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Question 1
In this question we will investigate the structures of various congruence groups:

Γ(N) =

{(
a b
c d

)
∈ SL2(Z) |

(
a b
c d

)
≡

(
1 0
0 1

)
(mod N)

}
Γ0(N) =

{(
a b
c d

)
∈ SL2(Z) |

(
a b
c d

)
≡

(
∗ ∗
0 ∗

)
(mod N)

}
Γ1(N) =

{(
a b
c d

)
∈ SL2(Z) |

(
a b
c d

)
≡

(
1 ∗
0 1

)
(mod N)

}
A subgroup Γ ⊆ Γ(1) = SL2(Z) will be called a congruence subgroup if it contains one of
the subgroups Γ(N) ⊆ Γ(1). Our goal is to compute the indices of the above congruence
groups in Γ(1) = SL2(Z).

(a) Consider the morphism:
SL2(Z) → SL2(Z/NZ).

Show that it is an epimorphism and that its kernel is Γ(N).

(b) Show that there is an isomorphism SL2(Z/NZ) ∼= SL2(Z/pk11 Z)× · · ·×SL2(Z/pkmm Z),
where N = pk11 · · · pkmm is the prime decomposition of N .

(c) Prove that the kernel of the projection SL2(Z/pkZ) → SL2(Z/pZ) has size p3(k−1) for
all k ≥ 1.

(d) Compute that |SL2(Z/pZ)| = p(p2 − 1). Conclude that

[SL2(Z) : Γ(N)] = N3
∏
p|N

p2 − 1

p2
.

(e) Similarly, let A0(Z/NZ) =

{(
a b
0 d

)
∈ SL2(Z/NZ)

}
. Prove that the kernel of the

projection A0(Z/pkZ) → A0(Z/pZ) has size p2(k−1). Compute that |A0(Z/pZ)| =
p(p− 1). Conclude that

[Γ0(N) : Γ(N)] = N2
∏
p|N

p− 1

p
,

[SL2(Z) : Γ0(N)] = N
∏
p|N

p+ 1

p
.
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(f) Similarly, let A1(Z/NZ) =

{(
1 b
0 1

)
∈ SL2(Z/NZ)

}
. Prove that |A1(Z/NZ)| = N .

Conclude that

[Γ1(N) : Γ(N)] = N,

[SL2(Z) : Γ1(N)] = N2
∏
p|N

p2 − 1

p2
.

Question 2
In this question we will investigate the cusp structures of various congruence groups: we
denote the upper half plane with infinity and rational points by H̄ = H ∪ Q ∪ {∞}. Note
that H̄ is closed under the action of Γ(1) = SL2(Z), and that the points of Q ∪ {∞} all lie
in a single orbit of Γ(1).

(a) Show that the compactification Ŷ1 of Y1 = Γ(1)\H is isomorphic to Γ(1)\H̄. Use this to
show that for any subgroup Γ ⊆ Γ(1) of finite index, Ŷ = Γ\H̄ is the compactification
of Y = Γ\H defined in class. Because of this, we will refer to points of Q ∪ {∞} as
cusps, and we will say that two of them are equivalent for Γ if they lie in the same
Γ-orbit. Our goal is now to classify inequivalent cusps.

(b) Let a ∈ Q∪{∞} be a cusp and Γ be a congruence subgroup. Let Γa = {γ ∈ Γ | γa = a},
and let Γ(1)∞ = {γ ∈ SL2(Z) | γ∞ = ∞} ∼= {±1} × Z. Finally, let γa ∈ SL2(Z) be
some element such that γa∞ = a. Show that γ−1

a Γaγa ⊆ Γ(1)∞ is a subgroup of finite

index, generated by an element of the form

(
1 ma

0 1

)
for some ma, and possibly ±1.

Show that ma|N , where Γ(N) ⊆ Γ, i.e. N is the level of Γ. We refer to ma as the
multiplicity of the cusp a.

(c) Use the fact that a complete list of coset representatives for Γ(N)\SL2(Z) is given by
matrices in SL2(Z/NZ), to show that two cusps a

c and a′

c′ (where (a, c) = (a′, c′) = 1)
are equivalent for Γ(N) iff (a, c) ≡ ±(a′, c′) (mod (NZ, NZ)).
Furthermore, show that the multiplicites of each of these cusps are equal to N . Note
that we let 1

0 = ∞ in the above list.

(d) Find an example for a cusp with multiplicity ma > 1 for the group Γ0(N). What is
the multiplicity m∞ of the cusp at ∞ for this group?

Question 3
In this question we will represent the various families of congruence subgroups as moduli
spaces of lattices with level structure.

(a) Show that:

Γ(N)\H = {lattices Λ with ismorphism α : (Z/NZ)2 ∼→ Λ/NΛ}/C×.

(b) Show that:

Γ0(N)\H = {lattices Λ with distinguished line L ⊆ Λ/NΛ}/C×.

(c) Show that:

Γ1(N)\H = {lattices Λ with monomorphism α : Z/NZ → Λ/NΛ}/C×.

Page 2



Question 4
In this question we will prove the multiplication relations for Hecke operators for congruence
subgroups. Recall that if f : M̃(N) → C is a homogenous function of degree k form the set
of lattices Λ with level structures α : (Z/NZ)2 ∼→ Λ/NΛ, then (for (m,N) = 1):

Tm(f)(Λ) = mk−1
∑
Λ′⊆Λ

|Λ/Λ′|=m,α′=α

f(Λ′).

Also recall that homogenous of degree k means that f(λΛ) = λ−kf(Λ).

(a) Use the fact that if (m,n) = 1, then any Abelian group Λ/Λ′′ of size mn has a unique
exact sequence

0 → Λ′/Λ′′ → Λ/Λ′′ → Λ/Λ′ → 0,

where Λ′/Λ′′ is of size m and Λ/Λ′ is of size n to show that

TmTn = Tmn.

(b) Show that if Λ/Λ′′ is a finite quotient of two lattices, then it is isomorphic to (Z/aZ)×
(Z/bZ) for some a, b, and further that if a, b have a common denominator c, then Λ′′

is of the form cΛ̂′′ for some sublattice Λ̂′′ of Λ.

You may use the Cartan decomposition, which means that for any 2× 2 matrix g with
integer coefficients,

g = k1

(
a 0
0 b

)
k2,

where k1, k2 ∈ SL2(Z).
(c) Suppose that Λ/Λ′′ is a finite quotient of two lattices, of size pν+1. Then show that

either it is of the form Z/pν+1Z, or Λ′′ = pΛ̂′′ for some Λ̂′′. In the first case, prove that
there is a unique lattice Λ′′ ⊆ Λ′ ⊆ Λ such that Λ′/Λ′′ is of size p. In the second case,
show that there are p+ 1 such Λ′. Conclude that∑

Λ′′⊆Λ

|Λ/Λ′′|=pν+1

f(Λ′′) =
∑

Λ′′⊆Λ′⊆Λ

|Λ/Λ′|=pν ,|Λ′/Λ′′|=p

f(Λ′′)− p
∑
Λ̂′′⊆Λ

|Λ/Λ̂′′|=pν−1

f(pΛ̂′′).

(d) Prove that for any (p,N) = 1,

Tpν+1 = TpTpν − pk−1Tpν−1 ,

and conclude that for any (m,N) = 1, (n,N) = 1,

TmTn =
∑

r|(m,n)

rk−1Tmn
r2

.

(e) Prove the above relations for Hecke operators for modular forms of Γ0(N) and Γ1(N)
as well.
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