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Abstract

We construct a k—complete ultrafilter W over x such that —Gal(k, W,x") and
Gal(k, W, k**). This answers a question of T. Benhamou and G. Goldberg [7].

1 Introduction
We deal here with the Galvin property of k-complete ultrafilters over k.

Definition 1.1 (The Galvin property at \) Let U be a filter over k. Let A be a cardinal
st. K < A < 2" We say that U satisfies the Galvin property at A (and denote it by
Gal(k, U, \)) iff for every {A, | @ < A} € U there exists a sequence {a; | i < k) S A s.t.

ﬂAai eU.

i<k

It was shown by F. Galvin [2] that if 2<% = & then every normal filter U over « satisfies
Gal(k,U, k%). U. Abraham and S. Shelah [1] showed consistency of —Gal(®;, Cuby,, Ny).
The consistency of a negation of the Galvin property for k—complete ultrafilters over x was
first proved by T. Benhamou, S. Garti and S. Shelah in [4]. A supercompact cardinal was
used for this. In [5], a different method was suggested and the initial assumption was reduced
to a measurable.

Note that if Gal(k, U, \) holds for some ultrafilter U and cardinal A\, then Gal(x, U, \')
holds for every cardinal A = \. Equivalently, if —Gal(x, U, ) holds for some ultrafilter U
and cardinal A, then —Gal(k, U, X') holds for every X' < \.

In all previously known examples, it always was the case that either Gal(x,U, \) holds for
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every k < A < 2% or — Gal(k, U, \) holds for every k < A < 2%. This leads to the natural
question, asked explicitly by T. Benhamou and G. Goldberg [7]:
Is it consistent to have a k—complete ultrafilter U over k such that Gal(k,U,2") and
—Gal(k, U, k™)?

The purpose of this paper is to provide an affirmative answer to this question. Namely,

we prove the following:

Theorem 1.2 Assume GCH and suppose that k is 2-strong cardinal.

Then there is a cofinality preserving forcing extension V* such that V* |= 2% = k%1, and,
in V*, there is a k-complete ultrafilter W over k s.t. W does not satisfy Gal(k, W, k™), but
satisfies Gal(k, W, k*T).

Notice that these assumptions are optimal, since in the extension s is a measurable with
28 = gt

The proof follows the lines of Woodin for blowing up the power of a measurable cardinal
(as presented by Cummings in [8]), however, the method of [3] will be used in order to avoid
an additional forcing over k. The idea of constructing ultrafilters without Galvin property
of [5] will be crucial in the present construction.

Some generalizations will be discussed at the end of the paper.



2 The basic construction

Assume GCH. Let E be (k,x™1)—extender and jg : V' — ME be the corresponding elemen-
tary embedding. Denote by E, the k—complete ultrafilter {X < k | a € jp(X)} over &, for
every a < jg(k). The special attention will be to a normal ultrafilter Ej.

For each regular cardinal §, let Cohen(é, ") be the Cohen forcing for adding §**—Cohen
functions to §. It consists of partial functions from § x 6t to ¢ of cardinality less than §.
Let

P=P,.. = <Pa,@g|a <k+1,8<kK)

be an Easton support iteration where
ke, Qo = Cohen(c, a*™)

when « is inaccessible and Q,, is trivial otherwise.

Let G = G, =G, be generig for P, where G, is a generic for P, over V' and G, is a generic
for Q, = Cohen(r, k* ") over V[G]. Denote by {f. | < kT*) the generic Cohen functions
added by G,. Let us denote jg(k) by k1 and jg,_ (k) by &

It is standard to check that V|G, =G| = 2" = k*F. Let us deal with measurability and
extensions of elementary embeddings. We will have to find a generic H € V[G] for jg(P) s.t.
Jr(G) € H which will allow us to lift the embedding (as in Proposition 9.1 in [8]). In order
to do that, we will use the projection of F to its normal ultrafilter E,.

Denote by

k: Mg, — Mg, k([flg.) = je(f)(x).

We have the following commutative diagram:

vV — B Mg
JE.
k
Mg,

Note that crit(k) = (k7)Mex,
Now from elementarity and x-closure of Mg, and Mg we get that the iterations P, jg, (P)
and jg(P) agree up to stage k.

The next two lemmas are well known.

Lemma 2.1 P=P,; = (jp(P)).s1-



Proof. First of all, (k" )M = x**. Since (jg(P)), = Py, we need to show that if f is a partial
function from kx k**, f € V[G,], where G is P, —generic and | f| < k, then f € Mg[G_.].
This is true since P, is k*-c.c. and "M g € Mg, and then "M |G| € Mg|G,].

]

Lemma 2.2 (jg, (P)).i1 = Py + Q" where Q* = (Cohen(k, (k++)Mex))VIE]

Proof. This is because "Mp, |G| € Mg, |G| for any G, which is P, generic.
o

Set G™" = G, n (Cohen(k, (k++)Mex))VIG]

Let us extend first deal with jg,_.

Consider the forcing
JE.(Pg = Cohen(k, k1)) = P, = Cohen(k, (/{++)MEN) x o, Cohen(k?", (k777)T)

in Mg, . Using the k—closure of the forcing P, = Cohen(k7°", (k7°")*) and the fact that the

number of corresponding dense sets is k1, we construct (in V[G -, =G""]) a master condition

sequence (p¢ | € < k*) for P.,, * Cohen(k}°", (k1°")") over Mg, |G, » GI°"]. Assume that

(e | £ < £T) is definable via some fixed well ordering. Denote by G+ (finor sor | a <

Je.(k1))] the generic object with Cohen functions over k7", generated by (p¢ | £ < k™).
Now, we use k. (k(pe) | £ < k*) will generate a generic over Mg. Apply [3] in order to

find missing Cohen functions over k1, i.e. those with indexes in [k], k] T)ME.

Denote the result by G-y * (fi; o | @ < je(k*T)).

Note that G-, * (fu, .0 | @ < je(k*)) is fully generated by {(k(pe) | € < k™).

By changing values of Cohen functions {f., o | @ < jg(xk™)) if necessary, we can assume

that

L. farju) (k) = 26', for every 8 < k™,
and

2. farjn(et4p) (k) = B, for every g < k¥,

The first item will be used further for the Galvin property and the second provides a

+

simple representation of ordinals below x** in the ultrapower.

The elementary embeddings jg., jg, k extend to

Ji t VIGar* {fra | 0 < 6] = Mp, [[Gap s G+ GU (fiilr o | o < j, (K7))],



it VIGl = ME[G + Gor # {frra | @ < ju(T))],

and

K My, (G s I« G2 5 (f7% | @ < i, (7)) = Mu[G s G oy | @ < (5.

K1

Denote Mg|G * G=y # {fu,.0 | @ < je(kTT))] by M} and Mg, Gy + G« G2 « o o |
a < jg.(")] by M, .

The following diagram will be commutative:
VIGan* (a0 < 5] —F— Mg[G ¢ G s {frra | @ < ju(n))]
My,

where j}, denotes jp* | V[Gey * (fua | @ < KT)].

Define, in V[G], a normal ultrafilter U* over x as follows:
U*={Xckl|rejp(X)}
The next lemma is well known.
Lemma 2.3 ji = ju=.

Proof. Let ¢ : My — M5 be the elementary embedding defined by o([flu=) = j5(f)(k).
Let us show that ¢ is onto. So let @ = (2 )cua.  a(fe, ala<in(et+)y € ME[G * Gup # (fa a0 | a <

Je(k*™))]]. Since x € Mg, there are some
geV,a={ay,...,on} € [k7]7 such that jp(g)(a) = z.
Define in V[G] a function

g*(a) = (g({ffi,/€++a1 (a>7 X ffi,l€++01r (a>}))G



{75 (et va0) (B)s s T (Frt tar) (B) ) GaGonit iy ala<ip(et+))
{fer gt o) (B)s oo Fariip(nt tan) (5)1)) GaGownd fu ala<in(nt+))

{ala ey O[T}))G*G>n*<fm1,a‘a<jE(“++)>

Notice that the fourth equality follows since we have:

Va < ' fojpet+a)(K) = .

3  The second ultrapower

We will turn to the second ultrapower by F, i.e. Ult(Mg, ij(E)) or Mgy, in order to obtain
a failure of the Galvin property at k", as in was done in [5].

To facilitate notations, let us denote:

My := My, My := MM, i = jg, jua = Jjn(m), Ja i= 120 1.

Let also ko := ja(k) = j12(k1). So we have the following commutative diagram:

V —=—— Ms(= M)
J1 .
Ji,2
M (= MEg)

The second ultrapower of the normal ultrafilter £, will be essential. Denote

Mer . . . . . . .
nor . nor . 1 . . .
Ml = MEM M2 = MjEn(En)’ U1 2= JE. 1,2 = Jjp, (B> 2 = 112011.

Let also ky 1= i3(k) = i12(k}°"). Consider the following commutative diagram:



11,2

MEk . > MEKXEN

Turn to V[G] and consider the second ultrapower M J]\lﬁf * = Mysypy» of U*.

By elementarity,

]\4MU=I= = MZ[G # Gy <fm,a | a < jE(H++)> * G>m * <f/€2,a | a < j2("’£++)>]'

Ju*

The part G-y, * {frsa | @ < J2(k*T)}] of the generic is constructed in M; exactly the
corresponding part, i.e. Goy*{fu; o | @ < je(k*")) was constructed in V|[G]. The pointwise
image of the master condition sequence (pe | £ < k) under ky o jj (g,) ok is used to generate

Gory * {frga | @ < ja(kT)). Note that j;"x* is unbounded in ja(k™), so

(k2 © gy () © k) (pe) | € < KT)

generates

G>nl * <f/-:2,a | a < j2(’€+)>'

Let us use the idea of [5] and define a k—complete ultrafilter W over x as follows.
Change values of Cohen functions in the sequence (fy, o | @ € j2"k%) on k.
Thus, for every a € jo"k™, change fy, (k1) to be 2+ 8+ 1, where j12(5) = a.
Denote the changed sequence by (f}, ., | a € jo"x™).
By the arguments of [5], the sequence (fy, , | a € jo"x77) is still Cohen generic and the

embedding jr«p extends. Denote the resulting embedding
Jy  VIG] = My = Ma[G # Gopo {frra | o0 < Jp(577)) # Gy # {fya | 0 < J2(k77 )]
The following holds by the construction:

1. fflm,jl,z(ﬂ) (K/l) 18 Odd lf ﬁ c leIH+,



2. frlw,jl,z(ﬂ)(’ﬁ) is even if € ji(k1)\j1"Kk".

Define now
W = {X < [k]*|(k, 1) € j2(X)}.

Note that W is an ultrafilter over [k]? rather than s, however it is Rudin-Kiesler equivalent

to an ultrafilter over k. We will show that WW has the desired properties.

4  Failure of the Galvin property for «*
Let us start with the following observation.
Lemma 4.1 jy = j5 and [id]lw = (k, k1).

Proof. Define ¢ : My, — M3 by setting o([f]lw) = ji(f)(k, k1). Let us show that ¢ is onto.
Denote G+ Gop#{fura | @ < Je(K77)) s Gop, #{fraa | @ < J2(k¥F)) by G*. Let (z)g+ € M.

There are

he M, and a = {aq,...,o} € [k{ 7™, such that z = j;5(h)(a),

since 712 is an ultrapower by a (k1, k] 7)-extender.

Let us define in My = Mg[G * G=\ * {fs,0 | @ < je(k*T))] a function ¢g : k1 — ON as

follows:
9(7) = (h(f/ﬂ,anral (7)’ e f/fl,anrar (’Y)))G*

Then, by the construction of g,,,

Ji2(9)(k1) =

.
-
o
—~
=

)( Kk2,j1,2(kT +a1)("€1)’ ) fnz,j1,2(5f+ar) (51)))6'*
ar, T))G*
jr2(h)(a))e

(J,

= (11,

= (J

= (z

Now, since M7 is an ultrapower by a normal ultrafilter, there is a function
q : k — V[G] such that g = ji(q)(k).

Then
z = Jji2(J1 (@) (8)) (k1) = j3 (q)(K)(K1).



We can assume that ¢(8) : K — V[G] for every 8 < k. Define s : [k]* — V[G] by setting
(e, ) = g(0)(B). Hence,

In particular,

lidlw = k([id]w) = j3(id) (5, 51) = (K, K1),

]

Let us define, for every a < k™,

Aa = {(, B) € [K]*| fra(B) is 0dd}.
We changed the Cohen functions over k5, in such a way that these sets will be in W.

Lemma 4.2 {A, | a < k™} € W and this sequence witnesses —Gal(rk, W, k7).

Proof. The proof repeats the corresponding argument from [5].

]

5 Gal(k, W, kt")

Let {B, |a < kTt W.

Work in V[G_.,]. Choose a nice name B, for B,,a < k*.

B, = {{€} x AZ¢ < r},

where each Ag is a maximal antichain in the Cohen forcing (Cohen(r, x**)) which consists
of conditions deciding whether £ is in B,. Note that |A?| < k since the forcing satisfies
kt-c.c..

Set

_ ++
aq = UﬁqueA?{u <k |w<k {v,puep}

Then |aq| < k. Now we use the A-system lemma to get a subset S of k™1 of size k™* and
a € kT such that for every o # f,a, 8 € S, an N ag = a.
Note that

Va,f € S, if a # B then (ap nagn k™) =an k"



and there are only k' options for a, n k*. Hence, by shrinking if necessary, we can assume
that for every a € S,a, " kT =a n k™.

Let us turn to V. Let B, be a name in V' such that (B.)a., = B, and (Bs)a = Ba.
Now, for every a < k**, we would like to pick conditions which force in My that (&, K;) €
j2(§o¢)'

Recall that W was defined from

Jy  VIG] = My = Ma[G # Gope # {frra | 0 < Ju(K77)) ¢ Gy # {frya | 0 < J2(kTF)].
U* x U* gives the embedding
Js 1 VIG] = Mg = Mo[G + Gop # {frya | @ < jp(7)) # Gopy # {frza | @ < J2(577))].

Also, Goy * (fs,0 | @ < je(kT)) was generated by (k(pe) | € < k1) and Gy, * {frpa |
a < jo(k")) was generated by (ka(jj (k) (k(pe))) | £ < k). Let us further denote the first
sequence by (p¢ | £ < x*) and the second by (pf | £ < k*).

Recall that

oo | R2(r7) S a < ja(K77)) = {fly o [ G2(7) S @ < ja2(K7T)).

In addition, {f, , | @ < ja(k™)) was obtained from {fy, o | @ < j2(x")) by changing values
at k1 of some of the functions, namely of those with indexes in j,”x". Denote the sequence
of relevant parts of (p7 | & < w*), ie. pi I Cohen(ng,ky), by (re | & < w7), and let
(r¢ | £ < k™) be the corresponding sequence for (ff , |a < j2(k7)).

we pick £ < K", pf € Gy # (funy |7 <K"), ¢§ € (fury | KT <7 <
kTT), qf in the generic set for {fi, 5 | je(k7) < B < je(k™™)), ¢S in the generic set for
Slan 172(R7) <7 < ga(K77)) = (frary [ 12(K7) < 7 < G2(R77)) such that

For every @ < xk*+

a—~ oa—~_1 —~ o~ !~ _«

P07 46 " Pga T a TP | R T g5 I (R, K1) € G2 Ba)-

By shrinking if necessary, we can assume that all £%’s the same. In order to simplify the
notation, denote then pg. by p', pfa | k2 by p* and r{. by r. Also, the number of possibilities
for pg is at most x*, hence we can assume that all of p§’s are the same p°.

Back in V', let us work with names p qo, p q1 . P2, 7, q% of conditions
%, a8, Pt pPr 5. Let hyo s hgg s by ,hq1 , hpz, hr, h qo be functions which represent them in
M2 = MEXE'

Then,

Ja(hy) (k) = p° Ga(hp ) (k) = ', fa(hy2) (i, 1) = p*, jahe) (K, k1) = 1.



In addition, there is a generator p® < k™" of E such that

Jlhag) (0) = 45 3u(hag)(0%) = a5 and Galhag) (0", (o)) = g5

Set
By = (X € 5| pu € jn(X)).

Let 7 : kK — & be the function defined by setting m(r) = the largest inaccessible < v, if exists
and 0 otherwise.

Then 7 projects E,, on E,.

So, je(m)(pa) = k and it follows that jo(7)(j1(pa)) = k1. However, 7 is not one-to-one,
unless p, = K. Recall that jus(fr it 1pa) = frrjntet4pa) A0 fi) jn(xt+pa)(K) = po and U*
is normal. Hence, there is a set D, in U* on which the function f, .+, is one-to-one. So,
f;i+ L, Can be used as one-to-one projection in V[G] at least on the set fy .+.,."D, as a
projection of {X € k | p, € ju=(X)} to U*.

For every o < k™" consider, in V, the following set

Ao = {(1,12) € [K]? | hyo(m(11)) " g (1) " By (m (1)) " hge (1)

Iy (0 (1), 7 (v2)) "y (0 (1), T(12)) "hag (v1, 1) I (T (1), (1)) € Ba}.
By elementarity, A, € E,, x E,,.

Now, in V[G], let

fe"

A ={(v.p) € [K]* | hyo(v) € Gy = (fuy [ v < v},
Agp = {(v, 1) € [E]" [ hgg (1) € {faa [ 7)) <y < w(00) ")},
Ap = {(v, 1) € [K] [ By (v) € Gy # iy | v < 1},
Age = {(vi, 1) € [K]" [ hgp (1) € (faayn | T(2) T <y < (1) "),
Ape = {(v, 1) € [K]" | by (v, 1) € Gy}

Ay ={(w,p) e [K)| he(v, 1) € {frry | 7 < K},

11



Agg = {(n,v) € [K]? | hug (i, v) € (Fury | 6F <7 < w5,

Actually, all the sets above but A, are in V|G, * (fi, | kT <7y <rTH)].

It follows from the definitions of the sets involved that

By, 27" (Ay N Agg N Age nAge) n(App nAp 0 Ap 0 Ay) =
{(m(v1), m(1n)) € Apo N Apr N Ape 0 Ay | (V1,12) € Ag v Age 0 Age 0 Age )

Also, Ay, Ay, Az and A, are in W.
Denote {f., | k¥ <v <k*") by R.

Let us make first the following simple observation:

Lemma 5.1 For every o < k*", there is X4, € E, such that [X4,]* € 7" A,.

Proof. We have A, € E,, x E, . Then,
Al =7"Ay = {(m(1n), (1)) | (11,10) € Au} € E,, x E,.

The normality of E, implies the conclusion.

]

Let us show the following;:

Lemma 5.2 Suppose that there is a sequence
++
<XAq3,XAq?,XAq§|OJ<FJ >
in V|G« * R] which consists of sets in U* such that

[Xag P € 7" Agg, [Xa, P € 7"Age, [Xa P €Ay,

0

for every a < k™.

Then there is some I < k™ such that
|I| = k and ﬂaeIBa e W.
Proof. Let
Xa = XAa ﬁXAta ﬁXAma ﬁXASa M Da eU* n V[G* R],

where X4 is as in Lemma 5.1 and D, is a set picked to ensure that the projection is

one-to-one.

12



Claim 1 For every X € U* nV[G = R], [X]? e W.

Proof. Denote the embedding 75V [G * R] by jo. Then
Jo: V[G # R] — Ms[Gy, = Ry] where Ry = j3(R) = (fuyy | j2(r") < v < ja(k*)).
Note that j3 [V[G + R] = js, since

33 (R) = {faary | J2(57) < v < jo(77)) = Ra.
Then it follows that
VX € V[G = R], j2(X) = js(X).
Now, if X € U* n V[G = R], then s € j#(X) which implies that (s, ;) € j5([X]*). So,
(#, k1) € Jo([X]?) = ja([X]*) = jw([X]?). Hence, [X]* e W.
o of the claim.

The original proof of Galvin will provide

I < k™" such that |I| = k and ﬂXa eU”.

ael

The proof is done inside V[G = R]. In particular, I and [ X, will be in V[G = R]. Then, by
ael

the claim above, [[ X,]? € W. So, we will obtain the following:

ael

ﬂaeIBa =) ﬂ(?T”(Aa N Age N Age 0 Agg)) N (Ap 0 A 0 Ape 0 Ay)

ael

) ﬂaeJ[XO‘]Q N (Ap NnApnApnA)
= [ﬂ eIXQ]Q NApnApnAenA)elW

For the reader convenience, let us go through the Galvin proof in order to see that we

can stay within V|G = R]. For every a < k%, £ < K, let

Hog =15 < 5" |Xo nE= X, M &}
Since we have that (X,|a < k*) € V[G = R], clearly H, ¢ € V[G * R].
Claim 2 There is some o* < k" s.t. for every { < k, |[Hpre| = k7.

Proof. Assume otherwise. Then for every a < k¥ let {, < k s.t. |Hae,| < k7. By the

pigeonhole principle, there is some £* < k and a set A € k* with |A| = kT s.t. Ya € A,

13



&, = &*. But since k is measurable, 28 < k so there is some A’ < A of size kT and
C c & st. Vae A, X, n& = C. And this is a contradiction since if o € A’ then
A" C Hyex and |A'| = kT > |Hoex|.

Let a* < k* as in the claim. So we can define an increasing sequence {o;|i < k) € V[G*R]

s.t. a; € Ha*,i+1~

Claim 3 X« n AX,, € [ X,
<K 1<K
Proof. Let
feXaxrn AX,, and j < k.

1<K
If j < f, then B e AX,, and thus 8 € X,,. If < j, then f € X} and Xox n (j + 1) =
1<K

Xa,; N (j + 1) which means that 3 e X, .

]

It is clear from the proof above that [ X,, € V[G = R], and we get that (| B,, € W as
1<K 1<K
needed.

]

5.1 Relevant filters

Instead of dealing with particular sets, let us present a more general approach based on
filters.

Recall that R = (f., | k= < v < k™%), i.e. the set of generic over V[G.,] Cohen
functions with indexes in the interval [T, k7).
We have master condition sequences (p; | £ < #7) for P y,) * Cohen(r1, k)) of My and
P& < kY for Py * Cohen(rn, K1), Py ry) * Cohen(ra, ky ) of My, inside V[G].
Let us replace the parts which require Cohens from (f.., | ¥ < &%) by their names. In
addition, the method of [3] was used in order to generate Cohen functions {f,, , | je(k™) <
v < je(k7)) (and, then (fy,~ | jo(kT) < v < ja(k*F))). So, there is a master condition
sequence (t¢ | & < &) for Py * Cohen(ky, [k, £77)) of My inside V[G.,  R], where
parts which rely on (f., | v < k%) are names. Similarly, there is a master condition
sequence (t7 | £ < k%) for P,y * Cohen(ki, [K1, 517)) # Py ny) * Cohen(ky, [ky , k5 1)) of
M, inside V|G, # R], where parts which rely on (f,., | ¥ < ¥) are names. Note that the
part of this sequence for Py, x,) * Cohen(ka, [r3, /3 7)) is build as (t; | £ < ) but only

14



replacing V' by M;. By elementarity, we can use (jia(t;) | & < wx*) for it, and so to use
ty = t¢"jia(ts), € < K7, where jip : My — M is the embedding by jg(E).
Work in V[G.,, R] and define U" < P(k) as follows:

XeUiffIpeGop+R I <kt M (07 Oconentunt) Le i) & € j1(X)).
Lemma 5.3 U’ is a normal filter over x in V|G, R].

Proof. Clearly, U’ is a k—complete filter in V[G, R]. Let us argue that it is normal. Thus
let {X, | a<klcU and X = A, X,. For every a < k pick p® € G = R and £~ < k™
witnessing that X, € U’. Let £* = sup,_,. £*. Suppose that there is no p € G = R such that
pAOCOhm(H,ﬁ)“Lé* I k€ j1(X). Then there are 8 < , g € G and { = £* such that

¢ te k¢ i(Xp).

1

But this is impossible since ¢ is compatible with p® and t% >t

]

The next lemma follows from the definitions.
Lemma 5.4 U' c U* n V|G, R|.

Remark 5.5 Note that since U* is an ultrafilter in the full generic extension, U*"V[G ., R]
is an ultrafilter over V|G, R]. However, U*nV|G, R] ¢ V|G, R|, since otherwise each Cohen
function fi. ¢ will be in V|G-, R] as well. Namely, for every & < k™, 7,p <K,

Joe(T) = piff {v < r| thg(V)(T) = p} e U",
where he € V' is the canonical function which represents &.

Let us define now a two dimensional version of U of U’. Let X € V[G., * R] be subset
of [r]*. Set
XeUifIJpe G+ R I <r' M

(pAOCohen(/i,n+)/—\Lé/—\ocohen(nl7nf)ﬁj12(Lé) I~ (Kﬁ K’l) € 32(‘?\{))

We have the following analog of 5.4:

Lemma 5.6 U < (U*)?> n V[G, R].
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Let us denote (A), = {p < k| (v,p) € A}, where A < [r]* and v < k.
Let A e U. Then there are p e G+ R and & < kT such that, in Mo,

(pAOCOhen(fi7/i+)AzéAOCohen(nh/{r)Ain(L%) ”_ (KZ? Kl) e ]2(4))

Recall that j, = ji9 0 71.
Then, in Mo,

(pAOCOhen(H,HJF)AL%Aocohen(,glﬁf)/\le(i%) - k1 € Ji2(1(A)x)-

Let hy be a function that represents t¢ in My, ie. Ji(hi) (k) = te.
Consider the set

X = {V <K | n M17pAOCohen(V,u+)Aht% (V)AOC’ohen(n,n*)At% I-r e Jl((é)l/)}

Note that for every v < k, if ht%(z/) € G-, * R, then (A), e U'.
Also, the set {v < & | hté(u) € G+ R} is in U’, as witnessed by t;.

Hence,
Y={v<k|(A),eU}elU.
Set B=Y n A,ey(A),. By normality, B e U’
Lemma 5.7 [B]? c A.

Proof. Let (v,p) € |[B]>. Then v < p, v,p€ Y, so, p€ (A),. Hence, (v, p) € A.

]

It follows now:
Lemma 5.8 (U')? =U.

Proof. By 5.7, (U")? 2 U. The opposite inclusion follows from the definitions of U’ and U.

]

Finally recall that by 5.6, U < (U*)? A V[G~,, R]. Hence,
(U =Uc< (U?AV[Gep,R] =W nV[G_,,R].

So we can run the Galvin argument with the normal filter U’ inside V[G.,, R] and it will

give the desired conclusion for W, by Lemma 5.2.
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6 Some possible generalizations

We showed above that it is consistent to have a x-complete ultrafilter which satisfies the
Galvin property at ™% but not at k™. The same method, with minor changes, can be
applied to cardinals above x**. Namely, building on [9] instead of [3] for higher cardinals,
the following holds:

Theorem 6.1 Assume GCH. Let A > k and suppose that k carries a (k, \*)—extender.
Then there is a cofinality preserving forcing extension V* such that V* = 2" = AT, and,
in V*, there is a k-complete ultrafilter W over k s.t. W does not satisfy Gal(k, W, ), but
satisfies Gal(k, W, \").

The above however does not cover all the possibilities. Namely, can the first stage where

the Galvin property holds be a limit cardinal? It turns out that not everything is possible.

Proposition 6.2 Let k be a measurable cardinal, \,x < X < 2", be a limit cardinal with
cof(A) < k. Suppose that —Gal(k, W, 1) holds for every cardinal p,k < p < A. Then
—Gal(k, W, ).

Proof. Suppose otherwise that Gal(x, W, \) holds.
For every cardinal p, k < p < A, let (AY|i < py witnesses —Gal(r, W, ). Let {pe | € < cof(N))
be a cofinal in A\ sequence which consists of cardinals above k.
Consider a family
(A | € < cof(M), i < peh

It has cardinality A, hence there are k—many sets in the family with intersection in W. But
then, due to the fact that cof(\) < &, there is some £* < cof(\) such that k—many of them
are from (A" | i < p). Then, their intersection is not in . Contradiction.

]

Proposition 6.3 Let k be a measurable cardinal, \,x < X\ < 2%, be a limit cardinal with
cof(A) = k. Suppose that —Gal(k, W, ) holds for every cardinal p,k < p < A. Then
—Gal(k, W, \).

Proof. Suppose otherwise that Gal(x, W, \) holds.
For every cardinal p, k < 1 < A, let (AY|i < py witnesses —=Gal(k, W, u). Let (ue | € < Kk =

17



cof(\)) be a cofinal in A sequence which consists of cardinals above k.
Consider a family
(B | € < kyi < pigy where B¢ = AIS\E.

Notice that (B! | i < pe) still witnesses —Gal(k, W, ju¢).
The family (B{®|¢ < k,i < pi¢) has size . Hence, there is

Fc{B ¢ <k,i<pue}, |F|=r

with ((F e W.
If there exists £* < & such that x many sets from F belong to {B,<*|i < pex}, then we will
get a contradiction to the fact that (B, "

25 |i < pyx ) witnesses —Gal(k, W, pigx ).
Suppose that there is no such £*. Then there will be an increasing sequence ({5 | 6 < k) and

a sequence {(i(d) | 0 < k) such that
{Bi§) |6 <K} S F.
By Gal(s, W, A),

(Bl |6 <k} e W

However, BZ% Nn& = . So, ﬂ{BZf;; | 0 < K} n& = O, for every § < k. Hence,

ﬂ{Bzu(f;; | § < k} = . Contradiction.
O

6.1 N,++ and beyond

We do not know whether R, + can be a breaking point, i.e., wether it is possible to have a

r—complete ultrafilter W over x such that
1. 2 = N+,
2. =Gal(k, W, u), for every cardinal u, k < pu < N+,

3. Gal(k, W N +).

However, it is possible at N,++ or at any A of cofinality > s**. Let us sketch the

argument.
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Let A = NH++.

Proceed as in the construction for x™* above. We have Cohen functions (f. . | & < A). Let
A, ={v < k| fea(v) is odd }.

We define a normal ultrafilter U* over k as before. Then a k—complete ultrafilter W will
be defined.

Let us arrange non-Galviness.

For every ¢ < wk™*, we change values of functions fy, (k1) for 7’s in the interval
(ja(r)*728) jy(k)T72(E+1)) if 4 has a pre-image under k but not under j,. This, by the usual
argument, will insure —=Gal(k, k1) using {A¢ | K76 < ¢ < KTEH1}

Note, and this is crucial, that nothing is done in intervals of the form (jo(k)™7, jo(k) ™)
with 7 = Kk or cofinality k.

In particular, we cannot use {A; | ( < k™"} to witness —Gal(x, k™). Just, for example,
the sequence (A,+x | p < k) may be problematic, since no changes are done inside the
interval (jo(k)*", jo(k)+72(%)).

Turn now to Gal(k, W, \), where W is result of changes above.

Let {B, | p < A} € W. Denote by b, < A, |b,| < x the support of B,. Shrink to p,’s with
U, -.++ by, unbounded in A. Now we form a A—system with the union still unbounded in
A, by shrink the family if necessary.

The rest of the argument is similar to k¥ case.
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