
A L L  R E D U C T I V E  p - A D I C  G R O U P S  A R E  T A M E  

I .  N.  B e r n s h t e i n  

In this paper we prove the following theorem.  

T_HEOREM 1. Let G be a reductive group over the locally compact  nondiscrete non-Archimedean 
field F (more precise ly ,  a group of its F-points), considered as a local ly compact  group, and let  K be an 
open compact  subgroup in G. Then there exists an N = N(G, K) such that for any i r reducible  unitary r ep re -  
sentation ~ of G on the HiIbert  space V, the dimension of the space V K of K-invariant vec tors  does not ex- 
ceed N. 

It follows from this theorem that G is a tame group (a group of type I). For the case G = GLn(F), 
this theorem was proved in a r eeen t lyappea r ingprep r in t  of R. Howe, which uses a subtler  method (and ob-  
tains a s t ronger  result) .  Our proof is completely e lementary  (modulo the resul ts  of [1]). 

The asser t ion  of Theorem 1 was stated as a hypothesis in [1]. There,  i t  was shown that for its proof 
it is sufficient to consider  only square- integrable  representa t ions  ~r. 

We denote by ~K the convolution a lgebra  of finite functions on G which are  two-sided invariant  with 
respec t  to K. Theorem 1 is equivalent to the asse r t ion  that for the a lgebra  ~qK, the dimensions of all uni- 
t a ry  i r reducible  representa t ions  are finite and bounded (see [1]). Since for square-integrable r epresen ta -  
tions the space V Kr is f ini te-dimensional  for all open subgroups K' (see [1]), it is sufficient to prove that 
there are  a rb i t ra r i ly  small  compact  open subgroups K in G for which the following asse r t ion  is valid: 

Asser t ion  (A). All f ini te-dimensional  i r reducible  representa t ions  of the a lgebra  gf1: have bounded 
dimension. 

We will prove Asser t ion  (A) under the following assumptions on G and K. 

I. G is a locally compact  group, and K an open compact  subgroup in G. 

IL There a re  given in G subgroups Z, K 0, r +, and r - ,  elements al, a2, . . . .  al, and a finite set  f~ 
such that: 

a) Z l i e s  in  the c e n t e r  of O; 

b) el . . . .  , a t commute among themselves;  we denote by A + the semigroup with unit which they gen- 
era te ;  

• c) K o is a compact  subgroup, and G = KoA+~ZK0 (the Cartan decomposition); 

d) K ~ K o and K o n o r m a l i z e s  K; 

e) F - o K ,  r + C K ,  a n d K  = r - r + ;  

f) a i r - a ~  1 E r - ,  a i - l r+ai  c r + for all i. 

Let G be a reductive group over F, Z i t s  center,  A a maximal split  torus,  P a minimal parabolic  
subgroup containing A, U a unipotent subgroup complementary to P and normalizing the group A. Let A be 
the se t  of roots  of G with respec t  to A, and A + be the set  of positive roots  corresponding to P. We put 
~+ = {a E A I [ ~(a) ] -> 1 for all ~ E A+} (we regard  ~ as a homomorphism ~ : A ~  F*).  As shown by Brunat 
and T i t - s  (see [1]), there exist  in G an open compact  subgroup K 0 and a finite set  ~ such that G = K0~+~K0 . 
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It is e a s i , y  ver i f i ed  that  i t  is  poss ib l e  to find in ~,+ e l emen t s  a~ . . . . .  a l and a c o m p a c t  se t  C such that  ~+ = 
A+C (Z f3 A), where  A + is the s e m i g r o u p  gene ra t ed  by al . . . . .  al.  Choosing ~ so that  C~K 0 ~ P.K0, we fulfill 
condi t ion c). If we now choose  in K 0 a suff ic ient ly  sma l l  open no rma l  d iv i so r  K, then the g roups  K, F -  = 
K [3 U, F + =  K f3 P sa t i s fy  condi t ions  d) ,e) ,  f). (This is a r e s u l t  of Jacquet ;  see [2].) 

Example ;  G = GL~+I (F). ~ = (1}, K 0 =- GL~+~ (©), Z is the cen te r  of G, K = K,, =: {x ~- G [11 t -- 
x I] ~< I n [~}, where  v ~ 1 (here G is the r ing  of i n t ege r s  of the field F, ~ is  the g e n e r a t o r  of the max ima l  
ideal  in G,  and fo r  the m a t r i x  x =  (x~¢),[Ixl] - max Ix~ I), F- - K  ~ tY, F + - g (3 B, where  B is the g roup  
of upper  t r i a n g u l a r  m a t r i c e s  and U is the g roup  of l ower  t r i angu la r  m a t r i c e s  with units  on the diagonal .  
Also,  aj(j = 1 . . . . .  l) is  a d iagonal  ma t r ix ,  (aj)ii = 1 for  i _< j, (aj)ii = ~r for  i > j. 

Our  p roof  is b a s e d  on the fol lowing fac ts  f r o m  l inea r  a lgebra .  

PROPOSITION 1. Le t  Z be an a lgebra ,  * ~¢, 2:  suba lgeb ras  in :£, A ~ . . . . . .  i ~ ~ ,fl, X~ . . . . .  Xp, Y~, 
. . . .  Y q ~  ~ .  Let  us a s s u m e  that  ~ l ies  in the cen te r  of the a lgeb ra  Z, ~ C:_ ..4,, ,~ is the commuta t i v e  
a lgeb ra  g e n e r a t e d  by A~ . . . . .  A l and ~ ,  and that  any e l emen t  X ~ :~ can be wr i t t en  in the f o r m  

X = ,~X~P,~Y~, where  P,~ @ ~t (i = i . . . . .  p; ] = 1 . . . . .  q). Then any i r r e d u c i b l e  f i n i t e -d imens iona l  r e p -  

r e s e n t a t i o n  of the a l g e b r a  Z has d imens ion  at m o s t  (pq) 2/-i. 

PROPOSITION 2. Le t  V be an n -d imens iona l  space ,  and 3; C End V t h e  commuta t ive  suba lgeb ra  gen- 
e r a t ed  by the o p e r a t o r s  A I . . . . .  A l (and the identi ty) .  Then dim ~ ~. ]~ (n), where  f / (n)  = n 2-V(2/-1). 

P r o p o s i t i o n  1 fol lows f r o m  P ropos i t i on  2. In fact ,  if p: Z --~ End V" is an i r r educ ib l e  r e p r e s e n t a t i o n ,  
then p (5~) = C.i  (by S c h u r ' s  l emma) ,  dim p (Z) = n 2 (by B u r n s i d e ' s  t heo rem) ,  dim p (~4) ~ / ~  (n) by P r o p o -  
s i t ion 2, and d imp  (Z) ~ pq dim p (~4) by vi r tue  of the condit ions,  so  tha t  n 2 _< pqf/(n),  f r o m  which fol lows the 
a s s e r t i o n  of P r o p o s i t i o n  1. We p rove  P r o p o s i t i o n  2 a t  the end of the paper .  

We now es tab l i sh  that  fo r  a pa i r  G, K sa t i s fy ing  condit ions I and II, the a lgeb ra  .:~K sa t i s f i e s  the con- 
di t ions of P r o p o s i t i o n  1 . t  If gE G, then by Kg---"~ we will denote the funct ion in . ~  with in teg ra l  1 con- 
cen t r a t ed  on the double c o s e t  KgK. 

LEMMA. a) If g, hE G and g o r  h n o r m a l i z e s  K, then K g K . K h K  = KghK. In p a r t i c u l a r ,  this  is so  if 
g o r  h l ies  in Z. 

b) I f g ,  h E A  + , t h e n  K g K . K h K  = KghK. 

Proof .  In both c a s e s  i t  is n e c e s s a r y  to p rove  that  KgKhK = KghK. In case  a) this  is  obvious,  and in 
case  b), we have KgKhK =~ KgF-F+hK = K (gF-g-~)gh (h-ZF÷h)K = KghK (since g F - g  -t  ~ F - ,  h - lF+h  ~ F+). The 
l e m m a  is p roved .  

We denote  by 2E and Jt the spaces  of funct ions in "2~fK concen t r a t ed  on KZK and KA+ZK, r e s p e c t i v e l y .  
Then ~ is a c en t r a l  s u b a l g e b r a  in :7~, Jt is  a commuta t i ve  suba lgebra ,  2: C ~4 and ~4 is gene ra t ed  by 

and the e l emen t s  A~ = K-~a~K. 

Case  1. We a s s u m e  that  all  e l emen t s  in ~2 n o r m a l i z e  the g roup  K (usually this  is  so,  s ince  usual ly  
~2 = {1}). Le t  xi, yj be se t s  of r e p r e s e n t a t i v e s  of r i g h t  (and thus,  a l so  double) cose t s  with r e s p e c t  to K in 

K 0 and f~K 0, r e s p e c t i v e l y .  We p u t  X~ = Kx~K, Yj  = KyiK. It fol lows f r o m  the l e m m a  that  Y/fK = ~,X~CY~, 
so  the condi t ions  of P ropos i t i on  1 a r e  sa t i s f ied .  

Ge__neral Cane. Let  us choose  • and y.  so  tha t  U xiK = K0 and U y .K  = K~K 0. Let  M be the space  of 
funct ions  ~n  - ~ K  c o n c e n t r a t e d  on KA~+ZK~t~0. It  is  c l e a r  tha t  M is an  J J r -module  with r e s p e c t  to left  mul t i -  

p l ica t ion  by v¢ and ~ .  --= Y,X~M, where  X~ = Kx~K. There fo re ,  i t  is  enough to prove  that  M is a f ini tely 

g e n e r a t e d  ¢¢-module .  
+ 

Fo r  any P E A  +, we put Fp = p - l F + p  ~ F +. J u s t  a s  in the l e m m a ,  we convince ou r se lve s  tha t  

÷ + 

KptK.  Kp~yjK = KpLp.Fp, y~K and Kp~p..yjK = Kptp~Fv,~, , yiK. 

T h e r e f o r e ,  if + + Fpip~ yjK = Fp2yjK , then K p z K . K p . y j K  = Kplp~yjK. 

*An a l g e b r a  is e v e r y w h e r e  unders tood  to  m e a n  an a s s o c i a t i v e  a lgeb ra  over  C with unit. 
t This ,  in  e s s e n c e ,  was es tab l i shed  in [31. 
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~or  any suogroup  1" ~ K, we put 

[[ r ~ ~: ~, (the n u m b e r  o f  cose t s  with r e s p e c t  to K in Fy~K). 

Clear ly ,  if  F '  c F,  then ]l F '  [i -< II F II, while the equal i ty  I[ F '  II = If F II m e a n s  that  F ' y j K  = r y j K  for  al l  j. 

We c o n s i d e r  the in teg ra l  quad ran t  D = {z = (z~ . . . . .  z~) ]z~@Z ÷} , and for  e v e r y  z = (z 1 . . . . .  z / )ED,  
we put  Pz = aZl""" .a~!E A + and f ( z )  = l[ Fpz [l" We will s a y  that  z '  < z if z '  # z and z -  z ' e  D. If z '  < z, then 
f ( z ' )  _>f(z); if, in addit ion,  f ( z ' )  = f ( z ) ,  then Fpzy jK  = Fpz , y jK  fo r  e v e r y  j, so  tha t  the c l a s s e s  Kp~yjK lie 

in the ~4-module gene ra t ed  by the c l a s s e s  Kp..yjK. Since the c l a s s e s  Kp:yjK (z ~ D, j a r b i t r a r y )  g e n e r a t e  
M as  a ~ - m o d u l e ,  we can  choose  as  g e n e r a t o r s  of M as  an  ~ - m o d u l e  the e l emen t s  Kp=y~K, which c o r r e -  
spond to s ingu la r  points  z, i .e . ,  z such that  fo r  all  z '  < z we have the s t r i c t  inequal i ty  f ( z ' )  > f ( z ) .  

We have  a r r i v e d  at  a combina to r i a l  p r o b l e m :  we a r e  g iven on D a funct ion f with va lues  in Z + and 
need to show that  the number  of points  s ingu la r  fo r  f is f ini te .  

F o r  the proof ,  we note tha t  if z is a s ingu la r  point,  then f (z )  < f (0) ,  and us ing induct ion  on f (0) ,  we 
can compute  that  in the quad ran t  z + D the re  a r e  a finite number  of s ingu la r  points .  Since the c o m p l e m e n t  
D \ ( z  + D) can be cove red  by a finite n u m b e r  of quadran t s  of r a n k  ( / -1) ,  us ing induct ion  on l, we can  c o m -  
pute tha t  b e c a u s e  t he re  axe a finite number  of s ingu la r  points  in each of these  quad ran t s ,  t he re  a r e  a l so  a 
f ini te  number  in D. 

Thus,  the a l g e b r a  ~K sa t i s f i e s  the condi t ions  of P ropos i t i on  1, whence  follow A s s e r t i o n  (A) and 
T h e o r e m  1. 

P r o o f  of P r o p o s i t i o n  2. (The proof  is tha t  of D. A. Kazhdan.) Since the a l g e b r a  ~ is  commuta t i ve ,  
we can  d e c o m p o s e  the space  V into the d i r e c t  sum of ~ - i n v a r i a a t  s u b s p a c e s  Vj such tha t  fo r  e v e r y  P @ 
and e v e r y  j, al l  e igenva lues  of the o p e r a t o r  P [ Vj coincide .  C lea r ly ,  we can  r e s t r i c t  o u r s e l v e s  to the case  
V = Vj, and sub t r ac t i ng  su i tab le  cons tan t s  f r o m  the o p e r a t o r s  A i, we m a y a s s u m e  tha t  all  the A i a r e  nil-  
potent .  

Le t  ~l(r0 be the m a x i m u m  poss ib le  d i m e n s i o n  of ~ fo r  g iven  l and n (we a s s u m e  tha t  all  the A i a r e  
ni lpotent) .  We p rove  that  

+l(n) < +,([n ~l(~) Z ]) + +l-~(n). (*) 

Since It ( n ) /> / z  (In --  ]l (n)tnl) +/z-, (n), Propos i t i on  2 follows f r o m  induct ion  on l and n in (*). 

Le t  I be the ideal  in $ g e n e r a t e d  by the o p e r a t o r s  A i, I k a power  of it,  V k = lkv .  Then V = V ° D 
V 1 ~ . .  • ~ V n = 0. Le t  L be a s u b s p a c e  in V c o m p l e m e n t a r y  to  V l, and m = d im L.  It is c l e a r  tha t  IkL 
g e n e r a t e s  V k modulo  V k+l, so  tha t  S L  = V. 

Hence it fol lows tha t  any o p e r a t o r  P ~ $  is  d e t e r m i n e d  by i ts  va lues  on L, s ince  P ( ~ P i l , ) =  

~Pi(P/~),  so  tha t  dim . . ~nm.  We m a y  a s s u m e  that  dim ~ = ~ (n), whence  m _> ~l(n)/n.  

Le t  ~"  be the s u b a l g e b r a  g e n e r a t e d  by A 2, A 3 . . . . .  AI, and le t  ~ '  = AI~ .  Then ~ ---- ~ '  + ~" .  Since 
A1 c a r r i e s  V into V 1, dim ~ '  does  not exceed  the d i m e n s i o n  of the a l g e b r a  obtained by r e s t r i c t i n g  ~ to 
V 1, i .e . ,  dim ~ '  ~ ~l (dim V 1) = ~ol (n --  m) ~ ~l ([n - -  ~l (n)/n]). On the o ther  hand,  dim ~ "  ~ ~o1-1 (n), which 
impl ies  the f o r m u l a  (*). 
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