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Abstract

We construct a model with a uniform ultrafilter U over a singular cardinal s such
that k < cof(ch(U)) < ch(U) < 2".

Let U be an ultrafilter over an infinite cardinal x. We shall say that U is uniform iff
|A| = k whenever A € U.
A subset W of U is called a base iff for every A € U there is B € WV such that B C* A, i.e.
|B\ A| < k. A trivial example is W = U, but we are interested in small bases.
The character of U, ch(U) is min{|W| | W is a base of U}.

We continue here the study of uniform ultrafilters over singular cardinals started
by S. Garti and S. Shelah in [2] and continued in [3], [4]. Our aim here will be to construct a
model with a uniform ultrafilter U over a singular strong limit cardinal x having a singular
character below 2%. Namely, in our model k£ < cof(ch(U)) < ch(U) < 2%. It answers a

question from [4].
Assume GCH.
Suppose that

1. Eis a (k,\)—extender over k, with a regular A,

2. E'is a (p, N,+41)—extender over f,

3. p is the least above x which has a (p, R+ )—extender over it,
4. K < p,

5. Nm— <A,
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6. ' E.

First we run the standard Easton iteration and the Woodin argument using E’ (see [1]
p.877 or [5]) in order to blow up the power of p to R+ preserving measurability of u. Let
V1 denotes the resulting generic extension of V. It is not hard to do this in a way which
allowed to extend E.

Let us abuse the notation a bit and denote by E the extension of F from V' in such generic
extension.

Note that in the interval (u, R,+) there will be no generators now.

Fix a normal ultrafilter U over p (actually, xT—completeness will be enough).

By normality, for every {X, | @« < pu} C U there is X € U such that X C* X, for every
a < .

Let (Aq | @ < R,+) be an enumeration of U.

Force now with the extender based Prikry forcing Pg with E.

Let (k, | n < w) denotes the Prikry sequence for the normal measure E, of E. For each
n < w, denote by u, the measurable which corresponds to u, by U, denote the normal
ultrafilter over 1, which corresponds to U and let (A}, | @ <R +) be an enumeration of U,
which corresponds to (A, | @ < R,+).

Without loss of generality assume that 2/m =R ..

Fix an ultrafilter F' on w which extends the filter of co-finite sets.

Set W =F —lim (U, | n < w).

We claim that ch(W) = X,+.

Let G denotes a generic subset of Pg and for every « € [k, A) let f, : w — Kk denotes the
Prikry sequence for E, = {X C k| a € jg(X)} which comes from G.

By [2), 1t < ch(W).

For every a < N+ and S € F set

Aas = J Af )"

nes

Consider
W={A,s|a <R+ SeF}

Lemma 0.1 The set W is a base for W.

!'Note that we took here enumeration of all subsetes of p, so it will be unnecessary to remove bounded
parts, as in [2], [3].



Proof.
Let A € W. Then there is S € F' such that for every n € S, AN u, € U,.
Assume for simplicity that S = w.
Then, for every n < w, there is a, <N+ such that AN p, = Ag .
Consider the function ga € [[,,., N+ defined by setting ga(n) = a,.
Now, back in V1, let g 4 be a name of this function and (q,, | n < w) names of its values.
Suppose that already thg weakest condition forces this.

The following claim is crucial:

Claim 1 Let p € Pg,

p={{0, (r1, .., )} U{(7,07) | v € supp(p) \ {mc(p),0}} U {(me(p), ™, T7)}
and Q be a name of an ordinal.

Suppose that p IF (o < Nu++ ), for some m,0 < m < w.

Then are g >* p, ~

¢ = {{0,(m, s ), } U{(1, @) | v € supp(q) \ {mc(q),0}} U {{me(q), ¢™@, T9)}, 6
supp(q) NN+ and b

such that
L. ¢V | a, for every v € T? with |v/] = m,
2. for every ¢’ € supp(q) NN,+,6" <g 0.

. . "
3. b is a function on Levn+m7rmc( 2

s1'? such that

(a) b(v) C R

C Ry o+ of cardinality < 1°, for every v € Levyym), (@s(T9),

mc

4. for every v = (vq,...,Up,) € TY,

¢V IF o € b(Tme(g)s(Vim))-

Proof. Suppose that p IF (o < NMLm)’ for some m, {(p) < m < w. Let p={{(0, (11, ..., 70, }U
{{7,07) | v € supp(p) \ {me(p), 07} U {{me(p), p™), T7)}.
Find first, using the Prikry condition, p’ >* p such that p"" v || «, for every v € TP with
7] = m.
Denote the decided value by «(7).
Now, set
V() ={a(,....vm1,v) | (1, V1, ) € TP}
Then, by the definition of Pg, [b'(v)] < 0.
Find and extension ¢ >* p such that



there is § € supp(q) N N,+, for every ¢’ € supp(q) NN+, 6" <g 4.
ety = VLBV, Ene(q)) and Mg, = Ult(V4, Es).
Let ksme(q) : Mps — M Fane(a) be the canonical embedding.

Consider now the ultrapowers Mg

Then, by the choice of d, the critical point of Ksmc(q) Will be above Ni{rE‘g.
In particular, [V/] Foe(y 18 I the Tange of Ksme(q)-

Hence, there is b such that ksmeq)([b]e;) = [V]E
So, q,0,b are as desired.

(] of the claim.

mc(q) *

Now we apply the claim w—many times and produce a condition ¢* € Pg, §* € supp(q*)N
N+ and (b, | m < w) such that

L ¢ U || Qm, for every m < w, v € T with |7] = m,

2. for every ¢’ € supp(q*) NN,+,0" <pg 0.
3. For every m,m/ < w, Lev,,(T9) = Lev,, (T7).
4. For every m < w, b,, is a function on Levmwﬁlc(q*)é*Tq such that
(a) bm(v) SRy o y+ of cardinality <17, for every v € Levymy.es(T),
5. for every m < w, V= (v1, ..., vp) € TT,

q*mﬁ I+ %m S bm(ﬂ-mc(q*)é* (Vm))

Define a function ¢ on Wﬁlc(q*)a*LeVI(T‘]*) by setting c¢(v) = __ b (V).

n<w ~M
Then
Loe(v) SR )+ of cardinality < v°, for every v € Levlﬂgc(q*)g(T‘]*),

2. for every m < w, U = (vy, ..., v) € T,

VI am € c(Tme(gys (Vim))-

Now in the ultrapower My = Ult(V}, E) consider jg(c)(6*). It is a subset of N, + of
cardinality k.
So, {Aa | @ € je(c)(6*)} € U, by kT —completeness.
Pick o < W+ such that Ay = ({Aa | a € jp(c)(6%)}.
Assume now that ¢* € G.

Then, for all but finitely many n < w, A}, 2 A? +(n)’ and we are done.
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Lemma 0.2 There is no base for W of cardinality less than R,,+.

Proof. Suppose otherwise. Let W C W be a base of W of cardinality < N,,+.
Suppose for simplicity that

W' ={Aups|a€Z,B<pSer},

for a set Z C W+ of cardinality < N,+.
Consider the set
Y={A,eU|acZ}

Let Z* C N+, Z* € V4, |Z*| < X,+ be a cover of Z. It exists, since Pp satisfies k™ —c.c.
Then the set
Y*={A,€eU]acZ}

will be a cover of Y in V.

Recall now that V; was obtained from V[G(P.,)] by adding ®,+—Cohen functions to ,
where P, denotes the preparation forcing and G(P<,) is a generic subset of P.,,.

Denote them by (r, | o < R,+).

By pt*—c.c. of this forcing, there is Z** € V[G(P,)], Z** C N,+,|Z**| < R+ such that
Y* e VIG(P<p),(roa | a € Z*)).

Finally pick some € X+ \ Z**. Consider rg.

It is a Cohen generic over V[G(P<,), (ro | @ € Z**)]. Identify it with a subset of p.

Then it splits every subset of p of cardinality p in V[G(P<,), (ra | o € Z*)].

Suppose that rg € U, otherwise just replace it by its complement.

So, there is v < N+, such that r3 = A,.

Now, in Mg, we will have that for every o € Z, |[A, N A,| = p and |(p\ A,) N As| = 1.
But then, A, ¢, for any £ < u, cannot be generated by W'

Contradiction.
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