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Abstract

Starting with a measurable cardinal x of the Mitchell order x*+ we construct a
model with a precipitous ideal on ¥; but without normal precipitous ideals. This
answers a question by T. Jech and K. Prikry. In the constructed model there are no
(-point precipitous filters on Ny, i.e. those isomorphic to extensions of C'uby, .

1 Introduction and Basic ideas

Precipitous ideals were introduced by T. Jech and K. Prikry [10]. A k—complete ideal I on &
is precipitous if the generic ultrapower V N"*V/G is well-founded for every generic ultrafilter
G C I'". Precipitousness can be viewed as a weakening of measurability which is compatible
with small cardinals.

Given a k—complete ultrafilter U over a measurable x there always exists a normal ul-
trafilter U* over k as well. Just take a function f : k — k which represents x in the
ultrapower by U, i.e. [f]y = k, and project U using f, which yields the normal ultrafilter
U*:={X | f7"X € U} over k. There are two obstacles that prevent implementation of
the same approach to a precipitous filter F. The first is that there does not necessary exist
a single function that represents  in a generic ultrapower (the choice of such function may
depend on particular condition, i.e. a set in FT. In [5] an example of a precipitous filter
without a normal filter below it in the Rudin-Keisler order was given. It is easy to fix this
by simply restricting F' to its positive set that decides a function f which represents  in

the ultrapower. The second much more serious obstacle is that the projection of F' (or a
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restriction that decides f) by f need not in general be precipitous. The first example of
this type was given by R. Laver [11] using a supercompact cardinal. Later in [5] we gave an
example using only a measurable cardinal.

Let us briefly explain the idea used in this construction since it will be relevant for the
present one. We started with a GCH model with a measurable x and a normal ultrafilter
U over it. Using the Backward Easton iteration (in order to preserve the measurability of
k) kT-many Cohen functions (fs | f < k™) from k to x were added. A precipitous filter
F was defined over x? and its generic embedding extended igy the second iterated ultra-
power of U, ie. ig : V — My ~ "V/U, k1 = i01(K),i12 : M1 — My ~ "M /ip1(U), and
lgg = 112 0 191 : V — M,y. The projection F* of F' to a normal filter was not precipitous
because for no one of the Cohen functions fs could it be forced that [fs] is minimal in the
generic ultrapower among the set {[f3] | 8 < x}. In the proof of these, it was critical that
all of the functions were candidates to represent ;. It is not by chance that this fz’s were
candidates for the function that represents ;. Further results starting with Section 4 of
[5], then 2.4 of [6] and [7] suggest that the only ordinals which have a chance to produce an
ill-foundness must be of the form «, (i.e. critical points of iterated ultrapowers).

On the other hand, if the number of critical points is too small (i.e. the length of the iter-
ation is too short), say at most 1, then results of [6], [7] imply (at least under GCH-type
assumptions and in absence of too large cardinals) that there will be always normal precip-
itous filters.

So it is natural to try the following:

Start with a normal ultrafilter U over x and iterate it ™ T-many times. This will create crit-
ical points (k, | @ < kTT). Next add ™+ many blocks, each consisting of xt—many Cohen
function from k to k. Arrange this (say by adding clubs) so that the functions of a-th block
are the candidates to represent x,. Note that by J.-P. Levinski [12] no assumptions beyond
measurability are needed in order to blow up the power and to preserve precipitousness. A
problematic point is that his arguments and their extensions in [4] produce large (size k)
antichains which allow using the method of [6] to construct normal precipitous ideals.

A way around this obstacle will be to collapse in advance a measurable x to X; and to relay
on Col(w, < k') (which satisfies k™ T—c.c.) in order to generically extend the relevant em-
beddings (namely g+ ).

An additional problem with this approach is that the models of the iteration (iterated ul-
trapowers) M,,a < k*T are very unclosed. Thus already starting with M, we lose closure

even under w—sequences. For example (k, | n < w) & M, for every a,w < o < k™*. This



turns out to be bad once we try to change values of Cohen functions in order to insure the
right representations. Remember that a—th block should provide potential candidates for
functions representing k.. Which makes values changing a crucial issue.

The way to gain the missing closure will be to switch from dealing with a single normal
ultrafilter and its iterated ultrapowers to x*+t—many ultrafilters. We will use as an initial
model the model from [3] which has a Rudin-Keisler increasing sequence of ultrafilters of
length k1.

The actual construction will be as follows. We start with a model of [3] (assuming that
there is a measurable x of Mitchell order k™). Collapse x to X; and add ™+ many blocks
of Cohen functions. Organize suitable generics using Col(w, < k™1) and use them to define
an oo—semi precipitous filter over X;. Add clubs in order to turn it into C'uby, restricted to a
certain set. Next argue that there are no normal precipitous filters on X; (and, hence, if the
construction was started with the core model for o(x) = k™", no normal precipitous filters

at all). Finally a precipitous filter on X; will be constructed using methods of [6].

2 Construction of the model

Start with GCH model W and assume that for some s there exists a coherent sequence of
ultrafilters U with oY (k) = £+ and oY (a) < a**, for every a < k. We assume further for
the purpose of the main result that W is the minimal model L[U] having a cardinal  such
that o(k) = k*T; however this assumption will not be used in most of the arguments below.
The conclusion of such general setting will be only that there are no precipitous filters which
extend Cuby, + {v < x| o7 (v) = 0}. 1

By a coherent sequence U of ultrafilters in W we mean a function with domain of the form

{(a, B) | @ < 7 and B < 0(7(04)}.

—

For each pair (o, 3) € dom(U),
1. U(a, B) is a normal ultrafilter on «, and

2. if j§ : W — Ng =~ W*/U(a, B) is the canonical embedding, then

— —

JgWU) Ta+1=U1 (o, f).

'If F is a filter on a set X and A is F-positive set then F' + A denotes the extension of F' generated by
Ajie. F+A={BCX|35¢F B2ANS}



We assume that (7 =k + 1,07 (k) = k™ and for every a < , o”(a) < a**.

Force with the forcing of [3] and turn the sequence (U(k,3) | f < k™T) into a Rudin -
Keisler increasing commutative sequence of ()—point ultrafilters (Ug | f < k*T) over k in a
GCH cardinal preserving generic extension V' of W.

Which means the following:
1. Up is a k—complete ultrafilter over x in V/,
2. Up is a normal ultrafilter over x in V,
3. Us 2 U(k, B),
4. Ug O Cub,; (this means that Uz is a (Q—point),

5. if B < o < kKT, then there is a projection function ma5 : Kk — K,
Us ={mag"X | X € U,} (this means that Up is below U, in the Rudin - Keisler order).

Denote by M,.++ the direct limit of the ultrapowers of Ug, 8 < k™. Let ige++ : V — M+
be the corresponding elementary embedding.
We have by [3], "M ++ C M, ++.
By elementarity, M,++ is a generic extension of a model M,++ such that ige++ | W : W —
M,++. The model M, ++ is the complete iterated ultrapower of W by measures from U.2
Denote by (ko | @ < k*T) the sequence of all critical points of such iteration. It is a
closed unbounded subset of ktT. For every o < k™t define an ultrafilter U/, = {X C &k |
Ko € Qo+ (X))}
For every a < k*1 let M,41 be the transitive collapse of V*/U! and iy, the corre-
sponding elementary embedding. Set My =V, 1p9 = id.
For a limit a < k** let M, be the direct limit of (M, | v < a) and (i, | ¥ < @) the
corresponding elementary embeddings, i.e. iyq : My — M,.
We have by [3], "M++ C M++.
For every o < kt*, by elementarity, M, is a generic extension of a model M, such that
loga | W W — M,,. Models M, are iterated ultrapowers of W by measures from U. 1If
W = K, then M, is the core model of M,. Let us denote further (o) (5))Ma simply by

(0(8))M for any ordinal § and o < k™.

2This means that we start with U(k, 0) then apply its image and so one w-many times. At the next stage
(i.e. at the stage w the image of U(k,1) is applied. Then again the image of U(k,0) for w—many steps and
at the stage w + w the image of U(k, 1) is used again and so on. The image of U(k,2) is applied only after
U(k, 1) was used w—many times etc.



Collapse k to Ry by Col(w, < k). Then let us add k™" blocks of functions from & to x as

follows: in VCoU@<r) get,
Cohen(k, st x k) = {f | | f| < K, f is a partial function from k x (k™" x k™) to x}.

Let G; C Col(w, < k) be generic over V and Go C Cohen(k, k™" x £¥) be a generic over
V[G1]. Set G = |JGy and for every a < k7,8 < k¥, v < k let fas(v) = Gao(v, , B).
Denote by

Fa={fas | B < 5"}

This will be our a-th block of functions.

2.1 Constructing generics

Let show that the elementary embedding ig.++ : V' — M,++ extends (generically). It is
possible to use [4], but the construction there collapses £+ which is bad for our purposes

here. We will need to extend the embedding in a different fashion. One of the issues will be to

+
generate an Mgfi(w’“ )_generic subset of ig++ (Cohen(k, ™+ x k+)) using Col(w, < k7).

For each o < k™" let us add only (o(k4))Ms++ < x*T blocks of Cohen functions over

ijll(‘*"“a“‘“”. More generally Mgfll(w’<i°°‘“(“))fgeneric subsets of iterations of length

(0(kqa))M<t+ need to be constructed, since we will add also certain clubs further. Dealing
with them is very similar, so let us concentrate on blocks of Cohen functions.

Let P = i, .. (Cohen(k, k** x 1)) or the image of a xk-support iteration of forcings

14
of cardinality x with closure properties, where 7;,_,, : Y Collw,<k) Mgﬁ(w’<(”++) ) is the

VCol(w,<n

obvious extension of 7p.++. Note that in ) we have £ = ¥y and x** = R3. In order

to simplify the notation, let us use ig.++ to denote also iy, ., and by £™" we will mean
(k)Y

We would like to construct an Mgﬂ(w’“H)—generic subset of ig++(Cohen(k, k™ x KT))

in VC’ol(w,<n)*Cohen(n,li++ xkT)xCol(w,[k,kTT)) ]

Let us first do some warm ups.

2.1.1 A single Cohen function.

Let us deal with a single Cohen function. Namely we would like to construct f : k™ — x*F

S . Col(w,<kTT
which is a Cohen generic over Mﬁffw ~),

Mgol(w,<na)

The construction will proceed by recursion, building —generic Cohen function

Y kg = Ka, for every a < k1T,



Set fO = foo. Let a < k™. Assume that (f7 | 7 < ) is defined and for every 7/ < v < «
we have f7 | Kk, = f7. Define f°.

Case 1. « is a limit ordinal.
Set then f* = U’y<o¢ f7. Let us argue that such defined f* is Mgoz(w’q“)—generic Cohen
function. Let D be a dense set. Recall that M, is a direct limit of (M, | v < «), since «

is a limit ordinal. Then, for some v < o and a dense subset D, of the Cohen forcing for &,

. ) Col(w,<ry) . " .
in ME@=m) G (D) = D.C]lB(ut< D),y C (H(ky))M “7 and k. is the critical point of
i, hence D, = DN (H(k,))™ . The function f7 is Cohen generic, so it extends an

element of D,. Then also f¢ extends it and we are done.
We can assume using induction that f* is definable from the sequence (k. | v < «). This
sequence belongs to M,,.> Hence f € Mffll(w7<““).

Case 2. « is a successor ordinal.
Use Col(w, ((ka)™)Me + k) to find MS“ <) generic Cohen function f® : ko — Ka
in some canonical way. Then replace in it f'® [ ka1 by f*'. Set f® to be the result.
Clearly f* will be MS Ol(w’q“)—generic Cohen function, since f* ! € Mfﬁll(w’““), and so it

is a condition in the Cohen forcing.

2.1.2 The first block of Cohen functions.

Let us deal with the k™—Cohen function of the first block Fy = {fos | 8 < k7}. Namely

we would like to construct fz : kTT — kT, < ige++(kT) which is a Cohen generic for

ign++(Cohen(k, k™) over Mgi(w’<ﬁ++). We would like also to have f; . (8) [ & = fos, for
every 3 < k%, in order to be able to lift the embedding. Also we would like to spread

generating parts of collapses a bit.

Col(w,<Fa : .
ME"<Fe)_generic Cohen functions

The construction will proceed by recursion, building
f§ 1 Ko — Kq for the forcing igo (Cohen(k, £7), for every a < x7F a # 1 and § < k™.
Case 1. a = 0.
Set f§ = fos, for every 8 < r*.
Case 2. a = 2.
Define f3 : Ky — kg, for every f < igy(x™).
Clearly, ig2(Cohen(k, k")) = (Cohen(/fg,m;))MSOKWKW). It is a kj—c.c. forcing of size kg
in M=) Use Col(w, (k3)M2) to build an MY <*)_generic subset G. Denote the
Cohen functions produced by G4 by (fi | 8 < (r3)"2).

Now we define fg to be fg unless 5 = iga(7), for some v < k*. If § = ige(7), for some

31t is (up to an initial segment) the Magidor-Radin generic sequence for ko in My 1.



~v < k%, then let us proceed as follows.
First use Col(w, {(k])* + k™ + ~}) to pick genericly an ordinal v* € [ry, k2). Then set
fg = fo, U{(k,7*)} U fg I'[k+1,Kky). Le. the value at « is changed to some rather random
value > k1.
The intuition behind is that we would like that the values (ig++(foy) (k) | 7 < k) will be
kind of independent. Also note that for every f : k = k in V| ige++(f) (k) < K1, so each
function from the first block will dominate every old function.

Let G2 be the resulting transformation of Gj,.
Note that for every X € My of size at most ko there, we have |ige”"x™ N X| < k. So Gy is
still (Cohen(kas, m;))Mgouw’QQ)—generic.

Case 3. « is a limit ordinal.
Then for every 8 € ipo (k™) there is v < a such that § € i,,”xk". Denote the least such v by
vp and let 3* denotes the pre-image of 8 under iq.

Now set f§ = Uvg§v<a fiﬂiﬁv(ﬁ*)'

It is not hard to check (similar to 2.1.1, Case 1) that (fg§ | 8 <o (k")) is as desired.

Let us emphasize the following which is crucial for further successor stages. Suppose that
X Cliga(kT) of cardinality at most , in M,. Then there is v < o such that X € rng(iyg).
Denote the least such v by 7x and let X* C 4y, (k") denotes the pre-image of X under

iyva- Clearly, vx is a successor ordinal. Also |X*|Mx

is at most k., . Consider a function
hx« : Ky — M, such that iy, 1 (hxe)(Ky ) = X"
Then hx :=iya(hx+) € My and hx(ky) = iy (X*), for every v,7x <7 < o

Case 4. « is a successor ordinal with o — 1 > 1.
Use Col(w, ((Ka)T)M + k1)) to find M@ =F)_generic set G'® for iga(Cohen(k, k*)) =
(C’ohen(/ia,/fj;))MSOMKM) in some canonical way. Let fi* : kq — Kq, 3 < dga(kT) be the
Cohen functions defined by G'.
Now we define fg to be féo‘ unless 5 = igo (), for some v < k*. If B = ipa(7), for some
v < kT, then let f§ be the function obtained from féo‘ by replacing in it féa [ Ka_1 by f,‘;‘_l,
e f§ = oMU | [Kaet, Ka)-
We need to check that the changed sequence (f§ | 8 < iga(x™)) is still ME @ =re)_ganeric
for (Cohen(ka, /i;’))Mgm(w’“&).
It is enough to show that for every & < (kf)*,  (f§ | ha—1 | B < &) isin MEsre)
Let € < (k1)Me. Pick some p < (k) )Mo=t such that i,_14(p) > £. Note that iq_14” (k} )Mo

is unbounded in (k)M so it is possible. Set X = p. Then X C (k} )Mo=t of cardinality

at most k,_1. Let hyx be as in the previous case. The sequence (ks | 6 < «) is in M, as



well as hy. Then the sequence (f;~' | € X) will be in MEM=re) Byt also the function
{(via-1a(v)) | v < p} is in M,. Hence (f§ [ ka1 | B € ia-1a"p) is in MEH=re) g,

(f5 T Kaor | B <€) s in MEH <),
Note that <f;f_1 | n < (Ii;ril)Ma_1> is not in Mgol(w,@.ga).

2.1.3 An arbitrary block of Cohen functions.

Let n < k. We deal now with n’s block F,, = {f,s | 5 < ™} of Cohen functions. Repeat
the construction of 2.1.2, but only start from 7 + 1 instead of 2.

2.1.4 Dealing with all blocks of Cohen functions simultaneously.

Now we will deal simultaneously with all x** blocks.

Namely we would like to construct functions f(’;ﬁ++ T = kT o <dges (KTT), B <
Col(w,<rtt)

iont+(x1) which are a Cohen generic for ig,++(Cohen(r, k¥ x kT)) over M 7 . We
. P _ 4+ +
would like also to have fi0N++ (@)ig, ++(8) | k= fap, for every a < k™7, 8 < k™, in order to be

able to lift the embedding.
Note that g+ (KTT) = iger+ (0(K)) = U dgu++"KTT.

The construction will proceed by recursion, building

Col(w,< . .
MEM =) _generic Cohen functions

fls « ky = £y for the forcing Cohen(ry,, o™st+ (ky) X igy (1)), for every successor n < w*+

and 8 < k7. We define some of f7, for limit 7,0 < n < k¥ as well, but in this case they will

Col(w,<kn
M,

not always be )_Cohen generic for the forcing Cohen(k,, oM+ (Kp) X doy(KT)).

Let n,0 < n < k™. We deal at this stage with the forcing Cohen(/{n,oMnH(/{n) X
(1)),

Note that oM+ (x,) = 0, for every n < w and oM«++(k,) = 1. So the first non-trivial
case will be n = w + 1.

Case 1. n=w+ 1.
So we have Cohen(k,1 x k). It is just a single Cohen function. Proceed as in 2.1.2.

Case 2. 7 is a limit ordinal.
Set

Zy={a < o™t (k) | 3 <n Fag < oMt (5e) igylag) = a}.

Note that Z, may be a proper subset of oMo+ (ky), if n < KT, but for n = K we have

the equality.

Claim 1 Z,i+ = oMett (7).



Proof. Let ov < oMet+ (57F). Pick some &, p/ < € < k7 and ag such that ige++(ag) = . By
elementarity, M = ae < o(ke). Then at some stage J of the iteration from M to M,++ a
measure i¢5(U(ke, e + 1)) should be used, and then ig5.q (o) < oMi+1(k5) = oMt (k4), or
already o < 0M€+1(H5) = oMo+ (Ke).
0 of the claim.

Let o € Z, and f < ig,(kT). Find the least £ < n such that for some a¢ < 0M~++(/€£)
and [ we have ig,(a¢) = o and ig,(f¢) = 8. Denote the least such £ by £,5. Set

s = U{fop | €as <& < mand ag < oMt (i)}

Case 3. 7 is a successor ordinal > 1.
Note that oM+ (k) = OM"“(KU) < (RFF)Mer = (g )Mt
So, Cohen(ky, oM+t (ky) x (k7)) is a kt-c.c. forcing of cardinality } in M,y Use
Col(w, (k)M + k') to find M,-generic subset G}, of it in some canonical way. Denote by
(f;”ﬁ | o < oMet+ (ky), B < (k7)) the Cohen functions generated by G,
Next let us change some of this functions restricted to x,_1.

If there is no £ < n — 1 such that for some ag < oMt (ke) and fe we have ig,(ae) = o
and ig,(B¢) = B3, then set fl; = (;%
Otherwise let 7 be the maximal £ < n — 1 such that for some ag < oM«t+(r¢) and [ we
have ig,(ag) = a and ig,(B¢) = B.
Set [ = fubs | [gs ron) U .
Let G, be the corresponding changed G7. Let us argue that such changes do not effect
genericity, i.e. G, remains generic.

Suppose that ¥ C oMt (ki) X (k;7)¥ of cardinality at most &, in M,. Consider

X ={(a,p) € (s )Mt x (kg )M [igoag((a 8) €Y

n—1

Then | X M-t <k, 4.

If n — 1 is a successor ordinal then we can use the induction and argue that

<fi13,_1n(a)in_1n(ﬁ) [ k-1 | (o, B) € X) is in M,_y. Now this set will be also in M, due to the
size of X. So G, [ Y will be generic since in is obtained from G} by basically changing a
single condition.

Suppose now that 7 —1 is a limit ordinal. Then there is v < 7 —1 such that X € rng(i,,_1).
Denote the least such v by vx and let X* be the pre-image of X under ¢,,,_1. Clearly, 7x
is a successor ordinal. Also |X*|*x is at most k., . Consider a function hx« : Ky, — M,
such that i,y 11(hx+) (k) = X"



Then hy =iy p_1(hx+) € M,_1 and hx(k,) = iy, (X"), for every v,yx <y <n—1. Now
using hx and (k, | vx < 7 < n — 1) which are both in M, it is possible to define there
(f!

in—1n(a)in—1n
from G by basically changing a single condition.

@ | B | (o, B) € X). So again G,, | Y will be generic since in is obtained

This completes the construction.

Let us argue that the final G++ is generic over M Colw, <t

Claim 2 G,++ is a generic subset of ig.++(Cohen(k, k™" x k7)) over MCOl(w <),

Proof. Tt is enough to show that for every X C s+ X ig++(kT), X € M, ++ of cardinality at
most £+ in M, ++ the restriction G.++ | X is Cohen(k™, X)-generic over MCOl(w <)
Fix such X. Then there is v < ™ such that X € rng(i,.++). Denote the least such v by
vx and let X* be the pre-image of X under ¢,,,++. Clearly, vx is a successor ordinal. Also
| X*|Mx is at most k.. Then there are arbitrary large successor ordinals §,vx < 6 < kT
such that every coordinate of i¢, 5(X*) appears in G, i.e. for every (o, ) € igs(X*) we
have oMt (k) > av.

Col@<r") e have a dense open subset D of Cohen(k™*, X). Define

Supose now that in M

vp and D* as before. Pick ¢ as above with vp < §. Then i,,5(D*) will be a dense open
subset of Cohen(ks,iyy,s(X*)) in Ms. So (G5 | iyys(X™)) Niyps(D*) # 0. Then, by the
construction, also G ++ N D # ().

O of the claim.

2.1.5 Dealing with all blocks of Cohen functions simultaneously revised.

In previous settings only values of Cohen functions on x were addressed with a special care
(see 2.1.2). Here we would like revise a previous construction (2.1.4) and to deal with all
Kqo'S.

We construct functions f(’jﬂ++ kT = kT a < i0n++(m++) B < ige++(KkT) which are

Collw:<w™™)  Still we would like to

Yig ++(8) 'k = fap, for every a < k77,5 < kT, in order to be able to lift the

a Cohen generic for ig.++ (Cohen(k, k¥ x k¥)) over M ]
have ff i
embedding.

Col(w,<knp)

The construction will proceed by recursion, building M, —generic Cohen functions

fag + iy — Ky for the forcing Cohen(k,, oMt (ky) X ion(kT)), for every successor n < xk*+
and 3 < k*. We define some of f7, for limit ,0 < n < £ as well, but in this case they will

Col(

not form always My *“”<")_Cohen generic for the forcing Cohen(k,, 0™t+ (k) X igy(r+)).

10



Let n,0 < n < rk*T. We deal at this stage with the forcing Cohen(/in,oMnH(/{n) X
(i )M).
The first non-trivial case is n = w + 1.

Case 1. n=w+ 1.
So we have Cohen(k,1 x k™).

Define f“”rl Kwil — Ko, for every < ig,i1(kT).
Col(w,<Ky41) X .
Clearly, ig,+1(Cohen(k, k*)) = (Cohen(kyi1, kb 1)) Mett Tltisa Ko q—c.c. forcing of

size K:+1 in MSU@ =) Use Col(w, (k5,,)Me+1) to build an MS2 ="+ _generic subset
G, 41- Denote the Cohen functions produced by G, ,, by <f5“+1 | B < (kS )Metr).
Now we define fiif! to be fg “tl unless B = igus1(7), for some v < k*. If f = iguy1(7), for
some v < kT, then let us proceed as follows.
First use Col(w, {(k} )M~ + k™ + ~}) to pick genericly an ordinal v* € [k, ku+1). Then set
[ = foy U{(k,v)} U f# 1[5+ 1, kus1). Le. the value at x is changed to some rather
random value > k,. It is possible to change the values at each of k,’s but let us make
changes in values only at places where the relevant forcing appears.
The next stage for the forcing Cohen(k,1 x k¥) will be n = w + w + 1. At this stage the
value given to x will be preserved and the value at x, will be changed to some ordinal in
(Kot Fuwtwr)-

The first place when the second block of Cohen functions will come into the play will be
at stage w - w + 1, since oMt (1) < 2, for every a < w-w + 1, and 0Met+ (k) = 2.
At the stage w - w we will have (fi3 | 8 < igw.w(r7)). Let us describe the construction at
the next stage.

Case 2. n=w-w+1.

Define fo; Wt K1 = Kuwat, for every a < 2,8 < dgup1(kT).
Col(w,<Ky.y4+1))

Clearly, igy.w11(Cohen(k,2x k1)) = (C’ohen(f@w wi1s 2X KL )) Mot Ttisarl -
c.c. forcing of size kit , | in MSP=rwr) Use Col(w, (k1. )M w“) to build an MG ¥ <rewrt)

generic subset G, ;. Denote the Cohen functions produced by G, by ( fo wuwtl | a <

2,8 < (Ko Moett).

Define f““’”rl to be ;“g”“, a < 2, unless B = igpwwsi1(7), for some v < dgu. (k7). If

B = lwwwtr1(7), for some v < dgy.,11(kT), then set fos wtl — = for’ U fg wwtl ) [Fwws Fawwtl)-
Set ffﬁwl to be f"" “t1 unless B = douwi1(6), for some 6 < k. If B = igywir(9), for

some 0 < kT, then let us proceed as follows.

First use Col(w, {(k} )M + kT -2+ 0}) to pick genericly an ordinal 6} € [Ky .o, Fwwi)-

Then set fiz" = (f5“ "\ {(r, fi5=7 (1))} U{(r, 67)}.
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L.e. the value at k is changed to some rather random value > k..
Note that the value fé’é“’“(mw.w) stays unchanged here. It will be changed further at the first
relevant stage, i.e. at w-w +w + 1.

Let us deal with a general situation now.

Case 3. 1 > 0 is a limit ordinal.
We proceed exactly as in the corresponding case of 2.1.4.

Case 4. 7 is a successor ordinal.
Assume that n > w + 1.

Note that oM+ (k) = M1 (k) < (k) Mkt = (i +) Mot
So, Cohen(ky, oM+ (ky) x (k1)) is a wf-c.c. forcing of cardinality  in M, ,. Use
Col(w, (k)M + k') to find M,-generic subset G of it in some canonical way. Denote by
(f;% | v < oMt (ky), B < (kF)Mn) the Cohen functions generated by G.
Next let us change some of this functions restricted to x,_;.

Set A ={a < 0Mﬁ+(/<e,7) | 3o/ < KT g () = al.
If o € oMt (%) \ A, then no change is made and we set f,/; = f;%, for every 8 < (k)
Suppose now that o € A. Let § < (m;)MW. If there is no f’ such that i,_1,(8") = 3, then

again set f; = ;%

My

Suppose that i,_1,(0) = /3, for some 9.

If there is no £ < n — 1 such that for some a¢ < oMn++(/£§) we have ig,(ag) = a. Then use
Col(w, {(ky_ )M + K% - o+ 6}) to pick genericly an ordinal 6, € [£,_1, fy).

Set 7, = (£ {0, £230)D) U {(,82)}- ~

Otherwise let 7 be the maximal £ < 1 — 1 such that for some a¢ < oM<+ (r¢) we have
ign(e) = v,

Set fug = o 5 5a) U 5,

If 7 =n—1, then set fl; = f,3-

Suppose that 7 < n — 1. Then use Col(w, {(k;"

)Mt 4 kT a4 6}) to pick genericly an

ordinal 0} € [k,_1, Ky)-
Set 17, = (£ (ks £230) D) U { (s 02}

Let G be the corresponding changed Gj. The argument that G, remains generic is
similar to those of 2.1.4.

This completes the construction.

Finally, the following holds exactly as in 2.1.4.

. . . . Col(w,<sTT
Claim 3 G, ++ is a generic subset of ig.++(Cohen(k, k™ x k1)) over Mﬁffw =,

12



2.2 oo—semi precipitous filter

Recall that G; C Col(w, < k) is generic over V and Gy C Cohen(k, ™" x k™) is generic
over V[G]. For every a < k™" we denote the a-th block of Cohen functions by F, = {faz |
p <Kt}

Next we would like to arrange that the functions in F, are those that have a chance

to represent K, in a generic ultrapower. For this purpose let us add clubs by forcing over
VI[Gy, Go).

Force with < k—support iteration a club into

{V <K ‘ faﬁ<’/) < fa’,B’(V)}7

for every a < o/ < k™t and 3,5 < kT.
In addition for each f € "k NV and 8 < k™ force a club into

v <r|fv) < fosW)}

Also, foreach n < w, f e W"sNV,aq < ... < an < o < k1T, B4, ..., Bn, B < kT we force a
Y ? 7 )

club into
{v <k | f(farp(V)soos fanpa (V) < fap(V)}

This insures that in any normal filter the block F, of functions will be strictly above each

of the blocks F,, with o/ < «a.

Note that each ordinal in the interval [kq, ko+1) 1s of a form ig o41(f)(Kay, -, Fa, ) fOr some

felsxnVand a; < ... < o, < .

Let G5 be a corresponding generic object. Note that it is easy to reorganize the forcing to

add both of the blocks of Cohen functions and the clubs in a single iteration of length x*+.
Let us define a filter F' over s in V[G1, Go, G3] as follows:

F ={X C k| Ocolw,<iy_s 1 (r))/G1+GaxGs |7 K € Toet+(X)}.
Then
Fr={X Ck|3IpeCol(w,<iget+(r)/Gr1xGrxGs plkr €iger+(X)}.
The next lemma is immediate.

Lemma 2.1 F is co-semi precipitous® filter with a witnessing forcing

Col(w, < k) /Gy * Gy * G3 and with a generic embedding which extends igq++ .

4We refer to [1] and [2] for this notion. The meaning is that after forcing with Col(w, < k™) /Gy *G2xG3
it is possible to extend ig.++ to an elementary embedding of V[G G2, Gs] into a transitive model.
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2.3 Adding clubs

Next we would like to add clubs to sets in F', and then to extensions of F' as it was done
in Jech-Magidor-Mitchell-Prikry [9], but picking generics over M, ++ using the procedure
above. It should be done a bit more carefully in order to keep a resulting generic embedding
to extend ig.++. Just note that the set {x, | @ < kTT} is a club, so we cannot force a club
for example into the set {v < x| o¥(v) = 0} € F and still to extend ig,++, since for every
0,0 < a < KT, oMt (1) = a > 0.

So let us add clubs only to subsets X of s in F' such that for a final segment of a’s below

K

OCol(w,<iy 4+ (r))/Gr2GaxGs IF Ko € dget+(X).

Then, in particular, the set {v < k | v is an accessible ordinal in V'} will be nonstation-
ary.

We would like to arrange a situation where each filter which extends C'uby, concentrates

on the set {v < k | oﬁ(u) = 0}. The simplest way to guarantee this is to shoot a club into
{v < x| oY(v) = 0}. But doing it will destroy ig.++ completely, since {ra | 0 < o < r++}
is a club in k%" and it is disjoint to the image of a club in {v < k | oﬁ(y) = 0}. So
adding such a club will change the cofinality of k™" to w and eventually will produce a
normal precipitous filter. An other way is to shoot clubs disjoint from {v < & | oV (v) =1},
{v < k| oﬁ(y) = 2} etc., and this way prevent the ground model ultrafilters Us, Us, etc.
to have a normal extensions. This works nicely, but unfortunately not for all ground model
ultrafilters. Remember that we have a sequence of k™ —many of them. So up-repeat points
must be on the sequence, i.e. for some o < k™", for every X € U, there will be 8 > a (even
kTt many of them) with X € Ug. Shooting clubs for them will not work.
The actual approach will be as follows. We add together with blocks F,’s of Cohen functions
an additional sequence (g, | @ < k™1) of Cohen functions from x to x (it is possible just to
to use the first function of each block instead). Require that for each v < x with o(v) > 0,
Ga(v) < v,

Now, as in 2.1, by changing values of generics, we insure that
1. (ige++(9a) (k) | @ < k™) is an increasing sequence,

2. for every o < &, (iger+(g,)(Ka) | 7 < oMt (kq)) is an increasing sequence of

ordinals below o™+ (k).
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Now, for every v < a < k™1, we force clubs into the set

{v <r|g,(v) <gav)}
and into the complement of the set
{v<k| oﬁ(y) >0A oﬁ(y) < ga(v)}.

Note & is in the image of each of these sets under ig,++, as is k¢ for sufficiently large £ < k7.
We will show further in Lemma 3.1 that this does the job.
Clubs will be added to any set of the form AU {v < x| 0¥ () > 0} with A € U.
Denote by F' the extension of F obtained by adding all the clubs.
Let V be a generic extension obtained by this forcing.
Note that a bit nicer (but less intuitive) way to organize the iteration used here will be
an inductive definition of an iteration of the length x™t. Thus suppose that at a stage
a < kTt we have a forcing P.,, defined with a generic subset G,. Force the a—th block of
Cohen functions F,. Now over V[G1, G, F,] we add clubs relevant for the blocks of Cohen
functions (F, | v < a). This will be Q,. Its length is below k™+. Set Popi1 = Peg * Qa.
Let us point out the following basic property:

Lemma 2.2 Let (o, | n < w), (B, | n < w) be w-sequences which consist of different

elements of k™ and of kT respectively. Then the following set contains a club

Utr <51 fansa () > fansann(0)}.
n<w
Proof. By the construction of f;, . (an)i, o+ (8,)(%)’s in 2.1.5 and genericity of the collapse

there always will be p in a generic object such that for some n < w

plF fioﬂ++(an)io,€++ (5n)("{) > fi0K++ (an)ioﬁ++(ﬁn+1)(’%)'

0

In general, suppose that we have a sequence (A4, | n < k*T) of F-positive sets. Let
(py | m < k™) be a sequence of conditions in Col(w, < k) such that for every n < x*,
py I K € i(A,). Shrink if necessary the sequence (p, | n < x¥F) in order to form a A-
system. If the kernel of it is empty, then for any sequence (Mn | n < w) of different ordinals
below 11 the set |
Similarly, if p is a kernel and for some A C x we have p = ||k € L(é)||coz(“’<“++), then the
set (v \ A) U, ., Ay, contains a club.

new An, contains a club.
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3 No normal precipitous ideals

We will prove a slightly more general statement— in V there is no precipitous filter on N,
which contains Cuby,, i.e. which is a Q—point filter. If the initial ground model had no
large cardinals above k (say o(k) = 1 but nothing more), then there will be no normal
precipitous filters at all.

Suppose otherwise. Let H be a precipitous filter over k = N‘f which includes C'uby, .

Lemma 3.1 Assume that there is no inner model with a strong cardinal. Then H O U,.

Remark. Here is actually the only place where the core model is used in an essential way.
If we restrict ourself initially to filters which extend Cuby, + {v < & | oﬁ(u) = 0}, then no
IC is needed.

Proof. Let G C H™ be a generic ultrafilter and j : V — N be the corresponding generic

elementary embedding. Now j [ K is an iterated ultrapower of K. Let E, be the extender
(actually a measure) used to move « in this iteration. If &« = 0, then we are done. Suppose
otherwise. Consider § = (0(k))X". Then § = (o(k))** = a, where K, = Ult(K, E,). Now

a < (kTH)ke < (kX = (k)Y since a club was forced into {v < s | o(v) < (vTF)*}.
Consider now the sequence (j(ge)(k) | € < (kt)V). It is an increasing sequence of ordinals
of order type (kTH)V. But § < (k)" hence there is ) < (k74)V with § < j(g,)(k). By
elementarity, then {v < x| o(v) > 0 Ao(v) < g¢,(v)} € HT. This is impossible since we
added a club into its compliment and H O Cuby, .

O

Note that if § (the Mitchell order of x as computed in the ground model of N) is less than
(/@++)‘7, then the argument above still provides the desired conclusion.

By the lemma we have in particular that {v < & | oﬁ(y) = 0} isin H. Hence H 2
Cuby, +{v < k| oY (v) = 0}, since F + {v < k| 0¥ (v) = 0} is Cuby, + {v < x| 0¥ (v) = 0}.
Let us further assume that every A € H™ under consideration is automatically a subset of
{v<r|d ) =0}

For each av < k™, pick a set A, € H" and an ordinal 3, < " such that A, forces that
fap., Tepresents in the generic ultrapower, the smallest ordinal among the functions in £,
ie.

Ao ke VB < ()Y [fapd gty < [fasl g

It is tempting to assume that f,z, represents x,, but this need not be true, since functions

from lower blocks may represent x,. Thus f,g, will represent . for some v > a.
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Note that at most finitely many of the sets A,’s are in H, since otherwise, by the countable
completeness of H, we will have in V a countable sequence (a, | n < w) with f,, 5. being

the least function of the block F, . By countable completeness of H then the set

{v<k|¥n<w fopa, V)< fanpe,+1(V)}

is in H. But its complement contains a club, by Lemma 2.2. Contradiction.
We can assume that for every a < ™ the set A, is not in H. Actually the argument below
will not be effected even if some of A,’s are in H.

We will use now the fact that the iteration P ++ over V[G;] (adding blocks of Cohen
functions and clubs) satisfies k*—c.c. So each of A,’s depends only on at most x—many
Cohen functions and clubs.

Let a < k**. Consider the characteristic function x, : K — 2 of A,.

There are Cohen functions {f,¢ | (n,€) € an}, clubs {¢, | n € dom(a,)} ® and a continuous
function ¢, € V[G4], such that |a.| < k and xo = ta((fre | 1,&) € aa),{c, | 1 €
dom(aa)})).

We can assume, by shrinking if necessary, that for some ¢ each t, = ¢, and that (dom(a,) |
a < k1) forms a A-system.

Now, for every a < k™, pick some 3% € (k%) \ rng(as) U {Ba}. Consider the set

B, ={v<k| oﬁ(y) >0 or (oﬁ(y) =0 and fus: (V) < fap.(V))}.
Then B, and even A, N B, are F—positive, by the choice of 3%. Recall that we have
HQF+{1/</<¢\oﬁ(u):0}:CubN1+{u</ﬂ\oﬁ(V):0}.

So each of Ay’s is F + {v < k | oY (v) = 0}—positive.
On the other hand the set A, N B, is in the ideal dual to H, since A, forces in the forcing
with HT) that f.s is the least function of the block F,.
Case 1. The kernel of the A—system is empty.
For each o < k™ pick a condition p, in the collapse Col(w,< xt) of the smallest size

which forces “k € igu++(Aa N Ba)” which means more explicitly:

lot+ (D)((L(fne) | (0,€) € aa), (E(cy) | 1 € dom(aa))) (k) = L and i (fap:)(r) < & (fasa)(K))-

The value of dg.++(t)((i (fne) | (1,€) € aa),(i(cy) | n € dom(aa))) on x depends only
on an initial segment of (i (f,¢) | (1,€) € aa), (i(c,) | n € dom(a,)). Assume that p,

3
[ ~Y

Sa, is a binary relation, dom(a, ) refers to the set of its first coordinates and rng(a,) refers to the set of

its second coordinates.

17



already decides it, i.e. there is {, < k¥ such that p, forces “ig++(t) ({7 (foe) [&a | (0, €) €
aa), (i (cy) [ & | m € dom(ay)))(k) = 17. Let S C 7" such that whenever o < o are in S
we have &, < /.
Now, if a < o/ are in S, then min(dom(p,/)) is above max(dom(p,)). This follows from the
way of constructing generics from the collapse in 2.1 and A-system.

Let (o, |n < w) be an increasing sequence of elements of S (in V). Then one of (p,, | n <
new Ao, N By, €
F+{v<r|dw)=0}=Cuby, +{v<r|o(v)=0} = H. But remember that A, N Bq

is in the dual to H ideal, for every a@ < k™. This contradicts the o—completeness of H.

w) always will in any generic subset of the collapse. But this means that

Case 2. The kernel of the A—system is not empty.
We may assume that all mg(a,), @ < k™" are the same, since there are only x* many
possibilities for them. Pick n < k™ to be an ordinal which includes all the ranges. Assume
for simplicity that they are n. Also assume that all 5% are the same and are equal to 7.
Let a be the kernel of (dom(a,) | @« < k™). Then |a| < k. Suppose that |a|] = k. The case
la| < & is similar. Let a = {p, | 7 < K} be its enumeration in V. Denote {p, | 7 < v} by
a | v, for every v < k.

Now we have

Av={v < [t((fop |a €a, B <n),{cap | @ € a, B <), (fap | @ € dom(as) \ a, B < ),
(Cap | o € dom(ay) \ a, B <)) () =1 Ao (v) = 0}

Consider also the following set

Z={v<k| oﬁ(u) > 0 or oﬁ(v) = 0 and there is no Cohens * Clubs generic f, @ such that

t(fas | @ € a, B <), {cap | a € a, 8 <), [.Av) = 1},

Clearly A, N Z =0, for every a < ™.
Let B,’s be as above (even we take (! always to be n). The choice of n insures that
A, N B, € F*, but clearly not in H, since on v’s in A, N B, we have fuo,(v) < fap. (V).

Using kT1—c.c. of Col(w,< k™) find £, < k™" such that the weakest condition forces that
K€ i0m++(Z> or i0n++(t)(<i0n++(faﬂ) f§a | (ORS aaﬁ < 7]>7 <i0m++(caﬁ) ffa | Qc (1,5 < 77)7

(iont+(fap) [ &a | @ € dom(aa)\a, B < n), (ioe++(cap) [ &a | @ € dom(aa)\a, B < n)))(x) = 1.

Find S C k** such that for every @ < o' in S we have £, < /. Let (a,|n < w) be an

increasing sequence of elements of S (in ‘7) The construction of generics for blocks of Cohen
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functions in 2.1.5 implies then, as in Lemma 2.2, that the set ZU(|J _. (Aa, NB,,)) contains

a club. This is impossible, since A,’s are H—positive, disjoint to Z, each A,, N B,,, is in the

n<w

ideal dual to H and H is countably complete.

4 A construction of a precipitous ideal.

Let show now how to construct a precipitous filter in V.

The basic idea will be to use kT as an additional generator. We continue the iteration from
M4+ using ig.++((Us | B < k7). Let M2, denotes the final model and 43 . : V — M2,
the corresponding embedding.

Deal now with a two dimensional analog F; of F"

F2 = {X - "{2 | OCol(w,<igH++(n))/Gl*GQ*Gg I <'%7 K,++> S £3N++ (?g)}

The crucial difference between F' and F; is that F5 has anti-chains of size k™. Thus we
have here Col(w, {x*"}). Let H be an F;" name of a generic function from w onto x*+. Fix
a maximal antichain of elements (A | £ < k%) of F;~ which decide H(0).

Now we turn to a recursive process of extending F; similar to those used in [6] and [2] .
Let (X, | @ < k™) be an enumeration of all Fy-positive subsets of xk? (in V[Gy, G1]).
Start with n = 0. Define a sequence of ordinals (§y | @ < k*F) and filters (Fioy | a < k1)
by recursion as follows. Let oo < k™.
If there is £ < k™ such that & # ), for each § < a and X, N A¢ € Fy", then let &, be
the least such §. Extend F3 to Fy + X, N Ag . Then pick £ to be the least 8 < kT such
that for each k < w,v1,..., € k7 \ {8} and t € NV the set

{<V07 V1> ‘ fﬁm)ﬁ(yo) < t(f&a)’h (V())? ) fﬁ(aw;c(yo))} € <F2 + Xo N A&(a))Jr'

Pick 31 to be the least § < x* such that for each k < w, 71, ..., 7 € kT \{B} and t € *'kNV
the set

{<V0’ V1> | f§<a>,3(yl) < t(f&a)’h (V1)7 ) f§<a>7k(yl))} S (F2 +Xa N A€<a>)+'

Note that always there are such 3%, 81, since a single condition in
Col(w, < i3 1+ (k))/G1 % Gy x G5 decides which of the functions of the &—th block of Cohen
functions (fe,,5 | B < k") is the least. Now let Fi,) be the Ny-complete filter generated by
Fy+ XN Ag,, together with all the sets {(vo, 1) | fe,., 50 (¥0) < E(feym (0); -5 feaym (10)) ]
{0, 1) | fepy s (1) < E(feuym (V1)s s Feayme (1)) }
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Intuitively, f¢ g0 is the function corresponding to kg, below F (a)-°
If there is no £ as above then we leave &) and Fi,y undefined.

Note that it is impossible to have some f%) 5 that will correspond to xk**. Suppose for
a moment that f,«s+ is such a function, for some o* < k% and f* < k*. Then for k™
many «’s and 8 < x* we will have the set {(vg,11) € k? | fos(11) > fao(ro)} in Fy, but
now {(vo,11) € £ | fos(11) = fao(o)} = {{vo, 1) € K* | fos(fars-(0)) = fao(ro)} and the
complement of the projection of the last set to the first coordinate contains a club for any
a> ot + 1.

Note also that for each p < sk™t, A, appears in the list (X, | o < x*T). Hence,
{&ay | @ < KT, & is defined } = £+, In particular each x,(1 > 1) has a chance to get a
corresponding function.

Set F(0) = ({Fla) | Flay is defined }. Denote the corresponding dual ideals by I,y and
1(0).

The following lemma follows from the construction (or see [6]):
Lemma 4.1 For each X € Fy", either X € F,, for some o < k", or the set
{E<k™ | XNA € F}
has cardinality at most k™.

Next we deal with n = 1.
Let o < k™" and F,y be defined. We split (mod(Fia)) Xa N Ag, into £+ -many sets which
decide H(n,), where n, is the least possible that allows " "-many possible values. Note
that such n, exists since otherwise F :; ) will force that H is bounded in k*T, but the filter
Fq) is obtained from F basically by deciding the function which corresponds to ke, .
Let (A, | # < k71) be a maximal antichain below X, N A, in F (J(S) consisting of sets which
decide H(n,).
Repeat the procedure above and define £, Fiayy, for v < x*7.
Thus, if there is £ < k™ such that £ # g, for each § < v and X, N A, € F<J;>, then let
§(ary) be the least such §. Extend F,) to Fiay + X0 N Aafmy Then pick B?«m) to be the least
B < Kkt such that for each k < w,dy,....,0p € k7 \ {8} and t € *'k NV the set

{0, v1) | fepoys(0) < (e (10)5 s fepaysn (0))} € (Flay + Xa M Aag,, )"

6 Actually, it corresponds to some Ky 2 Kg,,,, Dy the construction 2.1.5, since we jumped over £;’s with

oMx++(k,) = 0. Note that such x,’s will be still represented. Thus, for example, if fos represents k,,, then
the function v — the n-th element of the Prikry sequence of foz(v) will represent k,,, for every n < w.
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Pick 5<1rm> to be the least § < k™ such that for each k < w, 01, ...,0, € k7 \{f} and t € ANV
the set

{0, v1) | feroy8(1) < t(fepuyss 1), ooy feruny (1))} € (Flay + Xa N Aag,)) "

Now let Fi,,) be the Rj-complete filter generated by Flay + Xo N Agg ., together with all
the sets {{vo, 1) | fe, 80, (0) < UJeaysr (0)s oo feronyan (00)) 3 {vo, 1) | fe s, (1) <
t(feranyor (1) oos feronys (1)) -
If there is no § as above then we leave §(,), and Fi,,) undefined.
Note that for each p < k%%, A,, appears in the list (X; | 7 < &*). Hence, {{(ay) |
v < KT, €y is defined } = T+, In particular each s,(u > 1) has a chance to get a
corresponding function.

Set F'(1) = ({Fiay) | Flay is defined }. Let I(1) be the dual ideal.

The following analog of 4.1 follows from the construction:

Lemma 4.2 Let a < k7" and F,) be defined. For each X € F'

(@) either X € Fla, for

some v < KTT, or the set

{6 <K™ | XN A€ Fy)

has cardinality at most k™.

Continue further and define in a similar fashion Fy, I,, F(n),I(n),c € “"k*", (A,~¢ |
E<kt)n<w.
We will have the following:

Lemma 4.3 Let 0 € “k™" and F, be defined. For each X € F}, either X € F,~., for

o

some v < KTT, or the set
{E<k™ | XNA~c€F'}

has cardinality at most k™.

Lemma 4.4 Let 0 € “”k*" and F, be defined. Then F, C F(n)", for every n < w.

Proof. The lemma is trivial for every n < |o| and follows by the construction of F'(n)’s for
n > |o| (see [6] for similar arguments).
0J

Finally set

F(w) = the closure under w intersections of U F,

n<w
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and

I(w) = the closure under w unions of U I,.

n<w

The next two lemmas follow easily from the definitions.

Lemma 4.5 F;, CF(0)C...CF(n)C..C F(w) and I CI(0)C..CI(n) C..CI(w).

Lemma 4.6
Fw)={X Cr|HX,|n<wVn<w X,€F(n)and X = (] X,}
n<w

and

Iw)={X Cr | X, |n<wVn<w X,€l(n)andX = |JX,}.

n<w

Lemma 4.7 I(w) is a proper r-complete ideal over k>,

Proof. Let (X, | n < w) be a sequence such that X, € I(n), for every n < w and X =
U, <w Xn. Assume that each X, is Fy-positive. Consider for every n < w the set

Z,={6 <k | X,NA; € Fy}.

Then, by Lemmas 4.1,4.4 |Z,| < k™. Hence ||, _. Z.| < k™. Note that

n<w

Z={{<r|XnAeF}=] 2

nw

and so Z has cardinality at most x* as well.
Pick now any ¢ € ™\ Z. Then X N A¢ ¢ F;~ which implies that [(w) is a proper ideal,
since, in particular, X never can be k2.

U
Lemma 4.8 X € F(w)" iff there is 0 € “”k* such that X € F,.
Proof. (=) Let X € F(w)"™. Suppose that X & F,, for any o € “”rk™t. Set
Zy=1{€ <w™ | XN Ac € Ff).
By Lemmas 4.1,4.4, |Zy| < k. Then for every £ € Z, set
Zie={p <K XNANAg € F}
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and

Zl - U Zlﬁ-

§€20
Then |Z;| < kT, by Lemmas 4.2,4.4.
Similarly define Z,, for each n < w.
There is 19 < k™" such that
X kg H(0) < o,

since |Zy| < k. Similar for each n < w there will be 1, < k™t such that
X H_F; i[(n) < M-

But then
X IFp+ tng(H) is bounded in 7.

Which is impossible by the choice of H. Contradiction.

(<) The argument repeats those of Lemma 4.7 with F; replaced by Fy,.

Let X € F,, for some o0 € “” k™.

Suppose that X € I(w). Let (X, | n < w) be a sequence such that X,, € I(n), for every
n<wand X CJ
the set

new Xn- Assume that each X, is F,-positive. Consider for every n < w

Zn:{£</€++|XnﬁAgA§EF;}.

Then, by Lemmas 4.3,4.4, |Z,| < x*. Hence ||, ., Zn| < kT. Note that

Z:={{<r | XnAceF =] 2
n<w
and so Z has cardinality at most st as well.
Pick now any £ € k77 \ Z. Then X N A,~¢ & F.\, but this is impossible since X € F,, and
Ay~¢ € Ff. Contradiction.
O

Lemma 4.9 F(w) is a precipitous filter over k>.

Proof. Tt is enough to show that for each X € F(w)" andn < k™" thereisY C X, Y € F(w)"
deciding which function from {f,s | 8 < k*} will be least one (i.e. basically correspond to
ty). By Lemma 4.8 there is 0 € “”x™* such that X € F,. Find v < x*" such that £,~, = n.
Set Y =X N Aggaw. It will be as desired.

O
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5 Open problems

In conclusion let us state some problems on the subject that remain open.

Question 1. Is the assumption o(k) = k™ needed for a model with a precipitous ideal
on N; but without a normal one?

We think that it is likely to be possible to show that if N; is co—semi precipitous with a
witnessed forcing satisfying N3—c.c. and with image of N; under the corresponding generic
embedding is at least N3, then o(k) = k™ in an inner model. But probably there is no need
to go via a construction of such co—semi precipitous.

Question 2. Is it possible to have a GCH model with a precipitous ideal on N; but
without a normal one?

By [7] large cardinals not far from o(k) = k*T are needed for such a model.

Question 3. Is it possible to generalize the present result to cardinals bigger than N7
Simplest case: Is there a model with a precipitous ideal on ¥y but without a normal one?

The next question is well known with partial answers given by Schimmerling, Velickovic
[13], Woodin [14](8.1 Condensation Principles) and recently by Wu.

Question 4. Is it consistent that there is a supercompact cardinal and N; does not carry
a precipitous ideal?

The construction above can be carried out below a supercompact cardinal and so it
provides a model with a supercompact and no precipitous filters on 8; which extend Cuby,
restricted to a stationary set. It is natural so ask the following question:

Question 5. s it consistent that there is a supercompact cardinal and X; does not carry

precipitous filters that are (Q—points, i.e. isomorphic to filters which extend Cuby,?
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