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We prove that every two-player non-zero-sum Dynkin game in continuous time admits
an g-equilibrium in randomized stopping times. We provide a condition that ensures
the existence of an e-equilibrium in non-randomized stopping times.
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1. Introduction

Dynkin games [8] serve as a model of optimal stopping. These games were applied in
various set-ups, including wars of attrition (see, e.g. [12,16,23]), pre-emption games
(see, e.g. [11, Section 4.5.3]), duels (see, e.g. [2,6,17,29] and the survey by Radzik and
Raghavan [26]) and pricing of options (see, e.g. [4,9,13,14,18]).

The existence of equilibria (in non-randomized strategies) in Dynkin games has been
extensively studied when the payoffs satisfy certain conditions (see, e.g. [3,5,22] for the
zero-sum case, and [24,25] for the non-zero-sum case).

Without conditions on the payoff processes, Dynkin games may fail to have equilibria,
even in the one-player case (see Examples 4). Two ways to obtain a positive result are to
look for e-equilibria and to allow the players to use randomized stopping times. As Example
5 shows, 0-equilibria in randomized strategies may fail to exist in two-player zero-sum
Dynkin games, as well as e-equilibria in non-randomized strategies. The existence of an e-
equilibrium in randomized strategies in two-player zero-sum Dynkin games, in its general
setting, has been settled only recently (see [27] for discrete time games, and [20] for
continuous time games). The existence of an e-equilibrium in randomized strategies in non-
zero-sum games has been proven for two-player games in discrete time [28] and for games
in continuous time under certain conditions (see, e.g. [21]).

In this paper we prove that every two-player non-zero-sum Dynkin game in continuous
time admits an e-equilibrium in randomized strategies for every ¢ > 0. We further show
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how such an equilibrium can be constructed, and we provide a condition under which
there exists an e-equilibrium in non-randomized strategies. Rather than using the Snell
envelope, as, e.g. in Hamadeéne and Zhang [15], our technique is to use results from zero-
sum games.

We note that three-player Dynkin games in continuous time may fail to admit an
e-equilibrium in randomized strategies, even if the payoff processes are constant [21,
Section 5.2]. Thus, our result completes the mapping of Dynkin games in continuous time
that admit an e-equilibrium in randomized stopping times.

This paper is organized as follows. The model and the main results appear in Section 2.
In Section 3, we review known results regarding zero-sum games that are then used in
Section 4 to prove the main theorem.

2. Model and results

Let (2, A, P) be a probability space, and let F = (F,),~¢ be a filtration in continuous time
that satisfies ‘the usual conditions’. That is, F is right continuous, and JF, contains
all P-null sets: for every B € A with P(B) =0 and every A C B, one has A € F,.
All stopping times in the sequel are w.r.t. the filtration F.

Denote Fo := V,=¢F;. Assume without loss of generality that F,, = A. Hence, (), A,
P) is a complete probability space.

Let (X;,Y;,Z;);=1, be uniformly bounded F-adapted real-valued processes, and let
(&)i=12 be two bounded real-valued F-measurable functions.? In the sequel we will
assume that the processes (X, Y;, Z;);— » are right continuous.

DEFINITION 1. A two-player non-zero-sum Dynkin game over ({), A, P, F) with payoffs
(X, Y, Zi, &)i=1 1s the game with player set N = {1,2}, the set of pure strategies of each
player is the set of stopping times, and the payoff function of each player i € {1,2} is

Yi(A1, &) = E[X;(AD 1 <a) + Yi) 1 <ny) + ZiAD 1 (4 =rs<o0) + &l (\=rs=0) ],
(1)

where A; and A, are the stopping times chosen by the two players, respectively.

In other words, the process X; represents the payoff to player i if player 1 stops before
player 2, the process Y; represents the payoff to player i if player 2 stops before player 1,
the process Z; represents the payoff to player i if the two players stop simultaneously and
the function &; represents the payoff to player i if no player ever stops.

The game is zero-sum le] +X2 = Y] + Y2 = Z] +22 = f] + §2 =0.

In non-cooperative game theory, a randomized strategy is a probability distribution
over pure strategies, with the interpretation that at the outset of the game the player
randomly chooses a pure strategy according to the probability distribution given by the
randomized strategy, and uses it along the game. In the set-up of Dynkin games in
continuous time, a randomized strategy is a randomized stopping time, which is defined as
follows.

DEFINITION 2. A randomized stopping time for player i is a measurable function
¢;:[0, 1] X Q) — [0, +o00] such that the function ¢;(r,-):Q) — [0, +o0] is a stopping time
for every r € [0, 1] (see [1]).
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Here, the interval [0, 1] is endowed with the Borel o-field. For strategically equivalent
definitions of randomized stopping times, see Touzi and Vieille [30]. The interpretation of
Definition 2 is that player i chooses r in [0, 1] according to the uniform distribution, and
then stops at the stopping time ¢,(7, - ). Throughout the paper, the symbols A, p and 7 stand
for stopping times, and ¢ and i stand for randomized stopping times.

The expected payoff for player i that corresponds to a pair of randomized stopping
times (@1, ¢2) 18

Yi(er, 2) = J Yilei(r, +), @2(s, - )drds, i=1,2.
[0,11?

In the sequel we will also consider the expected payoff at a given time z. We therefore
define for every ¢ = 0 and every pair of randomized stopping times ¢;, ¢, = t:

Yi(e1, @2 F)=E [Xi(@)1 (g1 <} + Yil@) (g1} FZi@1)] (o1 =gy <00} F &l {o1=gr=c0} | F] -
(2)

A pair of randomized stopping times (¢}, ¢5) is an e-equilibrium if no player can profit
more than & by deviating from ¢; .

DEFINITION 3. Let & = 0. A pair of randomized stopping times (¢}, ¢,) is an e-equilibrium
if for every two randomized stopping times ¢y, ¢, the following inequalities hold:

yi (e, 05) = vi(e), 03) + &, 3)
and

v2(e), ¢2) = 12(@), 95) + & “)

Because of the linearity of the payoff function, Equations (3) and (4) hold for every
randomized stopping times ¢; and ¢,, respectively, as soon as they hold for non-
randomized stopping times.

We now provide two examples that show that 0-equilibria may fail to exist.

Example 4. We here provide a one-player Dynkin game with trivial filtration, which fails to
have a zeor-equilibrium. A one-player Dynkin game is given by a process X; and a bounded
real-valued function &,. The payoff function is given by yi(A;) = E[X[(A1)1{) <o)+
&11{),=w]. For € = 0, an e-equilibrium (in non-randomized stopping times) is a stopping
time )\T that satisfies 'yl()\T) = sup,, y1(A1) — &. Consider the one-player game with trivial
filtration, where X is a strictly increasing, non-negative and bounded function, and & = 0.
Since X is strictly increasing and positive there are no 0-equilibria but there are e-equilibria
for every € > 0: for every ¢ such that X;(¢) = lim,—.X;(f) — &, the stopping times A; = ¢
(that stops at time ¢ with probability 1) is an e-equilibrium.

Example 5. We now provide an example of a two-player zero-sum game with trivial
filtration that has neither an e-equilibrium in non-randomized stopping times nor a
0-equilibrium in randomized stopping times. Consider the two-player zero-sum games
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were X (1) = Y1(f) = 1 and Z(r) = 0 for every t = 0, and & = 0. It follows that X,(r) =
Y>(t) = — 1 and Zy(f) = 0 for every t = 0, and & = 0.

Suppose by contradiction that the game has an e-equilibrium (A}, A5) in non-
randomized stopping times. Since 7y, = — 7y;, the e-equilibrium condition (3) implies
that

(A1 A2) = 1 (A1, 43) — &,

for every stopping time A, of player 2. Since ¥y (A],A]) =0 we deduce that
¥2(A], A5) = e. Similarly, the e-equilibrium condition (4) implies that

71(/\17 A;) = yl(ATa )\;) + &,

for every stopping time A; of player 1. For every stopping time A5 one has
supy, Y1(A1, A}) = 1, and therefore y;(A],A5) = 1 — e. Provided that & < 1/2, there is
no pair of stopping times (A}, A;) for which (A}, A5) = & and y(A],A}) =1 — &, so
that an e-equilibrium in non-randomized stopping times does not exist.

We now argue that a 0-equilibrium in randomized stopping times does not exist as
well. Indeed, suppose by contradiction that (¢, ¢,) is a 0-equilibrium in randomized
stopping times. One has sup,, yi(¢1, ;) = 1, which implies that y;(¢;, ;) = 1, and
therefore y>(¢|, ¢5) = —1. However, for every randomized stopping time ¢, there is a
randomized stopping time ¢, such that y,(¢, ¢2) > —1, implying that (¢;, ¢,) cannot be
a 0-equilibrium.

Our goal in this paper is to prove the existence of an e-equilibrium in randomized
strategies in two-player non-zero-sum games, and to construct such an g-equilibrium.

Suppose that the payoff processes are right continuous and that a player wants to stop at
the stopping time A, but he would like to mask the exact time at which he stops (e.g. so that
the other player cannot stop at the very same moment as he does). To this end, he can stop
at arandomly chosen time in a small interval [A, A + 6], and since the payoff processes are
right continuous, he will not lose (or gain) much relative to stopping at time A. This leads
us to the following class of simple randomized stopping times that will be extensively used
in the sequel.

DEFINITION 6. A randomized stopping time ¢ is simple if there exist a stopping time A and
a F)-measurable non-negative function 6 = 0, such that for every r € [0, 1] one has
¢@(r,-) = A + ré. The stopping time A is called the basis of ¢, and the function & is called
the delay of ¢.

In Definition 6, ¢(r,+) = A and ¢(r, - ) is F)-measurable. By Dellacherie and Meyer [7,
§IV-56] ¢(r,-) is a stopping time for every r € [0, 1]. Consequently, ¢ is indeed a
randomized stopping time.

Definition 6 does not require that A is finite:* on the set {A = o} we have @(r,-) =00
for every r € [0, 1]. On the set {§ = 0}, the randomized stopping time ¢ that is defined in
Definition 6 stops at time A with probability 1. On the set {6 > 0} the stopping time is
‘nonatomic’ yet finite, and in particular for every stopping time p we have P({6 > 0} N
{e=n}h =0.

We now state our main results.
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THEOREM 7. Every two-player non-zero-sum Dynkin game with right continuous and
uniformly bounded payoff processes admits an e-equilibrium in simple randomized
stopping times for every € > 0.

Moreover, the delay of the simple randomized stopping time that constitutes the
g-equilibrium can be arbitrarily small.

Theorem 7 was proved by Laraki and Solan [20] for two-player zero-sum games.
Our proof heavily relies on the results of Laraki and Solan [20], and we use e-equilibria in
zero-sum games to construct an g-equilibrium in the non-zero-sum game.

Under additional conditions on the payoff processes, the e-equilibrium is given in non-
randomized stopping times.

THEOREM 8. Under the assumptions of Theorem 7, if Z;(¢) € co{X(¢), Y(¢)} and Z,(¢) €
co{X,(t),Y,(t)} for every t =0, then the game admits an e-equilibrium in non-
randomized stopping times for every € > 0.

Hamadéne and Zhang [15] proved the existence of a 0-equilibrium in non-randomized
stopping times under stronger conditions than those in Theorem 8§, using the notion of
Snell envelope of processes (see, e.g. [10] for more detail).

The rest of the paper is devoted to the proofs of Theorems 7 and 8. We will assume
w.l.o.g. that the payoff processes are bounded between O and 1.

3. The zero-sum case

In this section we summarize several results on zero-sum games, taken from Laraki
and Solan [20], that will be used in the sequel, and prove some new results on zero-sum
games.

For every ¢t = 0 denote

vi(t) := ess — supy, =ess — inf,=E[X1(@1)1{p<r) + Y1(A2) 1 <0}
+ Z1(@) 1 {gy=ry<o0) + &1l {o=r1=c0} | F 1], (5)

where the supremum is over all randomized stopping times ¢; = ¢, and the infimum is
over all (non-randomized) stopping times A, = . This is the highest payoff that player 1
can guarantee in the zero-sum Dynkin game I";(¢), where the payoffs are those of player 1,
player 1 is the maximizer, player 2 is the minimizer and the game starts at time . Similarly,
the highest payoff that player 2 can guarantee in the zero-sum Dynkin game I',(7), where
the payoffs are those of player 2, player 2 is the maximizer, player 1 is the minimizer
and the game starts at time 7 is given by

Vo(1) == ess — supy,=cess — infy, = E[X2(A)1 (), <) + Y2(@2) (g2,
+ Zo(A) 1 p=gr<o0) + E LA =pr=00} | F ] (6)

The next lemma, which is proved in Laraki and Solan [20], states that v(f)
(respectively, v,(?)) is in fact the value of the zero-sum games I';(¢) (respectively, I'5(7)).
This lemma is proved in Laraki and Solan [20] when F; is the trivial o-algebra. Its proof
can be adapted to a general F; (see the discussion in Appendix A).
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Lemma 9.
vi(r) = ess — infy,=ess — supy,=E[X1(A)1{x, <y} + Y1) g<ry)
+ Z1(A) 1 a =pp<oo) + &1 LA =gp=o0} | F] (7

and

V(1) = ess — infy, =ess — supp,=E[Xo(f1) 11y, <) + Y2 (A2) 1 <y
+ Zo(1) L g =ro <0} + &1 =ry=oo} | F 1], (8)

where the infimum in (7) is over all randomized stopping times ¢, = ¢ for player 2, the
supremum in (7) is over all (non-randomized) stopping times A; = ¢ for player 1, the
infimum in (8) is over all randomized stopping times ; = ¢ for player 1 and the supremum
in (8) is over all (non-randomized) stopping times A, = ¢ for player 2.

A stopping time ¢; (respectively, i) that achieves the supremum in (5) (respectively,
infimum in (8)) up to e is called an e-optimal stopping time for player 1 in I';(¢)
(respectively, I'5(7)). Similarly, a stopping time ¢, (respectively, i),) that achieves the
supremum in (6) (respectively, infimum in (7)) up to € is called an e-optimal stopping time
for player 2 in I'5(¢) (respectively, I'((7)).

The proof of Laraki and Solan [20, Proposition 7] can be adapted to show that the value
process is right continuous (see Appendix A).

LeMMA 10. The process (vi(f)),~¢ is right continuous, for each i € {1,2}.
The following two lemmas provide crude bounds on the value process.

LemMa 11. For every t = 0 and each i = 1,2 one has

min{X;(?), Yi()} = v;(t) = max{X;(r),Y;(t)} on (.

Proof. We start by proving the left-hand side inequality for i = 2. Let € > 0 be arbitrary,
and let & > 0 be sufficiently small such that

P( sup 1Xo(1) — Xo(t + p)| > 8> =&, ©)

pEL0,5]

P( sup |Y2(t) = Ya(t + p)| > s) =e. (10)
pE10,5]

Such & exists because the processes X, and Y, are right continuous.

Let ¢, be the simple randomized stopping time ¢,(r, - ) = ¢ + r6, and let A\; = ¢ be any
non-randomized stopping time for player 1. The definition of ¢, implies that the
probability that A; = ¢, is 0: P(A; = ¢,) = 0. Moreover, ¢, < . Therefore

Ya2(A1, @2 Fy) = E[Xo(A) 1 {r <) + Yo (@2) Lg<ri} | Fil
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By (9) and (10), and since payoffs are bounded by 1, this implies that
P(y2(A1, @2l Fy) < min{Xa(1), Y2(H)} — &) = 2e.
Because A, is arbitrary, Equation (6) implies that
P(vy(r) < min{X,(?), Y2(t)} — &) = 2e.

The left-hand side inequality for i = 2 follows because ¢ is arbitrary.

The proof of the right-hand side inequality for i = 2 follows the same arguments by
using the simple randomized stopping time ¢;(r,-) = t + ré. Indeed, for every stopping
time A, for player 2 we then have

Ya(@1, M| Fp) = E[Xo (@) (g, <r0t + Y2(A2) L (g5 001 | F 1]

The same argument as above, using (8), delivers the desired inequality. The proof fori = 1
is analogous. U

LeMMA 12. For every t = 0, one has

vi() = max{Y(t),Z,(t)} on (,
vo() = max {X,(1),Z»(t)} on Q.

Proof. We prove the Lemma for i = 1. Let i, = : player 2 stops at time 7. By (7),

vi(t) = ess — supy,=v1(A1, Yol F)).

Because for every (non-randomized) stopping time A, for player 1, y,(Ay,»|F,) is either
Y.(?) Gf Ay > 1) or Z1(¢) (if A; = 1), the result follows. O

Following Lepeltier and Maingueneau [22], for every n > 0 let u{ and w; be the
stopping times defined as follows:

/J*? =1inf{s = 0 : X (s) = vi(s) — 1} (1D

and
wy = inf{s = 0 : Ya(s) = va(s) — m}. (12)

As the following example shows, the stopping times u{ and w) may be infinite. Consider
the following Dynkin game, where the payoffs are constants: X; =0, ¥, = Z; =2 and
& = 1. Then v(r) = 1 for every , and u{ = oo, provided n € (0, 1).

Observe that ;) = ,u,;’/ whenever n > 7/. Moreover, because the processes X, Y», v,
and v, are right continuous, we have

X1 () = vi(]) — (13)

and

Yo (i) = va (i) — (14)
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For every 1 < u, by the definition of u{ and Lemma 11, we have
X1(®) <vi(0) — m < wvi(1) = max{X;(1), Y1(0)},

and therefore
Yi() > X (1), Vi<p] (15)

The analogous inequality for player 2 holds as well.

Lemma 13. Let &, >0, let 7 be a stopping time, and let A € F, satisfy
P(A\{u] = o}) < &. Then

6
E[v1(D1a] = E[& Ly (ime)] + 36 + ;‘8 (16)

Proof. Let i, = oo: player 2 never stops. By (7),

vi(7) = ess = supy =, Y1 (A1, Y| F o). a7

Let A; = 7be a stopping time for player 1 that achieves the supremum in (17) up to €. Let
A} be the following stopping time:

e OnA N {A; < o0}, A} is an n/2-optimal stopping time for player 1 in I';(A;).
e OnA N {A; =00}, \| = 0.

It follows that
Evi(D1A]l = E[yi(A, ol F)lal +&
=E[X1(AD)1an(r <o) F &1 laN{A =0y ] + €
<E[(vi(A) = M1angn <pi=eo) FX1AD a0 (1 <o0)n(ui<o0) T E1lan(r =0y ] + £
=E[(0vi(A) — Dlanr <o) + &1 Lanr =0y | + 38
=< E[1(\y, 2l F )14l = JE[Lan s, <o) ]+ 38

= Elyi(A1, ol F)1al — gE[lAMm}] +4s,

where the second inequality holds by the definition of u{, the third inequality holds since
P(A\{u] = }) < & and since payoffs are bounded by 1, and the last inequality holds
because A, is e-optimal.

This sequence of inequalities implies that

6
PAN (A < o)) =2,
n
and therefore
6e
Evi(Dla]l = E[§14nu1=00)] + 32 + o
as desired. O

By Lepeltier and Maingueneau [22], for each i = 1, 2 the process v; is a submartingale
up to time ;.
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LemMA 14. For every m > 0 the process (vl(t))fl‘o is a submartingale: for every pair of
finite stopping times A < A’ = u[, one has vi(A) = E[v;(X)|F,] on Q.

Lemma 14 implies that before time sup,~ouy, player 1 is better off waiting and not
stopping. An analogue statement holds for player 2.
Lemmas 13 and 14 deliver the following result.

LEMMA 15. Let 7 > 0. For every stopping time A; that satisfies A; = u{, one has

Vl(/\l) = E|:V1 (M?)I{M7<m} + gl I{M’]":oo}lf/\l .

Proof. Let € > 0 be arbitrary. By Lemma 14, for every ¢ = 0 one has
vi(A1) = E[vi(min{uf, t})].

Let 7, be sufficiently large such that P(fp = u{ < o) < e. By Lemma 13 with 7= 7, and
A= {1ty = pi'},

6e
B0 y=p)] = B[ 611 gz | 43847
Therefore,
vi(A) = E[vi(min{u], 7})]
_ E[vl(MI’)l{Mkm} + vl(to)l{,osw}
n be

= E|:V](M1 )I{P-ln<°°} + f] I{M?:w}:| + 5 + ? .

The result follows since € is arbitrary. (]

The proof of Laraki and Solan [20, Section 3.3] delivers the following result, which
states that each player i has a simple randomized e-optimal stopping time that is based on
w, provided m is sufficiently small.

LemMA 16. For every i= 1,2, every &,m >0 and every posmve JF ,n-measurable
function §,, there exists a simple randomized stopping time ¢;' with ba51s p,l and delay
at most §; that satisfies

Y@, A—il Fun) = vi(u) —e —m on €, (18)
for every stopping time A;—; = u;".

By Equation (15), before time u{ one has X; < Y;. When X,(#) = Z,(r) = Y,(¢) for
every t, a non-randomized e-optimal stopping time exists [22]. Laraki and Solan [19,
Section 4.1] use this observation to conclude the following.

LemMma 17. If Z(r) € co{X(¢), Yi(t)} for every t = 0 and each i = 1,2, then the simple
randomized stopping time ¢, in Lemma 16 can be taken to be non-randomized (i.e. the
delay of both players is 0).
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4. The non-zero-sum case

In this section we prove Theorems 7 and 8. Fix € > 0 once and for all.

Let 8, (respectively, 6; and 8,) be a positive F,-measurable function that satisfies the
following inequalities for each i € {1,2} and for the stopping time 7= 0 (respectively,
7= pu) and 7= ). Such §, (respectively, 8; and &,) exists because the processes
(X;, Y;, v;)i=1 2 are right continuous.

P| sup |Xi(7) —Xi(t+pl>¢e| =e¢, (19)
pE[0,8]

P| sup |[Yi(7n) —Yi(r+p)l|>¢e| =¢, (20)
pE[0,8]

Pl sup vi(7) —vi(r+p)| >e| =e. 21
pE[0,8]

We divide the set () into six Fy-measurable subsets. For each of these subsets we then
define a pair of randomized stopping times (¢;, ¢,), and we prove that, when restricted to
each set, this pair is a ke-equilibrium, for some 0 = k = 13. It will then follow that
(¢, ¢5), when viewed as a randomized stopping time on (), is a 78e-equilibrium.
The partition is similar to that in Laraki et al. [21], and only the treatment on the last subset
is different.

Denote by #(t, ) an e-optimal stopping time of player i in the game I'5_(¢); thus, the
randomized stopping time i;(t,€) is a punishment strategy against player 3 — i, as it
ensures that his payoff will not exceed v;_;(f) + e.

Part 1: The set A :== {X1(0) = v{(0)} N {X,(0) = Z,(0)}.
We prove that when restricted to the set A, the pair (@T, go;) that is defined as follows is
a 4e-equilibrium:

e ¢, = 0: player 1 stops at time 0.
e ¢, = n(, e): If player 1 does not stop before time Jy, player 2 punishes him in the
game ['1(8y) that starts at time J.

If no player deviates, the game is stopped by player 1, and the payoff is

Y@r, 91 Fo) = (X1(0),X2(0) on Aj.

We argue that player 2 cannot profit by deviating. Indeed, let A, be any non-randomized
stopping time of player 2. Then on A,

Y2(@1, M2l Fo) = Za(0) 14, npu=0} + X2(0)14,n >0y = X2(0) = ya(ey, @51 Fo),

and the claim follows.
We now argue that on Ay, player 1 cannot profit more than 4¢ by deviating from ¢].
Let A; be any non-randomized stopping time of player 1. Then by the definition of ¢,
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on A;
Y1i(A1, 051 F0) = ELX1 (A1) 1 (n, <5 + (V1(80) + €)1 (5=a,1 1 F 0]
By (19), (21) and since X;(0) = v{(0) on A;, it follows that on A;
P(yi(A1, @31 F0) > E[X1(0)1y,<5,) + (X1(0) + &)1 (5,=r,11Fo0l + &) = 2e.
Since y1(¢;, ©,1F¢) = X1(0) on Ay, it follows that
PA; N {y1(Ar, @3l Fo) > vi(ey, 931 Fo) + 2e}) = 2, (22)

and the desired results follow.

Part 2: The set A> := {Z>(0) > X»(0)} N {Z1(0) = Y1(0)}.
We prove that when restricted to the set A,, the pair (¢, , ¢,) that is defined as follows is
a 0-equilibrium:

e ¢, = 0: player 1 stops at time 0.
e ¢, = 0: player 2 stops at time 0.

If no player deviates, both players stop at time 0, and the payoff is

Y@r, 91F0) = (Z1(0),Z2(0)) on A,.

To see that player 1 cannot profit by deviating, fix an arbitrary non-randomized stopping
time A; for player 1. On A, one has

YA, @31 F0) = Z1(0) 1y, =0 + Y1(0)1x, 501 = Z1(0) = (e, 93l Fo),  (23)

as desired. A symmetric argument shows that player 2 cannot profit by deviating either.

Part 3: The set Az := {Y1(0) > Z1(0)} N {Y2(0) = v,(0)}.

The case of the set A5 is analogous to Part 1: when restricted to A;, the pair of
randomized stopping times in which player 2 stops at time 0, and player 1 plays an
e-optimal stopping time (8, €) in the game I",(8y), is a 4e-equilibrium.

Part 4: The set A4 :== {X1(0) = v{(0)} N {X,(0) > Y,(0)}.
We prove that when restricted to the set Ay, the pair (¢, , ¢5) that is defined as follows is
a 6g-equilibrium:

° go*f(r, ) = réy: player 1 stops at a random time between time 0 and time &,.
e ¢, = n(d,e): If player 1 does not stop before time 8, player 2 punishes him in
the game I"(8) that starts at time &,

If no player deviates, the game is stopped by player 1 before time 8y, and by (19) the
payoff is within 2& of (X;(0), X»(0)):

P(As N {lyiey, 93) — Xi(0)| > e}) = &. (24)
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The same argument” as in Part 1 shows that
P(As N {y1(A1, 951 F0) > i@y, @3] Fo) + 38}) = 3e. (25)

It follows that player 1 cannot profit more than 6¢ by deviating from ¢,.

We now argue that player 2 cannot profit more than 5& by deviating from ¢5. Fix a
non-randomized stopping time A, for player 2. On A, we have ¢| = &y, and P(44 N {¢; =
A2 }) = 0, and therefore

Y2 (@], A2) = E[X2(¢T)1{¢T<Az} + Y2(A) 1)< | Fol on Ay
By (19) and (20),
P(y2(¢1, 1) > E[(X2(0) + &)1 gy + (Y2(0) + &)1y, < ()| Fol) = 2e.
Because X5(0) > Y,(0) on A, we have
P(y2(¢), A2) > X5(0) + &) = 2e.
Together with (24) we deduce that

P(y2(¢y, A2) > (), @) + 2¢) = 3¢,
and the claim follows.

Part 5: The set A5 = {X[(O) = Vl(O)}\(Al U A2 U A3 U A4).

We claim that P(As) = 0. Since X;(0) = v;(0) on As, and since A5 N A; = 0, it follows
that X,»(0) < Z,(0) on As. Since As N A, = 0, it follows that Z;(0) < Y;(0) on As. Since
As N A; =0, it follows that Y»(0) < v,(0) on As. Since As N A, =0, it follows that
Y>(0) = X5(0) on As. Lemma 11 then implies that

Y5(0) < v2(0) = max{X5(0), ¥2(0)} = ¥»(0) on As,

which in turn implies that P(As) = 0, as claimed.

The union A; U A, U A3 U A4 U As includes the set {X;(0) = v;(0)}. Thus, when
restricted to this set, the game has a 7e-equilibrium. By symmetric arguments, a 6e-
equilibrium exists on the set { Y>(0) = v,(0)}. We now construct a 13g-equilibrium on the
remaining set, {X;(0) <v{(0)} N {¥>(0) < v,(0)}.

Part 6: The set Ag = {X1(0) < v1(0)} N {¥2(0) < v,(0)}.

Fix > 0, and for each i € {1,2} let ¢ be a simple randomized stopping time with
basis p; and delay at most §; that satisfies Equation (18) for every stopping time A;—; =
w (see Lemma 16). Let (u) + &,¢) (respectively, n(u; + 81,¢)) be a simple
randomized g-optimal stopping time for player 1 in the game I'>(u; + &) (respectively, in
the game 'y (u] + 6))); that is a stopping time that achieves the infimum in (8) up to &, for
t = ) + & (the infimum in (7) up to &, respectively for 1 = u] + 8).

Set w" = min{uy, uy'}. We further divide Ag into six F ,»-measurable subsets; the
definition of (go’lk, qo;) is different in each subset, and is given in the second and third
columns of Table 1. Under (¢, ¢) the game will be stopped at time " or during a short
interval after time ", if w7 < oo, and will not be stopped if w” = oo.
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Table 1. The randomized stopping times (¢, ¢,) on Ag with the payoff to player 1.

Subset @ @ (9], @)

Agt = As N (W] < 1) ¢! Yn(u + 6y) =X\ (p") — 2e

Agr = As N (W) < pf} (" + 62) @ =Y(u") — 2¢

Agz = Ag N {u] = @) = 0} 0 0 =&

Ags = Ag N (W] = Wi < 0} di(uf + &, 8) w = Yi(u"
N{Z1(w]) < Yi(])}

Ags = Ae N {1] = w) < o0} o (" + 81,€) = Xi(u")
N{Zy(w]) < Xo (1))}

Ags = Ag N (W] = u < o0} T w =Z (1"

N{Y () = Zy ()}
N{Xo(u") = Zo(u™M)}

We argue that when restricted to Ag, the pair ((,DT, @) is a 13ge-equilibrium. Note that
the roles of the two players in the definition of (¢}, ¢5) are symmetric: ¢; = ¢, on Ag3 and
Agg, and the role of player 1 (respectively, player 2) in Ag; and Agy is similar to the role of
player 2 (respectively, player 1) in Ag and Ags. To prove that (¢, ¢5) is a 13&-equilibrium,
it is therefore sufficient to prove that the probability that player 1 can profit more than 3¢
by deviating from ¢] is at most 10e.

We start by bounding the payoff yi (¢}, ¢5|F un) (the bound that we derive appears on
the right-most column in Table 1), and by showing that

Yi(@1, @31 Fun) = vi(u") — 38 —m on Ag\Aes. (26)
We prove this in turn on each of the sets Agy, ..., Age:

e OnAg, we have u7 = u], and the game is stopped by player 1 between times " and
©" + 8y, so that by (19) we have

P(Ae1 N {y1(@y, ¢l Fun) < X1 (u") — e}) = & 27)

By (13) we have X;(u") = v;(1") — m, and therefore (26) holds on Ag;.
e OnAg we have w7 = ), and the game is stopped by player 2 between times p” and
w4+ 8, so that by (20) we have

P(Ae N {71(¢e), ool Frn) < Yi(u") —e}) < . (28)

By (15) we have X;(u") < Y;(u") on Ag, so that by Lemma 11 we have
Y (") = vi(u™). It follows that (26) holds on Agp.

e On Ag; no player ever stops, and therefore y,(¢;, 3| F un) = &;.

e On Ag, player 2 stops at time ", and therefore y;(¢], gozl}',w) =Y (u"). By
Lemma 12, on Agy we have

vi(u") = max{Y(u"), Z1 (K"} = Yi(u"),
and therefore (26) holds on Ag,.

e On Ags player 1 stops at time u”, and therefore yl(gcflk, gozlf,w) = X;(u"). By (13)
we have X;(1") = v{(u") — m, and therefore (26) holds on Ags.
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e On Age both players stop at time u”, and therefore yi(¢|, ¢5|F ) = Zi(u"). By

Lemma 12 on this set we have
vi(u") = max{Y (™), Z; (")} = Z(u"),

and therefore (26) holds on Agg.
Fix a stopping time A; for player 1. To complete the proof of Theorem 7 we
prove that

P(A6 N {y1(A1, ©3) > yi(¢], @5) + 3e}) = 10e.

On the set Ag N {A; < u"} we have by the definition of wu{, since u" = pu,
by Lemma 15, and by (26),

YA, @51 Fa) = Xi(A1)
<vi(A)— 7
= EWvi(W) Lagna <pr<eo) + Eilagnin<pr=co} | Fa, 1 — M
= yi(¢), 9| Fa) + 3&,

(29)

where the last inequality holds by (26) and because the payoff of player 1 on Ags
gnglthe set Ag; N {u” = A} we have by the definition of ¢,
YiA1, @ F un) = EIX1(AD) L, =pnss) + 01 (7 4+ 81) + €)1 ot <a [ F .
By (19), (21) and (13) we have
P(yi(A1, @3l Fun) > X1(u") + 2¢) =< 2e.
By (27) we deduce that

P(yi(A1, @3l Fun) > yi(@), @3 Fun) + 3¢) = 3e. (30

e On the set Ag; N {u” = A} we have by the definition of ¢,

P, GIF ) = E[X1 QD grm, <45y + V(@D g5z 1F |
By (19), (20), since uj < w] on Agy, and by (15),
P (711, 1) > E (V1) + 0 (e, <) + (V1 (W) +0)1 0| F | ) =22

By (28) we deduce that

P(Ae N {711, @31 Fun) > vi(@y, @5l Fn) + 26}) = 3e. (€19

e On the set Agz N {u) = A} we have " = A; = o0, so that

Yi(@), @3 Fun) = & = vi(A1, @31 Fun)  on Ags N {pug = Ay} (32)
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e On the set Agy N {uw" = A;} we have

Yi(A1, @3l Fpn) = E[Zi (W) 1y =ny + Y1) (un<y)]

5 x (33)
= Y1i(u") = vi(¢), @3] F o).
e On the set Ags N {w” = A;} we have by the definition of (,o;

Yi(A1, @31 F un) = E[ X1 (A (ur=h, <ty + 01(W? 4+ 81) + &)1 (s =) | Fpun -
By (19), (21) and (13) we have
P(Ass N 1" = A1} N {11, @5l Fun) > X1(W') + 2¢}) = 2e.
Because y1(¢], ¢5|F in) = X1(1£7) on Ags, we obtain
P(Aes N {W" = M} N {yi(A, @31 Fpn) > yiley, @3l Fun) +2e}) =26 (34)
e On the set Ags N {w” = A;} we have

VA1, @ F un) = Zi(uW 1 p = pny + Y11 {un<ay)

- (35)
=Zi(pn" = '}’l(ﬁolv ﬁpzlfpﬂ)-
From (30)—(35) we deduce that on Ag N {w” = A;}
P(yi(A1, @3l > yi(ey, @5l u") 4 38) = 10e. (36)

Because (29) and (36) hold for every stopping time A, for player 1, it follows that (¢;, ¢5)
is a 13g-equilibrium on Ag, as desired.

Proof of Theorem 8. To prove that if Z;(t) € co{X,(), Y1(£)} and Z,(¢) € co{X(?), Y>()}
for every ¢t = 0, then there is a pair of non-randomized stopping times that form an
g-equilibrium, we are going to check where randomized stopping times were used in
the proof of Theorem 7, and we will see how in each case one can use non-randomized
stopping times instead of randomized stopping times.

1. In Part 1 (and in the analogue part 3) we used a punishment strategy ;(0y, €) that
in general is a non-randomized stopping time. However, by Lemma 17, when
Z,(1) € co{X(1), Ya(t)} for every ¢t = 0, this randomized stopping time can be taken
to be non-randomized.

2. In Part 4 we used, in addition to the punishment strategy (8, €), a simple
randomized stopping time for player 1. The set that we were concerned with in part 4
was the set A4 := {X1(0) = v1(0)} N {X,(0) > Y,(0)}. Because Z,(0) € co{X5(0),
Y>(0)}

X5(0) = Z»(0) = Y»(0).

But then the following pair of non-randomized stopping times is a 3e-equilibrium
when restricted to Ay:
e ¢, := 0: player 1 stops at time 0.
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e ¢, = n(dy, e): if player 1 does not stop before time 8y, player 2 punishes him
(with a non-randomized stopping time; see the first item) in the game I';(Jy).

3. In Part 6 randomization was used both for punishment (on Ag;, Agz, Ags and Ags)
and for stopping (on Ag; and Agp). As mentioned above, under the assumptions of
Theorem 8, for punishment one can use non-randomized stopping times. We now
argue that one can modify the definition of (¢}, go;) on Ag; and Ag, so as to obtain a
non-randomized equilibrium. Because of the symmetry between Ag; and Agp, we
show how to modify the construction only on Ag;.

On Ag we have p] < w7, so that by (15) we have Y,(u]) < X»(u3). Because

Zo(w]) € co{Xa(u]), Yo(u} it follows that Yo (u]) = Zo(u]) = Xo(wl). But then

the following pair of non-randomized stopping times is a 3g-equilibrium on Ag;:

e ¢ == u]: player 1 stops at time u].

o ¢, = in(u] + 8y, ¢): if player 1 does not stop before time u] + &, player 2
punishes him (with a non-randomized stopping time; see the first item) in the game
Ty (] + 80). O

5. The result of Laraki and Solan

As mentioned earlier, Laraki and Solan [20] proved Theorem 7 for two-player zero-sum
Dynkin games. We need the stronger version that is stated in Lemma 9, where the payoff is
conditioned on the o-algebra F,. It turns out that the arguments used by Laraki and Solan
[20] prove this case as well, when one uses the following Lemma instead of Lemma 4 in
Laraki and Solan [20].

LemMmA 18. Let X be a right-continuous process. For every stopping time A and every
positive F)-measurable function ¢ there is a positive F,-measurable and bounded function
0 such that

X)) — EX(p)|FAl = e, (37
for every stopping time p that satisfies A = p = A + 4.

PROOF. Because the process X is right continuous, the function w — E[X(A + w)|F,] is
right continuous at w = 0 on (), and it is equal to X(A) at w = 0. By defining

5§ — %sup{w >0: [X(\) — EIXO 4+ w)|Fol = ¢)

we obtain a positive JF)-measurable function such that (37) is satisfied for every stopping
time p, A = p = A + &. The proof of the Lemma is complete by setting § = min{§,1}. O

This Lemma can also be used to adapt the proof of Proposition 7 in Laraki and
Solan [20] in order to prove Lemma 10, which states that the value process is right
continuous.

One can use Lemma 18 to improve some of the bounds given in Section 4. We chose
not to use this Lemma in the paper, so as to unify the arguments given for the various
bounds.
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Notes

1. Email: rida.laraki@polytechnique.edu.

2. Our results hold for the larger class of D payoff processes defined by Dellacherie and Meyer [7,
§1I-18]. This class contains in particular integrable processes.

3. A statement holds on a measurable set A if and only if the set of points in A that do not satisty the
statement has probability 0.

4. The additional € arises because in Part 1 we had v (<p’1:<7 <p;) = X;(0), whereas in Part 4 we have
P4 N {yi(¢), 3) < X1(0) — &}) = e.
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