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Our purpose here is to present a special case of the forcing with pistes of [1] when pistes

are finite and only three sizes of models w, wq,ws and ws are allowed.

1 Wide pistes.

Assume GCH.

The basic idea behind the structures defined below (Definition 2.1), a finite structure with
pistes over Nj is to stay as close as possible to an elementary chain of models. It cannot be
literally a chain since models of different sizes are involved and models of bigger cardinality
can come before ones of a smaller. The first part (Definition 1.1) describes this “linear”
part of conditions in the main forcing. It is called a wide piste and incorporates together
elementary chains of models of different cardinalities. The main forcing, defined in Section
2.1, will be based on such wide pistes and involves an additional natural but non-linear

component called splitting or reflection.

Definition 1.1 A wide piste! is a set ((C7,C™™) | 7 € {w,w,ws,w3}) such that the
following hold.
For every 7 € s = {w,wy,wq, w3} and A € C7 the following holds:

1. A< (H(wy),€,<), where < is some fixed well ordering of H(wy),
2. Al =,
3. ADT+1,

4. AN7t is an ordinal,

Tt is (N4, w,w)—wide piste of [1] and here we deal with such pistes only.



5. elements of C” form a finite € —chain,
6. if X € C7, then "X C X,
7. X)Ye(C™,then X eYiff X QY.

8. (Potentially limit points)
Crlim C o7
We refer to its elements as potentially limit points.
The intuition behind this is that it will be possible to add new models unboundedly
often below a potentially limit model in interesting cases, and this way it will be turned

into a limit one.

The next condition prevents unneeded appearances of small models between big ones.

9. It By,B; € C?, for some p € s, By is not a potentially limit point and By is its
immediate predecessor, then there is no potentially limit point A € C7 with 7 < p
such that By € A € B;.

The requirement that B; is not a potentially limit point is important here. Once
dealing with potentially limit points, we would like to allow reflections which may add
small intermediate models.

However, small models which are non-potentially limit points are allowed.

10. Let By, By € C?, for some p € s, By is not a potentially limit point, By is its immediate
predecessor and A € C™N By, with 7 < p. If sup(ANOT) > sup(ByNOT), then By € A.
The next condition is of a similar flavor, but deals with smallest models.

11. If B € C*, for some p € s, is not a potentially limit point and it is the least element of
C”, then there is no potentially limit point A € C™ with 7 > p such that A € B2

Both conditions 9 and 11 are designed to allow one to add new models below potentially

limit points, which will be essential for properness of the forcing.
The purpose of the next four conditions is to allow to proceed down the pistes without

interruptions at least before reaching a potentially limit point.

12. Let ,p € 5,71 < p, Ae C",B € C? and B € A. Suppose that B is not a potentially

limit point and B’ is its immediate predecessor in C?. Then B’ € A.

2If we drop the requirement 7 > p, then it may be impossible further to add models of sizes > 1 once a
potentially limit point of size 7 is around.



13.

14.

Let 7,p,p* €s,7<p<p*, AcC",Be€ (" D c CPand B € A. Suppose that B is
not a potentially limit point and B’ is its immediate predecessor in C?".
Then B’ € D € B implies D € A.

(Linearity) If 7,p € s,7 < p, A€ C™, B € C”, then sup(ANwy) < sup(B Nwy) implies
AeB,

Next few conditions deal with what we call covering properties. They are needed in
order to show that the forcing is w—proper.

Suppose that M € C¢, for some £ € s,€ # max(s), D € C*, for some p € s,p > €.
If sup(M Nwy) < sup(D Nwy), by the linearity condition, M € D. But suppose that
sup(M Nwy) > sup(D Nwy), i.e., a model of smaller size sits above a model of bigger
size on the piste. The simplest situation then will be that just D € M. However it is
too much to require this, since as a result the properness will break down and cardinals
will collapse, even in the two sizes situation. Weaker requirements should be made.
The requirements will insure an existence of so called covering model D of D for M.

This model should have the following basic properties:

(R) D e M,

(3) D2 D,

3 (D= D],

(7)) MND=MnD.

Note such D is unique, if exists. Thus suppose that D', D", D' # D" are two covering
models of D for M.

There is . € D'\ D" or v € D"\ D'. Suppose for example that there is x € D'\ D".
By elementarity, then there is x € D"\ D" which belongs to M, but this is clearly
impossible, since D' N M = DN M = D" N M, by Item () above.

Also note that D = D, if D € M.

If (D; | i < cof(sup(DNwy))) is an increasing continuous sequence of models of cardinal-
ity < |D| with limit D, defined from D, then it follows that D D Dsup( Mcof (sup(Drws)))
and M N D - M N .D - M N Dsup(Mﬁcof(sup([)ﬂw;;)))'

The set of covering models Covmod(p) for p = ((C7,C7™) | 1 € {w,wy,ws,ws}) will
be the union of sets (Covmod(p)y | k < n(p)), n(p) < w, where

Covmod(p)o = U CT

Te{wr,wa,w3} )



Covmod(p)y+1 consists of elements of Covmod(p)y, together with the following models:

(a) BN E, for some B, E € Covmod(p), |B| < |E| and sup(B Nwy) > sup(E Nwy),

(b) BN ENF, for some B, E, F € Covmod(p)x, |B| < |E| < |F| and sup(B Nwy) >
sup(F Nwy) > F Nwy.
Note that in this case |B| = Ny, |E| = Ry, |F| = N3.

(¢) c(BUY,;), where cl(...) is the Skolem Hull, |B| < w; < wy and B € Covmod(p)s

or B is the intersection of models, as in the two previous cases.

Let us state some basic facts that will simplify dealing with relevant models.

The following is a well known:

Fact 1 Let N < (H(ws4), <) and p is an ordinal in N.

Then sup(cl(N Uwsy) N p) = sup(N N p), if cof(p) < |N| or cof(p) > Ny

and cl(N Uws) Nwy = sup(N Nwy).

Proof. Let us deal with the first equality, the second is similar.

If cof(p) < |N|, then p € N, and so, by elementarity N will contain a cofinal in p

sequence. Then sup(N N p) = p, and we are done.
So assume that cof(p) > |N|, and then cof(p) > N,.

Let n < p be in ¢l(N Uwsy). Then there is a Skolem term ¢, a € N and o < wy such
that n = t(a, ).

Consider v = U,.,, t(a, ). Then v € N, by elementarity, and, clearly, v < p and
g/

U of the fact.

Now, the following follows from the previous fact:

Fact 2 Let Ky, K1 be models of q of cardinality Xy, By, By be models of q of cardinality
Ny and Fy, Iy models of q of cardinality N3. Then either

(a) Cl((KO N BQ N F()) U N3) = Cl((Kl N B1 N Fl) U Ng),
or

(b) Cl((K() N ByN F()) @) Ng) € Cl((Kl NBiN Fl) @) N3),

or

(C) Cl((Kl N Bl N Fl) U Ng) S Cl((KQ N BD N Fo) U Ng)



Proof. Just compare sup(Ky N By N Fy N wy) with sup(K; N By N Fy Nwy) and apply
the fact above.
O of the fact.

Fact 3 Suppose X, Y are models such that sup(X NX;) = sup(X NN;), for every i < 4.
Then X =Y.
Proof. Just proceed by induction on ¢ < 4 and show that X NN, =Y NN;.

O of the fact.

Fact 4 Suppose X € Y are models, i/ < p are cardinals and p € Y, then

A((YNne(Xup))Up)=d(YNX)Up).

Proof. Clearly, cl((Y Nel(X Up))Up) 2 c((Y NX)Up). Let us show the opposite

direction.

So, let z € cl((Y Nel(X Up'))Up). Then there are a € Y Nel(X U ') and o < p such
that z = h(a, ), for some Skolem function h. Using the assumption that X,y € Y,
we can find b € Y N X and § € Y N p such that a = g(b, B), for some Skolem function

g.
Then z = h(g(b, 5),a). Using the closure of Skolem functions under the composition
and the pairing function on ordinals below p, we obtain z = f(b,7), for some v < pu
which codes (a, #) and a Skolem function f.

So, z € cdl((Y N X) U u), and we are done.

[J of the fact.

The next fact is a special case of the previous one.

Fact 5 Suppose X is a model, /' < p are cardinals, then

A((d(XUp))Up) =c(XUp).

Proof. Just take Y to be big enough to include X and p + 1.
O of the fact.

Fact 6 Suppose Y € X are models, 1/ < p are cardinals and (' > |Y|, then
A((YNne(Xup))Up) =Y Up).
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Proof. Just Y € X and ¢/ > |Y] imply that /(X Uy') O Y. Hence Y Nel(XUW') =Y.
[ of the fact.

Note that models in Covmod(p) are completely determined by supremums of their
intersections with Ny, N3, Ny.

Let us argue that the process terminates after finitely many steps.

Claim 1 Suppose that F' € Covmod(p), |F| = N3 and cof (F Nwy) = w;.
Then F € C*.

Proof. We claim that F' must be already in C'ovmod(p)s. Suppose otherwise. Pick
k < w to be the least such that F' € Covmod(p)g+1. Then, by Fact 1, F' cannot be of the
form cl(BUws), for some B € Covmod(p)y of cardinality < Vs, since cof (FNwy) = ws.
If such B has cardinality N3, then B D ws, and so, B = cl(B Uws) = F. But then
F € Covmod(p)y, which is impossible by the choice of k.

The cases (a), (b) of the definition of Covmod(p)k+1 are impossible as well by Fact 1
and the assumption cof (F' Nwy) = ws.

Contradiction.

U of the claim.

The next two claims is similar.

Claim 2 Suppose that F' € Covmod(p), |F| = Ny and cof (F Nws) = ws.
Then there is E € C*? such that FFNws = F Nws and E appears in the process of

constructing F.

Claim 3 Suppose that F' € Covmod(p), |F| =Ny and cof (F Nws) = w;.
Then there is B € C*' such that F'Nws = B Nwy and B appears in the process of

constructing F.
Further let us call such E and B the leading models of F'.

Claim 4 Suppose that F' € Covmod(p), |F| = N3 and cof (F Nwy) = wo.
Then F € Covmod(p)i, and then F' = cl(E U ws), or F' € Covmod(p)s, and then
F=cl((ENG)Uuws), for some E € C*?,G € C*3,sup(F Nwy) > G Nuwy.



Let us deal for a while with intersection of models to H(w3). So, only sizes Ny, Ry are

relevant.

Consider Covmod(p);. Its elements of cardinality ¥y are of one of the following forms:

e Be (Y,
e BNE, BeC¥ FEeC¥ sup(BNws) > ENuws.

The elements of cardinality N, are of one of the following forms:

o Fe (v

o cl(Z Uuw,), for some Z € Covmod(p); of cardinality N;.

In the second case there is a leading model B € C*! such that Z = Bor Z = BN FE.

Consider now the next stage Covmod(p)s.

Let B’ be a model of cardinality 8y and E’ of cardinality Ny, with sup(B'Nws) > E'Nws,
from the previous stage.

For example, B’ = BN E and E’ = cl(Z U w,). Then

B'NE =(BNE)Nd(ZUw)=BN(ENc(ZUwy))=BNcl(ZUuw,),

since FNws > sup(BNENws) > E' Nws = cl(Z Uwsy) Nws.

Also, note that cl((B N cl(Z Uwy)) Uws) = cl(Z U w,y), if the leading model B’ of
cl(Z Uwsy) is below B,

and cl(BNecl(Z Uwy))Uwy) = cl(BN E Uuwy), if the leading model B’ of ¢l(Z U wsy)
is above B, where Z = BN E' orif Z = B’, then £’ = ws.

This means that no new models of cardinality Ny are produced at the stage 2.

Let Z € Covmod(p) has cardinality Ns.

If cof(Z Nwy) = ws, then Z must be in C*3.

If cof (Z Nwy) = wo, then

Z = cl(F Uuws), for some E € C*?, or

Z =c((ENF)Uuws), for some E € C*?,F € C** and E above it.

If cof(Z Nwy) = wy, then

Z = cl((BUuws), for some B € C**, or

Z =c(((BNE)Uuwsy), for some B € C*" and E below B of cardinality R,, or



Z=c((BNENF)Uuws), for some B € C¥', F € C*3, E above it of cardinality N,
and B above F of cardinality N;.

If Z € Covmod(p) has cardinality Ry and cof(Z Nws) = wsy, then Z must be of one of
the following forms:

E, for some E € C*2,

or

Enc((EyNFy)Uws),

for some E, F, € C*?, F; € C¥3, By C F.

If Z € Covmod(p) has cardinality Ry and cof(Z Nws) = wy, then Z must be of the
following form:

d(BNENC((ErNF)Uws)) Uws),

for some B € C¥,E, F, € C“2, F} € C*, By C E.

If Z € Covmod(p) has cardinality Ry, then Z must be of one of the following forms:
B, for some B € C“*,

or

Bne((ByNE NFEF)Uw) Ne((By N EyN Fy) Uwsy), for some B, By, By, € C*1,
By, € B, C B.

Note that if D € Covmod(p) and cof(sup(D Nwy)) = ws, then D € C3, since inter-
sections with models of smaller sizes reduces the cofinality of such sup.
Similar, if D € Covmod(p) and cof (sup(DNw,)) = ws, then only models from C*2UC*s

where involved in constructing D by taking intersections and ¢, as above.
Let us state now the requirements on covering models.
Start with the simplest one.

15. (Covering 1)

If M € C¥, D € C** and sup(M Nwy) > sup(D Nwy), then there is a covering model
D of D for M inside C*s 3

This the only requirement, if only two sizes of models are considered.

Already dealing with three sizes, an additional requirement is needed:

3Note that }
(a) if D ¢ M, then such D must be a potentially limit point by Item 12 above. Thus, it cannot be a
successor non-potentially limit point, by Item 12, since its immediate predecessor D" will be in M, and then,
sup(D' Nwy) < sup(D Nwy), and so D 2 D'.
(b) such D is the least model D’ € M N C*3 such that D' O D.



16. (Covering 2 ) If M € C™,D € C*,7 < p, sup(M Nwy) > sup(D Nwy), then there is
D € Covmod(p) which is a covering model of D for M.

17. (Strong Covering 1 ) If M € C*', D € C*, sup(M Nwy) > sup(D Nwy). Let D € M
be a covering model of D for M. Then either

(a) D e C“s;
or
(b) cof(D Mwy) =wsy *.
Let then S € C“2 N M be its leading model.
Then either
i. DeSp
or

ii. there is a covering model D" € SNC“? of D for S such that D O D'p(arws),
where (D'; | i < ws) is an increasing continuous sequence of models of cardi-
nality Ny with limit D', defined from D’.

18. (Strong Covering 2 ) If M € C¥, D € C*?, sup(M Nw,) > sup(D Nwy). Let D € M
be a covering model of D for M. Then either

(a) D e C*;
or
(b) cof (sup(D Nwy)) = wy.
Let then S € C“* N M be its leading model.
Then either
i. Dec S’

or

4Note that D D D Mws, Where (DV | ¥ < we) is an increasing continuous sequence of models of cardinality
Ny with limit D, defined from D. Just otherwise there will be v < M N wg such that Dl, ¢ D, but such
D, € M N D. Contradiction to covering.

5Note that this implies that D D ¢l((Sarnw, N D) Uws), where (S, | v < ws) is an increasing continuous
sequence of models of cardinality R; with limit S, defined from S. Otherwise, there is & € cl((Sarrw, N D) U
w3) \ D. Then = = h(a, ), for some a € Spnw, N b,a < wsg and a Skolem term h. Such a € D, since
D D ws. Pick v € M Nws such that a € S,. Then S, N D & D, since otherwise, we will have S, N D C D,
and so a € D. But now, Sy N DeMnND=MnD, which is impossible. Contradiction.

6As in the previous condition, then D D Sysn,, N D.



ii. there is a covering model D e SNC“ of D for S such that D D Dsup(Mﬁwg)a
where (D; | i < ws) is an increasing continuous sequence of models of cardi-
nality X; with limit D, defined from D.

Let us deal with covering properties when the gap between cardinalities of models

involved is at least two. In the present situation - four sizes, it is only w and ws.

19. (Strong Covering 3 ) If M € C¥, D € C**, sup(M Nwy) > DNwy. Let D € M be a
covering model of D for M. Then either

(a) D e C¥s;
or

(b) cof (D N wy) = w,.
Let then € C*?> N M be its leading model.
Then either

i. DeFl,
or
ii. there is a covering model D € O of D for E such that D D Dsup( M), Where

(D; | i < ws) is an increasing continuous sequence of models of cardinality R,
with limit D, defined from D.

Or

(¢) cof(DNwy) = ws.
Let then S € C“* N M be its leading model.
Then either

i. DeSs,
or

ii. D¢ S and let then f) be a covering model of D for S.
If cof(l%ﬂm;) = w3, then D D l:?sup(me?,), where <l:)l | i < ws) is an increasing
continuous sequence of models of cardinality R, with limit D, defined from
D.
If cof(l:) Nwy) = wo, then let T € SN C*? be its leading model.
Reqire that D O Tyup(arws), Where (T} | i < wsy) is an increasing continuous

sequence of models of cardinality N; with limit 7', defined from 7', and either

10



A.DeT,

or

B. there is a cover T € T N C* of D such that D D Tsup(me), where
(T} | i < wy) is an increasing continuous sequence of models of cardinality
N, with limit 7', defined from 7.

We will state further in the definition of structures with pistes when such non-trivial

possibilities of coverings may occur.

20. Let ,p, € €s5,7<p< & A€eC M eCPD e Cé M,D € A and sup(M Nw,y) >
sup(D Nwy). Then the covering model D of D for M belongs to A.

2  Structures with pistes - definitions.

Now we are ready to give the main definition.

Definition 2.1 A structure with pistes” is a set
p= (A" A7 AlTlim O7y |+ € s = {w,w;,ws,ws}) such that the following hold:

1. for every 7 € s,

2. (Potentially limit points) Let 7 € s.
AlTlim C AT We refer to its elements as potentially limit points.
The intuition behind this is that once extending it will be possible to add new models
unboundedly often below a potentially limit model, and this way it will be turned into

a limit one.

It is (N3, w,w)—structure with pistes of [1] and here we deal with such structures only.

11



3. (Piste function) The idea behind this is to provide a canonical way to move from a
model in the structure to one below.
Let T € s.
Then, dom(C7) = A" and
for every B € dom(CT™), C™(B) is a finite chain of models in A'” N (BU{B}) such that
the following holds:

(a) B €C7(B),
(b) if X € C(B), then C"(X) ={Y € C"(B) | Y € X U{X}},

(c) if B has immediate predecessors in A'", then one (and only one) of them is in

CT(B>7

4. (Wide piste) The set
<OT(AOT)7 CT(AOT) N AlTlim | = S>
is a wide piste.

The next two condition describe the ways of splittings from wide pistes. This describes
the structure of A and the way pistes allow one to move from one of its models to

an other.

5. (Splitting points) Let 7 € s. Let X € A'". Then either

(a) X is minimal under € or equivalently under C,

or

(b) X has a unique immediate predecessor in A7,

or

(c) T < ws, X has exactly two immediate predecessors X, X; in A7, and then the
following hold:
i. (Splitting points of type 1) None of X, Xy, X; is a potentially limit point and
X, Xy, X, form a A—system triple relative to some Fy, F} € A7 lim

which means the following:

A. Fy ¢ Fy and then Fyy € C™' (Fy), or F; ¢ Fy and then Fy € C7 (F),
B. Xo € F, it Fy & Fy and X, € Fy, it Fy & Fo,

C. Fy € Xy and F) € X,

D. XoNnX; =XoNFy= XN Fy,

12



E. the structures
(X0, €,(XoNAY, XoN AP (CP | XgnAYYN X,y | p € 5))
and
(X1, €, (X, NAY X nAY™ (CP | X, NAYYN X, | p€s))

are isomorphic over Xy N X;. Denote by mx, x, the corresponding iso-

morphism.
F. X € A",
Or
ii. (Splitting points of type 2) 7 € s Nwy and there are G, Gy, Gy, € X N AM,

pe s\ 7+1, G is a splitting point of types 1 and Gg, Gy are its immediate
predecessors, with witnessing models in X, such that

Xy € Go,

X, € Gy,

X1 = Taoe, [ Xo)-

X is not a limit or potentially limit point,

X € A%,

(Pistes go in the same direction) G; € C*(G) < X; € C7(X),i < 2.

0 =Y aws

Further we will refer to such X, i.e. of types 1 or 2, as splitting points.

. Let 7,p € 5, X € A", Y € A'. Suppose that X is a successor point, but not
potentially limit point and X € Y. Then all immediate predecessors of X are in Y, as
well as the witnesses, i.e. Fy, Fy if (5(c)i) holds and Gg, Gy, G if (5(c)ii) holds.

.LetTes. X eAT Y € Upes A and Y € X, then Y is a piste-reachable from X,
i.e. there is a finite sequence (X (i) | i < n) of elements of A'™ which we call the piste
leading to Y from X such that

(a) X = X(0),

(b) for every i,0 < 1i < n, either

i. X(i—1) has two immediate predecessors X (i —1)g, X (i —1); with X(i—1), €
CT(X(i—1)),X(i)=X@GE—1);and Y € X(i—1); \ X(i — 1)o,

or

13



ii. X (i) € C7(X (i — 1)), and then either i =n or
i < n, X(i) has two immediate predecessors X (i)g, X (i); with X(i)y €
C™(X(1), X(i+1)=X() and Y € X(4); \ X(4)o
() Y =X(n),if Y € A" and if Y € A, for some p # 7, then Y € X(n), X(n) is a

successor point and Y is not a member of any element of X (n) N A'".

Let us give two examples.

Example 1.  Suppose that A" consists of three models, Y € Z € X.
Then the piste from X to'Y will be (X,Y).

Example 2.  Suppose that A7 consists of models X, Z,T, Ty, Ty, Yy, Y, such that
Yo eTo €T e Z e X s C7(X), T is a splitting point with Ty, T\ its immediate
predecessors, Yy € Ty, Y, € 1.

Then the piste from X to Y goes like this: From X we go down to T, then at T we
turn to Ty and from T} we continue to the final destination Y.

So the piste from X to Yy is (X, T,T1,Y1).

The sequence (X (i) | ¢ < n) is defined uniquely from X and Y.

In particular, every Y € A" is piste reachable from A°7.

In order to formulate further requirements, we will need to describe a simple process
of changing the wide pistes. This leads to equivalent forcing conditions once the order
will be defined.

Let X € A'". We will define the X —wide piste. The definition will be by induction
on number of turns (splits) needed in order to reach X by the piste from A°.

First, if X € C™(A"7), then the X —wide piste is just (C¢(A%), C¢(A%)NAKEm | ¢ € 5),
i.e. the wide piste of the structure.

Second, if X ¢ CT(A"), but it is not an immediate predecessor of a splitting point,
then pick the least splitting point Y above X. Let Y, Y] be its immediate predecessors
with Yy € C7(Y). Then X € Y for some i < 2. Set the X—wide piste to be the
Y;—wide piste.

So, in order to complete the definition, it remain to deal with the following principal
case:

X € A7 a splitting point of one of the types 1 or 2.

Let Xy, X be its immediate predecessors with Xy € C7(X). Assume that the X —wide
piste (C5%, C{™ | € € s) is defined and assume that C7(X) is an initial segment of C%.
Let the Xo—wide piste be (C%,C{™ | € € s).

14



Let us deal with type of splitting separately.
Case 1. X is a splitting point of type 1.
Define the X;—wide piste <C§(1, C;l:m | € € s) as follows:

. C§(1 = Cg(, for every £ > 7.

I.e. no changes for models of cardinality > 7.

Cg:m = C§(1 N Al for every £ € s.

Models that were potentially limit remain such and no new are added.
C%, = (Cx \ X)uC™(Xy).

Here we switched the piste from X to X;.

C’§<1 ={Z ¢ C’i | sup(Z Nws) > max(sup(XoNwy),sup(Xy Nwy)) } U{mx, x,(Z) |
Z € C5 N Xy}, for every € € sN 7.8

Note that such defined switch from X, to X; does not affect at all models of sizes

above 7. Models of sizes < 7 are effected only if they are contained in Xg or in Xj.

If X is a splitting point of type 2, then we may need to turn some piste for models of
cardinalities > 7 into other directions, in order to satisfy the item 5(c)iiF above.
Proceed as follows.

Case 3. X is a splitting point of type 2.

Let G, Gy, G1 € X N A be models which witness that X is a splitting point of type 2
and Xy, X, are its immediate predecessors. Now using the induction® we can assume
that the G;—wide piste is already defined.

Define the X;—wide piste to be the G;—wide piste.

Now we require the following:

. Let 7 € s and X € A'. Then the X —wide piste is a wide piste, i.e., it satisfies
Definition 1.1.

. (Maximal models are above all the rest) For every 7 € s and
ZelJ . AP if Z & A then there is u € s such that Z = A%,

pES

Let us conclude with requirements related to non-trivial cases of covering.

8In particular, due to this, the next condition implies that for £ € sN T, if Z € C%,sup(Z Nwy) >
max(sup(Xo Nwy), sup(X; Nwy)), then {mx,x,(Z') | Z' € C5% N Xo} C Z.

9The induction is on pairs (n, () ordered lexicographically, where n is the number of turns from the wide
piste and ( is the rank (the usual one as sets) of the model.
We have G, Gy, G; € X, so the rank of G, G, G1 is smaller than the rank of X. The number of turns needed
to get to G and to X from the top is the same.
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10. (Covering possibilities) Suppose that X, Y are on the wide piste, | X| < |Y], X is above
Y and Y ¢ X. Let Y be a covering model of Y for X. Then the following hold:

(a) if Y € Covmod(p); and Y is not on the wide piste, then there is a splitting point
Z on the wide piste between X and Y of cardinality | X| < |Z] < |Y].
So, Y is of the form cl(Z U|Y|) or cl((ZNE)U|Y]) or cl((ZNENF)U|Y]), for
some F, F' on the wide piste, with |Z| < |E| < |F|, Z above E and E above F.
Note that in two last cases, models R € X N Z, |R| = |Z]| which are above E or
below E, but above F', in the last case, will either contain models which are on
the wide piste inside ZNE ( ZNENF) of cardinality |Z| or will not be on the
wide piste.

(b) If Y € Covmod(p)ni1 \ Covmod(p),, for some n,1 < n < w, then there is a
splitting point Z on the wide piste between X and Y
of cardinality |X| < |Z] < |Y|. The following hold:

i. Y = cl(ZUY]), where Z is a covering model of Z for X and it is in
Covmod(p),, \ Covmod(p),—1.
or

ii. there is £ on the wide piste below Z, |Z| < |E| such that Y € ZN E, and
then, Y = ¢l((Z N E) U |Y|), where Z is a covering model of Z for X, E is
a covering model of F for X, both of them are in Covmod(p), and at least
one of them is in Covmod(p),, \ Covmod(p),_1.
Or

iii. there are E, F' on the wide piste below Z, |Z| < |E| < |F|, F below E such
that Y € ZNENF, and then, Y = cl((ZN ENF)U[Y]), where Z is a
covering model of Z for X, E is a covering model of E for X, F is a covering
model of F for X all of them are in Covmod(p),, and at least one of them is
in Covmod(p),, \ Covmod(p),—1.
We require that in both of the last cases, if R € X N Z, |R| = |Z| which are
above E or below E, but above F, in the last case, then R either contain
models which are on the wide piste inside ZNE ( ZNENF ) of cardinality
|Z] or R is not on the wide piste.

This completes the definition of a finite structure with pistes.
Denote the set of such defined structures by P (which corresponds to Py,w, of [1]).

Define an order on P.
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Definition 2.2 Let
po = ((AY7, ALT, Altim CTY | 7 € s), p1 = (A7, AlT  AfTlim OTY | 7 € s) be two elements of

P.

Set po < p1 (p1 extends py) iff

1.

A" C AJ7, for every T € s,

. let A€ A7, for some T € s, then A € ATm iff A € AlTlim,

The next item deals with a switching described in Definition 2.1 . It allows to change

piste directions.

Let 7 € s.

For every A € A}, C7(A) C CT(A),

or

there are finitely many places below A where pistes change their directions, i.e. there
are splitting points B(0), ..., B(k) € A" N (AU {A}) with B(j)', B(j)” the immediate
predecessors of B(j) (j < k) such that

(a) B(j) € C5(B())),
(b) B(j)" € C1(B(j)).

If Be A" N(AU{A}) is a splitting point different from B(0), ..., B(k) and B’, B” are
its immediate predecessors, then
B' e Cj(B) iff B € C7(B).

Let 7 € s.
If A € Al" is a splitting point in py, then it remains such in p; with the same immediate

predecessors.

Let 7 € s.
Let B € A}™ Bnotin A{™'"™ i.e., it is not a potentially limit, and B a unique immediate

predecessor in py. Then, in p;, B has the same unique immediate predecessor.

This requirement guarantees intervals without models, even after extending a condi-

tion.

By 2.2(5), potentially limit points are the only places where non-end-extensions can be

made.
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3 Properness.

We would like to show that for every 7 € s = {w, wy,wq, w3} the forcing P is 7—proper.

Let us start with ws—properness.

Lemma 3.1 The forcing P is ws—proper.

Proof.
Let p € P. Pick 9 to be an elementary submodel of H(x) for some y large enough such

that
1. 9] = N3,
2. 9 DO N3,
3. P,p €M,

4. “29n C M.

Set M =9 N H(w,).
We claim that p~ M is (P, 9)—generic. So, let r > p~M and D € 9 be a dense open

subset of P.
By extending 7, if necessary, we can assume that r € D.
Let Ay = A; < Ay < H(wy) be such that

1. Ag € Ay € Ay,
2. |A;| =N, for every i < 3,
3. 1€ Ao.

In particular, M € A;, and so A; N M € M, for every ¢ < 3. Set ¢ =r"Ay" A1 As.

Denote A, by A.

Let 0py = M Nwy and n4 = sup(ANdpr). Then ny has cofinality < ws, and so, n4 < dp.
Hence 4 € M. Reflect now A, ¢ down to 9t over AN M in the language which includes D.
Denote the result by A’, ¢ and let M’ be the image of M under this reflection.

Then, ANny = A’ Nna, also,

ANM=ANM and ANMNéy=ANMnéy=ANMnNody.
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Pick some model A of cardinality N, with A, ¢, A, ¢ inside. Pick also an € —increasing
sequence of models (flo, Ay, 1212> with A, ¢, A, ¢, A € A, and ]fll\ =N,

It is enough to show the following:
Claim 5 ¢~¢ A~ (4, Ay, A,) € P.

Proof. We need to check that Definition 1.1 is satisfied by the two pistes
which form ¢~¢ A" (Ay, Ay, A,), i.e., those which are generated by ¢ and by its reflection

/

q.
Note that each of ¢,¢" is fine. The only problem that may be here - is that new models
of cardinality N3 are added to wide pistes of ¢,¢’. For example, M’ is added to ¢ and M
to ¢’. Note that only models of size N3 are added, since we reflected into a model M of
cardinality N3, so models of smaller sizes reflect and did not remain on wide pistes of the
reflected condition.
For example, if there were a model B of cardinality N3 in ¢ on its wide piste with M € B,
then B would be reflected to B’ € M and B’ will appear on the wide piste of ¢/,
and not B.

Basically, we need to check only the covering conditions of Definition 1.1 in the following
situation:
B € q above M on the wide piste of ¢ and D’ is a model of cardinality N3 in ¢’ which does
not belong to A, i.e., the reflection of some D in A.
But this is easy. Namely, if B = A, then M will be such a cover, since due to the reflection,
AND =AnNM.
Suppose that B # A, then B € A.
If B is countable, then B C A, and again, M will be such a cover, if M € B or a model
M € B which is the cover of M for B.
If |B| = Ny or |B] = Ry, then note that sup(BN M Nwy) € AN M, and so it is below 74.
Hence, if M € B, then BND'=BNMND' =BNM. If M & B, then the cover of M for
B will be as desired.
(] of the claim.
O

Lemma 3.2 The forcing P is wy—proper and we— proper.
Proof.
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Let p € P. Pick 9 to be an elementary submodel of H(x) for some x large enough such
that

—_

. |9 = Ny, for wy—properness, or [M| = Ny, for wys—properness,

2. M DO Ny or M D Ny, respectively,

w

. P.peM,

4. YN C N or “r1NM C IN.

Set M = 9N H(w,).

We claim that p~ M is (P, 9)—generic. So, let r > p~M and D € 9 be a dense open
subset of P.
By extending 7, if necessary, we can assume that r € D.

Let Ay = A; < H(wy) be such that

1. Ay € Ay,
2. |A;| =N, for every i < 2,
3. 1€ Ao.

In particular, M € A;, and so A;, "N M € M, for every i < 2. Set ¢ = r~Ay" A;, if
|M| = N,. Denote in this case A; by A.
If |M| =Ny, then set ¢ = r~ Ay and denote Ay by A.

Reflect now A, ¢ down to 9t over AN M and above 74 in the language which includes D.
Denote the result by A’, ¢ and let M’ be the image of M under this reflection.
Then, ANM =A"NnM.
Note that ANw; = A’ Nwy, since M D wy, and so, ANw; = ANM Nws.
Also, if |[M| = Ny, then A Nwy = A’ Nwy, since M D wy, and so, ANwy = AN M N ws.
In addition, if |[M| = Ny, then AN M Nwy C A’. However, M Nwy € A, but M Nwy & A',
since A’ C M.
Similar, if |[M| = Ny, then AN M Nws C A’. However, M Nw3 € A, but M Nws ¢ A’, since
A C M.

Pick some model A of cardinality |A| with A, ¢, A’, ¢ inside. Pick also an € —increasing
sequence of models (Ag, A;) with A,q, A, ¢, A € Ay and |4;] = N;.

If |A| = R, i.e., for Ry —properness, then we can proceed without A;.
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It is enough to show the following:
Claim ¢~ ¢~ A (4y, A4;) € P.
Proof. We need to check that Definition 1.1 is satisfied by the two pistes

which form ¢~¢ A" (Ay, Ay, A,), i.e., those which are generated by ¢ and by its reflection

/

q.
Note that each of ¢, ¢’ is fine. The only problem that may to appear - is that new models of
cardinalities Wy, Ny and N3 are added to wide pistes of ¢,¢’. For example, M’ is added to ¢
and M to ¢’. Note that only models of sizes X; and Ny are added, since we reflected into a
model M of cardinality ¥, so models of countable cardinality reflect and did not remain on
wide pistes of the reflected condition.

For example, A reflects to A’, but A’ is not on the wide piste of A. However, M is on the
wide piste of A’.

Basically, we need to check only the covering conditions of Definition 1.1.

Let us deal with w;—properness. The argument for ws—properness is similar and a bit
simpler.

Let us deal first with few typical cases.

Case 1. There is a new model of cardinality ¥y above sup(A N M N wy) which is a
reflection of a model with M inside.

Let B’ be such a model. Then it is a reflection into M of a model B € A with M € B.
Also, M" C B" C M. We will have ANB' = AN M, since if z € ANM, then z € ANM' =
ANM and M’ C B’

Case 2. There is a new model of cardinality Ry or Nz above sup(A N M Nwy).

Let D’ be such a model. Then AND" = Ancl(MU|D'|).

Namely, D’ € M, hence D' C cl(M U |D'|).

Let D be the model that reflects to D’. Then D O M, since sup(D'Nwy) > sup(ANM Nwy) =
sup(A’ N M’ Nwy), and so, sup(D Nwy) > sup(AN M Nwy). Note that M, D € A, and so, if
sup(D Nwy) < sup(M Nwy), then min((M Nwy) \ sup(D Nwy)) € AN M Nwy.

Hence, sup(D Nwy) > sup(M Nwy), and so, D D M.

Suppose that z € ANcl(M U |D|). Then there are a term t, a € M N A and a € AN|D|
such that z = t(a,«). But D D M O M N A and the reflection does not change M N A, so
a € M NAimplies a € D'. Then z = t(a,a) € D', and we are done.

Case 3. There is a new model of cardinality Ry or Nz below sup(A N M Nwy).

Let D" be such a model and D its pre-image under the reflection. Then sup(D Nwy) <
sup(A N M Nwy), since elements of AN M do not move under the reflection. Also, D & M,
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so the is ¥ € M which is the cover of D for M. Then E € AN M. In particular, E does
not move under the reflection.
Note that D’ C D. Thus, D', DCE, MNE=MND and D'e MNE.

Let us argue that AND’ = Ancl(MNE)U|D|). Clearly, AND" C ANcl(MNE)U|D]J).
We need to show that AN D' D ANcl((M N E)U|D|).

Suppose that z € ANcl((M N E)U|DJ). Then there are a term ¢, a € M N EN A and
a € AN|D| such that z = t(a,«). But D D M NE DO M N ENA and the reflection does
not change M NENA,soa € MNENA implies a € D'. Then z = t(a,«a) € D', and we
are done.

Case 4. There is a new model of cardinality R below sup(A N M Nwy).

Let D' be such a model and D its pre-image under the reflection. Then sup(D Nwy) <
sup(A N M Nwy), since elements of AN M do not move under the reflection. Also, D ¢ M,
so there is F € M of cardinality Ny (or N3) which is a part of a A—system that produces
such D. Then F € AN M. In particular, £ does not move under the reflection.

Let us argue that AND' = ANMNE.

Assume for simplicity that M, D are from a A— as witnessed by models £ and Ej, i.e.
EoeDand MNE=DnNE,.

We have Ey C F, since D is below M. So, D € E. Then D' € E and D' C FE, as well, since
E does not move under the reflection to M.

Hence, AND'CANMNE.

Let us show the opposite direction. Solet z € ANMNE. Then z € ANDNEy C ANDNE.
So, z € ANM N D. But elements of AN M do not move under the reflection to M. So, z
does not move. However D is moved to D’. Hence, z € D’, and we are done.

Turn now to a general situation. Instead of A let us deal with an arbitrary countable
model H (in ¢) which is above M.

We proceed by considering the cases above with A replaced by H.

Case 1'. There is a new model of cardinality ¥, above sup(A N M) which is a reflection
of a model with M inside.

Let B’ be such a model. Then it is a reflection into M of a model B € A with M € B.
Also, M' C B' C M. We will have HNB' = HN M, since if z € HNM, then z € H'NM' =
HNM and M' C B'.

If M € H, then we are finished.
Suppose that M ¢ H. Then there are M*, D* € H which are in ¢, |[M*| = Xy, |[D*| = Ry and
|F*| = N3 such that HNM = HNM* or HNM = HNM*ND* or HNM = HNM*ND*NEF*.
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So, HNB'=HNM=HnNM*or HNB' =HNnM=HnNnM*ND*or HNB'=HNM =
HnM*ND*NF*.

Case 2'. There is a new model of cardinality Ry or N3 above sup(A N M Nwy).

Let D" be such a model. Then AND" = Anecl(M U|D'|), as was shown in Case 2 above.
We have

HND' =HNAND =HNANAMU|D'|)=Hndc(MU|D).

If M € H, then we are done.
Suppose that M ¢ H.
Assume first that there is M* € H which is the cover of M, i.e., HNM* = H N M. Let us

argue that then
HND =HnNcd(M U|D).

Clearly,
HnD CHNe(M*U|D'|),

since HN D' = HNcl(MU|D'|) and M C M*.
Let show the opposite inclusion. So, let z € H N cl(M* U |D’|). Then there are a term
t, « < |D'| and a € M* such that z = t(a,a). We have z, M* € H, hence there are
a € Hya e HN M* such that z = t(a, a).
Recall that H N M* = HN M. Hence,a € HN M. So, z =t(a,a) € HNcl(M U|D'|), and
we are done.

The remaining possibility is that there are M* € H of cardinality 8; or Ny and F* € H
of cardinality Ny or N3 such that M* N F* is the cover of M.
We claim that then

HND =HnNd((M*NF*)URy).

The argument is as above, only replace M* with M* N F™*.
Case 2". |M| = Xy and there is a new model of cardinality X3 above sup(A N M Nwy).
Let D’ be such a model. Then AN D" = ANcl(M UN3), as was shown in Case 2 above.
We have
HND'=HNAND' =HNANc(MUYX;)=HNcl(MUR3).

If M € H, then we are done.

Suppose that M ¢ H.

Consider a new possibility here that there is M* € H which is the cover of M, i.e., HNM* =
H N M, is of a form cl(N URy), for some N € H of cardinality 8; with M € N.
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We have H N D' = H Ncl(M* UN;).
Let us argue that
HND =HnNecl(N UN;).

Clearly, cl(M*UX3) C cl(N URX3), and so, HN D" C HNel(N URN3).

Let us show the opposite inclusion.

Thus let z € H N cl(N UN3). Then z = h(a, «), for some a € HN N and o € H. We have
HNNCHN(NURy)=HNM. Hencea € HN M. So, z € HNcl(M UR3), and we are
done.

Case 3'. There is a new model of cardinality Ry or Ng below sup(A N M Nwy).

Let D’ be such a model and D its pre-image under the reflection. Then D N w; <
sup(A N M Nwy), since elements of AN M do not move under the reflection. Also, D & M,
so the is £ € M which is the cover of D. Then F € AN M. In particular, F does not move
under the reflection.

Note that D’ € D. Thus, D',DCE, MNE=MNDand D'e MNE.

It was proved in Case 3 above that
AND =And((MnNE)U|D).
This implies that
HND' =HNAND =HNANA(MNE)U|D'|)=Hnc((MnNE)J|D').

Let now M* € H be the cover of M and E* € H be the cover of E.
We claim that
HND =HnNd(M*nE*)U|D).

Clearly, HND' = HNcd((MNE)UI|D'|) C HNc((M*NE*)U|D|).
Let us show the opposite direction. So, let z € H Ncl((M* N E*) U |D’|). Then there are
a term ¢, o < |D’'| and a € M* N E* such that z = ¢(«,a). We have z, M*, E* € H, hence
there are « € H,a € H N M* N E* such that z = t(a, a).
Recall that H " M* = HN'M and HNE = HN E*. Hence, a € HN M N E. So,
z=1t(a,a) € HNcl((M N E)U|D'|), and we are done.

Case 4'. There is a new model of cardinality Ry below sup(A N M Nwy).

Let D’ be such a model and D its pre-image under the reflection. Then sup(D Nwy) <
sup(A N M Nwy), since elements of AN M do not move under the reflection. Also, D ¢ M,
so the is F € M of cardinality Ny which is a part of a A—system that produces such D.
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Then £ € AN M. In particular, £ does not move under the reflection.
We already proved that AND' = ANMNE.
Then

HND' =AnHND'=HNAND'=HNANMNE=(HNM)N(HNE).

All the models H, M, FE in q. Hence, by Definition 1.1 and the intersection properties,
HNM=HNNand HNE = HNL, for some N, L € H. Here we allow N to be of the form
KNde((SNG)Uwsy) and L of the form cl((X NY) Uwsy) with all components K, S, G, X,Y
in H and in q.

We can conclude, applying the claim, that H N M = KNc((SNG)Uwy) or HN M =
Kne(XNY)Uw,).

O

Lemma 3.3 The forcing P is w—proper, i.e., proper.

Proof.
Let p € P. Pick 9 to be an elementary submodel of H(x) for some y large enough such
that

1. |9 = Xy,
2. P,pem,

Set M =M N H(w,).

We claim that p~ M is (P,99t)—generic. So, let r > p~M and D € 9 be a dense open
subset of P.
By extending 7, if necessary, we can assume that r € D.

Let » [ M be the set of all models of » which belong to M.
Extend then inside M, r [ M to a condition s € D.
We claim that r and s are compatible.
Moreover r U s is almost a condition. In order to turn it into a condition, new (i.e., those
not in r) models should be mapped through A—systems, when this applies.

The issue is with new models of sizes N1, Ny and Nj.

Deal first with those of size Ns.

So, let D be a model in r which is not in M of cardinality N3 and there is a new model
E in M of cardinality Ns.
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Then either the ordinal £ N wy is above or below D N wy, which implies D € F or E € D,
and we are done.

Let us turn to models of cardinalities Ny, Ny,

Consider first the following situation:
D be a model in r which is not in M of cardinality N3 and B is a new model of cardinality
Ny in M.
Assume that we have F' € M and in s of cardinality N3 such that M N F = M N D, i.e. a
covering model F' of D for M is in Covmod(r)y. Also let F' € B.
Then F' = U,
cardinality Ny with limit F', defined from F.
Set sup(M Nwsz) =n. Then M NF = M Necl(F,Uws). Then D cannot be below cl(F,, Uws),
since MNF=MnND. So, D Nwy >n.
We have, ig = sup(B Nwy) € M, and hence, ip < n. Clearly, BN F = F;,. Hence,

F, where (F; | i < ws) is increasing continuous sequence of models of

BNDCBNF=F,, CBNd(F,Uws)C BND.

So, BND=BNF.

Suppose now that a covering model F' of D for M is such that cof(F' Nw;s) = wy. Let
E € M,|E| = X, be its leading model on the wide piste.

If B is below E, then 2.1(10) applies.
Assume that B is above F, and so, £ C B.

Then by the strong covering property 18 of 1.1, there is D in F and in 7 which is a cover
of D for E. Note that D not in M. Let (D; | i < ws) be an increasing continuous sequence
of models of cardinality N, with limit D, defined from D. We have, by the strong covering
property 18 of 1.1, D D Dsup(me3).

Now, B € M, hence B Nws < sup(M Nws). Then,

Bn D = DBﬂwg - Dsup(Mﬂwg)-

Hence,
BNDC BN D = EBﬂwg - Esup(Mﬂwg,) cD.

So, BND = BND.

Consider now a new case |B| = X; and cof(F Nwy) = wy. Let S € M NC¥(r) be a
leading model of F. Assume that B O S, otherwise we apply 2.1(10).
By the strong covering property 19 of 1.1, either D € S, and then we are done, or there is
D in S and in r which is a cover of D for S. Note that D not in M.
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If cof (D Nwy) = ws, then Let (D; | i < ws) be an increasing continuous sequence of models
of cardinality Ny with limit D, defined from D. Then, by 19 of 1.1, D D bsup(me3) 0
Dsup(Bmg), since B € M.

Suppose that cof(D Nwy) = ws, then let T € S N C*?(r) be its leading model. By 19(ii) of
1.1, D O Tap(Mruws), Where (T; | i < ws) is an increasing continuous sequence of models of
cardinality 8y with limit 7', defined from 7. We have B € M, so sup(M Nws) > B Nwsy, and
then BNT C Trw, € Tyup(mnws) € D. So, if D € T', then we are done.

Suppose that D ¢ T. Apply 19(ii)(B) of 1.1. There is a covering model T' € T'N C*3 of D
for T such that D D Tsup( Mnws), Where <T~Z | i < ws3) be an increasing continuous sequence of
models of cardinality N, with limit 7', defined from 7. If T € B, then it will be a covering
model of D for B, since BN T=Bn Tsup(BMS) =BnN Tsup(meg) =BnND.

Suppose that T ¢ B. We have T2 Tiup(Mnws), since D 2 Typavnw,) and T is a cover of D
for T. But then BNT = B N cl(Tnw, Uws), since clearly, T C cl(T Uws). So,

BND=BNTND=BNTNT =BNc(TUws;)NT = BNel(Tprw, Yws) = BNel(TUws).

Hence, cl(T U ws) is a covering model of D for B in the present case, and we are done.
O
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