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Abstract

We study irreducible time-homogenous Markov chains with finite state space in discrete
time. We obtain results on the sensitivity of the stationary distribution and other statistical
quantities with respect to perturbations of the transition matrix. We define a new closeness
relation between transition matrices, and use graph-theoretic techniques, in contrast with
the matrix analysis techniques previously used.
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1. Introduction

The present paper concerns irreducible time-homogenous Markov chains with a finite state
space in discrete time. We are interested in the effects of perturbations of the transition matrix
on the stationary distribution and on other statistical quantities.

This question has a long history, starting with Schweizer [13]. Let S be a finite set and
q = (q(t | 5))s.res an irreducible transition matrix (so the (s, #)th entry of the matrix ¢q is
q(t|s)). Let g = ((§(t | 5))s.res be another transition matrix. Denote by u = (us)ses and
L = (fi5)ses the stationary distributions that correspond to ¢ and ¢ respectively. Schweizer
[13] estimated || — ft||oo as a function of ||g — § || using the fundamental matrix of Kemeny
and Snell [6]. A vast literature has followed up Schweizer, and provided various estimates for
Il — ftlloo and | (s — fLs)/1s| (s € S) as a function of ||¢ — §||leo- See, for example, [11], [4],
[14], [15], 8], [7], [2].

O’Cinneide [12] studied the effects of entrywise relative perturbations on the stationary
distribution; that is, he provided a bound on |(us — fis)/us| as a function of

{Q(t |s) q(t | S)}
maxy ——, ——— ¢.
siees|q(t | s) q(t]s)

Our paper differs from the existing literature in three respects. Firstly, we introduce a
new way of measuring the difference between two transition matrices. In the spirit of the
entrywise relative perturbations of O’ Cinneide [12], our measure ismax{|1—g (¢ | s)/q (¢ | s)|},
but the maximum is not taken over all pairs s, € S. Rather, the maximum is taken over
all frequent transitions s +— ¢. Formally, the notion of closeness between ¢ and ¢ is the
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108 E. SOLAN AND N. VIEILLE

following. For a transition matrix ¢, we define ¢, = mingcccs D sec wsq(C | s), where
C = S\ C is the complement of C in S. This is a variant of the conductance (see e.g.
[51, [9], [10]). Given ¢, 8 > 0, we say that § is (e, B)-close to ¢ if, for every two states
s, 1 €8, 11 =4 | 9)/qt | s)| = B whenever (a) sq (1 | s) = €gq or (b) usq(t |, s) = &g4.
Condition (a) holds whenever the transition from s to ¢ occurs frequently. Condition (b) is not
analogous to (a), since it involves the stationary distribution of ¢ and the transition matrix q.

Provided that ¢ and B are small enough, we show that ¢ is irreducible, and wu//is is close
to 1 foreachs € S.

The logic behind this closeness relation, and its novelty, is that even large perturbations that
occur in rarely visited states should not affect too much the stationary distribution. This point
is illustrated in the example that is studied in the next section.

A motivation for using this closeness measure is the following statistical implication. Assume
that a statistician observes a realization s1, ..., sy of (the first N components of) a Markov
chain with unknown irreducible transition matrix g. Given these observations, he computes the
empirical transition matrix ¢ and the invariant distribution ft of ¢ (if sy = sy, ft coincides with
the empirical occupancy measure). For fixed €, 8 > 0, if N is large enough, ¢ is (e, 8)-close
to ¢ with probability close to 1, hence fi is an accurate estimate of the invariant distribution of
the underlying Markov chain.

The second way in which this paper differs is that, instead of using matrix analysis, we use
the graph techniques developed by Freidlin and Wenzell [3] and extensively used in the analysis
of Markov chains with rare transitions (see e.g. [1]).

Thirdly, our approach allows us to estimate the sensitivity of other statistical quantities, such
as the exit distribution from a given set and the average length of visits to a given set.

The paper is organized as follows. Section 2 contains the statements of the main results. We
also study there an example that illustrates the advantage of our closeness relation and compares
the bound we derive to existing bounds. Section 3 briefly recalls standard formulae, and states
a few elementary properties of graphs. Section 4 is devoted to the proof of the main result. The
last section deals with a variation of the main result.

2. Notation and results

Let S be a finite set, fixed through the paper, with at least two elements. For every subset
C C§,C = S\ C is the complement of C in §, |C| is its cardinality, and A(C) is the set of
probability distributions over C.

2.1. Main result

Let ¢ be an irreducible transition matrix over S, with stationary distribution g = (us)ses-
For every C C S we denote uc = erc ws. Let ¢ be another transition matrix over S.
Assuming that ¢ is irreducible, we wish to bound the distance between u and ji.

Our notion of closeness of § to ¢ involves a measure of how mixing ¢ is. Our measure
involves the quantity

= min Clys),
& gcCCséﬂsQ( |9)

which is a variant of the conductance; see e.g. [5], [9], [10]. Given C C S, the quantity
Y osec wsq(C | s) measures the average frequency of transitions out of C. Hence, ¢4 » being
the lowest such frequency, is a measure of how isolated a subset C may be. Formally, we make
the following definition.
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Definition 1. Let ¢, 8 > 0. We say that a transition matrix q is (g, 8)-close to q if, for every
two states s, € S,

q|s)
A
‘ a1 =P

whenever (a) (1 | 5) = £y or (b) (1 | ) = £4g.

Note that this closeness notion is not symmetric, since we use only the stationary distribution
of q.

Denote
[S]—1

L= 5 ()

n=1

‘We now state our main result.

Theorem 1. Let 8 € (0, 1/25) and let

1—
< (o. pA-P)\
L|S*
For every irreducible transition matrix q on S and every transition matrix § that is (¢, B)-close
toq,

(1) q is irreducible and

(ii) its stationary distribution jL satisfies

.
Ms

< 188L

foreachs € S.

2.2. An example and comparison with existing bounds

As mentioned in the introduction, many authors provided bounds for the sensitivity of the
stationary distribution.

We now study an example that first highlights the logic behind the closeness relation, and
second shows that, in some cases, the bound we give is better than existing bounds.

Fix § € (0, %). Take a Markov chain with three states and transition matrix with

g2 =1-3,
q@3 1 1) =34,
q(112)=q1]3)=1

Thus, in every other stage the process visits state 1. In particular, the stationary distribution p
is given by
1 1= 9
n1 = 25 n2 = 2 ’ n3 = 2'

The quantity ¢, is given by

g“q:min{—,— 8, -(1-68), — + = =3

1 1-6 6§ 1_1 1-6 8| ¢
272 727272 2 2
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Fix B, ¢, and n with 0 < 8 < % =1/22,0<e < B —p)/3*Land0 < 5 < &.
In particular, we can choose n = 8/C, where C > 1 is some fixed scalar, independent of §.
Define a transition matrix ¢ by

g1 H=1-3,
g3 11 =3,
q(112)=1,
g 3)=1-n,
4313 =n.

Thus, we only change the transitions out of state 3. Moreover, whereas the relative size of
the transition 3 — 1 changed moderately, the relative size of the transition 3 + 3 changed
dramatically.

We first argue that ¢ is (g, 8)-close to ¢. Indeed, |1 — ¢(¢ | 5)/q(t | s)| = O whenever
s #3,and |1 —g(1|3)/q(1]3)] =n < B. The claim now follows, since u3q(3 | 3) = 0
and 13G3 | 3) = (3/2) < gge.

Thus, Theorem 1 states that | (3 — f3)/1u3| < 18LB = 18LCh.

This example highlights the logic behind our closeness relation. Since state 3 is rarely
visited, the stationary distribution is not too sensitive to changes in transitions out of this state,
even though these changes are relatively large.

Cho and Meyer [2] bound the sensitivity of the stationary distribution by the mean first
passage time:

_ g -l

max M, g, (D

t#s

’/J«s — fLs

s
where M, ; is the mean first passage time from state ¢ to state s.

In the example, max;z; M;; = M3 = 2/§, hence the bound provided in [2] for
[(3 — f13)/ 3] is n(1/8), which is worse than our bound when § is small.

Observe that for our example, Corollary 4.2 in Cho and Meyer [2] can also be used, but it
yields the slightly worse bound of nM; 3 = n(2/§ — 1).

In the case of two-state chains, the bound (1) is very close to the bound that can be derived
from Theorem 1, up to a universal constant. Indeed, (1) then reduces to

‘Hvs — fLs
s

1 A o 1 1
= smax{lg2 | =g Dl 1g12)—q ] 2)|}ma>({q(2 D 7] 2)(}2-)

On the other hand, ¢; = min{u1q(2 | 1), u2g(1 | 2)}. Hence, Theorem 1 yields

Ms — fLs
s

= 368,

with R R
q21 1) —-q2]1D q(1|2)—q(1|2)}
q2 1 1) q(1]2) ’
provided that 8 < le an inequality which is slightly more precise than (2), up to a constant 72.
Kirkland et al. [7] bound the relative sensitivity by

)

o]

lg —dlloo, ,—
== Z1A; oo,

‘ MHs — /ls
M
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where A is the fundamental matrix of [6], and A; is the (n — 1) x (n — 1) submatrix of A
obtained by deleting the sth row and column.
We can verify that, in our example,

1 1494
A3=(_1 | >

A7l =

so that

Thus, the bound for |(u3 — ft3)/13| is /28, which is worse than our bound when § is small.
Note that the entrywise ratio bound given by O’Cinneide [12] is not useful in this example,
since ¢(3 | 3) = 0 while g(3 | 3) > 0.

2.3. The transition matrix changes in a subset of states

In some cases, the transition matrix is perturbed only in a subset S1 C S, and the transition
matrix restricted to Sy is sufficiently mixing, in the sense that the probability of reaching any state
in S before leaving S is bounded from below. In this case, instead of taking the conductance
in the definition of the closeness relation, we can take another quantity, which is, in a sense,
the conductance restricted to S;.

Such a case occurs, for example, if the state space can be partitioned into some subsets, the
transition matrix is mixing in each subset while the probability of moving from one subset to
another is small, and we perturb the transition matrix only in one of the subsets.

Let S be a subset of S, with |S1| > 1. Define

¢ = L min > usq(C ).
seC
Definition 2. Let ¢, 8 > 0. We say that a transition matrix ¢ is (¢, 8)-close to q on S| if, for
every s € Sy andrt € S,
‘ LG
q(|s)

whenever (a) usq(t | s) > 84‘,} or (b) usg(t | s) > 8(,,1-

Let (s,,) be a Markov chain with transition matrix . We denote by Py , the law of (s,) when
the initial state is s and by E 4 the corresponding expectation.

For every proper subset C of S, we let Tc = min{n > 0, s, € C} denote the first hitting
time of C and TC+ =min{n > 1, s, € C} the first return to C . By convention, the minimum
over an empty set is +00.

We now state the theorem that corresponds to Theorem 1.

Theorem 2. Let 8 € (0,1/251), a > 0 and

1 /a\ISIB(1 — B)
86(0’5(2) LX—|S|4>

Let q be an irreducible transition matrix such that Py 4 (TSJ]FU{t} = T{j}) > a foreverys,t € ;.
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Then, for every transition matrix q that is (g, 8)-close to q on S| and that coincides with q
on S\ S,

(i) all states of S1 belong to the same recurrent set R for q,
(ii) the stationary distribution jL of § on R satisfies

‘1 i(s | S

< 18B8L hs e Sy,
2GS BL foreachs 1

where (s | S1) = 115/ps,-

Note that the claims in Theorem 2 differ from those in Theorem 1. It is no longer claimed
that ¢ is irreducible, nor that the unconditional stationary distributions g and ji are close. The
statements in Theorem 2 are optimal in this respect. This is due to the fact that the quantity
{,Il contains no information on the frequency of transitions out of S;. To emphasize this point,
consider the following example.

Assume that S = {a, b, c} and S| = {a, b}. Let ¢, B € (0, %) be given. Let two additional
parameters A and n be given in (0, 1), and define ¢ as follows. From state a a chain with
transition matrix ¢ moves to ¢ with probability 1, and otherwise to b. From state b, the chain
also moves to ¢ with probability 1, and otherwise to a. From state ¢, the chain remains in ¢
with probability 1 — A, and otherwise moves to a or b with equal probability %)»

Plainly, ¢ is irreducible, and the value of ©, = 1, depends on the ratio A/n: this common
value may be arbitrarily close to 0 provided that A /7 is close enough to 0 and may be arbitrarily
close to % provided that A /7 is close enough to +o00. Note that qu = uaq({b, c} | a) = nq.
Let ¢ now be defined exactly as ¢, except that the parameter 7 is replaced by another parameter
n € [0, 1]. As soon as n, 7 < min{e, B}, q is (¢, B)-close to ¢. This is in particular the case if
n = 0, in which case ¢ fails to be irreducible. On the other hand, even if 77 > 0, the values of
n, N, and A can be chosen in such a way that the inequalities 1, 7 < min{e, 8} are satisfied, and
n < A < 7). Hence, even if ¢ is irreducible, its unconditional stationary distribution ft may be
arbitrarily far from u.

2.4. Sensitivity of other quantities

Our graph-theoretic approach allows us to obtain information on other quantities of interest.
We here present the statements of the corresponding results.

We let Q. 4(- | C) denote the law of the exit state from C: Qy 4(t | C) = Py (Tz = Ty)
for ¢t ¢ C. Next, we set

Y oiec Miq(s | 1)

forC Cc Sands € C, 3)
D ee mq(C | 1)

ve(s) ==

and

Kc =Y vc(s)Esylec] forC CS.
seC

The numerator and the denominator in (3) are, respectively, the long-run frequency of transitions
from C to s and from € to C. Thus, v (s) is the probability that s is the first state visited in C
by the process, while K¢ is the average length of a visit to C.

Assuming | that ¢ is irreducible, the corresponding quantities for ¢ will be denoted by QO 4,
ve(s), and K c- We now state the results on Qg ; and K ¢ that hold in the framework of
Theorems 1 and 2 respectively.
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Theorem 3. Set ¢ = 2|S|%. Under the assumptions of Theorem 1, for each C C S,
) Q5,1 C) = Qs 4( | Ol <12BL foreverys € C,
(i) (1/e)Kc < Kc < cKe.
Theorem 4. Set ¢ = 2|S|%. Under the assumptions of Theorem 2, for each C C S},
D) Q5,4 1C) = Q54 | Ol <12BL foreverys € C,
(i) (1/c)Kc < K¢ < cKe,
(i) (1/0)Ks, < Ks, < cKs, or Ks,. Ks, > (1/2¢[SDps, /¢,

We let ¢ be an irreducible transition matrix over S. It is fixed throughout the paper.

3. Preliminaries

Our computations are based on formulae due to Freidlin and Wenzell [3] that express
stationary distribution, exit distributions, and expected hitting times in graph-theoretic terms.
For a discussion of some applications, we refer the reader to [1]. These tools have also been
used in the context of stochastic games in [17] and [16].

The weight of a graph is obtained from the transition probabilities corresponding to the
different edges of the graph. We recall these formulae in Section 3.1. Next, we compare the
weights of a given graph under a transition matrix ¢ that is close to q.

3.1. Reminder

Given C C S, a C-graph is a directed graph without cycle g over S such that:
e fors € C, there is exactly one edge starting at s, denoted by (s, g(s));
e for s € C, there is no edge starting at s.

Note that our C-graphs correspond to C-graphs in [3] and [1].

Thus, given s € C, there is a unique path starting at s and ending at some ¢ € C. We say that
s leads to t along g. We denote by G(C) the set of C-graphs; fors € C and ¢ € C, G+ (C)
is the subset of graphs g € G(C) such that s leads to ¢ along g. Note that G(C) depends
only on C, and not on the transition matrix. Note also that L bounds the number of graphs:
L= pcees GO

We identify each C-graph g with the collection of its edges: g = U, {(s, g(s))}.

Given D C C and g € G(C), the restriction of g to D is defined to be the subgraph of g that
contains exactly those edges of g that start in D. Thus, it is the D-graph g’ = (J;cp{(s, g(s))}.

For every g € G(C), we define the weight of g under g by

p@) =[] at1s.

(s,1)€g

The following formulae were derived by Freidlin and Wentzell [3, Lemmas 6.3.1, 6.3.4
and 6.3.3]. For more direct statements and alternative proofs, see [1].
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Proposition 1. (Freidlin and Wenzell [3].) Let (S, q) be a Markov chain.
(1) If q is irreducible, then, for every s € S,

2Gs\is) P(&)

BT Y s Zosvon P@) @
(i1) For every proper subset C of S and every s € C,
B gl7] = Y G(C\ish P& T XieCiits 206G, (1) p(g)7
ZG(C) rg)
and
O;5,4(1C) = M foreacht ¢ C. (5)

26,0 P(&)
3.2. Basic properties
In this section we provide basic properties of weights of graphs. The transition matrix ¢q is

here arbitrary.

Definition 3. Let C be a proper subset of S and let n > 0. A graph g € G(C) is n-maximal if

p(g) =n max p(g).
g'eG(C)

We denote by G"(C) the set of n-maximal C-graphs. For simplicity of notation, we do not
emphasize the dependence of G"7(C) on the transition matrix. Clearly, G7(C) is nonempty
forevery n < 1 and C C §. Itis worth listing a few basic properties of graphs that we use
repeatedly.

Proposition 2.

(i) Let C1NCy = @ and g; € G(C;) fori = 1,2. If all paths of g1 lead to C1 U C», then
g1 Ugrisa Cy UCy-graph.

(ii) Let C1NCr = @ and g € G"(Cy U C2), and let g; be the restriction of g to C;. If all
paths of g2 lead to C1 U C, then g1 € G"(C)).

(iii) Let C1NCyr =T and gi € G"(C;) fori = 1,2. If g1 U g2 is a C1 U Cp-graph, then it
is n1n2-maximal.

Proof. (i) and (iii) follow from the definitions. We now show that (ii) holds. Otherwise,
there is a g; € G(Cy) such that p(g1) < np(g}). By (i), g’ = g} U g2isin G(C; U C»), but
p(g) < np(g), a contradiction.

Note that (ii) need not hold without the condition that all paths of g lead to C; U C3. Indeed,
take
S={]’273’4}’ Clz{l}’ C2={2}7

and
g2 D=q(1]|2)=1-¢g@|1)=1-q@4|2) =3

The Cy-graph g1 = (2 — 4) is %-maximal and the C; U Ca-graph (1 — 2,2 +— 4) is
1-maximal.
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Lemma 1. Let C be a proper subset of S, let n > 0, and let H be a set of graphs such that
G"(C) € H € G(C). Then

- dec(c) p(g) B

1 <nL.
deH p(g)

In particular,

deH p(g)
<
2 gec(c) P(8)
Proof. Since H € G(C) and by the definition of G"(C),

0<1- n

< deG(C)P(g) 1= des(c)\H r(g) - deG(c)\Gn(c)P(g)
deH p(g) deH p(g) - deGl(C)P(g)

as desired.

4. Proof of the main results

We here prove Theorems 1 and 3. We let e, B € (0, 1) satisfy the assumptions of Theorem 1,
and ¢ be another transition matrix over S. We assume that §q is (g, B)-close to q.
4.1. On graphs

For every proper subset C of S and every 1 > 0, we denote by G"(C) the set of n-maximal
graphs under ¢. For every C-graph g, p(g) = [[;cc 4(g(s) | ) is the weight of g under 4.

Lemma 2. For every proper subset C of S,

1-8

S Y 1sq(C19) <Y wsG(Cls) < A+ BISPY usq(C | 5). 6)

seC seC seC

Proof. Let sy € C and 1y € C maximize the quantity 15q(¢ | s) amongsts € C andt € C.
Then _
1sq(C1s) _ &g

pandlo | s0) 2 ) R = o > ety
seC

Since q is (g, B)-close to q, G(to | so) > (1 — B)q(ty | so). In particular,

D 1sG(C | 8) = 14 to | 50)

seC
> (1 = Busyq(to | s0)
1— _
> —f > uq(C | ), (7
|S| seC

and the left-hand inequality in (6) holds. B
Lets; € C and t; € C maximize the quantity usg(¢ | s) amongsts € C and ¢t € C. By (7),

wsq(C1s) _ (L= PGy

TICEENED Y SE 2 5P

seC
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Since q is (g, B)-close to q, g(t1 | s1) > q(t1 | s1)/(1 + B). Therefore,

D usq(C 1 8) = gt | s1)
seC

1 .
S t
1+’3Ms1€7(1 | s1)

1 _
> ———— > wg(C | 9),
(1+B)ISP =

and the right-hand inequality holds as well.
Lemma 3. Let C C Sand s € C be given. For every g € GP(C),

nsq(g(s) | s) > &lyq

and for every g € GP (),
usq(g(s) | s) > egq.
Note that the second claim is not symmetric to the first, since in both we use the stationary
distribution of ¢.

Proof. The proof is quite similar for g € GP(C)and g € G# (C). We prove the lemma for
the former, and mention where the proof for the latter differs.

Let g € GP(C) be arbitrary. The proof is by induction over the number of states in C.

If |C| = 1, then C = {s} for some s € S. Since g is f-maximal,

LT
nsq(g(s) | s) > |S|/qu(C | s) > 5P
When g € Gﬁ(C),by Lemma 2,
msq(g(s) | s) = ﬁﬂ g(C1s) > ﬂﬂu q(C | s) > ﬂﬂ; .
’ —s s Usp

Consider now the case |C| > 1.

We first assume that there are at least two edges of ¢ whose endpoints do not belong to C.
Lets; # sp € C. Let g; be the restriction of g to C \ {s;} for i = 1, 2. By Proposition 2(ii),
gi € GP(C\{s;}). Since any edge of g is an edge of g| or g» (or both), the induction hypothesis
applied to C \ {s;} and g; for i = 1, 2 implies that the claim holds for g.

Assume now that there is a unique state s; € C such that g(s;) ¢ C. Let g1 be the restriction
of g to C \ {s1}. By Proposition 2(ii), g1 € GP(C\ {s1)). By the induction hypothesis applied
to C\ {s1} and g1, sq(g(s) | s) > €4 for every s € C \ {s1}. Thus, it remains to show that
Msi q(g(s1) | s1) = €&y

Let s, € C maximize the quantity ,u,sq(C_' | ) amongsts € C (when g € GP (C), itis chosen
to maximize ;G (C | s)). By the definition of ¢, MSZq(C_' | s2) = &4/1S| (when g € Gﬂ(C),
by Lemma 2, 115,G(C | 52) = (1 — )¢, /IS1?). Let § € G'(S\ C) (when g € GP(C), we also
choose § € G!(S\ C)) . By Proposition 2(i) and (iii), § U g1 € G(S \ {s1}).

Let g € GlgS \ {s2}). Since g|s\c is a § \ C-graph, we have p(g) > p(gs\c)- Since,
for every 1 € C, gjc\(sy} U (s2, 1) is a C-graph, p(g) > p(g|c\(s;})q(t | 52). In particular,
p(8)p(g) = Bp(8)q(t | 52) foreveryt € C, and therefore p(g) p(g) = (B/IS)p(8)q(C | s52).
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Let ¥ = ZyeS deG(S\{y}) p(g). By (4),

MsZ% Y. p@.

geG(S\{s})
In particular,
Sq
|S| - /Lszq(c | 52)
< deG(S\z{:Sz}) p(g)q(é | 52)
o L@ 1)
= %
=< 2|_ﬁ| @p(g) = z|_ﬁ|17(gug \ {Gs1, gGs1)Dg (g(s1) | 51)

L|S
52|—ﬂ| S p@ateln | s
geG(S\{s1})

L|S|
B

But then g, g (g(s1) | s1) > €&y, as desired. The calculation when g € Gﬂ(C) is analogous.

—— s q(g(s1) | s1).

Corollary 1. For every proper subset C of S,

‘1 _% < (S| + 1B foreveryg € GF(C)UGF(C) ®)
and (2)
geh P8 ‘ SI+1
‘deHpU < IS+ 1.

where H = GP(C)U GP (C).
Thus, the weights of 8-maximal graphs under ¢ and § are close.

Proof. Note first that the second inequality follows immediately from the first one. Let us
prove (8). Let g € G (0). By Lemma 3, u;q(g(s) | s) > ¢, forevery s € C. Since ¢ is
(e, B)-close to g, (1 — B)q(g(s) | s) < G(g(s) | s) < (1 + B)g(g(s) | s). Multiplying this
inequality over s € C yields (1 — 8)/€Ip(g) < p(g) < (1 + B)€I p(g), and (8) follows.

The proof for g € G# (C) is similar.

4.2. Proof of Theorem 1

Proposition 3. The transition matrix q is irreducible.

Proof. Tt is enough to prove that, for every nonempty subset C C S, there exist s € C and
t ¢ C suchthat (¢ | s) > 0.

Lets; € C and #; & C be such that s q(t | s1) > ;,1/|S|2 > e¢,. Since q is (&, B)-close
tog,q(t | s1) > —Bq(t|s)>0.

We need the following technical lemma.
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Lemma 4. (i) Let (a,)] | and (b; )l | be positive numbers and let ¢ > 0. If |a;/b; — 1| < ¢

fori=1,...,1, then

‘Zl 14
l]b

min{ay, a», ..., ar}
min{by, by, ..., bs}

-1 —1| <e.

<& and ‘

(i) Let ¢ € (0, %) andleta, A,b,B > 0. Ifla/b—1| <eand |b/B — 1| < ¢, then

a/b
A/B

— 1| < 3e.

Proof. The proof of the first part is left to the reader. For the second part, note that 1 /(1+¢) <
B/b < 1/(1 — ¢), which implies that B/b — 1 < ¢/(1 — ¢). In particular,

b B
alb Gl (1L )| B ]
A/B A b A
(46— +¢
1—c¢
< 3e.
Proposition 4. For each s € S,
‘1 — Bl < 18BL.
Ms
Proof. Fix s € S. By (4),
26es\is) P(8) . 2_Gis\isy P®)
s = and [ = —.
Dyes 2\ P(&) 2yes 26\ P(&)
For every y € S, define H, = G#(S\ {y}) U G#(S \ {y}). Define
) >ou, P(®) 4 o - >n, P(8)

Wy = and Q) = =—— .
Y Yyes 2m, Q) Y Xies 2m, P®)
By Lemmas 1 and 4, |us/u; — 1| < 3BL and |5/, — 1| < 3B8L. By Lemmas 1 and 4,
/s — 11 < 3(]S| 4+ 1. Since L > |S| > 2, the result follows by Lemma 4(ii).

4.3. Proof of Theorem 3
Proposition 5. For every proper subset C of S, everys € C andt & C,

[Q5.q(t | C) = Q4 | O)f < 12BL.

Proof. Let H=G?(C)UGP(C) and Hy, = H N G ;(C).
Assume first that H; ; # @. By (5),

2 HAG, () P(8) ‘ -

s C -
'qu(” ) ZG(C)P(g)

Since

ZH p(g)
ZG(C) r(g)

Il <BL,
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this yields that, by Lemma 4(ii),

ZHQGS_,(c) p(g)

Qsq(t | C) — ‘SﬂL+3ﬂLS4ﬂL, ©)
‘ e >n P
and a similar inequality holds with ¢ replaced by §.
By Corollary 1 and Lemma 4(i),
p(g)
LG, P& _ 1' < BUSI+ 1) (10)
>_HNG,,(C) P(8)
and S A
128 < p(s|
= < +1). (11)
'ZH p(g)

By Lemma 4(ii), (10) and (11) imply that

210G, ) P(&) _ 2 HNG,, () P(&)
21 P > up©

which implies that, using (9),

‘S 3BASI+ 1),

[Qs,q( | C) = Q4 | O)f = BEL +3(|S|+ 1)).

If, on the otherhand, H; ; = &, then QO 4(¢ | C), QO 43(¢ | C) < BL by (5)and the definition
of Hg,.

Proposition 6. For every proper subset C of S,

ssEke = Ke <2IS1°Ke.

Proof. We first argue that
ZseC Hs
> sec Hsq(C | s)

Indeed, define the random variable p, to be the average length of visits to C that end before
stage n + 1:
Z;:] 13/) eC

Pn = 7 1 1 .
Zp:l speClspr1¢C

By the ergodic theorem, the sequence (p,) converges Py, g-almost surely to K¢, while the
right-hand side of (13) converges Py, ,-almost surely to

Kc =

(12)

(13)

ZSEC Hes
ZseC msq(C | s)

The identity (12) follows.
By Proposition 4, for every s € C,

(I = 18BL)pus < 1y < (1 + 18BL)us. (14)
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By Lemma 2,

1— - -
|S—|f > usq(C 1) <Y wG(C |9

seC seC

<L+ PISPY meq(C | 5). (15)

seC

The inequalities (14) and (15) yield that
(1 —-188L)(1 - B)

> usq(C 1) <Y g€ | s)

2
|| seC seC
<L+ B +18BL)ISP Y psq(C | 5).  (16)
seC
Summing up (16) over s € C gives
(1= 18BL) ) s < ) iy < (1 +18BL) Y " us. (17)
seC seC seC

The proposition follows by dividing (17) by (16).

5. Proof of the variations

We here prove Theorems 2 and 4. We shall follow the previous proofs, and will point out
which changes are needed. We let a, ¢, B be given such that they satisfy the assumptions of
Theorem 2. The results of Section 4.1 still hold for every proper subset C of Si, namely
Lemmas 2, 3 and Corollary 1 are still valid, provided that the assumption C C S is replaced by
the assumption C C §j.

5.1. Proof of Theorem 2
We need the following observation.

Lemma 5. For every y € Sy, there exists a (a/L)!S\-maximal graph g € G (S \ y) such that
all paths of g lead to y.

Proof. By Proposition 2(iii), for every s € S; \ {y} there is a (a/L)-maximal S \ {y}-graph
gs in which s leads to a state in y. Let & be the path in g that connects s to y (this is a set
of edges). Let g be a S1 \ {y}-graph that is contained in U‘gesl\{y} hg. Then g satisfies the
conditions.

We next prove the two assertions of Theorem 2.
Lemma 6. All states of Sy belong to the same recurrent set for q.

Proof. Tt is enough to prove that, for each C C Sy, there exist s € C and ¢ € C such that
q(t | s) > 0. The proof of Proposition 3 still applies, provided that ¢, is replaced by qu.

Lemma 7. Foreachs € S,

< 18BL.

’1_ s | S)
w(s | S1)
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Proof. The proof goes essentially as in Proposition 4. Set n = B/(a/L)!S! < (a/L)%, and
fix s € S1. By (4),

€9] h(g)
w61S1) = 2 Ges\isp P& and 4G | S = 2 Gs\ish P gA ‘
2yes; 26\ P&) 2yes; G\ P&)
For every y € Sy, define Hy, = G"(S \ {y}) U G”(S \ {y}). Define
(&) p(g)
Wisls) = —=HPE g ) s = 2P

Zyesl ZH). pg) Zyesl ZH). pg)’

Fix for a moment y € S;. By Lemma 5 there is a (a/L)!S!-maximal S| \ {y}-graph g such
that all its paths lead to y. Let g € G"(S \ {y}) and let gg,\(y) and gs\s, be its restrictions to
S1\{y}and S\ S; respectively. Using the above remark, the graph gU gs\s, isa S\ {y}-graph.
Therefore, gg,\(y} is n(a/L)|S|-maximal (= B-maximal). By Corollary 1,

1= BS540y

P(&si\(y))

Since ¢ and g coincide outside S, p(gs\s;) = p(gs\s,). Thus,

‘1 _ el IS+ DB.
p(g)
Lemmas 1 and 4 imply that
S
Bis | 5) _1‘ 351
w(s | S1)
and R S
‘M - 1‘ <3BL.
(s | S1)
By Lemmas 1 and 4,
(s | S) ’
——— — 1| < 3(|S| + DB.
‘IL/(S | S1)

Since L > |S| > 2, the lemma follows by Lemma 4(ii).

5.2. Proof of Theorem 4

The proof of the first two assertions in Theorem 4 is identical to the proof of the two assertions
in Theorem 3 (see Propositions 5 and 6). We omit it. We now prove a slightly strengthened
version of the last assertion.

Proposition 7. Letn < sg‘ql be such that

’1 G g
q(t]s)
whenever (s max(q(t | s),q(t | s)) > n. Then
1 2 2 1 S,
—Kg < Kg, <cK Ks ,Kg, > ——.
c Sy = RKRs =CRg Or S1 ST = 2|S| n

Theorem 4(iii) corresponds to the case n = 8;“,11.



122 E. SOLAN AND N. VIEILLE

Proof. Fix s € S1. By (12),

1

Ks, = .
LT s, 1 SDa(S1 | 1)

and a similar equality holds for K s, involving ft and §. By Theorem 2(ii) and Lemma 4, the
ratio between I%Sl and 1/ ZzeSl n(t | S1G(S; | 1) is between 1 — 54B8L and 1 + 54BL.

If, forevery r € Syand u & S1, uiq(u | t) < npand u,;g(u | t) < n, then Kg, > ,uSl/|S|2n
and K, > (1 — 54BL)us, /|1S|*n, as desired.

If, on the other hand, there exist7 € Syandu ¢ Sy suchthatu,q(u | t) > norug(u | t) > n
then |1 — g(u | 1)/q(u | )] < B, and therefore w,q(u | 1) > (1 — B)n and p,gu | 1) >
(1 — B)n. Forevery r € S; and u ¢ S| such that u,q(u | t) < nand u;g(u | t) < n, we have
g ] 1) < e, #eq(S1 | 1) and weG(u | 1) < Y g 146G (S1 | 1). It follows that the ratio
between ZteSl wig(Sy | t) and Zzesl w:G(Sy | 1) is at most |S|%. The result follows.
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