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Abstract

We consider here Easton support iterations of Prikry type forcing notions. New
ways of constructing normal ultrafilters in extensions are presented. It turns out that,
in contrast with other supports, seemingly unrelated measures or extenders can be
involved here.

1 Introduction

We continue here the study of the structure of normal ultrafilters in generic extensions by
iterated Prikry type forcings.

In [7, 9, 1], Nonstationary support and Full support iterations were considered. When
iterating Prikry forcings below a measurable limit of measurables x, all the normal measures
it carries in the extension are characterized in terms of normal measures in the ground model;
furthermore, for every normal measure on x in the generic extension, the restrictions of its
ultrapower to the ground model is an iteration of it by normal measures only.

Here we concentrate on Easton support iteration of arbitrary Prikry type forcings. The

situation turned out to be radically different. Namely, we show the following:

Theorem 1.1 Let k be a measurable cardinal with 2F = k*. Let P = P, be an Faston
support iteration of length k of Prikry type forcings.

Assume that A C k is unbounded, U € V is a normal measure on k with A ¢ U, and
1:' V. — N is an elementary embedding, definable in V', such that the following properties
hold":
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1. crit(i) = k.

2. "N C N.

3. k¢ i(A)

4. U={XCr reiX)}

5. |i(k)| = K+

6. {i(f)(k): f €V, f:r — K} is unbounded in i(x).

Assume also that every element of N has the form i(f)(B1,...,5) for some f € V and
fr<...<p <i(k).

Then there ezists a measure W € V' [G] extending U, such that, denoting Ult(V [G], W) ~
My [jw (G)], there exists k: N — My, with crit(k) > k such that jw [v=koi.

Furthermore, under mild assumptions on the forcings participating in the iteration, there
are (2%)" = xk** normal measures W as above extending U (see theorem 2.18). This gener-
alizes the Kunen-Paris theorem on the number of normal measures [10].

In sections 3 and 4 we analyze the properties of the ultrapower embedding jy : V' [G] —
My [jw(G)] for an arbitrary measure W € V [G].

Assume that V = K is the core model. By a well known series of results in Inner Model
theory, jw v is an iterated ultrapower of V', provided that the variety of large cardinals in
the universe is limited. For instance, by Mitchell [11], assuming that there is no inner model
with a cardinal o with o(«) = o™ and V = K is the core model, jy [ is an iteration of
K by normal measures. By a result of Schindler [13], assuming that there is no inner model
with a Woodin cardinal, jy [ is an iteration of IC by its extenders.

Theorem 1.1 shows that jy [y decomposes to the form k o 4. In particular, jw (k) >
i(k) > ju(k). In section 3, we analyze the requirements needed to ensure strict inequality,
namely jw (k) > ju(k), by concentrating on the context where V' = K is the core model and
Jw Ix is an iteration of K by measures or extenders.

In section 4 we focus on the question what can be said about the embedding k: N — My .
In particular, whether it is an iteration of N by measures or extenders (without assuming
that V' = K is the core model). We will prove in theorem 4.8 that this is the case where
P = P, is an iteration of Prikry forcings (under some restrictions on the normal measures
used; see subsection 4.1). Furthermore, in this case, k is an iterated ultrapower with normal

measures only.



2 The General Framework

Definition 2.1 An iteration (P,,Qp: a < k, [ < k) is called an Easton support iteration
of Prikry-type forcings if and only if,

*

1. For every a < k, the weakest condition in P, forces that (Qu, <q., §Qa> is a Prikry

type forcing notion.
2. For every o < Kk and p € P,,

(a) p is a function with domain « such that for every 8 < o, p | f € Pz, and
p 1A IpP) € Qs
(b) If a < K is inaccessible, then supp(p) N« is bounded in o (supp(p) C « is the set

of indices v on which p(7) is forced to be non-trivial).

Suppose that p,q € P,. Then p > q, which means that p extends q, holds if and only if:

1. supp(q) S supp(p).
2. For every B € supp(q), p | BIF p(B) >5 q(B) (where >g is the order of QQg).

3. There is a finite subset b C supp(q), such that for every 5 € supp(q) \ b, p | B IF
p(B) =25 q(B) (where >} is the direct extension order of Q).

If b =0, we say that p is a direct extension of q, and denote it by p >* q.

The following properties are standard (see [5] for example):
Lemma 2.2 For every A < k, P\ satisfies the Prikry property.

Lemma 2.3 For every A < k which is Mahlo, Py has the A — c.c..

Let U be a normal ultrafilter over k. Let (P,,Qp | & < k, 8 < k) be an Easton support
iteration of a Prikry type forcing notions. Suppose that the following hold:

1. There exists an unbounded subset A C k, A ¢ U, such that, for every a < &,

(a) a € A — IFp, Q, is nontrivial.
(b) a ¢ A — IFp, Q, is trivial.

*

¥} is a—closed.

2. For every a < i, IFp, (Qq, <



3. For every a € A, IFp, |Qa| < min(A\ o+ 1).

Let G be a generic subset of P = P,. We would like to analyze the normal measures on
k in V [G] extending U. The standard way to do so appears in [5], we present it here for

sake of completeness.

Lemma 2.4 There exists a normal measure U* € V' [G] on r which extends U.

Proof. Let (Ay: a < kT) be an enumeration, in V, of P = P.-names, such that every
X € (P(r)" has the form (Aa)¢ for some oo < £, Such list of names exists since P = P
is k — c.c.. Now, construct, in V' [G], a <*-increasing sequence of conditions (g,: a < k%),
such that, over N [G], qo || # € ju (Aa). Such a sequence exists since V' [G] F " (ju(P) \ k, <*
) is kT — closed.”

Let ( Gaia < k1) be a P-name for the above sequence. Now, define U* D U as follows:

For every o < v, (Aa), € U™ if and only if there exists p € G and o < x* such that—
P qaF R Ei(AL)

We argue that U* defined above is a normal measure which extends U.
Assume that § < r and (X,: a <) is a P,-name for a partition of x in V' [G]. For every
a < 0, define—
Y,={B<k":3pe P, plF Xo = A5}

Since P is k — c.c., |Y,| < k. Denote—
vy =%
a<d

Then Y C x* is a bounded subset. Pick o* < x* high enough which bounds Y. Let us
argue that there exists p € G and a unique § < § such that—

P~ qar I 5 € ju (45)

and thus (Ag), € U™
Work in N [G]. Note that (Ag: 8 € Y) covers the sequence (X, : o < 0). Since gq+ is <*

above any gs for B €Y,
VE < a, qor

K € i(Xe)

Since (i (X¢) : £ < 0) is a partition of i(k), there exists a unique £* < § such that ¢, |-k €
i (Ag+). Let p € G be a condition forcing this. Then p™ g o« IF & € i (X¢+), as desired.
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A similar argument shows that U* is normal. Indeed, given a P.-name for a regressive

function f: k — k&, define, for every a < &,

Xo ={€ <r: f(§) =a}

and proceed as before to find a unique o < k such that X, € U*. [J

In particular, U can be extended to a normal measure U* € V' [G], such that the ultra-
power embedding jy«: V' [G] = M [ju~(G)] satisfies that jy« [v= k o jy, for an embedding
k: My — M which satisfies crit(k) > . Indeed, define k ([f],,) = [f],. for every f: x =V
inV.

A natural question here is whether this is the only way to generate a normal ultrafilter
on k in V[G]. In [6, 7] it was established that this is the case when considering the Nonsta-
tionary support iteration. However, this is not true anymore once full support iterations are
considered: in [1] and later in [9], iterations of the standard Prikry forcing were considered.
It was proved that every normal measure U € V on x with A ¢ U can be extended to a
normal measure U* € V' [G] similarly as above, but not every normal measure extending U is
generated this way; nevertheless, all the normal measures on x in V' [G] were characterized,
either as extensions U* of measures U € V with A ¢ U, or as the projections to normal
measure of extensions U* of a normal ultrafilter U € V with A € U.

It turns out that the picture in the Easton support iteration of Prikry type forcing
notions (and even of the standard Prikry forcings) is radically different. Given an elementary
embedding i: V — N with critical point «, definable in V', the normal measure derived from
it, U = {X C k: k € i(X)}, can be extended to a normal measure W € V' [G] such that
Jw lv=kot, for some k: N — M with crit(k) > . In the case of iterations of the standard
Prikry forcing, k is an iterated ultrapower of N by normal measures only (see section 4),
while : V' — N can be an embedding derived from an extender (as in the formulation of
theorem 1.1).

Let us demonstrate that, in the Easton support iteration, there are many more possibil-
ities to get normal measures W € V [G]. We show that an arbitrary embedding i: V' — N

can be used to extend the normal measure U derived from it.

Lemma 2.5 Assume that i: V — N is an elementary embedding definable in V', with
crit(i) = R, such that |i(k)| = k™, k ¢ i(A), N CV and "N C N. Denote-

U={XCkr:reiX)}



Then G is i(P) [.= P-generic over N, and:

1. For every q € i(P) \ k, there is H € V [G] with ¢ € H, which is (i(P) \ k, <* )-generic
over N [G].

2. Given such H € V' [G], define-

Un ={(A)g: A is a P — name for a subset of k, and there exists

p€ Gx*H such that pl-r €i(A)}

Then Uy is a normal, k—complete ultrafilter on k which extends U.

Proof.

1. We can enumerate, in V' [G], all the maximal antichains in (i(P) \ &, <*) with order
type kT, by i(k)-c.c. of the forcing, and since V' [G] F |i(k)| = kT. Note that k & i (A),
so in the sense of N [G], the forcing (i(P) \ k, <*) is more than k-closed. Moreover,
since VE®N C N, and P = P, is k—c.c., V[G] E <*N [G] C N [G]. Therefore, every
sequence of length x of conditions in i(P) \ k£ which belongs to V' [G] belongs to N [G]
as well. Thus, in the sense of V' [G], the forcing (i(P) \ k, <*) is k™*-closed.

Starting from any condition in i(P) \ s, we can construct (in V [G]) a sequence of
direct extensions of it, meeting every maximal antichain. This sequence generates a
<*-generic over N |G| for i(P) \ k, which belongs to V [G].

2. First, we prove that W = Uy is a normal, k-complete ultrafilter on x which extends U.
It is not hard to verify that W is a filter. We prove that W is a k-complete ultrafilter.
Assume that (X,: o < §) is a partition of s, for some § < k. Work in N [G]. Let
D C i(P) \ k be the <*-dense open set of conditions which decide the unique o < ¢
for which k € 1 (,)S «). Then such a statement is forced by some r € H. Let p € G be a
condition which forces that r has this property, and also decides the value of . Then
prlk Kk € i(X,) and thus X, € W. Normality of W follows by a similar argument,
using the dense set of conditions deciding the value of i( f)(k) for a given regressive

~

function f: k — k. The argument works since we don’t force over x in V.



Remark 2.6 M. Magidor pointed out the following: Assuming that N CV andi: V — N
is definable in V' [G], it follows that N is already a class of V. Indeed, pick a formula ¢ and
a parameter a € V [G] such that for every z,y in V', ¢(z,y,a) holds in V' [G] if and only if
i(r) = y. For every ordinal a pick a condition p, € G which decides the value of the set
(Vi(a))N, which is the set y for which ¢ (V,,,y,a) holds. Since P is a set forcing, there exists
p* € G such that, for unboundedly many ordinals o, p, = p*. Then N can be defined as a
class of V using p*, N = J{y: Ja € ON, p* - o (Vo, 9, a)}.

In general, the settings of lemma 2.5 are not enough ensure that jy,, [v= k ot for some
k with crit(k) > k. For instance, given a normal measure U on x in V with A ¢ U, the
embedding ¢ = jy2 satisfies the settings of lemma 2.5, but cannot be used to extend U to a
measure Uy for which jy,, = koi for some embedding k with crit(k) > x. This follows since

1 fails to satisfy clause 3 in the next claim:

Proposition 2.7 Assume that U € V' is a normal measure on k, W € V [G] is a normal

measure which extends U, 1: 'V — N is an elementary embedding and jw [v= ko1 for some
k: N — M with crit(k) > k. Then—

1. {XCrirei(X)}=U.
2. li(k)| = kKT.

3. i(f)(k): feV, f:r— k} is unbounded in i(K).

Proof.

1. {X C k:k € i(X)} = U: Indeed, let X C x in V with x € i(X). By applying
k: N — M it follows that k € ji (X ) and hence X € W. Since X € Vand U = WNV,
it follows that X € U.

2. |i(k)| = kT: This holds since, in V' [G], |jw (k)| = 2% = kT (since, in V, 2" = k1), and
i(k) < jw(k).

3. {i(f)(r)|f : K — Kk} is unbounded in i(k): Given 5 < i(k), let f € V [G] be a function
such that [f],,, = k (B). Since k (8) < k (i(k)) = jw(k), we can assume that f: Kk — k.
The Easton support ensures that there exists g: kK — k in V' which dominates f. Thus
i(g9) (k) > [ (indeed, by applying k: N — M on both sides, this is equivalent to
Jw(g)(k) > k(B) = [fly, which holds, since g dominates f. Note that, when applying
k, we used the fact that crit(k) > k).



OJ
Theorem 1.1 will be proved by a sequence of lemmata, concluded in lemma 2.14. The
main idea in the proof of theorem 1.1 is to add representing functions for all the generators

of i above k. This is needed since jy [y has a single generator .

Definition 2.8 An ordinal  is called a generator of i: V' — N if there are no n < w,
ordinals Sy, ..., 3, below 8 and a function f € V such that 8 =i (f) (51,...,Bn)-

In the next lemma we construct a function o — 6, in V' [G], which will be utilized,

alongside functions in V', to represent the generators of ¢ in Ult (V' [G], W).

Lemma 2.9 There exists a P,-name for a sequence of ordinals, (0,: o < K), such that the

following property holds:

1. For every B < Kk and p € P, there is ag < Kk such that for every o > «q there exists
p* >* p such that p* IF 6, = (.

2. For every a < k and condition p € P,, there exists a condition p* >* p which decides
the value of 0 .

Proof. For every a < k, let 7, < k be the least ordinal such that P [, is not a — c.c..
We will argue below that such 7, < k exists, but first, let us show that this suffices: Pick an

unbounded subset X C &, such that, for every a, o’ € X,
a<d = 7, < Ty

(for instance, let X be the club of closure points of the function o — 7,). Enumerate

X = (xq: o € A). For every o € A, let (g, e: & < x4) be an antichain in Py, -, ) of

cardinality a. Define 6, to be the unique ordinal { < z,, for which ¢, ¢ € G [(z, 7, (if there
is no such ¢, which is possible since the antichain is not necessarily maximal, set 6, = 0).
Now, given 8 < k and a condition p € P, pick first a € A for which x, bounds the
support of p. Direct extend p to p* such that p* [(4, .. )= z.,8- Then? by our definition, p*
forces that 6, = .
Let us prove now that for every a < k and condition p € P,, there exists p* >* p which

decides the value of 6,.

2Tt is crucial here that the Easton support is used.



We will direct extend p is the interval (x4, 7, ), Zo-many times, to decide whether g, ¢ €

G (wa,ra,), for every £ < x,. Note that this is possible since (P [ ), <* ) is more than

TorToa
rq-closed. Let p* >* p be the obtained condition. Then either there exists & < x, such that
p* forces that g, ¢ is in the generic, and then p* I- 0 , = £; or, there is no such &, and then
p Ik 0,=0.

Let us argue now that indeed, for every o < & there exists 7, < s such that P [ .,) is
not o — c.c.: Pick 7, such that there are a-many elements of A in the interval (o, 7,). Let
(Tae: € < ) be an enumeration of the first a-many elements in (o, 7,) NA. For every £ < a,
let z¢, Ye be P, .-names, forced by OPTO“{ to be pair of incompatible elements of QTM. Such
a pair exists since (), . is nontrivial.

Now, for every ; € 2% let p, € P [(4,7.) be the condition which satisfies, for every § < «,

that—

_Jze Mo(§)=0
Po rﬁn_pa (g) - {/?\Jﬁ Ifa(f) -1

Note that 7, is the limit of the first & many elements above « in A, and thus 7, is singular,

so the support of a condition in P = P, may be unbounded in 7,.

Then (p,: 0 € 2<%) is an antichain in P [, -, of cardinality at least . OJ

Remark 2.10 Given a function a — ¢, as in lemma 2.9, we slightly abuse the notation
and denote i (a + 0,) by (041 a <i(k)).

Lemma 2.11 Under the assumptions of theorem 1.1, there exists H € V [G] which is (i(P)\
Kk, <*)-generic over N [G], with the following property:

(x) For every generator [ € i(k)\ (k+ 1) of i, there exists a function f = fz €V,
f: k= Kk and a condition ¢ € H such that qIF =1 (a — ,Qf(a)) (k).

where (0 o: a <i(k)) is as in remark 2.10.

Proof. In V [G], let (A¢ | £ < k) be an enumeration of maximal antichains in i(P). Let
(Be | € < kT) be an enumeration of all the generators of ¢ below i(k). Define in V]G] a
<* —increasing sequence (r¢ | £ < k7). Assume that (r¢: & < £*) has been constructed for
some £* < k™. Pick a condition  which <* extends all the conditions (r¢: § < £*) constructed
so far, and, by extending it, assume that r extends a condition in Ag«. Finally, let ag < i(k)

be such that for every a > o there exists r* >* r which forces that i ({ — 6¢) (o) = Be-.



Pick any a > ap below i(x) which has the form i (f) (k) for some f = fs. € V, and let
re« >* r be a condition which forces that i (€ — 0¢) (o) = Be-.
Finally, let H be the <*-generic generated from (r¢: £ < &*). O

Remark 2.12 Repeating the above argument, we can construct 2 -many distinct generic
sets H satisfying property (x), by constructing a binary tree (r,: o € 2<“+> of conditions,
which are <*-increasing in each branch, and for each o € 2<””+, To~(0) and 7o~y are <*-
incompatible. Assuming 2% = x**, this provides the maximal number of generic sets H in
V' [G] for (i(P) \ k,<*) over N [G].

Below we will define for every such H a measure Uy € V [G] on k which extends U,
under mild assumptions on the forcing notions @, we will prove that for H # H’ satisfying
property (%), Uy # Upg (see theorem 2.18). Xssuming GCH, this produces the maximal
number kT of normal measures on k, generalizing the well known result of Kunen and
Paris [10].

Remark 2.13 Not every generic set H € V' [G] for (i(P) \ k, <* ) satisfies property ().

Indeed, assume that A consists only of inaccessibles and i: V' — N has a nonempty set
of generators in (k, i(x)) which is bounded by some ordinal n = i(f)(x) below min (i(A) \ k),
for some f € V. This holds in the typical case where A consists of measurables below x and
iis a (k, kT)-extender (the length of i is kT since i has to satisfy the requirement |i(k)| = k*
of theorem 1.1). Let o: My — N be the embedding which maps each element [g],; of My to
i(g9)(k) (here g € V is any function with domain ). ¢ has critical point strictly above ™,
since (k)Y = k*.

In V' [G], let Hy C ju(P)\ k be <*-generic over My [G]. Let H C i(P) \ k be the generic
set generated from ¢”Hy. We argue that H is indeed <*-generic over N. Let D € N [G]
be a <*-dense open subset of i(P) \ k. Write D = i(F) (x,f1,..., ) for some function
F € V, 1 < w and generators fy,...,0 < i(f)(k) of i. We can assume that for every
Emyeesm < f(E), F(&m,...,m) C P\ is forced to be <*-dense open subset of P\ &.
Define, in My,

Dy = ﬂ Ju(F) (&7, m)
and note that, since the amount of sequences vy, ...,y < ju(f)(k) in My is below min (A \ k),

and (ju(P) \ k, <* ) is more than min (jy(A) \ k)-closed, Dy is <*-dense open subset of
Jju(P)\ k. Pick any g € Hy N Dy. Then o(q) € DN H, since o(Dy) C D.
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Since ¢”"G x Hy C G * H, the embedding o: My — N can be lifted to an embedding
o*: My |G x Hy] — N [G % H|.

Pick now any generator (5 of i in the interval (k,i(x)). We argue that there isno f € V
such that H IF g =1 (a > Q’f(a)) (k). Indeed, otherwise, by elementarity of o*, there exists
B* < ju(k) such that—

Ho b 5 = o (0> B ) (0

Let g € V be a function such that 5* = jy(g)(k). Then-
B=0"(8)=1i(g) (k)
contradicting the fact that g is a generator of i.

Given ¢, N, U as in theorem 1.1 and a generic set H € V [G] for (i(P) \ k, <*) over N [G],
define—

Un ={(A4);: Aisa P —name for a subset of x, and there exists

p € G * H such that plI-x € i (4)}

Then Uy is a normal, xk-complete ultrafilter which extends U. This follows by repeating the
argument of lemma 2.5.

The model My, ~ Ult (V' [G], Ug) is of the form M[G*|, where M is the image of V' and
G* = ju, (G) is ju, (P)—generic over M in sense of My,,. We conclude the proof of theorem
1.1 by defining an elementary embedding k: N — M and proving that crit(k) > &.

In the next lemma we continue the abuse of notation as in remark 2.10, and denote—

Juy ((Oe: € € A)) = (O¢: € € Juy (A))

Lemma 2.14 Assume the settings of theorem 1.1. Suppose that H is a generic set for
(i(P) \ k,<*) over N [G] with the property (x). Define then k : N — M as follows:

k (Z(f)('%a 517 ey 5l)) = jUH(f) ("ia e[fﬁl}UH’ e e[fﬁl] )
For every | < w, P1,...,0 < i(k) generators of i and f € V' (the functions fg,, 1 <1i <1,

are as in lemma 2.11).

Then k: N — M s elementary, crit(k) >k and jy,, [v=koi.
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Proof. Denote W = Up. Let us prove that the embedding &k defined above is elementary.
Assume that z,y € N. There are functions f,g in V, generators f; < ... < (5 < i(k) such
that—

Tr = Z(f) (K’vﬁla---aﬁl)v Yy = Z(g) (’%aﬁla“'aﬁl)
Assume now that k(z) = k(y), namely—

Jw(f) (K'a ejw(fﬁl)(m)a . ’ejw(f/al)(n)) € jwl(g) (Ha ejw(fﬁl)(n)a e ’ejW<fﬁl>(H))

Then—
{E<n:f (579@1(&)» - w%(s)) €9 (57%1(5)7 aE 7%(5))} ewW
and by the definition of W, there exists p € G and r € H such that—

priFk € i({ﬁ <k f <§’Qfﬁ1<£>w-wﬁfal(o) €y (faﬁfmow--aﬁfal(o)})

By extending r € H finitely many times, p~r |- g(i(fﬁm)(ﬁ)) = [, holds for every 1 < m < k.

Thus, the last equation can be replaced with—

priEi(f) (K, B, ..., 0) €i(g) (K, B, ..., 01)

but the forced statement above is entirely in N, and since a condition forces it, it is true in
N. Thus—

Z(f) ("{7517'“760 € Z(g) (/{aﬁla-“aﬂl)

as desired. The implication in the other direction is proved similarly.
Clearly crit(k) > . We finish the proof by showing that jy [y= koi. Let x € V and

let ¢,: kK — V be the constant function with value z. Then—

k(i(x) = k(i (cz) (8)) = Jw () (1) = Jw (x)

as desired. [
Let us now study the properties of the embedding k: N — M. We assume the settings

of theorem 1.1.

Lemma 2.15 If <=<*, or at least <,=<},, for a final segment of o < K, then k is the
identity and M = N.

12



Proof. Fix an ordinal n, and let f € V' [G] be a function such that n = [f];;,. We will prove
that n € Im(k). Indeed, consider the set—

{peiP)/G |3 IFi(f)(r) =7)}

It is < —dense in N[G]. So, if <=<* then H meets it. Thus, there exists a condition g € H,
a function g € V' and generators /3, ..., §; of i, such that ¢ IF i (f) (k) = i(g9) (k, f1,- -, 01)-
Thus, by the definition of W,

{E<r: f(E) =y (g’efﬂl(f)v'”?efﬂl(f))} ew

and thus n =[]y, = k (i(g) (5. By, .., B1).
]

In general, M should not be equal to N. Thus, for example, they will differ if the Prikry
forcing was used unboundedly often below x.

However, we do not know whether the assumption of 2.15 is necessary.

Question 2.16 Suppose that for unboundedly many o < k, < #<%. Is then M # N ?

We do not know what are the requirements on the forcings @, for a € A which imply
M = N. We conjecture that the requirement should be that there is 6 < k, such that every
set of ordinals x of V[G] can be covered by a set y € V' of cardinality < |z| 4 6.

Lemma 2.17 k"H C G* \ k.

Proof. Let ¢ be in H, and let p € G be a condition such that p I- ¢ € H (recall that
H € V[G]). Clearly,

p qlFqel\k
where I' is the canonical i(P)-name for the generic set for i(P) over V.

Pick f: [k]" = K, f € V and 8 < ... < B, < i(k) such that ¢ = i(f)(f1,..., Bn). For
every m,1 < m < n, there are f,, : kK — K, [, € V such that gy, )5, € H, namely,

B = Oi(f) () -

Let us argue that the set—

Aq = {V <K | f(0f1(V)= "'79fn(V)) < Q\V}
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is in W. Pick any ¢ <* ¢* € H which <* which forces that f,, = Hi(fﬁm)(,{), for every
1 < m < n. Recall that—

q=i(f)(B1, s Bn) = i(F)Oicr)(x)s o Vi) )

and thus p~¢* Ik € i(4,).
O]
The next lemma generalizes a Kunen-Paris result (see remark 2.12).

Theorem 2.18 Let H,H' € V [G] be generic sets for (i(P) \ k,<* ) over N [G]. Suppose
that H and H' satisfy (x). Assume that for every f < k, if ¢.¢' € Qg are incompatible

according to the order <*, then—

Ds(q) ={r € Qp | r is < —incompatible with q}
is <* —dense above ¢, or

Ds(q') ={r € Qs | r is < —incompatible with ¢'}

is <* —dense above q.3
Suppose that H # H', then Uy # Ug.

Remark 2.19 Note that if the ()g-s are taken to be Prikry forcings, then the above property
holds. Indeed, assume that ¢ = (¢, A) and ¢ = (¢/, A’) are <*-incompatible. Then ¢t # t'. As-
sume without loss of generality that ¢ is an end extension of ¢'. Then D(q) = {r: r,q are <*
-incompatible} is <*-dense open above ¢'. Indeed, pick a condition (t’, B) >* (t', A). Shrink
B to the set B* = B\ (max(t)+1). Then (¢, B*) >* (¢, B) and is incompatible with
q=(t,A).

Proof. Suppose otherwise, i.e. H # H', but Uy = Uy := W.
Let k : N — M be the elementary embedding defined from H and k' : N — M from H’.

Claim 1 k # K.

Proof. Assume for contradiction that & = k. Thus, by Lemma 2.17, every pair of elements
from H, H' are <-compatible. We will argue that this implies that H = H’. It suffices to
prove that every pair of conditions q € H,q' € H' are <*-compatible.

3This type of condition usually holds. For example, if we iterate Prikry forcings, then just shrinking sets
of measure one will produce such type of incomparability.
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Assume otherwise. Let o < k be the least ordinal such that there are pair of con-
ditions ¢ € H,q € H' for which ¢q [.,q [. are <*-incompatible. « cannot be limit, since
<*-compatibility of all the initial segments of ¢, ¢’ below « implies that ¢ [, and ¢’ [, are <*-
compatible themselves (if « is inaccessible, this is clear since the support of ¢, ¢’ is bounded
in «; if the supports of ¢, ¢’ are unbounded in «, just intersect sets of measure one to find a
common direct extension). Thus o = S+1 is successor, and ¢ (3), ¢’ (§) are <*-incompatible.
By the property of the forcing (), without loss of generality, D (¢) is <*-dense open above
¢'. Since ¢ € H' (B), ¢’ can be extended to a condition r € H’, such that r(5) € Ds(q). In

particular, ¢ € H, r € H' are <-incompatible, which is a contradiction. [J of claim 1.

Since k # k', there exists a generator [ of ¢ such that k(5) # k'(5). Pick the least such

generator (.

Claim 2 For every generator §° < 3 of i, there exists a function fg € V such that each

generic H, H' has a condition which forces that 8’ = 6 . ( ; ) )’
~J1 5/ K

Proof. Let f, f' be functions such that some condition in H forces that 8 = 0;(s)(x), and

some condition in H' forces that f' = 8 i (x)- Let ¢ € H be a condition which decides the

statement 6 ;s x) = 0i(s/)(x) and assume for contradiction that it is decided negatively. By

applying k, k(q) € jw(G) forces that—

9111w 7 0151w

namely k(5') # k' (8), contradicting the minimality of 5. O of claim 2.
Recall now that k(5) # k'(8). Thus, there are two distinct functions f, f in V' such
that—

1. Some condition in H forces that 8 = Q i(f) (k)

2. Some condition in H' forces that 8 = 0 (s (x)-

3. Without loss of generality, {{ < k: Op ) < Oy} € W.

By property (2) of the names (0, : o < k), presented in lemma 2.9, there exists an ordinal
' such that some condition in H forces that ¢ ;s x) = 8'. By the above assumptions, 8’ < 3.
We argue that ' is a generator of ¢ as well. This will finish the proof: once we prove
that (' is a generator of 4, it follows from claim 2 that 6. represents 5 in the sense of

both generics, H, H'. However, in the sense of H’, it represents 3, which is a contradiction.
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Assume for contradiction that ' is not a generator of 7. Then there is a function g € V
and i, ..., 3 below 3, such that 8" =i(h) (x, b1, ..., 3). Since H forces that 8’ = 0 (),
it follows that—

{E<riyg (fﬁf/sl(s)’ e 7%(5)) =0yt eUn=W

Thus the same set belongs to Ups. Therefore, H' forces that—

B =0y = i(g) (K, B1,- -, Bi)

contradicting the fact that § is a generator of ¢ (note that we used claim 2 when arguing

that the generators f3;, 1 <i <[, are represented the same way in the sense of H, H"). O

Definition 2.20 A measure W € V [G] is called simply generated if W = Uy for some
U €V, where H is generic for (jy(P) \ k, <*) over My [G].

Remark 2.21 Given a simply generated normal measure W € V' [G] as above, with A ¢ W,
the parameters U and H are uniquely defined from it*. Indeed, we will prove in the next
lemma that U = W NV belongs to V, and is a normal measure there with A ¢ U, Now,
assume that there are H, H', generic over My [G] for (ju(P) \ k, <*), with W = Uy = Up.
Then H, H' satisfy the conditions of lemma 2.18 (since jy has no generators other than x).
Thus, by the theorem, H = H'.

Given W € V [G] normal on x (which is not necessarily simply generated), we can say

the following:

Lemma 2.22 Every normal measure W € V' [G] on k extends a measure U =W NV € V.

Proof. First, let us argue that U = W NV belongs to V. By [6], it suffices to prove that
there are no new fresh unbounded subsets of cardinals in the interval [m, (2”)‘/] = [k,KkT].

Thus, it suffices to prove the following pair of claims:

Claim 3 P = P, does not add fresh unbounded subsets to k.

Proof. The fact that there are no fresh unbounded subsets of x follows essentially from the
facts that 2 = k™, and that there exists a normal measure on x in V [G]: Given a normal
measure U € V with A ¢ U, take any U* € V' |G| which extends it. Given a fresh unbounded

4Note that when iterating Prikry forcings, A ¢ W holds for every normal measure W € V [G] on &, since
every such W concentrates on regulars.
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A C k, A= jy-(A) Nk and thus, by elementarity, A belongs to the ground model M of
Ult (V [G],U*). Now set ky: My — M to be the function which maps [f];; to [f],.. Then
ky is a well defined elementary embedding since U C U*, and crit (ky) > x by normality
of U*. Since 2" = k™ holds in M, ky maps the sequence of subsets of x to itself, and thus
every subset of x which belongs to M, already belongs to V. So the above set A belongs to

V', which is a contradiction. []

Claim 4 For every measurable (in V) A < k, Py doesn’t add fresh unbounded subsets of

AT. In particular, P. does not add fresh subsets to AT.

Proof. Let f € V [G] be the characteristic function of a fresh unbounded subset of A*. Let
f be a Py-name and assume that p € P forces that f is fresh.

Let G C Py be generic over V. For every £ < AT, let pe € G be a condition which decides
f le. For every & < A% there exists ae < A such that the support of p¢ is bounded by a.
Let A C A" and a* < X be such that [A| = AT and ag = o* for every £ € A.

By shrinking A C A" even further (to a set of cardinality A™), we can assume that there
exists ¢* € Py such that, for every £ € A, pe [o+= ¢* [a+, and ¢* [[o+ 5) is trivial.

Let h = J{g: I < A ¢" IF i le= g}. Clearly, h: AT — 2 is a function and ¢* I+ i = h.

O
O of lemma 2.22.

3 On jiy(k) > ju(k) and the existence of N

Assume in this section that P = P, is an iteration of Prikry forcings. Let W,U = W N
V,i: V — N be as in the previous section.

Clearly, jw (k) > ju(k). Our interest here will be in situations where a strict inequality
holds.

Note such phenomenon is impossible with the non-stationary support, where, for every
normal measure W € V' [G] on &, jw (k) = ju(k) (see [7]).

On the other hand, in the full support iteration, it is possible that jw (k) > ju(k)
starting with o(k) > 2. Indeed, under the assumption that there are normal measures
Uy < Uy on kinV, take W = (U;)™ (in the notations of [9]). Assume that & — Uy(€) is a
function in V' which represents Uy in Ult (V, Uy), and, for every & € A, Uy(&) is the normal

measure used to singularize £ at stage ¢ in the iteration P = P,. Then W extends Uy, but
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Jjw (k) = ju, (k) > ju,(k). The other direction is also true: if jy (k) > ju(k), let U’ be a
measure on k in V such that W = (U’)*. Then U <1 U’ and thus o(x) > 2.

Let us discuss this situation in the context of the Easton support iteration.

3.1 On jw(x) > ju(k)

Start with the following simple observation:

Proposition 3.1 The set-

{w () [ f:h—k feV}

is unbounded in jw (k).
Hence, k"ju (k) is unbounded in jw(k), where k([f]lu) = [flw is the embedding defined in
lemma 2.14.

Proof. P satisfies k—c.c. Hence for every g : kK — & in V[G] there is f : Kk — k in V which
dominates it, i.e., for every v < k, g(v) < f(v).
0]

Let us present a first example of a situation where jw (k) > ju (k).

Definition 3.2 (W. Mitchell) A cardinal x is called p—measurable iff there exists an exten-
der E over k such that E, € Mg, where E, = {AC k| k€ jr(A)}.

Note that we can use a witnessing extender E with two generators only - k and the ordinal
n < 2% which codes E,. The ultrapower by such extender is closed under x—sequences.

The next lemma is obvious:

Lemma 3.3 Suppose that k is p—measurable and E is an extender witnessing this. Then

je. (k) < ju(k).

Proposition 3.4 Suppose that k is p—measurable and E is an extender witnessing this
which ultrapower is closed under k—sequences. Let U = E,, and A C k be a set of measurable
cardinals which is not in U. Force with an Faston support iteration P of the Prikry forcings
over A. Let G C P be a generic.

Then, in V|G|, there is a normal ultrafilter W which extends U such that jw (k) > ju (k).
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Proof. Construct W as in theorem 1.1 using F, i.e., i = jp and N = M.
Then ju(k) < jp(k) = i(k) = jw (k).
0
Let us observe now that we need a pu—measurable in order to have jw (k) > ju(k),

provided V = K, where IC denotes the core model.

Proposition 3.5 Assume —0Y. Suppose that V =K. Let U be a normal ultrafilter over &
and A C k be a set of measurable cardinals which is not in U. Force with an Faston support
iteration P of the Prikry forcings over A. Let G C P be a generic.

Suppose that, in V|G|, there is a normal ultrafilter W which extends U such that jw (k) >
ju (k).

Then k is a p—measurable in V. Moreover, U is a normal measure of a witnessing extender.

Proof. Suppose otherwise.

Consider jy [ V.

By Mitchell [12], it is a normal® iterated ultrapower of K = V' by its measures and extenders.
Recall that W NV = U, and so, U = {AC k| A€ V,k € jw(A)}. The assumption that
U is not a normal measure of an extender which witnesses a p—measurability of x implies
then that U must be used first in this iterated ultrapower.

Apply now the arguments of [8] in Ky the core model of My. For every measurable
a,k < a < jy(k), there will be a bound 7, (which depends on o(«)) on number of possible
applications of measures and extenders over o with their images, and, by the assumption
that there are no strong cardinals, 1, < jy (k). Therefore, for every such «, there exists an
upper bound p} < jy(k) on the image of a in the iterated ultrapower by the measures or
extenders taken on « or its images. pf < jy(k) since none of the extenders participating
has length ji7(k) or above (by —0%), and 1, < jy(k).

This implies that the rest of the iteration from jy to jy [x cannot move jy(k): otherwise,
Jju(k) participates as a critical point in the iteration (it cannot be moved by an extender
with a critical point below j(k), as explained above; it surely cannot moved by an extender
with a critical point above jy(k); thus, it moves since an extender on it participates in the
iteration). Decompose ji [y= ki 04y, where 7; is the iteration with all the extenders below

ju(k), and k; is an iteration with critical point jy (k). Then—

{w(H)(K): f: k=K, fEV}

5Extenders with smaller indexes are used first.
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is bounded in jy (k), since, for every f: k — kin V,

Jw ()(K) = k1o (ia (f) (8)) = ir (f) (8) < Ju(k)

where we used the fact that i; (f) (k) does not move in k; since it is strictly below jy (k).

This, contradicts proposition 3.1. [J

The situation changes if we do not assume V' = K. Let us argue now that the consistency

strength of jy (k) > ju(k) is just a measurable which is a limit of measurable cardinals.

Proposition 3.6 Let V be a model of GCH with a measurable cardinal k which is a limit
of measurable cardinals.

Then there is a cardinal preserving generic extension V' of Vi which satisfies the following:
Let A be an unbounded subset of k consisting of measurable cardinals. Force with an Faston
support iteration P of the Prikry forcings over A. Let G C P be a generic.

There ezists a normal ultrafilter U over k in V and a normal ultrafilter W in V|G| which
extends U such that jw (k) > ju(k).

Proof. The idea is as follows. Let W be a normal ultrafilter over x in V{, which concentrates
on non-measurable cardinals. Consider W2 =W x W and W3 =W x W x W.

Let j1 = jw,jo = jwe2,J3 = jws, My = My, My = My, M3 = Mys, k1 = j(k),ky =
Jo(K), k3 = js(k). We have natural commuting embeddings jio : My — Ma, joz : My — M;
and jiz : My — Ms. Namely, ji2(j1(f)(k)) = j2(f)(K), j23(j2(9) (K, K1) = J3(9) (K, K1), ete.
Note that the critical point of jis, j13 is k1 and of jo3 is ko. However there is an additional
way to embed My into M3. Define o : My — Mj by setting o(j1(f)(k, k1)) = Js(f)(k, Ka).
Clearly, o is elementary and its critical point is k1 and it is moved to ks.

The idea will be to force in order to extend W to a normal ultrafilter U such that
1. My is a generic extension of Mo,
2. W3 extends to a k—complete ultrafilter £ with My a generic extension of Ms,

3. U is the normal ultrafilter which is strictly below E with the corresponding embedding

extending o.

Now, ky < k3 will imply jy (k) < jr(k), since jy(k) = kg and jg(k) = Ks.
Such construction was used in [3]. We refer to this paper for details. Let us only sketch

the argument.
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We force a Cohen function f, : & — « for every inaccessible o < x using the iteration
with an Easton support.
Denote a generic object which produces such (f, | @ < K, « is an inaccessible ) by Go.
Let V' = V4[Gol.
It is possible to extend all the embeddings, ji, 72,3, j12, J13,J23, 0. We change one value
of f., at kK by setting it to ko. Let G5 be such generic over M3 Then, j35 : Vj — M;
extends to j3 : Vo[Go] — M3[Gs]. Derive now U and E from ji in V = V[Gy], by setting
U={ACk|rkeji(A)} and E={B C r*| (k, k1, K2) € j5(B)}.

Finally we apply the construction of Section 2 to U and F to produce an extension W
of U in V[G].
O

Note that U produced in 3.6 can be picked to be the minimal in the Mitchell order,
which is not true about one of 3.4, where V' = K. Let us argue that under rather strong

assumptions it is possible to find such U in K.

Proposition 3.7 Let U be a normal ultrafilter over k. Suppose that the set
{a <Kk |aisk— strong }

is unbounded in k. Force with P as above. Let G C P be a generic. Then, in V|G|, there is

a normal ultrafilter W over k such that
1. UCW,

2. ju(k) < jw(k),
Moreover, jw |V = k o1, where
e 1:V —= N,
o ju(k) <i(k),

e i, N satisfy the conditions of theorem 1.1.

Proof. Work in M. Pick some o,k < a < jy(k) which is jy(k)—strong. Let E € My be
an (o, ju(k))—extender witnessing this. Set N to be the ultrapower of My by E and let
1= jg o ju. We have

Ju(k) < jele) < je(ju(k)) = i(k).
Note that the embedding i satisfies the assumptions of theorem 1.1. Indeed, the only non-

trivial properties of ¢ that require verification are:
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1. {i(f)(k): f: K = K} is unbounded in i(k): In My, denote A = jy(k). Then X is
regular, and thus the (a, A)-extender embedding jg is continuous at A. Thus, for
every 0 < i(k) = jg (), there exists f/ < A such that jg(8) > B. Now, find
f eV, f: k= k,such that 5 = jy(f)(k). Then i(f)(r) = je(B') > B, as desired.

je(r)] = (u(k)™.

2. |i(k)| = kT: Using the above notations, My IF |jg(A)] = AT. But V Ik |A*| = kT since

2 = kT,

Now apply theorem 1.1 to construct the desired measure W. [J
We do not know whether the assumption of 3.7 is really necessary. However it is possible

to show the following.

Proposition 3.8 Suppose —09.

Assume V = K.

Let U be a normal ultrafilter over k which is minimal in the Mitchell order.

Let P be an Faston support iteration of Prikry type forcing notions up to k and G C P be a
generic.

Suppose that W is a normal ultrafilter in V[G] which extends U.
Then ju(k) = jw (k).

Proof. By W. Mitchell [12], jy | K is a normal iterated ultrapower of IC by its measures and
extenders.

The minimality of U implies that it must be used first in this iteration.

Apply now the arguments of [8] in Ky the core model of My. For every measurable
a,k < a < jy(k), there will be a bound 7, (which depends on o(«)) on number of possible
applications of measures and extenders over o with their images, and, by the assumption
that there is no strong cardinals, 1, < jy(x). Now complete the argument as in proposition
3.5 by showing that, if jy (k) < jw (k) then an extender with critical point jy (k) participates
in the iteration, and thus the set {jw (f)(k): f: K = K, f € V} is bounded by jy(k); this

contradicts proposition 3.1. [

We conjecture that the needed strength (for 3.8) is exactly

{a < k| ais k — strong } is unbounded in .
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Thus, R. Schindler [13] extension of the Mitchell result can be used to argue that jy | K
is a normal iterated ultrapower of K by its measures and extenders. A missing part is an

extension of [4] beyond strongs which is likely to hold.

3.2 On existence of N

As before, let W € V' [G] be a normal measure on k, and U = W NV € V. In section 4
we will prove that if W is constructed as in theorem 1.1 then jy [v= k o, where k is an
iteration of N be normal measures only. A natural question in view of this result is whether
for every W € V [G] there exists N,"N C N such that M is obtained from it by iterating
normal measures only. We do not know the answer in general. However, it turns out to be

an affirmative provided some anti large cardinal assumptions and V = K.

Proposition 3.9 Assume —0Y and V = K.

Let U be a normal ultrafilter over k and A C k be a set of measurable cardinals which is not
in U. Force with an Easton support iteration P of the Prikry forcings over A. Let G C P
be a generic.

Suppose that, in V[G], there is a normal ultrafilter W which extends U .

Then there are N,i : V — N which satisfy the conditions of theorem 1.1 such that jy [V =

koi and k is formed by iterating normal measures only, starting from N.

Proof. As in subsection 3.1, we analyze j := jy | K.
By elementarity, j : K — (K)MW and My is a generic extension of (K)MW by an Easton
support iteration of Prikry forcings with normal measures in j(A).

By Mitchell [12], j is an iterated ultrapower of K by its measures and extenders. Recall

that WNK =U, and so, U = {AC k| AeV,k € jw(A}. So, this iterated ultrapower
starts with U or with an extender F' which normal measure is U.
Note that Mp must be closed under k—sequences. Otherwise, there will be a set of ordinals
a, |a| < k which consists of generators and which is not in Mg. The further Easton support
iteration of Prikry forcings will not be able to add such a. Thus, by our assumption, the
length of F' must be below first measurable cardinal above x in Mp. The iteration of Prikry
forcings above k does not add new bounded subsets below the first measurable > x.

By the same reason, extenders used to continue the iteration must be k—closed.

None of them can be used infinitely many times (or infinitely many extenders cannot be
used), since otherwise, w—sequences which cannot be added by an Easton support iteration

of Prikry forcings, will be produced. It follows from the strong Prikry condition of the

23



forcing, which can be shown for the relevant parts as in Ben Neria [2].

This leaves us with a finite iteration by k—closed extenders (measures).

It is the first part of the iteration.

The rest consisting of iteration of normal measures, each of them is applied w—many times.
Take N to be the first part of the iteration and ¢ : L — N be the corresponding embedding.
O

4 Properties of k

We continue and use the notations of theorem 1.1. We first state the following lemma.

Lemma 4.1 Let P = P, be an Easton support iteration of Prikry type forcings, andi: V —
N, ACk,UecV,WeVI|G] and k: N — M be as in section 2.
Assume that there are no elements in (k, crit(k)) Ni(A). Then crit(k) € i(A), namely,

it is the least element above k in i (A).

Remark 4.2 The assumption (k, crit(k))Ni(A) = 0 holds in the typical case where P = P,
is an iteration of Prikry forcings. Indeed, assume, by contradiction, that there exists u €
(k, A)Ni(A). Then p =k (), and thus in M [jw (G)], p changes cofinality to w. Therefore,
in V[G], cf (1) = w, and, in V', cf (1) < k. The sequence witnessing this belongs to VN (*N)
and thus, by our assumption on N, belongs already to N. This contradicts the measurability

of uin N.
Proof. Denote A = crit (k). Then for some h € V and k = 5y < 1 < ... < [y,

A=i(h)(k, B, Br)

By the definition of k, A > k.

We first prove that A\ € i(A). Assume otherwise. We can assume without loss of
generality that for every & vq,..., v below k, h (& vq,...,v) > € does not belongs to A:
this can be assumed by replacing the function A with the function #’: [k]""" — & defined as
follows: For every &, my, ..., Mk, B (&, m, ..., mx) equals A (&, m, ... ,mp) if A (Em, .. k) > €
is not measurable in V; and else, A/ (£, 7, ...,nx) is an arbitrary non-measurable above &.

By our assumption,
Z(h> (Haﬁla' .- 7Bk) :Z(h/) (Kaﬁla' .- 7ﬁk)
so we can replace h with A'. Since X is regular (as a critical point of an elementary embed-

ding), we can assume, using a similar argument, that each h (§,v4, ..., %) is regular.
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We can assume that for every &, iy, ..., 1, there are no elements of A in the interval

(£7h(£7 Vi, .. wyk)).
Let f € V[G] be a function such that [f],, = A. Then-

o =A< hO) = () (015,05 )
w
By the definition of W, there exists p € G and r € H such that—

poriEi(f)(k) <i(h) (5 05,y (o9 - - - 0i<fgk>(/€))

Recall that, for every 1 < i < k, there exists a condition in H forcing that Gi(fﬂ_)(n) = b;.
Thus by extending r inside H,

P i) (8) < i(R) (5, B, B)

Since there are no measurables of N in the interval (k,i(h) (K, Bo, . . ., Bx)], we can find ' >* r
inside H such that—

plk3a < i(h) (K, B1, ..., Be), T IFi(f)(k) < «

and since P = P, is k-c.c. and i(h) (k, 1, ..., Bk) is regular, there exists o < i(h) (k, 51, ..., Bk)
such that—

' |- Z(r]:)(li) <o

Now apply k& on both sides. By lemma 2.17,
M [jw(G)]E A= [fly <k(a)
but a < i(h) (K, B1,...,0k) = A and thus A < k(o) = a < A, which is a contradiction. [J

Remark 4.3 Assume that P = P, is an iteration of the one point Prikry forcings. A one
point Prikry forcing on a measurable « is a forcing, which depends on a normal measure U
on «, and is defined as follows: Conditions are of the form A where A € U or £ for some
ordinal £ < a. The latter kind of condition cannot be extended. A condition of the form A
for A € U can be extended in two ways: A direct extension is a condition B where B € U
and B C A; a non-direct extension is of the form & where £ € A is an ordinal.

We argue that in this case, the question whether (x, crit(k)) Ni(A) # 0, and, as a result,
the value of crit(k), depend of the choice of H:
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1. Denote by p the first element above k in i(A). Assume first that H is chosen such
that the condition on coordinate p is a measure one set. In this case, u = crit(k).
Indeed, crit(k) < p cannot hold, since then (k,crit(k)) Ni(A) = () which implies, by
the last lemma, that p = crit(k). And p < crit(k) cannot hold since then k(u) = p.
Denote by 1o < p the one point added below p in jy (G). Then H at coordinate p has
a condition which is incompatible with g (by shrinking the large set and applying a
density argument). Thus p = crit(k).

2. Denote now by u the least element in i(A), for which H does not specify the one-point
element added to it. We argue that crit(k) = p, even though p doesn’t have to be the

least element above x in i(A).

Repeat the proof of the last lemma, and note that the <* forcing in the interval
(k,p) is trivial, since no condition in this interval can be non-trivially extended.
This replaces the assumption that there are no elements of i (A) in the interval
(k,i(h) (K, B1y .-, Br)). Therefore, u = crit(k).

Let us deal here with an Easton support iteration P of the Prikry forcings over a set A
of a measurable length x. Let U be a normal ultrafilter over x in V with A € U. Let G C P
be a generic and W be a normal ultrafilter in V'[G] which extends U.

Let 7: V' — N be an elementary embedding as in theorem 1.1, and assume that W = Uy
and k: N — M are as in lemma 2.14.

In the setting of iteration of Prikry forcings, much more can be said about the embedding
k: N — M. From remark 4.2, it follows that crit(k) is the least element in i(A) above k.
In particular, by elementarity, k(1) € jw (A) in M, and thus a Prikry sequence is added to

E() in jw(G).
Lemma 4.4 Denote = crit(k). Then u appears in the Prikry sequence of k(u).

Remark 4.5 p is not necessarily the first element in the Prikry sequence of k(). The
initial segment of this Prikry sequence below p depends on the choice of H. For every finite
sequence t € [1]~, we can choose H C i(P)\ k such that ¢ is an initial segment of the Prikry
sequence of p. This way, in M [jw(G)], t will be an initial segment of the Prikry sequence
of k(u) below p.

Proof. Let t be the finite initial segment of the Prikry sequence of k(i) below u, and assume
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that (&, m1,...,m) — t(&,m1,...,m) is a function in V', such that—

tzi((f?ﬁla"'?ﬁﬂ '_>t(57771,-~->771)) (Kvﬁla--wﬁl)

for some generators fy,...,0 of i. For every £ < k, let s(§) = min{A \ ((+1)}, so
€ = 5(8)]y = p. In V [G], define, for every £ < k,

p(&) = the first element above ¢ <£, Oty )5+ 01s, (,5)> in the Prikry sequence of s(§)

and, if ¢ (5, Oty ()s-- -+ 01, (5)> is not an initial segment of the Prikry sequence of s(§), set
(&) = 0.

It suffices to prove that [§ — u(§)]y, = -

Assume first that n < p. Work in N [G]. Since H is <*-generic, it meets an element
q € i(P) \ K, for which A7 C p\ (n+1). Since ¢ € H, we can assume that 7 is an initial
segment of ¢: Indeed, ¢, are compatible sequences, since, for any p € G which forces that
q € H and decides the value of tJ, the condition k (p™¢q) = p~k(q) belongs to jw (G), and
decides an initial segment, below pu, of the Prikry sequence of k(u). By our assumption,
this initial segment is contained in ¢, and p~k(q) forces that every possible extension of it is
above 1. Thus, in M [jw(G)], each element in the Prikry sequence of k(u) after ¢ is strictly
above 7.

The argument given in the previous paragraph also shows that for every ¢ € H, 1] is
either empty or equals to ¢: As mentioned, it must be an initial segment of ¢. Let us argue
that if it is proper, then it is empty. Apply the above paragraph for n = max(t). Then by
direct extending ¢ inside H, it forces that the element after ¢ in the Prikry sequence of p
is strictly above n. By applying k: N — M, there exists a condition in ju (G) which forces
that the Prikry sequence of k(u) has an initial segment t1, followed only by elements above
n. So ¢ cannot be a proper initial segment of ¢.

Assume now that n < [§ — u(&)]y,. Write n = [f];,, and assume that for every £ < &,

f(&) < p(§) < s(8)

Let p € G be a condition which forces this. Work in N [G]. Take ¢ € H such that ¢} = t.
Then i(p)~q = p—q forces that i( f)(k) is below the first element above t in the Prikry

sequence of p. Thus, its value can be decided by taking a direct extension. So, by direct

extending ¢ inside H we can assume that—

pIF Ja < p, qll—i(i)(ﬁ)<a
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and thus there exists a < p in V', such that—

P qlFi(f)(k) < a

Thus, in M [jw (G)], n = jw(f)(k) < k(a) = a < u, as desired. O
In the next subsection we will decompose the embedding k to an iterated ultrapower of

N. We now demonstrate the first step in the iteration:
Lemma 4.6 Let pn = crit(k) and let U, = {X Cp: p € k(X)} N N. Then U, € N.

Proof. For every & < k, denote by W, the measure in V [G¢] used to singularize £ in the
Prikry forcing at stage & in the iteration. Let Us = W, N V. We first argue that there exists
a set F € N of measures on pu, with |F| < u, such that, for some p € G and ¢ € H,

(1) p qlEi(§—= Ue) (1) € F

Indeed, let a be a jy(P)-name for the index of i (§ + Ug) (1) in a prescribed well order of
the normal measures p carries in N. Work in N [G]. For some g € H, there exists an ordinal
B such that ¢ I- o = 8. Thus, by s — c.c. of the forcing i(P), = P, there exist p € G and a
set S C 2% of ordinals with |S| < p, such that p~¢ - o € S. In particular, p~¢ forces that
i (§ > Ug) (1) belongs to F, where F is the set of measures on p indexed in .

Now apply k on equation (1), and work in M [jw (G)]. Since |F| < p, it follows that

there exists a measure F' € F such that—

Jw (&= Ug) (k (1)) =k (F)

so it suffices to argue that F = {X C p:p € k(X)} N N. Fix X € F. Write X =
i(g) (x, Bo, - - -, Br). Then-

i) (015,105, ) € (€ U ()

Iy

Recall the function § — s(§) = min (A \ (£ + 1)), for which [£ — s(§)],, = k(n). We can

assume that for every £ < k,

9 <€7efﬂ1(f)’ E 70fﬂk(f)> € Usg

and let p € G be a condition which forces this. Then for strong enough ¢ € H,

pqli(g) (k Br,. . Br) €0 (€ Ue) (1)
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and thus by direct extending ¢ further, we can assume that ¢ forces that the first element
after ¢ in the Prikry sequence of p belongs to i(g) (k, 81, ..., 0k) = X. Thus k(q) € jw(G)
forces that the first element after ¢ in the Prikry sequence of k(u) belongs to k(X). By the
previous lemma, it follows that pu € k(X), as desired. [

4.1 Description of jy [y

We now generalize the previous subsection, in order to completely decompose ju [v. We
continue to assume that P = P, is an iterations of Prikry forcings. For technical reasons, we
will assume that the measures used in the iteration P = P, to singularize the measurables in
A are all simply generated; this is needed only in the proof of claim 6 which will be presented
in the next subsection.

At each stage a € A, let @, be the P,-name for the Prikry forcing on «, using a
simply generated normal meas{l\;"e Ii/a on «. Denote Q o = U\J/a NV € V. Let Ii o C
(e (Pa) \ o, <), Hy € V[Gy], be <*-generic over My, [G4], such that W, = (U,)

Let G C P, be generic over V.

Our goal is to prove the following theorem:

Ha*

Theorem 4.7 Let H € V [G] be a generic set for (i(P) \ k,<*) which satisfies (). Let
W = Uy be the corresponding normal measure on k extending U, and denote its ultrapower
embedding jw: V [G] = M [jw(G)] =~ Ult(V [G] ,W) for some model M. Then jw v factors
to the form jw [v= koi for some elementary k: N — M.

Moreover, if P is an Easton support iteration, where at each step 5 € A, Qg is forced
to be Prikry forcing with a simply generated mormal measure on 3, then k isNan iterated

ultrapower of N by normal measures and jw (k) = i(k).

This, in contrast to Full-Support and Nonstationary-Support iterations of Prikry forcings,
where, assuming GCH<,;, jw [v is an iteration of V' by normal measures only.
If all the measures considered, including W, are simply generated, jy [y is an iterated

ultrapower by normal measures only:

Theorem 4.8 Assume that P is an Faston support iteration, where at each step f € A, Qg
is forced to be Prikry forcing with a simply generated normal measure on 3. Then for every

simply generated measure W € V' |G| on k, jw v is an iteration of V' by normal measures.
Moreover, if U =W NV then jw(k) = ju(k).
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We will prove theorems 4.8 and 4.7 simultaneously. Assume that H € V [G] is a generic
for (i(P) \ k, <*) over N [G] with the property (k). In the case where i = jy and N = My,
any generic for (i(P) \ k), <*) is such. Let W = Uy € V [G] be the corresponding normal
measure on k. Let jy: V [G] = M [jw(G)] be the corresponding ultrapower embedding.

Denote by B C (k,i(k)) the set of generators of i. By property (x) of H, for every § € B,
there exists a function fg in V' such that H forces that 3 = 0;(f)(,). The mapping 3 — f3 is
available in V' [G].

Recall the embedding k: N — M defined in lemma 2.14:

k(i(f) (K, Brs- -, Br)) = gw(f) (K/’e[fﬂl]W’ T ’e[fﬁk]w)

for every f € V and (y,...,0r € B. Then k is elementary, crit(k) > k and jy [yv= k o .
Denote £* = i(x). Define by induction a linear directed system ((M,: a < k), (Jag: @ <
B < k*)) such that:

1. My=N, jo = i.

2. Successor Step: Assume that a < k* and M, has been defined. We will define
an elementary embedding k,: M, — M, such that jyw [v= ko 0 jo. We denote
fo = crit (ko) and define—

Up, ={X C pta: fta € ka(X)} N M,

We will prove that U,,, € M, and take M,1 >~ Ult (M,,U,,). We also take jq q41: My —

M1 to be the ultrapower embedding j%f;, and Jo+1 = Ja.a+1 © Ja-

3. Limit Step: For every limit a@ < x*, the system (Mp: f < a), (jg: 0 < v < ) is
linearly directed, and we take direct limit to form the model M, and the embedding
Ja: V — M,.

For every a < k*, define k,: M, — M as follows:

ka (ja (f) (Haj(),a(ﬂl)a cee 7j0,oz (Bl) y Hags - - - 7/Lak)) = ]W (f) (Kae[fﬁl]wv cee ’e[fﬁl] s Mags -+ - 7,uak)

for every f € V', (1,..., 0, generators of 7 and a1 < ... < ap < a.

Our goal is to prove by induction on a < k* the following properties:

(A) ko: M, — M is an elementary embedding, and jw [v= k4 © ja-
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(B) pq is measurable in M,,. Moreover, it is the least measurable in j, (A), which is greater

or equal to sup{us: 8 < a}, and whose cofinality is above « in V.
(C) pu., appears in the Prikry sequence of kq (tta)-

(D) Let U,, be defined in V [G] as above. Then U,, € M, is a normal measure which

concentrates on fi, \ jo (A). Moreover,

ka (U,ua> = jw (0 = Us) (ka (tta))

where, for every 6 € A, Us = Ws NV, for Ws which is the measure used in the Prikry

forcing at stage 0 in the iteration P.

After that, we will prove in lemma 4.21, that k.«: M.« — M is the identity, and thus
Jw Iv= Jx+. This will conclude the proof of theorems 4.8 and 4.7.

Remark 4.9 We remark that k, is well defined is the sense that there is no o/ < « and
generator [ of i, for which jy.(8) = po. Indeed, assume otherwise. Note that i =
Jo.a (B) > Jo.or(B). Strict inequality is not possible here, since if jo o/ (3) < fior then jo o (8) =
Jo.a(B) = s, which is a contradiction. Thus, jo o (8) = po (which is, by itself, possible for
o' < a - see remark 4.10), but then, applying j. o on both sides, we get—

jO,a(ﬁ) = Jo' (,Ua’) > Mo

where the last inequality follows since i, = crit (jo/.a)-

Remark 4.10 It is possible that a generator /5 of i is measurable in N and belongs to i(A).
In this case, there exists a < k* such that p, = 8 = jo(8). Such g will appear as an
clement in the Prikry sequence of kq (8) € jw(A), which also has the form 0,

Properties (A) — (D) of k,, presented above, will be proved by induction on o < x*. The
proof of the inductive step at stage o < k* will be carried out in subsection 4.3, using the
tools presented in [7] and [9]. Fixing o < k*, we can assume by induction that k. : M, — M
and g, U, ,, for o < a, satisfy properties (A) — (D). Denote by ¢, the initial segment of
the Prikry sequence of ks (ptar) below piq:.

Definition 4.11 Fiz o < k* and a sequence of generators (f1,...,[0;) fori. An increasing
sequence {(aq,...,ax) below « is called a (By,...,[;)-nice sequence if there are functions

iy Gk, b1, -yt in V), such that—
Hay = Jas (91) (“7]'0,011 (51> s Joon (ﬁl»
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tay = Jan (tal) (’ivj(),otl (61) e 7j0,0¢1 (50)
Uual = ja1 (Fl) (Kaj(),oa (/Bl) yooe e 7j0,a1 (ﬁl))
and, for every 1 <i < k,

Mo = jai+1 (gi-i-l) (K“aj(),oq (51) P ’j0,0q (61) y Magy - - 7”%)

tOCi-H = jai+1 (ti+1) (’iij,Oq (/Bl) PR 7j0,a1 (Bl) y Mags - -+ 7:uoci)
Ulhxi+1 - jo&i+1 (Fi-&-l) <K/7j07041 (51) 3o 7j0,a1 (Bl) y Haq s+ -+ nuai)

Fix now a < k*. Assume by induction that properties (A) — (D) above hold for ev-
ery o < a. Fix also a sequence of generators (fi,...,05) for i, and a (f,...,5)-nice
sequence (v, . .., a) below a. We define, in V' [G], functions which can be used to represent
Hais ta;, Us;. Assume that p,, is the n;-th element in the Prikry sequence of ka, (tta,)-

First, set—
f1a; (§) = the ny-th element in the Prikry sequence of g1(&, 6, (¢): -, 0, (6))
By induction, define, for every i < k,

sy, (§) =the n;i1-th element in the Prikry sequence of

gi+1<€7 efgl &y~ 79f5l (€)s May (5)7 s Moy (5))

and Uy, (§) = W, ¢ NV. Here, given 6 € A, W; is the measure on § used in the Prikry

forcing which was applied at stage 0 in the iteration.
Claim 5 [§ — pta,(&)]y = pa, and [S — U ai(ﬁ)]w = Kk, (Uuai)-

Proof. We begin by proving that [{ — pa,(§)]y = e, We present the argument for ¢ = 1.

Higher values of @ < k are proved similarly, using induction. Recall that—
Moy = qu (gl) (l{7]’0,a1 (51) PICIE ajO,oq (ﬁl))
and by applying k,, on both sides,
Ko (e ) = w (1) (5,055, 0,0 0] )

By induction, p,, is the ni-th element in the Prikry sequence of k,, (fia,), and thus it is
represented as the ni-th element in the Prikry sequence of ¢, (f N NGIEEE ’efﬁz (§)>.
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As for [f — U#ai(fﬂw = ko, (Uuai)» this follows since, by induction,

kai (Uuai) = ]W (5 = U5) (kai (/‘Lai))

OJ
Let us argue that k,: M, — M is elementary.

Lemma 4.12 k,: M, — M is elementary.

Proof. Assume that =,y € M,, and let us prove, for example, that z € y if and only if
k(xz) € k(y). Let f,g eV, By,...,0 and oy < ... < ag < a be such that—

r = ]O!<f> (’i?jO,Oé (51) y oo 7,j0,a (ﬁl) y Moy s - - nu’Oék) y Y = ]a(,g) (ijo,a (ﬁl) PR ?j0,0é (6l> y Hag s -« - 7/’l’ak>

Assume that a = o/ + 1 is successor (the limit case is simpler). For simplicity, we assume

also that oy = o’. Then x € y if and only if-

Hor € joz’,a ({5 < Mo ja’(f) (va(),o/(ﬁl% ce 7j0,a’(ﬁl)7,uoqa cee auak_pf) €
ja’(g) (K;7j0,o/(61)a <o >j0,o/(ﬁl)7 Hays - - - aﬂak_la S)})

which is equivalent to—

{5 < Mo - jo/(f) (Hajo,a’(ﬁl)a e aj0,0/(ﬁl)a Hayy - - - aﬂak_laf) €
ja’<g) ("@jO,a’(ﬁl); s 7j0,o/(ﬁl)7 Moy - 7”0419,175)} € Uua/

which, by the definition of U, _,, is equivalent to—

Por € ka’ ({5 < fot: jo/(f) (’Liajo,a’(ﬁl% cee 7j0,a’(ﬁl)7 Haqy - - - 7,“0%7175) €
ja’(g) (Ka.jO,O/ (51)7 s 7.j0,o/ (ﬁl)v Moy s - - 7/1@197175)})

namely £, (x) € ko (y).
0

Let us describe now the main ideas behind the proof that p, = crit (k,) is measurable
in M,. Note that this is not trivial since k,: M, — M is not definable in M,. The full
argument will be presented in lemma 4.18, but will require a technical theorem (theorem
4.13). Mainly we would like to follow the methods developed in [7] and [9], which deal with

nonstationary and full support iterations of Prikry forcings, respectively.
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We consider the function f € V' [G], for which p, = [f]};,. We will prove that if j, is
not measurable in M,, then p = [}, € Im (k,), contradicting the fact that p, = crit (ko).
For that, we first fix a function h € V such that, for some sequence [y, ..., §; of generators

of i, and for some nice sequence (s, ..., a;) below a,

Ha = ja (h') (/fajOpc (51) PICIRIE 7j0,a (/Bl) s Mayy - - 7”0%)

since p, = crit (k,), we can assume that for every £ < k,

f(§> <h (faef,gl(&% cee 79f,31(£)7,ua1(5)a cee 7#0%(5))

Pick a condition p € G which forces this. For every & < k, 7 = (m,...,m) and vV =

(v1,...,v), denote—
e(&,1,V) ={r € P\vg: there exists a bounded subset A C h (&, 7, 7) such that r I f (&) € A}

This set is <*-dense open above conditions which extend p and force that—

(2) <9f,31(£)7 o 79f51(§)a 2% (g)? e Moy, (6)) = <777 ﬁ>

We would like to follow [7] and [9], and construct a condition p* € G above p, such that,

very roughly®, for every &, 177, 7 as above, and for every extension r of p* which forces (2),

r 1, lEr\,, €e(&7,7)

Essentially, such p* will have the following property: every extension r of it which forces that
equation (2) holds, forces also that f (£) belongs to a bounded subset A (§, 7, 7) C h (&, 17, V)
(which depends only on p* and (&, 77, V), and not on the choice of the extension of p* which
forces (2)). In [7] and [9] the construction of such p* was done by a Fusion argument which
allows, in a sense, to absorb a lot of data into a single direct extension p* of p. Such a method

is not available in the Easton support iteration. We bypass this problem by constructing,

for every sequence (£, m,...,m), a system of non-direct extensions of p,
<p(£7n17'"7nl7V17"'7Vk) <. <l/k<K'>
and sets—
(A&, M,y ) s < oo < Vg < K)

such that the following properties hold:

6We omitted some of the details in the version described here, for sake of simplicity.
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1. Itp(&m,...,m,vi,. .., 1) forces (2), then it also forces that f (&) € A (&, 17, 7), which
is a bounded subset of h (&, 17, V).

2. For a set of é&-sin W, p <§, Ors, )5 - - - ,Qfﬁl(g),ual(é), e ,uak(§)> belongs to G.

This suffices, since, by combining the above properties,

VIGIE{{<k: f(§) €A (ﬁﬁfm(s)w'aefﬁl@),ual(é),---,uak(€)>} ew

and thus, in M [jw (GQ)],

fo = [flw € [5 = A <579fﬁ1<5)7---aefmg),ﬂal(ﬁ)w~-7Mak(€)>]w
:ka(ja (<f7ﬁ7ﬁ> = A(§7ﬁ7ﬁ)) (K/aﬁlaw‘wglaﬂly‘--aﬂk) ) g Im<ka)

where the last inclusion follows since j, ((&,7, V) — A (&, 7, 7)) (K, B1, .-, Biy i1y« -+, fig) 1S &
bounded subset of i, = jo (h) (K, B1, .., By fags - - - s Py )-

We will complete the missing details in the proof in lemma 4.18. Before that, we present
the proof of theorem 4.13.

4.2 Theorem 4.13 and its proof
We devote this subsection to the proof of the following theorem:

Theorem 4.13 Let p € G be a condition. Assume that for every increasing Sequence

(& v1,... k), and for every 7= (n1,...,m) above &, the set—
e(&,my Ve, k) © P\ g
is <* dense open above conditions in P\ vy which force that-

<TI17 cees My V1, . '7Vk?> - <0f/31(§)) cee 70fﬁl(§)aua1(§)7 s 7Mak(§)>

Then there are s < w, a new sequence of generators [3,, ..., [, of i which contains B, ..., B,

and a system of extensions of p,

D&M,y s My Vs e oy V) T My s < By < oo < Vg < R)

with the following properties:
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1. There exists a set of £-s in W for which—

p (gaefﬂll(é)a"'79fﬁé(£)7,ua1(£)a---7#0%(5)) fuak(g)“‘
p <£7efﬁll(§)7 oo 7‘9fﬁg(§)7,ua1(£)7 R 7/1@419(5)) \/’Lak(f) €
€ (57 Qf’Bi &)y > efﬁé (€) May (5)7 vy May, (5))

2. There exists a set of £-s in W for which—

P (600,05 01y©Has (€ 1o (6)) € G

(Intuitively, for the majority of values of ({,m1,...,ms, V1, ..., V), the condition

p(&m,...,Ns,1,...,v) which we will construct, forces that—

<6fﬁ1(§)7 s 76fﬁs(§)7ru’al(£)> s 7N’C¥k(£>> = <7717 cees Nsy Vi - '7Vk>

and its final segment belongs to e (£, 71, ..., M5, V1, .-, Vg))-

Remark 4.14 When we extend a sequence of generators (1, . . ., ;) to a sequence (3, ..., 3.)

we will naturally identify the set e (£, 71, ...,n), with—

6/<§77]17"'77]8) :e(guniu"wlr]il)

where ; is the index for which 5;], = B;, for every 1 < j <.
Similarly, whenever a function g € V' is given, whose variables are &, ny,...,m,v1, ..., Vg,

we abuse the notation and denote g (&, 11, ..., s, V1, .-, V) tomean g (&, iy, - -+ s iy V1, - - - 5 Vi)

The proof of theorem 4.13 goes by generalizing the given sets e (§,m1,...,m, V1, ..., Vg):

Definition 4.15 Foreveryn,...,n < k, 1 <i < k and an increasing sequence (£, vy, ..., 1),

we define a set e (§,m1,...,m,v1,...,v;) € P\ v.

For i = k this is the set e (&, m1,...,m, V1, ..., ) given in the formulation of the theorem.
Assume that 1 < ¢ < k. Work by recursion. Assume that for every v < g;11 (§, 71, -+, M, Vi, -+ -5 V4),
the set e (&, m1,...,m,v1,...,v;,v) is defined. Denote g1 = giv1 (&1, My Vi o5 Vi)

Let us define the set e (§,m1,...,m,1,...,V;), as follows: A condition ¢ € P\ v; belongs to
e(&,m,...,m,v,...,v;) if and only if the following properties hold:

1. (A technical requirement) ¢ | decides the statements—

gi+1

Fi+1 (£7n17~--7nl7V17~--7Vj) :Tr/L/gl.HﬂV, tgi+1 :ti+1 (f,m,...,m,yl,...,w)
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Also, if q |
one of the sequences is an initial segment of the other, and if so, which one it is. Finally,
if it forces that e,

forces that A7 = C giy1 \ max (tiy1 (&m0, M V15, 1))

decides that ] = # tis1 (& m,...,m,v1,...,v;), it also decides whether

gi+1

| is a strict initial segment of ¢4y (§,m1,...,m,v1,. .., ), it also

2. (The essential requirement) If both statements in the technical requirement are decided

positively, there exists a sequence—

<Q(V) : V<gi+1 (577717"'777l71/1a"'7yi) >
such that, for every v < g;v1 (£, m1,--.,m, 11, .. .,1;) above v, q(v) € P\ v extends
q\ v, and—

G o (€) = v, then g(v) € G\ v and q(v) € e (€,mu, ., 11, 13, V)

Similarly, given (&, ny,...,m), define e (&, 7, ...,m) to be the set of conditions ¢ € P\ £
which decide whether Fy (&, n1,...,m) = Wy e,y NVt (E s oo o) = tgl(§77717---777l)’ and,

assuming that it is decided positively, have a system of extensions—

(q):v<g(&m,....m))

such that, for every v < ¢; (§,m1,...,m), ¢(v) € P\ v, and-

qIFif pra,(€) = v then g(v) € G\ v and q(v) € e(§;m, -, m, V)

If it is decided negatively, then ¢ [, knows how to compare ¢ and t; (& m,...,m) as in the

second point above.

By induction, we will argue that for every ¢ < k and &, my,...,m,v1,...,1;, the set

e(&m,...,m,v1,...,v;) C P\ v is <*dense open above conditions ¢ € P\ v; for which—
qlF <9f51(5)’ b0 ﬂ/al(f), e f\{az(g)) =(n,...,m,,...,V;), and for
every 1 S ] S ia Fj—i—l (57 my..-sM, V1,0, Vj) = Ii/gj+1(&,m,...,m,uh...,l/j) and
tivn (§my v, »Vj) = tgjﬂ(g,m,,,.,m,yl,,,,,w)

The induction will be inverse: The basis, for i = k, is true, as it is known that the set
e(&m, ... om,v, .., k) © P\ vy is <* dense—open above conditions ¢ € P\ v which force
that—

<8fﬁ1(§)7 T ’efﬁl(fﬁr/ial(g)? cc '7r/£ak(£)> = <7717 e 777171/17 c ,7Vk>

The inductive step is given in the following lemma:
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Lemma 4.16 Fiz ny,...,m < k, 1 < i < k and an increasing sequence (&, v1,...,1;).

Denote giv1 = giv1 (§&;m1, -+ My 01, - -, V). Assume that for every vy € (i, giv1), the set—

6(5#717~~-,771,V1,«--,Vi,Vi+1) QP\Vi+1

is <*-dense open above conditions q € P\ v;y1 for which-

q I <0fg1(§)7 s 79fgl(f)7 gal(g)a ) r/ial<£)7 r/f;ai+1<€>> = <T]17 -V, -, Vi, V)? and fOT
every 1 <j <i+1, Fixqa (&, iy, ..., v5) = W g€ ;) @0

tit1 (57 M e M Vs ee ey VJ) - tgjﬂ(57771,--~7771,V17--~7Vi)

then e (&, m, ... ,m, v, ..., ;) is <*-dense open above conditions q € P\ v; for which—

q - <6fﬁ1(f)’ 00 r/\{al(é), . ’,’iaz(f» =M, M, v1,..., V), and for
every 1 < j <i, Fioq1 (&, ymuvn, ..., V5) = W i1 €mmmn,y) @04

tj-l—l (57 My« 5N Vi es VJ) — tgj+1(g,nl,...,nl,ul,...,ui)

Proof. Let ¢ € P\ v; be a condition which forces that—

efgl(f)a <o 76]”31(5)7;1\{1(5)7 s 7/_/&1(6)> = <7717 e MV, e '7Vi>
and fOI' every 1 S j S i? F1j+1 (é?”lu e M V1, e 7Vj) = Ir/[\{gj+1(5,771,...,771,111,.4.,1/]-)

. ) — 44
a"nd t]+1 (57 7717 ct 77717 VIJ R V]) - tgj+1(57771’,_,77”71/17_,_7yi)

Denote—
9= g1 (§&;m, e smy v, 1)
Ug=Fin (§&ms v, Vi)
t=1tiv1 (&M, Ve, V)

Assume that ¢ [, forces that—
W,NnV=U, t=11
).

(if not, we are done since ¢ € e (&, m1,..., M, V1,...,;)). Denote n = lh(t). We will now

apply the following claim:

Claim 6 Assume that p € GG is a condition, n < w and g € A is measurable in V. Assume

that U, is a normal measure on g in V, ¢ is a finite sequence below g of length n, and—
pleti=t W,NnV="U,

38



For every v < g, assume that e(r) C P\ v is a P,-name for a subset of P \ v, which is
<* dense-open above conditions which force that v is the (n 4 1)-th element in the Prikry
sequence of g. Then there exists a direct extension p* >* p and a sequence (p (v) : v < g),

such that, for every v < g,

p* IHf v appears after ¢ in the Prikry sequence of g, then p(v) € (G\ v)Ne(v)
and p* [,I-p (V) 2" p" lpg) ™ (7 (), A7 \v) P"\ (g +1).

Proof. For every v < g, consider the set—
dv)={re Plyg: 7| ve Al andif rIFv € AP then
rlE3s =7 (), AL\ V) p\ (g +1), rTs €e(v)}

Then d(v) C P I},,4) is <*-dense open above p [,4). Let Hy be the Py-name, forced by p [,
to be the <*-generic subset of jy, (P,) \ g, for which—

I,/L/g = (Ug)gg

(such a generic exists since W, is simply generated). Let ¢ € Ult(V,U,) be a P;-name,
forced by p to be a condition in [v — d(v)],, NHy. Let v — g (v) € P [j,4) be a function in
V' such that [v — ¢ (v)];; = ¢. Then we can assume that for a set of v-s in Uy,

(3) p Ik qv)edv)

Y

and, by lemma 2.17, p [, forces that there exists a set C' € W, such that for every v € C,

Pl qw)EG I,

~

By shrinking C' if necessary, we can assume that every v € C' also satisfies equation (3). Now
let us define the extension p* >* p, and, for every v < g, the condition p(r) € P \ v. First,

set—
and, in VFIv set—

Work in an arbitrary generic extension for P [,, where p* [, belongs. For every v € C'N AP
(which thus satisfies p [,,Ag(l/) € G [,), there exists s(v) € P\ g, s(v) >* {t"(v), AP\
v)"q\ (g + 1), such that p(v) [,” s(v) € e(v). Set—

p* (g) = <L§7 éz ncn (Au<g7 uECﬂAZéZ(U))>
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(the definition above is carried in V' [G [/], so C' is available there).
Let p*\ (g +1) = s(v), where v is the (n + 1)-th element in the Prikry sequence of g.
Finally, let—
() \ g = (), AT\ D) p*\ (g + 1)

where the above definition is possible if p [, " p(v) [ F v € ég*; if not, let p(v) \ g be
arbitrary.
This completes the definition of ¢* >* g and (p (v) : v < g). Let us prove that for every

v<g,

p" IFif v appears after ¢ in the Prikry sequence of g, then p(v) € (G'\ v)Ne(v)
and p* [,I-p (V) 2" p" lpg) (7 (), A7 \v) P\ (g+1).

Fix v < g and let G be a generic set for P which includes p*, such that, in V' [G], v appears
after ¢ in the Prikry sequence of g. In particular, v € C and thus ¢(v) € G [,4). By the
definition of p(v), and since p* € G, q(v) € G [g), it follows that p(v) € G \ v, as desired.

[J of claim 6.

Apply claim 6 with respect to the set e (§,m1,...,m,v1,...,v;,v) C P\ v (recall that
E My woyM, v, ..., v are fixed), and direct extend ¢ further, to a condition ¢* >* ¢, which
has a system of extensions—

{(g(v): v <yg)

as in the statement if the lemma.

It follows that, for every v < g,

q* I if /’Lai+1(€):Vthen q(”)EG\V’L and Q(V>\V6e(gvnlw-'7”[7”17"'7”2'7”)

Therefore (q(v): v < g) witnesses the fact that ¢* € e (§, 91, ..., V1, .-, Vk).
(] of lemma 4.16.

We now proceed towards the proof of theorem 4.13. We use the same notations as in the
formulation of the theorem.

By induction, the following holds: For every &, my,...,n;, the set e (&, m,...,m) C P\ ¢
is <* dense open above conditions g € P\ £ which force that—

(Ors, €5+ 050) = (- ym)

and that—
Fy (57 ms--- ,771) = If/L/m(fml ----- ) and #; (57 m,- .- 77”) = tgl(iam ~~~~~ )
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We would like to perform another step, and move from conditions in P \ £ to conditions
in P. This might require extending the sequence generators (,...,05;. We do this in the

following lemma, which concludes the proof of theorem 4.13.

Lemma 4.17 There exists s < w, a sequence of generators (81, ...,[B.) of i which extends

(B1,...,0), and a system of conditions—

<p<€77717'-'777;7V17"'7Vk):77/17"'777;</€7 §<V1<---<I/k>

(all of them extend the condition p € G given in the statement of theorem 4.13), such thalt,
{{<k:p <§:9f51(§)> s 0r ) o (6), - aMak(§)> [ 1, (0
P (600000 Har (), 10 (€)) \ M (€) €
¢ (6050101 @ Han (), 10y (€)) and-
p (éﬁfﬂi(s 05,0 Haa (), - - ,Mak(@) € G}

Proof. Recall that W = Uy is generated from the elementary embedding 7: V' — N. Let us

consider the set—

i((Em,-m) = e (Enaoom)) (K, By, B) CiU(P) \ K

it is <*-dense open in i(P) \ k, and thus meets a condition » € H. Since r € N, it can
be represented using a sequence of generators (4], ..., %), on which we can assume that it
contains (1, ..., ;). Let—

(Empseomly = (Enh, . my) € P\ &

be a function in V', such that—

T:i(<€7n17"'7n;>'_>T(S?”i?"'?”{s))(KWBi?“'?/B;)
Now, for every (£, n), ..., 1., v1,..., ), let us define the condition p (§, 7}, ..., 0L, v1, ..., V) €
P. We do this recursively, and define, for every 1 < i < k, a condition p (&, 1], ..., 0% v1,..., V) €

P. Simultaneously, we prove that—
{€*<firp<§,9mi@»--'aa%ggaﬂaxf)w--,ﬂaxﬁ)
p (5,9;”3/1(5)7---,HfB;(swual(f),---,uai(f)
e <£,9fﬁi<s>w--aefﬁg(swual(ﬁ),---,Mai(ﬁ)
p (fﬁfﬁi(g), 05, €0 Han (6), - M@-(f)) € G}

This will complete the proof of the lemma, and thus, the proof of theorem 4.13.

)l
)\u%
)

and-
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o First, fix &, m,...,7n,, and let us define p (§,m1,...,ms). I p [k 7 (& m,...,ns) €

€ (577]17 s 7771)7 set b (57 - -- ;ns) =D f&AT (577717 s 7778)' ElSG? let b (é-a M- -- 7778) be
an arbitrary condition above p. We argue that—

{f < K:p [5 IFr <€’9f5’1(£)""’9f5g(5)> ce <€’9f51(5)""’9f5g(5)> and

p (f, efﬁﬂ(f)’ C ,Hfﬁg(g)) € G} cWw
Recall that r € H was defined such that—

plErei({&n,....m)—e&m,y.ooom) (K, By, 5)

applying the embedding k: N — M and reflecting down modulo W gives—

{f < K:p [5 I r <€’€fﬁi(§)"”’efﬁ (5)) ce <€’9fﬁi(f)""’0fﬁé(§))} eW

Finally, p IF r € H and thus p IF k(r) € jw(G), by lemma 2.17. Reflecting this down

gives—
{f <KD <€’0f51(£)7”"(9f5§(§)> € G} eWw

Fix &,m,...,n;,v1 and let us define p (§, 7}, ..., 1}, 1). Denote g1 = g1 (§,m1, ..., 7,)-

Ep(&m,. ) T p(Emy, o m)\E € e (&, ), then p (§,my, ..., %) Te=p e
decides the statements—

Fl (f,nl,...,nl,yl,...,V]‘) = wgl ﬂV y tgl :tl (fanla'--anlal/la'--al/i)
and, if it decides them positively, it forces that there exists a sequence (q(v): v < g1)
witnessing this. Define—
p(ganiv s Jnfw Vl) = p(éaniv s 777;) rl/l/—\Q(Vl)

pr(f?ﬂia?ﬂé) f&“é p(fan/han;)\g € 6(&"]177779 ) Orp(€777£7777;) f&“‘
p&n, ..., \E€e(&n),...,n.) but the statements—

Fl(gﬂnlv"'anlaylv"'al/j):I,/\[//g1mv7 t;l :tl(57771,--~7771aV1a--~,Vz‘)

are decided negatively, let p (&, 11, ..., 7., 1) be an arbitrary condition above p (£, 1}, . . .
We argue that—

{<rp (5,%1(5)» e 76f5g(§)’lual(£)> PGl
p (&%gsw e aefﬂg@)aual(f)) \ pay (§) €
e ({, efﬁi(f)’ o ’efg;(f)’ oy (5)) and-
p (5,9@,{(@» w05 € M (5)> € G}
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First, by the previous point,
{¢<nm:p (fﬁfﬁi(s)a e >0f5g(§)) [elFp (fﬁfﬁi(&), e 7%@(5)) \¢{ €

€ (5»%1(5), o »%gs))} ew

By the properties of the set e (5, Gfﬁ, ©)> - - - ,Qfﬁ, (5)>, the condition—
1 s

P(&@fﬁi@)a---ﬁfﬁg(a)) I

decides the statements—

and—
tg, =1 (5 G <s>>

Claim 7 For a set of £&-s in W, the above statements are decided in a positive way.
Before the proof of the claim, let us proceed with our argument. By the claim and
definition 4.15,

—~

p<5,9f61(5),---,Qf[,g(g),ual(ﬁw Zp<5>9fﬁi(g),~-->9fﬁé(g)> oy ©) 4 (Hay ()

and, by the properties of the set e (5, efa/ ©) - ,Gfﬁ/ (E)), the condition—
1 s

p <5, Oy (0): - ﬁ@(&))

forces that—

—~

D (67 efﬁll(é)a o aefﬁg(ﬁ)a May (6)) =p (67 9f611(£)7 s 70f3g(5)> [/ioq(f) q (:ual (5)) € Q
and-—
P (60005010 101(6)) \ 11aa (€) = 0 (11 (€)) €
e (f, O @+ 055 )5 Mm(f))
Thus, for a set of &-s in W,
{&¢<r:p (5:%3(5)’ - :%g(g)) [elFp (5,9@33(@7 e ﬁf@&)) \¢ e
e (&Qfﬁg(g)a o 79fﬁg(§)>} e W

Which finishes the second step. Thus, it remains to prove claim 7:
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Proof. Let us prove first that—
{E<wip (&%i(g)a o 79f5g(f)> [l 11 (&%gsw E 79fﬁg(f)> =W,nV}
Assume otherwise. Then in M [jw (G)],
Jw (& ns - oms) = FL((&m, -, ms)) (8, Joa (BY) - - - Joa (B2)) #
[5 — W

91 (Eﬁfﬁi @ 0f5 ©

) nv
w

but both sides are equal to k; (Uual)’ contradicting property (D) of the embedding

ko, -

Now let us prove that—

{5 < K:Dp (é,efﬂ,l(g),...,efﬂg(g)) fg”‘

P(Eﬁfﬁi ©0rg (&))
tg =t (f LT PGINE (5)) }

Assume otherwise. Then the condition s = jy (5 D (f, Ofﬁ, G (5)>) (k)

forces that—
tzal (Hay) # Ko (toq) = tay

Note that s € jw(G) [, (u,) a0d fa, is the initial segment of the Prikry sequence

S
kal (,U'Otl
a strict initial segment of the other. By the second requirement in definition 4.15

of koy (fay) below pg, in M [ji (G)]. Thus, one of the sequences ¢ ) and t,, is
, S rkal(ual) decides which one is an initial segment of the other. Now this yields a

contradiction:

L. If #4, is a strict initial segment of ¢} (o) Recall that s = kg, (s'), where-
o

@]

/

s’ = joq (<€7771a s 7775> = p(ganlv s ’775)) (K7j07a1(ﬂi)7 s 7j07041 (55))

Then s’ [, forces that t,, is a strict initial segment of ti’al. Work over M,,.
Let v < 1, be an ordinal, forced by s’ [, to be a bound on the first ordinal in
t;’al \ ta, (such a bound exists since the forcing jo, (P) [u,, 18 Ha,-c.C. in My,).
Applying ko, : My, — M, v < g, is an upper bound on the first ordinal in
tkal(“al
above 7. A contradiction.

) \ ta,. However, in M [jw (G)], this element is pu,, itself, which is strictly
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2. Else, tzal(“al) is a strict initial segment of t,,: Denote v = max (f,,). Then,
by definition 4.15, s forces that the initial segment of the Prikry sequence of
kay (Hay) s tzal (o)’ followed by an element strictly above 7; in particular, ¢, is
not an initial segment of the Prikry sequence of ky, (ta,) in M [jw (G)], which is

a contradiction.

[J of claim 7.

Assume now that 1 < i < k is arbitrary, and for every &,ny,...,n.,v1,...,14, a con-
dition p (§, 7}, ..., nL,v1,...,v;) is defined. Denote g;11 = giv1 (&, 7, - 0y 1y oo ).
For every v;11 < ¢i+1, let us define the condition p (&, n7,..., 0L v1,. .., ViyVip1). If
(&, vy ) TulE D (§mL, v, )\ €€ (§mL, - My Ve e )
and p(&,ny,...,10%v1,...,14) |, forces the statements—

Fi+1 (5,7]17...,7]17V1,...,Vi) :wgi+1ﬂv, tchiJrl :ti+1 (5,771,...,77[,V1,...,Vi>

then p (&, ny, ..., 0% 11, ..., 14) [, forces that there exists a sequence (q(v): v < git1)

witnessing this. In this case, define—

—~

p(ganlla"'anfwyla"wy’hyi-i—l) :p(é.ﬂf]i?"'777;a]/17"'ayi) fui+1 Q(Vi-i-l)

Else, let p (&, 7y, ..., m. 1, ..., Vi, Viy1) be an arbitrary condition which extends the
condition p (&, 7y, ..., 0k V1, ..., ).

Let us argue now that—

{g<K::p(éuefﬂll(f)w"79fﬂg(§)7ua1 g y e Hay

(
P (€070 010 e
e(6,%1(5)7---,%g(s),um(& e Mo
(

p<£7efﬁll(§)7‘"79fﬁé(§)7ua1 5 7oy My 5 y Mo 5

We do this as in the previous point. First,

{g <K:p (éaefﬂll(f)v R 76f/3§(f)7lu’a1 (f)a S 7“&1(5)) rual(g)”_
p (gaefﬁi(fﬁ B aHfBg(E)muozl (5)7 R ’/*Lozl(g)> \:ual(g) S
e (faefﬁ,l(g), o bry € Haa (§), - ,#ai(f)>} ew
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Thus, for a set of &-s in W, the condition—

p (5 050

decides the statements—

Fi (f 010

and—

arguing as in claim 7, both statements are decided positively for a set of £&-s in W.

Thus,

s fhan (8), - -
s Han (€), -

p (f 050 @1+ 05,0
p (57 efﬂi &) efgf

and the condition ¢ (,uoéi+1 ({)) is forced, by—

p (f 0500

to be in—
G\ o (§) e (€07, 01 Ory 0
Therefore,
{{<rip (§ Ory 2055005 Haa (€),
p <€ Oy €+ 015y (05 Haa (),
e (5 Oy €+ 0150 1 (€
p <£ efﬁl &)~ - - JQfBIS(E)7 Hay (5 ;

as desired.

O of lemma 4.17. OO of theorem 4.13.
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. 7efﬁé(€)7ual(f)7 s

=ti1 (f,gf/ &) 08,0
(5)) 7 & o

05,0 1y (§), -
Moo (€), -+

oty () Mg (€
o ey () Hags, (€
o o (

(

"7Mai 5 JMC%-H g

y Moy (5)) ruai €3]

,uai(§)> =
5) nv

My () 110, (9))

s Moy (), Nai+1(f)) =

—~

-y Moy (5)) fuam(g) q (/’Lai+1 (5))

',Mai(€)>

M () e (6))

'ua7,+1

\ “Oéwrl( ) E

) (€)
) (€)
§), Haiya (§) ) and-
) (£)) € G}
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4.3 Properties of k,

In this subsection we complete the proof of properties (A) — (D) of k,. After that, we will
prove in lemma 4.21 that k.« : M.~ — M is the identity, and conclude the proof of theorems
4.8 and 4.7.

Lemma 4.18 p, = crit(ky) is measurable in M,. Moreover, i, is the least measurable

above sup{pg: f < a} which has cofinality above k in V.

PTOOf. Write Ho= [f]W and Ho= ja (h) (/iajo,a(ﬁl%"wjo,a (Bk)?Mala"'muam)a for some
feVIG],heV, p,...,0 generators of i and oy < ... < ay < .

Since p < k, (1), we can assume that for every £ < &,

f(ﬁ) <h <£70f61(5)7 s 70f31(£)7,ua1(€)7 e 7/’Lak(€)>

and let p € G be a condition which forces this. Given &,7y,...,m,11,..., s, consider the

set—

e&m,...,m,v,...,vg) ={r € P\ vg: for some bounded subset A C h (&, m,...,m,v1,. ..

rik f(€) € A}

Then e (§,m1,...,m,v1,-..,v) is <*-dense open above conditions which extend p and force
that—

<9f61(5)7 s ’efﬁl(f)>ua1<£)7 s ?Iuak<5>> = <771> s My VL - '7Vk>

By Theorem 4.13, the sequence (fy, ..., ;) can be extended to a sequence (£, ..., .), and

p can be extended to a system of conditions,

PE M,y My Viy ey V) &M, ey s < By < oo < Vg < K)
such that, for a set of &-s in W,
p <£70f31(£)>"'70f5g(£)mu011(§)""?Mak(£)> ruak(é)”_

P (07,0005, Har €)1, (€)) \ iy (€) €
€ (ga 0f611(£)7 cee 70f6é(f)7 Hay (5)7 ceey Moy, (5))

and-—
p (f)efﬁxl(ﬁ)a v 70f52(§)7,u041(5)7 s 71uak(£)> €G
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Assume now that (£, m1,...,ns,11,. .., V) are given, such that—
p(fanla"'an&l/la"'al/k) fuk||_P(§>7717---7773,’/1,---,”1@)\Vk €
6(577]17"'77]87V17"‘7Vk)

Let A be a P, -name, forced by p (§,m1,...,7s, V1, .., ) [, to be a witness to the fact that
p(&,7,7) \ v € e(&,7,7). Namely it is a bounded subset of h (£, 7, 7), and p (&, 7, 7) \ vk IF

f(&) e A
Let A (&, 7,7) be the set of ordinals v < h(&,17,7) such that, some r > p(&,7,7) [,

forces that v € A. Since vy < h(,7,7), A(,7,7) is a bounded subset of h (§,7,7). The
function (£, 77, V) — A (£, 17, 7) lies in V.
By the results of theorem 4.13, there exists a set of &-s in W for which—

G 2p (g’ef,gi(f ef,g/ » Han (5) T 7Mozk<§)) I
L(©) € A(& 05,0+ 0r 0 Har(€): - e (6))

Thus, in M [jw (G)],

UMekwA@ww i tton (O, 110 ()] =

ko (Jo (6,77, 7) = A(§,77,7)) (K, Jo.a (B1) -+ Jo.a (B9) s Hans -+ ey ) € Tm (Ko

where the last inclusion follows since—
ja (<§’ ﬁv ﬁ) — A (5777’ 17)) (KLjO,Oc (ﬁi) PRI 7j0,oz (ﬁ;) s Maq sy - - - auak)
is a bounded subset of—

MOC :ja (<£aﬁ7 lj) = h(§7ﬁ7 77)) (,{/7!7.07& (/Bi)v"”joﬂ (6;) ’/'Lam"'?:uak)

which is crit (kg).
Thus we proved that p, € Im (k,), which is a contradiction. [J

Lemma 4.19 p, appears in the Prikry sequence added to ko (pa) in M [jw (G)].

Proof. In M [H], denote by t* the initial segment of the Prikry sequence of k, (j,) which
consists of all the ordinals below p,. Denote by n* the length of t*. Let (&, 77, V) — t* (&, 1], V)

be a function in V such that—

tr = joc (<£7ﬁ7 ﬁ> = (57777 ﬁ)) (’%7]’0,04 (ﬁl) ) 7j0,a (5l> s Magy - - - 7Mak>
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(we assumed here that ¢* can be represented using the same generators as . If this is not
the case, modify the set of generators).
We can assume that for every (&, 17,v), t*(£,7,7) is a sequence of length n*. Since
ko (t%) = t*,
[5 = <579f51(£)7 e 015 (65 Hay () - - 7ﬂak<§>>]w =t
In V' [G], denote, for every & < k,

ta(§) =the (n* + 1)-th element in the Prikry sequence of
h (67 efﬁl (€ 79fﬁ,(£)7 Hay (€), - -+ Hay, (O)

Clearly [£ = 110 ()] = Ha-
We argue that equality holds. We will prove that for every n < [£ = 10 (&), 1 < La-

Assume that such 7 is given, and let f € V' [G] be a function such that [f];;, = 7. Then we

can assume that for every £ < k,
f(&) < pal8)

and let p € GG be a condition which forces this.

For every &, 17, 7, consider the set—
e, V) ={re P\v: Iy <h(&qv), rik if t* (£ 17, 7)is an initial segment of the
Prikry sequence of h (&, 17, 7), then f(§) <~}
then e (E, Viyoon, ﬁk> is <* dense open above conditions which force that—

<9f61(5)7 s ’efﬁl(5)>ua1<£)7 s ?Iuak<5>> = <771> s M VL - '7Vk>

This, since, given a name for an element f () which is forced to be strictly below p (),
(which is the element which appears right af:cver t* (&, 1, V) in the Prikry sequence of h (€, 177, 7)),
the element can be decided by taking a direct extension.

By Theorem 4.13, the sequence (31, ..., ;) can be extended to a sequence (3], ..., 5.), and

p can be extended to a system of conditions,

&M, My Ve Vi) M, s < Ky < oo < U < K)

such that, for a set of £&-s in W,
p<£,9f51(§>7---aefﬂg(@aual(&)?-.-,uak(@) PRGL
P (600,001 1n(©), - 10 (€)) \ 11 (€) €
e (€07, 0001 @ Har (€)1 (€))
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and—
p (g’efﬁi(g)’ - 78fﬁg(§)71u041(€>7 . ,uak(é)) eG

Assume now that (&, 7, 7) = ({,m,...,Ms, V1, ..., V) are given, such that—

—

Let v be a P, -name, forced by p (§,m1,...,0s,V1,...,V) |4, to an ordinal below h (&, 7, V),
suchr\éhat p (&7, V) \ v IF f(§) < v. Let v (§,17,7) be the supremum of the set of ordinals
T < h (&7, 7) such that, sgme r ZNp (&,7,7) |, forces that v = 7. Since v < h (1, V),
v (&7, 7) < h (&7, 7). The function (£, 77, V) — v (&, 17, V) lies in V.

By the results of theorem 4.13, there exists a set of &-s in W for which—

G op (570]”51(6)7 s 76)f,8;(§)7/'6a1(§)7 s 7Mak(£)> I+
if ¢* <£’9f61(5)’ . 79f5g(£)v:ua1(§)7 L. ,uak(§)>

is an initial segment of the Prikry sequence of

h <579f31(5),---ﬁfﬁg(g),ual(f),---,uak(5)> , then
’I_’(g) <7 (f?efﬁi(ﬁﬁ s 79f5g(€)7:ual(§)7 v 7/’60%(5))

Thus, in M [jw (G)], where indeed t* is an initial segment of the Prikry sequence of k, (pta),

Ul €67 (€010 0r 0 Hea () 10 ()| =

w
ka (]a<<£7ﬁ7ﬁ> '—>7<§7ﬁ7ﬁ)) (Ii7j0,01 (/8:,[)7"'7j07a (/B‘/S)7l’ba17“'7ﬂak)) < /"La

as desired.

Lemma 4.20 Let U,, = {X C pio: pla € ka(X)} N M,. Then U,, € M,. Furthermore,
ko (Uy,) = jw (0 — Us) (ko (1ta)), where, for every 6 € A, Us = WsNV, for Wy which is the

measure used in the Prikry forcing at stage ¢ in the iteration P.

Proof. We first prove that jy (6 — Us) (ko (ita)) € Im (k,). Then, we will prove that the
measure F' € M, for which jw (6 — Us) (ka (tta)) = ka(F') equals to U, .
In order to prove that jy (§ — Us) (ko (i) € Im(k,), we prove that there exists a family
F € M, of measures on pi,, with |F| < pia, such that jy (0 — Us) (ko (1a)) € ko(F) = KL F.
Fix, in V, an enumeration W of all the normal measures on measurable cardinals below

k. For every (£,7,7), let v (&, 7, 7) be the index of Uy 77 in this enumeration. Note that
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each measure Uy 75 belongs to V', but the sequence (Up ¢z, : &, 7,V < k) might be external
to V. So the function (£, 7, ¥) — v (&, 17, V) doesn’t necessarily belong to V.
Fix (¢,77,7) and consider the set—

e(&,7,V) ={r € P\ vx: there exists a set of ordinals A of cardinality strictly smaller than
h(f,ﬁ,ﬁ),suchthatr[ ﬁﬁ”")’(f ﬁv_))EA}

Then e (§,77,7) C P\ vy, is <*-dense open, since P [y¢7.5) is h (&, 7, v)-c.
Now apply theorem 4.13 and argue as in the previous lemma: There exists (in V) a
mapping (¢, 77, 7) — A (&, 77, V) such that, in M [jw (G)],

[5'—>’y<§,9fﬂ£(g Qfﬂ, s Hay (£), 7uak<€>>] €

w

[g — A (g,efﬁi( 05 ©) Har (6), ...,uak(f)ﬂ _

w

k/oi (ja (<€7ﬁa Ij) = A(gﬂ%y)) (K7j0,a (61) PRI ajO,oc (5;) s Hay s - - - 7“0%))

In M,, let F be the set of measures on p, which are indexed in the enumeration j, (1)

by an index in the set A = jo (6,7, 7) — A(&,7,7)) (K, Joa (B)) -+ - Jow (BL) s tars - - - » ey )-
Note that |A| < po and thus |F| < pe. Then jy (6 — Us) (ko (ito)) is enumerated by the

ordinal—
€= (600,00 001 ©), o1 ()] € KA

and thus jw (0 — Us) (ko (i) € ELF | as desired.
Let F' € M, be a measure on i, such that—

w (6 = Us) (ko (Ha)) = ka(F)

Let us argue that F' = U, . It suffices to prove that /' C U,,. Fix a set X € F. Assume
that—

—.704 (<£ 777 >'_>X(£ 777 )) (KajO,a (ﬁl)a"-ajo,a (51)7#@17"'7“04/9)

(We assumed again that X can be represented using the same generators as ji,. If this is
not the case, modify the set of generators of ji, ). Then k. (X) € jw (6 = Us) (ko (tta))-
As in the previous lemma, let n* be the length of ¢*, the initial segment of the Prikry
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sequence of k,, (1) below pu,. For every (&, 17, V), let—

e(&7,7) ={r € P\vi: 1 Ineqnll X (& 7.7) € Uneqm,
if it decides positively, then r [0t Apeqz C
X (&,7,7); else, r [neinlk Ah@ﬁg is disjoint
from X (&,77,7). Moreover, 7 |4 .7 1h (¢, gmﬁ)) >n",
and if it decides positively, then there exists a bounded subset
A (&, 7,7) C h(& 7, V) for which r [¢ ;7 the (n* +1)-th

element of t}, - belongs to A (£, 7,7)}

By theorem 4.13, there exists a larger set of generators fi,..., 5. and, for every (£,7,7), a
condition p ((§, 7, 7)), such that, for a set of &-s in W,

p <€7 efﬁi(gﬁ cee 78f5é(§)7 Hay (6)7 <o May (£)> rﬂak(é)n_
p <£7 efﬁi(ﬁ)v s aefﬂg(ﬁ)a Moy (5)7 cee 7uak(£)) \:u’Oék<€> €
6(5,9@1(97 014 (&) Moo (§), -‘-,Mak(§)>

and-—
p (f)efﬁxl(f)a s 70f52(§)7,u041<§)7 s 7#()%(5)) €G

Let us argue first that for a set of £&-s in W,

b (fa efﬁll &y~ 76)”3/5(5)7 2%} (5)7 <oy Moy, (5)) [#ak(f)
decides that—

1h <n

Indeed, assume otherwise. Let A* (£, 1, V) be the bounded subset of h (&, 177, V) which consists
of all the ordinals, which are forced by some extension of p(&,17,7) [,, to be in A (&, 17, 7)

(whenever p (€, 17, 7) forces that the length of tp(m V)) is greater than n*). Then, in M [jw (G)],

Ha € kOé ( (<5 777 > = A* (5 777 )) ('Liajo,a (ﬁi) PRI 7j0,a (6;) 7,Ua17 s nuo%))
But this is a contradiction, since j, ((€, 7, 7) — A* (§,7, 7)) (K, Jo.a (BL) 5 -+ Jo.a (BL) 5 Hays - - - s Moy )

is a bounded subset of .
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Therefore, we can assume that—

p(fvefﬁi(ﬁ)w--79fﬁ/5(§)7,ua1(€)7~--:Mak(f)) [ty (6)
forces that—

lh <n*

Denote now p* = [5 P (f, efﬁi(é)’ o ,Qfﬁg(g), Pay (€), .-y Hay, (5))] " Then p* [, (u.) forces
that u, € éi;(ua). By the definition of the sets e (&, 17, V), the set éii(ua) is forced to be
either disjoint or contained in k,(X). Since ko(X) € jw (0 — Us) (ka (ia)), it cannot be
disjoint (again, by the definition of e (£, 7, V)). Therefore p, € kq(X) and thus X € U,_, as
desired. [.

Finally, let us argue that j.~ = jw [v. Recall that k* = i(k), and note that x* =

sup{pta: o < K*}.
Lemma 4.21 M = M,-, jw(k) =i(k) and j = jw [v.

Remark 4.22 In particular, if i = jy (namely W is simply generated) then jy (k) = ju (k).
On the other hand, possibly jy (k) < i(k), and then jw (k) > jy(k).

Proof. Define, similarly to k,: M, — M, the embedding k,-: M.~ — M as follows:

kﬂ* (jn* (f) (F&,j()’,.@* (51)7 s ajO,H* (BZ) y Magy - - 7/’[’0%)) -

.jW (f) (’%7 e[fﬁl(fﬂw7 s 79[fﬂl(§)}w’ Moy s - - ;Mam)

*

for every f € V, 51,..., 0 generators of i and oy < ... < a, < k*. Clearly crit (k) > Kk*.
It suffices to prove that k.- is the identity function.

Let 7 be an ordinal, and let f € V' [G] be a function such that [f],; = 7. By the s-c.c.
of P,, there exists F' € V such that for every £ < &, f(§) € F(£) and |F(§)| < k. Therefore,
in M [jw(G)],

7= [flw € [Fly = ke (Ju (F)(r))
But-
e (F)(R)] < Je (£) = K" < crit (ke )

son € Im (k.+) as desired. OJ
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5 Further directions and open problems

It is likely that results of Section 4 can be extended to wider context of Prikry type forcing
notions. The first candidates are one element Prikry forcings and Prikry forcings with non-
normal ultrafilters. For the former it seems that the present arguments can be applied
without much changes. The latter looks to require more work since [id] is not x anymore
and additional generators may appear. Another example is Extender based Prikry forcings.
Here some new ideas seems to be needed due to the Cohen parts of the forcings.

Let us state some open questions.

Question 5.1 Are there other ways to generate a normal ultrafilters W in V[G] beyond

those given in 1.17

Assuming —0Y (or even no inner model with a Woodin cardinal) and exploring closure of

the ultrapower, it seems possible to argue that N of the type of 1.1 should exist.

Question 5.2 What are the possibilities for non-normal k—complete ultrafilters in V|[G]?

Recall that, given i: V' — N and a measure W generated from it as in theorem 1.1, the
assumption that <0.=<Qu holds for a final segments of o € A suffices for N = M (where
M is the ground model of Ult (V' [G], W)).

Question 5.3 Suppose that for unboundedly many o < k, < #<%. Is then M # N?

Question 5.4 What are the exact conditions on Q4 ’s that insure M = N ?

In section 3 we studied sufficient and necessary conditions for having jw (k) > ju (k). In
proposition 3.1, we proved, under the assumption that x is a limit of cardinals @ < k which

are all k-strong, that there are measures U € K and W € K [G] on k extending U, such that
Jw (k) > ju(k).

Question 5.5 Is the assumption that k is a limit of k-strong cardinals really necessary?

Question 5.6 In theorems 4.7 and 4.8, can we omit the assumption that the normal mea-
sures used in the iteration P = P, below k are simply generated? How is the structure of

Jjw v influenced from such a change?
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