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Abstract

Our aim is to present constructions in which some of the cofinalities drop down,
i.e. the generators of PCF structure are far a part.

1 Some Preliminary Settings

Let \g < ko < A < K1 < ... <A\ <Ky <....,n < w be a sequence of cardinals such that

for each n < w
. +A+’ﬂ+2+2 .
o )\, is A - strong as witnessed by an extender £},

. +n+2 .
o i, is k" T2 _strong as witnessed by an extender E,

Let k = J

Our aim will be to make 2% = 6% but so that each cofinality from the interval [x™, ¢']

new Fin- Fix some regular 6 > 0" > k™.
is obtained using only indiscernibles related to A,’s.

Let us force first with the preparation forcing P’ of [6]. The assignment function of [6]
is used here for models of cardinalities below 6’ intersected with H (") but with range over
An’s. We will use names of indiscernibles for A,,’s to define the assignment to x,’s. Models
of cardinalities in [sT, '] will be assigned to those of cardinalities of this indiscernibles, so a
way below k,,’s.

We deal first with the simplest case: § = k™ and 6’ = k*. Such situation was considered

in [3], but our approach here is different and generalizes to arbitrary 6,6’



2 Models and types

The main difference in present setting from those of [1], [4] and [6] will be due to the fact
that the cardinalities of models in the range of a condition may be smaller than the number
of existing types. So any such model may contain only a limited number of types. We would
like to insure that it will be still sufficiently large.

. +n+2
Fix n < w. Set §, = xS/ ~H

Denote by ¢, the immediate predecessor of 9,, i.e.
ke Fix using GCH an enumeration (a, | o < ) of [K,]<%" so that for every successor
cardinal § < k, the initial segment (a, | @ < &) enumerates [0]<° and every element of [§]<°
appears stationary many times in each cofinality < ¢ in the enumeration. Let j,({(a, | o <
Kn)) = (G | @ < jn(kn)) where j, is the canonical embedding of the (k,, ¢, )-extender E,.
Then (a, | @ < 6,;) will enumerate [§,7]5° and we fix this enumeration. For each k < w

consider a structure
an,k - <H(X+k)7 Ea g? S? Elﬁn7 E>\n7 An? ’%TH 5’(” 5:7

X (aa | < 65),0,1,...,a,... |a< ktF)

n

in the appropriate language £,, , with a large enough regular cardinal Y.

Remark 2.1 It is possible to use s here (as well as in [1]) instead of x*. The point is
that there are only £+ many ultrafilters over x,, and we would like that equivalent conditions

use the same ultrafilter. The only parameter that that need to vary is k in H(x™").

Let L), be the expansion of L, by adding a new constant ¢’. For a € H(x*") of
cardinality less or equal than 4, let 2, ;. , be the expansion of 2, ; obtained by interpreting
c as a.

Let a,b € H(x™) be two sets of cardinality less or equal than §,. Denote by tp, x(b) the
L, ,-type realized by b in 2, . Further we identify it with the ordinal coding it and refer
to it as the k-type of b. Let tp,(a,b) be a the L ,-type realized by b in 2,4 .. Note that
coding a, b by ordinals we can transform this to the ordinal types of [1].

Fix a sequence (i, |v < \,) such that
14, <A, ,
2. |4, <|v|, once v > w

3.8, €8,



4. M, C Lly_H
5. Wl>g C 8L,

6. if v is a limit, then $, = J ,_ U, .

v'<v

Note that for each k < w the set {tp, x(b) | b € H(x"*)} is in Lhy. Just this set is definable
in 2, ..
For each £ < w and U <A, , let us denote U N A, , by L [ k.

The next lemma is obvious.

Lemma 2.2 Suppose that for some k < w,v < Aon, Uy, [ b <B <A, x. Let X € H(xTkK),
for some k' < w be so that tp, i (X) € Uy,. Then there is Y € B such that tp, minfrwy(X) =

tpn,min{k,k’}(y) .

Further we shall use models in the range of a condition such the interpretation X ac-

cording to to a given v < \,, is so that
L‘V g X S ul/-f—l

or at least there is Y like this realizing the same type as X.
Note that the above may result the loss of closure of the forcing. Thus union of even countably

many conditions can produce a type which is not in | J i,. In order to overcome this we

v<An

can either require that all models of the range are from | J i, and satisfy

I/<)\n
U, X ety

once v is decided, or we can replace <* by — also for the closure arguments. Then each

time a condition supposed to be replaced by an equivalent one inside (J, . a, Yo



3 fO=kMand @# =k"

In the present situation the preparation forcing P’(k*") produces only a closed chain of
models of cardinality k*. They are submodels of H(x"") and have intersections with x**
just an ordinal. We assign them to those between A"+ and A" for each n < w. The
forcing at this part will basically the same as those used in [1].

The forcing P’ produces here models of cardinalities k™ and x*+ only. They are sub-
models of H(k™). Moreover intersections of such models of cardinality x* with x™t will
give ordinals below x*™t and the models of cardinality ™ can be viewed as ordinals below

k13,

The issue here is to arrange the correspondence to k,’s. Thus ™2 will correspond
to k™ ’s. Models of cardinality ™" will be send to those of cardinality ™! which are
basically ordinals below x""2. The delicate part will be to arrange images of models of
cardinality x*. For those we will use names from the forcing over \,’s. Thus the cardinality
of corresponding models at a level n will be the indiscernible for A"

We may assume here that F), is a (A, A" "?)-extender and E,, is (k,, £""?)-extender.

Let G(P'(#')) be a generic subset of P'(#') and G(P’) be a generic subset of P’ over
VIG(P'(#")]. In the present case, i.e. ' = k™, the first forcing is just the forcing for adding
a club subset to k™ with conditions of cardinality ™. It is possible to proceed without it

as well. Fix n < w.

Definition 3.1 Let Q)0 be the set consisting of pairs of triples ({(a, A, f), (b, B, g)) so that:
1. f is partial function from x*2 to \, of cardinality at most &
2. a is a partial function of cardinality less than A, so that

(a) There is ((A%" (k*+), A" (k7F),C*" (k1)) € G(P'(k*+)) which we call it fur-
ther a background condition of a, such that dom(a) consists of models ap-

pearing in A" (k*7), i.e. basically of ordinals below xt+.
Note that the third component C*" (k™) of a condition is just the same as the
second A" Also the inclusion is a linear order on A" (x7F) and this set is
closed under unions.
(b) for each X € dom(a) there is k < w so that a(X) C H(x™*).
Moreover,
(i) |a(X)] = A" and a(X) N A" € ORD
(iif) A%" (k*F) € dom(a).



This way we arranged that AF"*! will correspond to £+ and A" "2 will correspond
to k.

Further let us refer to A% (k**) as the maximal model of the domain of a.
Denote it as max(dom(a)).

Later passing from )y, to P we will require that for every k < w for all but
finitely many n’s the n-th image of X will be an elementary submodel of H (x™*).

But in general just subsets are allowed here.

(¢) (Models come from A% (k*+)) If X € dom(a) and X # A%" (x7F) then X €
AOR+( k).

The condition puts restriction on models in dom(a) and allows to control them
via the maximal model of cardinality .

(d) If X,Y € dom(a), X € Y (or X CY)and k is the minimal so that a(X) C H(x**)
or a(Y) C H(x**), then a(X) N H(x**) € a(Y) N H(x™) (or a(X) N H(x™*) C
a(Y) N H(x*)).

The intuitive meaning is that b is supposed to preserve membership and inclusion.
But we cannot literally require this since a(A) and a(B) may be substructures
of different structures. So we first go down to the smallest of this structures and

then put the requirement on the intersections.

(e) The image by a of A%, ie. a(A%"), intersected with A*"*2 is above all the
rest of rng(a) restricted to A" in the ordering of the extender F, (via some

reasonable coding by ordinals).

Recall that the extender F), acts on A" and our main interest is in Prikry
sequences it will produce. So, parts of rng(a) restricted to 6;"*2 will play the

central role.
3. {a < k™| aedom(a)} Ndom(f) =0
4. A € E\, a(max(a))
5. min(A) > |dom(a)| + |d0m(2)]

6. for every ordinals «, (3,7 which are elements of rng(a) or actually the ordinals coding



models in rng(a) we have

for every pem

« >g,, 0 >E,, 7 implies

Wkn,a,v(p) = Wkn,ﬁ,v(ﬂ'kn,a,ﬂ(p))

ﬁ\/n ;max rng(a),a ( ) :

Let us turn now to the second component of a condition, i. e. to (b, B, g).

. ¢ is a function from k%3 to &, of cardinality at most &

. b is a name, depending on (a, A), of a partial function of cardinality less than \,. So,

each choice of an element from A gives the actual function which is in V. Note that

the relevant forcing is the One Element Prikry Forcing on Extender, which does not

change V', i.e. it is trivial.

The following conditions are satisfied:

(a)

(Domain)

the domain of b € V| i.e. it is already decided in the sense that each choice of an

element in A will give the same domain.

( Background condition ) There is ((A%", A" ) (A% AT O €
G(P'(k™3)) which we call it further a background condition of b, such that

dom(b) consists of models appearing in A e basically of ordinals below

~

kT+ and those of AW,

Note that for ™+ the third component C*"" of a condition is just the same as

A1R++

the second . Also the inclusion is a linear order on A" and this set is

closed under unions.

for each X € dom(b) and each v € A there is k¥ < w so that the interpretation
according to v of Q(NX) is a subset of H(x™").
Moreover,
i. if | X| = k™, then it is forced that |b(X)| = /™ and b(X)Nk " € ORD,
i.e. any choice of an element from A interprets b (X) in such a way.
ii. if | X| = kT, then for each v € A the interpretation of b(X) according to v
has cardinality (v°)™ ! where 1° denotes the projectio;l of v to the normal

measure of the extender F) .



()
(e)

iii. A% A% ¢ dom(a).

Further let us refer to A% as the maximal model of the domain of b. De-
note it as max(dom(b)). )

Later passing from CNQno to P we will require that for every k < w for all but
finitely many n’s the n-th image of X will be an elementary submodel of H(x™*).

But in general just subsets are allowed here.

(Models come from A%") If X € dom(b) and X # A%" then X € A%".

~

Let E,F € dom(b), E € F (or E C F) and v € A. If k is the minimal so that

~

the interpretation of b(FE) according to v is a subset of H(x**) or b(F) according
to v is a subset of H(x™"), then

b(E)v] N H(X™) € b(F)[v] N H(x*)

~ ~

(or b(E)V N H(x™) € b(F)W] N H(x ™)),

where in the last two lines we mean the interpretations according to v. Let us

further deal with such interpretations without mentioning this explicitly.

The intuitive meaning is that b is supposed to preserve membership and inclusion.
But we cannot literally require this since b(F) and b(F') may be substructures of
different structures. So we first go down to the smallest of this structures and

then put the requirement on the intersections.

The image by b of A% ie. b(A%"), intersected with x;"*2 is above all (i.e. is
forced by each v € A to be such) the rest of rng(b) restricted to x"*2 in the

ordering of the extender E,, (via some reasonable coding by ordinals).

Recall that the extender F, acts on "™ and our main interest is in Prikry
sequences it will produce. So, parts of rng(b) restricted to "™ will play the

central role.

Let us, as in [6], denote by otp.+(X) the order type of the maximal under
inclusion chain of elements in P(X)NA"™" which is just the order type of CF (X)),
for X € A" If X € C% (A%"), then C* (X) = C*" (A% )N (X U{X}) =
C""(A%") | X +1. Hence, in this case, otp.+ (X) = otp(C* (A”%") | X)+1. Note
that otp,.+(X) is always a successor ordinal below £*T. Recall that by [6] we have
for cach X € A™" an element Y € C*"(A%") such that otp,+ (X) = otp.+ (V).



Next conditions deal with the connection between the structure over )\, and

those over k,. Note that there were no similar structures in the previous papers
[4], [6].
(2) (Order types) If X € dom(b), then A% (kT) Nkt > otp.+ (X).

~

Denote by X(\,) the last element Z of A" (kt+) with Z Nkt < otp,+ (X). Tt
will be the one corresponding to X at the level \,. Notice that the domain of a
need not be an ordinal but rather a closed set of ordinals of cardinality less than
An. Hence, otp,+(X) itself or otp.+(X) — 1 need not be in the domain of a. So,
X (M) looks like a natural choice.

The next condition insures that the function otp.+(X) — X (\,) is order pre-

serving.

(h) (Order preservation) If X, X’ € dom(b), then

o 0tp.+(X) = otp+ (X') iff X(\,) = X' (\n)
o 0tp.+(X) < otpe+ (X') iff X(\,) < X'(\n)
(i) (Dependence) Let X € dom(b) N C* (A%"). Then b(X) depends on the value

of the one element Prikry forcing with the measure a(X(\,)) over \,. More

. E
precisely: let A(X) = ngimg(a),a(X (A

A(X) already decides b(X), i.e. whenever vy,15 € A and

n))” A, then each choice of an element from

E n J— n
7Tm;x rng(a),a(X (An)) <I/1> - 7T'm;x rng(a),a(X (An)) (1/2)

we have

b(X)[v] = b(X)[vel.

~

Exn,

Further let us denote, for v € A, the projection of v to A(X), i.e. ﬂmaxmg(am(x(/\n))(y),

by v(X).
So b(X) depends only on members of A(X) rather than those of A.

The next condition is crucial for the k™ *-c.c. of the forcing.

(j) (Inclusion condition)

Let v,/ € A,v < V/'. Then

Ex, ' Expn
° ﬂ—max rng(a),a(AONJr (An)) (V ) > 7Tmax rng(a),a(AO“qu (An)) (V)
implies
b(A”)[v] € b(A™)[V].

~ ~



This condition means that once A% ()\,) -the set corresponding to A%"
at the level \,, is mapped by a according to v/ to a bigger set than those
according to v, then the same is true with corresponding models at the level
K.

o If Y € dom(b) N C* (A%") and

~

E)\n / E>\n
maxrng(a),a(Y (An)) <V ) > 7Tmax mg(a),a(A%T (A,)) (V) ’

then either
b(A™ )] € b(Y)[V]

or
the k-type realized by b(A%")[v] N H(x**) is in b(Y)[v'], where k < w is the
least such that b(Y)[v/] C H(xF*1).

The same holds over any element of b(Y)[v/], i.e. tpi(z, b(A%)[W]NH (x ™)) €
b(Y)[V], for any = € b(Y)[]. i

\NNe require in additiOINl that this & > 2.

Let us allow the above also if b(Y)[/] C H(x™). In this case we take k to
be any natural number above 2Nand require that once we go up to the higher

levels then corresponding k’s increase (with n).

We cannot in general require only that

b(A™ )] € b(Y)[V]

~ ~

since extending conditions the sequence C*' of the maximal model of a new
background condition may go not through the old maximal model. But still

having the type inside Y will be enough for our purposes.

It is possible to have Y C X, but v(X) smaller than v/(Y') (note that v(Y') <
v(X) in this case by 8h). In such situation the interpretation will reverse the
order.

Note that given v € A the number of possibilities for v € /' N A is bounded by
(I//O)+n+17 as I// < (V/0)+n+2‘
If X € dom(b) then C!(X) N dom(b) is a closed chain. Let (X;|i < j) be its
increasing continuous enumeration. For each [ < j consider the final segment
(X;|l <1< j)and its image (b(X;)|l <1i < j). Find the minimal % so that

b(X;) € H(x™) for each i,1 <i < j.

~



(1)

(m)

(n)

(0)

Then the sequence

X)) NHNX™)I<i<j)
is increasing and continuous. More precisely, each v € A forces this.

Note that k& here may depend on [, i.e. on the final segment.
(The walk is in the domain) If X € dom(b) N A, for some ¢ € {xT,xT}, then

~

the general walk from (A%)~ to X is forced by each v € A to be in dom(b).

If X € dom(b) N A¥, for some & € {kT,x""} is a limit model and cof (otpe(X) —

~

1) < K, (ie. the cofinality of the sequence C¢(X)\{X} under the inclusion
relation is less than k,) then a closed cofinal subsequence of C*(X)\{X} is in

dom(b). The images of its members under b form a closed cofinal in b(X) sequence.

~

(Minimal cover condition) Let E € A% Ndom(b), X € A% Ndom(b). Suppose

~ ~

that £ ¢ X. Then the smallest model of ENC*" (A%") including X is in dom(b)

(The first models condition) Suppose that E € dom(b)NC* (A%, F € dom(b)N

~ ~

Cr (A% sup(E) > sup(F) and F ¢ E. Then the first model H € AN
C"" (A% which includes B is in dom(b).

~

(Models witnessing A-system type are in the domain) If Fy, Fy, F € A" Ndom(b)

~

is a triple of a A - system type, then the corresponding models Gy, G§, G, G}, G¥,

as in the definition of a A - system type (see [6]), are in dom(b) as well and

~

b(Fy) N b(F1) = b(Fo) N b(Go) = b(F1) N b(Gh).

If Fy,Fi,F € A" is a triple of a A - system type and F,F, € dom(b) (or
F, Fy € dom(b)), then F; € dom(b) (or Fy € dom(b)).

~ ~

(The isomorphism condition) Let Fy, Fi, F € A" N dom(b) be a triple of a A -

~

system type. Then

(O(Fo) VH(x™), € ) = (0(F) NH(x™), €)

~ ~

~

(
Note that it is possible to have for example b(Fy) < H(x %) and b(Fy) < H(x'®).
Then we take k£ = 6.

Let 7 be the isomorphism between

where k is the minimal so that b(Fy) € H(x**) or b(Fy) C H(x ).
0

(0(Fo) VH(x™), € ), (b(F) N H(x™),€)

~ ~

10



and 7, r be the isomorphism between Fj and Fj. Require that for each Z €
Fyndom(b) we have mp,p (Z) € Fy Ndom(b) and

~ ~

7(b(Z) N H(X™)) = blmr,r (2)) VH ().

(s) {a < k™| aedom(b)} Ndom(g) = 0.
(t) For each v € A we have Blv] € E, b[jmax(b))-

(u) for every v € A and every ordinals «, 3,y which are elements of rng(b)[v] or

~

actually the ordinals coding models in rng(b)[r] we have

a>g, B >g, v implies

Ton 0y (p) = Wnn,ﬁ,v(wnn,a,ﬁ(p))

for every p € 7/ (E[y})’a(lg[y]).

Kn,Max rng

We define now @1 and (Q,, <,,, <! ) similar to [2, Sec.2].

Definition 3.2 Suppose that ({a, A, f), (b, B, g)) and ((a/, A, f'), (b, B',¢')) are two ele-

ments of (). Define

({0, 4, 1), (b, B.g)) Zq,, (', A, f). (V. B g'))

ifft

7 /
: Wkn,max(a),max(a/)A - A

5. for every v € A we have

b[V] 2 l?:[ﬂ-)\n,max(a),max(a/) (V)]

~

This means just that the empty condition of one element Prikry forcing forces the

inclusion.

11



6. for every v € A we have
ﬂ-,{f/n,max( b [u]),max(g/[ﬁmmax(a%mx(a,)(V)])§ V] C @’ [T max(a),max(a) (V)]

Definition 3.3 @),; consists of pairs (f, g) such that
1. f is a partial function from ™t to A, of cardinality at most &
2. ¢ is a partial function from x*2 to &, of cardinality at most x

(Qn1 is ordered by extension. Denote this order by <.

So, it is basically the Cohen forcing for adding x*3 Cohen subsets to ™.

Definition 3.4 Set @, = Qno U Qpi. Define < =<g U <q,,.

Define now a natural projection to the first coordinate:

Definition 3.5 Let p € Q. Set (p)o = p, if p € Qn1 and let (p)o = (a, A, f), if p € Qo is
of the form ({(a, A, f), (b, B, g)).
Let (Qn)o ={(P)o | p € Qun}

Definition 3.6 Let p,q € @,,. Then p <, q iff either

L p=<iq
or
2. p=((a, A, [),(b,B,g)) € Qno, ¢ = (e, h) € Qn1 and the following hold:
(a) e2 f
(b) h2g
¢) dom(e) D dom(a)

(e) for every 8 € dom(a),e() = T, a(max(dom(a)),a(3) (¢(Mmax(dom(a)))
(
(g

) €
) h
(c) d
(d) e(max(dom(a))) € A
)
f) dom(h) 2 dom(b)
)

(rnax(dom(b)) € Ble(max(dom(a))].
Le., we use e(max(dom(a)) in order to interpret B. Note that by 2d above, it is

inside A and so the interpretation makes sense.

12



(h) for every 8 € dom(b)

h(B) = mn,max(rng(g[vm,g(g)[,,](h(max(dom(é)),
where v = e(max(dom(a))). Recall that we code models by ordinals.

Definition 3.7 The set P consists of all sequences p = (p,, | n < w) so that
1. for every n < w, p, € @,

2. there is {(p) < w such that

(8) for every n < £(p), pn € Qm
(b) for every n > 4(p), pn = ({an, An, f1), (bny Bn, gn)) € Qo

(c) for every n,m > {(p), max(dom(a,)) = max(dom(a,,)) and max(dom(b,)) =

max(dom(b,,)) )

~

(d) for every n > m > {(p), dom(a,,) C dom(a,) and dom(b,,)) C dom(b,)

~ ~

(e) for every n, ¢(p) <n < w, and X € dom(a,) the following holds:
for each k£ < w the set

{m <w | =(an(X)NH™) < H(x™))}

is finite.

(f) for every n, ¢(p) < n < w, and X € dom(b,,) the following holds:

~

for each k£ < w the set

{m<w|3ve An(=n(X) V] NHX™) < H(X™))}

~

is finite.

We define the orders <, <* as in [2].

Definition 3.8 Let p = (p,|n < w),q = (gnJn < w) be in P. Define
1. p > q iff for each n < w,p, >, ¢n

2. p >* q iff for each n < w,p, >* ¢,

13



Definition 3.9 Let p = (p, | n <w) € P. Set (p)o = {(pn)o | n < w).
Define (P)o = {(p)o | p € P}

Finally, the equivalence relation «— and the order — are defined on (P), exactly as it
was done in [1], [2] and [3]. We extend — to P as follows:

Definition 3.10 Let p = (p, | n < w),q¢ = {gn | n < w) € P. Set ¢ — p iff

L (q)o — (p)o

3. for every n < {(p), p, extends g,

4. foreveryn > {(p), let p, = {{an, An, fn), (%, Bimgn» and g, = ({a/,, Al f1), (b Bl g.)).

~

Require the following:

(a) 9a 2 g,
(b) there is b/ such that for every v € A,, the following holds:

~

i. b,[v] extends b [V]

~

ii. dom(¥),) = dom(d)

~

i 7 (o)) max, ) BrlV] € BulV],

where V' = T, max(me(an)).¢(¥) and § = a,(max(dom(ay,))

iv. g(b),)[V'] «—r, rmg(b!)[V'], where /' is as above and k,, is the k,’s member

~

of a nondecreasing sequence converging to the infinity.

v. g (by)[V] [ &7 =g (b )[V] T £HH

~

Here is the main difference between — here and those of [1] etc. In the present
context we deal with assignment functions b,’s which act over x,’s but are of
cardinalities below k,’s (as well as the models in rng(b,) which are images of
those of cardinality x*). Thus, assume that n is fixed and X = b, (max(dom(b,,)),
where b, = b,[v] is the interpretation according to some v < A, < k,. Then
| X| = (VO)JF”J:1 by 3.1(8¢(ii)). Now if we like to realize types inside X, as it was
done usually in [1] etc., it may be just impossible since X is too small and so does
not contains all the types.

The way suggested here in order to overcome this difficulty, will be to use 3.1(8;)
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together with the above definition. It turns out that once working with names it
is still possible to prove k*"-c.c. of the final forcing (P, — ). It will be done in
4.6.

4 Basic Lemmas

In this section we study the properties of the forcing (P, <, <* ) defined in the previous

section.

Lemma 4.1 Let p = (py | k <w) € P, px = ((ak, A, fr), (b, Bk, gx)) for k = £(p) and X
be a model appearing in an element of G(P'(k™)). Suppose that

(@) X & Ugp)<ren dom(ar) U dom(fy)

(b) X is a successor model or if it is a limit one with cof(otp.+(X) —1) > K
Then there is a direct extension q = (qp | k < w), g = ((a}, A%, f1.), Ok, By, gx)) for
k > €(q), of p so that starting with some n > {(q) we have X € dom(a},) f07“ cach k > n.
In addition the second part of the condition p, i.e. {(bg, By, gr) remains basically unchanged
(just names should be lifted to new Ay’s). C

The proof is the same as those of the corresponding lemma in [6]

Turn now to a parallel lemma needed for adding elements of G(P).

Lemma 4.2 Let p = (py | k < w) € P, px = ((ak, Ak, fx), (br, Br, gr)) for k > {(p) and X
be a model appearing in an element of G(P'). Suppose that

(a) X & UZ(p)§k<w dom(ka) U dom(gy)

(b) X is a successor model or if it is a limit one with cof (otp x|(X) —1) > K
Then there is a direct extension ¢ = (g, | k < w), q = {({a}, A%, 1), (b, By, gi)) for
k> ((q), of p so that starting with some n > £(q) we have X € dom(b},) for each k > n.

The ordering <* on P and <,, on (), is not closed in the present situation. Thus it
is possible to find an increasing sequence of Ry conditions ((an;, Ani, fui) | 7 < w) in (Qno)o
with no upperbound. The reason is that the union of maximal models of these conditions,
ie. J,;., max(domay,;) need not be in A" for any A" in G(P’). The next lemma shows
that still <,, and so also <* share a kind of strategic closure. The proof is similar to those
of [4, 3.5].
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Lemma 4.3 Let n < w. Then (Qno, <o ) does not add new sequences of ordinals of the

length < A, i.e. it is (\,, 00) — distributive.

Now as in [4] we obtain the following:
Lemma 4.4 (P, <*) does not add new sequences of ordinals of the length < Kq.

Lemma 4.5 (P, <*) satisfies the Prikry condition.

Let us turn now to the main lemma in the present context:

Lemma 4.6 (P,— ) satisfies kT -c.c.

Proof. Suppose otherwise. Work in V. Let (p | @ < k™) be a name of an antichain of the

~

length k**. As in [6], using the k*T-strategic closure of P(x™+) and P’ ([6, 1.6]) we find an

increasing sequence
((AY A CTy | 7 e {kt kY o < k), ((AYT (1), AV (), O (5T)) | a < k)

of elements of P’ x P'(k™) and a sequence (p, | @ < k*T) so that for every o < k™" the

following holds:

Lo (A, A, Copa) |7 € {RF w0, (AR (67), AR (67), CEL (BT ))) I, =

~

Pa
2. if a is a limit ordinal, then |J{AY |8 < a} = AY, for each 7 € {xT, "}
3. if o is a limit ordinal, then J{AY" (x*1)|8 < a} = AL (k)
4. A C AY L for each T € {kT,kTT}
5. <5 A (6H) € AL (1)
6. A, is a successor model, for each 7 € {x*,x*1}
7. A% (k**) is a successor model

8. ((UAF | T e {sT,n"T}) | B < ) € (A%~ (i.e. the immediate predecessor over
Cit)

16



9. for every o« < < kT, 7 € {kT,kTT} we have
0 0
Al e CP(AT)
10. A%, is not an immediate successor model of A%, for every a < k™, 7 € {k*, T}

11. pa = (Pan|n < w)

12. for every n > {(p,) the maximal model of dom(ay,) is A% (k**) and the maximal
model of dom(b ) is Ag’fl, where pan = ((Gan, Aan, fan), (bans Ban, Jan))

~an

Let pan = ((@an, Aans fan)s (bans Ban, gan)) for every a < k™ and n > £(p,). Extending

by 4.2 if necessary, let us assume that A% (k**) € dom(aqay,) and A% € dom(b), for every

~

n > £(p,). Shrinking if necessary, we assume that for all «, 5 < £ the following holds:
(1) €= L(pa) = l(ps)
(2) for every n < { pay, and pg, are compatible in @),

(3) for every n, £ <n < w (dom(ann),dom(fun) | @ < k) form a A-system with the

kernel contained in AY*" (k)
(4) for every n, w >n >{ 1ng(au,) = rng(ag,).
(5) for every n, w >n >0 Au, = Apy

(6) for every n, £ <n < w (dom(bay),dom(gan) | @ < k1) form a A-system with the
kernel contained in A"

Remember that the domain of b is not a name but rather a set.

(7) for every n, w > n > { rng(ba,) = rng(bg,), i.e. it is just the same name in the one

element Prikry forcing.

Shrink now to the set S consisting of all the ordinals below x** of cofinality k™. Let «
be in S. For each n,¢ < n < w, there will be f(a,n) < a such that

o dom(ag,) NAY" (k1) C A%N+ (k*71)

(a;n)

and
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e dom(ba,) N A% C A

0kt
B(a,n)’

Just recall that |aa,| < A, and |dom(byy,)| < An. Shrink S to a stationary subset S* so that

for some o < min S* of cofinality 1 we will have 3(a,n) < a*, whenever o € S* { < n < w.
Now, the cardinality of both A% and A%" (k%) is k*. Hence, shrinking S* if necessary,

we can assume that for each a, 3 € S*,/ <n <w

e dom(ag,) N A% (k1) = dom(ag,) N A%*’”+ (k*1)

and

o dom(bgn) N A%" = dom(bg,) N A%“Jr,
Let us add both A%" and A% (k*%) to each p.,o € S*. By 4.2, it is possible to do

this without adding other additional models except the images of Ag’f under isomorphisms.
Thus, A% € " (A%") and A% € dom(ba,) N C* (A%). So, 3.1(??) was already

satisfied after adding Ag"ﬁ. The rest of 3.1 does not require adding additional models in the
present situation.

Denote the result for simplicity by p, as well. Note that (again by 4.2 and the argument
above) any Ag"ﬁ for v € S* N (o, ) or, actually any other successor or limit model X €
C*" (A%) with cof (otp,+ (X)) = kT, which is between A% and A%" can be added without
adding other additional models or ordinals except the images of it under isomorphisms.

Let now ( < « be ordinals in S*. We claim that ps and p, are compatible in (P, —).
First extend p,, by adding A%’fQ. As it was remarked above, this will not add other additional
models or ordinals except the images of A%’f;; under isomorphisms to p,. Let p be the
resulting extension. Denote pg by ¢. Assume that ¢(q) = ¢(p). Otherwise just extend ¢ in
an appropriate manner to achieve this. Let n > £(p), p, = ({an, An, fn), (bn, Bn, gn)) and

qn = ({al, A, [1), (b, B, g.)). Note that by (5) above the sets of measure one of p,, g, are

the same. Without loss of generality we may assume that an(A%’fQ(mJ”r)) is an elementary

submodel of 2, ;, with k, > 5. Just increase n if necessary. Now, we can realize the
k. — 1-type of rng(al,) inside an(A%’fQ(/ﬁ**)) over the common parts dom(a),) and dom(a,,).
This will produce (a!’, A., f') which is k,, — 1-equivalent to (a/,, A" f) and with rmg(a!) C
an(A%’fQ(/#*)). Doing the above for all n > ¢(p) we will obtain ({(a” Al f') | n < w)
equivalent to ((a,, AL, fl) | n <w) (l.e. ((al, A2, fIY | n < w) «— ({a, AL, f1) | n <w)).

Let t = (({al, AL, 1Y, (bny Bn, gn)) | n < w). Extend ¢ to ¢’ by adding to it
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(AF(RT), an(AFL ()

as the maximal set for every n > ¢(p). Recall that A%’fl(lﬁ++) was its maximal model. So we

are adding a top model, also, by the condition (15) above A%ﬁg(l’{++) is not an immediate

successor of A%’fl(/i**). Hence no additional models or ordinals are added at all.

Let ¢/, = ({(a A ), (bn, B, gn)), for every n > {(p).
Combine now the first coordinates of p and ¢’ together, i.e. (ay, An, fn)’s with those of

t'. Thus for each n > {(p) we add @/ to a,. Add if necessary a new top model to insure

3.1(2(d)). Let r = (rnJn < w) be the result, where r, = ({(c,, Cy, ), (bn, Bn, gn)), for
n > {(p).

Claim 4.6.1 r € P and r > p.

"

7" and a,, agree on the common part

Proof. Fix n > £(p). The main points here are that a

n
n

n

to a, does not require other additions of models except the images of a;’

and adding of a
under isomorphisms.

The check of the rest of conditions of 3.1 is routine. We refer to [2] or [4] for similar
arguments.

O of the claim.

Now let us turn to the second coordinates of ¢ and r. Recall that for a condition x € (),
we denote by (x)g its first coordinate, i.e. the first triple. If y = (y,|n < w) € P, then
(y)o denotes ((yn)oln < w). So, we have (q)o — (r)o. Shrinking if necessary A,’s (the
sets of measure one of (g,)o’s), we can assume that for each n > {(p) = £(r) = {(q) the
set of measure one for (r,)o, i.e. C, projects exactly to A, by Tx, max(g((rm)o);max(mg((ge)o)-

Remember that the interpretations of both (b, B,,) and (b, B;,) depend only on a choice of

~

elements of A,,.

Our tusk will be extend r to r* so that ¢ — r*. This will show that p and q are compatible.
Which provides the desired contradiction.

Fix n, w > n > {(p), large enough. Let n be the maximal coordinate of (r,)¢ (i.e. the
ordinal coding max(rng(c,)), ¢ those of (p,)o (which is the same for (g, )o, since (4) above)
and £ the one corresponding to ¢ (of (¢,)o) under (¢,)o — (r1)o. Denote 75, .neCn DY Dh.
Assuming that n > 2, it follows from the definitions of the equivalence relation «— and of
the order —, that F) () (the &’s measure of the extender) is the same as E) ({). Also,
D, C A,.
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Define now a condition

T:L = <<C'f7«7 O’ﬂ? hTL>7 <67L7 Enagn>> E Qno

~ o~

which extends

Tn = <<Cn7 CTH hn>7 <b£u BngTL>>

The addition will depend only on the coordinate £ of E) . So we need to deal with each
v € D,. Set dom(e,) = dom(b,) Udom(b,). Let X € dom(e,). If X € dom(b,,), then set

for each p € C,. Now, if X is new, i.e. X € dom(b),)\ dom(b,), then we consider X, the
model that corresponds to X in p, under the A—systgm.

Now we use Definition 3.1(8j) to find inside b,(Ag)[p] some o realizing over the common

part the type of b,(A%")[V]. Recall that

ba(AT))[V] = %(A%ﬂ) ]

~

and

bn(Xa)[v] = 0, (X)[V].

~ ~

Set now e, (X)[p] to be the element of o corresponding to b/, (X)[v],

~

for each p € C,, and v = 7y, , ¢(p).

The following claim suffice in order to complete the argument:
Claim 4.6.2 71} € Qno, 7} >0 1 and g, — 7.

Proof. Let us check first that ¢, r, or basically 0/, and ¢, agree about the values of models

in dom(b),) Ndom(c,). Suppose that X is such a model. Then, by the assumptions we made

on the A-system, X € A%". Also,

A% e dom(b,) N dom(c,),

otp+ (A%T) = A% (k) N Rt

and

A% () € dom(ey).
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By 3.1, b,(A%") depends only on the measure indexed by the code of
en( AR (577)) = an (AT (577)) = a (A0 (57F)).
Let § denotes the index of this measure (or its code). Then for each p € C,, we will have

Tanmd(P) = Tanes(Manme(p))-

Hence, restricting (g,)o to D,, i.e. by replacing A, in (¢,)o with D,,, we can insure that

b (A%") and b/, (A%") agree. The same applies to any X € A% which is in the common

~

domain, since its value too will depend on the d-th measure of the extender only.
Consider now the maximal model of ¢,. By 12, above, it is A%’fl and the one of p, is
A% Now, for each v € A, by the condition (7) on the A-system above we have
HJr ﬁ)+
bu( AL ] = B, (A% ]

~

Pick p € C,. Let v =7y, n¢(p) and o = 7y, » c(p). Then

en(AN)[p] = bu (A2 0]

~ ~

and
%L(Ag'fl)[p] = b, (AFT) V).

The first equality holds since e,, extends b, and the second by the same reason as e, was
defined this way above.

The crucial observation is that o,v € A, (just D,, C A,) and ¢ > v, so by Definition
3.1(8)),
(AN € ba(AX)[0].

Hence, also,
h}+ h}+
b;(A%H)[V] C bn(AgH)[U]?

~

since
en (ALl = b, (A%

The same inclusion holds, by Definition 3.1(8j), if we replace A%, with any Y € dom(b,) N

~

O (A%)) such that o(Y") > v, where ¢(Y) is the measure corresponding to Y. Thus

%(A%fl)[V] = bu(ATD[V] € ba(Y)[0].
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In the present case we have the least such Y. It is Ag”+. Just below it everything falls into
A% the kernel of the A-system. Consider now Y’s in dom(b,)\C*" (A%)). If such Y is

~

in A%" it belongs to A% the kernel of the A-system. Hence as it was observed in the
beginning of the proof of this claim, we have the agreement. Suppose now that Y & Ag’#.
By the basic properties of G(P’) there will be Z € A%" such that

Y NAY = Zn A%

Then again this Z falls into A% and into the kernel of the A-system on which we have the
agreement.

This completes the proof of the claim.
O of the claim.
O

Force with (P,— ). Let G(P) be a generic set. By the lemmas above no cardinals are
collapsed. Let (v, | n < w) denotes the diagonal Prikry sequence added for the normal
measures of the extenders (E,, | n < w) and (p, | n < w) those for (E,, | n < w). We can

deduce now the following conclusion:
Theorem 4.7 The following hold in VIG(P'(0')), G((P'(8)), G(P)]:
(1) cof(I],.., vi"?/ finite ) = k*+

(2) cot (T, ™2/ finite ) = x*3

(3) for every unbounded subset a of k consisting of reqular cardinals and disjoint to both
{2 | n < w} and {p;"? | n < w}, for every ultrafilter D over a which includes all

co-bounded subsets of k we have

Cof(H a/D) = k"

Proof. Ttems (1) and (2) follow easily from the construction. Thus, for (1), take the increasing
(under the inclusion) enumeration (X, |7 < k) of the chain of models given by G(P’(k*7)).
Define a scale of functions (F; | 7 < ™) in the product [],_ v, as follows: let for each

T<KTT
Fl(n) = fu(X,), if fu(X;) <yimt?

n
and

F!(n) =0, otherwise,

T
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where for some p = (pr|k < w) € G(P) with £(p) > n we have f,, as the first coordinate of
pn. Now let (F.|T < k™) be the subsequence of (F/|r < k™) consisting of all F which are
not in V.

Similar, for (2), take the increasing (under the inclusion) enumeration (Y |7 < £*3) of the
chain of models of cardinality ™ given by G(P’). Define a scale of functions (H, | 7 < k™)

in the product [],__ pif"*? as follows:

H;(n) = gn(X7), if g (Y7) < pjz_n+2

and
H!(n) =0, otherwise,

where for some p = (pg|k < w) € G(P) with ¢(p) > n we have g, as the second coordinate
of p,. Let (H, | 7 < k™) be the subsequence of (H. | 7 < k1) consisting of all H’s which
are not in V.

Let us turn to (3) which requires a more delicate analyses of the forcing (P, — ). We
deal with

cof(H pmth/ finite ).

n<w
The rest of cases are similar or just standard. The crucial observation here is that given
{an, Any fr)s (b, B,y gn)) € Qno, for some n < w, it is impossible to change rng(b,,)[v] | kT
by passing to Nan Nequivalent condition, for any v € A,. Just the definition 3.10(4(b)v)
explicitly requires this.

This means, in particular that
COf(H pi Y/ finite ) = COf(H K/ finite ),
n<w n<w

where the connection is provided by b,’s. But note that the cofinality of the last product is

kT, since every function their can be bounded by an old function. So we are done.
O
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5 The general case.

Let us turn now from 0 = k™3, 6§ = kT to arbitrary regular # and . Assume We force
with preparation forcings P’'(¢') followed by P’(#) of [6]. Let G(P'(#')) and G(P'(#)) be
corresponding generic sets. We work in V[G(P'(¢')), G(P'())] and define forcing notions
(0, Qn1 and then P similar to those of Section 2.

+n42 +n+2 .
For each n < w let 6, = k" Tl and §/, = A" Tl Fix some n < w.

Definition 5.1 Let Q)0 be the set consisting of pairs of triples ({(a, A, f), (b, B, g)) so that:
1. f is partial function from 6’ to A, of cardinality at most x

2. a is a partial function of cardinality less than A, so that

(a) There is ((A°7(0"), A7("),C™(0"))|T € s(#')) € G(P'(#")) which we call it further
a background condition of a,

such that for each T € s(6') A% (¢') is a successor model having unique immedi-

ate predecessor (A% (0"))~ (i.e. Pred(A"(0") = {(A°(#))~}) and (A" (')~ |T €
s(0)) € A% (@). The same holds for (((A%7(#"))~, A7 (0)\{A”(#)},C7(#) |

A (0)|T € s(6)), ie. for each 7 € s (A" (6'))” is a successor model having
unique immediate predecessor ((A°(0))7)~ (i.e. Pred((A°(6")7) = {((A°(6)7)~})
and ((A%(0)7)" |7 € s(0)) € (A" (0"))"

dom(a) consists of models appearing in A" (¢') and in (A7 (0"))~, 7 € s(¢').

Note that conditions as above are dense in P’'(¢'). Let us refer to them further as

conditions of the right form.

(b) for each X € dom(a) there is k < w so that a(X) C H(x ).
Also the following holds
(i) |X| = s implies |a(X)| = A\
(i) |X|= 0" implies |a(X)| = ¢!, and a(X) N (d,)" € ORD
(iii) A™(0"), (A (0), (A% (0)” € dom(a).
This way we arranged that \"*! will correspond to x* and &/, to 6.
Further let us refer to A% (¢') as the maximal model of the domain of a and
to ((A°(6"))7|(A’(¢"))~ € dom(a)) as the maximal sequence of the domain

of a. Denote the first as max(dom(a)) and the second as méx(dom(a)) (or just

max(a), max(a)).

24



Further passing from @y, to P we will require that for every k£ < w for all but
finitely many n’s the n-th image of X will be an elementary submodel of H(x**).

But in general just subsets are allowed here.

(¢) (Models come from A% (8")) If X € dom(a) and X # A% (¢') then X € A% (¢').
The condition puts restriction on models in dom(a) and allows to control them
via the maximal model of cardinality .

(d) (All the cardinalities are inside A% () If (A% (#"))~ € dom(a), then 7 €
A% ().

(e) (No holes) If X € A'7(¢') Ndom(a), for some 7 € s(#'), then (A’ (¢'))~ € dom(a)
as well.

This means that in order to add X € A7(¢') to dom(a) we need first to insure
that the maximal model of cardinality as those of X is inside.

(f) f X,Y € dom(a), X € Y (or X CY) and k is the minimal so that a(X) C H(x**)
or a(Y) C H(x**), then a(X) N H(x™) € a(Y) N H(x™) (or a(X) N H(x™) C
a(Y) N H(x*)).

The intuitive meaning is that a is supposed to preserve membership and inclusion.
But we cannot literally require this since a(A) and a(B) may be substructures

of different structures. So we first go down to the smallest of this structures and

then put the requirement on the intersections.
(g) Let X,Y € dom(a). Then
() 1] = [v] implies a(X)| = a(¥)|
(i) |X| < Y| implies |a(X)| < |a(Y)]
(h) The set
{v e s(0)](A”(0))” € dom(a)}
is closed.
(i) The image by a of A% (), i.e. a(A%"(#)), intersected with (&) is above all

the rest of rng(a) restricted to (0/,)" in the ordering of the extender E,, (via some

reasonable coding by ordinals).

Recall that the extender E), acts on (d/)% and our main interest is in Prikry
sequences it will produce. So, parts of rng(a) restricted to (d/)* will play the

central role.
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()

(k)

(1)

(n)

(0)

If X € dom(a) then C™I(6)(X) N dom(a) is a closed chain. Let (X;|i < j) be
its increasing continuous enumeration. For each [ < j consider the final segment
(X;|l <i < j)and its image (a(X;)|l <i < j). Find the minimal &k so that

a(X;) C H(x™™) for each i,1 <i < j.

Then the sequence
(a(Xi) NH(X™)|1 < i < j)

is increasing and continuous.

Note that k& here may depend on [, i.e. on the final segment.

(The walk is in the domain) If X € dom(a) N A™(6), for some v € s, then the
general walk from (A%(#))~ to X is in dom(a).

If X € dom(a)NAY(#), for some v € s is a limit model and cof (otp,(X)—1) < &,
(i.e. the cofinality of the sequence C¥(X)\{X} under the inclusion relation is less
than k,) then a closed cofinal subsequence of C* (X)\{X} is in dom(a). The

images of its members under a form a closed cofinal in a(X) sequence.

If (X;|i < j) is an increasing (under the inclusion) sequence of elements of dom(a)
with X; € C7(0')(A%(6")), i < j, then | J,_. X; € dom(a) as well.

Note that | J
dom(a).
(The minimal models condition) Suppose that X € dom(a) N C¢(6')(A%(¢")), for
some ¢ € s(0)\kT + 1. Let 7 € s(f') and X* € C™(#')(A°(#')) be such that
T <& X € X*and for each p,7 < p < & Z € CP(0)(A%(0')) we have X € Z
implies X* € Z or X* = Z. Then X* € dom(a) as well as (X*) -its immediate
predecessor in C7(0")(A(0")).

In addition, we require the following:

if (X*)~ ¢ X, then for each H € a((X™*)") there is H' € a((X*)”) with H € H’
and a(X) C H'. Moreover, if |a(X)| € a((X*)7), then |H'| = |a(X)]. If [a(X)| &
a((X*)7), then |H'| = min(a((X*)7) NORD\|a(X)]).

Note that X € A%"(#') € dom(a), by ??. So X* always exists.

The second part of the condition insures that there will be enough models in

1<j

i<j

a((X™*)7) to allow extensions which will include a(X).

(Minimal cover condition) Let Y € A%(#') N dom(a), X € A% (¢') N dom(a) for
some ¢ < 7 in s. Suppose that Y € X. Then
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e 7 €Y implies that the smallest model of Y N C7(6')(A°(#')) including X is
in dom(a)
e 7 ¢ Y implies that the smallest model of Y N C?(0')(A%(¢")) including X is
in dom(a), for p = min(Y N s\7).
(p) (The first models condition) Suppose that X € dom(a) N C7(6')(A°(0")),Y €
dom(a) N CP(0")(A%(0)), sup(X) > sup(Y) and Y & X, for some 7 < p,T,p €
s(6"). Let n = min((X N s)\p). Then the first model E € X N C"(¢')(A"(0"))

which includes Y is in dom(a).

(q) (Models witnessing A-system type are in the domain) If Fy, Fy, F € A% (0") N
dom(a) is a triple of a A - system type, for some u € s, then the correspond-
ing models Go, G§, G1,G5,G*, as in the definition of a A - system type (see
[6](Definition 1.1(7777))), are in dom(a) as well and

CL(FQ) N (I(Fl) = CL(F()) N a(Go) = a(F1> N G(Gl).

(r) If Fo, Fy, F € A"(#') is a triple of a A - system type, for some y € s and
F, Fy € dom(a) (or F, F; € dom(a)), then F; € dom(a) (or Fy € dom(a)).

(s) (The isomorphism condition) Let Fy, Fy, F' € A*(§') Ndom(a) be a triple of a A
- system type, for some u € s. Then

(a(Fo) N H(x), € ) = (a(F1) N H(x*), €)

where k is the minimal so that a(Fy) C H(x™) or a(Fy) C H(x™).

Note that it is possible to have for example a(Fp) < H(x1%) and a(Fy) < H(x'®).
Then we take k£ = 6.

Let 7 be the isomorphism between
(a(Fo) N H(x™), € ), (a(F) N H(x™),€)

and mg p be the isomorphism between Fy and Fj. Require that for each Z €
Fy Nndom(a) we have mg p, (Z) € Fy Ndom(a) and

w(a(Z) N H(x*) = a(mpp (2)) VH(X).
3. {a <0 | a €dom(a) or it is a code of an element of dom(a)} Ndom(f) =10
4. Ae E)\",a(max(a))
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5. min(A) > |dom(a)| + |d0m(§)|

6. for every ordinals «, (3, which are elements of rng(a) or actually the ordinals coding

models in rng(a) we have

a>g,, B >g, 7 implies

Ty (0) = Tan 8y (Tan,0,8(P))

for every p € 7! (A).

An,maxrng(a),«

Let us turn now to the second component of a condition, i. e. to (b, B, g).
7. g is a function from 6 to k, of cardinality at most x

8. b is a name, depending on (a, A), of a partial function of cardinality less than \,. So,
each choice of an element from A gives the actual function which is in V. Note that
the relevant forcing is the One Element Prikry Forcing on Extender, which does not

change V| i.e. it is trivial.

The following conditions are satisfied:

(a) (Domain)
the domain of b € V| i.e. it is already decided in the sense that each choice of an

element in A will give the same domain.

(b) ( Background condition ) There is ((A°", A7 C7) | 7 € s) € G(P'(0)) which we
call it further a background condition of b.
(¢) ( Supports ) sNE C s(6').
(d) for each X € dom(b) and each v € A there is k < w so that the interpretation
according to v of b(X) is a subset of H(x**).
Moreover,
i. if | X| = (#")", then it is forced that |b(X)| = k"' ie. any choice of an
element from A interprets b(X) in such a way.
ii. if | X| > (#)" then it is forced that |b(X)| > r "
iii. if | X| < (6)F, then A%X(¢') € dom(a) and for each v € A the interpretation
of b(X) according to v has cardinality corresponding to those of |a(A°X1(¢)],

l1.e.

T\, max(rng(a)),|a(A01X1(6")] (V> :
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(e)
(f)

The above conditions mean that the correspondence splits over #’. Thus, as in
the case 0 = k3,0’ = kT we have models of cardinalities below &’ correspond
to those of cardinalities below ), and the models of cardinalities > 6’ to

H+n+1

those of cardinalities and above. In the previous case we had models

of cardinalities k* and k% only. Here we can have plenty of them.
iv. if | X| = 6, then it is forced that |b(X)| =4, and b(X) N € ORD
v. A% (A%T)= (A%)~ are in dom(D).

Further let us refer to A%" as the maximal model of the domain of b and
to ((A°")~|(A°")~ € dom(b)) as the maximal sequence of the domain of b.
Denote it as max(dom(b))f )
Later passing from Qnow to P we will require that for every k < w for all but
finitely many n’s the n-th image of X will be an elementary submodel of H(x**).

But in general just subsets are allowed here.

(Models come from A%") If X € dom(b) and X # A%" then X € A%".

~

Let E,F € dom(b), E € F (or E C F) and v € A. If k is the minimal so that

the interpretation of b(E) according to v is a subset of H(x**) or b(F) according
to v is a subset of H(x**), then

bW N H(X*™) € b(F)[v] N H(x™)

(or b(E)W] N H(x™) € b(F)[] N H(™)).
where in the last two lines we mean the interpretations according to v. Let us
further deal with such interpretations without mentioning this explicitly.
The intuitive meaning is that b is supposed to preserve membership and inclusion.
But we cannot literally require this since b(E) and b(F') may be substructures of
different structures. So we first go down to the smallest of this structures and

then put the requirement on the intersections.
The image by b of A% i.e. b(A%"), intersected with & is above all (i.e. is forced

by each v € A to be such) the rest of rng(b) restricted to J,% in the ordering of

the extender FE,, (via some reasonable coding by ordinals).

Recall that the extender E,, acts on 6, and our main interest is in Prikry se-
quences it will produce. So, parts of rng(b) restricted to ¢ will play the central

role.
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Let us, as in [6], denote by otp,(X) 7 € s the order type of the maximal under
inclusion chain of elements in P(X )N A" which is just the order type of C™(X), for
X e A If X € C7(A"), then C7(X) = C7(A")N(XU{X}) =C"(A") | X +1.
Hence, in this case, otp, (X) = otp(C™(A"") | X)+1. Note that otp,(X) is always
a successor ordinal below 7F. Recall that by [6] we have for each X € A'" an
element Y € C7(A°") such that otp,(X) = otp, (V).

Next conditions deal with the connection between the structure over A, and
those over k,. Note that there were no similar structures in the previous papers
[4], [6].

(h) (Order types) If X € dom(b) N A", then otp, (A" (6)) = otp(C7(8') (A’ (¢)) >
otp;(X). Note that by 8(d)iNii we have A% (0') € dom(a).
Denote by X (\,) the least element Z of C7(6')(A'™(0")) with otp,(Z) > otp.(X).
It will be the one corresponding to X at the level A,.

(i) X(\,) € dom(a).
The next condition insures that the function otp,(X) — X(A,) is order pre-

serving.

(j) (Order preservation) If X, X’ € dom(b), then

o otp,(X) = otp,(X') iff X(\,) = X'(\n)
o otp.(X) < otp,(X') iff X(\,) C X'(\n)

(k) (Dependence) Let X € dom(b)NC7T(A’"). Then b(X) depends on the value of the
one element Prikry forcing with the measure a(X (\,,)) over A,. More precisely: let
AX) = Wfl;;mg(a)’a( X(n)) A, then each choice of an element from A(X) already
decides b(X), i.e. whenever v1,15 € A and

E n J— E n
7T-m;X rng(a),a(X (An)) (V1> - ﬂ-m;X rng(a),a(X (An)) (VQ)

we have

b(X)[] = b(X)[re].

~

By,

Further let us denote, for v € A, the projection of v to A(X), i.e. Wmaxmg(a)’a(x(kn))(y),
by v(X).
So b(X) depends only on members of A(X) rather than those of A.

The next condition is crucial for the x**-c.c. of the forcing.

30



(1)

(Inclusion condition)

Let v,/ € A,v < V. Then

E\ E, N .
n n 1
* Macrng(@a(10 ) (7)€ Tonakemgay a(aons () (V') TPLEES

b(A™ )] € b(A™ ) ][V].

~ ~

o If Y € dom(b) N C* (A%") and

~

Ey,

E
An (V) € 71-maxrng(a),a(Y()\n))(l/),

7TmaLx mg(a),a(A%T (An))

then either
b(A™)[v] € b(Y)[V]

or

the k-type realized by 2(A0”+)[1/] N H(x**) is in Q(Y)[l//], where k < w is the
least such that b(Y)[v'] C H(xtrHL).

The same holds over any element of b(Y)[V/], i.e. tpi(z, b(A% ) [WNH (xF)) €
b(Y)[], for any z € b(Y)[V]. -

;Ne require in additio;l that this £ > 2.

Let us allow the above also if b(Y)[/] C H(x™). In this case we take k to
be any natural number above 2Nand require that once we go up to the higher

levels then corresponding k’s increase (with n).

We cannot in general require only that

b(A™)[v] € b(Y)[V]

~ ~

since extending conditions the sequence C*' of the maximal model of a new
background condition may go not through the old maximal model. But still

having the type inside Y will be enough for our purposes.

It is possible to have Y C X, but v(X) smaller than v/(Y") (note that v(Y) <
v(X) in this case by 8j). In such situation the interpretation will reverse the
order.

Note that given v/ € A the number of possibilities for v € 'N A is bounded now by

(VO) T4 (f e, the the ordinal corresponding to 7)), as v/ < (1/0) T )L

If X € dom(b) then CI(X) N dom(b) is a closed chain. Let (X;|i < j) be its

~ ~

increasing continuous enumeration. For each | < j consider the final segment
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(n)

(0)

(a)

(r)

(X;|l <1< j)and its image (b(X;)|l <1i < j). Find the minimal %k so that

b(X;) C H(x™) for each 4,l < i < j.

~

Then the sequence

(OX)NHN™)|<i<j)
is increasing and continuous. More precisely, each v € A forces this.

Note that k here may depend on [, i.e. on the final segment.

(The walk is in the domain) If X € dom(b)N A, for some £ € s, then the general

~

walk from (A%)~ to X is forced by each v € A to be in dom(b).

If X € dom(b) N A%, for some £ € s is a limit model and cof (otpe(X) — 1) < K,
(i.e. the cofinality of the sequence C*(X)\{X} under the inclusion relation is
less than k,) then a closed cofinal subsequence of C¢(X)\{X} is in dom(b). The

images of its members under b form a closed cofinal in b(X') sequence.

If (X;|i < j) is an increasing (under the inclusion) sequence of elements of dom(b)
with X; € C™(A%), i < j, then |J,_; X; € dom(b) as well. )
Note that (J;_; Xi € CVi<iT(A™i<i™). So, in particular, by [6](Definition 1.1no-
holes) also A"i<iT € dom(b).

~

(The minimal models condition) Suppose that X € dom(b) N C¢(A%), for some
€ s\kT+ 1. Let 7 € s and X* € C7(A") be such that TN< £, X € X* and for
each p,7 < p <&, Z € CP(A%) we have X € Z implies X* € Z or X* = Z. Then
X* € dom(b) as well as (X*)"-its immediate predecessor in CT(A"7).

In addition,wwe require the following:

if (X*)~ ¢ X, then for each H € b((X*)™) there is H' € b((X*)™) with H € H’
and Q(X) C H'. Moreover, if |§(XN)| € Q((X*)*), then |H/T: la(X)|. If \2(X)| ¢

b((X*)7), then |H'| = min(b((X*)") NORD\|b(X))|).
Note that X € A%" € dom(b), by [6] Definition 1.1(noholes). So X* always

exists. h
The second part of the condition insures that there will be enough models in

b((X*)7) to allow extensions which will include b(X).

(Minimal cover condition) Let £ € A% Ndom(b),X € A’ N dom(b), for some
¢ <71 in s. Suppose that £ € X. Then
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e 7 € E implies that the smallest model of £ N CT(A") including X is in
dom(é)

e 7 ¢ E implies that the smallest model of £ N C?(A%) including X is in
dom(b), for p = min(A N s\7).

~

(s) (The first models condition) Suppose that E € dom(b) N C™(A°), F € dom(b) N
Cr(A%), sup(E) > sup(F) and F ¢ E. for some 7 < p,7,p € s. Let n =
min((E N s)\p). Then the first model H € AN C"(A%) which includes F is in

dom(g).

(t) (Models witnessing A-system type are in the domain) If Fy, Fy, F € A" Ndom(b)

is a triple of a A - system type, then the corresponding models Gy, G§;, G, G}, G,

as in the definition of a A - system type (see [6]), are in dom(b) as well and

~

b(Fy) N b(F1) = b(Fo) N b(Go) = b(F1) N b(Gh).

(n) If Fy, F1, F € A" is a triple of a A - system type, for some y € s and F, Fy €
dom(b) (or F, F; € dom(b)), then F; € dom(b) (or Fy € dom(d)).

~ ~ ~

(v) (The isomorphism condition) Let Fy, Fy, F' € A" ndom(b) be a triple of a A -

~

system type. Then

(O(Fo) VH(x™),€) = (0(FR) NH(x™), €)

~ ~

where k is the minimal so that b(Fy) C H(x**) or b(F) C H(x™).
Note that it is possible to have for example b(Fy) < H(x %) and b(F;) < H(x'®).
Then we take k£ = 6.

Let 7 be the isomorphism between

(0(Fo) WH(x™), € ), (b(F) N H(x™),€)

~ ~

and 7g, be the isomorphism between Fy and Fj. Require that for each Z €
Fondom(b) we have g p (Z) € F; Ndom(b) and

~ ~

7(0(Z) VH(x™)) = b(mrr (Z)) N H(X).

~

(w) {& <r*|a € dom(b)}Ndom(g) = 0.

(x) For each v € A we have B[v] € E,., p[](max(b))-
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(y) for every v € A and every ordinals «, 3, which are elements of rng(b)[v] or

~

actually the ordinals coding models in rng(b)[r] we have

a >g,, B >g., 7 implies

T im0ty (p) = Thin, By (Wﬁn,a,ﬁ (p))

for every p € 7/ (E[V})va(g[y])'

Kn,maxrng

The definition of the order <g , on @), repeats Definition 3.2. Define @),,; as follows:
Definition 5.2 @),; consists of pairs (f, g) such that

1. f is a partial function from ¢’ to A, of cardinality at most k

2. ¢ is a partial function from 6 to x,, of cardinality at most x

@1 is ordered by extension. Denote this order by <j.
So, it is basically the Cohen forcing for adding # Cohen subsets to x*.

The ordered sets (@, <,, < ) and (P, <, <* — ) are defined exactly as in Section 2.
The properties of (P, <, <* — ) are similar to those of the forcing of Section 2.

Lemma 5.3 Let p = (p, | k < w) € P, pr, = ({ax, Ak, fr), (bk, B, g)) for k > £(p) and X
be a model appearing in an element of G(P'(¢)). Suppose that

(a) X ¢ Ue(p)§k<w dom(ay,) U dom(fy)
(b) X is a successor model or if it is a limit one with cof(otp x|(X) —1) > K

Then there is a direct extension q = (g | k < w), g = ((a}, A%, f1.), Ok, By, gx)) for
k > U(q), of p so that starting with some n > {(q) we have X € dom(a},) fo; cach k > n.

In addition the second part of the condition p, i.e. (by, By, gr) remains basically unchanged

(just names should be lifted to new Ay’s).

Lemma 5.4 Let p = (pi | k <w) € P, pr = ({an, A, fr), (Ow: Bi, gi)) for k = €(p) and X
be a model appearing in an element of G(P'). Suppose that

(a) X & Ugp)<nen dom(by) U dom(gy)

~

(b) X is a successor model or if it is a limit one with cof(otp x|(X) — 1) > &
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Then there is a direct extension q = (qx | k < w), g = ((a}, A%, f1.), V%, By, g)) for
k > ((q), of p so that starting with some n > {(q) we have X € dom(b},) for e?lchNk >n.

~

Lemma 5.5 Let n < w. Then (Qno, <o ) does not add new sequences of ordinals of the

length < A\, i.e. it is (A, 00) — distributive.
Lemma 5.6 (P, <*) does not add new sequences of ordinals of the length < kq.

Lemma 5.7 (P, <*) satisfies the Prikry condition.

Let us turn now to the chain condition lemma. Its proof is similar to those of 4.6, but

contains an additional point.

Lemma 5.8 (P, — ) satisfies k*"-c.c.

Proof. Suppose otherwise. Work in V. Let (p | @ < k™t) be a name of an antichain of the

~Q

length x™*. As in [6], using the s -strategic closure of P(¢') and P'(0) ([6, 1.6]) we find

an increasing sequence
(((AX(0), AJT(0), CLO)) | 7 € sa, o0 < £71), (AT ('), A (0), Co(0)) | 7 € s, < £71))

of elements of P’(0) x P'(#') and a sequence (p, | @ < kTT) so that for every o < k™ the

following holds:

L (AT (0), A (6), CLa (0)) | 7 € saqa}), (A (6), A (6), CLia (8)) [ 7 € s IF
P, = Do

2. if a is a limit ordinal, then s, = U, 55

3. if o is a limit ordinal, then (J{AY (¢)|6 < a,7 € s} = AV (¢)

4. if a is a limit ordinal, then s, =, S5

5. if a is a limit ordinal, then J{AY (0)|5 < o, 7 € s} = AY(6)

6. ™ AY (0) C A% (), for each T €

7. T AY L (0) €AY (0), for each T € So4q

8. AV (0') is a successor model, for each 7 € s,

35



10.

11.

12.

13.

14.

15.

16.

17.

AOT

on1(0) is a successor model, for each 7 € 5441

((UAF(0) | 7 € s) | B < a) € (A%(¢"))” (ie. the immediate predecessor over
O (0)
for every o < 3 < kTF, 7 € s/, we have

Ad(0) € CP(0")(AF(9))

AOT

07 5(6') is not an immediate successor model of A, (), for every a@ < k¥, 7 € s ..

((UAF(0) | 7 € s5) | B < a) € (A%(0))" (ie. the immediate predecessor over
Caa(0))

for every a < 3 < kT, 7 € s, we have

A (0) € CP(0) (AT (9))

AQ7,(0) is not an immediate successor model of AY,,(0), for every oo < kT, 7 € S441.

Pa = <pom|n < W)

for every n > ((p,) the maximal model of dom(a,,) is A%, (¢") and the maximal model

Of dom(bom) Is Ag’i (9)7 Where Pan = <<aoma Aozru fom>a <boma Boma gom>>

~ ~ ~

Let pan = ((@an, Aany fan)s (bans Ban, gan)) for every a < k™ and n > ((p,). Extending

by 5.4 if necessary, let us assume that A% € dom(as,) and A% (9) € dom(b), for every

~

n > {(p,). Shrinking if necessary, we assume that for all «, 5 < k* the following holds:

(1) £=l(pa) = £(ps)

(2) for every n < { pay, and pg, are compatible in Q)

(3) for every n, { < n <w (dom(aa,),dom(fa,) | @ < kTT) form a A-system with the

kernel contained in A" (#)

(4) for every n, w >n >{ 1ng(aa,) = rng(ag,).

(5) for every n, w >n >0 A, = Apn
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(6) for every n, £ <n < w (dom(bay),dom(gan) | @ < k1) form a A-system with the
kernel contained in A" (6).

Remember that the domain of b is not a name but rather a set.

7) for every n, w >n > rng(b,,) = rng(bg,), i.e. it is just the same name in the one
B

~

element Prikry forcing.

Shrink now to the set S consisting of all the ordinals below x** of cofinality k™. Let «
be in S. For each n, ¢ < n < w, there will be f(a,n) < a such that

o dom(aa,) NAY"(0) C A% ()

and

. dom(bgn) N A% () C A%g,n)(e)-

Just recall that |aq,| < A, and | dom(b,,)| < A,. Shrink S to a stationary subset S* so that
for some a* < min S* of cofinality k™ we will have f(a,n) < o, whenever a € S* { < n < w.
Now, the cardinality of both A%" (#") and A%" () is x*. Hence, shrinking S* if necessary,

we can assume that for each a, 3 € S*,/ <n <w

o dom(an,) NAY"(0') = dom(ag,) N AY" ()

and

o dom(ban) N A% (6) = dom(bg,) N AY"(6).

Let us add both A% (") and A%" () to each po,a € S*. By 5.3,5.4, it is possi-
ble to do this without adding other additional models except the images of this mod-
cls under isomorphisms. Thus, A% () € (C* (0))(A%"(#)) and A% (0) € dom(bay,) N
(CF(0)) (A% (0))as1). So, 5.1(8q) was already satisfied after adding A% (). The rest of
5.1 does not require adding additional models in the present situation.

Denote the result for simplicity by p, as well. Note that (again by 5.4 and the argument
above) any Ag“(@) for v € S* N (a*,a) or, actually any other successor or limit model
X € C""(0)(A%(0)) with cof (otp,.+ (X)) = w*, which is between A% (6) and A% (6) can
be added without adding other additional models or ordinals except the images of it under
isomorphisms.

The same holds once we replace ¢ by ¢'.
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Let now ( < a be ordinals in S*. We claim that ps and p, are compatible in (P, —).
First extend p, by adding to it both A%,(6") and AY5(0). As it was remarked above, this
will not add other additional models or ordinals except the images of this models under
isomorphisms to p,. Let p be the resulting extension. Denote ps by ¢. Assume that
¢(q) = £(p). Otherwise just extend ¢ in an appropriate manner to achieve this. Let n > £(p),
Pn = ({an, Ap, fn)s (bn, B, gn)) and q, = ({al,, A, f1), (b, B, g.)). Note that by (5) above

the sets of measure one of p,, g, are the same. Without loss of generality we may assume
that an(A%*fQ(Q’ )) is an elementary submodel of A, ;, with k, > 5. Just increase n if
necessary. Now, we can realize the k, — 1-type of rng(a)) inside an(A%’fQ(H’ )) over the
common parts dom(a),) and dom(a,). This will produce (@, A", f/) which is k, —1-equivalent
o (al, Al fl) and with rng(al)) C an(A%’fQ(G’)). Doing the above for all n > ¢(p) we will
obtain ((a, A!. fl) | n < w) equivalent to ((a,, A., fl) | n <w) (le ((a., Ar, fIY | n <
w) = (ap, Ay, fr) [ n < w)).
Let t = (({(al, A!,, f1), (bn, B, gn)) | n < w). Extend ¢t to ¢’ by adding to it

(AL 0, 0 AXL(0)
as the maximal set for every n > ¢(p). Recall that A%’fl(@’ ) was its maximal model. So
we are adding a top model, also, by the condition (15) above A%’fQ(e’ ) is not an immediate
successor of A%’fl(ﬁ’ ). Hence no additional models or ordinals are added at all.
Let t/, = ({(a A ), (bn, Bn, gn)), for every n > £(p).
Combine now the first Cgorainates of p and ' together, i.e. (a,, An, fn)’s with those of
t'. Thus for each n > {(p) we add @/ to a,. Add if necessary a new top model to insure

n

5.1(2(d)). Let r = (r,|n < w) be the result, where r, = ((ca,Cn,hn), (bn, Bn, gn)), for
n > ((p).

Claim 4.6.1 r € P andr > p.

"

» and a, agree on the common part

Proof. Fix n > {(p). The main points here are that a

n
n

n

to a, does not require other additions of models except the images of a;

and adding of a
under isomorphisms.

The check of the rest of conditions of 5.1 is routine. We refer to [2] or [4] for similar
arguments.
(1 of the claim.

Now let us turn to the second coordinates of ¢ and r. Recall that for a condition x € ),

we denote by (x)g its first coordinate, i.e. the first triple. If y = (y,|n < w) € P, then
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(y)o denotes ((yn)oln < w). So, we have (q)o — (r)o. Shrinking if necessary A,’s (the
sets of measure one of (g,)o’s), we can assume that for each n > {(p) = ¢(r) = {(q) the
set of measure one for (1,)o, i.e. C, projects exactly to A, by T, max(ng((rn)o),max(mg((g)o)-

Remember that the interpretations of both (b,, B,,) and (b, B.)) depend only on a choice of

~

elements of A,,.

Our tusk will be extend r to r* so that ¢ — r*. This will show that p and ¢ are compatible.
Which provides the desired contradiction.

Fix n, w > n > {(p), large enough. Let n be the maximal coordinate of (r,)o (i.e. the
ordinal coding max(rng(c,)), ¢ those of (p,)o (which is the same for (g, )o, since (4) above)
and ¢ the one corresponding to ¢ (of (¢.)o) under (g.)o — (rn)o. Denote my . .C, by D,.
Assuming that n > 2, it follows from the definitions of the equivalence relation «— and of
the order —, that E) (&) (the {’s measure of the extender) is the same as F, (). Also,
D, C A,.

Define now a condition

T;kz = <<C’m CTM hn>7 <ena Enagn>> € QnO

~ o~

which extends

Tn = <<Cn7 CTH hn>7 <b£u BngTL>>

The addition will depend only on the coordinate £ of E) . So we need to deal with each
v € D,. Set dom(e,) = dom(b,) Udom(b,). Let X € dom(e,). If X € dom(b,,), then set

for each p € C,. Now, if X is new, i.e. X € dom(¥),)\ dom(b,), then we consider X, the

model that corresponds to X in p, under the A-system.

Now we use Definition 5.1(81) to find inside b,,(A,)[p] some o realizing over the common
part the type of b, (A%")[V]. Recall that
b (AL V] = 0, (G [V]

and
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Set now e, (X)[p] to be the element of o corresponding to b/,(X)[v],

~ ~

for each p € C,, and v = 7y, , ¢(p).
The following claim suffice in order to complete the argument:
Claim 4.6.2 1) € Quo, 1) >0 Ty and ¢, — 77,.
Proof. Let us check first that g,,r, or basically ¥/, and ¢, agree about the values of models

in dom(¥],) Ndom(c,). Suppose that X is such a model. Then, by the assumptions we made

on the A-system, X € A% (6). Also,

A% (0) € dom(b.) N dom(c,),

~ ~

otpes (A% (0)) = otp,r A% (0)
and
A% () € dom(cy,).

By 5.1, b, (A% (6)) depends only on the measure indexed by the code of
en(AQ(81) = an(AQE (9)) = a7 (497 (6))
Let § denotes the index of this measure (or its code). Then for each p € C,, we will have

Tanms(P) = Tanes(Manme(p)).

Hence, restricting (g,)o to D,, i.e. by replacing A, in (¢,)o with D,,, we can insure that

by (A% and b, (A%") agree. The same applies to any X € A% which is in the common

~

domain, since its value too will depend on the d-th measure of the extender only.
Consider now the maximal model of ¢,. By 17, above, it is A%’fl(@) and the one of p,, is

A% (#). Now, for each v € A,, by the condition (7) on the A-system above we have

ba(AN1(0))[V] = %(A%ﬂ@))[ﬂ-

~

Pick p € C,. Let v =7y, n¢(p) and o = 7y, c(p). Then
ea(A251(0))[0] = ba(AX1(0))[0]

and
en(AY1(0))[p] = %(A%’fl(@))[V]-

~
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The first equality holds since e,, extends b, and the second by the same reason as e, was
defined this way above.

The crucial observation is that o,v € A, (just D,, C A,) and ¢ > v, so by Definition
5.1(81),
ba(AXT1 (O] € b (A0 (6)) o).

~

Hence, also,
b, (AL (0)[] < %(Agfl(@))[a],

since

en(AFL(0))l] = %(A%ﬂw))[v}-

~

The same inclusion holds, by Definition 5.1(81), if we replace A%, (9) with any Y € dom(b,)N
(C%"(0)) (A%, (0)) such that o(Y) > v, where o(Y") is the measure corresponding to Y. Thus

K /€+
(AL )] = (AL @)Y € b (V)0
In the present case we have the least such Y. It is A% (8). Just below it everything falls

into A% () the kernel of the A-system. Consider now Y’s in dom(b,)\(C*" (8))(A%",(9)).

If such Y is in A% (6), it belongs to A% () the kernel of the A-system. Hence as it was
observed in the beginning of the proof of this claim, we have the agreement. Suppose now
that Y ¢ A%" (). By the basic properties of G(P’) there will be Z € A% () such that

Y N A% (0) = Zn A% ().

Then again this Z falls into A% (#) and into the kernel of the A-system on which we have
the agreement.

This completes the proof of the claim.
U of the claim.
O

Force with (P, — ). Let G(P) be a generic set. By the lemmas above no cardinals are
collapsed. Let (v, | n < w) denotes the diagonal Prikry sequence added for the normal
measures of the extenders (E), | n < w) and (p, | n < w) those for (E,, | n < w). The
following analog of 4.7 holds here:

Theorem 5.9 The following hold in V|G(P'(0')), G((P'(0)), G(P)]:
(1) cof([[,..,v""2/ finite ) = kT

n<w N
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(2) cof (], -, v finite ) = 60/

+n+2

(3) cof (], v "2/ finite ) = (0')"

(4) for every reqular cardinal p € [T, (0')7],

there is a sequence of reqular cardinals (v, (p)|n < w) such that
(a) for each n < w, vp(p) € [F"+2, piva" 42
(b) cof([Tcp, vn(p)/ finite ) = p
(5) cof(I],ep, "2/ finite ) = (0')*F
(6) cof([T,eo, pi?" "1/ finite ) = 0
(7) cof([T,eo, PP 2/ finite ) = 0%

(8) for every regular cardinal pn € [(6")*F,607],

there is a sequence of regular cardinals (p,(p)|n < w) such that

(a) for each n < w, pn(ﬂ) c [P+n+2,p2‘pin+2+2]

n

(b) cof([],<,, pn(p)/ finate ) = p

(9) for every unbounded subset a of k consisting of reqular cardinals and disjoint to both

+n+2 +n+2 .
Un<w 2 u 2 and Uy o [p 2, piPn 2] | for every ultrafilter D over a which

includes all co-bounded subsets of k we have

Cof(H a/D) = r*

Proof. Ttems (1),(2),(3) and (4) follow easily from the construction, as in [6] or the arguments

of 4.7 can be used. Thus, for (3), take the increasing (under the inclusion) enumeration

(X |7 < (€)F) of the chain of models given by G(P'(¢)).
(Fr |7 < (6)") in the product [],_. y i as follows:
let for each 7 < (0")"

Fin) = fu(Xo). i fu(X0) <o
and

F!(n) =0, otherwise,

T
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where for some p = (pr|k < w) € G(P) with £(p) > n we have f,, as the first coordinate of
pn. Let (Fy | 7 < (0)F) be the subsequence of (F! | 7 < (§')") consisting of all F!’s not in
V.

Now, (1),(2) and (4) follow from No Hole Theorem of Shelah [8] or just directly as
follows. Let us show (4). Fix a regular cardinal p in the interval [T, (§')"]. Pick a model
M < H(x)V for x big enough such that

o [M|=p

MIG(P(9')), G(P'(6))] < H(x)" P NP )

o MNH((#)") € G(P'(9))

for some p = (p,In < w) € G(P'(¢')) we have M N H((#')") € dom(a,), for each n

large enough

Then there is an increasing unbounded in M chain of models (X, |7 < p) in G(P'(¢"))
of cardinalities below p. Fix such a chain. Let p = (p,jn < w) € G(P'(#')) be so that
MNH((#)") € dom(a,), for each n large enough. Let ng be such that for each n > ng we
have M N H((#")") € dom(a,). For each n < w we set

My = fo(M O H((0)7)),

where for some ¢ > p in G(P'(#')) with l(q) > n, f, is the first coordinate of ¢,. Define

now
v(p) = [ My,
if n > ng and | M| is a regular cardinal and

vn(p) = w,

otherwise.

Now, let for each 7 < p
Fl(n) = fu(X,), if fu(X,) C M of cardinality less than v, (1)

and

F!(n) =0, otherwise,
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where for some p = (pr|k < w) € G(P) with £(p) > n we have f,, as the first coordinate of
pn. Let (FY | 7 < u) be the subsequence of (F! | 7 < u) consisting of all F!’s not in V.
Finally, we set

Fo(n) = FX(n) (s,

for each n < w and 7 < p. The sequence (F,|T < p) will witness (4).
The proof of (5)-(8) is similar. The argument for (9) repeats those of 4.7. Thus, dealing
with
cof(H p 1/ finite ),

n<w

we observe that given a condition ({a,, A, fn), (bn, Bn, gn)) € Qno, for some n < w, then it

is impossible to change rng(b,)[v] | k™! by passing to an equivalent one, for any v € A,.
Just the definition 3.10(4(b)v) explicitly requires this.

This means, in particular that

cof(H p Y/ finite ) = cof(H K/ finite ),

n<w n<w

where the connection is provided by b,’s. But note that the cofinality of the last product is

kT, since every function their can be bounded by an old function. So we are done.
O

6 Some Generalizations

It is possible using the same ideas to realize any finite number of droppings instead of just
one. Thus let m < w and (fx|k < m) be an increasing sequence of regular cardinals in the

interval [k, 0). We assume that « is a limit of a sequence
Koo < Kot < vo. < Rom <Ko < oot <R < oo < B < ool < B < ooy,
n < w such that for each n < w and k£ <m
)

Knk 18 K, - strong as witnessed by an extender I, .

Force with P’(0y) * ...P'(0,,—1) * P'(#). Let G be a generic set.
We define (P, <, <*,— ) in V[G] parallel to those of Sections 2, 4. Just replace there

two sequences (\,|n < w) and (k,|n < w) by m + l-many sequences
(Fnkln < w, k < m).
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Force with (P,— ) over V[G]. Let G(P) be a generic subset of P. Let (v,x|n < w) denotes
the diagonal Prikry sequence added for the normal measures of the extenders (E,,  |n < w),
for each k < m + 1. Denote 0 by 6,, and assume that 6y = x™.

The following analog of 4.7, 5.9 holds in this context:

Theorem 6.1 The following hold in V|G, G(P)]:

(1) for each k < m we have

+rrti .
COf(H Vet / Jinate ) = Op

n<w

(2) for each k < m we have

+u 42 ‘
COf(H Voein "7/ finite ) = (O41)"

n<w

(8) for every k < m and a regular cardinal pu € [0, 6,7,
there is a sequence of reqular cardinals (Vnp1(p)|n < w) such that

42
(a) for eachn < w, vpyr (1) € W2 vt )

() Ot (TT,coy Vata(0)/ fimite ) = p

(4) for every unbounded subset a of k consisting of reqular cardinals and disjoint to

tng2 T2
Un<w,k§m[ynk » Vnike

subsets of k we have

|, for every ultrafilter D over a which includes all co-bounded

cof(H a/D) = r*

In a similar fasion, w many drops can be realized. Let (fx|k < w) be an increasing
sequence of regular cardinals in the interval [x*, 0], with 0 = (U, 0x)". We assume now

that we have a sequence of cardinals
(Fnkln <w,k <n)
such that
® K, < Ky Whenever n < morn=m and k <

e for each k < w we have (k,k|n > k) is unbounded in &
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+n+2
. +rK +1 .
® Ky IS K™ - strong as witnessed by an extender E, , .

Force with P’(0y) * ... P'(0,,) * ..., m < w. Let G be a generic set.
We define (P, <, <* — ) in V[G] parallel to those of Sections 2, 4. Just replace there

two sequences (\,|n < w) and (k,|n < w) by w-many sequences
<’fnk|n < ka < n>7

but note at each level n < w we have here only finitely many (n) possibilities.

Force with (P,— ) over V[G]. Let G(P) be a generic subset of P. Let (vulk < n <
w) denotes the diagonal Prikry sequence added for the normal measures of the extenders
(B, ,|n <w), for each k < w. Assume that 6y = xk*.

Then the following analog of 4.7, 5.9, 6.1 holds:

Theorem 6.2 The following hold in V|G, G(P)]:

(1) for each k < w we have

ptnt2
cof ( H i P i / finite ) = 041
k<n<w
(2) for each k < w we have
ptnt2
cof( [T v/ finite ) = (Brn)*
k<n<w

(8) for every k < w and a regular cardinal i € [0}, 6,71,

there is a sequence of reqular cardinals (Vpp1(p)|k <n < w) such that

+utnt2 g
(a) for each k <n < w, Vppy1(p) € | :k”J:Z, Vn,:f{“ ]

(b) cof(IT,cp Vakia(p)/ finite ) =

(4)
cof(H VIJ’T’?HH/ finite ) =6

n<w

(5) for every unbounded subset a of k consisting of reqular cardinals and disjoint to
+n+2

T
LJk<ugk§n<w[Vnk 'y Vnk

bounded subsets of k we have

+2] , for every wultrafilter D over a which includes all co-

cof(H a/D) = k"
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