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Abstract

We construct a κ�complete ultrafilter W over κ such that  Galpκ,W, κ�q and
Galpκ,W, κ��q. This answers a question of T. Benhamou and G. Goldberg [7].

1 Introduction

We deal here with the Galvin property of κ-complete ultrafilters over κ.

Definition 1.1 (The Galvin property at λ) Let U be a filter over κ. Let λ be a cardinal

s.t. κ   λ ¤ 2κ. We say that U satisfies the Galvin property at λ (and denote it by

Gal(κ, U, λq) iff for every tAα | α   λu � U there exists a sequence xαi | i   κy � λ s.t.

£

i κ

Aαi P U.

It was shown by F. Galvin [2] that if 2 κ � κ then every normal filter U over κ satisfies

Gal(κ, U, κ�q. U. Abraham and S. Shelah [1] showed consistency of  Galpℵ1, Cubℵ1 ,ℵ2q.

The consistency of a negation of the Galvin property for κ�complete ultrafilters over κ was

first proved by T. Benhamou, S. Garti and S. Shelah in [4]. A supercompact cardinal was

used for this. In [5], a different method was suggested and the initial assumption was reduced

to a measurable.

Note that if Gal(κ, U, λq holds for some ultrafilter U and cardinal λ, then Gal(κ, U, λ1q

holds for every cardinal λ1 ¥ λ. Equivalently, if  Galpκ, U, λq holds for some ultrafilter U

and cardinal λ, then  Galpκ, U, λ1q holds for every λ1 ¤ λ.

In all previously known examples, it always was the case that either Gal(κ, U, λq holds for
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every κ   λ ¤ 2κ or  Gal(κ, U, λq holds for every κ   λ ¤ 2κ. This leads to the natural

question, asked explicitly by T. Benhamou and G. Goldberg [7]:

Is it consistent to have a κ�complete ultrafilter U over κ such that Gal(κ, U, 2κ) and

 Gal(κ, U, κ�q?

The purpose of this paper is to provide an affirmative answer to this question. Namely,

we prove the following:

Theorem 1.2 Assume GCH and suppose that κ is 2-strong cardinal.

Then there is a cofinality preserving forcing extension V � such that V � |ù 2κ � κ��, and,

in V �, there is a κ-complete ultrafilter W over κ s.t. W does not satisfy Gal(κ,W, κ�q, but

satisfies Gal(κ,W, κ��q.

Notice that these assumptions are optimal, since in the extension κ is a measurable with

2κ � κ��.

The proof follows the lines of Woodin for blowing up the power of a measurable cardinal

(as presented by Cummings in [8]), however, the method of [3] will be used in order to avoid

an additional forcing over κ�. The idea of constructing ultrafilters without Galvin property

of [5] will be crucial in the present construction.

Some generalizations will be discussed at the end of the paper.
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2 The basic construction

Assume GCH. Let E be pκ, κ��q�extender and jE : V ÑME be the corresponding elemen-

tary embedding. Denote by Eα the κ�complete ultrafilter tX � κ | α P jEpXqu over κ, for

every α   jEpκq. The special attention will be to a normal ultrafilter Eκ.

For each regular cardinal δ, let Cohen(δ, δ��q be the Cohen forcing for adding δ���Cohen

functions to δ. It consists of partial functions from δ � δ�� to δ of cardinality less than δ.

Let

P � Pκ�1 � xPα,Q
�
β|α ¤ κ� 1, β ¤ κy

be an Easton support iteration where

,Pα Q
�
α � Cohenpα̌, α̌��q

when α is inaccessible and Q
�
α is trivial otherwise.

Let G � G κ �Gκ be generic for P, where G κ is a generic for Pκ over V and Gκ is a generic

for Qκ � Cohenpκ, κ��q over V rGs. Denote by xfκ,α|α   κ��y the generic Cohen functions

added by Gκ. Let us denote jEpκq by κ1 and jEκpκq by κnor1 .

It is standard to check that V rG κ �Gκs |ù 2κ � κ��. Let us deal with measurability and

extensions of elementary embeddings. We will have to find a generic H P V rGs for jEpPq s.t.

j2EpGq � H which will allow us to lift the embedding (as in Proposition 9.1 in [8]). In order

to do that, we will use the projection of E to its normal ultrafilter Eκ.

Denote by

k : MEκ ÑME, kprf sEκq � jEpfqpκq.

We have the following commutative diagram:

V ME

MEκ

jE

jEκ
k

Note that critpkq � pκ��qMEκ .

Now from elementarity and κ-closure of MEκ and ME we get that the iterations P, jEκpPq
and jEpPq agree up to stage κ.

The next two lemmas are well known.

Lemma 2.1 P � Pκ�1 � pjEpPqqκ�1.
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Proof. First of all, pκ��qME � κ��. Since pjEpPqqκ � Pκ, we need to show that if f is a partial

function from κ�κ��, f P V rG κs, where G κ is Pκ�generic and |f |   κ, then f PMErG κs.

This is true since Pκ is κ�-c.c. and κME �ME, and then κMErG κs �MErG κs.

�

Lemma 2.2 pjEκpPqqκ�1 � Pκ �Q
�

� where Q
�

� � pCohen(κ, pκ��qMEκ qqV rGs.

Proof. This is because κMEκrG κs �MEκrG κs for any G κ which is Pκ generic.

�

Set Gnor
κ � Gκ X pCohen(κ, pκ��qMEκ qqV rGs.

Let us extend first deal with jEκ .

Consider the forcing

jEκpPκ � Cohenpκ, κ�qq � Pκ � Cohenpκ, pκ��qMEκ q � P¡κ � Cohenpκ
nor
1 , pκnor1 q�q

in MEκ . Using the κ�closure of the forcing P¡κ �Cohenpκ
nor
1 , pκnor1 q�q and the fact that the

number of corresponding dense sets is κ�, we construct (in V rG κ�G
nor
κ s) a master condition

sequence xpξ | ξ   κ�y for P¡κ � Cohenpκ
nor
1 , pκnor1 q�q over MEκrG κ � G

nor
κ s. Assume that

xpξ | ξ   κ�y is definable via some fixed well ordering. Denote by Gnor
¡κ � xf

n
κnor1 ,αor | α  

jEκpκ
�qys the generic object with Cohen functions over κnor1 , generated by xpξ | ξ   κ�y.

Now, we use k. xkppξq | ξ   κ�y will generate a generic over ME. Apply [3] in order to

find missing Cohen functions over κ1, i.e. those with indexes in rκ�1 , κ
��
1 qME .

Denote the result by G¡κ � xfκ1,α | α   jEpκ
��qy.

Note that G¡κ � xfκ1,α | α   jEpκ
�qy is fully generated by xkppξq | ξ   κ�y.

By changing values of Cohen functions xfκ1,α | α   jEpκ
��qy if necessary, we can assume

that

1. fκ1jEpβqpκq � 2 9β, for every β   κ�,

and

2. fκ1jEpκ��βqpκq � β, for every β   κ��.

The first item will be used further for the Galvin property and the second provides a

simple representation of ordinals below κ�� in the ultrapower.

The elementary embeddings jEκ , jE, k extend to

j�Eκ : V rG κ � xfκ,α | α   κ�ys ÑMEκrrG κ �G
nor
κ �Gnor

¡κ � xf
nor
κnor1 ,α | α   jEκpκ

�qys,
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j�E : V rGs ÑMErG �G¡κ � xfκ1,α | α   jEpκ
��qys,

and

k� : MEκrG κ �G
nor
κ �Gnor

¡κ � xf
nor
κnor1 ,α | α   jEκpκ

�qys ÑMErG �G¡κ � xfκ1,α | α   jEpκ
�qy.

Denote MErG � G¡κ � xfκ1,α | α   jEpκ
��qys by M�

E and MEκrG κ � G
nor
κ � Gnor

¡κ � xf
nor
κnor1 ,α |

α   jEκpκ
�qys by M�

Eκ
.

The following diagram will be commutative:

V rG κ � xfκ,α | α   κ�ys MErG �G¡κ � xfκ1,α | α   jEpκ
�qys

M�
Eκ

j1E

j�Eκ k�

where j1E denotes jE� æ V rG κ � xfκ,α | α   κ�ys.

Define, in V rGs, a normal ultrafilter U� over κ as follows:

U� � tX � κ | κ P j�EpXqu.

The next lemma is well known.

Lemma 2.3 j�E � jU�.

Proof. Let ϕ : MU� Ñ M�
E be the elementary embedding defined by ϕprf sU�q � j�Epfqpκq.

Let us show that ϕ is onto. So let x � px�qG�G¡κ�xfκ1,α|α jEpκ
��qy PMErG �G¡κ � xfκ1,α | α  

jEpκ
��qyss. Since x� PME, there are some

g P V, a � tα1, . . . , αru P rκ
��s ω such that jEpgqpaq � x�.

Define in V rGs a function

g�pαq � pgptfκ,κ��α1
pαq, ..., fκ,κ��αrpαquqqG.
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Then,

ϕprg�sU�q � j�Epg
�qpκq

� pj�Epgqptj
�
Epfκ,κ��α1

qpκq, ..., j�Epfκ,κ��αrqpκquqqG�G¡κ�xfκ1,α|α jEpκ��qy

� pjEpgqptfκ1,jEpκ��α1qpκq, ..., fκ1,jEpκ��αrqpκquqqG�G¡κ�xfκ1,α|α jEpκ��qy

� pjEpgqptα1, ..., αruqqG�G¡κ�xfκ1,α|α jEpκ��qy

� pjEpgqpaqqG�G¡κ�xfκ1,α|α jEpκ��qy

� px�qG�G¡κ�xfκ1,α|α jEpκ
��qy � x.

Notice that the fourth equality follows since we have:

@α   κ��, fκ1,jEpκ��αqpκq � α.

�

3 The second ultrapower

We will turn to the second ultrapower by E, i.e. Ult(ME, jjEpEqq or ME�E, in order to obtain

a failure of the Galvin property at κ�, as in was done in [5].

To facilitate notations, let us denote:

M1 :�ME, M2 :�MM1

jEpEq
, j1 :� jE, j1,2 :� jjEpEq, j2 :� j1,2 � j1.

Let also κ2 :� j2pκq � j1,2pκ1q. So we have the following commutative diagram:

V M2p�MjEpEqq

M1p�MEq

j2

j1
j1,2

The second ultrapower of the normal ultrafilter Eκ will be essential. Denote

Mnor
1 :�MEκ , M

nor
2 :�M

Mnor
1

jEκ pEκq
, i1 :� jEκ , i1,2 :� jjEκ pEκq, i2 :� i1,2 � i1.

Let also κ2 :� i2pκq � i1,2pκ
nor
1 q. Consider the following commutative diagram:
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M2

V ME MME

j1pEκq

MEk MEκ�Eκ

j2

j1

i2

jj1pEκq

j1,2 k2

k

i1,2

σ k1

Turn to V rGs and consider the second ultrapower M
MU�

jU�
�MU��U� of U�.

By elementarity,

M
MU�

jU�
�M2rG �G¡κ � xfκ1,α | α   jEpκ

��qy �G¡κ1 � xfκ2,α | α   j2pκ
��qys.

The part G¡κ1 � xfκ2,α | α   j2pκ
��qys of the generic is constructed in M�

1 exactly the

corresponding part, i.e. G¡κ � xfκ1,α | α   jEpκ
��qy was constructed in V rGs. The pointwise

image of the master condition sequence xpξ | ξ   κ�y under k2 � jj1pEκq �k is used to generate

G¡κ1 � xfκ2,α | α   j2pκ
�qy. Note that j2

2κ� is unbounded in j2pκ
�q, so

xpk2 � jj1pEκq � kqppξq | ξ   κ�y

generates

G¡κ1 � xfκ2,α | α   j2pκ
�qy.

Let us use the idea of [5] and define a κ�complete ultrafilter W over κ as follows.

Change values of Cohen functions in the sequence xfκ2,α | α P j2
2κ�y on κ1.

Thus, for every α P j2
2κ�, change fκ2,αpκ1q to be 2 � β � 1, where j1,2pβq � α.

Denote the changed sequence by xf 1κ2,α | α P j2
2κ��y.

By the arguments of [5], the sequence xf 1κ2,α | α P j2
2κ��y is still Cohen generic and the

embedding jE�E extends. Denote the resulting embedding

j12 : V rGs ÑM 1
2 �M2rG �G¡κ � xfκ1,α | α   jEpκ

��qy �G¡κ1 � xf
1
κ2,α

| α   j2pκ
��qys.

The following holds by the construction:

1. f 1κ2,j1,2pβqpκ1q is odd if β P j1
2κ�.
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2. f 1κ2,j1,2pβqpκ1q is even if β P j1pκ
�qzj1

2κ�.

Define now

W � tX � rκs2|pκ, κ1q P j
1
2pXqu.

Note that W is an ultrafilter over rκs2 rather than κ, however it is Rudin-Kiesler equivalent

to an ultrafilter over κ. We will show that W has the desired properties.

4 Failure of the Galvin property for κ�

Let us start with the following observation.

Lemma 4.1 jW � j�2 and ridsW � pκ, κ1q.

Proof. Define ϕ : MW ÑM�
2 by setting ϕprf sW q � j�2 pfqpκ, κ1q. Let us show that ϕ is onto.

Denote G�G¡κ � xfκ1,α | α   jEpκ
��qy �G¡κ1 � xfκ2,α | α   j2pκ

��qy by G�. Let px�qG
� PM�

2 .

There are

h PM1 and a � tα1, ..., αru P rκ
��
1 s ω, such that x� � j1,2phqpaq,

since j1,2 is an ultrapower by a pκ1, κ
��
1 q-extender.

Let us define in M�
1 � MErG � G¡κ � xfκ1,α | α   jEpκ

��qys a function g : κ1 Ñ ON as

follows:

gpγq � phpfκ1,κ�1 �α1
pγq, ..., fκ1,κ�1 �αrpγqqqG

� .

Then, by the construction of gκ2 ,

j�1,2pgqpκ1q � pj1,2phqpfκ2,j1,2pκ�1 �α1q
pκ1q, ..., fκ2,j1,2pκ�1 �αrqpκ1qqqG

�

� pj1,2phqpα1, ..., αrqqG�

� pj1,2phqpaqqG�

� px�qG
� � x.

Now, since M�
1 is an ultrapower by a normal ultrafilter, there is a function

q : κÑ V rGs such that g � j�1 pqqpκq.

Then

x � j�1,2pj
�
1 pqqpκqqpκ1q � j�2 pqqpκqpκ1q.
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We can assume that qpβq : κ Ñ V rGs for every β   κ. Define s : rκs2 Ñ V rGs by setting

spα, βq � qpαqpβq. Hence,

ϕprssW q � j�2 psqpκ, κ1q � j�2 pqqpκqpκ1q � x.

In particular,

ridsW � kpridsW q � j�2 pidqpκ, κ1q � pκ, κ1q.

�

Let us define, for every α   κ�,

Aα :� tpγ, βq P rκs2|fκ,αpβq is oddu.

We changed the Cohen functions over κ2 in such a way that these sets will be in W .

Lemma 4.2 tAα | α   κ�u � W and this sequence witnesses  Galpκ,W, κ�q.

Proof. The proof repeats the corresponding argument from [5].

�

5 Galpκ,W, κ��q

Let tBα | α   κ��u � W .

Work in V rG κs. Choose a nice name B
�

1
α for Bα, α   κ��.

B
�

1
α � ttξu � A

α
ξ |ξ   κu,

where each Aαξ is a maximal antichain in the Cohen forcing (Cohenpκ, κ��q) which consists

of conditions deciding whether ξ is in Bα. Note that |Aαξ | ¤ κ since the forcing satisfies

κ�-c.c..

Set

aα �
¤

ξ κ

¤
pPAαξ

tµ   κ�� | Dν   κ xν, µy P pu.

Then |aα| ¤ κ. Now we use the ∆-system lemma to get a subset S of κ�� of size κ�� and

a � κ�� such that for every α � β, α, β P S, aα X aβ � a.

Note that

@α, β P S, if α � β then paα X aβ X κ
�q � aX κ�
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and there are only κ� options for aα X κ
�. Hence, by shrinking if necessary, we can assume

that for every α P S, aα X κ
� � aX κ�.

Let us turn to V . Let B
�α be a name in V such that pB

�αqG κ � B
�

1
α and pB

�αqG � Bα.

Now, for every α   κ��, we would like to pick conditions which force in M2 that pκ̌, κ̌1q P

j2pB�αq.

Recall that W was defined from

j12 : V rGs ÑM 1
2 �M2rG �G¡κ � xfκ1,α | α   jEpκ

��qy �G¡κ1 � xf
1
κ2,α

| α   j2pκ
��qys.

U� � U� gives the embedding

j�2 : V rGs ÑM 1
2 �M2rG �G¡κ � xfκ1,α | α   jEpκ

��qy �G¡κ1 � xfκ2,α | α   j2pκ
��qys.

Also, G¡κ � xfκ1,α | α   jEpκ
�qy was generated by xkppξq | ξ   κ�y and G¡κ1 � xfκ2,α |

α   j2pκ
�qy was generated by xk2pjj1pEκqpkppξqqq | ξ   κ�y. Let us further denote the first

sequence by xp1ξ | ξ   κ�y and the second by xp2ξ | ξ   κ�y.

Recall that

xfκ1,α | j2pκ
�q ¤ α   j2pκ

��qy � xf 1κ2,α | j2pκ
�q ¤ α   j2pκ

��qy.

In addition, xf 1κ2,α | α   j2pκ
�qy was obtained from xfκ2,α | α   j2pκ

�qy by changing values

at κ1 of some of the functions, namely of those with indexes in j2
2κ�. Denote the sequence

of relevant parts of xp2ξ | ξ   κ�y, i.e. p2ξ æ Cohenpκ2, κ
�
2 q, by xrξ | ξ   κ�y, and let

xr1ξ | ξ   κ�y be the corresponding sequence for xf 1κ2,α | α   j2pκ
�qy.

For every α   κ�� we pick ξα   κ�, pα0 P G κ � xfκ,γ | γ   κ�y, qα0 P xfκ,γ | κ
� ¤ γ  

κ��y, qα1 in the generic set for xfκ1,β | jEpκ
�q ¤ β   jEpκ

��qy, qα2 in the generic set for

xf 1κ2,γ | j2pκ
�q ¤ γ   j2pκ

��qy � xfκ2,γ | j2pκ
�q ¤ γ   j2pκ

��qy such that

pα0
"qα0

"p1ξα
"qα1

"p2ξα æ κ2
"r1ξα

"qα2 , pκ̌, κ̌1q P j2pB�αq.

By shrinking if necessary, we can assume that all ξα’s the same. In order to simplify the

notation, denote then p1ξα by p1, p2ξα æ κ2 by p2 and r1ξα by r. Also, the number of possibilities

for pα0 is at most κ�, hence we can assume that all of pα0 ’s are the same p0.

Back in V , let us work with names p
�

0, q
�
α
0 , p�

1, q
�
α
1 , p�

2, r�, q�
α
2 of conditions

p0, qα0 , p
1, qα1 , p

2, r, qα2 . Let hp0 , hqα0 , hp1 , hqα1 , hp2 , hr, hqα2 be functions which represent them in

M2 �ME�E.

Then,

j2php0qpκq � p
�

0, j2php1qpκq � p
�

1, j2php2qpκ, κ1q � p
�

2, j2phrqpκ, κ1q � r�.
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In addition, there is a generator ρα   κ�� of E such that

jEphqα0 qpρ
αq � q

�
α
0 , jEphqα1 qpρ

αq � q
�
α
1 and j2phqα2 qpρ

α, jEpραqq � q
�
α
2 .

Set

Eρα � tX � κ | ρα P jEpXqu.

Let π : κÑ κ be the function defined by setting πpνq � the largest inaccessible ¤ ν, if exists

and 0 otherwise.

Then π projects Eρα on Eκ.

So, jEpπqpραq � κ and it follows that j2pπqpj1pραqq � κ1. However, π is not one-to-one,

unless ρα � κ. Recall that jU�pfκ,κ��ραq � fκ1,jEpκ��ραq and fκ1,jEpκ��ραqpκq � ρα and U�

is normal. Hence, there is a set Dα in U� on which the function fκ,κ��ρα is one-to-one. So,

f�1
κ,κ��ρα

can be used as one-to-one projection in V rGs at least on the set fκ,κ��ρα
2Dα as a

projection of tX � κ | ρα P jU�pXqu to U�.

For every α   κ�� consider, in V , the following set

Aα � tpν1, ν2q P rκs
2 | hp0pπpν1qq

"hqα0 pν1q
"hp1pπpν1qq

"hqα1 pν1q
"

hp2pπpν1q, πpν2qq
"hrpπpν1q, πpν2qq

"hqα2 pν1, ν2q , p
ˇπpν1q, ˇπpν2qq P B�αu.

By elementarity, Aα P Eρα � Eρα .

Now, in V rGs, let

Ap0 � tpν, µq P rκs
2 | hp0pνq P G ν � xfν,γ | γ   ν�yu,

Aqα0 � tpν1, ν2q P rκs
2 | hqα0 pν1q P xfπpν1q,γ | πpν1q

� ¤ γ   πpν1q
��yu,

Ap1 � tpν, µq P rκs
2 | hp1pνq P Gpν,µq � xfµγ | γ   µ�yu,

Aqα1 � tpν1, ν2q P rκs
2 | hqα1 pν1q P xfπpν2q,γ | πpν2q

� ¤ γ   πpν2q
��yu,

Ap2 � tpν, µq P rκs
2 | hp1pν, µq P Gpµ,κqu,

Ar � tpν, µq P rκs
2 | hrpν, µq P xfκ,γ | γ   κ�yu,
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Aqα2 � tpν1, ν2q P rκs
2 | hqα2 pν1, ν2q P xfκ,γ | κ

� ¤ γ   κ��yu.

Actually, all the sets above but Ar are in V rG κ � xfκ,γ | κ
� ¤ γ   κ��ys.

It follows from the definitions of the sets involved that

Bα � π2pAα X Aqα0 X Aqα1 X Aqα2 q X pAp0 X Ap1 X Ap2 X Arq �

tpπpν1q, πpν2qq P Ap0 X Ap1 X Ap2 X Ar | pν1, ν2q P Aα X Aqα0 X Aqα1 X Aqα2 u.

Also, Ap0 , Ap1 , Ap2 and Ar are in W .

Denote xfκ,γ | κ
� ¤ γ   κ��y by R.

Let us make first the following simple observation:

Lemma 5.1 For every α   κ��, there is XAα P Eκ such that rXAαs
2 � π2Aα.

Proof. We have Aα P Eρα � Eρα . Then,

A1
α � π2Aα � tpπpν1q, πpν2qq | pν1, ν2q P Aαu P Eκ � Eκ.

The normality of Eκ implies the conclusion.

�

Let us show the following:

Lemma 5.2 Suppose that there is a sequence

xXAqα0
, XAqα1

, XAqα2
| α   κ��y

in V rG κ �Rs which consists of sets in U� such that

rXAqα0
s2 � π2Aqα0 , rXAqα1

s2 � π2Aqα1 , rXAqα2
s2 � π2Aqα2 ,

for every α   κ��.

Then there is some I � κ�� such that

|I| � κ and
£

αPI
Bα P W.

Proof. Let

Xα :� XAα XXAtα XXAmα XXAsα XDα P U
� X V rG �Rs,

where XAα is as in Lemma 5.1 and Dα is a set picked to ensure that the projection is

one-to-one.
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Claim 1 For every X P U� X V rG �Rs, rXs2 P W .

Proof. Denote the embedding j12æV rG �Rs by j̃2. Then

j̃2 : V rG �Rs ÑM2rGκ2 �R2s where R2 � j�2 pRq � xfκ2,γ | j2pκ
�q ¤ γ   j2pκ

��qy.

Note that j�2æV rG �Rs � j̃2, since

j�2 pRq � xfκ2,γ | j2pκ
�q ¤ γ   j2pκ

��qy � R2.

Then it follows that

@X P V rG �Rs, j̃2pXq � j�2 pXq.

Now, if X P U� X V rG � Rs, then κ P j�1 pXq which implies that pκ, κ1q P j
�
2 prXs

2q. So,

pκ, κ1q P j̃2prXs
2q � j12prXs

2q � jW prXs
2q. Hence, rXs2 P W.

� of the claim.

The original proof of Galvin will provide

I � κ� such that |I| � κ and
£

αPI

Xα P U
�.

The proof is done inside V rG �Rs. In particular, I and
�
αPI

Xα will be in V rG �Rs. Then, by

the claim above, r
�
αPI

Xαs
2 P W . So, we will obtain the following:

£
αPI
Bα �

£

αPI

pπ2pAα X Aqα0 X Aqα1 X Aqα2 qq X pAp0 X Ap1 X Ap2 X Arq

�
£

αPI
rXαs

2 X pAp0 X Ap1 X Ap2 X Arq

� r
£

αPI
Xαs

2 X pAp0 X Ap1 X Ap2 X Arq P W

For the reader convenience, let us go through the Galvin proof in order to see that we

can stay within V rG �Rs. For every α   κ�, ξ   κ, let

Hα,ξ � tβ   κ�|Xα X ξ � Xβ X ξu.

Since we have that xXα|α   κ�y P V rG �Rs, clearly Hα,ξ P V rG �Rs.

Claim 2 There is some α�   κ� s.t. for every ξ   κ, |Hα�,ξ| � κ�.

Proof. Assume otherwise. Then for every α   κ� let ξα   κ s.t. |Hα,ξα |   κ�. By the

pigeonhole principle, there is some ξ�   κ and a set A � κ� with |A| � κ� s.t. @α P A,
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ξα � ξ�. But since κ is measurable, 2ξ
�
  κ so there is some A1 � A of size κ� and

C � ξ� s.t. @α P A1, Xα X ξ� � C. And this is a contradiction since if α P A1 then

A1 � Hα,ξ� and |A1| � κ� ¡ |Hα,ξ� |.

�

Let α�   κ� as in the claim. So we can define an increasing sequence xαi|i   κy P V rG�Rs

s.t. αi P Hα�,i�1.

Claim 3 Xα� X 4
i κ
Xαi �

�
i κ

Xαi .

Proof. Let

β P Xα� X 4
i κ
Xαi and j   κ.

If j   β, then β P 4
i κ
Xαi and thus β P Xαj . If β ¤ j, then β P X�

α and Xα� X pj � 1q �

Xαj X pj � 1q which means that β P Xαj .

�

It is clear from the proof above that
�
i κ

Xαi P V rG � Rs, and we get that
�
i κ

Bαi P W as

needed.

�

5.1 Relevant filters

Instead of dealing with particular sets, let us present a more general approach based on

filters.

Recall that R � xfκ,γ | κ
� ¤ γ   κ��y, i.e. the set of generic over V rG κs Cohen

functions with indexes in the interval rκ�, κ��q.

We have master condition sequences xp1ξ | ξ   κ�y for Ppκ,κ1q � Cohenpκ1, κ
�
1 q of M1 and

xp2ξ | ξ   κ�y for Ppκ,κ1q � Cohenpκ1, κ
�
1 q, Ppκ1,κ2q � Cohenpκ2, κ

�
2 q of M2, inside V rGs.

Let us replace the parts which require Cohens from xfκ,γ | γ   κ�y by their names. In

addition, the method of [3] was used in order to generate Cohen functions xfκ1,γ | jEpκ
�q ¤

γ   jEpκ
��qy (and, then xfκ2,γ | j2pκ

�q ¤ γ   j2pκ
��qy). So, there is a master condition

sequence x t�
1
ξ | ξ   κ�y for Ppκ,κ1q � Cohenpκ1, rκ

�
1 , κ

��
1 qq of M1 inside V rG κ � Rs, where

parts which rely on xfκ,γ | γ   κ�y are names. Similarly, there is a master condition

sequence x t�
2
ξ | ξ   κ�y for Ppκ,κ1q � Cohenpκ1, rκ

�
1 , κ

��
1 qq � Ppκ1,κ2q � Cohenpκ2, rκ

�
2 , κ

��
2 qq of

M2 inside V rG κ � Rs, where parts which rely on xfκ,γ | γ   κ�y are names. Note that the

part of this sequence for Ppκ1,κ2q � Cohenpκ2, rκ
�
2 , κ

��
2 qq is build as x t�

1
ξ | ξ   κ�y but only

14



replacing V by M1. By elementarity, we can use xj12pt
1
ξq | ξ   κ�y for it, and so to use

t2ξ � t1ξ
"j12pt

1
ξq, ξ   κ�, where j12 : M1 ÑM2 is the embedding by jEpEq.

Work in V rG κ, Rs and define U 1 � Ppκq as follows:

X P U 1 iff Dp P G κ �R Dξ   κ� M1 |ù pp
"0Cohenpκ,κ�q

" t�
1
ξ ,j1pPκ�1q κ P j1pX�

qq.

Lemma 5.3 U 1 is a normal filter over κ in V rG,Rs.

Proof. Clearly, U 1 is a κ�complete filter in V rG,Rs. Let us argue that it is normal. Thus

let tXα | α   κu � U 1 and X � ∆α κXα. For every α   κ pick pα P G � R and ξα   κ�

witnessing that Xα P U
1. Let ξ� � supα κ ξ

α. Suppose that there is no p P G � R such that

p"0Cohenpκ,κ�q
" t�

1
ξ� , κ P j1pX�

q. Then there are β   κ, q P G and ξ ¥ ξ� such that

q"t1ξ , κ R j1pX�βq.

But this is impossible since q is compatible with pβ and t1ξ ¥ t1
ξβ

.

�

The next lemma follows from the definitions.

Lemma 5.4 U 1 � U� X V rG κ, Rs.

Remark 5.5 Note that since U� is an ultrafilter in the full generic extension, U�XV rG κ, Rs

is an ultrafilter over V rG,Rs. However, U�XV rG,Rs R V rG,Rs, since otherwise each Cohen

function fκ,ξ will be in V rG κ, Rs as well. Namely, for every ξ   κ�, τ, ρ   κ,

fκξpτq � ρ iff tν   κ | fνhξpνqpτq � ρu P U�,

where hξ P V is the canonical function which represents ξ.

Let us define now a two dimensional version of Ũ of U 1. Let X P V rG κ � Rs be subset

of rκs2. Set

X P Ũ iff Dp P G κ �R Dξ   κ� M2 |ù

pp"0Cohenpκ,κ�q
" t�

1
ξ
"0Cohenpκ1,κ�1 q

"j12p t�
1
ξq , pκ, κ1q P j2pX�

qq.

We have the following analog of 5.4:

Lemma 5.6 Ũ � pU�q2 X V rG,Rs.
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Let us denote pAqν � tρ   κ | pν, ρq P Au, where A � rκs2 and ν   κ.

Let A P Ũ . Then there are p P G �R and ξ   κ� such that, in M2,

pp"0Cohenpκ,κ�q
" t�

1
ξ
"0Cohenpκ1,κ�1 q

"j12p t�
1
ξq , pκ, κ1q P j2pA�qq.

Recall that j2 � j12 � j1.

Then, in M2,

pp"0Cohenpκ,κ�q
" t�

1
ξ
"0Cohenpκ1,κ�1 q

"j12p t�
1
ξq , κ1 P j12pj1pA�qκq.

Let ht1ξ be a function that represents t1ξ in M1, i.e. j1pht1ξqpκq � t1ξ .

Consider the set

X � tν   κ | in M1, p
"0Cohenpν,ν�q

"ht1ξpνq
"0Cohenpκ,κ�q

"t1ξ , κ P j1ppA�qνqu.

Note that for every ν   κ, if ht1ξpνq P G κ �R, then pAqν P U
1.

Also, the set tν   κ | ht1ξpνq P G κ �Ru is in U 1, as witnessed by t1ξ .

Hence,

Y � tν   κ | pAqν P U
1u P U 1.

Set B � Y X∆νPY pAqν . By normality, B P U 1.

Lemma 5.7 rBs2 � A.

Proof. Let pν, ρq P rBs2. Then ν   ρ, ν, ρ P Y , so, ρ P pAqν . Hence, pν, ρq P A.

�

It follows now:

Lemma 5.8 pU 1q2 � Ũ .

Proof. By 5.7, pU 1q2 � Ũ . The opposite inclusion follows from the definitions of U 1 and Ũ .

�

Finally recall that by 5.6, Ũ � pU�q2 X V rG κ, Rs. Hence,

pU 1q2 � Ũ � pU�q2 X V rG κ, Rs � W X V rG κ, Rs.

So we can run the Galvin argument with the normal filter U 1 inside V rG κ, Rs and it will

give the desired conclusion for W , by Lemma 5.2.
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6 Some possible generalizations

We showed above that it is consistent to have a κ-complete ultrafilter which satisfies the

Galvin property at κ�� but not at κ�. The same method, with minor changes, can be

applied to cardinals above κ��. Namely, building on [9] instead of [3] for higher cardinals,

the following holds:

Theorem 6.1 Assume GCH. Let λ ¥ κ and suppose that κ carries a pκ, λ�q�extender.

Then there is a cofinality preserving forcing extension V � such that V � |ù 2κ � λ�, and,

in V �, there is a κ-complete ultrafilter W over κ s.t. W does not satisfy Gal(κ,W, λq, but

satisfies Gal(κ,W, λ�q.

The above however does not cover all the possibilities. Namely, can the first stage where

the Galvin property holds be a limit cardinal? It turns out that not everything is possible.

Proposition 6.2 Let κ be a measurable cardinal, λ, κ   λ ¤ 2κ, be a limit cardinal with

cofpλq   κ. Suppose that  Galpκ,W, µq holds for every cardinal µ, κ ¤ µ   λ. Then

 Galpκ,W, λq.

Proof. Suppose otherwise that Galpκ,W, λq holds.

For every cardinal µ, κ ¤ µ   λ, let xAµi |i   µy witnesses Galpκ,W, µq. Let xµξ | ξ   cofpλqy

be a cofinal in λ sequence which consists of cardinals above κ.

Consider a family

tA
µξ
i | ξ   cofpλq, i   µξu.

It has cardinality λ, hence there are κ�many sets in the family with intersection in W . But

then, due to the fact that cofpλq   κ, there is some ξ�   cofpλq such that κ�many of them

are from xA
µξ�

i | i   µy. Then, their intersection is not in W . Contradiction.

�

Proposition 6.3 Let κ be a measurable cardinal, λ, κ   λ ¤ 2κ, be a limit cardinal with

cofpλq � κ. Suppose that  Galpκ,W, µq holds for every cardinal µ, κ ¤ µ   λ. Then

 Galpκ,W, λq.

Proof. Suppose otherwise that Galpκ,W, λq holds.

For every cardinal µ, κ ¤ µ   λ, let xAµi |i   µy witnesses  Galpκ,W, µq. Let xµξ | ξ   κ �
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cofpλqy be a cofinal in λ sequence which consists of cardinals above κ.

Consider a family

xB
µξ
i | ξ   κ, i   µξy where B

µξ
i � A

µξ
i zξ.

Notice that xB
µξ
i | i   µξy still witnesses  Galpκ,W, µξq.

The family xB
µξ
i |ξ   κ, i   µξy has size λ. Hence, there is

F � tB
µξ
i |ξ   κ, i   µξu, |F | � κ

with
�
F P W .

If there exists ξ�   κ such that κ many sets from F belong to tB
µξ�

i |i   µξ�u, then we will

get a contradiction to the fact that xB
µξ�

i |i   µj�y witnesses  Gal(κ,W, µξ�).

Suppose that there is no such ξ�. Then there will be an increasing sequence xξδ | δ   κy and

a sequence xipδq | δ   κy such that

tB
µξδ
ipδq | δ   κu � F.

By Galpκ,W, λq,

£
tB

µξδ
ipδq | δ   κu P W.

However, B
µξδ
ipδq X ξδ � H. So,

�
tB

µξδ
ipδq | δ   κu X ξδ � H, for every δ   κ. Hence,

�
tB

µξδ
ipδq | δ   κu � H. Contradiction.

�

6.1 ℵκ�� and beyond

We do not know whether ℵκ� can be a breaking point, i.e., wether it is possible to have a

κ�complete ultrafilter W over κ such that

1. 2κ ¥ ℵκ� ,

2.  Galpκ,W, µq, for every cardinal µ, κ ¤ µ   ℵκ� ,

3. Galpκ,W,ℵκ�q.

However, it is possible at ℵκ�� or at any λ of cofinality ¥ κ��. Let us sketch the

argument.
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Let λ � ℵκ�� .

Proceed as in the construction for κ�� above. We have Cohen functions xfκ,α | α   λy. Let

Aα � tν   κ | fκαpνq is odd u.

We define a normal ultrafilter U� over κ as before. Then a κ�complete ultrafilter W will

be defined.

Let us arrange non-Galviness.

For every ξ   κ��, we change values of functions fκ2,γpκ1q for γ’s in the interval

pj2pκq
�j2pξq, j2pκq

�j2pξ�1qq if γ has a pre-image under k but not under j2. This, by the usual

argument, will insure  Galpκ, κ�ξ�1q using tAζ | κ
�ξ   ζ   κ�ξ�1u.

Note, and this is crucial, that nothing is done in intervals of the form pj2pκq
�τ , j2pκq

�τ�1q

with τ � κ or cofinality κ.

In particular, we cannot use tAζ | ζ   κ�κu to witness  Galpκ, κ�κq. Just, for example,

the sequence xAκ�µ | µ   κy may be problematic, since no changes are done inside the

interval pj2pκq
�κ, j2pκq

�j2pκqq.

Turn now to Galpκ,W, λq, where W is result of changes above.

Let tBρ | ρ   λu � W . Denote by bρ � λ, |bρ| ¤ κ the support of Bρ. Shrink to ρτ ’s with
�
τ κ�� bρτ unbounded in λ. Now we form a ∆�system with the union still unbounded in

λ, by shrink the family if necessary.

The rest of the argument is similar to κ�� case.
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