ̀ '~+~' . . . . . .  I y,, I ' ' ~ ' + l ' '  • I Q I~'1 • t Q, I • w~- d.~, . . . . .  ,t~,,, 
Rn 

and  t h e  t h e o r e m  f o l l o w s  f r o m  L e m m a  2. 

T H E O R E M  2. L e t  X be  a m a n i f o l d ;  P l  . . . . .  P k  b e  r e g u l a r  f u n c t i o n s  on X; ¢o be  a r e g u l a r  f o r m ;  

and  ~0 be  a f u n d a m e n t a l  f u n c t i o n  on X R ;  t h e n  the  i n t e g r a l  

¢ 
[ P l J ) ' , .  . . .  . I P k L  /(Z, . . . . .  ~.k)= ~ • ~p • Jo~ I 

xR 

c a n  b e  c o n t i n u e d  a s  a m e r o m o r p h i c  f u n c t i o n  on t h e  w h o l e  s p a c e  o f  t he  c o m p l e x  v a r i a b l e s  ~-1 . . . . .  Xk; a t  

t h e  s a m e  t i m e  the  p o l e s  c a n  b e  s i t u a t e d  on a f i n i t e  n u m b e r  of  s e r i e s  o f  h y p e r s u r f a e e s  of  t h e  f o r m  ai~. 1 + 

• • • + ak)~k + b  + s = 0,  w h e r e  a 1 . . . . .  a k,  and b a r e  f i x e d  n o n n e g a t i v e  i n t e g e r s  and s r u n s  t h r o u g h  a l l  the  
odd  n a t u r a l  n u m b e r s .  

T h i s  c a n  be  p r o v e d  in the  s a m e  w a y  a s  T h e o r e m  1. U s i n g  the  r e s o l u t i o n  of  the  i d e n t i t y ,  one  m u s t  

m a k e  a r e d u c t i o n  to an  a f f i ne  n e i g h b o r h o o d  U in w h i c h  ¢0 = S(y)dy 1 • . . . • dy  n (dy 1 • . . . " d y n i s  n o n d e g e n -  

e r a t e ) ,  and  t h e n  a p p l y  L e m m a  1 to the  f u n c t i o n  P = P l  " • • • " Pk " S. 

R e m a r k  1. T h e s e  t h e o r e m s  c a n  e a s i l y  b e  e x t e n d e d  to t h e  c a s e  w h e n  P l  . . . . .  Pk  a r e  any  r a t i o n a l  
f u n c t i o n s .  

R e m a r k  2. A n a l o g o u s  t h e o r e m s  c a n  b e  p r o v e d  f o r  m a n i f o l d s  o v e r  a n y  l o c a l l y  c o m p a c t  f i e l d .  

T h e  a u t h o r s  thank  I. M. G e l ' f u n d  f o r  h i s  i -n te res t  in t h e  i n v e s t i g a t i o n .  
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