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Abstract

Answering a question of Pereira we show that it is possible to have a model violating
the Singular Cardinal Hypothesis without a tree-like continuous scale.

1 Introduction.

Let us recall some relevant basic definitions of the Shelah PCF -theory. We refer to Shelah’s
book [5] or to Abraham, Magidor handbook article [1] for detailed presentation.

Let A be a set of regular cardinals with min(A) > |A| and I an ideal over A. A sequence
f = {fa| a <) of functions in ] A is called a scale witnessing a true cofinality X iff

e o < [ implies fo <1 f3
e for every f € [[ A there is a < A such that f <; f,.

A function f € [[ A is called an ezact upper bound modulo I of a <;-increasing sequence
of functions (f, | &« < 0) in [J A iff

o f,<; fforevery a <§

e if g <; f, then for some a < § we have g <; f,.

*We are grateful to Luis Pereira for asking an interesting question and his comments on the paper. We
would like to thank to the referee of the paper for his comments and corrections.



A scale f = (fo | @ < A) is continuous at a limit ordinal § < X if when there exists
an exact upper bound of (f, | @ < ) then fs is such an exact upper bound. A scale is
continuous iff it is continuous at every limit ordinal.

Let (k, | n < w) be an increasing sequence of regular cardinals. A scale f = (f, | & < )

in [, #n is called a tree-like scale iff for every n <w and o < 3 < A

o fo(n) = fs(n) implies f, [ n = f3 [ n.

Luis Pereira [4] asked the following question:

Suppose that « is a strong limit cardinal of cofinality w, 2 = A > k*. Does it necessary
exist a continuous tree-like scale witnessing this?

In [4] Pereira constructed models having such scales. He showed that an existence contin-
uous tree-like implies the PCF conjecture for intervals and suggested that probably always
there are continuous tree-like scales.

The purpose of this note will be to give a negative answer to Pereira’s question.

2 The model

We will show that models constructed in [3] do not have continuous tree-like scales. Namely,
the Extender Based Prikry forcing does not add continuous tree-like scales.
Let us briefly review the basic settings and the definition of the Extender Based Prikry
forcing. We refer to [3] or to the handbook article [2](Section 3) for a detailed presentation.
Let V be a GCH-model with a cardinal x carrying an extender E such that

o if j: V — M ~Ult(V, E) is the corresponding elementary embedding, then M O V, ..

For each av < k™ define a k-complete ultrafilter U, over k by setting X € U, iff @ € j(X).
Clearly, U, is a normal ultrafilter and each U, for a < k is trivial.

Define a partial ordering <p on x*:
a <p B iff a < g and for some f € "k, j(f)(5) = .
For each o« <p (3 a projection mg, of Uz onto U, was chosen. It satisfies the following:
im0 ) (B) = .

The projection g, to the normal ultrafilter U,, does not depend on g (i.e. mg, = ma,, for

any ',k < 3 < k™). For each v < k we denote ms,.(v) by 1°. A sequence (v, ...,v,) is
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called a °-increasing sequence iff (1) < ... < (1,)". We say that an ordinal v is permitted
to a sequence (v, ..., vp,) iff 10 > (1,)°.
Denote by P(FE) the Extender Based Prikry forcing with FE.

It consists of all elements the elements p of the form
{{(v,0) | 7 € g\{max(g)}} U {{max(g), p>¥, T)}, where

(1) g C k™" of cardinality < k which has a maximal element in <g-ordering and k € g.
Further let us denote g by supp(p), max(g) by mc(p), T by TP, and p™*9) by p™¢ (me

for the maximal coordinate).
(2) for v € g p? is a finite °-increasing sequence of ordinals < k.

(3) T is a tree with a trunk p™¢ consisting of °-increasing sequences. All the splittings in

T are required to be on sets in Up(p), i.e. for every n € T, if n >7 p™* then the set
Sucp(n) ={v <k |n (V) €T} € Upep) -
Also require that for ny >7 ny >7 p™¢
Sucr(n) C Sucp(ng) .
(4) For every v € g, Mpe(p),-(max(p™)) is not permitted for p7.
(5) For every v € Sucy(p™)
Hy €g|v ispermitted for p’} <o°

(6) Tme(p),x Drojects p™ onto p~,

in particular, p"¢ and p” are of the same length.

Let p,q € P(E). We say that p extends ¢(p > q) if

(1) supp(p) 2 supp(q)-

(2) for every v € supp(q) p” is an end-extension of ¢”.
(3) pme@ g 7.

(4) for every v € supp(q)



P\Q = Tme(q) “((pmc(‘I)\qmc(q)) I (length (p™)\(i + 1)) where i € dom(p’"c(@) is the
largest such that p™(9)(4) is not permitted for ¢7.

(5) Tme(p)me(q) Projects Thne into Tine.

(6) for every v € supp(q), for every v € Sucy»(p™©) if v is permitted for p”, then

Tome(p)y (V) = Tme(g).n (Tme(p)me(q) (V) -

If t € T9, then we denote by (g); the extension of ¢ obtained by adding ¢ to ¢™¢, projecting
it to the rest of coordinates according to the rules above and replacing T7 by {s € T |

s extends t}.

Let p,q € P(E). We say that p is direct extension of ¢(p >* q) if
(1) p>q, and

(2) for every v € supp(q) p? = ¢".

Let us warm up with the following statement that appears implicitly in [3], [2] and will

be essential further for understanding the way of combining conditions together.

Proposition 2.1 Suppose ¢ € P(E),a C skt \ supp(q),|a|] < k and (d" | v € a) is a
sequence of finite °-increasing sequences. Let a« < k™1 be <g-above every ordinal in supp(q)U

a. Then there is p >* q such that
1. me(p) = a,

2. supp(p) = supp(q) Ua U {a},

3. for each v € a, p" is an end-extension of d”.

Proof. Suppose that |a| = k. Let (y; | ¢ < k) be an enumeration of a. Pick an increasing
sequence of inaccessible cardinals (p; | @ < k) such that py > max(¢™¢) and p; > max(d"),
for each ¢ < K. Set €7 = d"" p;, for each i < k.

Now we are ready to define p. Set mec(p) = «, supp(p) = supp(q) U a and let p™ be a °-
increasing sequence which projects onto ¢ by ma me(q)- Define p? = ¢7, for each v € supp(q)
and p? = €7, for each v € a. Set Tj to be the inverse image of T by 74 ). Then
{(v.p") | v € supp(p)\{a}} U {(a,p*, Tt)} € P(E). It is not necessarily an extension of ¢,

due to the item 6 of the definition of the extension. In order to repair this, let us shrink the
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tree Ty a little.
Denote Sucr, (p®) by A. For v € A set

B, = {vy € supp(q) | v # mc(q) and v is permitted for ¢”} .

Then |B,| < 1, since o me(q) (V) € Sucra(g™), v°

= Tax(V) =

Tme(q),x(Tame(q) (7)), and ¢ being in P(E) satisfies condition (5) of the definition of P(F).
Clearly, for v,§ € A, if ¥ = §° then B, = Bs, and if v° > ¢° then B, D B;. Also, if
v € A and 10 is a limit point of {6° | 6 € A}, then B, = [J{Bs | 6 € A and ¢° < 1’}. So
the sequence (B, | v € A) is increasing and continuous (according to the v’s). Obviously,
U{B., | v € A} = supp(q)\{mec(q)}. Let (& | i < k) be an enumeration of supp(q)\{mc(q)}
such that for every v € A

B, C{&|i< ).

Now pick for every i € A a set C; C A, with C; € U, so that for every v € C; mag, (V) =
Tme(q) & (Tame(q) (V). Let C = ATA;_ C;:={ve A|Vi <1 (v e (;)}. Then C € U,.

Now define T? to be the tree obtained from Tj by intersecting every level of T;, with C'.
Set p = {(7,p") | v € supp(p)\{a}} U {{a,p*, T?)}. Let us show that condition (6) of the
definition of the order on P(F) is now satisfied. Suppose v € supp(q). If v = me(q), then
everything is trivial. Assume that v € supp(q)\{mc(¢)}. Then for some ig < Kk v = &,.
Suppose that some v € C is permitted for ¢7. Then &, = v € B,. Since B, C {& | i < 1°},
ig < °. Then v € C},. Hence

Tati, (V) = Tme(q) s (Tame(q) (V) -

So condition (6) is satisfied by p. Hence, p >* .
0
Remark. If, for every v € Sucys»(p®), [{y € a|v is permitted for d"}| <10 (ie. (5)
of the definition of P(F) is satisfied by d”’s), then there is no need to extend d’s to e’s.
We will use the following property of the forcing P(E) (see Lemmas 3.12, 3.14 of [2] for
a proof):

Proposition 2.2 Let i < k, ¢ € P(E) and h is a name of a function from p to ordinals.
Then there is a direct extension p = {(7,p") | v € supp(p) \ {mec(p)}} U {(mc(p), p™<®, T?)}
of q so that for every o < p there is a level k(«) of T? such that for any t € T? from the

level k(a), ()| ().



Let G be a generic subset. For each a, k < av < k™ we denote the set [ J{p® | p € G} by
G°.
Then V|G| satisfies the following:

e GCH holds below

e all the cardinals of V' are preserved

e £ changes its cofinality to w (and it is the only one that changes cofinality)
o 2F = pxtt

e for every a, k < a < k™" the sequence G is a Prikry sequence for U,

e for every a,k < a < k™ for all but finitely many n < w the n-th element G*(n) of
G* is below (G*(n))*t*

e for every o, 5,k < o < f < kT for all but finitely many n < w we have G*(n) <
G”(n). Further we denote this simply by G* <* G¥.

Let us denote G*(n) by 7,. We may assume that G* € [[,_, 0", for every a,k < a <
ktT. Just change the finitely many values that fall outside to zero.
We move the indexes of G*’s in order to start from 0 rather than from x. Thus set f, =
G*, fi = GF*L ete.

Let us prove the following additional property:

Proposition 2.3 (f, | a < k™) is a continuous scale in [[,_ nt+ mod finite.

Proof. Set fo++(n) = nft. Let § < k' be a limit ordinal of uncountable cofinality. We
need to show that fs is an exact upper bound of (f, | @ < d). Suppose g € [],_,nt" and
g <* fs. Turn to V. Let ¢ be a name of g and suppose that the weakest condition forces

(Cg <>k fé'”.

Y Y

Assume for simplicity that it forces

“Vn <w g(n) < fs(n)”.

~Y

Otherwise just work above an m from which on we have this inequality.
By 2.2 there is a condition of the form p U {(3,0,S)} so that:



for each n < w there will be a level k(n) of S such that for any ¢ from this level of S

(U {(53,0.5))ill g (n).

By shrinking S if necessary, we can assume that there is no m < k(n) and a subtree S’ of S

such that for some ¢ € S’ from the level m

(b U {(8.0,5) )il g ().

Without loss of generality we may assume that 6 € supp(p) and in particular 0 <g (.
Suppose for simplicity that p® is the empty sequence.
Also, shrinking S if necessary, assume that every element of S is permitted to p°. Then for

every t € S we will have

(U480, 51l £ 1 1] = mas*t

Let us argue that for every n < w, k(n) <n. Fix n <w. Let t € S and t = (t(1),...,t(n)).
Then

(pU{(B,0, )il nn = (t(n))".
Hence,
(pU{(B.0.9)})elkg (n) < (¢(n)") "
Now, once the number of possible values of g (n) is bounded below & it is easy to find a
subtree S’ of S such that

(pUL{B,0,59})ell g (n).

But by the assumptions we made above, this is possible only when k(n) < n.

Now k(n) < n, for each n < w, implies that for any t € S

(U (8. 0.l g 1 It

The weakest condition forces 7 g <* fs”, hence

(pU{(8,0,5)elvn < [t] - g(n) < mps(t(n)),

for any t € S. Define functions ¢’ and f" on S’ as follows:
g'(t) = (o, .., vyy—1) if ¥ < |t] - (pU{(3,0,5)})elkg (n) = va)
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and
F'(t) = (mas(£(0)), ooy mas (([] — 1))
By shrinking S to some S’ if necessary, we can assume that cof(f'(¢)(k)) = cof(d), if
cof(8) < k and cof (f'(t)(k)) = ((t(k))°)", if cof (§) = k™, for each k < [t].

Let us split the proof into two cases according to the cofinality of 4.

Case 1. cof(0) = k™.
For each t € S’ the set Sucg/(t) € Uz. Define functions g;, f/ on this set as follows:
g;,(v) = ¢'(t?v) and f/(v) = f/(t®v). Then in M we will have

J(ge)(B) < J(f)(B) = j(mas)(B) = 6.

Note that the total number of t's in S’ is k. We assumed that cof(0) = k. Hence there will
be av < ¢ such that

a > j(g)(8),
for every t € S’. Extend now the condition pU{(3,0,5")} by adding « to its support. Then

the resulting condition will force “g <* f,”.

Case 2. cof(d) < k.

Let u = cof(d). Then, by the assumptions made, w < pu < k. Fix a cofinal sequence
(0¢ | € < p) in §. Extend the condition p U {(83,0,S")} if necessary, to insure that the set
{6¢ | € < pu} is contained in the support. Assume that it is already the case. For each £ <

and t € S" set f{(t) = (mps, (£(0)), ..., mgs, (E([t] — 1))).
We can now easily shrink S’ level by level to S” and insure the following:

e for each level n there is , < psuch that for every ¢ from this level we have ¢'(t) < f{ (t).

Pick some £* < p such that for every n <w &, < £*. Then the following will easily hold:

O

Proposition 2.4 In V[G] there is no continuous tree-like scale of the length kT in any
[TA modulo an ideal I.



Proof. Suppose otherwise. The only product of cardinals below s which produces scales of
the length x** is [[,., 7 ". So we can assume without loss of generality that there is a

++ . Suppose for simplicity that it is a

tree-like continuous scale (t, | o < &) in [[,_ n

scale mod finite.

Now using the uniqueness of an exact upper bound and 2.3, we obtain a club C' C k™
such that for each a € C' of uncountable cofinality t,(n) = f.(n), for all but finitely many n’s.
The forcing P satisfies k*T-c.c. So, we can assume that C' € V' and the weakest condition
forces the above. Work now in V'

Set C" = {a € C'| cof (o) &€ {w, k}}.

For each o € C” pick a condition p, and a number n, such that

PaltVm >ng  ta(m) :ia(m).

Without loss of generality we can assume that o € supp(ps ).
Consider the set {supp(p.) | @ € C'}. This a set of kT subsets of kT each of cardinality
at most k. Form a A-system. Let S C C’ be stationary and such that

o {supp(ps) | @ € S} is a A-system
e all n,’s with o € S are the same.

Let n* denotes the common value of n,’s for « € S. Denote the kernel of the A-system by
S. We can assume that supp(pa) N = S.
Pick some £ < k™t such that £ > « for every a € S. Note that it is possible since the
set S has cardinality at most k. Now, for each o € S we pick a* >g & mc(p,). Extend
every po(a € S) to a condition p! by adding o* as a maximal coordinate (i.e. supp(p)) =
supp(pa) U {a*})and by shrinking ma«q “IP« C TP in order to insure the following:

(*) if for some v € S v is addable to pY, then Torny (V) = Ty (Tare (V).

We can assume the following, by shrinking S more, if necessary, and using that 2% = k™
in V:

1. min(S) > sup(S)
2. for each a, 5 € S and v € S we have Y :pg

3. the trees of p’s for a € S are the same (but not the maximal coordinates)

4. for every a, B € S we have my+q = Tg+g



5. for every a, 3 € S and v € SuU {¢} the projections m,«, and mg«, are the same.

Let T be this common tree. Denote by A the first splitting level of T, i.e.
A = Suer(p™) = Sucer(pg™).

Again, by shrinking if necessary, let us assume that the finite sequences for the normal

measure as well as those for the maximal coordinates are the same. Extending conditions if
necessary (but without changing their supports) we can assume the lengths of these sequences
are at least n*. Denote their length by n'.
Now fix two different members a, 3 of S which are generators of the extender E. Recall that
an ordinal 7 is called a generator of F, if for each k < w, piy,....,x < 7 and f : [s]* — &
J(F) (1, ..oy pu) # 7. Clearly, the set of generators of E contains a club in k™*. So, there are
such o, 5 in S.

Claim 1 There are two different elements v, of A such that

2. Tore(V) = Tare(V') (the same with a* replaced by (%, since T = mgs¢)
3. Tara(V) # mpep(V').

Proof. Suppose otherwise. Then for each v # v/ in A we have my+¢(v) = Ta»e(V') implies
Tara(V) = Tgp(V'). Then also mpea (V) = Taral(V'), since my+q = mg«3. This allows us to

define a function h on m«¢ “A as follows:
h(t) = x if for some v € A, 7o e(v) =7 and T (V) = X.

Now, in M (the ultrapower by E) we will have j(h)(§) = a, since j(ma¢)(a*) = £ and
J(Tara)(a*) = . This is impossible since « is a generator and £ < «. Contradiction.
(] of the claim.

Pick now two different elements v, ' of A which satisfy the statement of the claim. Denote
Tara(V) by T and mg3(V) = mara (V) by 7.
Extend p}, to g, and pj; to gz by adding v and v respectively (we add them to the maximal
coordinates of the conditions and then project to the permitted coordinates). Note that for

each v € S we will have q = qg. It follows from the condition 2 of Claim 1 and the condition
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(*) above.
Then
Golbfa(n) =7
and
gslt-fp(n’) = 7',
Pick now any p € A above both v and /. Set ( = m4+o(p) = mp-5(p). Extend ¢, to 7,
and gg to r3 by adding p. Then

Ta”“ia(n/) =T, rJia<nl +1)=¢
and

ol f () =, faln +1) = C.
Let us find a common extension s of r, and 74.
Pick some p above both me(r,) = o and me(rg) = §* in the order of the extender E. Let
B € U, be such that 7 pe@r,)“B € A\p+1 and Tume(rg) B C A\p+ 1. Combine r, and rg
together into a condition s with the maximal coordinate p and the set of measure one B.
Now,

slFLa(n’ +1) = ta(n' +1), La(n') # Ls(n').

Contradiction.

O

3 Some generalizations.

1. It is possible to replace k™t by any regular A > k. The only little change will be needed
in the proof of 2.4 once dealing with the kernel of the A-system. The kernel has cardinality
at most k. So the number of generators that it can cover is again at most x. Hence we can
shrink the set S in order to avoid them all.

Another way is to take increasing subsequences of the length s+ of both t,’s and f,’s and
to deal with them only.

2. It is possible to move the construction to N,. Thus, combine the present arguments with
those of [2], Section 4.

3. Luis Pereira introduced the following weakening of the notion of a tree-like scale.

Let t = (to | @ < A) be a scale in a product []

n<m<wand a < K set

new Kn of regular cardinals below . For each

tnm(a) = {ts(n) | ts(m) = a}.
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A scale t is called essentially tree-like iff for every n < m < w and o < & the set ¢, () is a
nonstationary subset of x,,.

Pereira asked whether a continuous essentially tree-like scale always exists, provided that s
is a strong limit of cofinality w and 2% = X\ > k™.

Let us show that the arguments of the previous section can be extended to provide a negative

answer.

Proposition 3.1 In V[G] there is no continuous essentially tree-like scale of the length k*+

in any [[ A modulo an ideal I.

Proof. The proof is similar to those of 2.4. Here instead of putting two condition together
we will need to combine infinitely many. The main point will be a more careful choice of
generators.

Let us prove first two lemmas.

Lemma 3.2 The following set contains a club:

{a < k™ |VX € U, the set {8 < k™" | X € Us} is stationary }.

Proof. Suppose otherwise. Let S C x™1 be a stationary set so that for every a € S there
are X, € U, and a club C, C k7" \a + 1 such that X, & Ug, for each 8 € C,. Set

C - AO&ESCO('

Recall that 2 = k*. Hence there are X* C x and a stationary S* C S N C such that for
each a € S* we have X, = X*. Pick two elements a < 3 of S*. Then ¢ € C implies 3 € C,,.
So, Xo & Ug. But X, = X* = X3 and X3 € Ug. Contradiction.
(] of the lemma.

Set C' = {a < k™ |VX € U, the set {# < k™" | X € Ug} is stationary }.

Lemma 3.3 Let a € C. Then for every set X € U, there is a setY € U,,Y C X such that

for every v € Y the set
{V' <(@)") v ex}

is a stationary subset of ((v)°)™+.
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Proof. Let X € U,. The set Z := {f < vkt | X € Us} is stationary, by the choice of C.
Remember that X € Ug implies 8 € j(X). So, j(X)N kT O Z. In particular, in M, we

can conclude that j(X) N k™ is stationary. Reflecting this down we obtain that the set
{v< k| XN @) is a stationary subset of (°)**}

is in U,
(] of the lemma.
Now we are ready to fill in the missing point.
Preserve the notation of 2.4.
Without loss of generality we may assume that S C C, otherwise just replace it by S N C.
Let « € S. By Lemma 3.3, there is n < x such that the following set

D = {rpa(v) | v e A, )° =n}

is a stationary subset of ™.

We have min(S) > &, so by shrinking A if necessary, it is possible to assume that v € A
implies Tora (V) > Tare(V).

For each 7 € D pick the least v, € A with 7, (v;) = 7. Define a regressive function h on
D by setting h(7) = ma+¢(v;). There is a stationary D’ C D on which A is constant.

Now continue as in 2.4 only instead of two different points a, 3 in S let us use n** many.
Thus, let (a, | 7 € D') be an increasing sequence of elements of S. For each 7 € D’ we

extend p},_ to q,, by adding v; to the maximal coordinate. As in 2.4, the following will hold:
1. for each v € S, 7.7 eD Q. =9,
2. foreach 7€ D" qu, |Ffa.(W) =T

Pick now any p € A above all v, 7 € D'. Set ( = Ty+a,(p), for some (any) 7 € D'
Extend each q,, (1 € D) to r,, by adding p to the maximal coordinate. Then, for every

7 € D' we will have the following:

TaTWZ:aT (n') =, If”(n, +1) =¢.

Find now a common extension s of all r,_’s (7 € D’). Thus, pick some p which is above
all a.,7 € D" in the order <g of the extender E. Let B € U, be such that 7y, )“B C
A\p + 1. Combine all r,_’s together into a condition s with the maximal coordinate p and

the set of measure one B. Note that it is possible by the condition 1 above, since there is a
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full agreement about the projections to the common part.

Now, for any two different elements 7,7 € D’ we will have
S (0 1) = Lo, (0 + 1), L () # Lo ()

Finally note that no new bounded subsets are added to x in the generic extension. Hence
D' remains stationary. So, (t, | @« < k™) is not essentially tree-like. Contradiction.
OJ

4. The crucial ordinals « of 2.4, 3.1 on which tree-like property breaks down have
generally cofinality x*. The reason is that they are elements of the set S which forms a
A-system.
Pereira asked whether it is possible to break the tree-like property on ordinals of cofinality

below k. Let us show that a little modification of the constructions above allows to do this.

Proposition 3.4 Let (t, | a < k™) be a continuous scale in V[G]. Then for every regular
uncountable cardinal n < K there are o, < k™ of cofinality n and n < w such that
ta(n) #tg(n) but to(n+1) =tg(n+1).

Remark 3.5 A similar statement is true once dealing with essentially tree-like scales.

Proof. The only product of cardinals below x which produces scales of the length x*+ is
[Lcomi™ So, (ta | @ < x**) is a scale in [, nt". Suppose for simplicity that it is a
scale mod finite.

By uniqueness of exact upper bounds and 2.3, we obtain a club C' C x™* such that for
each a € C of uncountable cofinality t,(n) = fo(n), for all but finitely many n’s. The forcing
P satisfies kT1-c.c. So, we can assume that C' € V and the weakest condition forces the
above. Work in V.

For each o < k1T let & be the first element of C' above « of cofinality n. For each a@ < k™

pick a condition p, and a number n, such that

PaltVm >ng  ta(m) zid(m).

Without loss of generality we can assume that & € supp(p,). Continue as in 2.4 and form a
A-system.

The rest of the argument repeats those of 2.4 only instead of dealing with a-th coordinates
(i.e. p*, r]\‘:a and t,) we deal with a-th (i.e. p* i& and t5).

O
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