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ON COHEN AND PRIKRY FORCING NOTIONS
TOM BENHAMOU AND MOTI GITIK

ABSTRACT. (1) We show that it is possible to add k™ —Cohen subsets
to k with a Prikry forcing over x. This answers a question from

[10].
(2) A strengthening of non-Galvin property is introduced. It is shown
to be consistent using a single measurable cardinal which improves
a previous result by S. Garti, S. Shelah, and the first author [6].
(3) A situation with Extender-based Prikry forcings is examined. This
relates to a question of H. Woodin.

0. INTRODUCTION

0.1. Intermediate models of the tree-Prikry forcing. In many math-
ematical theories, such as groups, vector spaces, topological spaces, graphs
etc., the study of submodels of a given model is indispensable to the un-
derstanding of the model and in some sense measures its complexity. In
forcing theory, subforcings of a given forcing generate intermediate mod-
els to a generic extension by the forcing. Hence, the study of intermediate
models is somehow parallel to the one regarding subforcings. There are nu-
merous classification results in this spirit, for example, some forcing such as
the Sacks forcing [34] and variants of the tree-Prikry forcing [25] do not have
proper intermediate models. Other forcings such as the Cohen forcing [24],
Random forcing [27], Prikry forcing [20], and Magidor forcing [8], [7] have
intermediate models of the same type. A tree Prikry forcing or its particular
case, which will be central for us in this paper, the Prikry forcing with a
non-normal ultrafilter can behave differently. For example, under suitable
large cardinal assumptions, every k-distributive forcing of cardinality & is
a projection of this forcing. Actually, more is true, under the assumption
that x is k-compact there is a single Prikry-type forcing which absorbs all
the r-distributive forcings of cardinality « (see [19]). In the absence of very
large cardinals the situation changes, indeed, [10] Hayut and the authors
proved that if a certain < k-strategically closed forcing of cardinality « is
a projection of the tree-Prikry forcing then it is consistent that there is a
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cardinal X\ with high Mitchell order, namely o(\) > A*. In [8], the authors
proved that starting from a measurable cardinal (which is the minimal large
cardinal assumption in the context of Prikry forcing) it is consistent that
there is a (non-normal) ultrafilter U, such that the Prikry forcing with U
projects onto the Cohen forcing Cohen(k, 1), this was improved later in [10]
to a larger class of forcing notions called Masterable forcings. In the context
of Prikry-type forcings, the existence of such embeddings and projections
allows one to iterate distributive forcing notions on different cardinals, see
[17, Section 6.4].

It remained open whether it is possible to get more Cohen subsets of &
after forcing with the Prikry forcing with a x-complete ultrafilter U over k.
This was asked explicitly in [10].

The basic difficulty is that the size of Cohen(k,x") is kT and it is not
hard to see (Proposition 2.9]) that this cannot happen, if U has the Galvin
property.

We formulate a certain strengthening of the negation of the Galvin prop-
erty, show its consistency starting with a measurable cardinal and finally
apply it in order to construct an ultrafilter U such that the Prikry forcing
(For a formal definition of the Prikry forcing with non-normal ultrafilter see
Definition [[.2]) with it adds a generic subset to Cohen(k, xT).

0.2. Extender-based Prikry forcing and a question of Woodin. Magi-
dor and the second author developed the Extender-based Prikry forcing in
[21] to violate the SCH under mild large cardinal assumptions. Later Meri-
movich [29],[30], presented a variation of this forcing which will be used in
this paper.

H. Woodin asked! in the early 90s whether, assuming that there is no
inner model with a strong cardinal, it is possible to have a model M in
which 2% > R, 3, GCH holds below R, there is an inner model N such
that k = (8,)™ is a measurable and 2% > (R, 3)™

A natural approach to tackle Woodin’s question is to use the Extender-
based Prikry with interleaved collapses forcing, defined my the second author
and M. Magidor in [2I]. This forcing collapses a measurable cardinal to R,
and simultaneously blows up the powerset of that measurable. Hence, if one
can show that the a generic extension by the Extender-based Prikry forcing
has an intermediate model where & stays measurable and 27 is large, this will
provide a positive answer to Woodin’s question. In this paper we show that
this approach is doomed. More precisely, we address in general the question
whether it is possible to add many subsets of k (x4 | @ < A), A > kT with
the Extender-based Prikry forcing over k such that x remains a regular
cardinal in V[{(z, | @ < A)]. We give a negative answer to this question
with respect to the Extender-based Prikry forcing as defined in [21] and the
Merimovich version of the forcing presented in [30, [31]. In particular, as a

1We would like to thank Mohammad Golshani for reminding us of the exact formulation
of Woodin’s question.
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consequence of our results (Theorems [L54.6]), the Extender-based Prikry
forcing cannot be used to answer Woodin’s question.

0.3. The Galvin property. F. Galvin [2], in 70th, showed that if k<" = &
and F' is a normal filter over x then the following combinatorial property
holds:

For every {X; | i < T} C F there is I C [x1]" such that N;e; X; € F.

We denote this statement by Gal(F, x,x"). In particular, this holds for the
club filter Cub,, as it is a normal filter over a cardinal x.

In [1], Uri Abraham and Saharon Shelah constructed a model where
Gal(Cub,+, kT, kTT) fails for a regular x. Shimon Garti [14],[13] and later
together with the first author and Alejandro Poveda [5] continued the inves-
tigation of the Galvin property for the club filter. The Galvin property for
k-complete ultrafilters over a measurable cardinal x was used recently in [18]
and [9]. The question of failure of the Galvin property for such ultrafilters
was shown to be independent. Namely, in [9] the authors observed that in
L[U] every k-complete ultrafilter has the Galvin property, and Garti, She-
lah and the first author, starting with a supercompact cardinal, produced a
model with a k-complete ultrafilter which contains C'ub, and fails to satisfy
the Galvin property.

In section 2, we isolate a property of sequences we call a strong witness
for the failure of Galvin’s property which implies in particular the failure
of Galvin’s property. This property is used in theorem 2.6 where we start
from a single measurable cardinal, and construct a model with an ultrafilter
which fails to satisfy the Galvin property. This improves the initial large
cardinal assumption of [6].

Later in theorem 2,10}, we were able to slightly modify the construction of
theorem [2.6] construct an ultrafilter W and a strong witness for the failure
of the Galvin property for it, which serves to glue together initial segments
of functions and obtain kT -mutually generic Cohen function on x. This idea
is generalized to longer sequences (and in turn to more Cohen functions) in

Theorems B.T3.3

Our main results are:

Theorem Assume GCH and let xk be measurable in V. Then there
18 a cofinality preserving forcing extension V* in which there is a k-complete
ultrafilter W over k which concentrates on regulars, extends Cub,, and has
a strong witness for the failure of Galvin’s property.

Theorem [2.10.  Assume GCH and that k is a measurable cardinal
in V. Then there is a cofinality preserving forcing extension V* in which
GCH still holds, and there is a k-complete ultrafilter U* € V* over k such
that forcing with Prikry forcing Pikry(U*) introduces a V*-generic filter for
Cohen"” (k, k).



4 TOM BENHAMOU AND MOTI GITIK

Theorem 3.1l Assume GCH and that there is a (k, k™ )-extender over
k in V. Then there is a cofinality preserving forcing extension V* such that
V* | 28 = gt in V* there is a k-complete ultrafilter W over x which
concentrates on requlars, extends Cub., and has a strong witness of length
KT for the failure of Galvin’s property.

Theorem [B.3.  Assume GCH and that E is a (k,kT)— extender in
V. Then there is a cofinality preserving forcing extension V* in which 2% =
kT and a non-Galvin ultrafilter W € V* such that forcing with Prikry(W)
introduces a V*-generic filter for CohenV” (k, k*t+)-generic filter.

Theorem Let P be the Extender-based Prikry forcing of [21], and
G C P be a generic. Suppose that A € V|G| \'V is a subset of k. Then k
changes its cofinality to w in V[A].

Theorem Assume GCH, let E an extender over k and Pg be the
Merimovich version of the Extender-based Prikry forcing of [29, 30, 31]. Let
G be a generic subset of Pp and let (A, | a < k1) be different subsets
of k in V|G]. Then there is I C k*T, I € V,|I| = k such that k is a
singular cardinal of cofinality w in V[(Aq | o € I)]. In particular, there is
no intermediate model of V|G| where k is measurable and 2% > k.

This paper is organized as follows:

e Section 1: We provide the basic definitions and background for this
paper.

e Section 2: We prove Theorems [2.6], 210

e Section 3: We prove Theorems B B.3]

e Section 4: We prove Theorems 5.6l

1. Basics

1.1. The forcing notions. In our notations p < ¢ means that g is stronger
than p. We assume that the reader is familiar with the forcing method and
iterated forcing. Most of our notations are inspired by [12],[17] where we
refer the reader for more information regarding forcing and iterations. Let
us present the definitions of the forcing we intend to use:

Definition 1.1. The forcing adding A-many Cohen functions to x denoted
by Cohen(k, A) consists of all partial functions f : k x A — {0,1} such that
|f| < k. The order is defined by f < g iff f C g.

Definition 1.2. Let U be a k-complete non-trivial ultrafilter over x and
m : Kk — K be the function representing x in the Ult(V,U). The Prikry
forcing with U, denoted by Prikry(U) consists of all sequences (a7, ..., ay,, A)
such that:

(1) {(ai,...,apn) is an m-increasing sequence of ordinals below « i.e. for

every 1 <i<n, a; < m(aq1)
(2) Ae U, n(min(4)) > ay.
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The order is defined by (aq, ..., apn, AY < (B1, ..., B, B) iff:
(1) n <m and for every i < n, o; = f3;.
(2) for every n < i <m, f; € A.
(3) BC A.
If n = m we say that ¢ directly extends p and denote it by p <* q.

If U is normal then we can take m = id and the forcing Prikry(U) is the
standard Prikry forcing. The requirement that the sequence is m-increasing
ensures that the forcing Prikry(U) is forcing equivalent to the tree-Prikry
forcing defined in [I7]. Also, it enables to define a diagonal intersection
suitable for the non-normal case, namely, for {A; | i < K} C U define

A A ={a <k |Vi<7(a).ae A}

This kind of diagonal intersection instead of the standard one is used to
prove the Prikry property of Prikry(U).

Later we will need the easy direction of the Mathias criterion [28] for
Prikry-generic sequences, and the proof can be found in [4, Corollary 4.22]:

Lemma 1.3. Let G C Prikry(U) be a generic filter producing a Prikry
sequence {c, | n < w}. Then for every A € U, there is N < w such that for
everyn > N, ¢, € A.

For more information regarding the tree-Prikry forcing see [17] or [4]. In
the following, we define the notion of lottary sum. The terminology “lottery
sum” is due to Hamkins, although the concept of the lottery sum of partial
orderings has been around for quite some time and has been referred to, for
example, as “disjoint sum of partial orderings”:

Definition 1.4. Let Py,[P; be two forcing notions. The lottery sum of Pg
and P; denoted by LOTT(Py,P;) is the forcing whose underlining set is
Py x {0} UP; x {1} and the order is define by (p,i) < (p/,j) iff i = j and
p<p 1.

The forcing LOTT(Py, P;) generically chooses Py or P; and adds a V —generic
filter for it. As Hamkins observed in [22], iterating such forcing notions
leaves a certain amount of freedom when lifting ground model embeddings,
this will be exploited in most of our construction.

In section 4 we will discuss the Extender-based Prikry forcing which was
originally defined by Magidor and the second author in [2I]. A more recent
variation of it is due to Carmi Merimovich [29] 30}, 31].

Let us present the two versions. Let E be a (k,A)—extender and j =
jg V. — Mg ~ Ult(V,E) the natural elementary embedding (See [23]
for the definition of extenders and related constructions) and suppose that
fr: k — K is a function such that j(f))(k) = X (our result uses A = k™
and we can simply take f)(v) = vTT). Let us first present the Merimovich
version of the Extender-based Prikry forcing.

For each set of cardinality < , d € [\ \ k]=* with x € d. Define

E(d)={X eV, | (G ld) " ejX)}
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If A € E(d) we can assume that for every v,u € A, v : d — £ is order
preserving, k € dom(v), |v| < v(k), v(k) = u(k) — dom(v) = dom(u).
Merimovich calls such a set a good set.

Definition 1.5. The conditions of Pg are pairs p = (fP, AP) such that
(1) fP:d — [k]<% is the “Cohen Part” of the condition, d € [\ \ k|<¥,
k€ d.
(2) AP € E(d) is a good set.
(3) for every v € AP and a € dom(v), max(fP(«a)) < v(k).

The order of Pg is defined in two steps: a direct extension is defined by
(f,A) <* (g, B) if

(1) fSg

(2) B | dom(f):={v | dom(v)Ndom(f)|v € B} C A.
A one-point extension of p = (f, A) for v € A is defined by p~v = (g, B)
where

(1) dom(g) = dom(f).
(2) for every a € dom(g)

) fl@) v(a) a€dom(v)
gla) = {f(a) else '

(3) B = {M €A ‘ SUPnedom(v) (V(a) + 1) < ILL(K:)}
an nm-point extension p~r is defined recursively by consecutive one-point

extensions. A general extension is defined by p < ¢ iff for some U/ € [AP]<%,
P <tq.

As in Merimovich [30], we will sometime replace the large set A in a
condition (f, A) with a Tree T which is E(dom(f))-fat.

Let us now present the original version defined by M. Magidor and the
second author from [21]. Define for every x < a < A:

Uy ={XCkr|aejX)}

These are P—point ultrafilters. For every a < 8 < X\ we define that a <g (8
if there is some f : kK — K, j(f)(8) = a. This implies that f Rudin-Keisler
projects Ug onto U,. For every such pair o <p f fix such a projection
m3,« such that m, o = id. The projections to the normal measure U, have a
uniform definition, 7 ,(v) = 1° where 10 is the maximal inaccessible v* < v
such that fy [ v*:v* — v*, fa(v*) > v and 7, . (v) = 0 if there is no such
v*. Suppose that the system (Un,mo 5 | @ < 5 < A\, <g B) is a nice system
(See [21] or [17), Discussion after Lemma 3.5]). Let us say that v is permitted
for vy, ...vy is 19 > max;—o, . n VZO.

Definition 1.6. The condition of the forcing Pg are pairs p = (f,T') such
that:

(1) f: A\ k= [k]*¥, k € dom(f), |f| < k.
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(2) For each a € Supp(p) := dom(f), 7, . f(a) is a finite increasing
sequence.

(3) The domain of f has a <g-maximimal element mc(p) = a =
max(Supp(p)).

(4) 7oy (me(p)) = f (k).

(5) For every v € Supp(p), Tme(p),y(max(f(mec(p))) is not permitted to
fO)-

(6) T is a Upe(p-splitting tree with stem f(mc(p)), namely, for s € T,
either s <t¢, or s >t and Sucer(s) = {a <k | s7a € T} € Upye(p)-

(7) For every v € Succr(f(me(p))),

[{y € Supp(p) | v is permitted to f(y)}| < v°.
The order is defined p < q if:

(1) Supp(p) < Supp(q)-

(2) for v € Supp(p), f(7) is an end-extension of fP(y).

(3) f4(me(p)) € T

(4) for 7 € Supp(p), F1(3) \ F(3) = ) FUmelp) \ P (melp)) |
(i + 1), where 7 is maximal such that f9(mc(p)) is not permitted for

fP()-

(5) Trnc(q) ey T < T

(6) For every v € Supp(p), and v € Sucerq(f9(me(q))), such that v is
permitted for f9(v) (So by condition (7) there are only v°-many such

V’S) then 7Tmc(q),’y(y) = 71-mc(p)n/(ﬂ-mc(q),mc(p) (V))

1.2. Canonical functions. The main construction of this paper uses the
notion of canonical functions:

Definition 1.7. For every limit ordinal § < kT, fix a cofinal sequence
0 =40 | © < cf(d)}. Let us define inductively functions 7, : kK — & for
a< kT

To(x) = 0.
Tat+1(2) = To(z) + 1.
For limit 0, 75(x) = sup 75, (7).

y<min(z,cf(9))

Proposition 1.8. Let A < k be a reqular cardinal. Then:
(1) For every a < B < A*, {v | 7a(v) > 13(v)} is bounded in X.
(2) For every any a < A1, 7o : A — A.
(3) For every normal measure V on X, and for every a < AT, [1a]y = a.
(4) If X < K, then for every B, T5(\) < AT.

Proof. For (1), we prove inductively on 3 < At that for every a < 3, (1)
holds. For g = 0 this is vacuous. The successor stage is also easy since for
every x, 7g(x) < Tg4+1(x) so if a < B then by induction hypothesis there
is £ < A from which 75 dominates 7, i.e. Vv € (§,N).7o(v) < 73(v). It
follows that for the same £, 7,(v) < 7g41(v). As for limit points §. Fix



8 TOM BENHAMOU AND MOTI GITIK

any a < d, then there is i < cf(d) < A such that §; > a. By induction
hypothesis there is §; < A such that 75,(v) > 74(v) for every v € (&, X). Let
& :=max{&,i} + 1 < . It follows that for every v € (§*,\), v > i, hence
T5(v) = sup 75, (V) = 75, (V) > Ta(V).
y<min(v,cf(4))

Prove (2),(3),(4) by induction on o < AT. For a = 0 this is trivial.
Suppose that (2),(3),(4) holds for a then clearly by induction hypothesis
Tat1 : A = Ay and Ta41(A) = 7o(A) +1 < AT, namely (2), (4) follows. Also,
A={v < AN| 1) +1=r71441(r)} €V, hence by Lés theorem and the
induction hypothesis:

a+1= [Ta]v +1= [Ta+1]y.

Suppose that § < AT is limit, then by induction hypothesis, for every & < \
and y < min(z,cf(0)) < A, 75,(x) < A . It follows from the regularity of A
that
T5(x) = sup 75, () < A
y<min(z,cf(9))

This concludes (2). Also, (4) follows similarly using the regularity of A*. As
for (3), we use (1) to conclude that for every a < 0, {v < A | 7o(v) > 75(v)}
is bounded. Hence by induction o = [7,]y < [75]y. It follows that § < [75]y.
For the other direction, suppose that [f]y < [75]y, then

E:={x<X|f(zx)<ts(x)} €V.

By definition of 75, for every = € E, there is y, < min(z,cf(d)) such that
75, () > f(zx). the function x — y, is regressive, and by normality we
conclude that there is y* < ¢f(d) and E’ C F such that for every z € F/,
f(x) <75,.(x). Hence [f]y <|[75,.]y = dy» < and in turn § = [75]y. O

2. THE RESULTS WHERE GCH HOLDS

2.1. Non-Galvin ultrafilter from optimal assumption. In [6], Garti,
Shelah and the first author constructed a model with a k-complete ultrafilter
which contains C'ub, and fails to satisfy the Galvin property. The initial
assumption was a supercompact cardinal and the construction went through
adding slim Kurepa trees.

Here we present a different construction. Our initial assumption will be a
measurable cardinal and the property obtained will be a certain strengthen-
ing of the negation of the Galvin property. It will be used further to produce
many Cohens.

Let us first present the stronger form of negation:

Definition 2.1. Let U be a k—complete ultrafilter non-normal over k. We
call a family {A, | @ < k*} C U a strong witness for the failure of the
Galvin property iff for every subfamily (Aqa, | § < k) of size x the following
hold:

for every (,x < ¢ < [idy, [id]y & Al

ag’
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where <A:N< | ¢ < ju(k)) :jU(<Aa§ | £ < K)).

Remark 2.2. (1) Note that the interval [k, [id]y) is non-empty since U
is not normal.
(2) The family {A, | @ < kT} witnesses the failure of the Galvin prop-
erty for U.
Proof. since whenever (Aq, | § < ) is a subfamily of size x, then
ﬂ§<n Aqg is not in U. Otherwise, suppose that ﬂs<ﬁ Ao, =Be€eU.
Then [id]y € ju(B), but ju(B) = N¢cjy () Aa.- However, [idly &
Al for every (,k < ¢ < [id]y. Contradiction.

C!<7

Lemma 2.3. Suppose that {A, | « < kT} is a strong witness for the failure
of the Galvin property of the ultrafilter U over k. Let U = {X C k| k €
Ju(X)} be a projection of U to a normal ultrafilter, v — mpor (V) a projection
map and k : Myo — My the corresponding elementary embedding. Assume
that crit(k) = jyo(k) = [id|y. Then [id|y & B, for every B € ju({As | @ <
k1Y) which is in tng(k) \ rng(ju).

Proof. Let B be as in the statement of the lemma. Pick A’ C jjo(k) such
that k(A") = B. Then A’ & rng(jyo), since otherwise its image B will be in
the range of jy = k o jjo. Denote by

{4, | v <jpo(s7)} = juo({Ai | i <&T})
{47 v <ju(x™)} =ju({Ai |i <K"})
Since UY is normal, there is f : K — s such that A’ = A’ and
Jyo () (k)
thus
_ AN / Y/
B = k(&) = k45 () = Aju (5
Since B is not in the range of k, f is not constant. Recall that {A, | « < kT}

is a strong witness for U being non-Galvin ultrafilter over k. Apply this to
the family {Af. | v < x}. It follows that [id]y ¢ A;‘/U(f)(n) =B O

Before proving the main result of this section we present two preservation
theorems for being a strong witnesses for the failure of the Galvin property.
These theorems are not used later and the reader can proceed directly to
Theorem

Theorem 2.4. Assume 2% = k™. Suppose that the family {Ay | o < K1} is
a strong witness for U being a non-Galvin ultrafilter over k. Let U° = {X C
k| k € ju(X)} be a projection of U to a normal ultrafilter, v v— Tpor(V) a
projection map and k : Myo — My the corresponding elementary embedding.
Assume that crit(k) = jyo(k) and [idly = jyo(k).

Suppose that V* is an extension of V in which all the embeddings jio, ju, k
extend to an elementary embedding 7% : V* — MO j* . V* — M* k* :
M% — M*. Define U* = {X C k| [id]y € j*(X)}.

Then {A, | a < K1} is a strong witness that U* is a non-Galvin ultrafilter
over K.
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Proof. Note that (x7)V" = (kT)V. Just otherwise, (x71)V will be < (s7)V",
and then, j*(x) > (x*T)V. This is impossible, since j* extends j;;. The rest
follows from the previous lemma and the fact that [k, [id]y) C rng(k) \
rng(ju) since crit(k) = jyo(k) = [id]y. O

Theorem 2.5. Assume 2¥ = k™. Suppose that {A, | @ < K1} is a strong
witness for U being a non-Galvin ultrafilter over k which contains Cub,, and
be a witnessing family.

Let V* be a k—c.c. extension of V in which jy extends to an elementary
embedding 7% : V* — M*, where M* is a corresponding extension of My.
Define U* = {X C k| [idly € j*(X)}.

Then {A, | a < K1} is a strong witness that U* is a non-Galvin ultrafilter
over K.

Proof. Suppose now that (A, | £ < k) is a subfamily of {4, | a < T} of
size k in V*.

Work in V. Let a¢ be a name of a¢. By k—c.c., then for every { < x there
will be s¢ C kT of cardinality less than x, such that I- Q¢ € s¢.

Let S = supg,, s¢. Enumerate S = (f; | i < ) such that we if §; € s¢ and
Bj € s, where ¢ < p then 7 < j i.e. enumerate first sp then s; and so on,
such that the resulting enumeration of .S is of order-type . This is possible
since each. s¢ has cardinality less than . Define

C={v<k|VE<v(sup(y | By €s¢) <V)}

Clearly, C' is a club. Hence [id]y € jy(C). Then, by elementarity, for every
¢ < lid]y, and every B; € s¢, i < [id]y.

Let us use the fact the the sequence (A, | @ < k™) is a strong witness for
U being non-Galvin, hence [id]y €& A’B<, for every k < ¢ < [id]y. Fix any
r < & < [id]y, then by elementarity we have I a € s; in My. Therefore
there is some v < k such that 0/5 = f3y. Clearly, v > &, and by the closure
property of [id]y, we conclude that v < [id]y. Hence, in M*, [id|y ¢ A’,7 =

A’ as wanted. O
e

Theorem 2.6. Assume GCH and let k be measurable in V. Then there is
a cofinality preserving forcing extension V* in which there is a k-complete
ultrafilter W over k which concentrates on regulars, extends Cuby, and has
a strong witness for the failure of Galvin’s property.

Proof. The forcing is simply adding for each inaccessible a@ < k, a"-many
Cohen functions to . Namely, consider the Easton support iteration

<Pa7QB|O‘§/{+176§K/>

such that for a < k, @, is trivial unless « is inaccessible, in which case it is
a Py-name for Cohen{a, at).

Let G := G * gx be V-generic for P, * Q,. Denote (fro | @ < k1) be
the enumeration of the kst Cohen functions added by g,.. The idea is that
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the sets which are going to be a strong witness for the failure of the Galvin
property are (A, | a < k), where

Ao ={B < k| fa(B) =1}

The next step is to construct the measure for this witness by extending
ground model embeddings to V[G]. Let U € V' be a normal measure over x
and consider the second ultrapower by U and the corresponding commuta-
tive diagram

jl ::jUZV%MU:ZMl, jg ::jUz ZV—)MUz :ZM2
k: My — Ms, jo=Fkoj
where k is simply the ultrapower embedding defined in My using the ultra-

filter j1(U). Denote k1 = j1(k) and kg = ja(k), then k(K1) = Ka.
By Easton support and elementarity,

J1 (’PK) * gn) =Py * Qn * ,P(,{,,ﬂ) * 9/@1-

Where P, ) * Qx, is the quotient forcing above r, which is forcing equiv-
alent to the confinuation of the iteration above k using the same recipe as
Pr.

In V[G], let us first construct an M-generic filter for ji(Py * Q). Take
Gy * g, to be the generic up to s including x. Above k, from the point
of view of V[G], we have r*-closure for P, ,,). By GCH, and since j; is
an ultrapower by a measure, there are only x™-many dense open subsets
of this forcing to meet. Therefore we can construct in V[G]| by standard
construction an M [G]-generic filter G, .,y for Py ). By ki — cc of Qy,,
we can find g, which is M [G* G ., )] —generic for Q,,. We need to change
the values of g, = (f}, o | @ < £]) t0 gu; = (fur,a | @ < KT) such that for
every a < kT, Jrigi(@) | © = fra This will ensure that the Silver criterion
to lift an elementary embedding holds, namely, j7Gyr*g C Grxg*G i o, ) %3l -
Also, we would like to tweak the values of f,, ; (a)(k) to ensure that the sets
A, are members of the ultrafilter generated by x. By the definition of A,

the way to do this is to set f,, j (a)(x) = 1.

Formally, for each condition p € Cohen(/ﬂ,/if)Ml[G”*G*G(Ml)}, define a

function p* with dom(p*) = dom(p) and for every (v, a) € dom(p*),

feg(y) v <kKEANj(B) =«
p((v, ) =41 Y=rkAJ(B)=a.
p({y,@)) else

derived

Let go, == {p* | p € g.,,}. Clearly, the functions (fx, o | @ < kT)
= 1 for every

from gy, satisfy that f. ;3 [ & = fep and fq, j 5 (K)
B < k. It remains to show that g, is generic:

Lemma 2.7. The filter g,, is Cohen(/ﬁ,mf)Ml[GK*G*G(mM)]

over M1[Gy * g % G 1))

-generic filter
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Proof. First let us prove that g,, C Cohen(ky, /{f)Ml [Gror GG, )] Indeed,
gr, € Cohen(ky, k) MiGC Gl and for any p € Gy

MI[GR * G * G(n,nl)] ’: |p| < K1,

hence dom(p)<, := {a | I(vy,a) € dom(p),y < k} is bounded in x| while
Jik is unbounded. It follows that there is < x* such that

dom(p) < N j{K" C 1.

Hence from the V-perspective, |dom(p)<, N j/x%| < k. The difference
between p and p* is only on the coordinates of dom(p)<, N j7k™ and by
closure of M;[Gy * g * G, x,)] to K-sequences it follows that

p* € Cohen(ky, ki )MIG*GGrerp] g C Cohen(ky, wf ) MGG Crnn],

To see that g, is generic over M;[Gy * G * G(,{,m)], let D € Mi[Gy * G %
G (x,r1)) be dense open. In Mi[Gy * G * G, )], define D* to consist of all
conditions p € Cohen(k1, k7). Such that

Vg.dom(q) = dom(p) A {z | p(x) # q(x)}| <k - q€ D

then D* is dense open. To see this, pick any p € Cohen(k1, ﬂf)Ml (GGG my)]

and enumerate by (g, | 7 < 6) all the conditions ¢ such that

dom(q) = dom(p) A [{z | p(x) # q(2)}| < &.

Note § < Ky since k1 is inaccessible in My |G, * g * G(n,m)]' We define
inductively and increasing sequence (p, | < 6), and exploit the k;-closure
of Cohen(x1, /ff) to take care of limit stages. Define pg = p, and suppose that
pr is defined, let p!., | := ¢ Up, | (dom(p,) \ dom(p)), find p. ., < t,41 € D
which exists by density and set

pr+1 =py [ dom(p) Uty | (dom(ty1) \ dom(p)).
Then p, < pryq. Let
p* = Ur<opr
then p* has the property that for x many changes of p* from the domain of
p stays inside D. Namely any ¢ with dom(q) = dom(p*),

q | (dom(p*) \ dom(p)) = p* [ (dom(p”) \ dom(p))

and |{z € dom(p) | p(z) # q(x)}| < k, ¢ | dom(p) = ¢, for some r, therefore
q > tr41 € D. Now we define inductively (p) | r < 1), p(© = p at limit
we take union, and at successor step we take p("t1) = (p(’"))*. We claim
that p, := U,,.+p") € D*. First note that k™ < 1 hence |p.| < s (all
the definition is inside My[Gy * gx * G (i ,)])- Let ¢ be any condition with

dom(q) = dom(p*) and denote by

I'=A{z e dom(p.) | q(x) # p«(2)}

and suppose that |I| < k. Since dom(p,) = U, ...+ dom(p™) and dom(p("))
is C-increasing, there is j < s* such that I C dom(p). The condition
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q | I is enumerated in the construction of pU*1), hence ¢ [ dom(pU*Y) e D
and since D is open, ¢ € D. This means that p, € D*.

Finally, by genericity of g, , we can find p € D* N g, . By definition,
p* € gx, and since dom(p*) = dom(p) and |{z | p(x) # p*(z)}| < & it follows
that p* € D. O

Denote by H = Gy * gx * Gy ) * gry, then jYG C H. Let
ji : VIG] — My [H]
be the extended ultrapower and derive the normal ultrafilter over &,
Uy = {X Cr ke ji(X)}

then U C U; and jj = jy,. Indeed let k; : My, — M;[H]| be the usual
factor map ki(ju, (f)(k)) = ji(f)(k). We will prove that k; is onto and
therefore k1 = id. For every A € M;[H], there is a name A € M; such that
A = (A)g. My is the ultrapower by U, hence there is f € V such that
J1(f)(k) = A. By elementarity for every a < &, f(a) is name. In V]G]
define f*(a) = (f(a))g, then by elementarity

k1o, (F)(%) = 31 (F) (k) = G (N (8)jq) = (1 (N)(®)a = () = A.

Denote by M; = M;[H] and consider j7(U1) € M;. Let us now define
inside M7 an May-generic filter for

j2(7)li * gn) = Pm * gm * P(m,ng) * gnzy

in a similar fashion as H was defined. First we take H to be the generic for
Pr, * Qn,. Note that My is closed under k;-sequences with respect to Mj.
Therefore, from the Mj-point of view, Plri,ro) * Qrsy 18 /{f—closed, and we
can construct an Ms[H]-generic filter Gy, ,.,) * g;;ve M7 for it. We change
the values of gy, a bit differently from the way we changed the values of
gr,- If o < k¥ is of the form ji(B) let fiak(a)(F1) = 1 (to guarantee
that A,’s belongs to the ultrafilter generated by x1) and if a € x{ \ j/x™
let f., k(a)(k1) = 0. Also, we would like that fy,x,(0) = . Formally,
for every p € COhen(Hg,H;)MQ[H*G(”P"?)], define p* to be a function with
dom(p) = dom(p*) and for every (v, a) € dom(p*),

frip(y) ¥ <k Aa=k(pB)

1 v =r1Aa=k(j1(8))
P ((r,0)) = {0 v =riAa=k(B),B ¢ K.
K Yy=0Na =k

p({y; @) else

Denote by gx, = {p* | p € gi,} € V[G] the resulting filter. It is important
that for each p € g), the set

Xy =gyt Ndom(f)<n, = {jo() | (v, j2(a)) € dom(f),y < K1}
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has size at most k. This ensured that X; € M;. Also, k"] is unbounded
in k35 and conditions in Cohen(kz, n;)MﬂH*G(“lﬂfﬁ] have Ma[H * Gy, 0]
cardinality less than ko, which guarantees that for each p € Cohen(xa, /ﬁ),

Xy == k'sf Ndom(p)<y,

has size at most x1. Note that p* is definable in M7 from the parameters
p, X1,Xo € M{, and p* differs from p at most on xi-many values. By the
closure of Ms[H x G(mm)] to ki-sequences from M7,

p* € Ma[H * G4, )] and gy, C Cohen(/fg,n;)MﬂH*G(mmz)].

The genericity argument of 2.7] extends to the models M; and Msy[H
G (11 2))> hence gy, is Ma[H * Gy, x,)]-generic. Denote by M3 = Ma[H *
G (11 2) * )+ 1t follows that k can be extended (in V[G]) to k* and also jo
to j5 = k* o ji : V[G] — Mj. Finally, let

W= {X € PVI(k) | k1 € j3(X)} € V[G].
Let us prove that W witnesses the theorem:

Claim 2.8. W is a k-complete ultrafilter over k such that:
(1) jw = j3 and [idlw = k1.
(2) Cub, CW.
3) {a<k|cfla)=a}eW.
(4) (Aa | a < k) is a strong witness for the failure of the Galvin
property.

Proof. To see (1), let us denote by jw : V[G] — My, the ultrapower embed-
ding by W and kyw : My — M5 defined by kw ([f]w) = 75(f)(k1) the factor
map satisfying kw o jww = j5. Let us argue that ky is onto and therefore
kw = id and [idlyy = k1. Indeed, let A € M3 then there is A € My such
that (4);s) = A. Since jo = jy2 there is h € V such that ja(h)(k, £1) = A.
Note that & = j5(fx)x, (0), hence define in V[G], h*(a) = (h(fx,a(0),@))c.
We have that

kw ([P*lw) = 2 (h") (k1) = (2(h) (K, k1)) j36) = (A)jzc) = A

To see (2), for every club C' € Cuby, j5(C) is closed and j;(C') is unbounded
in k1. Since crit(k*) = k1 and j5(C) = k*(j7 (C)) it follows that j5(C)Nky =
Ji(C), hence j5(C) Nk is unbounded in x; which implies that 1 € j5(C).

For (3), since M3 = cf(k1) = ki, it follows that {a | cf(a) = a} € W.
Finally, for every a < k™,

]2( )_{ﬁ<’{2|fn2,]2(a( ):1}

Since ja2(a) = k(j1(a)), by the definition of guy, fiy jo(a)(k1) = 1, thus
k1 € j3(Aq), and by definition of W, A, € W.
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For (3), let {As, | i@ < Kk} be any subfamily of length x and x < n <
[idlw = k1. Denote

g2 % ({Aa, |1 < m)) = (A |7 < k2, G7((Aa, |1 < m) = (AT | < )

Since K < 1 < k1, then n ¢ j7xkT and thus oz,(71) ¢ jikt. Also, k‘(a,gl)) -

a,(f(zﬂ = a7(72). Hence by definition, f@ (k1) = 0, hence k; ¢ A; @ O

7055]2)
0

2.2. Adding xT-Cohen subsets to x by Prikry forcing. In this section
we will construct a model in which there is a k-complete ultrafilter W such
that forcing with Prikry(7W) adds a generic for Cohen(k, k™). Let us first
observe that such an ultrafilter must fail to satisfy the Galvin property:

Proposition 2.9. If Gal(U,k,x") holds then Prikry(U) does not add a
V -generic filter for Cohen(k, k™).

Proof. Suppose that Gal(U,k,x") holds and let G C Prikry(U) be V-
generic. By [I8, Proposition 1.3] every set A € V[G] of size kT contains a
set B € V of cardinality x. Toward a contradiction suppose that H € V[G]
is a V-generic filter for Cohen(x,x*). Code H : k x kT — 2 as X C k™, just
pick a bijection ¢ from T to kT x k and let X = {a < k™ | H(¢(a)) = 1}.
The set X does not contain an old subset of cardinality «, this is a contra-
diction. To see this, let Y € V such that |Y| = k, proceed with a density
argument: any condition p € Cohen(k, k™) has size < k and therefore can
be extended to a condition p’ such that for some y € Y, ¢(y) € dom(p’) and

p'(¢(y)) = 0. O

Hence the failure of the Galvin property is necessary.

Theorem 2.10. Assume GCH and that k is a measurable cardinal in V.
Then there is a cofinality preserving forcing extension V* in which GCH
still holds, and there is a k-complete ultrafilter U* € V* over k such that
forcing with Prikry forcing Pikry(U*) introduces a V*-generic filter for
Cohen"” (k, k).

Proof. The model V* is obtained by iterating with Easton support the lot-
tery sum of Cohen forcings for adding o™ —Cohen functions (fa, | v < a™)
over a, and Cohen? for adding two blocks of a—Cohen functions

<foc'y ’ 7 < a+>7 <hory ‘ 7 < a+>-
More specifically, let
<Pa7Q5 | a < ’{_‘_175 < K/>

denotes the Easton support iteration, such that for each a < k, Q) is the
trivial forcing unless « is inaccessible in which case Q. is a P,-name for the
lottery sum ~

LOTT(Cohen(a, a™), Cohen(a, a™) x Cohen(a, a™)).
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At £ itself we let Q,, = Cohen(k, k™). Let G, * F, be a V-generic subset of
P, x Q, and let V¥ = V|G, * F,;]. We denote by F, := (foy | 7 < a™) the
generic Cohen function if Cohen(c, a™) was forced in G, and by

Iy = <fory ‘ 7 < a+>7 H, = <ho¢,'y ”Y < a+>

if Cohen(a, ™) x Cohen(a, a™) was.

Let U € V be a normal ultrafilter, j; := jy : V — My the corresponding
elementary embedding, k1 = ji(x), k := jj, @) : My — My2, jo = ko ji,
and kg = ja(k). Let us extend j1, k, jo in V|G, * F:

We first extend j; : V' — My to ji : V[Gy * F..] = My[Gy, * Fy,]. Do this
by taking first G, N P, = G, at k we force with the lottery sum so we can
choose to force only one block of Cohens and take Fj as a generic. Then
defining a master condition sequence, using the closure of the forcing above
k in My exploiting GCH to ensure that there are only x™-many dense sets
to meet. This defines G,,. As for Fy,, we first find an My[Gy,]-generic
F|, x H] € V|G, * F;] again using GCH, closure of My[Gy,] under &-
sequences and the closure of the forcing (Cohen(s, s1)2)MulGrl Let us
alter some values of F, and HJ, to define F., = (fu,, | v < &) and

H,, = (hg, ~ | 7 < K]) such that for every o < k]
(1) fm,jl(a) [ k= hm,jl(a) [ k= fn,a-
(2) fl{l,jl(a)(ﬂ) = Q.
Formally, we change every pair of partial functions p = (po,p1) € F),, x H],
to the pair of partial functions p, = (p§, p}) such that dom(p§) = dom(py),
dom(p}) = dom(p;) and for every (a,d) € dom(pp):
frao(0)  Fag < kT.a=ji(a) and 6 < K
p5((a,0)) = < ap Jag < kT.a = ji(a) and § = K
po({a, d)) else

fﬁ,ao((s) E|C¥0 <k .= jl(Oéo) and § < K
p1({,d)) else

Note that for every po, p1 € Cohen(ky, /if)MU [Gr1] we only change k-many
values as My[Gy,] = |dom(po)|, | dom(p1)| < k1 hence

j7K" 0 {a | 304, 0) € dom(po)}| < &

pi({a,0)) = {

since j1 (k1) = Jj{kT, the same holds for p;. It follows that
p*e (Cohen(/il,/iff)MU[G’il].

Changing less than x;-many values of a generic for Cohen(r1,x])? does not
impact the genericity. Hence F, x Hy, := {p* | p € F}, x H], } € V[G.*F]
is still My |Gy, ]-generic.

Since at k we only force Cohen(k, x1), in order to extend j; we only need
a generic for Cohen(rk1,x]) in the My-side. We constructed Fy, so that
JUF, C F,, hence j{Gy * F, C G, * F,, (Hg, will be used later). Thus in
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V[Gy % Fy;], we have extended j; C ji : V|G, * F,.] = My|Gy, % Fi,]. Let us
note that j7 is actually the elementary embedding derived from the normal
measure U C U? := {X € PVIGFl (k) | k € j3(X)}:

Clearly the function ko : Myo — My[Gy, * Fy,] defined by ko([f]g0) =
J1(f)(k) is elementary. To see the ko = id let us prove that kg is onto. Fix
A= (A)G,, «F., € Mu[Gy, * F;,] and let f € V be such that ji(f)(x) = A

~

and define in V|G, * Fy] the function f*(x) = (f(fxx(2)))c.«F.. Then

ko(uo (f*) (k) = 1 (F)(8) = G1 (N1 (Far) (K)) G, vy =

= (1(F)(K) G 5P, = (A)Gr, xFe, = A

Recall that we have constructed the function H,, € V|G * F,] such that
F,., x Hy, is My[Gy,]—generic for Cohen(k1, k] )?. Now we wish to extend
k: My — My to k* : My[Gy, *Fy,] = My2|Gg,*Fy,] in V|G *Fy]. We do
this by taking G, NKk1 = Gy, , at k1 we force Cohen(ky, /{f) x Cohen(k1, /if)
putting the generic Fy, x Hy,, then exploiting the closure and GCH to
complete to a generic Gy, * F,, € V|G, * Fi]. Finally, we wish to modify
some values of F},, to a generic Fy, = (fu,y | ¥ < k3 ) so that for every
a < /-ii":

(1) f/iz,k(a) I k1= fK/17a'

(2) For a € jkT, frak(a)(F1) = 1.

(3) For a € /ff \ KT, Jro k() (k1) =0
(4) f/@z,lil (’{1) =K.

Again, this is possible since we do not change too many values of F),. At
this point, let us emphasize that we do not use Hy, in the generic we have
in the Mj-side . The generic H,, is used in the construction of the generic
on the M 2-side where we can choose (due to the lottery sum) to force at
k1 two copies of Cohen(ky, k] ), of course, that at ko = ja(k) we are still
obligated to force one copy of Cohen(/@/—i; ) which contains the point-wise
image of F);, under the factor map k.

Hence we extended in V|G, * Fy], k C k* : My[Gy, * Fy,] = My2[Gy, *
F.,].

2Since over V, at x we forced one copy of Cohen’s i.e. Cohen(k,x"), over My we need

to force only one copy of Cohen (k1,7 ), thus we only need the generic Fi, .
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Vv My M2

k
ji/FH g Fnl TRi=------------ Flﬂ X Hlil
J1 G i) Gr, |(=GexFy x G(n,m))
F R e Fy
Gy G

Let j3 = k* o g5, V* = V|G, * F,], My = My|Gy, * F.,,] and Mj =
MUQ[GHQ *F/iz]'
In V*, define
Ur={XCrl|rejp)}
W ={X Cr|r €j3(X)}
and for every a < k™:

Ay ={v < k| foalv) =1}

Then as in Claim 2.8] we have that W is a k-complete ultrafilter over x such
that:

(1) j
(2) <
(
(

=7t J5 = jw and [idlw = k1.
) (Aq | @ < k1) is a strong witness for W being non-Galvin.
) Cub, CW.
) Ly = {a < k| Cohen(a, at) x Cohen(a,a™) was forced in G} €
wW.
Also, recall that jo : V' — My is also the ultrapower by U x U under the
identification(isomorphism):

Ju2 (), k1) = joa (i (v = f(v,%))(K))(k1).
Clearly, the projections 7y, 72 : KXk — K on the first and second coordinates
resp. Rudin-Keisler project U2 on U. Also, WNV = U*NV = U and

U* <gp_k W and the projection map is denoted by v — w0 (V). E
Let us prove that W witnesses the theorem:

1
2
3
4

3Explicitly, one can define in V[G] the function f(a) = fu.a(a). Then ji(f)(k1) =
frzmi (K1) = K.
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Theorem 2.11. Let H C Prikry(W) be a V*-generic filter. There is G* €
V*[H] which is V*-generic for Cohen(r,xT)V".

Proof of Theorem [Z.11]: Let (¢, | n < w) be the W-Prikry sequence corre-
sponding to H. Suppose without loss of generality that for every n < w,
¢, € Lg, this will hold from a certain point and the proof can be ad-
justed in a straightforward way. This guarantees that the generic H,, =
(hep~ | v < aT) for the second component of the generic we have in G
for Cohen(cy,, ¢;) x Cohen(cy, ¢;h) is defined for every n < w. The functions
he,, ~ will be used below to define the Cohen generic functions.

Define, for every n < w, the set

Zn={a<k"|{cm|n<m<w}C A, and n is least possible }.

For every a < k™, let n, be the unique n such that o € Z,,. Let a < k™,
define f} : kK — K as follows:

Fix a sequence (s, | a < k*) € V* of canonical functions in [],_, v"

v<kK

f; ana = h‘CnaSa(Cna)7

f; I [Cm—la Cm) = hcm,sa(cm) I [Cm—lycm)afor m,ng <m < w.

Let us argue that F' = (f¥ | o < x¥) induces a Cohen(x, k)" generic
filter over V*.

Claim 2.12. Let G* = {p € Cohen(xk,xT)V" | p C F}, then G* is a V*-
generic filter.

Let A € V* be a maximal antichain in the forcing Cohen(x,x%)"". Note
that since Cohen(k, ")V is k—closed then

Cohen(r, sT)VIG = Cohen(r, kT)V".

By kT —cc of the forcing Pyy1, thereis Y C k™, Y € V such that |[Y| =
and A C Cohen(x,Y)V". Also, since |A| = k, A € V|G, * F], there is
Z C kT such that |Z| = k such that A € V|G, * F,; | Z]. Without loss of
generality assume that Z =Y € V (Otherwise just take the union). Let
V 3 ¢:k—Y be a bijection.

Claim 2.13. There is an € —increasing continuous chain (Ng | f < k) of

elementary submodels of H, such that

1) |Ng| <,

) G/inm-A7¢7 <Sa ’ a < H+> € NO;

) NgN k=13 is a cardinal < K, yg41 is regular.

) for every p,6 € ¢"vg.p <6 = Vs < pu < K, 5,(p) < ss(p).

5) If ~g is regular, then N;WB C Ng. In particular Cohen(vys, ¢"vp) =
Cohen(x,Y’) N Ng.

(
(2
(3
(4
(
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Proof of Claim Let us construct such a sequence inductively. Note
that (4) follows from elementarity and (2). Requirements (1) — (5) are
preserved at limit stages due to continuity. At successor stages, suppose we
have constructed Ng, find an elementary submodel Ng 41 such that Ng C

N 8 i1 (Na | @< B) € Ng 41, then we construct an auxiliary €-increasing
and continuous chain of elementary submodels (Ng',; | a < k) as follows:
N g 41 is already defined. At limits we take the union and at successor let us
take care of requirements 3,5. Let v, = sup(Ng,; N k) < k. Let Ng‘:ll be

an elementary submodel such that NV §,<7& ,C N 5‘111 and [N gj:ll] < K. Note
that the sets

Cir={a<k|N§, NKk=",€r}

Cy = {a € Oy | if 74 is regular then N7 C N, }

are clubs and also C' = C1 N Cy is. It follows that {7, | @ € C} is a club and
since k is measurable, there is a o € C' limit such that +/,. is regular. Let
Ngi1 = Ng‘jrl, to conclude 2 since yg11 = v,~ is regular. U taim 213

Set
C={B<r[rp=2}
This is club in k since the sequence 73 is continuous and since the set

{B| v =B} is a club.
Claim 2.14. Let

E:={B8<k|Vyed"B.I0<BT.fur | B= fss}
Then E € W.

Proof of claim [2.1]. By construction, for every a < 7, Trok(a) | K1 =
fi1.0 and therefore for every for every a € ji(¢)"k1, there is v < k] such

that o = k*(j7(6))(v) = k*(ji(¢)(v)) and ji(¢)(v) < w7. Hence fr,a |
k1 = fu, g for some B < /-if. Reflecting this we obtain the set £ € W.
DClaimm

To see that G*N.A # (), we will need to catch a piece of A in the elementary
submodels constructed and pick the Prikry points in the club C prepared:

Claim 2.15. For every vy € C N E, there is d = d° € Ny, N A such that d
is extended by (hyy s (o) | T € ¢"10)-

Proof of Claim[2.13. Fix any vy € CNE. Consider the transitive collapse
of m: Ny, — Ny,. Then the critical point of 1 Ny, — Ny, is vp and
771 (1p) = k. Denote by F, = n(F,),é = m(¢). Denote F,, = Gnn/ | v <
m(kT)). For every v € &1, there is some § < 1 such that,

7 =m(¢)(8) = n(6(0)) and F , = 7(frs(6)).
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Moreover, since vy € E, fy i) | Yo = fu,p for some p < vot and therefore
frn = foop Recall that A = (4 )GK*FH y hence A = (é)Guo*fH v We
conclude that for some subset Z C 1T,

A= (A)c,yxF1z € VIGu * Fyy | Z].

Since vy € Ly, in V]G, * Fy;] we also have Hy, = (hypa | @ < I/S_> which are
mutually Cohen-generic over V|G, * F,, | Z].

By construction, V71 < 12 € ¢"vp, 51, (10) < 85, (v0), hence (hyg s ) |
7 € ¢"1p) are Cohen functions over 1y which are distinct mutually V[G,, *
F,, | Z]-generic. Also, A C m(Cohen(x,Y)) = Cohen(vy,m(¢)"vy) =
Cohen(vg, 7" [¢" 1)) is a maximal antichain. Since |7”¢"vg| = vy = |¢" 0],
we can change the enumeration of the functions (h,, s ) | 7 € ¢"10) to
h;(T) = Ny s, (vy) SO that (), | p € 7"¢"vp) is generic for Cohen (v, 7" ¢o).
Thus pick dy € A such that dg is extended by (b, | p € m"¢"vp). Tt follows
that

d:=7"1dy) € ANN,,

is a condition with dom(d) = 7~!(dom(dp)). Since the critical point of 7 is
v, for every (a, 8) € dom(do), 7" ((a, §))) = (a, 7" (8)), hence
X

d({a, 71 (B))) = 7 (do(e, ) = do(cv, B).
In particular for every (v, a) € dom(d),

d(’Yn a) = dO(’Yn 7T(a)) = h;_(a) (’Y) = huo,sa(uo) (’Y)
Thus d is extended by (hyy s o) | T € ¢"10).  Dcpaim I

It suffices to show that any condition in Prikry (/') has an extension which
forces that G* meets a member of A.

Let p = ({), B) be a condition (we assume for simplicity that its finite
sequence is empty) and shrink B to BNCNE. For any vy € BNCNE, we
split ¢"vg into two sets:

X ={red"vo| v € A} and X7° = ¢"1p \ Xg°.
The condition pg = ((v0), BNCNENXN (¢4, Ar)), forces the following:
(1) the Prikry sequence is included in each A, 7 € X°, i.e., n, =0,
(2) ny =1, for every 7 € X{°.

In particular, this condition forces some information about the Cohen func-
tions. Namely that:

(1) for 7 € X(l]/()’ f* fl/o = hVo,Sr(Vo)
(2) for 7 € X f* vy = ,QLST(,QA) I
We would like to find a condition in A which is below these decided parts
of the Cohen. By the previous proposition, there is d € N,,NCohen(x,Y) =
Cohen(v, ¢"vp), which is extended by (h,, s (wy) | T € ¢"10). However, by
(1) — (2) we can only ensure that the generic f! to extend d | vy x X° in

.
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X", We are left to extend d [ g x X{°. Let us show that for many vy, X§
is a relatively large subset of ¢"1:

Claim 2.16. Let
R={v<k|Vae ¢ mm,(v),re A}
Then Re W.

Proof. Clearly, for every o € j5(¢)"k, a = j5(¢(7)) and fuy (k1) = 1,
reflecting this, we can find a W-large set of v’s such that for every a €
& Tnor (V), fra(v) =1. And by definition of A,, v € A,. O

Denote By := BNCNENR. In order to extend d | vy x X1, we will
need to pick vy high enough in By, but also the next point 14 € By \ vp + 1
in the Prikry sequence such that it will belong to all A, with 7 € X; and in
addition the relevant Cohen functions over vy extend d | vy X X7.

Let us look at By more carefully. Let By be its name in V. We fix a
condition mg € G, * F,, which forces that if vy € By then the properties of
Claims 2.15], holds, namely there is d € Cohén (v, ¢"1p) N A which is
extended by (L, s, () | Y0 € ¢"10), and Va € ¢"Tor(0). 1o € An. Recall
that by the construction of Gy,, we have mg € G, * F,,, Let mg < t €
Gy, * Iy, be a condition such that

(1)t k1 € ja(Bo).
By the construction of G, * Fy,, t has the form:

= <t<m U, t(li,l{1)7 <t21 ) t,}gl>7 t(lil,lig)7 t/i2>'
—_——

tiq

Since fy, j,(a) (k1) = 1 for every a < s, this will hold for every o € ¢"x
as well. Also, recall that Y € V|, hence ¢ € V. Thus ja(¢) € My and
J2(8)"k € My. Also, for (tx,)a,, € Ma2[Gy,),

Jakt 0 Supp((tnz)an) € Ms[Gy,]

and (tx,)a,, | £x{j2(@)} C fu.a- Wealso fix § < x* such that Supp((ts,)a,,) S
Jj2(0), there is such 6 since j5x™ is unbounded in jo(xT). Therefore, we can
extend if necessary ¢ such that

(2a) tew, IF (KU{K1}) xj2(0)" Kk C dom(tx,)A(0, k1) € dom(t,, )ASupp(ts,) C j2(6)
(2b) tep, IF te,(k1,) =1, for every a € ja(¢)"k and ty, 4, (0) = k.
(20) tegy IF by jo(a) | 6= fra for every ja(a) € jos™ N Supp(ty,).

Next consider ¢, = (t2 ,t1 ), it is a P, —name for a condition in Fy, x

H,,. By the construction of the generic F,, x Hy,, for every a < k™, we
made sure that hy, j (o) [ & = fea- Also, j1(¢)"k € Ma. Let

p= (1 ¢"k)"t e My
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Note that for every g < kT, ji(sg) = 8j,(8) * K1 — K1 is the canonical
function for ji(8) defined in My, hence j2(sg)(k1) = k(sj,(8))(x1) = J1(B)-
Hence

dom(u1) = j1(9)"k = {sy(k1) | v € 52(0)"K}, rg(1) = ¢k C KT
Extend if necessary t-,,, and assume that

(3) tewy Ik 5 % j1(6)"k € dom(th,) AVi() € j1(6)'R, th 11y | £ = fra

~

As for the lower part, due to the Easton support, we have
(4) tey € V.
Fix functions r,I'; which represents ¢,y resp. in the ultrapower M2,

namely jo(r)(k,k1) = t, jo(I'1)(k,k1) = p. Without loss of generality,
suppose that for every (v/,v), it takes the form
T(V/7 V) = <T<I/’TV’7 7’(1,/’,/), <TB7 T11/>7 T(l/,li)7 Tfi>'

Reflecting some of the properties of ¢ we obtain a set B’ € U? such that
for every (V,v) € B”:
(D)) r(V,v) IF v € By.
(2a) () T<k IF (V' U{vY)x ¢ C dom(re) A(0,v) € dom(r,) ASupp(r,) C 0
(20) (v 1) T<w IFVa € ¢"V ireo(v) =1 and 7, (0) = V.
(3w w) T<v Ik x dom(T'1(+/,v)) C dom(r)) and for every

v v

ﬁ c dOm(Fl(V’, V)),Ti’ﬁ r v = '\fJVlypl(VlvV)(B)'
(4)(11’,1/) Tey =tew € V.

B"={v|3(/,v) e Br(V/,v) € G x F}.
Since B’ € U? we have that (k,s1) € jo(B’) and since jo(7)(k, k1) = t €
Ja(Gy x Fy) = Gy, * F,,, we conclude that B” € W. Also, B” C By by
clause (1).
We proceed by a density argument, recalling that by the definition of Go,
we have that (t<x,tx) € Gy * F.

Claim 2.17. Let D be the set of all conditions q € Pry1, such that exists
(vgs o), (Vi,v1) € B, v > 1 and a Pyy—name d*° such that

(a) (v, vo), (v, 1) < q.

(b) qlF d" € AN Cohen(ry, ¢"1p).

(C) ql-VT e XfO'Qul,sT(ul) [y = Q:O.
Then D is dense (open) above (t<y,t.) and thus D N Gy x F,, # 0

Proof. Work in V', let (t<y,ti) < p:= (Pck,Pi) € Prr1. We will define two
extensions p < g < ¢* which corresponds to the choice of (v, ), (v],v1)
and such that ¢* € D. By definition of Pxi1, p<x IF px € Cohen(k, k™),
by k—cc of Py, for some Z C kT, Z € V, |Z] < k and some v < K,
P<r IF dom(p,) C v x Z. Applying ja, we have that

Ja(p<) = p<w IF dom(j2(px)) C j2(yxZ) = vxj3 Z and ja(pe)jy(a) = Priav = tra
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Combining with (2¢), we have both
p<i It Z 2 Supp(ts) ANVB € Z.j2(pr)jy(s) = th,s
by IFVa(T) € Supp(te,) N j2(Z) by joiry 7= Frr 17
To reflect this, denote = (j2 | (ZUH))~! € My, then
dom(p) = j2(Z) U350, rng(p) = ZU0, pis 1-1.
and we can reformulate:
p<w IF 1" 52(Z) 2 Supp(ts) AVB € ja(Z).52(Px)s > tepu(s)

l<ro -V e SuPp(t/iz) mj2(Z)’tli27T [v= in,u(r) e
Also, since we can find < k such that t IF ¢"(0,k) N Z = (). There exists
such ¢ since |Z| < K, t< IF |Supp(tx)| < & and by k—cc of P,. Recall that
by the definition of p1, ¢”(d,k) = pi{sy(k1) | v € j2(¢)"(4,x)} and that
w” Supp(j2(px)) = Z. Therefore in My we will have that

P<r b ({55 (k1) [ 7 € j2(0)"(8, )} N [1" Supp(ja(px))] = 0.
Let T be such that jo(T)(k, k1) = p, there is a set By C B, By € U? such

that for every (v/,v) € By,
(Z) P<k I+ P(V/, I/)”Z 2 Supp(TV’) A VB € Z-p/-;,ﬁ > T[/’,F([/’J/)(B)a
(17) rex lFYT € ZNSupp(ry).re- [ v = iyl7p(1j,7y)(T) [ .

(i11) p<x IFT1(V/, ) {55(v) [ v € ¢"(6,2/)} N [[(v/, v)" Supp(py)] = 0.

Let us move to the choice of (), 19), (v1,v1). In V]G = F], there exists
(v8,10), (V),v1) € By such that 7(v{,v0),7(10,11) € G, * F,; (hence they are
compatible) such that v > §,v, sup(Supp(p<x)) and v > vy, Supp(r<x (¥, v0)).
In particular, in V we can find (v}, vo), (v}, 1) € Bo such that (v}, vo), 7(v],v1)
are compatible, v, > §,7, sup(Supp(p<x)), and v] > vy, sup(Supp(r<. (¥, v0))).
Denote

= r(vh,n) = (rgué,rgé,r?uéﬁ),r%,
Tl = T(Viv Vl) = (T1<1/£ ) Tui ; T(ui,u1)7 <T8117 Tiil% 7,(1[/17%)7 Tlli>

Let us define the first extension ¢, it has the form:
0= Dr” " Ty )
First, g, is a P,; —name for a condition with Supp(q,;) = I'(vy, )" Z, by
(7) Supp(q,,(/)) D) Supp(rgé). Set G 1wy wo)(8) = Pr,B- As for g, we set it to
be a P,—name for r U p,.
Once we will prove that p,,r%, < g<y, from (i), (ii) it will follow that

q<r forces g, to be a partial function. Indeed, for every 8 € Supp(r?) N Z,
q<r will force

0
g 17 = Lo @) 17 2 oy rwhve)(8) = Pr.s
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Clearly p < g. To see that 7° < ¢, up to v, we have that by (4)
that

(vg:v0)

_ _.0
Qv = P<n 2 t<k = Ty

At vy, if @ = I'(vg,19)(8), then (i) insures that ¢,; o = prg > rg,ﬂ. Since
in the interval (¢, k), ¢ and r0 are the same, it follows that ¢, > rg .. and
at r it is clear that ¢, IF r0 < gs.

Next let us move to the choice of d"°. Since r0 < qand mg < {tew, te) <
q I- vy € By, use the maximality principal to find a P,,—name, d" such
that ¢ forces (b)[]

Define the final condition g < ¢*,

0" = a<r” 4y Tl )
The crucial point here is that by (2b)(,; ,,)

rgn I V(()) = '\lei,I/()(O) = 7"2’,/0(0) = V(/]
and since r¥ Ik vy € R we have that % IF X1° C ¢” (v, 0) C ¢" (v, v}). By
(ii1) we have that g, IF [[1(v], 1) {sy(11) | v € X{°} N [T (v}, 11)"Z] = 0.
This will permit to code d*°, let
Supp(qy;) = [C1(v1,v1)"{s5(v1) | ¥ € X1} W [T (v1,21)" Z]

and

o faa 3 ETOLY Za =10 m)(B)

Y1 dav  3re X{*.a=T1(v],v)(s: (1))
and ¢¢ = ¢, Url. Note that if 7 € Supp(g,) N Supp(r}) then either 7 €
Supp(r?) N Supp(rl), and 7,7} are forced to be compatible by g, and if

KRR
7 € Z N Supp(rl) then the same argument as before works. We conclude

that 70 < ¢ < ¢*, ! < ¢*, namely (a). Finally, for every 7 € X7, s,(11) €
dom(I'y (v1, 1)) and by (3)(,; ,,) We have that ¢* forces that

Bovnsrn) 170 = ot 0l s- () T70 2 @0 0y ) (2 () = 7

Then p < ¢* and ¢* € D O
By density, we can find such a condition p* € G, * F,, N D and points
(), ), (Vy,v1) € B’ witnessing p* € D. It follows that r(v, vp), (v}, 1) €
Gy * Fi;, and by (1)(1/(’),1/0)7(1)(1/{,1/1)7 vo,v1 € Bp. Extend <<>7B> by p* =
<l/0, v, BgN (mT6¢”V()AT> \1/1 + 1> By (2())(%7,}1), for every T € QS”V(] - QS”V&,
" 0 7€Xp

fn,T(Vl) = TE,T(VI) =1, hence 11 € ﬂrE(ﬁ”quT and p* Ik n, = {1 re Xl‘

In other words, since vy € By,
p* I+ V1 e Xo.f*T [ vy =
p* FV7r e Xl-'\fJ*T f V= th,Sr(Vl)

hVo,ST(Vo)

4Since the tail forcing Plvo,x) is vo—closed, if there is such d"° € V|G, = Fi] then
|d"°| < vo, hence d"° € V[G,,].
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Let d = (d'°)g,, € Cohen(rp, ¢"vo) N A, it follows that p* IF V7 € Xo. f7
extends d,, and by (¢) of the definition of D, p* I+ V7 € X f* extends d-.
Thus p* IF d € G* NA. This concludes the genericity proof. ~ O

O

3. THE RESULTS WHERE 2" = g1+

3.1. Strong non-Galvin witnesses of length 2 = x*1. In this section
we produce a model with a non-Galvin ultrafilter with a strong witnessing
sequence of length 2% = k™. This will of course require to violate GCH
on a measurable cardinal and in turn to start with a stronger large cardinal
assumption (see [15],[32]). We will follow a similar construction to the one
given in the case of k™ addressed in previous sections. Indeed, instead
of iterating Cohen(a,a™) we will iterate Cohen(a, ™) aiming to force
Cohen(k, k1), from which we will be able to define a non-Galvin ultrafilter
and a strong witness of length <™ in a similar fashion to the one we have on
kT, distinguishing between o’s which are in the image of the second iteration
and those which are in the image of the factor map. The difficulty is, as
always, to extend a ground model embedding. By the large cardinal lower
bound, we can no longer work with an ultrapower by an ultrafilter. The
usual embedding to lift in the context of violation of GCH at measurables
is a (K, k7T )-extender ultrapower embedding, which we will use here. This
makes the lifting argument more involved and the existence of generic filters
for the iteration requires variations of Woodin’s surgery method (See [12),
Sec. 25]).

Theorem 3.1. Assume GCH and that there is a (k, k™ T)-extender over k
i V. Then there is a cofinality preserving forcing extension V* such that
V* | 28 = gt in V* there is a k-complete ultrafilter W over x which
concentrates on requlars, extends Cub, and has a strong witness of length
k1T for the failure of Galvin’s property.

Proof. Let E be a (k, kT1)— extender. Let j; = jg : V — Mg =: M; be its
ultrapower embedding with crit(jp) = k& and "Mpr C Mp. Denote by E,
the ultrafilter
E, ={XCk|acjr(X)}

Denote U := E,. the normal ultrafilter and let k£ : My — Mg be the factor
map defined by setting k(ju (f)(k)) = je(f)(k) such that jg = kojy. Define
an Easton support iteration (Pn,Qp | @ < K+ 1,8 < k) as follows:
Qg is trivial unless J is inaccessible, in which case @ = Cohen(3, 37 ).
™~ Let Gri1 := G, * g.. be a V-generic subset of P41 = Py * Q.. Keeping
similar notations to those from previous sections, let (fsq | @< £TT) be
the Cohen generic functions from & to 2 introduced by g.

Now we apply Woodin’s argument (see [12), Section 25], and Ben Shalom
[3] for constructing generics without additional forcing) to see that there

will be G, ()41 * H* C je(Peg1) *S in V' := V[G,11][H], where H C S
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is a V[Gy11]-generic filter, where Sy is some kt-distributive in V[Gy1] (In
the case of Ban-Shalom, there is no need for H* and we can work directly
in V[Gk41]) generic over Mp and an elementary embedding

J1 Vi = ME[Gjp 01 * 7]

which extends j;. Recall that the generic filter constructed for ji(Q,) is
obtained by a surgery argument, making small changes on an M, [Gjl(,i)]—
generic filter f to be compatible with j7g,. For our purposes, we need some
additional changes to be made, for every p € f we change p to p* such that
dom(p*) = dom(p) and

fs(v) vy <rna=5(B)
(v, a)) =48 v=rAa=j1(B)
p((y,a)) else

To see that p was only changed at k-many places, find a € [xT]<% such that
je(P)(a) = p, where P : kl*! — Q.. By elementarity, for every (a,j1(83)) €
r x jistt N dom(p), there is z € [s]% such that (o, ) € dom(P(x)). Tt
follows that |k x j7 kTt Ndom(p)| < k. Moreover, |{x}xj/xTTNdom(p)| < &,
since otherwise there would be some av < k™" such that

cf(a) = x™ and sup{jg(B) | (r,jp(B)) € dom(p)} = j(a).

But |dom(p)|™ < ji(k) and cf™(j;(a)) = j1 (k)" which is a contradiction.
Hence p* € M[G}, (,i)] since we have only changed p at k-many values and
FM1[Gjy ()] © Mi[Gj, ()

The argument that such changes do not affect the genericity is the same
as in [12]. So we additionally obtain that fy, (k) = «, for every a < k™,

We also claim that jj is actually the ultrapower embedding by the normal
ultrafilter

U ={X Cr|reji(X)}

extending U. To see this, consider k* : My« — Mi[Gj, (x)+1 * H*] defined
by k*([f]lu~) = ji(f)(k), which is clearly elementary. To see that k* = id,
let us prove that k* is onto. Fix A = (4)q; () ,1+0* € M1[Gjy (x)+1] and let
feV,a={al,..,on} € [kTT]<¥ be such that j;(f)(a) = A. Define in
V[Gy+1] the function f*(z) = (f({far (%), s fa,(%)}))Guyr#m- Then

k(o= (") (k) = 31 (f) (k) = Gr(FH)ET (far)(K), oes 5T (far) (KD 1)) Gy gy a0

= (jl(f)(a))Gjl(,i)+1 = (é)Gjl(n)+1*H* =A

We would like now to construct a k—complete ultrafilter W € V[Gy11]
over k which includes Cub,; and the family (A4, | @ < x™T) which is a strong
witness that W fails to satisfy the Galvin Property. Set

Ap = {v < k| fa(v) is odd},

for every oo < k.
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Consider the second ultrapower (of V') by E, i.e., Ult(Mg,jr(E)). In
order to simplify the notation let us denote Mg by M; and Ult(My, ji(E))
by Mz and j21 := jj,(g) : M1 — Ma. Also, let k1 = ji(k), E1 = ji(E), and
kg = j21(k1). Let jo : V' — My be the composition of j; with jg ;.

Work in M1 [Gy, +1 * H*] apply there the Woodin argument to E;. There
will be Gyyq1 % H* C jo( Py x Q% Sp) (in M;[Gy,+1 * H*]) generic over Mo
and an elementary embedding

jil : Ml[GHH-l * H*] — M2[GI€2+1 * H**]

which extends jg,. Additionally, for every a < (/iiH_)Ml let us arrange the
following:

(1) frajos(a)(k1) is odd, if a € GE"KTT,

(2) frajor(a)(k1) is an even, if a € (ki TYMiN Gkt

(3) fmﬁl (Hl) = K.
The point being that this requires only small changes of conditions in (Cohen(kz, k
and so preserves the genericity.
Namely, given p € (Cohen(ka, (k2)*T))M2, define p* such that dom(p*) =
dom(p) and

3 )M

9

fas(y) v <r1AIB <K Ta=j21(8)

B-24+1 v=rmAIBEjrTT.a=7521(0)
pr((va) =482 v=r1AIBE T\ IR G21(B) = a
K VY=o =K

p({y,)) otherwise

In V[Gey1+H], |Supp(p)Njs" k*F| < k and M;[Gy, 1% H*] is closed under
k-sequences hence p* € M;. The argument we have seen before applied in
MGk, +1 * H*] shows that

Mi[Gr, 1] F [dom(p) N (k1 + 1) x iy (w7 ) MHGmnl] < ey

This implies that p* € My[Gy,+1 * H**| since M3[Gy,+1 * H**] is closed
under k;-sequences from M |G, +1* H*|. Then the embedding js : V' — Mo
extends to
j; : V[G,ﬁ_l * H*] — MQ[G@_H * H**]
Define now
W= {X Cr|m ejs(X)}

Claim 3.2. (1) jW = j;, [Zd]w = K1, U* <R-K w.
(2) Cub, CW,{a<k|cf(la) =a)} e W.
(3) The sequence (A, | o < k1) is a strong witness for =Gal(W, k, k™),
where
Ay i ={v < k| fralv) is odd}

Proof. Indeed Cub, C W and {a < k | cf(a) = a} € W, is the same
as in Claim 2.8 from the last section. To see (1), we let ky : My —
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M>[j5(G)] be the usual factor map kw ([flw) = j3(f)(k1) and we prove
that ky = id by proving that ky is onto. Let A € Ms[Gy,41 * H*™], then
A= (A)G@H*H** where A € My is a Py, 11 * j2(So)-name. Since jo1 is an
(k1, k] 1) —extender ultrapower there is f € M and a € [s]T]<% such that
A = j21(f)(a). Suppose that a = {a1,..,a,} is an increasing enumeration.
Then by construction, fy, j,(a:) (k1) € {a;-2,0; -2+ 1}. In particular we
derive «; from f’i27j2,1(ai)(/{1) E Define go, : k1 — k1 € M1[G 41 % H*] by

K1,0 (O fr g oy ("‘€ )
[P ) = [P

9o (@) = , then 3 1 (g, ) (K1 = ;. Finally, let

9(a) = f(gay (@), ...y Ga,, (@)). Then,

J2,1(9) (k1) = J2,1(f) (2,1 (gar ) (K1) -5 2.1 (g ) (K1) = J21(f)(a) = A
We already know that M;[G,+1 * H*| is the ultrapower by U*, hence g =
Ji(h)(k) for some h € V[Gyy1+ H] and in turn A = j3(h)(k, x1). Finally, we
made sure that x is expressible by k1, so we define in V[Gxi1*H] f*: k — K

by
[ (@) = (h(fsala),a))c
It follows that:

kw ([f*Tw) = g2 (F ) (k1) = (g (R) (frz,h1 (K1), 51)) Gy st
= (J2(h) (K, K1) Gryirntiss = (A) Gy ianti= = A,
this concludes (1), (2), (3) is completely analogous to Claim 2.8l O
(]

3.2. Adding ~™"-Cohens using Prikry forcing. The construction of
the previous section can be modified to obtain a model in which there is a
k-complete ultrafilter U* over k such that Prikry(U*) adds a generic filter
for Cohen(k, k*). This will require the violation of SC H and in turn larger
cardinals [16],[33].

Theorem 3.3. Assume GCH and that E is a (k,kt1)— extender in V.
Then there is a cofinality preserving forcing extension V* in which 2% =
k1 and a non-Galvin ultrafilter W € V* such that forcing with Prikry(W)
introduces a V*-generic filter for CohenV” (k, k*t+)-generic filter.

Proof. Let j1 : V. — Mg =: Mj be the ultrapower embedding of E with
crit(j1) = k and "M; C M, and k1 = ji(k). Denote by E, the ultrafilter
{X Ck|ae€jr(X)} As before, denote E, by U and let k : My — Mg
be defined by setting k(ju(f)(k)) = je(f)(k). Define an Easton support
iteration (Pn,Qp | @ < k+ 1,8 < k) as follows:

Qg is trivialunless 8 is inaccessible. If 8 < & is inaccessible, then

Qs = LOTT(Cohen(B, 37), Cohen(B, 371) x Cohen(B, 37))

Over , we let Q,, = Cohen(k, k™).

5An easy transfinite induction, proves that if an ordinal v = -2 or v = -2+ 1, then

8 is unique, we denote 8 = [ ].



30 TOM BENHAMOU AND MOTI GITIK

Let Gyyr1 = Gk * Fi; be a V-generic filter of P,y1. We denote by F, :=
(fay | ¥ < ™) the generic Cohen function if Cohen(c, ™) was forced in
Gy and by

Fo = (fay |7 < o™, H, = (haqy | v < a®t)

if Cohen(a, a™*) x Cohen(a,a™) was. The elementary embedding j; ex-
tends to jj : V[Gri1] = Mi[Gg,+1] such that at x we forced one block of
Cohen’s, Cohen(k, k1), and for every a@ < k™1,

fﬁl,jl(oc) (/{) = Q.

Indeed, in the Woodin and Ben-Shalom argument we first build the generic
Gy, up to k1 not including s in the same standard fashion as in [12]. The
original construction of Woodin or Ben-Shalom of the Cohen generic Fj,
which is M; |G, |-generic for Cohen(ky, ki 1)M1 [Gx1] applies in our case, as
it only uses the fact that M;[Gy, ] is closed under k-sequences and properties
of Cohen(k1, x{ ). Since

Cohen(ky, k] ) ~ Cohen(ky, k] ") x Cohen(ky,k{™"),

we can split the generic F};, and assume it is of the form F};, x H,,, which is
M; |G, ] —generic for Cohen(k1, k1 1) x Cohen(ky, k{1). Work inside V|G, *
F,], modify the values of F,;, and Hy,, as in the previous section so that for
every aw < k1T,

fﬁ1,j1(a) k= k1,51 (a)-2+1 [ k= fn,a

h
and for every o < k*7F, fi. i o) (k) = .
Lift j; to the embedding j; C ji : V[Guy1] = MEg[G,, * Fi,|. Note that
H,;, will be used only later. Set

Ur={X Crlreji(X)}

then U C U™ and ji is actually the ultrapower embedding by U*. Continuing
as before, consider the second ultrapower (of V) by E. Denote Mg by
M, and Ult(ME,jE(E)) by My, j271 = jj1(E) : My — M5 the ultrapower
embedding. Also, let £y = ji(F) and ko = jo1(k1). Let jo : V. — My
be the composition of j; with ja ;1. The extension of jp 1 will be such that
at 1 we force with Cohen(r1, k] ") x Cohen(r1, k] ") part of the Lottery
sum. To realize this, we define in M;[Gy, * (F;, X H,,)] we take the generic
Gy, up to k1. At K1 we take F,, x Hy,, then in M;[Gx, * (F., x Hyg,)]
we construct as in Wooding and Ben-shalom argument in V[G, * Fy] an
M3[Grey %(Fyy X Hyy )]-generic G, ,)*Fi, such that jy |Gy, Fley C Gy *F,.
Denote by (fry.a | @ < (k3 7)M2) the Cohen function induced by F,. We
also secure that for every a < (k] )M

(1) fmk(a)(lﬂ) =a-24+1,iffa€jg"wkTT,
(2) fngk(a)(ffl) =Q- 2, ifa e (,{i"“‘)Ml \jE,/I{++.
(3) fl@z,lil(lil) = K.
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Formally, given p € (Cohen(kg, (rg)T1))M2lGr2]  define p* such that dom(p*) =
dom(p) and

frra(y) v <m1AB=k(a)

a-24+1 y=rmAB=kla)NaecjhLrTT
pr((7.8)=1{ a2 y=rAB=k(a) Aae (k)M jERTT
K a=7v=k]

p((v,a)) otherwise

In V[Gyi1], |dom(p) N jhw*| < & and M;[Gy,11] is closed under s-
sequences hence p* € M;[Gy,+1]. The argument we have seen before applied
in M1[Gy,+1], thus

M;[Grey 1] E [ dom(p) N (k1 + 1) x jio(fT)MIGmnl] < gy

This implies that p* € M3[Gx,+1] since Ms[Gy,+1] is closed under ki-
sequences from M [G ., 4+1].

Extend in V|G, * Fy], jo1 C j5 : M1[Gyg, * F..y — M3[Gy, * F,] and let
J3 2 V[Gy * Fg] = Ma[Gy, * Fy;,] be the composition j3; o ji. Note that j3 ,
is definable only in V[Gy * (Fy]. Denote by V|G, * F, | = V*, define

W={XCk|ri€j3(X)}eV*and A, = {8 < k| fa(B) is odd}.
Claim 3.4. W is a k-complete ultrafilter over k such that

(1) jw =33, lidlw = k1, U* <p-g W.

(2) Cub, CW,{a<k|cf(la) =a)} e W.

(3) Lo :={B < k| Cohen(B, BT )xCohen(B, 3TT) was forced in Gri1} €

w.
(4) For every a < k™, L1 o = {v < k| foalv) <vtT}eW
(5) The sequence (A, | o < k1) is a strong witness for =Gal(W, k, k).

Moreover, the sequence (Aq N L1o | a < k1) is a witness for
—Gal(W, k,ktT).

Proof. (1),(2) and the first part of (5) is the same argument as in Claim 3.2
As for (3), note that we have constructed the generic G.y+1 = j5(Gr41) s0
that on k1 we have forced Cohen(k1, k] ) x Cohen(k1, 1] 7). To see (4), for
every a < kT,

jg(fﬁ,a)(’{l) = fﬁ2,j2,1(j1(0l))(/{1) = jl(a) 2+1< ’iiH_'

Hence by elementarity, 1 € j3(L1q). Finally, the moreover part of (5),
toward a contradiction if there would be a set I € [xT1]* such that N;er Ay N
Lo € W then clearly NicrA, € W, contradicting the first part of (5) that
Ay’s form a witness for =Gal(W, k, kT1). O

Denoted by v +— 70 (V) the Rudin-Keisler projection from W to U*, and
let us prove that W witnesses the theorem:

Proposition 3.5. Let H C Prikry(W) be a V*-generic filter. There is
G* € V*[H] which is V*-generic for Cohen(r, kT T)V".
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Proof of proposition [3.3: Let (¢, | n < w) be the W-Prikry sequence cor-
responding to H. Suppose without loss of generality that for every n < w,
cn € Lg.

Define, for every n < w, the set

Zn={a<r™ [ {em |n<m<w} CAyN L1, and n is least possible }.

For every oo < k™, let n, be the unique n such that o € Z,,. Let a < k™,
define f} : kK — K as follows:
Denote by
<an7OC ‘ « < CTJ’L_+>7 <hcn706 ’ « < c’l’—il_+>
the generic ¢,—Cohen functions forced by G and define the function f; :
Kk — Kk by

f; = hCname(X Cna U hcn7fl'€(¥ Cn r [cﬂ_l?cn))

N <n<w
Note that the Cohen functions on x play the role of the canonical functions
from the previous section. Let us prove that F' = (f* | a < kT1) are Cohen
generic functions over V*.

Claim 3.6. Let G* = {p € Cohen(k,xT)V" | p C F}, then G* is a V*-
generic filter.

Let A € V* be a maximal antichain in the forcing Cohen(x, x*t+)V". Note
that since Cohen(r, xT+)V" is k—closed then

Cohen(r, k¥ T)VI9] = Cohen(r, k)"

By T —cc of the forcing, there is Y’ C k*+, Y/ € V such that |Y'| = k and
A C Cohen(x,Y")V". Also, since |A| = &, A € V[Gy * Fy], there is Z C xkTT
such that |Z| = k such that A € V|G, * F,; | Z]. Without loss of generality
assume that Z =Y € V. Let V 2 ¢: k = Y be a bijection.

As in claim 213, we can construct an € —increasing continuous chain
(Ng | B < k) € V* of elementary submodels of H, such that

(1) |Ng| < &,

(2) Gyt1,A, 9, Y € Ny,

(3) Ng Nk =g is a cardinal < K, 341 is regular.

(4) If 3 is regular, then Cohen(75 ¢"~v3) = Cohen(k,Y’) N Ng.

Set
C=1{B <nlp =B

This is club in s since the sequence <z is continuous and since the set
{B | vs = B} is a club.

Recall that by construction ji({fea | @ < £7F)) = (fupa | @ < k3 T).
Also, for every v € ja(¢)"k1 there is v < k1 such that v = ja(¢)(7), and
since crit(jo.1) = K1, v = jo.1(j1(4)(7)). Since j1(¢) : k1 — kI we conclude
that v = ja1(a) for some o < (k7)1 which implies that

frow(k1) €{a-2,a-2+1}.
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Since ¢ is a bijection, for every distinct vi,v2 € j2(@) K1, frgun (K1) #
fras(k1). Reflecting this, we obtain that the set

E:={v<k|Vv,ved'vi #vy— o (V) # fom(W)} € WL

Also, by construction, for every a < /{TF, fragor(@) | K1 = frya and
therefore for every for every a € ja(¢)” k1, there is v < k] such that

a = j21(j1(9)(v) = j21(j1(¢)(v))

and j1(¢)(v) < k7 T. Hence fu,a | K1 = fi, p for some B < k. Reflecting
this we obtain that the set

F:={B<k|Vye¢'BI0 < BT .fuy | B= fas} €W

Now the argument of Claim applies since for every v e CNENF,
Vi < 1 € ¢"w, frn () # fem(vo), hence (Pog,furo) | T € ¢"vg) are
distinct mutually V[G,, * F,,]-generic Cohen functions over vy. Thus , we
can find d € AN Cohen(vy, vy +) such that d is extended by (h
a € ¢"1p). Finally we note that

VO,fn,a(VO) ’

R:={v <k|Va€ ¢ Mo V).fralv)is odd} € W

Let p = ((), B) be a condition, shrink B to By :== BNCNENFNReW
and pick now any vy € By. Split ¢”vg into two sets:

Xp0 :={r € ¢"vo | vy € A} and X7° = ¢"vp \ X(°.

Since 1y € R we have that X7 C ¢"(mpor(10),0). The condition py =
{((v0); Bo N (Mregry Ar)), forces the following:

1) the Prikry sequence is included in each A,, 7 € X[°, i.e., n, = 0,
( y 0
(2) ny =1, for every T € X{°.

In particular, this condition forces some information about the Cohen func-
tions. Namely that:

(1) for 7 € X(I]jo, f: fl/o = h'/o,fn,r('/o)

(2) for 7 € Xfo, f;_k vy = h,Ql,fn,r(,Ql) [ vo.

We would like to find a condition in A which is below these decided parts
of the Cohen. By the previous paragraph, there is d € N,, N Cohen(k,Y) =
Cohen(vp, ¢"vp), which is extended by (hy, 1. () | 7 € ¢"10). As before we
will need to pick vy, v so that d¥0 € G*.

Let By be a name in V for By. We fix a condition mg € G, * F,. which
forces that if 11y € By then there is d € Cohen(vy, ¢ v0)N.A which is extended
bY (Bvy fur (o) | V0 € ¢"10), and Va € ¢"Tor(10). 1o € Aq. Recall that by
the construction of G,,, we have mg € Gy, ¥ F,,. Let mg <t € Gy, * Fy,
be a condition such that

(1)t k1 € ja(Bo).
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By the construction of Gy, * Fj,, t has the form:
t= <t<mtmt(n,m) <t217tllil> t(ﬁ17ﬁz)7t'€2>'
——

try

Distinguishing from the case of x*, we now have that f., j,(a) (k1) = ji(a) -
2+ 1 for every a < k™, this will hold for every a € ¢"k as well. Also, recall
that Y € V, hence ¢ € V. Thus jo(¢) € My and jo(¢p)'k € Ms. Also, for
(tHQ)Gn2 € MQ[GIW]?

Jartr N SuPp((tnz)G@) € Ms[Gy,]

and (ty,)G,, | & % {j2(@)} C fra Wealso fix X € V, X CrTF, [No| <&
such that Supp((ty )i, ) € jo(No).
Therefore, we can extend if necessary t such that
(2a) ey I (KU{K1})xj2(6)"k C dom(tx,)A(0, 1) € dom(tw, ) ASupp(te,) C j2(No)
(2b) tepy IF tiy (K1, J2()) = J1(a)-2+1, for every ja(a) € jo(¢)"k and ty, x, (0) = K.
(2¢) tery IF by jo(a) [ 5= f,.g,a for every jo(a) € j5 k™ N Supp(te,)-
Next consider t,, = (tgl,t}ﬂ> it is a P,, —name for a condition in F, x
H,,. By the construction of the generic Fy, x Hy,, for every a < skt we
made sure that, b, j ()241 [ & = fra- Also, (j1(¢)"k)-2+1¢€ M. Let

p1=1{G1(a) -2+ 1,a) |a€ ¢k} € My
The fact that for every 8 < k¥, f., j,(5)(k1) = j1(8) - 2 + 1 implies

dom(p1) = (j1(8)"k)-241 = { fuz (k1) | 7 € 52(¢)"K}, tng(pn1) = ¢ C wTF
Extend if necessary t,,, and assume that
(3) t<f€1 I Hx(jl (¢)//H)2+1 - dom(t.}zl)/\vjl (a) € jl(¢)//ﬁ7 tll.gl 1 ()-24+1 f K= in,a-
As for the lower part, due to the Easton support, we have
(4) tey € V.
Fix functions r, 'y which represents ¢, i resp. in the ultrapower Mgz, namely
for some ¢ € [k]T]<%, ja(r)(€) = ¢, j2(T1)(€) = p. Without loss of gen-
erality, suppose that both s and k; appear in f , K= mln(f) =¢ ( ) and
k1 = E(ig). Then the functions 7 € [1]l¥] — (7(0), 7(ig)) represent (k,r1).
Without loss of generality, suppose that for every 7, it takes the form
(D) = {r<o(0): T5(0) T(@(0),7(0))> TH(i0) T5(io) > T (i) ) T)-

Reflecting some of the properties of ¢ we obtain a set B’ € E (5 ) such that

for every v € B":

(D7 () IF(io) € Bo.
(2a)5 T<x IF (7(0) U {T(i0)}) x ¢"7(0) C dom(rs)A
(0,7(ig)) € dom(r,) A Supp(rx) € Np

6For a set of ordinals A, let A-2+1={a-24+1|ac A}.
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(20)5 7<x IF Va € ¢"7(0).74 o (V(i0)) is odd and 7, 5,)(0) = 7/(0).
(3)5 T<iiy) IF P(0) x dom(Fl(ﬁ)) - dom(rﬁ(. )) and for every
B € dom(T'1(7)), 750 5 1 7(0) = £ 50),r1(7)(8)-
(4)5 r<p(0) = t<w € Vio)-
Let
B" ={v(ip) | W € B’ .r(¥) € Gy * F, }.

Since B’ € E(€) we have that £ € jo(B') and since jo(r)(€) = t € j3(Gy *
F.) = Gy, x F,,, we conclude that B” € W. Also, B” C By by clause (1).

We proceed by a density argument, recall that by the definition of G, we
have that (t.,tx) € G, * Fj.

Claim 3.7. Let D be the set of all conditions q € P41, such that exists
o, h € B', 11(0) > (i) and a Py, (i) —name Qﬁo(io) such that

(a) r(#),r(A) < q.

(b) ¢ Ik d™00) € AN Cohen((io), " o(io))-

( ) q V1 e XVO(ZO) th,fn,-r(Vl(Zo)) [l/o(Zo) = Qyo(lo).
Then D is dense (open) above (t<y,t.) and thus D NGy * F; # ()
Proof. Work in V| let (ty,tx) < p:= (p<r,Px) € Pr+1. We will define two
extensions p < g < ¢* as before such that ¢* € D. By definition of P,y1,
p<w IF px € Cohen(k, k™), by k—cc of Py, for some Z C x™F, Z € V,

|Z] < k and some v < K, p<y IF dom(ps) C v x Z The same argument as
before indicate that

P<x IF Z 2 Supp(ts) AVB € Z.52(Pr) ju(8) = trs

tery - Vja(T) € Supp(tey) N j2(2) iy joir) 17 = [rr T

Denote p = (jo | (Z U Np))~! € My, then
dom(p) = j2(Z) U jY No, tng(p) = Z U0, pis 1-1.

and we can reformulate:

p<rIF 1" 52(Z) 2 Supp(te) AVB € j2(Z).42(Pr)s = tuu(s)

teny IFVT € Supp(tey) Nj2(2) ey 7 = frpuir) |7
Also, find § < k such that t-, I+ ¢”(5,k) N Z = . We have that
¢"(0, k) = W {frar (K1) | 7 € 42(¢)"(0,5)}, and p" Supp(j2(ps)) = Z.

Therefore in My we will have that

P<k I- [Nlll{inz,’y("fl) ’ RAS j2(¢)”(67 "1)}] N [N” Supp(]é(]%))] = (Z)

—

Let T be such that j()(€) = p, there is a set By C B', By € E(£) such
that for every 7 € By,

(Z) Pew IF F( )//Z D) Supp(?”,/ ) AV € Z.pmﬁ > T50),0(7)(8) >
(i) r<nlE VT € ZNSupp(re) Tz [ 7= fio)r@) -
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(i) pex = T1(@)"{ £ xn(F(i0)) | 7 € ¢"(6,7(0))} N [L(#)" Supp(px)] = 0.
Find 7, 7, € By such that r(i%), 7(#) are compatible, 75 (0) > 6, v, sup(Supp(p<x)),

—

and 71 (0) > g (io), sup(Supp(r<.(¥)). Denote

=1 (70) = (75(0): Ty (0 T (0)) TR )
) B . 0,1 1,1 1 1
= r(01) = (T e 0)) T70)s (310071 (10)> (T (i) T (i) )2 T (5 o)) T

As before, ¢ has the form: ¢ = p<,fq170(O)AT?ﬁO(OM)“q,{. We have gz, () is a
Py (0)—name for a condition with Supp(gz,(0)) = I'(%h)"Z and g, r(s ve)(8) =
Pk, As for g, we set it to be a P,—name for 0 U py.

The argument that' 0 < q is the same as in the case of KT.

The choice of Q”O(ZO) is possible since ¥ < ¢ and mg < (tep, ) < q IF
o (io) € Bo.

Define the final condition g < ¢*,

~ ~.1 ~
4 = q<x q;%(o) "(71(0),) G-

Again we have that r0 |- Xlﬁo(io) C ¢"(1(0), % (i0)) € ¢"(7(0),71(0)) and
by (idi)
e IF [C1(#1)"{ f (1) | 7 € XPH N D)7 Z] = 0.

Now for the code of d 7o(io) et

SUpp(a3, (o)) = [T1(71)"{ f e (71.(i0)) | 7 € X7" Y W [[(7)" 2]
and

L fa  IBETE) Za=TE)(0)
97, (0),cx QZO(ZO) Ir ¢ Xi/o( ) o= Fl(Vl)(f/i'r(Vl(ZO)))

and ¢f = q. UTL. We conclude that ¥ < ¢ < ¢*, r! < ¢*, namely (a).

Finally, for every 7 € XVO o) » [rr(1(i0)) € dom(I'y (7)) and by (3)(7,) we
have that ¢* forces that

f@ﬁl(io),Ln,r(ﬁl(io [ %o(io) = fi 0),0'1(#1)( £ +(#1(i0))) [ 7o(i0) >

~

2 GG (00 () r (o)) = S0
Then p < ¢* and ¢* € D O
The rest of the argument remains unchanged. O
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4. ON THE EXTENDER-BASED PRIKRY FORCINGS AND ADDING SUBSETS
TO K

H. Woodin asked in the early 90s whether, assuming that there is no
inner model with a strong cardinal, it is possible to have a model M in
which 2% > R,,3, GCH holds below R, there is an inner model N such
that k = (N,)M is a measurable and 2% > (R ;3)™. His question was
natural given the results known back then: Magidor proved [26] that it is
consistent relative to a supercompact cardinal and a huge cardinal above it
to have 2% > N, ., and GCH_y, using the supercompact Prikry forcing
with collapses. Woodin, in an unpublished work which can be found in [11]
reduced Magidor’s large cardinal assumption to get 28 = 8,10 + GCHR,,
to a strong cardinal (actually to a pok—hypermeasurable). Later, Gitik and
Magidor [2I] proved using the Extender-based Prikry forcing with collapses
that starting from the optimal large cardinal assumption, it is possible to
obtain R4, = 2% and GCH_y,. However, Woodin’s question remained
unanswered.

A natural approach to answer Woodin’s question is to force with the

Extender-based Prikry forcing over x and then argue that in some interme-
diate where & is measurable we added A > k™" many subsets to &.
Our purpose will be to show that this direction is doomed. More precisely,
we will prove that in any intermediate model of the Extender-based Prikry
forcing where kT T-many subsets of x were introduced, s is singularized
(and in particular not measurable. We will analyze the situation in both
the original version of Gitik and Magidor from [21] and Merimovich version
of the Extender-based Prikry forcing from [29] B0, [31]. We will rely on the
following theorem from [8, Theorem 6.7]:

Theorem 4.1. Suppose that U = (U, | a € [k]|<¥) is a tree of P—point
ultrafilters. Let G C P(U) be V—generic, then for every set of ordinals
AcVIGI\V, cfVU(k) = w.

Note that if U is any k-complete ultrafilter, then the forcing Prikry(U)
which we use in this paper is forcing equivalent to P(U) where U = (U, |
a € [k|<¥) is such that U, = U for every a.

Assume 2¢ = k*. Let E be an extender over k. We consider two sorts
of Extender-based Prikry forcings - the original one, see [21] or [I7], and a
more elegant version of Carmi Merimovich [29] 30, 31].

Let us start with Merimovich version, but in which the measures of ¥ are
P—points as in [21].

4.1. The Merimovich version with P—points. Suppose that there is

h : k — K such that all the generators of E are below jg(h)(k).

For example, if F is a (k, k71 )—extender, this holds with h(v) = v, v < k.

This is sufficient to ensure that for every @ < A, U, is a P—point ultrafilter.
Denote by Pg the Merimovich Extender-based Prikry forcing with E, as

defined in [31](or see definition [LH)).
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Theorem 4.2. Let G C Py be a generic. Suppose that A € VIG]\'V is a
subset of k. Then k changes its cofinality to w in V[A].

Proof. Work in V. Suppose that A is a name of a subset of x and some
p € Pg forces that it is a new subset.
Let us use s —properness of the forcing Pg, see [31, Claim 2.7] or [29]
Claim 3.29]. Pick now N < H,, for some x large enough such that:
(1) IN| = &,
(2) N D">N,
(3) E,Pg,p,Ac N.
The properness implies that there is p* >* p which is (N, Pg)—generic,
ie.
p* I (VD € N(if D is a dense open, then DN N NG # 0)).
In particular, for every v < k, the dense open set

D, :={q | 3a.qIF otp(A) > v — the v — th element of A is a}

is definable from A and v, hence in NV and it is dense open by elementarity.
Consider X = Upep,nn Supp(p), since Supp(p), N are of size k, we have
that |X| < k. There exists o* < A such that for some f € V, jg(f)(a*) =
(7 T X)~Y(See for example [I7, Lemma 3.3]).
Denote Y = X U {a*} and fix a set R € Ey such that if 4 € R, then

f(i(a®)) = | X. Such a set exists since ju(f)(i~(j(a")) = (G | X)™,

hence
(1Y) €je({ueob(Y) | fula™) =nl X}).

Find a condition p, € G such that Y C Supp(p) and AP* [ Y C R. Define
G|lY ={p Y |pe€ G/p}. Then by genericity of p* and definition of
Y, for every a < k there is p, € G N D, N N, hence Supp(p,) C Y and
we can find p, < p) € G| YND,. It follows that A € V[G | Y]. Let
Gor ={p | {&*} | p € G/ps}, in particular, py := p. | {a*} € G4+. Note
that G~ is essentially a Prikry generic filter for Prikry (U, )

Claim 4.3. V[G | Y] = V[Gq].

Proof. Inclusion from right to left is clear as a* € Y. For the other direction,
let po = (to, Bo) < ¢ = (t,B) € G4+. For every |to| < i < |t| t(i) € B C By,
by the property of R, we have that pu; := f(t(i)) ~ t(i) € AP" such that
wi(a*) = t(i). Now define ¢’ = (f, B') as follows: dom(f) =Y and

f= fp*ﬂﬂ\to\ﬂﬂ-uﬁﬂm-
In particular f(a*) =t > fP+(a*). Also, let B’ = {u | u(a*) € B, f(u(a*)) =
w] X}. We claim that G | Y = {¢' | ¢ € Gor/po}. Indeed if p € G/p, then
qg=1p | {a*} € Gy and it is straightforward to check that ¢/ =p [ Y. It
follows that G | Y is definable in V[G,+]. O

By our assumption U,+ is a P—point ultrafilter. Now, Theorem [4.1] ap-
plies, so
V[A] [ cof(k) = w.
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O

4.2. The original version. The difference here from the forcing of the
previous section is that the order <* is not k™ —closed. However, we will
show that the forcing is still k™ —proper.

Assume for simplicity that E is a (k,x"")—extender and the function
v vt represents kT in the ultrapower.

Let Pg be the forcing of [21] with E.

Lemma 4.4. Assume p € Pg. Let N = H,, for some X large enough such
that:

(1) [N| ==,

(2) N D>**N,

(3) E,Pg,p€ N.
Then there is p* > p which is (N, Pg)— generic.

Proof. Let (D, | v < k) be an enumeration of all dense open subsets of Pg
which are in N. Proceed by induction and define a <* —increasing sequence
(py | v < K) of extensions of p such that, for every v < &,
(a) p, € N.
(b) min(A%) > v, where A% = {p° | p € A,} is the projection of A, to
the normal measure,
(¢) thereis k < w such that for every (p1, ..., pr.) € [A]F, o " (p1,...s pic) €
D,.

It is natural now to move now to a coordinate n which is above everything
in N and to take the diagonal intersection A* of the pre-images of A,’s
according to the normal measure. However, in order to have the property
(c) above, something more is needed. Namely, we would like to have the
following:

(d) for every (€1,.&n) € [min(AD)]<, if p,~ (€1, ) € Pp then
there is k < w such that:

for every (p1,..., pr) € [A)F, Do (€1 ey &m) " (p1, oy 1) € D

Given (d), as we will see, the idea above works fine. Let us construct a
sequence which satisfies the conditions (a)-(d).

Pick pg € N such that pg >* p and (d) is satisfied. To define p;, use the
strong Prikry property to pick a condition pj € N, pj >* py and
there is k < w such that for every (p1, ..., p) € [A1]%, 0\ " (o1, ..., pi) € D1.
Let 1o = min((A})?), by definition of 7, it follows that 7 is an inaccessible
cardinal.
Let (& | i < mo) be an enumeration of []<%.
Define <* —increasing sequence (g; | i < ).
Consider pﬁ“é). If it does not extend py, then set gy = p}. Otherwise, pick
(inside N) o >* p},~& such that

there is k < w such that for every (p1, ..., px) € [A(r0)]¥, 70" (p1, ..., pi) € D1.
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Let gy = (f%, A%) be obtained from ry by removing EO from all coordinates
which appear in p} (and leaving at new ones), and then, adding a larger
maximal coordinate. Namely, dom(f%) = dom(f™) U {ap} where oy is <p
strictly above all the ordinals in dom(f"). Let ¢ be such that 7 .t = fPi (k)
and for every v € dom(f%)

fPi(v) v € Supp(ph)
fe(y) = f°(v) v € Supp(ro) \ Supp(p) -

t Y=g
Let A% = WojOl’mc(m)[A”O]. Then go € N and also gy € Pg. By shrinking A%
a bit more (as in [I7, Lemma 3.10]) we secure condition (6), and pj <* go.
Define ¢; in the exact same fashion only replacing p} by ¢o and EO by 51
Continue similarly for every i < g, and finally, let ¢,, be a <* — extension
of all ¢;’s.
If no = min((A(gy,))°), then set p; = g,,. Otherwise, let 1 = min((A(gy,))°)-
Repeat the process above with 7; replacing 79 and gy, replacing pj. Con-
tinuing in a similar fashion, we hope to reach some 7 which is a fixed point,
ie, n = min((A(g,))?). However, we need to do this a bit more care-
fully at limit stages. Let us pick an elementary substructure N < V,, for
sufficiently large p of cardinality ™, closed under k—sequences, including
P1,p0, PE, E, .... We can find some o < k™1 such that for every p € N'NPg
and every v € Supp(p), v <g «. Define a sequence of condition (g, | i < n)
of conditions of N’.

We start with ¢,, which is already defined. Let Yy € U, such that
the commutativity requirement from Definition [[L6)(6) holds with respect to
Supp(qy, ). If nop = min(Yy) we are done. Otherwise, let 71 = min(Y)) and
construct g, in a similar fashion going over all possible E € [m]<¥, construct
Y1 € U, to satisfy (6) with respect to Supp(g,, ). At a general successor step
, we are given 1;, ¢,,, and Y;. Check if n; = min(Y?), if yes, stop the construc-
tion, set p1 = ¢,, and we are done. Otherwise, let n;;1 = min(YiO), construct
qnis, above gy, as we did with ¢, going over all possible € € ip1]<¥, then
find Y; 1 € U, satisfying (6) with respect to Supp(qy,,,). At limit stages
§ take m5 = sup;.47i, check if ns = min((N;<5Y;)°), if yes, stop the con-
struction and consider the condition p; = ¢, with maximal coordinate o ,
putting N;<sY; as his measure one set. Then g, will be as desired. Other-
wise, we find any ¢,; € N’ above all the previous ¢,,, construct Y5 € U, with
respect to Supp(gy;). We can further require that 7, o, )"Yi € A(gy,) and
that min(A(gy,)%) > i.

Assume toward a contradiction that no suitable g, was found and that
the process goes all the way up to k. Consider Y* = A7_Y; € U, and
let 4 be any limit point of Y*. Consider step u® of the construction, we
have 7,0 = sup;.,07;. For every i < 1?, we have that p € Y;, hence p €
Ni<p0Y; and 10 € (M;<,0Y;), it follows that 7,0 > p® > min((N;<,0Y;)°) >

an;)

1<
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n,0- This means that 1,0 = p° = min((N;< 0 Y;)?) which indicates that the
construction should have terminated at step ug, contradiction.
We conclude that p; is defined. The further construction of p,’s is similar,
exploiting the k—closure of <*.

Pick now some o >p 3, for every 5 € N N dom(E) which exists since
|IN| = k. Set

A=A Alp,) ={p<r|Vv<ppeApw)))}

where A(p,) is the pre-image of A(p, ) under the projection from « to me(p,)).
Define a condition p* = (f*, A*) from the sequence (p, | v < k) as follows:
Supp(p*) = U<k Supp(py) U {a}, from the way we defined p, there is no
problem defining f* = U, <. fP» U{(«,t)} where t is any sequence such that
Tt = f*(k). Then we take A* = A. Tt follows that p* € Pg, and it has
the property that for every v < x and any sequence

€1 < ., & <min(AY) < €y <. <&y

of ordinals from A, p, (&1, ...,&) < p* (&1, ., &) [ Let us argue that it
is (N, Pg)—generic. Let G be generic with p* € G. we need to prove that
GNNND, # 0 for every v < k. By density, pick any p~ (&1, ..., &, ) <* ¢ €
D, NG, and let m be such that &, ..,&, < min(A(py)) < &mt1 < - < &k,
By condition (d), there is ko such that any (vy,...,14,) € [4,]* extension
o (&1, &m) (Y1, oy Uy ) € Dy If necessary, extend ¢ to

q,\<£k‘1+17 seey £k1+k2> S G N Dy,

and suppose without loss of generality that k1 > m + ko. Since v <
min(A(p,)°) < &nt1, by definition of 7, ., it follows that v < 52”1, and by
diagonal intersection, &y, 41, ...,&k, € A,. It follows that

p;<§17 '-7€m>/\<§m+17 -'-7€m+k> S DV'
AIS0, P (€1, ) (st s €mik) < g hence in G. Hence

p;<£1’ ) £m>ﬁ<£m+17 ceey £m+k> eGn sz NN

as wanted.

Now, as in the previous section the following holds.
Theorem 4.5. Let G C Pg be a generic. Suppose that A € VIG]\'V is a
subset of k. Then k changes its cofinality to w in V[A].

7Although &, .., & ¢ A,, the condition p} ({1, ..., &n) is a legitimate condition which is
simply not above p,.
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4.3. The Merimovich version. The previous subsection implies in partic-
ular that Pg and Pg with P—points cannot add x*+-many mutually generic
Cohen functions. In this subsection, we will provide the general argument
that the Extender-based Prikry forcing Pz cannot add s -many distinct
subsets of k which preserves even the regularity of x.

Theorem 4.6. Assume GCHI and let E an extender over r. Let G be a
generic subset of P and let (A, | o < k1) be different subsets of k in VI[G].
Then there is I C k™, I € V,|I| = Kk such that k is a singular cardinal of
cofinality w in V[(Aqy | @ € I)]. In particular, there is no intermediate model
of V|G| where k is measurable and 2% > k™.

Proof. Let (A, | a < k7F) be Pp—names of subsets of k. We will confuse

them sometimes with their characteristic functions. Work in V', for every

a < k7T, let N, be an elementary submodel of Hy of cardinality » such

that ** N, C No, B, Pp,a, (As | o < k) € N,.

Let fo € P}, be N,—completely generic, i.e. fi (i, ...,1,) € P}, is No—generic.
Using A—system-like arguments, we can assume that (f, | a < &TT)

form a A—system such that for every o, 3 < k™,

(1) otp(dom(fs)) = otp(dom(f3)), and the order isomorphism between
dom(f,) and dom(fg), 04 3 is constant on the intersection dom(f,)N
dom(fp).

(2) for every p € dom(fa), fa(p) = f5(0as(p).

Attach to each o < kT associate an F(dom(f,))—large tree T,. Define
T, level by level as follows. Set Lev;(T,) = SO U SL, where

(1) for every ¥ € S, dom(7) contains elements in dom(f,)\ dom(fp), if
a >0,
(2) if @ =0, then SO = S},
(3) SL = {7 | 7 is an increasing partial function from dom(fy)Ndom(f,) to },
if a >0,
(4) for every 7 € SO the following holds:
(fa" ¥, By) decides A, N (k) for some E(dom(f,))-tree By and
such that the decision depends only on 7/(k).
In order to find such a tree, we will use the fact that f, € P} is N,-generic,
and the set
E = {f|3B.(f, B) decides A, N¥(k)}
being dense open in P},. This implies the existence of a E(dom(f,))—tree
Bj such that
(fo" ¥, By) decides A, NT(k).
Next, in order to make the decision to depend only on (), we use ineffa-
bility: Suppose that (fo "7, By) forces that A, N¥(k) = An(V). Let g be
the function g(7) = A, (V). It follows that:

Xo(() =3(9)((j I dom(fa))™") C &.

+

82F — kT is enough, since k is a measurable, and so, 2 = v™ on relevant sets.
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Also, since crit(j) = k, it follows that j(X,(())) Nk = X4(()). Combine
this together with the fact that:

4" dom(f,)) contains elements not in j(dom(fy))
to find a E(dom(f,))-large set SO, such that (1) holds and for all 7 € S},
Aa(P) = Xa(() N 7(k)

Finally, we let Levi(T,) = S9 USL. Note that if o > 0, then S9 and S} are
disjoint and therefore S} ¢ E(dom(f,)). Define now the next level of T,.
So let g€ Levi(T,) and set Sucer, (p) = Sgﬁu Sl where

ap’

(1) for every v € Sgﬁu Siﬁ, 7(k) > sup(rng(p)).
0

(2) Sqz € Sucp;(p).

(3) if @ > 0, then for every ¥ € S°

dom(f.) \ dom (o), ”
(4) if & =0, then Sgﬁ = S;ﬁ,
(5) if g€ SY and o > 0, then Séﬁz 0,
(6) if 7€ S! and a > 0, then S} 5=1{7| 7 is an increasing partial function from

dom(fo) Ndom(f,) to k,7(k) > sup(rng(p))},
(7) for every 7 € S 7 the following holds:

(fa™ (P, V), B) decides A, N7(x) and the decision depends only
on ﬁﬁﬁ(’{%
for some E(dom(f,))—tree By , which is a subtree of B.

dom(7) contains elements in

The further levels are defined in the same fashion. Denote by 70 the tree
T, with S;Ujl,---,ljn removed from Sucer, (71, ..., 7). Clearly, T is still
E(dom(fy))—tree.

The tree TY has the property that for every (71, ..., ,) € T, and every i/ €
Sucero ({1, -+, Un)), item (2) above ensures that (T3)<,71,m,,7mg> C B,....00,7)
and by item (7) we obtain

(*) <f(;<ﬁlv ""ﬁn777>7 (Tg)(171,...,17n,17)> - Xa(<7717 777n>) N 77(’{) = éa N 77(’{)

By shrinking if necessary, we can assume that the trees are isomorphic un-
der the obvious isomorphism induced by the A—system.Moreover, by GCH,
there are only xT-many decisions possible on a fixed isomorphism-type of
trees and therefore we can stabilize the decisions so they do not depend on
a particular choice of a. Let us now take k elements and combine them into
a single condition. Namely, we consider ((fo,7n) | 0 < a < k) and define a
condition (f*,T*) as follows:

Let f* = Upcacs fa- Define a E(dom(f*))—tree T*. It will be a sort of a
diagonal intersection of T,,,0 < o < k. Set

X = {7 | 7 is an increasing partial function from dom(f*) to k,

IEven if (i1, ..., 7n) € T \ T2 the set Suceqo (1, .., Vn)) is still defined.
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dom (7 U dom(fe), (V€ < #(k))| dom(¥) Ndom(fe)| = 7(k)}.
£<v(n)
To see that X € E(dom(f*)), note that
dom((j | dom(f*))™") = j" dom(f*) € Ug<,s dom(j(fe))-

Also, for every € < r, | dom(f*) Ndom(j(fe))| = |j” dom(f¢)| = | dom(f)|
and since f¢ is completely generic we conclude that this cardinality must be
k. Hence (j | dom(f*))~! € j(X). Define the first level of the tree

Levi (T*) = Sucer=(()) == X N A5<H7Tdom(f*)dom(f5) Succh(O).

Let now p € Levy(T*), and define Succy+(p). As above, we consider first
the set

Xy={v \ 7 is an increasing partial function from dom(f*) to k,7(k) > sup(rng(p)),
dom(7) € | dom(fe), (V€ < #(k))| dom(#) N dom(fe)| = #(x)}.
£<v(n)
Clearly, X; € E(dom(f*)). Let
Sucer«(p) = XzN Af</iﬂ-dom(f ) dom(fe) SuccTo( I dom(f¢)).

Continue to define T™ in a similar fashion. We need to ensure that for every
£ <K, Succh (| dom(fe)) is well defined. Namely:

Claim 4.7. For every & < k, p | dom(fe) € Levi(T¢). Moreover, £ < p(k)
iff oI dom(f¢) € Levy (Tg).

Proof of claim[.7: For every { < p(k), we have
P € T aom(s) dom(fe) (Lev1 (TE)

and therefore p' [ dom(fe) € Levl(Tgo). If £ > p(k), then since p' € X,
dom(p)Ndom(f¢) = dom(p)Ndom(fo) and therefore 5 € St = Levy(T,). O

Levi(T*) has the property that for all g§ € Levi(T*) and « < p(k),

(F*0,(T)5) =" (fa" 0 | dom(fa), (T9) sidom(fa))-

Hence, by (x), (f*7p,(T")z) also forces Xo(()) N p(k) = Aa N p(k). In
addition, if we have o, 8 < p(x), then A, N p(k), Ag N p(k) depends only
n (¢ | dom(fa))(k) = p(k) = (p [ dom(fg))(x) and since the isomorphism
0a,p fixes k (as k € dom(f,) Ndom(fg)) it follows that AgNp(k), Ao N p(k)
are decided to be the same set.
Next consider (p, V) € T*, as in claim [L.7], we have that for all o < 7(k),

(o) (D7), (T) 5y) = (fo (0 1 dom(fa), 7 | dom(fa)), (T) (gdom(fa),pidom(fa)))

However, since the decision about A, N 7(x) depends now on " (k), then
if a or 8 are below p(k), then p [ dom(f,) might include in its domain
ordinals which are moved under the isomorphism o, g and therefore we are
not guaranteed that the decision about A, N(k), Ao NV(k) is the same (up
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—

to p(k) it is still the same decision). However, if both a, 8 € [p(k), 7(k)) we
have the following claim:

Claim 4.8. If a, 3 € [p(k), 7(k)) then (f*~(p,V),(T")5) decides the val-
ues of Ao NU(k) and Ag N (k) to be the same.

Proof of claim[].8: By definition, since g € X and o, 5 > pl(k), p' | dom(f,) =
p | dom(fg) and dom(p [ dom(f,)) C dom(fs) N dom(fy). Since the iso-
morphism o, g fixes the kernel of the A-system, we have that the decision
of

(0%
about A, N7

(f2 (P T dom(fa), 7 | dom(fa)), (T2)(ptdom(fu),7Idom(fa))
(k) and the decision of

(f5(71 dom(fs),7 | dom(f3)), (T§) (sdom(fs),71dom(ss)))

about Ag N (k) is the same. By (¥x), the condition (f*~(g,7),(T*)z)
decides the values the same way. O

Similar properties persists if we move to higher levels of T*.

Using density arguments we can assume that such defined condition (f*, T*)
is in the generic subset G of Pg. Denote by (k, | n < w) the Prikry sequence
for the normal measure E,.

It follows that the sets (A, | @ < k) have the following property in V[G]:

(¥%) Vn <wNa,B € [kp_1,kn).Aa MKy = Ag N Ky,

Now, let us turn to the model M* = V[(A, | a < k)] and prove that
cfM" (k) = w. Let us define in M* an w-sequence (¢, | n < w) as follows:

First, let ¢ be the least such that for some for some «, < k, A, N ¢} #
AgN{¢j. There exists such ¢ since the sets in the sequence (4, | @ < k) are
distinct. Let (7 be the least such that for some o < (g, A N GH # Ay NG
Define ¢y = max((y, ()

Claim 4.9. {y > kg

Proof of claim[{-9: If ¢ > k¢ then we are done. Otherwise, suppose ¢}, < Ko,
then by (xx) for every a < 8 < kg, we have A, N () = Ag N (. Hence by
the definition of (j, we have { > k¢ and also (y > ko O

Suppose that ¢, < k was defined. Then the sequence (A, | {, < o < k)
consist of k-many distinct subsets of k. Since k is strong limit in V]G],
26n < g, hence there must be ¢, < a < 8 < & such that Ay \ {, +1 #
Ag\ ¢n + 1. Let ¢/, be the minimal such that for some ¢, < o < § < K,
AN (i = AgN ¢, . Finally, let ¢, < (), be the minimal such that for
some a < Gy, Aa NGy # Agr, NGy and G = max(( 4, Gryq)- To

conclude that cfM" (k) = w is suffices to prove the following lemma:

Claim 4.10. For every n < w, (n > Knp.
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Proof of claim[4.10: By induction, for n = 0 this is just the previous claim.
Suppose that (,, > k,, and toward a contradiction suppose that (11 < Kpni1-
Then by definition, there is a, such that s, < (, < a < (] 11 < Kny1 such
that A NGy # Agr NG, . However, since ¢,y < finy1 we reached a
contradiction to (*x), since we found two indices «, § € [kp, fnt1) such that

Ao N Ept1 # Aﬁ N Kpt1- O

The sequence ((, | n < w) will be a cofinal sequence in x which
belongs to V[(A, | @ < K)]. O

It turns out that Pg can add x*-many mutually generic over V Cohen
functions, for specially chosen extender F.

Theorem 4.11. Assume GCH and suppose that E is a (k, k™1 )-extender.
Then after the preparation of Theorem[2.10, there exists an extender E' such
that Prr adds k™ mutually generic over V. Cohen functions.

Proof. Let j = jg : V — M be the natural ultrapower by the (k,xt1)—
extender E, then j(xk) > k11, crit(j) = x and "M C M. Recall that the
preparation forcing in Theorem 2.10] is an Easton support iteration

<,Pa7QB‘aSH+176§H>

such that (g is trivial unless § is inaccessible in which case if 8 < k then
Qg is a Pg-name for LOTT(Cohen(3, 81), Cohen(B, 37)2). At k, Q. is a
name for Cohen(x, x¥). Let Gy * g be V—generic for P, x Q. In V|G, * g
we can construct an M —generic filter for j(P. * Q.) by taking G, * g
to be the generic up to x, including s and choosing that the lottery sum
forces Cohen(k, k™) (this forcing is the same in V[G,] and M[G] since
(kTYMIGsl = g+ and M[G,] is closed under r-sequences of V[G,]). Above
k we have sufficient closure, from the point of view of V|G, * gx], and by
GCH there are not too many dense open subsets of the tail forcing P
to meet, hence the embedding j lifts to

JC " VG x ge] = M[§(Gr) * j(gs)]-

Since the cardinals in all the models are preserved, it follows that ([12,
Proposition 8.4])

(kT H)MUGR90] = o+ < (k) and "M [j(G)#5(gx)] € M[§(Gr)*j(ge)].

So in V|G *g,] the extender E extender to an extender E' = (E/, | a € [k]<%)
defined by E' = {X C kl*l | a € 7*(X)}.

Let W be the non-Galvin, k—complete ultrafilter over x with preparation
for adding x*-many Cohens (See Theorem 2Z.T1]).

Combine E',W together as follows. First take an ultrapower with E’.
Let jgr : V. — Mg be the corresponding embedding. Denote jgr(k) by
k1 and let W’ = jp/(W). Then take an ultrapower of Mg with W’. Let
Jwr : Mg+ — M be the corresponding embedding.

Consider j, = jwrojp : V — M. Let E* be the derived (k, \)-extender for

7,4 (1))
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some K1 < A < ju(K).
Note that E*(k1) = W, since for any X C &,

X e E*(Hl) Sk € G(X) ek € ij(]EI(X)) <=>jEf(X) ew’
@]E/(X) € ]E/(W) S XeW
The Prikry forcing with W adds ™ —many Cohens over V. This forcing
is a part of Pg«, since W appears as one of the measures of E*, which implies

the Theorem.
O

4.4. Cohen subsets of xT. Let us argue here that both versions add
kTt —many (or A—many if the extender has \ generators for a regular A > k)
Cohen subsets of T mutually generic over V.

Start with Pg of [21].

Theorem 4.12. Let G C Pg be a generic. Then in V|G| there is a sequence
(Ze | € < k1Y) of mutually generic over V- Cohen subsets of k™.

Proof. Let (to | @ < k™) be the Prikry sequences added by G.
Split, in V, k™7 into disjoint intervals (I¢ | £ < xk*T) order type of each
kT. Denote by o¢ the order isomorphism between Iz and 7.
Now, in V]G], set
Ze = {o¢(a) € I¢ | to(0) is even }.
Let us argue that such a sequence is as desired.

Work in V. Let p € P and D be a dense open subset of Cohen(x™t, s 7).
Let us find ¢ > p such that

gk (Z¢ | € < k™) extends an element of D.

Extend first p to some r such that for every « € Supp(r),r” is not equal
to the empty sequence. Now, using I¢, o¢’s turn (r7(0) | v € Supp(r)) into
a condition in Cohen(x™,x*"). Extend it to one in D and move back to
P using I, o¢ L. Finally, turn the result into a condition ¢ in P stronger
than r. It will be as desired.

U

The situation in the case of the Merimovich version is very similar:

Theorem 4.13. Let G C Pg be a generic. Then in V[G] there is a sequence
(Ze | € < K1) of mutually generic over V- Cohen subsets of k™.

Proof. Proceed as in and define (Z¢ | € < k*7T).
Work in V. Let p € P and D be a dense open subset of Cohen(x™t, s 7).
Let us find ¢ > p such that

gk (Z¢ | &€ < k™) extends an element of D.

A slight difference here is that the support of p = (f, T, i.e., dom(f) may
have k many places v with f(vy) = ().
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As a result, for such v, t,(0) will be determined only after an element of the
corresponding set of measure one is picked, and there are k—many such ~’s.
However, we do not need the exact value of ¢ (0), but rather to know whether
it is even or odd. This is determined (on a set of measure one) by = itself.
Namely, in this situation, ¢,(0) will be even iff v is even.
The rest of the argument is as in

O
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