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Question 1
In this question, we will explicitly perform the computation of Pic E for an elliptic curve E.
Let A C C be a lattice, £ = C/A. As shown in class, we are interested in (not necessarily
linear!) entire holomorphic nowhere-zero functions c,, such that

Cotw = Cw - Twcw’y

where T,,(f)(2) = f(z + w) is translation, modulo functions of the form

T.u

)
u

where u is holomorphic.
(a) Show that since ¢, is never zero, it is the exponent of some entire holomorphic function

l,. That is, ¢, = exp({,). Conclude that we are interested in entire holomorphic
functions £, such that:

loyiw =l + Tl (mod 27i),

modulo additions of 27i to any individual function £, and modulo all functions of the
form

T,u — u,
for some entire u.

(b) Let A, f = f(z+w) — f(z). Show that we may assume that ¢y = 0, and that ¢, = ¢,
., = ¥ determine /,, for any w € A, where wy,ws are a basis for A. Conclude that we
are looking for pairs (¢1,¢2) such that

Ay le = Ay, lp (mod 2mi),
modulo pairs of the form (27iZ,27iZ), and of the form
(Awyu, Ayyu),

for some entire u.

(c) Let © be the skew-symmetric bilinear form on A satisfying

1
Q(W]_,WQ) = % (AW1€2 — AWQE]_) .
Show that €2 is a well-defined skew-symmetric integer-valued bilinear form on A. Ex-
tend €2 to C and show that if 2 = 2Im H, where H is some Hermitian form on C,
then (¢1,/02) = (H (w1, 2), H(w2, 2)) is a cocycle (satisfies the conditions we imposed on
l1,/43). Conclude that we may assume that 2 = 0.



(d) By choosing an appropriate u, show that we may assume that ¢; = 0. We are thus
reduced to a single function ¢ such that

Ayl =0,
(that is, ¢ is periodic), modulo 27iZ and all functions A, u such that u is entire and
Ay, u=0 (mod 27i).

(e) Reduce to considering all wi-periodic functions, modulo the constants 273, 27ri5—f and
modulo all functions of the form A,,u where u is wi-periodic. By taking the Fourier
series of ¢, show that we are left (after choosing u appropriately) with all constant
functions £ modulo %A.

(f) Conclude that Pic E = Z x E, where the projection onto Z is given by considering the
integer-valued skew-symmetric bilinear form 2 of section (c), and the projection onto
F is given by considering %m.wlf, where ¢ is the constant at the end of section (e).

Question 2
In this section we explicitly compute the four classical theta functions. We consider four
cocycles defined by (we let k,1 € {0,1}):

Cw, =1,

. 2 W2
Con = (1)} exp(27mw—1 + kmw—l).
Note that these four cocycles are of degree one, shifted by all four half-periods. Define the
corresponding line bundle £(w1,ws, k,1) by:

F(Uaﬁ(wbw??kvl)) = {f :p_l(U) —C ‘ f(z) - wa(z) = wa(z +w)} ’

where p : C — F is the projection. We also let L(wi,ws,k,l) = I'(E, L(w1,ws, k,1)) be
the global sections of these line bundles. We will obtain the classical theta functions as
global sections of these bundles. Please keep in mind that there are many notations for the
classical theta functions, so it is easy to confuse different notations. Our notation of the
theta functions will be that which is most convenient for our current purposes, but it will
be non-standard.

(a) Verify that the functions (cy,, cw,) defined above are indeed cocycles and that they are
non-trivial (hint: use the computation of Pic F).

(b) Show that L(wi,ws,k,l) are one-dimensional complex linear spaces, spanned by the

functions
> n\ w z
Opo(wr,we; z) = exp <2m'< >2> exp <27rin) € L(wi,w2,0,0
( ) n_z_:oo 2) o o ( )
= n\ w z
Op1(wr,we; 2) = —1)"exp | 27i 2)ex <2m'n>€Lw,w,0,1
o1(wi, wa; 2) nzz_oo( ) p( <2> w1 P o (w1, ws )
= w z
O10(w1,ws; 2) = Z exp <7r73n22> exp <2m'n) € L(wy,wo,1,0)
I w1 w1

w1 w1

(o]
O11 (w1, ws; 2) = Z (=1)"exp <7rin2w2> exp <2m’nz> € L(wi,ws,1,1).

n=—oo
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(c) Prove the identities:

Opi(wr,w2; 2 + w1) = Op(wr, wo; 2)
1 . 2 W2
Opi(wr, w2 2 +w) = (—1) exp | —2mi— — kmi— | Oy (w1, w2; 2)
w1 w1

Ok (Awi, Awa; Az) = Oy (w1, wa; 2)
Okt (w1, we + w15 2) = Oy (W1, wa; 2),
where k + [ is the XOR of k& and [.
(d) Show that

z
Opo(we, —w1; 2 exp< e —m) €Ll(wi,wsy,1,1)
wl(,UQ w9
z
O11(we, —w1; 2 exp( i +7m> €L(wy,ws,0,0)
wl(JJQ w1
z z
O01(we, —w1; 2) €xp ( e + mTi— — m) €L(wi,ws,0,1)
wlwg w1 w9
O10(w2, —w1; 2) exp < i > €L(w1,w2,1,0),
Wiws

and conclude that there is some holomorphic ag(wi,w2) such that

Z2

@ y ; = @ - - ) ; ’ -

Finally, show that:

2
O (1, =1/752/7) = O _p)(1-k)(1, 75 2) e (1, 7) exp <7TZZT —lmiz+ (1 — k:)m'E

(e) Suppose that f € L(1,7,k,1). Show that for real z,y, the function
|f(z +y7)[Pexp (=27 Im(7)(y* — (1 — k)y))
is invariant under x — z + 1, y — y + 1. Deduce that
1,1 )
o) = [ [ 1@ ym)esp (<20 Tm(r) 4 = (1 = ) oy

is a well-defined Hermitian form on L(1,7,k,1).
(f) Compute that

7 Im(7) 1
H(l—l)(l—k:)'r(@(1—l)(1—k)(1’7—;z))_eXp<l 2 > 2Im(7)’

and

2
Haa—kr <@kl(1a —1/7;2/7) exp <—7TiZT + lriz — (1 - k)mz>> =

R (1- Ic)mi
w

e B 7w Im(71) 7]
- p<(1 k) 2|T|2> 2 m(r)

Page 3



and conclude that

B mlm(r) 1 —k
a7 = Irfexp (TR ).

Using the holomorphicity of ax;(1,7), show that there are unitary constants C; such
that

O (1, —1/1;2/7) = Ciy - 712 exp (T(ZT N 1— kz)> .

—
2 , -z

x exp | mi— —Imiz + (1 = k)mi= | O _p1—k)(1, 75 2).
T T

Note that the values of these constants can be obtained more directly by applying the
Poisson summation formula to the infinite sums defining O;(1, 7; 2).

Show that if we let 0y (7) = Ok (1, 7;0), then (note that 61 (7) = 0):

900(—1/7’) = Co(] . 7’1/2 exp <Z>911(7’)

911(—1/7’) = 011 . T1/2 exp <7T4”_>000(7_)

010(—1/7) = Co - 7/%010(7),
and:

900(7’ + 1) = 900(7’)
911(7’ -+ 1) = 910(7’)
910(7’ + 1) = 911(7’).

Furthermore, show that CooC11 = C%) = 1.

Combine everything to obtain that 619(27) is a modular form of weight % for the

modular group T'g(4) = {(Z 2) € SLy(Z) | ¢=0 (mod 4)}, possibly with some

character (this is the theta function whose modularity we have already seen via the
Poisson summation formula in the previous home assignment!).
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