CHARACTERISTIC CLASSES OF FOLIATIONS

I. N. Bernshtein and B. I. Rosenfel'd

In a recent article [1], Godbillon and Vey constructed a certain element @ & H¥*"* (M, R} for an orienta~
ble foliation # of codimension p on a manifold m* They showed also, that in the case p =1 the class ©
is related to the cohomologies of the Lie algebra of formal vector fields in p variables [3]. Denote by 7(#
the subbundle of the tangent bundle T(M) which corresponds to the foliation 7 , and let Q (&) = T (M)/T (%)

In this article, a homomorphism fz: H* (W, R) » H* ($* (%), R) is constructed for an arbitrary foliation
¥, where $' (%) is the space of the coordinate frame of the bundle @ (%).

The basis for our construction is a differential geometry construction from [2]; see also [4]. The
authors wish to thank I. M, Gel'fand and D. A. Kazhdan for the opportunity of seeing their manuscript {2],as
without it the present work probably would not have been completed. The authors thank V. I. Arnol'd, S. M.
Vishik, and D. B. Fuks for their helpful comments.

1. We recall several definitions and results of [2].

Definition 1, Let a be a topological Lie algebra over the field R. A principal « ~space is a mani-
fold S (possibly infinite dimensional) together with a given homomorphism ¢ of the algebra a into the Lie
algebra «(8) or vector fields on the manifold S; moreover, ¢ must satisfy the following conditions:

1) Let s&S. Thenthe continuous map @, a— T(S), is an isomorphism of linear topological spaces,
where T{(S)s is the tangent space of S at the point s.

2) The 1-form o on the manifold S with values in é , given by the formula o & =g () EE T (S))
is infinitely differentiable., '

Denote by € (@) ={C% (4, d° the standard cochain complex of the Lie algebra « with coefficients in R
{3]1. Recall that the elements of ¢7(a) are g-linear skew-symmetric continuous functions (mu.n. ... 1y,
where m, np....%, &e. If S is a principal ¢ -space, then one can find a homomorphism : C{s) — Q (S} , where
Q¢(S) is the de Bham complex of the manifold S. In particular, if . e ¥ (0. then we define the differential
form v €Q(S) by the formula %) Gy - &) =clo &) ., 0 E)) G . §,ET(S),, sES).

B is easy to verify [2] that ¢ is a homomorphism of complexes,
We introduce now the example of a principal Wp-space from [2].

Example. Let N be a manifold of dimension p. Consider the manifold S(N) of formal coordinate sys-
tems on N, constructed as follows. Let SK(N) denote the manifold of k~jets at the point 0 of regular maps
of RP to N. The manifold SK(N) forms the projective system N = SO (N) « S*(N) e ... =S¥ (N) —...  Define S(N)
as lim Se (V). ‘ '

i

Now construct the homomorphism ©: W,—a (S(¥). Let n€W, and s=(" ¢ ... s . &S est ().
For the element % construct the vector i, e&T(SIV), , i.e., the ordered set of vectors &= 8., where
¥er(* M), Thevectors § are constructed as follows. Let sl be a diffeomorphism of some neigh-
borhood of the point 0 & RP onto a neighborhood of the point x= ¢ & ¥, the i~jet of which corresponds to the

* All manifolds, functions, vector fields, and so forth are taken to be of class c=.
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point si. Further, let (7 be a vector field on R?, the i-jet of which coincides with the i-jet of the formal
vector field v , and @ is the corresponding local vector field on N. Consider the one-parameter family
of local diffeomorphisms of the manifold N, which correspond to the field 3 (. This family induces a one-
parameter family of local diffeomorphisms of the manifold SK(N), to which family there corresponds a cer-
tain local vector field E on SK(N). E is easy to show that, when i>% the tangert vector of the field

at the point sK is independent of the choice of 3 and # as well as being independent of i. The value of the
vector field F* at the point sK is taken as t*. We define the map @ by putting ® @) (s) = &= (" -« g5 ).

THEOREM [2]. For any manifold N of dimension p, the pair (S (), ¢) is a principal Wp-space.

2. Let & be a foliation of codimension p in a manifold M of dimension n. We now construct the
homomorphism fz: H* (W,, R}~ H* (S* (¥), R).

Definition 2. Let x& M and let u be a regular mapping of some neighborhood of the point x into R”,
which satisfies the following conditions: (a) u is constant on the leaves of the foliation #, and () u(x) =0.
The k-jet space at x of such mappings is denoted by J,IE. Let s*®M,¥).denote the manifold SxM, &)= {x, j|
xeM el andlet S (M, F) = lim S% (M, ).

Now construct the homomorphism ¥5: C(W,) =2 (S (M, #). Let U be some neighborhood of M and
U— N be a regular mapping which is a fibration whose fibers coincide with the leaves of #. For eachKk,
the mapping % S* (U, )~ $*(¥) can be constructed, In particular, let u be a map of a neighborhood of the
point & U into R?, which corresponds to the jet s*& S*(u,%). Since u is constant on the leaves of the
foliation #, it induces a regular mapping % of a neighborhood of the point !(x)&N into RP, Put Fh =
j(@Y), where j(@™" is the k-jet of the mapping inverse to % The mappings F@e=01,..) define the
mapping . *: S (U, &)= S (N).

Now construct the homomorphism ¥y, ,:C(W,)—~Q(S(U, #). Since S(N) is a principal Wp-space, there
is a differential form v () €92°(S(¥)) (see Sec, 1) corresponding to each cochain c€C?(W¥,) . Put
Yy @=0S)*v© . S &) is an open subset of S(M,#). E is easy to verify that on the intersec-
tion of two such neighborhoods S (U, £ and S (U', ) the forms %5 , () and gy () coincide (& C7(W,).
Denote by S (M, &) the global form so obtained on %z (o).

The mapping Vg :C(W,) —Q (S (M, ) is a homomorphism of complexes. Therefore it induces a map
of homologies vg: H* (W, R) = H* (S (M, ), R).

We now note that the fibration S ,:S M, %) - $' (M, ) has a cross section k:S§' (M, F)— S (M, F) and
any two such cross sections are homotopic.

Put fp=h*oyy: H* (W,, R) — H*(S* (M, ), R). From what has been said above, it follows that the homo-
morphism /s does not depend on the choice of cross section h. I is also clear that the space $' M, #)
coincides with that described in the introduction.

3. For the case p =1, we describe the relation of the mapping fs to the Godbillon-Vey class @.
Let ¢ be a nondegenerate 1-form on M which generates an orientable foliation ¥ of codimension 1,
Recall the construction of the class @ [1]. Let a, be such a 1-form on M such that dx =a; Aa. Then
o Adey 1S a closed form which gives rise to the cohomology class .

The mapping © M — S*(M, ¥) is given by the formula t(® = (x, o,), where *€M , while « is takento
be a 1-jet at the point x of the image of M in R. Denote by ¥ the continuous mapping of complexes
C (W) f‘-”»_sz S M, &) L (St (M, &) = om). Define the cochain Yy€C (W) by » (P 7%—)= P (0). Then
dy=nAv where n(Pa)=—P O

B follows from [3] that the natural nontrivial cohomology class & of the algebra Wy is the cocycle
A dpy € C (W), E is easy to verify that Th)=ao. Pub T@)=0. Then do=a, Aa and T (u Adn) = Ady
Thus, {5 @) =a.
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