
C H A R A C T E R I S T I C  C L A S S E S  O F  F O L I A T I O N S  

I .  N.  B e r n s h t e i n  a n d  B .  I .  R o s e n f e l ' d  

In a recent  ar t ic le  [1], Godbillon and Vey cons t ruc ted  a cer ta in  element  ~ E H ~p÷~ (M, e) for an or ien ta -  
ble foliation ~r of codimension p on a manifold M* They showed also,  that in the case p = 1 the class  
is r e la ted  to the c0homologies of the Lie a lgebra  of formal  vec tor  fields in p var iables  [3]. Denote by T ~ 
the subbundle of the tangent bundle T(M} which corresponds  to the foliation :~ , and let  O (~} = T (M)/T ( ~ .  

In this art icle,  a homomorphism t~: n* (wp; R) -* H ~ (s ' ($), R) is constructed for  an a r b i t r a r y  foliation 
, w h e r e  s ~ ($0 is the space of the coordinate f rame of the bundle Q ($9. 

The bas is  for  our  construct ion is  a differential  geometry  construct ion f rom [2]; see also [4]. The 
authors wish to thank I. 1~ Gel ' land and D. A. Kazhdan for the opportunity of seeing thei r  manuscr ip t  [2 ], as 
without it the presen t  work probably would not have been completed. The authors thank V. I. Arnol 'd ,  S. M. 
Vishik, and D. B. Fuks for  the i r  helpful comments .  

:1. We reca l l  severa l  definitions and resul ts  of [2]. 

Definition 1. Let a be a topological  Lie algebra over  the field R. A principal a - space  i s  a-mani-  
fold S (possibly infinite dimensional) together  with a given homomorphism ¢ of the algebra a into the Lie 
a lgebra  a (s) or  vec tor  fields on the mmnifold S; moreover ,  ¢ must sat isfy the following conditions: 

1) Let s ~ s. Then the continuous map %: a -~ T (S h is an i somorph i sm of l inear  topological spaces,  
where T(S)s is the tangent space of S at the point s .  

2) The 1- form ~ on the manifold S with values in a ,  given by the formula  e (~) = ¢;~ (~} ~ E 7 (s)~), 
is infinitely differentiable.  

Denote by c (a) = {Cq (a), d q} the s tandard  eochain complex of the Lie algebra a with coefficients in R 
[3]. Recall  that  the elements  of C q (a) are  q- l inear  skew-symmet r i c  continuous functions tn~, n~ ..... nq}, 
where n~, ~ ..... ~1¢ ~ a. 1~ S is a principal  a -space,  then one can find a homomorphism ~: c (a) -~ ~ Is), where 

(S) is the de Rham complex of the manifold S. In par t icu lar ,  if c ~ cq (a), then we define the differential 
fo rm , ( c ) ~ a ( s )  b y t h e  formula  ~(c)(h . . . . .  ~) =c(¢o(~) . . . . .  ~(~)) ( ~ , . . . , ~ T ( S h ,  s~S).  

1~ is easy  to ver i fy  [2] t h a t  * is a homomorphism of complexes.  

We introduce now the example of a principal  Wp-space f rom [2]. 

Example.  Let  N be a manifold of dimension p. Consider the manifold S(N) of formal  coordinate s y s -  
tems  on N, const ructed  as follows. Let sk(N) denote the manifold of k-jets  at the point 0 of regula r  maps 
of RP to N. The manifold sk(N) fo rms  the project ive sys t em N ---- S~ (N) ~- S~ (N) . . . . .  S~ (~0 . . . .  Define S(N) 
as Iim 3~ (N). 

Now construct  the homomorphism ¢: ~'p -* a (S (N)). Let  n ~ Wp and a = (s °, s ~, ..., s~,...) ~ s (s ~ ~ s ~ (N)). 
For  the element n const ruct  the vec tor  ~, ~ r (s (to)), , i .e. ,  the o rde red  set  of vec to rs  ~, = (~° ..... ~, ...), where 
~T(S~(~9),~. The vec to rs  P a re  const ructed  as follows. Let ~i be a diffeomorphism of some neigh- 

borhood of the point 0 ~ R "  onto a neighborhood of the point x = a 0 ~N,  the i - j e t  of which corresponds  to the 

*All manifolds, £tmctions, vector  fields, and so forth a re  taken to b e o f  class  c =. 
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point  s i .  F u r t h e r ,  l e t  (nD be  a v e c t o r  f i e l d  on ~P. t he  i - j e t  of  which  c o i n c i d e s  wi th  the  i - j e t  of t he  f o r m a l  
v e c t o r  f i e ld  n , and }~ (~) is  the c o r r e s p o n d i n g  l o c a l  v e c t o r  f i e l d  on N. C o n s i d e r  the  o n e - p a r a m e t e r  f a m i l y  
of  l o c a l  d i f f e o m o r p h i s m s  of  the  m a n i f o l d  N, w h i c h  c o r r e s p o n d  to the f i e ld  ~ (~). This  f a m i l y  induces  a o n e -  
p a r a m e t e r  f a m i l y  of l o c a l  d i f f e o m o r p h i s m s  of  the  m a n i f o l d  Sk(N), to which  f a m i l y  t h e r e  c o r r e s p o n d s  a c e r -  
t a i n  l o c a l  v e c t o r  f i e l d  ~ on sk(N) .  E is  e a s y  to  show t h a t ,  when i > k  the  tanger~ v e c t o r  of the  f i e ld  "~ 
at  t he  point  sk  i s  i ndependen t  of  the  cho ice  of Y and ~ as  w e l l  a s  be ing  i ndependen t  of i .  The  va lue  of the  
v e c t o r  f i e ld  }~ a t  the  poin t  s k is  t a k e n  as  ~ We def ine  t he  m a p  ~ by pu t t ing  ~ (n) (s) = ~s = (~0,. ,  ~ . . . .  ) 

T H E O R E M  [2]. F o r  any m a n i f o l d  N of  d i m e n s i o n  p,  the  p a i r  (s (h), ~) i s  a p r i n c i p a l  W p - s p a c e .  

2. L e t  ~ be a f o l i a t i o n  of c o d i m e n s i o n  p in a m a n i f o l d  M of d i m e n s i o n  n.  We now c o n s t r u c t  the  

h o m o m o r p h i s m  I~: H* (wp, R)-* H* (S ~ ($3, R) 

Def in i t i on  2. Le t  x ~ M and l e t  u be a r e g u l a r  mapp ing  of  s o m e  n e i g h b o r h o o d  of the po in t  x into R p. 
which  s a t i s f i e s  the  fo l lowing  cond i t i ons :  (a) u i s  c o n s t a n t  on the  l e a v e s  of the  f o l i a t i o n  Y, and  (b) u(x) = 0. 
The  k - j e t  s p a c e  at  x of such  m a p p i n g s  is  d e n o t e d  by j k .  Let  s * (M, $3 , deno te  t he  m a n i f o l d  Sk(M,~3= {x, /I 
x ~ M, / ~ J~} and l e t  s (M. 83 = lim S~ (M, ,.~). 

Now c o n s t r u c t  the  h o m o m o r p h i s m  *g: c (nz~) - .  ~ (s (M, ~r)) Le t  U be s o m e  n e i g h b o r h o o d  of M and l: 
u --  N be a r e g u l a r  mapp ing  which i s  a f i b r a t i o n  whose  f i b e r s  c o i n c i d e  with  the  l e a v e s  of  $ .  F o r  each  k,  

the  mapp ing  tk: s ~ (u, ~ - .  s k (g) can  be c o n s t r u c t e d .  In p a r t i c u l a r ,  l e t  u be a map  of a n e i g h b o r h o o d  of the 
poin t  x ~ u in to  R p, which  c o r r e s p o n d s  to the  j e t  s ~ E s k (u, $ 3  Since  u i s  cons t an t  on the  l e a v e s  of  the  
fo l i a t i on  $ ,  i t  i nduces  a r e g u l a r  mapp ing  ~ of  a n e i g h b o r h o o d  of the  poin t  t(x)~lv into ~ .  Pnt  t~(s~) = 

i (~-'), w h e r e  i (Z-') i s  the  k - j e t  of  the  mapp ing  i n v e r s e  to  ~ The m a p p i n g s  t ~ (~ = 0, l ... .  ) def ine  the  

mapping t~: s (U, $3 -. s (N) 

Now construct the homomorphism *~-, u : c(Iv~)~ ~ (s (u, ~v)). Since S(N) is a principal Wp-space, there 
i s  a d i f f e r e n t i a l  f o r m  , (c) ~ ~ (s (N)) ( see  See .  1) c o r r e s p o n d i n g  to  e a c h  cocha in  c ~ c  ~ (w~) . Pu t  
• ~, u (c) = ( ~ ) * ,  (c). s (u, 59 i s  an open  s u b s e t  of s (M, $3 .  E is  e a s y  to v e r i f y  tha t  on the  i n t e r s e c -  
t i on  of two such  n e i g h b o r h o o d s  s (u, 59 and s (u', $3 the  f o r m s  * ~  u (c) and , ~ u ,  (c) c o i n c i d e  (c ~ c¢ ( ~ ) )  
Denote  by S (M, $ )  the g l o b a l  f o r m  so o b t a i n e d  on ~g (c) 

The  mapp ing  , ~  : c (~v~) -~ ~ (s (M, $3) i s  a h o m o m o r p h i s m  of  c o m p l e x e s .  T h e r e f o r e  i t  i nduces  a map  

of  h o m o l o g i e s  ,~ :  H* (~z. R) -./~* (S (M, $3, R) 

We now note  tha t  the  f i b r a t i o n  s® ~: s (M, ~r) -~ s ~ CM, 59 has  a c r o s s  s e c t i o n  ~ : s:  (M, $ 3 ~  s (M, 59 and 
any two such  c r o s s  s e c t i o n s  a r e  h o m o t o p i c .  

Put  I~ = h*o*~: H* (W;, ~) - .  H" (S: (M, $3, ~)  F r o m  what  h a s  b e e n  s a i d  above ,  i t  f o l l ows  t ha t  the  h o m o -  
m o r p h i s m  Iz  does  not  d e p e n d  on the  cho ice  of c r o s s  s e c t i o n  h.  It i s  a l so  c l e a r  t ha t  the  s p a c e  S ~ {M, ~)  
c o i n c i d e s  wi th  t h a t  d e s c r i b e d  in t he  i n t r o d u c t i o n .  

3. F o r  the  c a s e  p = 1, we d e s c r i b e  the  r e l a t i o n  of the mapp ing  i~ to  t he  G o d b f l l o n - V e y  c l a s s  ~ .  
Let  a be a n o n d e g e n e r a t e  1 - f o r m  on M which  g e n e r a t e s  a n  o r i e n t a b l e  f o l i a t i o n  $ of  c o d i m e n s i o n  1. 
R e c a l l  the  c o n s t r u ~ i o n  of the  c l a s s  ~ [1]. Le t  ~, be such  a 1 - f o r m  on M such  tha t  ~ = ~ A ~ Then 
a , /k  d~, i s  a c l o s e d  f o r m  which  g i v e s  r i s e  to  the  c o h o m o l o g y  c l a s s  ~ 

The mapp ing  ~: M -~ S ~ (M, 59 i s  g i v e n  by the  f o r m u l a  • (x) = (x, %). w h e r e  x~M , whi le  ~ i s  t a k e n  to  

be a 1 - j e t  at  the  poin t  x of the  i m a g e  of M in R.  Denote  by  ~ the con t inuous  mapp ing  of c o m p l e x e s  

c (w,) -~ ~ (s (M, $3) ~ fl (s ~ (M, $3) ~ flCM) Define the  coeha in  ~ ~ c~ (tr,) by  ~ (~ = ~ (0) Then 

d ~ = ~ A ~ ,  w h e r e  ~s(P o ~ - )  -- - P' ( 0 ) .  

E fo l lows  f r o m  [3] t h a t  the  n a t u r a l  n o n t r i v i a l  c o h o m o l o g y  c l a s s  6 of the  a l g e b r a  W 1 i s  the  c o c y c l e  
~, A ~ :  ~ c" (W,). E is  e a s y  to v e r i f y  t h a t  ~ (~) = ~ Pu t  ~(7,) = ~ Then ~a = a, A ~ and ~ (~, A ~ )  = a~ A ~ :  

Thus ,  /~ (5) = ~. 
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