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1. Introduction

Shapley (1953) presented the model of stochastic games, which are dynamic games in which the state variable changes
from stage to stage as a function of the current state and the actions taken by the players. Shapley (1953) proved that
the discounted value exists in two-player zero-sum stochastic games, and provided an equation that the discounted value
satisfies.

This seminal work led to an extensive research in several directions (see the surveys by, e.g., Neyman and Sorin, 2003;
Mertens et al., 2015; Solan and Vieille, 2015; Solan and Ziliotto, 2016; and JaSkiewicz and Nowak, 2016, 2017), including the
study of the discounted value in games with general state and action sets, the study of discounted equilibria in multiplayer
stochastic games, and the study of the robustness of equilibria.

A commonly studied robustness concept is that of uniform equilibrium. A strategy profile is a uniform e-equilibrium for
& >0 if it is an e¢-equilibrium in (a) the discounted game, provided the discount factor is sufficiently close to 1, namely, the
players are sufficiently patient, and (b) the finite horizon game, provided the horizon is sufficiently long.

Progress in the study of the uniform equilibrium turned out to be slow, existence of such a strategy profile was proven
only in special cases (see, e.g., Mertens and Neyman, 1981; Solan, 1999; Vieille, 2000a, 2000b; Solan and Vieille, 2001,
Simon, 2007, 2012, 2016; and Flesch et al., 1997, 2008, 2009), and the strategy profiles that are uniform ¢-equilibria are
usually quite complex.

The present paper proposes a new solution concept for stochastic games that combines simplicity in behavior with
relatively high payoffs. Let w = (w;(s)) be a vector, where i ranges over all players and s ranges over all states. A strategy
profile in a stochastic game is w-acceptable if when the players follow it, for every discount factor sufficiently close to 1,
the discounted payoff of each player i is at least w;(s) when the initial state is s. Thus, when the players follow such a
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strategy profile, they forgo the option to profit by deviation in order to guarantee a reasonably high payoff for each player.
A strategy profile is min-max g-acceptable (resp. max-min g-acceptable) if it is w-acceptable for the vector w = (w;(s)) that
is defined by w;(s) := V} (s) — & (resp. wi(s) := 1} (s) — €), where V} (s) (resp. L—l (s)) is the uniform min-max value (resp.
uniform max-min value) of player i at the initial state s. By Neyman (2003), Vil (s) is the amount that player i can uniformly
guarantee when the other players cooperate to lower his payoff, and 1} (s) is the same amount when the other players can
correlate their actions.

In their study of correlated equilibrium, Solan and Vieille (2002) constructed a min-max &-acceptable strategy profile in
every multiplayer stochastic game and for every & > 0. Their construction uses the technique of Mertens and Neyman (1981)
for designing a uniform &-optimal strategy in two-player zero-sum stochastic games, and in particular is history dependent.

Our goal in this paper is the construction of simple strategy profiles that are min-max e-acceptable or max-min
g-acceptable, where simplicity is measured by the size of the automata that are needed to implement the individual strate-
gies of the players.

A naive suggestion for a stationary min-max &-acceptable strategy profile is a stationary discounted equilibrium, for
some discount factor sufficiently close to 1. As we now explain, this approach is bound to fail. The discounted payoff that
corresponds to a stationary strategy profile is the weighted average of the payoffs that are received in the various states,
where the weight of a state is equal to the discounted time that the play spends in that state. A discounted equilibrium
yields a high discounted payoff to all players, which implies that this weighted average is high. It might happen that while
the average payoff of all players is high, some players get high payoff in some states, while other players get high payoff
in other states. When we fix a A-discounted equilibrium and we calculate the payoff according to a discount factor A’ that
goes to 1, the weights of the various states change, and there is no guarantee that the weighted average payoff of all players
remains high. This phenomenon in fact happens, as can be seen in Example 2.6 below.

We prove the existence of a max-min g-acceptable strategy profile, in which the strategy of each player can be im-
plemented by an automaton whose number of states is at most the number of states in the stochastic game times the
number of players.! We also prove the existence of a min-max e-acceptable stationary correlated strategy, which can be
implemented by an automaton whose number of states is the number of states in the stochastic game. The proofs are
constructive and identifies (at least) one such strategy profile.

Another view on the concept of w-acceptability stems from the folk theorem. The folk theorem for repeated games
states that under proper technical conditions, every feasible and individually rational payoff vector is an equilibrium payoff.
Solan (2001) extended this result to stochastic games when considering extensive-form correlated equilibria rather than
Nash equilibria. The identification of the set of feasible and individually rational payoffs in multiplayer stochastic games is
open. A strategy profile is min-max (resp. max-min) e-acceptable if it generates a feasible and e-individually rational payoff
vector when punishment is given by the uniform min-max (resp. max-min) value.

Identifying individually rational (when punishment is given by the min-max value) correlated strategy profiles in the
discrete-time game is useful for continuous-time stochastic games. Indeed, an ¢-individually rational correlated strategy in
the discrete-time game can be transformed into an e-equilibrium in the continuous-time game, see Neyman (2012).

The paper is organized as follows. The model of stochastic games, the concept of acceptable strategy profiles, the main
results, a discussion, and open problems appear in Section 2. The proof of the main results and additional discussion appear
in Section 3.

2. Model and main results
2.1. The model of stochastic games
A multiplayer stochastic game is a vector I' = (I, S, (Aj)ic1, (Ui)ics, q) Where

I is a finite set of players.

S is a finite set of states.

A; is a finite set of actions available to player i at each state.” Denote by A := x;c;A; the set of all action profiles.

uj: S x A— R is player i’s payoff function. We assume w.l.o.g. that the payoffs are bounded between 0 and 1.

q:S x A— A(S) is a transition function, where A(X) is the set of probability distributions over X, for every nonempty
finite set X.

The game is played as follows. The initial state s° € S is given. At each stage n > 0, the current state s" is announced
to the players. Each player i chooses an action a} € A;; the action profile a" = (a})i¢; is publicly announced, the new state
s"t1 is drawn according to the probability distribution q(- | s", a"), and the game proceeds to stage n + 1.

1 We consider automata in which the output function depends only on the automaton’s state, and not on the input (Moore machine). If the output
function can depend both on the automaton’s state and on the input (Mealy machine), then the number of required automaton’s states is at most the
number of players.

2 We could have assumed that the action set of a player depends on the current state. This would have complicated the definition of an automaton that
implements a strategy, hence we prefer to assume that the action set is independent of the state.
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A correlated mixed action is an element of A(A). We extend the domain of q and (u;);e; to correlated mixed actions in a
multilinear fashion: for every state s € S and every correlated mixed action o € A(A) we define

q(s, @) ==Y alalq(s, a),

acA

and

ui(s, @) =y _alalui(s,a), Viel.

acA

Let H :=Up>o ((S x A" x 5) be the set of finite histories> and H*® := (S x A)> be the set of plays. We assume perfect
recall. Accordingly, a (behavior) strategy of player i is a function o; : H — A(A;). A strategy o; of player i is pure if for every
finite history h" € H, the support of the mixed action o;(h™) contains one action. We note that the superscript n of a history
h™ always denotes its length, and the last state of a finite history h" is always denoted by s". Denote by X; the set of all
strategies of player i, by X := x;¢;X; the set of all strategy profiles, and by X_; := x j4; X; the set of all strategy profiles of
all players except player i.

A correlated strategy is a function t : H — A(A). The set of all correlated strategies is denoted Xcorr. We note that every
strategy profile induces a correlated strategy. Below we will provide definitions for correlated strategies that apply also to
strategy profiles.

A class of simple strategies is the class of stationary strategies. Those are strategies in which the choice of the player
at each stage depends only on the current state, and not on previously visited states or on past choices of the players.
A stationary strategy of player i can be identified with an element of (A(A;)!S! c RISIXI4il and will be denoted x; =
(xi(s))ses. A strategy profile o = (07)ic; is stationary if for every player i € I the strategy o; is stationary. A stationary
correlated strategy is identified with an element of (A(A))!S!.

We will endow H® with the o -algebra generated by finite cylinders. Every initial state s® € S and every correlated
strategy T € Xcorr induce a probability distribution Py , over the set of plays H*. Denote the corresponding expectation
operator by Egp ..

2.2. Acceptable strategy profiles

For every initial state s° € S, every correlated strategy T € Zcorr, every player i € I, and every discount factor A € [0, 1)
the A-discounted payoff of player i is

¥ (% 1) i=Eg |:(1 -2 Zk"ui(s”, a”)i| )

n=0

The main concept that we study in this paper is the concept of acceptable strategy profiles.

Definition 2.1. Let w € RIS™*!'l, A correlated strategy T is w-acceptable at the initial state s° if there exists a real number
Ao € [0, 1) such that for every player i € I and every A € [Ag, 1),

Y% ) > wis?), Yiel.

The correlated strategy is w-acceptable if it is w-acceptable at all initial states. In this case we say that the vector w is
acceptable.

In words, a correlated strategy t is w-acceptable if whenever the players are sufficiently patient it yields each player i
at least w;(s?), for every initial state s0.

A natural question that arises is which vectors w are acceptable. A vector w is a uniform equilibrium payoff* if for every
& > 0 there exists a real number Ag € [0,1) and a strategy profile o¢ such that for every initial state sO € S, every player
i €I, and every discount factor A € [Ag, 1) we have |yi’\(so; of) — w,-(so)| < ¢ and

Y% 01,08) <y (% 0%) +e, Voiex

If w is a uniform equilibrium payoff, then for every ¢ > 0 the vector w — & := (w;(s) — €)ierses is acceptable. To date it is
not known whether every multiplayer stochastic game admits a uniform equilibrium payoff.

3 By convention, the set (S x A)° contains only the empty history.
4 The concept that we define here refers to uniformity in the discount factor only. A stronger notion is defined in Mertens and Neyman (1981). We refer
to this stronger notion in Section 2.6 below.
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The A-discounted min-max value of player i at the initial state s® is given by

v+ (s := min maxyi’\(so;Gi,U—i)~ .
O’_,'EZ_,'O','EEI'

The A-discounted max-max value of player i at the initial state s° is given by

vA(s®) :=max min % 01, 0-9). (2)
0;€Xi0_j€X_;
The interpretation of these two quantities is that player i can guarantee to himself a payoff at least his max-min value,
while the other players can ensure that player i’s payoff will not exceed his min-max value. Because for every fixed discount
factor A € [0, 1) the A-discounted payoff is a continuous function of the strategies of the players, the maxima and minima
in Eqs. (1) and (2) are attained. A strategy o; that attains the maximum in Eq. (2) is called a A-discounted max-min strategy.
It is well known (see Neyman, 2003) that the limits

v (s0) = lim VY, vishH = lim Vi),
— —

exist for every player i € I and every initial state s € S. The quantities V} (s%) and 1,.1 (s%) are called the uniform min-max
value and the uniform max-min value of player i at state s9, respectively.

Neyman (2003) proved the existence of a uniform e-max-min strategy for each player i and every & > 0, that is, a
strategy o; € j and Ag € [0, 1) that satisfy

vi% o oo = vl (% —e, Vielr.1).Yo_ie T ;.

When each player follows a uniform ¢-max-min strategy, all players receive at least their uniform max-min value minus .
In particular, there is a strategy profile that is w-acceptable for the vector w = (w;(s))ics ses defined by w;(s) := 1} (s —¢
for every player i € I and every state s € S.

Definition 2.2. Let ¢ > 0. A correlated strategy T is max-min g-acceptable if for every player i € I, every initial state s° € S,
and every discount factor 1 sufficiently close to 1, we have y/*(s% 7) > v} (s%) — .

By Neyman (2003), for every & > 0, every initial state s® € S, and every strategy profile o_; of the other players, there
exists Ag € [0,1) and a strategy o; of player i such that

Y% 0i,0-) >V (%) —e, Vaelro, D).

It is therefore natural to ask whether there are strategy profiles that ensure that all players receive at least their uniform
min-max values up to & for all discount factors sufficiently close to 1. Such a strategy profile will guarantees for all players
the minimal amount that they would agree to receive in an equilibrium.

Definition 2.3. Let ¢ > 0. A correlated strategy T is min-max e-acceptable if for every player i € I, every initial state s% € S,
and every discount factor A sufficiently close to 1, we have y/*(s%; 7) > vl(s) —e.

A by-product of the study of Solan and Vieille (2002) on extensive-form correlated equilibria in stochastic games is that
there always exists a min-max &-acceptable strategy profile. The constructions of Neyman (2003) and of Solan and Vieille
(2002) use the technique of Mertens and Neyman (1981), and therefore the max-min &-acceptable strategy profile and
min-max e-acceptable strategy profile that are known to exist are complex and history dependent. In this paper we ask
whether there are simple max-min and min-max &-acceptable strategy profile.

We first identify two classes of stochastic games, namely, Markov decision processes and absorbing games, in which
there are stationary min-max &-acceptable strategy profiles. We do not know whether stationary min-max &-acceptable
strategy profiles exist in every multiplayer stochastic game.

Blackwell (1962) proved that in stochastic games with a single player (|I| = 1) there is a pure stationary strategy o; and
Ao €[0, 1) that satisfy

Y% 01) = v (% —e, VYrelr, 1),Vs%€S.

It follows that for every stochastic game with a single player there is a pure stationary min-max e-acceptable strategy, for
every € > 0.

A state s € S is absorbing if q(s|s,a) =1 for every action profile a € A. An absorbing game is a stochastic game with
a single nonabsorbing state. By Solan (1999, Theorem 4.5) it follows that for every absorbing game there is a stationary
min-max &-acceptable strategy profile, for every € > 0.



E. Solan / Games and Economic Behavior 108 (2018) 523-540 527

2.3. Automata and strategies implemented by automata

A common way to model a decision maker with bounded computational capacity is by an automaton, which is a finite
state machine whose output depends on its current state, and whose evolution depends on the current state and on its input
(see, e.g., Neyman, 1985 and Rubinstein, 1986). Formally, an automaton is given by (1) a finite set Q of states, (2) a finite
set In of inputs, (3) a set Out of outputs, (4) an output function f: Q — Out, (5) a transition function g: Q x In— Q,
and (6) an initial state g* € Q.

Denote by ¢" the automaton’s state at stage n. The automaton starts in state q° = g*, and at every stage n >0, as a
function of the current state gq" and the current input i", the output of the automaton o" = f(q") is determined, and the
automaton moves to a new state ¢"t! = g(q", i").

The size of an automaton is the size of its set of states Q. Below we will use strategies that can be implemented by
automata; in this case the size of the automaton measures the complexity of the strategy.

Consider a stochastic game and fix a player i € I. An automaton whose set of inputs is the Cartesian product of the set
of action profiles and the set of states of the stochastic game, and the set of outputs is the set of mixed actions of player i,
that is, In=A x S and Out = A(A;), can implement a behavior strategy of player i. Indeed, at every stage n, the strategy
plays the mixed action f(q"), and the new state of the automaton q"t! = g(q", a", s™*!) depends on its current state q",
the action profile a” played at stage n, and the new state of the game s"*1.

Similarly, an automaton can implement a correlated strategy; In this case the set of outputs of the automaton is the set
of correlated mixed actions: Out = A(A).

To distinguish between the state of the game and the state of the automaton we refer to the latter as automaton-states.

2.4. The main results

We can now present our two main results. The first identifies an upper bound to the size of the smallest automaton that
implements a max-min g-acceptable strategy profile.

Theorem 2.4. For every stochastic game and every & > 0 there exists a max-min g-acceptable strategy profile such that each of the
strategies composing the profile can be implemented by an automaton with size |S| x |I|.

Our second main result states that there exists a stationary min-max &-acceptable correlated strategy. Such a strategy
can be implemented by an automaton of size |S]|.

Theorem 2.5. For every stochastic game and every € > 0 there exists a stationary min-max &-acceptable correlated strategy.

The existence of a min-max &-acceptable correlated strategy in discrete-time stochastic games (Solan and Vieille, 2002)
was used by Neyman (2012) to show the existence of a Nash uniform equilibrium in stochastic games in continuous time.
If the min-max &-acceptable correlated strategy is stationary (rather than history dependent), the construction of Neyman
(2012) becomes somewhat simpler. Theorem 2.5 therefore simplifies the construction in Neyman (2012).

In our formulation of an automaton, the output function f does not depend on the input, hence it corresponds to a
Moore machine. If one allows the output function to depend on the input, one obtains a Mealy machine. With this new for-
mulation, the number of automaton-states required to implement the strategies that compose a max-min £-acceptable strat-
egy profile is |I|, and the number of automaton-states that are required to implement a stationary min-max &-acceptable
correlated strategy is 1.

2.5. Discounted equilibrium and acceptable strategy profiles

A strategy profile o* is a A-discounted equilibrium if for every initial state s € S and every player i € I we have
Yi(si0%) =yl (s; 01,02, Vo€ ;.

It is well known (see Fink, 1964 or Takahashi, 1964) that a A-discounted equilibrium in stationary strategies exists in every
stochastic game, though it usually depends on the discount factor. As the following example shows, a strategy profile that
is a A-discounted equilibrium for a specific A may yield some players low payoff when A changes. This example shows
in particular that a A-discounted equilibrium and a limit of A-discounted equilibria as A goes to 1 need not be min-max
g-acceptable.

Example 2.6. Consider the two-player absorbing game that appear in Fig. 1. In the initial state sg, which is nonabsorbing,
each player has two actions. In each entry of the matrix in the figure, the stage payoff appears in the middle and the
transition appears on the top-right corner: sp means that with probability 1 the play stays in state sp, while * means that
with probability 1 the play continues to an absorbing state, where the payoff vector is the vector written in the entry.
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Player 2
L R
2,0 S0 0,1 *
1,2 * 1,1 *

Player 1

state sq

Fig. 1. The absorbing game in Example 2.6.

The uniform min-max value of both players is 1. In the unique A-discounted equilibrium Player 1 plays the stationary
strategy x1(A) = [;j(T), H(B)] and Player 2 plays the stationary strategy x;(A) = [;j(L), %(R)]. The limit of the
equilibrium strategy profiles as A goes to 1 is for Player 1 to play T and for Player 2 to play L, which yields Player 2 a
payoff of 0 that is lower than his uniform min-max value. Similarly, the equilibrium strategy pair for a given discount factor
x(1) := (x1 (1), x2(A)) may yield low payoff for discount factors different than A, because lim;_, 1 lim;/_ 4 yzy x(\) = (%, %).

2.6. Finite horizon acceptability and limit of the averages acceptability

We defined the concept of acceptability using the discounted evaluation. One could alternatively define this concept
using finite horizon games or the infinite game. That is, for every state s° € S, every player i € I, every correlated strategy
7, and every k € N the k-stage payoff is given by

k—1
1
k0. .
Vi (s 1) i=Eg ; |:E Zu,-(s“,a“)i| .
n=0
Let w € RSl and call a correlated strategy T average w-acceptable if for every k sufficiently large

)/ik(so; T)> w,-(so), Viel,vs®es.

I<

Call the correlated strategy t limit w-acceptable if the limit lim_, oo % u (s", a") exists Py .-as. and

k—1
.1 .
Eo . |: lim — Zu,-(s”,a”)i| >w;i(s?), Viel,vs®eS.
’ k—o0 k
n=0

One could define a stronger concept of acceptability that is inspired by the notion of uniform equilibrium: the correlated
strategy t is uniform w-acceptable if it is both discounted w-acceptable, average w-acceptable, and limit w-acceptable. The
implications of Blackwell (1962), Solan (1999), and Solan and Vieille (2002) for acceptable strategy profiles are valid with
the stronger notion of uniform acceptability. Moreover, every correlated strategy that can be implemented by an automaton
and is w-acceptable according to the discounted, average, or limit notion, is uniform (w — ¢)-acceptable, for every & > 0.

2.7. Open problems

The introduction of the concept of acceptable strategy profiles raises several open questions. These questions include the
following:

e Whether there exists a stationary min-max &-acceptable strategy profile for every ¢ > 0. If the answer to the above
question is negative, then it will be interesting to know the size of the smallest automaton that is needed to implement
a min-max g-acceptable strategy profile.

e The characterization of the set of payoff vectors w for which there exists stationary w-acceptable strategy profiles.

e More generally, one can study the set X (&) of payoff vectors w for which there exists w-acceptable strategy profiles
in some prespecified set & of simple strategy profiles, like the set of strategy profiles that can be implemented by
automata with at most K states, and determine the dependency of X(X) on ¥.

3. Proof of the main results

We will start by proving Theorem 2.4. Consider the strategy profile in which each player plays a uniform €-max-min
strategy. By definition, the discounted payoff of each player i at least gil (s%) — &, provided the discount factor is sufficiently
close to 1. Since uniform £-max-min strategies are history dependent, our goal will be to convert this strategy profile into a
strategy profile that can be implemented by small automata and in which the limit discounted payoff of the players is not
lowered. The steps of the construction can be summarized as follows.
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1. We will define a concept of communicating sets of states, in which the uniform max-min value of the players is in-
dependent of the state and is called the uniform max-min value in the set. We will identify communicating sets of two
types, A and B.

2. In communicating sets of type A there is a strategy profile that remains in the set and yields to each player i is at least
his uniform max-min value in the set minus &.

3. In communicating sets of type B there is a strategy profile that ensures that the play leaves the set and the expected
continuation uniform max-min value of each player is at least his uniform max-min value in the set.

4. We will show that the strategy profiles mentioned in Points 2 and 3 can be chosen to be simple, that is, the individual
strategies of the players can be implemented by small automata. Unfortunately, we do not know whether these strategy
profiles can be chosen to be stationary.

5. We will show that there is a stationary strategy profile having the following properties: (a) with probability 1 the play
reaches a communicating set, and (b) the expected uniform max-min value of each player in the communicating set
that is reached is at least v/ (s), for every initial state s°.

6. We will partition the set of states into maximal communicating sets (w.r.t. set inclusion) and the set of states that do
not belong to any communicating set. Combining the stationary strategy profile of Point 5 with the simple strategy
profiles of Points 2 and 3 yields a strategy profile that (a) is simple, (b) ensures that the play reaches a communicating
set of type A, and (c) yields to all players a limit discounted payoff at least g} (s9) — &, for every initial state s°.

The proof of Theorem 2.5 uses the same steps as outlined above but is more involved. To obtain a history dependent
strategy profile that yields to all players a discounted payoff at least his min-max value we use the strategy profile of Solan
and Vieille (2002), and convert it to a simple strategy profile without lowering the limit discounted payoff.

The proof becomes more complicated because there is a conceptual difference between the uniform ¢-max-min strate-
gies as devised by Neyman (2003) and the strategy profile of Solan and Vieille (2002). While to guarantee his uniform
max-min value a player need not take into account the play of the other players, to obtain his uniform min-max value the
player needs to adapt his play to the play of the other players. Consequently, the uniform ¢-max-min strategy of a player is
based on a one-parameter family of stationary strategies, namely, the function that assigns a discounted max-min stationary
strategy to each discount factor. On the other hand, the strategy profile that ensures to each player his uniform min-max
value is based on an |I|-parameter family of stationary strategies, namely, the function that assigns for every state s and
each vector A = (Aj)ije; of discount factors, one for each player, a A-discounted equilibrium in the one-shot game that is
played at state s and in which the continuation payoff of each player i is given by the A;-discounted min-max value. In
particular, while a uniform ¢-max-min strategy is a perturbation of a stationary strategy, this is not the case with a uniform
g-min-max strategy. This has the consequence that the definition of a communicating set is more intricate.

Once communicating sets are properly defined, one can define communicating sets of types A and B, and show that
there are stationary correlated strategies that satisfy the properties mentioned in Points 2 and 3. The rest of the proof is
similar to the proof of Theorem 2.4.

3.1. Communicating sets

Let x € X be a stationary strategy profile. A nonempty set D C S is closed under x if under x the play never leaves D
once it enters this set: q(D | s,x(s)) =1 for every state s € D. A closed set is irreducible if it does not contain any other
closed set. Denote by Z(x) the collection of all irreducible sets w.r.t. x, and for every set of states C denote by Z¢(x) the
set of all irreducible sets w.r.t. x that are subsets of C. We note that whether or not a set D is an irreducible set under a
stationary strategy x is determined by the collection of supports (supp(x;(s)))icr.sep-

For every set C C S denote by v¢ the first arrival time to C:

Ve :=min{n > 0: s" € C}.

By convention, the minimum of an empty set is +co. When D € Z(x) consider the Markov chain over D induced by the
stationary strategy profile x; that is, the Markov chain with transition (q(s’ | s, X(s)))s,s<p. For every state s € D denote the
long-run frequency of visits to state s by

IOD,X(S) = Es.xEV(S)J . (3)

Since D is irreducible under x, pp x is an invariant distribution of the Markov chain and pp x(s) > O for every state s € D.
For every irreducible set D € Z(x) denote the limit discounted payoff under x by

. — 1i A0, _
y(D;x) = lim y (%0 = 3 | pp x($)u(s, X(5).

seD

We note that the limit discounted payoff ¥ (D; x) is independent of the initial state s € D.

The stationary strategy profile y € X is an enlargement of the stationary strategy profile x if supp(x;(s)) C supp(y;(s)) for
every player i € I and every state s € S.

We now provide a definition of communicating sets, which is a variant of the common definition of this concept (see
Ross and Varadarajan, 1991 for the analogous definition in Markov decision problems, or Solan and Vieille, 2002).
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Definition 3.1. A set C C S is communicating under x if

(C.1) The uniform max-min value is constant over C, that is, v!(s) = v!(s’) for every pair of states s, s’ € C. Denote by v!(C)
the common uniform max-min value of the states in C,

(C.2) For every state s € C there exists an enlargement y(s).c of x such that
(i) the set C is closed under y(s,c, and
(ii) under y the play reaches s a.s.:

P (Vs <o00)=1, vsPecC.

sO.yis1.c

Condition (C.1) distinguishes our concept of communicating set from the standard notion of communication.

We denote by C(x) the collection of all the sets that communicate under the stationary strategy profile x. If C1, C2 € C(x)
have nonempty intersection, then C; U Cy € C(x). It follows that the collection Cpax(x) of maximal communicating sets
w.r.t. set inclusion contains disjoint sets. Denote by C*(x) := Ucec,..(x)C the union of all maximal communicating sets
under x.

When C is a communicating set under the stationary strategy profile x and D C C, there is an enlargement of x that
ensures that the play reaches D without leaving C, provided the initial state is in C \ D. We denote such an enlargement
by yp;c.

Let C be a communicating set under x. Our construction of a max-min e-acceptable strategy profile involves visiting
different irreducible sets in Z¢(x), and playing the stationary strategy profile x in each one of them for a certain length of
time. To simultaneously switch from one irreducible set to the next without counting the number of stages that the play
spent in each irreducible set, we need to find an event that can be used as a synchronization device among the players.
One way to do that is to identify a player who can play an action that is not in the support of x and that keeps the play
in C, and have him play this action. Such a player is called a signaller, and is formally defined as follows.

Definition 3.2. Let x be a stationary strategy profile, let C C S be a set of states, and let D € Z¢(x). Player i is a signaller at
D w.r.t. C and x if there exists a state s € D and an action a; € A; \ supp(x;(s)) such that q(C | s, a;, x_ij(s)) = 1.

The following result asserts that for every communicating set C under x and every irreducible set D under x which is a
strict subset of C there is a signaller at D w.r.t. C and x.

Lemma 3.3. Let x be a stationary strategy profile, let C € C(x) be a communicating set under x, and let D € Z¢ (x) satisfy D C C. There
is a player who is a signaller at D w.r.t. C and x.

Proof. Fix a state s € C \ D. By definition, there is an enlargement y of x that satisfies that C is closed under y and that
under y the play reaches s a.s. when the initial state is in D. Since D is closed under x, there are a player i € I and a state
s’ € D such that supp(y;(s")) D supp(x;(s’)). In particular, player i is a signaller at D w.r.t. C and x. O

In the sequel we will construct strategy profiles that satisfy various desirable properties. It will be convenient to define
the strategy profiles separately on each maximal communicating set C. We will therefore consider strategy profiles that are
defined only for finite histories that remain in some set of states C, that is, for finite histories h € H¢ := Unzo((C x A" x C).

The following result states that for every probability distribution 8 over the set of irreducible sets Z¢(x) there is a
simple strategy profile that remains in C and according to which the limit discounted payoff converges to the long-run
average payoff indicated by S.

Proposition 3.4. Let x be a stationary strategy profile and let C be a communicating set under x. Let DM ... D® pe L irreducible
sets under x that are subsets of C, and let B = (ﬂ(’))f:] be a probability distribution over {1,2,---, L}. For every € > 0 there exists a
strategy profile o¢ that is defined as long as the play remains in C and satisfies the following properties:

e Under o the play does not leave C.
o The strategy profile ¢ can be implemented by automata with size |C| x L.
e For every initial state s € C, the limit discounted payoff under o ¢ satisfies

L
lim 3/ (s:0%) = > gP%(DV:x)|<e, VseC,VieN. (4)
r—>1 =

Proof. According to the strategy profile ¢ that we will construct the players will play in blocks of random size. In block k
they will ensure that the play reaches the set D, where I =k mod L, and once the play reaches this set they will follow
the stationary strategy profile x. The expected length of the block will be proportional to 8%, so as to guarantee that the
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limit discounted payoff will satisfy Eq. (4). Let i) be the signaller at D?, and let (s®, a(l)) € D(l) x (Ai(sV) \ supp(;0 (sP)))

be the state and the action that allow player i) to signal at D?, that is, they satisfy q(C | s©, a" (,), x_jo (s©)) = 1. Player i

will indicate when the block ends: Whenever the play visits state s he will play the mixed action (1—71®)x;s (s©) +n(l)a(l)

and in case his realized action is a" (,) the block will end. The constants (n(’))l ; will be chosen so that the expected length

of each block is proportional to ﬂ(’).

We now turn to the formal proof. Assume w.lo.g. that 8O > 0 for every [ € {1,2,---,L}. For every | € {1,2,---,L}
consider the Markov chain over D® induced by the stationary strategy profile x, and denote by p® the invariant distribution
given in Eq. (3). As mentioned before, p?(s) > 0 for every state s € D).

For every 1 € (0, mini_; 5.... ; BOp®(s®)) define the following strategy profile 5", which is defined only for histories
that remain in C:

1 Setl=1.

2. As long as the play is in C\ D®, the players follow the stationary strategy profile Ypo.c that leads the play to the set
Do,

3. As long as the play is in DO \ s®, the players play the mixed action profile x(s), where s is the current state.

4. Once the play is in state s, the players play the mixed action profile z, where

o._|X (s, ifi £i®,
ET A= nOxs®) +n0af), ifi=i0,

where n® If the action a' (,) has been played by player i) at state s, the index [ is increased by 1 modulo

ﬁ(l)p(b(s(l))
L and the players continue to Step 2. Otherwise the players remain in Steps 3 and 4.

Since player i®) is a signaller at D® w.r.t. C and x, the play under " never leaves the set C. The reader can check that
the strategy profile 6" can be implemented by an automaton with size |C| x L.

We finally verify that the limit discounted payoff of each player i under " is close to Y, BV(D®; x). Denote
by N,(;) := E;0 gn[ve\po] the expected number of stages the play stays in DO after it first arrived to state s¥. We note

that lim;_.o Nﬁ,l) = 0o, while the expected number of stages to reach state s in Steps 2 and 3 is uniformly bounded.
Consequently,

(0]
Ny
— Op® 0Dy —

1= llmN npY(sY) = llmnﬁ(l),

and the result follows by setting o to coincide with ", for n sufficiently small. O

3.2. Exits from communicating sets

In this section we recall the notion of exit from a communicating set, which was used in Solan (1999), Vieille (2000a,
2000b), and Solan and Vieille (2002), and show that players can control the way in which the play leaves a communicating
set.

Definition 3.5. Let C be a communicating set under the stationary strategy profile x. An exit from C w.rt. x is a triplet
(s, J,ay) of a state s € C, a set of players | C I, and an action profile a; € x;¢;A;(s) such that the following two conditions
hold:

(E1) If at state s the players in ] play a; while all other players play x_j, the play leaves C with positive probability:
q(Cls.aj.x_j(s) <1.

(E.2) J is a minimal set of players that has the property spelled out in (E.1): for every strict subset J' of | we have
qC|s,ap,x_;)=1.

The set of all exits from a communicating set C under x is denoted Exit(C, x).

For every state s’ € S and every mixed action profile y(s’) € xic;A(A;(s")), the probability that under y(s’) an exit from
C w.rt. x is played when the play visits s’ is

> [ [yit@i1s)- ] yitsuppexis)) Is) |,

{(s, J.aj)€Exit(C,x): s=s'} \ie] i¢]
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where y;(a; | s") is the probability that action a; is played under y;(s’) and y;(supp(xi(s’) | s') := Zaiesupp(xi(s)) vi(a; | s).
There may also be action profiles at s’ that are not exits and lead the play outside C. Those are action profiles that are in
faj} x ]‘[w supp(x;(s')) for some triplet (s’, J,a;) that satisfy (E.1) and not (E.2). The definition of exits implies that if y
is sufficiently close to x in the maximum norm, then the per-stage probability that under y(s’) an exit from C w.rt. x is
played, given that an action profile that is in {a;} x Hi¢] supp(x;(s')) for some triplet (s, J,a;) that satisfies (E.1) is played,
is high. This observation is summarized in the following lemma.

Lemma 3.6. For every ¢ > 0 there is § > 0 such that the following condition holds: for every stationary strategy profile x, every
communicating set C under x, every state s’ € C, and every mixed action y(s') € xjc; A(Ai(s")) that satisfies ||x(s") — y(s)]lco < 8,
we have

D_((5.J.a))€Exit(C.0) : 5=5') (Hie] yi@i|s)) - [lig; yi(supp(xi(s") IS’))

>1—¢.
2205 .ap): a(Clsay x s)<1) (Hief yi(@i 1) - [ligy yi(supp(xi(s") | s/))

Denote by v the first time in which an exit from C is played:
v :=min{n > 0: (s", J,a’) € Exit(C, x) and a} € supp(x;(s")) Vi ¢ J, for some J C I},

where a'} = (a)je;. Note that if v} < oo then vE < vce, provided the initial state is in C, where C° is the complement of C.

Let C C S be a communicating set under x, let (s, J,a;) € Exit(C, x) be an exit from C w.rt. x, let s9 € C be the initial
state, and let o be a strategy profile. The probability that (s, J,aj) is the first exit from C w.r.t. x that is played is given by

w(s®,o,Css, J.ap) = l’so’(,(s”’Ck zs,a;c :a],alyc € supp(xi(s)) Vi¢ J).

By Lemma 3.6, when o (h") is close to x(s") for every finite history h" € H, the sum Z(s,],a,)eExit(c,x) us o,Css, ], aj) is
close to Py , (V& < 00).

The next result asserts that there is a simple strategy profile that ensures that the play leaves a communicating set
according to any distribution over the exits.

Proposition 3.7. Let C be a communicating set under the stationary strategy profile x and let 8 be a probability distribution over the
set of exits Exit(C, x). There is a strategy profile 0 = (07)icj that is defined as long as the play remains in C and satisfies the following
properties:

1. For each player i € I the strategy o; can be implemented by automata with size |C| x |supp(B)|.
2. For every initial state s° e C, under o the play leaves C with probability 1, that s, P o (Ve <00) = 1.

3. For every initial state s° € C, the distribution of the first exit that is played coincides with 8, that is, 1(s°, o, C;s, J, aj) =
B(s, J,ay) forevery exit (s, J,aj) € Exit(C, x).

Proof. The idea of the proof is as follows: for each exit (s, J,a;) the players will play the stationary strategy profile y(s.c
until the play reaches state s, and at s they will play once the action profile z=2z(s, J,a;) defined by

. { Xi(s), ifigJ,
Tl A =mxis) +na,  ifie ],
before continuing with the next exit. The constants n will differ among the various exits, and will be chosen in such a way
that the total probability that the play leaves the set C through each exit (s, J,aj) is B(s, J,aj).
We now turn to the formal proof. Denote by L := |supp(B)| and supp(B) = {(s?, J?, a(]lg,)),l €{1,2,---,L}}. For every
n€[0,1] and every I € {1,2,---, L} define

I 11191
" nBsV, JO.al)
= 010 q® €011 )
1 _ZI/<I nﬂ(s 3] ),a](l/))
Note that for | =1 the denominator in Eq. (5) is equal to 1. For every [ € {1,2,---, L} let z0(5) be the mixed-action profile
at state s defined by
0 [567) ifig 0,
LA =) + 00, ifie JO.

Let o (n) be the strategy profile that plays in blocks of random length and is defined as long as the play remains in C, as
follows.
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. Set 1:=1.
. Play the stationary strategy profile y (s0}:c until the play reaches the state sO.
. At state sO play the mixed action profile z¥ (1) and the current block ends.

. If the realized action profile of the players in @ is a(]lz,) and the play did not leave C, we go to Step 1.
(0)

. If the realized action profile of the players in J® is not a5
Step 2.

g AW N =

the index [ is increased by 1 modulo L, and we go to

The strategy profile o (1) can be implemented by automata with size |C| x L. As soon as Z,L:1 n® >0 and s° € C, the
play leaves C with probability 1, that is, Pso ;) (Vce < 00) = 1. Moreover, under o (1) with probability 1 the play leaves C
through one of the exits in supp(8).

We finally argue that u(s®, o, C;s, J.ay) =BG, J,ay) for every exit (s, J,aj) € Exit(C,x). Eq. (5) implies that in every
cycle of L blocks the probability that the exit (s, ](’),a(Jl(),)) is played is n8(s?, ](’),a(Jl(),)), and once an exit is played,

past play is forgotten. It follows that the total probability that the first exit from C that is played is (s?, ](l),a(]’?,]) is

B(s, ]<l>,a(J’?,)), as desired. O

3.3. Perturbations of stationary strategies

For every playeri €[ let A — g? be a semi-algebraic function that assigns a A-discounted max-min strategy of player i
to every discount factor A. From now on we fix this function and we denote the limit stationary strategy by

x :=limx}, Viel,
A—1

and the limit stationary strategy profile by x! := (x])c;.
For every player i € I, the A-discounted max-min strategy gik satisfies

vH(s) < (1= W)ui(s, X} (5), x_i(5)) + Agi(s, X1 (5), x_i(5); v}), Vs €S, Vx_i(s) € X j.iA(A)).

By taking A to 1 and setting x_;(s) = x* ;(s) we deduce that

v/ () <@is,x'(5);v), VseS,Viel. (6)

Eq. (6) implies that every irreducible set under x! is a communicating set. Consequently, when the initial state is outside
C*(x!) and the players follow the stationary strategy x!, the play reaches a set in Cpax(x!) a.s. We call the states in S\ C*(x!)
transient states w.r.t. x!.

Definition 3.8. Let A9 > 0. A strategy o; € X; of player i is called (;, Ao)-perturbation if there is a function A; : H — [Ao, 1)
that satisfies the following properties:

e gi(h") = g?“'(hn)(s”) for every finite history h" € H.
e For every strategy profile o_; € ©_; and every initial state s € S we have X (Jimp 0o Aj(h) =1) = 1.

In words, a strategy o; is (x;, Ao)-perturbation if it plays only mixed action in the range of x; around A =1, and if A;(h")
converges to 1.

Let o0 = (0j)ic1 be a strategy profile in which o is (x;, Ao)-perturbation for every player i € I. If Ag is close to 1, then for
every n > 0 the quantity A(h") is close to 1, hence the mixed action o (h") is close to the mixed action x'(s"). It follows
that the play under o remains for long periods in irreducible sets in Z(x!). Moreover, during each visit to an irreducible set
D € Z(x") the play resembles the play under x!, in the sense that the frequency in which each state in D is visited is close
to the invariant distribution under x! over D defined in Eq. (3). This observation is summarized by the following lemma,
in which we denote by oy, the strategy profile o conditioned on the history h", that is, oy, = (0; p,)ic1, Where the strategy
oOi.n, is defined by

Gi,hn (hm) = 01(50’ 005 T Sn717 an*l”§O7aO”S\1’a1’ e 7§n1)7 th = (507603 e 7?11) €H.

Lemma 3.9. for every € > 0 there are N € N and A, sufficiently close to 1, such that for every Ag € [Ay, 1), every strategy profile o in
which each player plays an (x;, o)-perturbation for every player i € I, and for every finite history h" € H in which s" € D, we have
Pgn g (Vpe >N+ N)>1—¢ (7

and
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N
1
N > P ("M =5 vpe > n+ N) — pp a(s)| <€, VseD. (8)

m=1
3.4. Uniform e-max-min strategies

Mertens and Neyman (1981) proved that each player in a two-player zero-sum stochastic game has a uniform £-max-min
strategy, namely, a strategy that guarantees the uniform value up to ¢ in every discounted game, provided the discount
factor is sufficiently close to 1. As mentioned above, Neyman (2003) extended the result to multiplayer stochastic games.
We here present the part of his result that we need in this paper.

A strategy profile of player i is subgame-perfect uniform e-max-min if it is A-discounted e-optimal after every history,
provided the discount factor is sufficiently close to 1. Formally,

Definition 3.10. Let ¢ > 0 and let i € [ be a player. A strategy o; € X; is subgame-perfect uniform ¢-max-min if for every
n >0 there is A € [0, 1) such that for every A € [A(", 1), every finite history h" € H of length n, and every strategy profile
o_j € ¥_j we have

A . 1
Vi (" o, o) = Vi (s") — ¢,

where O_jpn = (O'j'hn)j?gi.

Note that the threshold A™ depends on the length of the history. When o; is a subgame-perfect uniform &-max-min
strategy, for every finite history h" € H, every bounded stopping time v > n, and every strategy profile o_; € ¥_; we have

V(") <Esng o Vi M)+ 26, 9

Proposition 3.11 (Neyman, 2003). For every € > 0, every Ag sufficiently close to 1, and every player i € I there exists a subgame-perfect

uniform e-max-min strategy 3{”0 that is (x;, Ao)-perturbation.

We will be interested in communicating sets under x!, and will identify two types of such communicating sets. Roughly,
the type of a communicating set C under x! is A if under some strategy profile that is composed of subgame-perfect
uniform e-max-min strategies of the players that are (x;, A¢)-perturbations, with positive probability the play never leaves
C (after some finite history), and the type is B if under some such strategy profile the play is bound to leave C with
arbitrarily high probability (after some finite history).

Definition 3.12. A communicating set C under x! has type A if there exists a positive number ¢ > 0 and for every & > 0 and

every Ao > 0 there exists a finite history hquo € H with squo € C, where s';,xo is the last state of hg,xo' and for each player

G5 that is (x;, Ao)-perturbation, such that

i € I there exists a subgame-perfect uniform ¢-max-min strategy o;

A& Vce =00) = €.
1,0 @00 i VEET OO 2L
e

A communicating set C under x! has type B if for every & > 0 and every ig € [0, 1) there exists a finite history hg’)\o eH

with sgy w €C and for each player i € I there exists a subgame-perfect uniform e-max-min strategy ’61.8’)‘0 that is
(x;, Ao)-perturbation, such that
SZ,AOq(ai;%?)\D )iel(vcc =00) <&

Because a subgame-perfect uniform &-max-min strategy that is (x;, Ao)-perturbation is also a subgame-perfect uniform
&’-max-min strategy that is (x;, A;)-perturbation whenever &’ > & and A{, > Ao, it follows that any communicating set has at
least one type. The definition does not rule out the possibility that a communicating set has both types. For a communicating
set C of either type we say that the histories (hg_xo)bo,xoe[&l) and the strategy profiles (35*}‘0)90@06[0,1) support the type
of C.

In communicating sets of type A the play may stay in C ad infinitum when all players play a subgame-perfect uniform
&-max-min strategy that is (x;, Ag)-perturbation. Since the strategies that the players play are subgame-perfect uniform
g-max-min, this implies that the long-run average payoff for all players on the event that the play stays in the set is high.
We will use this property to prove that in this case there is a simple strategy profile that remains in C and yields to all
players a high payoff. This is done in Section 3.5. In communicating sets of type B the play may leave C with arbitrarily high
probability. We will show that in this case there is a simple strategy profile under which the play leaves C with probability
1 and the expected continuation uniform max-min value is high. This is done in Section 3.6.
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3.5. Communicating sets of type A

The following result, together with Proposition 3.4, implies that if C is a communicating set under x! of type A, then for
every ¢ > 0 there is a simple e-acceptable max-min strategy profile at every initial state that lies in C.

Proposition 3.13. If C is a communicating set under x! of type A, then there exist L < min{|C|, |I|}, irreducible sets DV, ... DD ¢
Zc(x1), and a probability distribution g = (B)E_, € A({1,2,---, L}), such that SE BP0 %Y > vI(O).

Proof. Fix ¢ > 0 and let Ay be sufficiently close to 1 such that Egs. (7) and (8) holds for every strategy profile that is
composed of Ag-perturbations. Let (hg,xo)wo and (0%),.0 be the finite histories and strategy profiles that support the
fact that C has type A. By assumption,

P, exg (Vo =00) > ¢.
SS’)”O’O"Q."AO

This implies that there are n’ =n'(¢, o) € N and a history h" = h"' (g, 0) € H that extends the history hg,xo such that
s" € C and

Ps”’ s (vee=00)>1—¢€.
O

Since the strategies (Uf'ko)iel are subgame-perfect uniform e-max-min,
lim y/ "1 0,7 2 v{(C) —e. Viel. (10)

Eq. (8) implies that

doo (i‘“} Y™ a0, conv({y (D;x"), D Ic(§1)})> <e, (11)

where dus(z, B) = supyep doo (2, b) for every z € R? and every B € RY. By Eqs. (10) and (11), there is a probability distribution
Be over the set Zc(x') that satisfies

> Be(Dyi(D;x") = v{(C) —2¢, Viel. (12)
DeZc(x1)

The number of elements in Z¢(x') is at most |C|, and by Carathéodory’s Theorem it is sufficient to consider probability
distributions B; whose support is at most |I|. Since Eq. (12) holds for every & > 0, and since the space A(Zc(x!)) is
compact, the result follows. O

3.6. Communicating sets of type B

In this section we construct a simple strategy profile that ensures that the play leaves a communicating set and the
expected continuation uniform max-min value of all players is high.

Proposition 3.14. For every communicating set C w.r.t. X! of type B there exists a probability distribution B over the set of exits
Exit(C, x!) that satisfies the following two conditions:

e The support of B contains at most |I| exits.
e The expected continuation uniform max-min value under 8 is high:

Yo B Lapgits,ap,xl(9); v)) = v (0).

(s, J.aj)€Exit(C,x1)

Proof. Let (hg,)\o)s>0,/\oe[0,l) and (65”\0)5>0’x0€[0,1) be the histories and strategy profiles that support the type of C, and fix

& > 0. Since for every player i € I the strategy 3,.5’“’ is an (x;, Ao)-perturbation, by Lemma 3.6

> p(s®,55%, Cs, Joap) = (1—e)? > 1—2¢,
(s, J,aj)€Exit(C,x1)

provided Ag is sufficiently small. By Eq. (9),
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Z M(So’af,)ﬂ,c;sy],aj)wi(s,a],ﬁ_];zil)>!}(C)_48' (13)
(s, ], ay)€eExit(C,x1)

By letting € go to 0 in Eq. (13) we deduce that there is a probability distribution 8 on the set of exits that satisfies

Z ﬂ(s’J’alwi(s’al’l_ﬁL’l)Zz,-](C), Viel. (14)
(s, J.aj)€eExit(C.x1)

Since the condition in Eq. (14) involves |I| coordinates, by Carathéodory’s Theorem we can assume w.l.o.g. that the support
of B contains at most |I| exits, as desired. O

3.7. The construction of a max-min -acceptable strategy profile

In this section we complete the proof of Theorem 2.4. Fix € > 0. We will define a max-min &-acceptable strategy
profile o*¢, This strategy profile will follow the stationary strategy profile x! in states that are transient w.r.t x!, thereby
ensuring that the play reaches a maximal communicating set w.r.t. x!. Moreover, for every maximal communicating set C
w.r.t. x!, whenever the play enters C the strategy profile o*¢ will coincide with the strategy profile given by Propositions 3.4
and 3.13 (if C has type A) or Propositions 3.7 and 3.14 (if C has type B).

Define a sequence (k;)n>0 of stopping times that indicates when the play enters a maximal communicating set or visits
a transient state w.r.t. x!:

k() = 0,
and for every n >0,
knt1:=min{m >n: s™ ¢ C*(x"), ors™ € C € Crmax(x!) and s™ ¢ C}.

We now turn to the formal definition of o*. For every n > 0, define the strategy o*¢ between stages k, (including)
and kp41 — 1 (excluding) as follows:

o If skn ¢ C*(x1), at stage k, the strategy profile o *¢ coincides with x!, that is, o* (h*n) := x!(skn).

e Suppose that sk € C € Cnax(x!) and C is a maximal communicating set of type A. By Propositions 3.4 and 3.13 there
is a strategy profile o that is defined as long as the play remains in C, can be implemented by automata with size
|C| x |I|, under which the play does not leave C, and the limit discounted payoff of each player is at least 1}((’) —¢€.
The conditional strategy profile U:k’f coincides with the strategy profile o (1. Note that in this case the play under a;,;f
never leaves C, that is, ky+1 = o0.

e Suppose that sk € C € Cpax(x!) and C is a maximal communicating set of type B. By Propositions 3.7 and 3.14 there
is a strategy profile ¢@ that is defined as long as the play remains in C, can be implemented by automata with size
|C| x |I|, under which the play leaves C with probability 1, and the expected continuation max-min value of each
player i is at least v](C). The conditional strategy profile a;,;f coincides with the strategy profile ¢® until the play
leaves C.

The reader can verify that the individual strategy of each player can be implemented by an automaton with size |S| x |I|.
Lemma 3.15. Under the strategy profile o *¢, with probability 1 the play reaches a maximal communicating set of type A.

Proof. Assume to the contrary that the claim does not hold. It follows that there is a closed subset of transient states
and maximal communicating sets of type B; that is, there is a collection {C1, C3,---,Cr} of maximal communicating sets
w.rt. x! of type B and a subset T C S\ C*(x') of transient states, such that

e q((UL,C)UT|s,x(s)) =1 for every state s € T.
e Forevery I=1,2,---, L, every state s’ € Cj, and every exit (s, J,a;) € Exit(C, x!) that satisfies w(s’,0*¢,C;s, J, ay) >0
we have

a((UeC)uTIs.ap.889) =1.

This implies that either there exists an irreducible set w.r.t. x! which is a subset of T, or there exists a communicating set
under x! that strictly contains one of the sets Cy, Cy, --- , C. The first alternative contradicts the fact that C*(x') contains all
maximal communicating sets, while the second alternative contradicts the fact that Cq,---, C; are maximal communicating
sets. O
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Define the stopping time N as the minimal integer n such that s» belongs to a maximal communicating set of type A:

N :=min{n > 0: skneCe Cmax(x1), C has type A}.

The definition of the strategy profile o*¢ in transient states and on maximal communicating sets of type B (see Propo-
sition 3.14) imply that the value process is a submartingale, that is, for every player i € I, the sequence (gi] (sk")),’;’:] is a
submartingale under o **¢.

Together with Propositions 3.4 and 3.13 we now deduce that the strategy profile c*¢ is max-min 2&-acceptable.

3.8. The construction of a stationary correlated min-max ¢-acceptable strategy

In this section we prove Theorem 2.5 using the ideas presented in the proof of Theorem 2.4 and few additional ideas.
For every state s € S and every A € [0, 1] let G*(s) be the normal-form game with (i) player set I, (ii) the action set of
each player i € I is Aj, and (iii) the payoff function of each player i € I is

Uk(s; @) := (1 — Mui(s, a) +AZq(s’ |s,a)Vi(s'), VaeA.

s'eS

This is the one-shot game played at state s in which the continuation payoff of each player is given by his expected
discounted min-max value at tomorrow’s state.

For every state s € S and every A € [0,1) denote by E*(s) C xjc;A(A;) the set of Nash equilibria of the game G*(s),
and let E* := xesE*(s) € (xieA(A))S! be the set of stationary strategy profiles composed of equilibria of the games
(G*(s))ses. Note that for every mixed action profile x(s) € E*(s), the payoff to each player i € I in G(s) is at least V% (s):

V() S UL, x(9) = (1 = Mui(s, X(5) + 1 Y q(s' | 5, xSV (5), (15)

s'eS

where Uik(s; x(s)) is the multilinear extension of U,.*(s; -) to x jejA(Aj), for each player i e I.
Denote the set of all accumulation points of the sets (E*(s)) ae[0,1) as A goes to 1 by

E'(s) := limsup E*(s).
rA—1

That is, E'(s) is the set of all accumulation points of sequences (x*));=q, where x®(s) e E*“(s) for every state s € S and
every k > 0, for some sequence (A(k))kzo that converges to 1. Every point x € E1(s) is a Nash equilibrium of the game G!(s),
yet there may be Nash equilibria of G!(s) that are not in E!(s). By taking the limit of Eq. (15) as A goes to 1 we deduce
that

Vi) <Y qs 5. x())V] () = (s, x(5); V'), VseS,VxeEl(s),Viel. (16)

s'eS

We will use the following variation of communicating set, which is analogous to Definition 3.1.

Definition 3.16. A set of states C C S is communicating under E' if the following conditions hold:

(C'1) v'(s) = V' (s") for every two states s, s’ € C. Denote by v!(C) the common uniform max-min value in states in C.
(C’.2) For every state s € C there is a stationary strategy profile x € E! and an enlargement Yisy,c of x such that

(i) the set C is closed under y() c, and

(ii) under y(s) c the play reaches state s with probability 1, provided the initial state is in C:

P

0.y c(Visy <00) =1, ¥s®eC.

Denote by Cmax(E!) the set of all maximal communicating set under E! w.r.t. set inclusion and by C*(E') := UceComa(EH)C
the union of all maximal communicating sets under E!. The reader can verify that if C; and C, are two communicating
sets under E! with nonempty intersection, then C; U C; is also a communicating set under E'. Consequently, maximal
communicating sets are disjoint.

By Eq. (16), for every stationary strategy profile x € E!, every irreducible set D € Z(x) is a communicating set under E'.
This implies that whenever the initial state is not in C*(E') and the players follow a stationary strategy x € E!, the play
reaches some communicating set with probability 1.

The state-action frequency vector of a correlated strategy at a given initial state is the long-run average frequency in which
each action profile is played at each state.
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Definition 3.17. Let T be a correlated strategy. The state-action frequency vector of T at the initial state s° € S is the probability
distribution pg , over S x A that is defined as follows:

N
. 1
,050’.[(5, a) = l\lh—>moo NESO"{ |:X; 1{5”=s,a":a}:| , V(s,a)eS xA. (17)
n=

The state-action frequency vector is well defined only if the |S| x |A| limits defined in Eq. (17) exist. The state frequency of
state s under the correlated strategy 7 at the initial state s is

P50 £ (8) := Zpso’,(s, a).
acA

We will consider below only correlated strategies for which the state-action frequency vector exists, hence issues of
nonexistence of the state-action frequency vector and of the state frequency vector will not arise.
The state-action frequency vector can be related to the limit discounted payoff as follows:

: A0, —
limy %= 37 pc(s.auis.a).
seS,acA(s)

For every communicating set C under E' denote by Xcor(C) (resp. »$AL(C)) the set of all correlated profiles (respectively
stationary correlated profiles) under which the play never leaves C, provided the initial state is in C. For every initial state
s9 € C denote the set of all state-action frequency vectors of correlated strategies that remain in C by

Meorr(s% €) == {050 7 : T € Teorr(C)} C REXIAL
and the set of all state-action frequency vectors of correlated stationary strategies that remain in C by
A
M3t (8% 0) :={p o T € B (C)} C RSIAL

The following result, which states that the set of state-action frequency vectors of correlated strategies coincides with the
closure of the set of state-action frequency vectors of correlated stationary strategies, follows from Altman (1999, Theo-
rem 11.1), Rosenberg et al. (2004), or Mannor and Tsitsiklis (2005).

Theorem 3.18. For every communicating set C under E! and every initial state s° € C we have o (s%; C) = closure(l‘lzg‘}r(so; 0)),
where for every set X in a Euclidean space, closure(X) is the closure of X.

For every communicating set C under E!, define the set of exits from C as the set of all pairs of a state s in C and an
action profile a at s that lead the play outside C with positive probability:
Exit(C) :={(s,a): s€ S,ae A(s),q(C|s,a) < 1}.

As before we denote by v¢ the first stage in which an exit from C is played. For every correlated strategy 7, the probability
that the first exit from C that is used is (s, a) is given by

w(s®, 7,C;s,a) :=Pso,r(s"é‘ =s,a'C =a).

The analog of Theorem 3.11 that we will use in the proof of Theorem 2.5 is the following result, which is a consequence of
the study of Solan and Vieille (2002) on correlated equilibrium in stochastic games.

Theorem 3.19 (Solan and Vieille, 2002). For every maximal communicating set C under E' at least one of the following conditions
hold.

(SV.1) Forevery € > 0O there exists a strategy profile o that is defined for finite histories that remain in C, under which the play never
leaves C, provided the initial state is in C, and satisfies

lim % (s% o) > v} (C) —e, Vs®eC.
A—>1

(SV.2) There is a strategy profile o that is defined for finite histories that remain in C that satisfies the following conditions:
e Under o the play leaves C with probability 1, that is, Py , (Vce < 00) = 1, provided secC.
o The expected uniform min-max value upon leaving C is at least the uniform min-max value in C, that is,

Y. w60, Csagis.aT) = Vi(0), Viel
(s,a)€Exit(C)
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Communicating sets under E' that satisfy Condition (SV.1) (resp. Condition (SV.2)) of Theorem 3.19 correspond to com-
municating sets under x of type A (resp. type B). Fix & > 0. By Theorem 3.18, in the former case there is a stationary
correlated strategy xc that satisfies

lim ¥ (% xc) = V] (C) — 2e. (18)

Similarly, in the latter case, there is a stationary correlated strategy xc that satisfies Py . (Vce < 00) =1, provided s9ecC,
and

Yo 6 xe, Cis, @it a; V) = Vi(O). (19)
(s,a)€Exit(C)

Let x € E! be any stationary strategy profile. We are now ready to define a stationary correlated strategy x* that is
min-max g-acceptable. For every state s € S:

o If s ¢ C*(E), set x*(s) := x(s).
e If s is in some maximal communicating set C € Cmax(E1), set x*(s) := xc(s).

Under the stationary correlated strategy x*, with probability 1 the play reaches a communicating set that satisfies Con-
dition (SV.1). Moreover, denoting by N the first stage in which such a communicating set is reached, by Eqgs. (16) and (19)
we have

Vi (s%) <Eg [vi(sV)], Viel,vs'es,

that is, for every player i € I the process (V} (sk"))nzo is a submartingale, where (k;)ne>0 are the stages in which the play
enters a maximal communicating set under E! or visits a transient state under E!, that is, a state in S\ C*(E'). Together
with Eq. (18) this implies that

lim y*(s%; x%) > v} (s%) —3¢,Viel,vs® €S,
r—1
so that x* is indeed max-min &-acceptable, as desired.
3.9. Subgame perfectness

The notion of acceptability that we defined is not subgame perfect. That is, even if T is a w-acceptable correlated
strategy, there may be a finite history h" € H such that limsup,_, ; yi* (s"; Tyn) < wi(s™) for some player i € I. The following
definition incorporates subgame perfectness into the definition of acceptability.

Definition 3.20. Let ¢ > 0. A correlated strategy 7 is subgame-perfect w-acceptable if for every player i € I, every finite history
h"™ € H, and every discount factor A sufficiently close to 1, we have yi’\ (s™; i) > wi(s™).

A stationary w-acceptable correlated strategy is in particular subgame perfect. In particular, the stationary correlated
min-max &-acceptable strategy that was constructed in the proof of Theorem 2.5 is subgame perfect. The reader can verify
that the strategy profile that was constructed in the proof of Theorem 2.4 is subgame perfect as well.

3.10. Complexity issues

Our proof allows one to construct a max-min &-acceptable strategy profile and a min-max g-acceptable correlated sta-
tionary strategy. One necessary step in the construction is the calculation of the uniform max-min value and the min-max
value of all players in all states. Arnsfelt Hansen et al. (2012) provided a polynomial-time algorithm to calculate the uniform
value of a two-player stochastic game. It may be hoped that the algorithm can be extended to multiplayer games (recall
that the technique of Chatterjee et al. (2008) implies that this problem is in the complexity class EXPTIME).

The max-min e-acceptable strategy profile (resp. the min-max e-acceptable correlated strategy) that we constructed may
use irrational probabilities. Since the strategy profile can be implemented by an automaton, and since the invariant distri-
bution of a Markov chain is continuous in the transition function, any approximation of the strategy profile by a strategy
profile that uses only rational probabilities is max-min 2&-acceptable (resp. min-max 2&-acceptable). Thus, Theorem 2.4
(resp. Theorem 2.5) can be strengthened to require that the max-min &-acceptable strategy profile (resp. the min-max
g-acceptable correlated strategy) that can be implemented by small automata uses only rational probabilities.
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