
Problem assignment 6.

Analysis on Manifolds.

Joseph Bernstein May 2, 2010.

Definition. Fix manifolds M,N ; we assume M to be compact. Let P
be some property of morphisms of manifolds ν : M → N . We say that the
property P is stable if for any smooth family of morphisms ν : S×M → N
the set SP of all points s ∈ S such that the morphism νs has property P is
open in S.

1. (i) Show that the following properties are not stable: (a) topological
imbedding; (b) homeomorphism (c) epimorphism

(ii) Show that immersion and submersion are stable properties. Show
that manifold imbedding is a stable property. In particular show that dif-
feomorphism is a stable property.

2. Let ν : M → N be a morphism of manifolds. Show that we can model
it on the canonical projection pr : Rp → Rp+q for some p, q, i.e. we can
realize M and N as closed submanifolds in these Euclidean spaces such that
ν is the restriction of the projection.

Give some reasonable upper bound for p and q in terms of dimensions of
M and N .

3. Show that any manifold N of dimension k can be realized as a closed
submanifold of the space Rn with n = 4k + 5.

Show that in fact one can choose realization with n = 2k + 1.

4. (i) Let U be an abstract domain and (x), (y) two coordinate systems
on U . Show that a subset A ⊂ U . has measure 0 with respect to the system
(x) iff it has measure 0 Suppose with respect to (y).

(ii) Let A be a subset of a manifold M . Show that it has measure 0 iff it
locally has measure 0.

5. Let ν : R→ N be a morphism of manifolds transversal to a submani-
fold Z ⊂ N . We denote by W = W (ν, Z) the submanifold ν−1(Z) ⊂ R.

Similarly consider another morphism ν ′ : R → N ′ and define the sub-
manifold W ′ ⊂ R. Show that the restriction of the morphism ν to W ′ is
transversal to Z iff the restriction of ν ′ to W is transversal to Z ′.

6. Let N ⊂ Rl be a closed submanifold. We say that a point a ∈ Rl

has a good projection to N if the function Qa(x) = ||x − a||2 has unique
minimum on N at some point x(a) .

Show that any point b ∈ N has a neighborhood U in Rl such that all
points a ∈ U have good projection on N and the map p : U → N defined
by p : a 7→ x(a) is a smooth submersive morphism.

Deduce that there exist a neighborhood V of N in Rl such that the
projection p : V → N is well defined, smooth and submersive.
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