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Abstract

We introduce certain morass type structures and apply them to blowing up powers
of singular cardinals. As a bonus, a forcing for adding clubs with finite conditions to
higher cardinals is obtained.

1 Introduction.

We would like to present a way of doing short extenders forcings without forcing first with
a preparation forcings of type P’ of [6]. The main issue with short extenders forcings is to
show that k%" and cardinals above it are preserved in the final model. In [6] the preparation
forcing (which added a structure with pistes) was used eventually to show k**-c.c. of the
main forcing. A negative side of this preparation forcing is that it is only strategically closed
which is not enough in order to preserve large cardinals like a supercompact. Actually it
adds a version of the square principle which is incompatible with supercompacts [7].
Carmi Merimovich [13] used for the gap 3 a variation of Velleman’s simplified morass [17]
instead. k™ t-c.c. breaks down but he was able to show k™ T—properness instead. The forcing
adding a simplified morass is directed closed enough in order to preserve supercompact
cardinals. Unfortunately generalizations (at least those that we considered) of Merimovich’s
idea of first adding a simplified morass and then using a properness instead of a chain
condition of the main forcing run into severe difficulties already for Gap 4.

Here we suggest an other way. The main forcing will be used directly over V' without a
preparation. Actually a simple version of the preparation forcing of [6] will be incorporated
directly into the main forcing. Again as in [13] kT "-c.c. will break down and we will show

a properness instead.
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In this paper we will deal with a general situation - no bounds on a gap between a
singular cardinal and its power. The situation where the gap between a singular cardinal
% and its power is bounded by x**" = R, is considered in [9]. The arguments there are
slightly easier, but not essentially.

The main instrument introduced here is called structures with pistes. It seems of an
interest by its own. Beyond cardinal arithmetic applications stated above, it is applied in a
further paper to certain generalizations of Forcing Axioms to higher cardinals, see [10]. Here
we will apply it to adding clubs by finite conditions.

The paper is organized as follows.

In Section 2 we introduce a d—structure with pistes over 7 of the length 6. Basic properties
of such structures like the intersection property, possible extensions etc. are studied here.
A forcing with piste structures is introduced. Its properness is proved. An application to
adding clubs is given at the end of this section.

Section 3 is devoted to a cardinal arithmetic application. We show how using structures of

this type it is possible to blow up the power of a singular cardinal.



2  Structures with pistes—general setting.

Assume GCH.

The basic idea behind the structures defined below (Definition 2.3, d—structure with pistes
over 1 of length 0) is to stay as close as possible to an elementary chain of models. It
cannot be literally a chain since models of different sizes are involved and models of bigger
cardinality can come before ones of a smaller. The first part (Definition 2.1) describes this
“linear” part of conditions in the main forcing. It is called a wide piste and incorporates
together elementary chains of models of different cardinalities. The main forcing, defined
in Section 2.3, will be based on such wide pistes and involves an additional natural but

non-linear component called splitting or reflection.

Definition 2.1 Let § <1 < 6 be regular cardinals.
A (0,7,6)—wide piste is a set ((CT,CT™) | 7 € s) such that the following hold.*

Let us first specify sizes of models that are involved.

1. (Support) s is a set of regular cardinals from the interval [n, 0] satisfying the following:

(a) |s| <9,
(b) n,0 € s.

Which means that the minimal and the maximal possible sizes are always present.
2. (Models) For every 7 € s and A € C7 the following holds:

(a) A< (H(0"),€,<,6,n), where < is some fixed well ordering of H(6"),
(b)
) ADT+1,
(d) An7t is an ordinal,
(e) elements of C7 form a closed € —chain, of length < §, with a largest element,

(f) if X € C™\ C™"™ is a non-limit model (i.e. is not a union of elements of C7), then

(g) if XY eC"then X €Y iff X QY.

'The main application will be to the case when 1 = k% for a cardinal x which is an w—limit of sufficiently
strong cardinals, but still without extenders which overlap x. An other application is to forcing axioms, and
for it we use 6 =1 = w.



3. (Potentially limit points) Let 7 € s.
Cim C O7. We refer to its elements as potentially limit points.
The intuition behind this is that it will be possible to add new models unboundedly
often below a potentially limit model, and this way it will be turned into a limit one.

Let X € C™™  Require the following:

(a) X is a successor point of C7.

(b) (Increasing union) There is an increasing continuous € —chain
(X; | i < cof(sup(X NOT))) 2 of elementary submodels of X such that

L Uz’<cof(sup(Xﬁc9+)) Xi= X’
ii. |Xz| =T,
ii. X; D7,
iv. X; € X,
V. T>XZ‘+1 Q Xi—l—l'
If such sequence (X; | i < cof(sup(X N 67))) is definable from X (for example,
the least one in the well ordering of H(6")), then we will call it an X —sequence.
(¢) (Degree of closure of potentially limit point)
Either

i. X C X, and then we call X a closed model,
or
ii. cof(sup(X NOT)) = ¢ for some & € sN 7 and then either
e there are X* € C™™ and E* € C*™ for some p € s,p < T such that
PX* C X*, X is the Skolem Hull of (X* N E*) U7 + 1 in the structure
(H(0%),€,<,6,m).
Denote such Skolem Hull further by cl.
Or
e there are X, € C*"™ X, € C%™ guch that
A, sup(XeNOT) =sup(X NOT) = XpNOT,
B. X C X C X,
C. [ X|=7¢€X,

2These models need not be in C7, but rather allow to add in future extensions models below X.



D. X is the least (in the well order < of H(A")) elementary submodel of
H(0) elementary submodel of Xy elementary submodel of H(#) which
includes X¢ and 7+ 1,

E. there is a sequence (X; | i < cof(sup(X NO71))) witnessing 3(b) for Xy
whose members belong to Xe.

F. For any pp € s, < p < 0, if Y € C* is the least in C* such that
Xe €Y, then X €Y and Y is a potentially limit point.

Note that if 7 > w, (X; | i < cof(sup(XN6OT))) and (X | i < cof(sup(X N
01))) are two sequences which witness (3b) above, then the set {i <
cof (sup(X NO1)) | X; = X/} is closed and unbounded.

It is possible using the well ordering < to define a canonical witnessing
sequence (X; | i < cof(sup(X N#T))) for X.

Let us first do this for X such that cof(sup(X N67)) = 7 (or for X of
(3¢(ii)(C)) above). Let (z, | v < 7) be an enumeration of X ( defined
using <). We proceed by induction. If i < 7 is a limit then set X; =
Ui« Xir. Pick Xi41 to be the least elementary submodel of X such that
- z; € Xiqa,

- X; € Xija,

— [ Xipa| =7,

- Xip1 27,

= 77 Xis1 C Xiy1.

By (3b), it is possible to find such X ;.

Clearly U, Xi = X.

Suppose now that cof(sup(X NOT)) = ¢ € sN 7. Then let us use the
canonical sequence (X;e | 1 < & = cof(sup(X N #71))) for X¢ in order to
define the canonical sequence (X; | i < cof(sup(X Né7))) for X.
Proceed by induction. If i < & is a limit then set X; = (J,_; Xy. Pick
X1 to be the least (in the well order < of H(6")) elementary submodel
of H(A") such that

— Xip1 € Xg,
— Xie € Xiq,
- X; € Xiq,

- |Xi+1| =T,



- Xipn 27+ 1,

- 77Xy € Xip

By (3c(ii)B), it is possible to find such X, ; inside Xe.

Note that the existence of such canonical sequences implies that X itself

is definable from X, and 7.
The next condition prevents unneeded appearances of small models between big ones.

4. If By, By € C?, for some p € s, By is not a potentially limit point and By is its
immediate predecessor, then there is no potentially limit point A € C7 with 7 < p
such that By € A € B;.

The requirement that B; is not a potentially limit point is important here. Once
dealing with potentially limit points, we would like to allow reflections which may add
small intermediate models.

However, small models which are non-potentially limit points are allowed.

5. Let By, By € C?, for some p € s, By is not a potentially limit point, By is its immediate
predecessor and A € C"N By, with 7 < p. If sup(ANOT) > sup(ByNOT), then By € A.
The next condition is of a similar flavor, but deals with smallest models.

6. If B € C”, for some p € s, is not a potentially limit point and it is the least element of
C”, then there is no potentially limit point A € C™ with 7 > p such that A € B3,

Both conditions 4 and 6 are designed to allow one to add new models below potentially

limit points, which will be essential for properness of the forcing.
The next condition deals with closure and is desired to prevent some pathological

patterns.

7. Let B € C?, for some p € s, be a non-limit point of C”. If there are models A € (J,, Ce
with sup(A N 6F) < sup(B N 6OF), then there is A € BN Je, C* such that

(a) sup(AN6OT) <sup(BNoH),
(b) forevery A" € e, C* with sup(A'NGT) < sup(BNOT), sup(A'NOT) < sup(ANHT).

3If we drop the requirement 7 > p, then it may be impossible further to add models of sizes > 1 once a
potentially limit point of size 7 is around.



10.

11.

12.

13.

Such A is the “real” immediate predecessor of B. Further, in the definition of the
order, we will require that if B is not a potentially limit point, then no models E such
that A € F € B can be added.

The purpose of the next four conditions is to allow to proceed down the pistes without

interruptions at least before reaching a potentially limit point.

Let ,pes,T<p, Ae C",B € C? and B € A. Suppose that B is not a potentially

limit point and B’ is its immediate predecessor in C*. Then B’ € A.

Let 7,p,p* €s,7<p<p*, AcC",Be€ (" ,Dc CPand B € A. Suppose that B is
not a potentially limit point and B’ is its immediate predecessor in C?".
Then B’ € D € B implies D € A.

Let m,p € s,7t < p, Ae C",B € C?” and B € A. Suppose that B is a limit point
in C*. Let (B, | v < v* <) be C’N B. Then a closed unbounded subsequence of
(B, |v <v*)isin A.

Let ,p € s,7t<p, A C",B € C?” and B € A. Suppose that B is a limit point in
C?. Let D € J,., C* be such that sup(D N %) =sup(BN6O*). Then |D| € A implies
that D € A.

nes

(Linearity) If 7,p € s,7 < p, A€ C™, B € C”, then
(a) sup(ANOT) <sup(BNEHT) implies A € B,

(b) sup(ANO1) =sup(BNHOT) implies A C B.

The next condition will be used to ensure that the maximal models are linearly ordered

by a combination of €, C —relations.

(Linearity at the top) Let 7, p € s,7 < p, B be the maximal model of C* and A be the

maximal model of C7. Then
(a) sup(AN6OT) <sup(BNEHT) implies A € B,
(b) sup(ANO1) =sup(BNHOT) implies A C B,
(c) sup(ANOT) > sup(BNHT) implies B € A.

This condition is unneeded if 6 < X, +, as will be shown in Lemma 2.2.



4. Let ,pes,7<p, AcC",X € CP" X € Aand X ¢ X. Then there are X’ €
ANCP ™ and E' € ANCH™ for some ju € s, 11 > p, such that X = cl((X'NE")Up+1).
Moreover, it is possible to find such X', E’ so that cof(sup(X'NE' N ")) = |X'|.

15. Let B € C™, D* € C?,p > 7, cof (sup(D*NOT)) = £ for some € € sNp, £ > |B| =7 > 1.
Suppose that £ € C¢™ is such that & E C E,sup(E N ) = sup(D* N H*). Then
FE e B.

16. Let 1,p,é €s,7<p <& AeC™,Be(CP,M € C¢ B,M € A and sup(Bno*) >
sup(M N #T). Suppose that there is a model M* € B such that M* N B = M N B.

Then such model is in A.*

Further conditions (called covering conditions) will insure existence of such M*. So

the above condition guarantees the closure of A under this type of covering.

17. (Immediate successor restriction) Let 7,p € s,7 < p, A € C7, B € Criim

and B € A. Suppose that there a model B € B N C? such that sup(B' N o) >
sup((ANB)N6#T).> Then the least such B’ is a potentially limit model. ILe., if there is
a model in C” between AN B and B, then the least such model is a potentially limit
model.

The condition 17 is designed to prevent the situation when there is £ € AN C*? which
has a non-potentially limit immediate successor E” in B but not in A. Also it prevents
a possibility that the least element Y of C” is a non-potentially limit point which
belongs to B and is above AN B.

The condition above is needed further for 7—properness argument®.

18. Let M € C",E € C%"™ E ¢ M, for some 7 < £ in s. Suppose that sup(E N6) <
sup(M N 6*). Let E* be the cover of E in M, i.e. E* € M N C%™ E* D E is such

4Note such M* is unique, if exists. Thus suppose that M’',M" € B, M’ # M" and M'NB=MNB =
M" N B. Thereis x € M'\ M" or x € M" \ M’. Suppose for example that there is x € M’ \ M"”. By
elementarity, then there is z € M’ \ M",x € B, but this is clearly impossible.

Also note that M* = M, if M € B.

®Note that then cof(sup(B N 6%)) > 7. Otherwise, if cof(sup(B N #T)) < 7, then the least cofinal in
sup(B N 61) sequence (¢; | i < cof(sup(B N O1))) which consists of elements of B is in A. We have A € C7,
hence 7 C A, but then {¢; | i < cof(sup(BN61))} C A. So, sup((AN B)NOT) =sup(BNOH). This leaves
no room for B’ € BN C? such that sup(B’ NHT) > sup((AN B)NOT).

In an earlier version of the paper, we defined a model B, := Uie Ancofsup(Bro+)) Bi ( where (B; | i <
cof(sup(BN@1))) is a chain which witnesses (3(b)) and added it to C?"™. Having such B4 in C*!"™ implies
impossibility of the situations above. Here we do without B4 and this simplifies the major arguments like
intersection properties and properness. However, getting a club that runs away from sets in V' becomes a
bit more complicated.



19.

20.

that M N E* C E.
Let (Ef | i < cof(E* NOT)) be an E*—sequence. Set iy, = sup(M Ncof (E* N OT)).
Then either Ef = F or Ef € F.

M
The next conditions deal with the possibility of covering a model D ¢ B such that
sup(B N 6OT) > sup(D NO) by a model that belongs to B.
We deal separately with cases § < ®,+ and 6 > N, +. It is not too hard to combine both
cases together, but our imprecision is due to the fact that first considering a simpler
case 0 < W, + will better explain the intuition behind the general case. This seems to

be true not only in this definition, but rather through the paper.

(Covering under 6 < N,+) If 7,p € s,7 < p, B € C",D € C? and sup(BNo#*) >
sup(D N #%), then there is D* € BN C? such that D* O D and BN D* C D.”

Note that the set Z := {i < 0 | i is a regular cardinal } belongs to B, by elementarity.
Its cardinality is at most n, so Z C B.

(Strong covering under § < N,+) Let B € C7, D € C?,p > 7% and
sup(D NOT) < sup(BN6O*). Then either

(a) D€ B,

or

(b) D ¢ B and the least D* € C? N B, D* D D is closed under < p— sequences of its
elements. Then BN D* C D.
Or

(¢) D ¢ B and the least D* € C? N B, D* D D is not closed under < p—sequences of
its elements. Then BN D* C D.
Let cof(sup(D* N 6#T)) = ¢ for some £ € sNp. Then £ > |B| =1 > .
Suppose that there is £ € C¢" such that > E C E,sup(E N6*) = sup(D* N
0%). This corresponds to the second bullet of Item 3c(ii). Note that £ € B by

"Note that

(a) if D ¢ B, then the least such D* must be a potentially limit point by Items 8 and 10 above. Thus, it
cannot be a successor non-potentially limit point, by Item 8, since its immediate predecessor D*" will be in
B, and then, by minimality of D*, sup(D* N 0%) < sup(DN61), and so D D D*

By Item 10, D* cannot be a limit point of C”.

(b) such D* is the least model D’ € BN C? such that D' D D.

(c) if D & B, then cof (sup(D* N61)) > |B|, since otherwise a cofinal in sup(D* N 6*) consisting of elements
of D* will be in B. Which is impossible, since D € D*, and so, sup(D N6%) € D* but BN D* C D.

¥Note that the assumption 6 < R, implies that p € B.



Item 15, since D* € B.
Then either

i. De E, BND*CD.
Or
ii. D¢ E,sup(ENOT) =sup(D*NOT) > sup(DNOT),
and then, let D** € C” N E be the least such that D** D D.
Let (E; | i < &) be an F—sequence. Set i% = sup(BN¢&). Then the least
i < &, such that sup(D** N ) € E;, is above 5.
If D** is closed under < p—sequences of its elements, then BN D* C D, EN
D** C D, and we are done.
If D** is not closed under < p—sequences of its elements, then the process
repeats itself going down below D**. After finitely many steps we will either
reach D or D will be above everything related to B.
We will state it formally below, but let us first deal with another possibility
which corresponds to the first bullet of of Item 3c(ii).
So, suppose that there are E € BN Cm F € BN CPm 10 for some
¢, 7 < ¢ < p, such that D* = cl((ENE)Up). In addition, cof(sup(F'NEt)) >
Then either
iii. De E, BN D*C D.
Or
iv. D ¢ E,sup(ENGT) > sup(D*NOT) > sup(DNA*), and then, let D* € CPNE
be the least such that D** D D.
Unlike the previous case (ii), the model E may be not closed, i.e. E>E Z F.
If this is the case then we require existence of a closed model Ey € B N
Ceof(sup(BIO))lim wwhich is responsible for non-closure of F.
Namely, there are finite sequences (Ej, | k < ), (Ey | k <€), (F, | k<) € B
such that
e By=E F,=F,
o ), € C'Eellim is closed, for every k < ¢,

o Ei1, By € Ey, for every k < ¢,

9Clearly, D** N0 € E; implies that sup(D** N 0T) € E;, as well.
10We may assume that F € E, since otherwise the covering Item 19 can be applied to F, F, and F can
be replaced by its cover.
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|E}| = cof(sup(Ej, N 61)), for every k < £,

E), = cl((EkH N Fk+1> U |ﬁ’k+1|), for every k < ¢,

By, € CIBlim for every k < ¢,

Ey, € CIFltim By and | Ey| < |Fy|, moreover if | Ey| = |Fy|, then E, = F,

i.e we can omit it from the intersection, for every k < ¢,

e [ is closed under < |Ej|—sequences of its elements.

Further let us denote such final model E; by ¢(E) and call it the core of E.

Let E = ¢(E).

Let (E; | i < |E]) be an E—sequence. Set i, = sup(BN|E|). Then i% < |E|
and the least i < |E|, such that sup(D** N 6T) € E;, is above i5.

If D** is closed under < p—sequences of its elements, then BN D* C D, EN
D** C D, and we are done.

Suppose now that D** of (ii) or (iv) is not closed under

< p—sequences of its elements.

Then there are n* < w, (E™ | n < n*), (D™ | n < n*) such that for every
n < n* the following hold:

A. D= D*

E'=F,

D" e C?,

D" D D,

Dl ¢ Dn,

[E">En C E™ and either D™ = cl(E™ U p) or E™ is a core of a model E"
such that

D" = cl((E" N F™) U p)), for some F* € E" N C?, such that |F*| > |E"|,
E" e C1F"l

H. E"t!' ¢ E*, |E™| > |E"| and if E™' F™! are defined, then they are
in E,, as well,

D™l ¢ E™ is the least in C? N E™ such that D" > D, ie. D** = D!,
BND°C D,

E"n D" C D,

Let (E!" | i < |E™|) be an E"—sequence. Set i, = sup(B N |E"|).

Then i < |E™| and the least ¢ < |E"|, such that sup(D"**N6*) € EP,

. ”
is above %.

0 =Y aw

Q

=R e =
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M. D™ = D or, we have, D € D" »>D"" C D",

Let us turn to covering properties under the assumption 6 > N, +. The new possibility

here is that a model on the wide piste may be too small to include even cardinalities

of other models there. In order to cover models in such situation, we may need models

of singular cardinalities that we prefer not to include into C?’s for p € s.

21. (Covering under § > X, +.) Let B € C7, D € C?,p > 7 and
sup(D NOT) < sup(BN6OT). Then either

(a) there is D* € C? N B such that D* O D and BN D* C D (and then, clearly,
BN D" = BN D),

or

(b) there is no D* € (|

pes\p C*) N B such that D* O D and BN D* C D. Then

the following hold:

i.

11

iii.

p & B,min((BN6O*)\ p) is a singular cardinal and there is D* € B, |D*| =
min((BN6+)\ p) such that D* O D and BN D* C D.

or

p € B,min((BNO1)\p) is an inaccessible cardinal and there is D* € B, |D*| =
min((BN6*)\ p) such that D* O D and BN D* C D. Moreover,|D*| ¢ D*.
Or

there are I’ € C¢ and H € C% such that 7 < ¢ < p < 0, sup(DNO*) =
sup(F' N %) = H N 0" and there is no F* € (U, e, C") N B such that
F* D F and BN F* C F. Then there is D* € B,|D*| = min((BN6*) \ p)
such that D* 2 D and BN D* C D.

We will elaborate this last possibility (b) below.!!

22. (Strong covering under § > R, +) Let B € C7, D € C?,p > 7 and
sup(D N6*T) < sup(BNO*). Then either

(a) D€ B,

or

HSuch possibility may occur already if n = § = w and § = N, 11. Let B be a countable model. Then
BNw; <wi. Let D be a model of cardinality X, for some o, BNw; < a < w;y. So, a model D* € B of a
singular cardinality N,,, may be needed in order to cover such D.

12



(b) D ¢ B and the least D* € B, D* D D is in C” and is closed under < p— sequences
of its elements. Then BN D* C D.
Or

(¢c) D ¢ B and the least D* € B, D* D D is not in C” or it is, but is not closed under
< p—sequences of its elements. Then BN D* C D.
If D* € C”, then we repeat the requirements of (20).
Suppose that D* ¢ CP. Then |D*| = p* := min(B N 6" \ p). We require that
there are £, F € B, such that D* = cl((E N F)Up*). In addition, if F # E, then
cof (sup(F' N OF)) > |E|.
Deal first with the simplest case here.
Suppose D* = cl((ENF) U p*), |E| = &, for some & < p, and E is closed
under < {—sequences of its elements.!?
Then require then that ¢ € s and F € C¢. In addition,

either

i. De E,BND*CD.
Or

ii. D¢ E,sup(EN#t)=sup(D*NO) > sup(D N,
and then, let D** € E be the least such that D** > D.
Let (E; | i < &) be an E—sequence. Set iZ = sup(B N ¢). Then the least
i < &, such that sup(D** N O1) € B, is above 2.
If D** in C? and is closed under < p—sequences of its elements, then BN D* C
D,E N D* C D, and we are done.
If D** isnot in C” or it is in C?, but is not closed under < p—sequences of its
elements, then the process repeats itself going down below D**. After finitely
many steps we will either reach D or D will be above everything related to
B.
We will state it formally below, but let us first deal with the general case.
We require that either

iii. De E, BND*C D.
Or

iv. D ¢ E,sup(ENG*) > sup(D*NOT) > sup(DNA*), and then, let D* € CPNE
be the least such that D** O D.

121t may be that already D* = ¢l(E N p*), for example, if E = F.
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Unlike the previous case, the model E may be not closed, i.e. EI>F z E.
If this is the case then we require existence of a closed model Ey € B N
Ceofsup(EN))lim wwhich is responsible for non-closure of E.
Namely, there are finite sequences (Ey | k <€), (Fy | k < ) € B such that
o Ey=FE [,=F,
o F, = cl((E~k+1 N Fk+1) U |ﬁ’k+1|), for every k < £,
o for every k < £, either |Ej| < |F|, and then F, € Ej;
or |Ek| = \Fk|, and then £, = F}, so, we can omit F}, from the intersection
in this case.
e F, is not closed under < |Ek|—sequences of its elements, for every k < ¢,
° Eg is closed under < |Eg|—sequences of its elements and Eg c CEdum.

Further let us denote such final model E; by ¢(E) and call it the core of E.

Let E = ¢(E).

Let (E; | i < |E|) be an E—sequence. Set i5 = sup(B N |E)).

We require that i% < |F| and the least i < |E/|, such that sup(D*N6*) €
E;, is above i5.

If D** is closed under < p—sequences of its elements, then BN D* C D, EN
D** C D, and we are done.

Suppose now that D** of (ii) or (iv) is not closed under

< p—sequences of its elements.

Then there are n* < w, (E" | n < n*), (D™ | n < n*) such that for every
n < n* the following hold:

A. DY = D~

E'— E,

D" e C?,

D" D D,

Dl e D,

[E">En C E™ and either D" = cl(E™ U p) or E™ is a core of a model E"
such that

D" = cl((E" N F™) U p)), for some F™ € E" N C?, such that |F"| > |E"|,
. E" e CF

H. E"t! ¢ E*, |E™| > |E"| and if E™', F™! are defined, then they are

in E,, as well,

MY QW

)
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D™l ¢ E™ is the least in C? N E™ such that D" > D, ie. D* = D!,
BN D" C D,

E"N D™ C D,

Let (E!" | i < |E™|) be an E"—sequence. Set i, = sup(B N |E"|).

Then % < |E™| and the least i < |E™|, such that sup(D"™' N#*) € EP,
is above 7.

M. D™ = D or, we have, D € D" »>D"" C D",

T

23. Let A € C7, for some 7 € s. Let B € U, Ct or E ¢ Uees C¢, but E covers some
model, as in 21(b). Suppose that sup(EN67) € A and |E| € A. Then E € A.

O of the definition.

Let us make now the following observation:

Lemma 2.2 Let ((C™,C™™) | 7 € s) be a (0,n,0)—wide piste. Let 7,p € 8,7 < p and A
and B be the mazimal models in C™ and C* respectively. Suppose that if sup(ANoT) >
sup(B N 01), then p € A. Then, without assuming 2.1(13), either B € A or A C B.
Moreover, sup(ANGT) < sup(BNOT) implies A € B and sup(BNOT) < sup(ANO) implies
B e A

So, the maximal models are linearly ordered by a combination of € and C —relations.

Proof. If sup(AN6#T) < sup(B N O"), then by Definition 2.1(12) A € B.

If sup(AN6#T) =sup(BNOT), then by Definition 2.1(12) A C B.

Suppose that sup(A N OT) > sup(BNo+).

Then p € A, by the assumption. Apply Definition 2.1(19,21). Then there is D* € AN C*
such that D* O B. The maximality of B implies then that B = D*. So, B € A.

O

Now we are ready to give the main definition.

Definition 2.3 Let § < n < 6 be regular cardinals.
A §—structure with pistes over n of length 0 is a set ({A%, A AlTlim O7) | 7 € s) such that
the following hold.!3

Let us first specify sizes of models that are involved.

1. (Support) s is a set of regular cardinals from the interval [n, 0] satisfying the following:

131f § = w, then we call §—structure with pistes over 7 of length 6 just a finite structure with pistes over
7 of the length 6.
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(a) |s| <o,
(b) n,0 € s.

Which means that the minimal and the maximal possible sizes are always present.

. (Models) For every 7 € s the following holds:
(a) AT < (H(07), €, <,0,m),
(b) [A”] =T,
(C) AOT c Al’r’
(d) A' is a set of less than ¢ elementary submodels of A",
)

(e) each element A of A'7 has cardinality 7, A 2 7+ 1 and AN 7" is an ordinal.

. (Potentially limit points) Let 7 € s.

AlTlim C AT We refer to its elements as potentially limit points.

The intuition behind this is that once extending it will be possible to add new models
unboundedly often below a potentially limit model, and this way it will be turned into

a limit one.

. (Piste function) The idea behind this is to provide a canonical way to move from a
model in the structure to one below.

Let T € s.

Then, dom(C7) = A" and

for every B € dom(C7), C7(B) is a closed chain of models in A" N (B U {B}) such
that the following holds:

(a) BeCT(B),
(b) if X € C7(B), then C"(X) ={Y € C"(B) | Y € X U{X}},
(c) if B has immediate predecessors in A'", then one (and only one) of them is in
C7(B),
. (Wide piste) The set
(C7(AY), 07 (A7) A AV | 7 e )
is a (0,n,d)—wide piste.

The next two condition describe the ways of splittings from wide pistes. This describes
the structure of A" and the way pistes allow one to move from one of its models to

an other.
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6. (Splitting points) Let 7 € s. Let X € A'7 be a non-limit model (but possibly a
potentially limit). Then either

(a) X is minimal under € or equivalently under C,

or

(b) X has a unique immediate predecessor in A'",

or

(c) 7 < 0, X has exactly two immediate predecessors Xy, X; in A7, and then the
following hold:

i. (Splitting points of type 1) None of X, X, X; is a limit or potentially limit
point and X, Xg, X, form a A—system triple relative to some Fy, Fy € A7 tm,

where 7% € s\ 7 + 1, which means the following:

A. Fy & Fy and then Fy € C™ (Fy), or Fy & Fy and then Fy € C™ (Fy),
B. T*>F0 Q F() and T*>F1 Q Fl,
C. X() S Fl, if FO g F1 and X1 S FQ, if F1 g F(),
D. Fy € Xy and I} € X;,
E XonXi=XoNFk =X NEF,
F. T>X0 g XO and T>X1 Q Xl,
G. the structures
<X0, <, <X0 N Alp,Xo N Alplim7 (C'D r XO N Alp) N Xo | P e sn X0>>
and
<X1, <, <X1 N Alp,Xl N Alplim, (Cp r XN Alp) N X; | pesn X1>>
are isomorphic over Xy N X;. Denote by mx, x, the corresponding iso-
morphism.
H. X e A~
Or

ii. (Splitting points of type 2)!® There is a singular cardinal A > 7 of cofinality
< 0'% with A\t € s, there are € —increasing sequences (Goe | € € sNA), (Gie |
EesnA e X, Fy, Fy € XN AM ™ guch that

141f there are only finitely many cardinals between 7 and #, then we can take 7* to be just 7.

15In previous versions of the paper models of singular cardinalities were allowed. This condition corre-
sponds to splitting for such models.

1680 this type of splitting does not occur if § = w.
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111

Fy ¢ Fy and then Fy € C*'(F)), or Fy & Fy and then Fy € C* (F),
AFy C Fy and *Fy C Fy,

for every £ € sN A, 7 Goe C Goe and G C Gig

Goy = U&Sm Goe and Gy = Ugesm G are in X,

Gor € F1, if Fy G Fy and Gy € Fy, if F1 G Fp,

Fy € Goy and Fy € Gy,

Gox NGy = Goa N Fy =GN Fy,

T Q= HE 0 aw

the structures

(Gox, €, (Gox N A, Gy N AYE™ (CF | Goy N A) N Goy | p € 5N Gop))
and

(Gix, €, (G N A Gy N AP (CP | GiaNAY)YN Gy | p € sNGLy))

are isomorphic over Gy, N G1y. Denote by 7¢,,¢,, the corresponding
isomorphism.

I. For every £ € sN A, Tgy,ay, (Goe) = Gie.

. Xy = Gor and X; = Gy,.

K. (Pistes go in the same direction) If £ € s N A, & # 7, Gog, G1e € A and
there is G¢ € A'® which is the immediate successor of Gpe, Gi¢ in A,
then G € C*(Ge) & X, € CT(X),i < 2.

[

L. X is not a limit or potentially limit point,

M. X € AN

Or

(Splitting points of type 3) There are G, Gy, G1 € X N A%, G is a splitting
point of types 1 or 2 and Gy, G are its immediate predecessors, for some
p€ s\ (min(s\ 7+ 1)+ 1), with witnessing models in X such that

A. Xy € G,

X, € Gy,

X1 = 7a6, [ Xo)-

X is not a limit or potentially limit point,

X € A%,

(Pistes go in the same direction) G; € C*(G) & X; € C7(X),i < 2.

= HU O
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Further we will refer to such X, i.e. of types 1,2 or 3, as splitting points.

. Let 7,p € 5, X € A", Y € A'. Suppose that X is a successor point, but not
potentially limit point and X € Y. Then all immediate predecessors of X are in Y,
as well as the witnesses, i.e. Fp, Fy if (6(c)i) holds, (Goe | € € sNA),(Gie | € €
sNA), Gox, Gia, Fo, Fy if (6(c)ii) holds and Gy, G1, G if (6(c)iii) holds.

Lettes. X eAT™ YelJ . A and Y € X, then Y is a piste-reachable from X,
i.e. there is a finite sequence (X (i) | i < n) of elements of A'™ which we call the piste
leading to Y from X such that

pES

(a) X = X(0),
(b) for every 4,0 < i < n, either
i. X(i—1) has two immediate predecessors X (i—1)g, X (i—1); with X(i—1)y €
C"(X(i—1)),X(@#)=X@G—1)and Y € X(i —1); \ X(i — 1),
or
ii. X(i) € C™(X(i — 1)), and then either i = n or
i < n, X(i) has two immediate predecessors X (i)o, X (i); with X(i)y €
C™(X (%)), X(i+1)=X(1) and Y € X(i); \ X(i)o
(c) Y =X(n),if Y € A" and if Y € A, for some p # 7, then Y € X (n), X(n) is a

successor point and Y is not a member of any element of X (n) N A'".

Let us give two examples.

Example 1.  Suppose that A7 consists of three models, Y € Z € X.
Then the piste from X toY will be (X,Y).

Example 2.  Suppose that A" consists of models X, Z, T, Ty, T1,Yy, Y1 such that
YoeTo €T e Z e X s C7(X), T is a splitting point with Ty, T\ its immediate
predecessors, Yy € Ty, Y, € 1.

Then the piste from X to Y goes like this: From X we go down to T, then at T we
turn to Ty and from T} we continue to the final destination Y.

So the piste from X to Yy is (X, T,Ty,Y1).

The sequence (X (i) | i < n) is defined uniquely from X and Y.
In particular, every Y € A7 is piste reachable from A°7.

In order to formulate further requirements, we will need to describe a simple process

19



of changing the wide pistes. This leads to equivalent forcing conditions once the order

will be defined.
Let X € A'7. We will define the X —wide piste. The definition will be by induction

on number of turns (splits) needed in order to reach X by the piste from A"7.

First, if X € C™(A"7), then the X —wide piste is just (C¢(A%), C¢(A%)NAKEm | ¢ € 5),
i.e. the wide piste of the structure.

Second, if X ¢ CT(A"), but it is not an immediate predecessor of a splitting point,
then pick the least splitting point Y above X. Let Y, Y] be its immediate predecessors
with Yy € C7(Y). Then X € Y for some i < 2. Set the X—wide piste to be the
Y;—wide piste.

So, in order to complete the definition, it remain to deal with the following principal
case:

X € A" a splitting point of one of the types 1,2 or 3.

Let Xo, X7 be its immediate predecessors with Xy € C7(X). Assume that the X —wide
piste (C%, C{™ | € € s) is defined and assume that C7(X) is an initial segment of C%.
Let the Xo—wide piste be (C%,C{¢™ | € € s).

Let us deal with type of splitting separately.
Case 1. X is a splitting point of type 1.
Define the X;—wide piste <C§(1,C§gm | € € s) as follows:

. C§(1 = Cg(, for every £ > 7.
[.e. no changes for models of cardinality > 7.
}‘?:m = C§(1 N Alm for every £ € s.
Models that were potentially limit remain such and no new are added.
o C%, = (Cx\ X)UClT(Xy).
Here we switched the piste from Xy to X;.

° C§(1 ={Z¢€ C’i | sup(ZN6T) > max(sup(XoNO*),sup(X1N61))} U{mrx, x,(2) |
Z € C% N Xy}, for every € € sN7.17

Note that such defined switch from X, to X; does not affect at all models of sizes

above 7. Models of sizes < 7 are effected only if they are contained in X, or in X;.

"In particular, due to this, the next condition implies that for ¢ € sN T, if Z € C’;,sup(Z not) >
max(sup(Xo N O1), sup(X; NO1)), then {rx,x,(Z") | Z' € C§( NnXy} CZ.
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If X is a splitting point of types 2 or 3, then we may need to turn some piste for models
of cardinalities > 7 into other directions, in order to satisfy the items 6(c)iik,6(c)iiiF
above.

Proceed as follows.

Case 2. X is a splitting point of type 2.

Let A > 7, € —increasing sequences (Goe | € € sNA),(Gie | € € sNA) € X,
Fy,Fy € XN AWM Em Qo = Uecesrn Gogs Gix = Ugesnn Gie be as in the item 6(c)ii.

Define the X;—wide piste (C5% C’%m | € € s) as follows:

17

° C§<1 = Ci, for every & > .

I.e. no changes for models of cardinality > A.

o O™ =C%, NAY™ for every £ € s.

Models that were potentially limit remain such and no new are added.

o 0% = (Cx \ X)UCT(Xy).
Here we switched the piste from X to Xj.
Now, simultaneously, for every £ € s N\, if Gog, G1¢ € A and there is G € A
which is the immediate successor of Gog, Gi¢ in A%, then we switch pistes from
Goe to Gie in CH(Ge), exactly as it is done above with Xy, X3, X.

Case 3. X is a splitting point of type 3.

Let G, Gy, G1 € X N A™ be models which witness that X is a splitting point of type 3
and X, X are its immediate predecessors. Now using the induction!® we can assume
that the G;—wide piste is already defined.

Define the X;—wide piste to be the G;—wide piste.
Now we require the following:
9. Let 7 € s and X € A'7. Then the X —wide piste is a wide piste, i.e. it satisfies 2.1.

The problem is with the item (3c) of Definition 2.1 which, in general, is not preserved

while splitting.

Final conditions deal with largest models.

18The induction is on pairs (n, () ordered lexicographically, where n is the number of turns from the wide
piste and ( is the rank (the usual one as sets) of the model.
We have G, Gy, G; € X, so the rank of G, Gy, G is smaller than the rank of X. The number of turns needed
to get to G and to X from the top is the same.
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10. (Maximal models are above all the rest) For every 7 € sand Z € | . A", if Z & AT,

then there is y € s such that Z = A%,

pESs

Recall that by Lemma 2.2, maximal models A", 7 € s are linearly ordered as top parts
of the wide piste (CT(A"T), C7(A) N AlTim | r € ).

This completes the definition of j—structure with pistes over n of length 6.
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2.1 Some properties of structures with pistes.

Let us turn now to the intersection property.
The intuition behind this is to replace an arbitrary intersection of models by an internal one.

We split the definitions below according to 6 > R, + and 6 <N, .

Definition 2.4 (Models of different sizes, § < XN,+). Let ((A°7, A" Al™im C7) | 7 € s) be
a d—structure with pistes over n of length 6.

Let A€ A", B e A% and 7 < p.
By ip(A, B) we mean the following:

1. Be A,

or

2. AC B,

or
3. B¢ A, A¢ B and then

e there are 7y < ... <7, in (s\ p)NAand X; € A" NA, ..., X, € A" N A such
that ANB=ANX,N...NX,,.

Definition 2.5 (Models of the same size, § < X,+). Let ((A7, A" AlTlim C7) | 7 € 5) be
a 0—structure with pistes over n of length 6.
Let A, B € A'". By ip(A, B) we mean the following:

1. AC B,

or

9. BC A,

or
3. AZ B, B¢Z A and then

e there are 7y < ... <, in (s\7)NAand X; € A" NA, ..., X, € A" N A such
that ANB=ANX,N...0 X,,.

If both ip(A, B) and ip(B, A) hold, then we denote this by ipb(A, B).
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Definition 2.6 (Models of different sizes, § > X, +). Let ((A°7, A7 Al7™im C7) | 7 € s) be
a d—structure with pistes over n of length 6.

Let A€ A", B e A% and 7 < p.
By ip(A, B) we mean the following:

1. Be A,

or

2. AC B,

or

3. B€ A, A¢Z B and then

e there are iy < ... <y, in A\ p and X7, ..., X, € A such that

— ANB=ANX,N..NX,,,

— | Xi| = n;, for every i,1 <i < m,

— if n; € s, then X; € A, for every i,1 < i < m,

— if n; € s, then there are G; € ANAUG! H, € ANAY sup(G;NOt) = H;NO+
such that X; is the smallest elementary submodel of H; which includes G;Un;,

for every 7,1 <1i < m.

Definition 2.7 (Models of the same size, > X, +). Let ((A°7, A" Al7im C7) | 7 € s) be
a d—structure with pistes over 7 of length 6.
Let A, B € A'". By ip(A, B) we mean the following:

1. AC B,

or

9. BC A,

or
3. AZ B, B¢Z A and then

e there are 1y < ... <1, in A\ p and Xy, ..., X, € A such that

— ANB=ANX,N..0X,,
— | X;| = m;, for every i, 1 <i <m,
— if n; € s, then X; € A, for every i,1 <i < m,
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— if n; & s, then there are G; € ANAUG! H, € ANAY sup(G;NOt) = H;NO+
such that X; is the smallest elementary submodel of H; which includes G;Un;,

for every 7,1 <11 < m.
If both ip(A, B) and ip(B, A) hold, then we denote this by ipb(A, B).

Lemma 2.8 Let ((A% A" Allim CO7\ | 7 € s) be a §—structure with pistes over n of length
0. Assume A € A7, B € A%, for some 7 < p,7,p € s. Then ip(A, B) and if T = p, then
also ipb(A, B).

Proof. We will basically split the proof into two main cases: p = 7 and p # 7. However, the
inductive assumption'® will be used simultaneously for both.

Case A. p=T1.

So, A, B € A'. Assume that A € B and B € A. Consider the pistes leading from A°"
to A and to B. Let X be their last common point. Then, by 2.3(8), X is a successor model.

Subcase Al. X has a unique tmmediate predecessor. Let Xy be this immediate
predecessor. Then, one of A or B is in Xy and the other one is not. But, then it must be
equal to Xg, which is impossible by our assumptions that A Z B and B ¢ A.

Subcase A2. X is a splitting point of type 1.

Let Xy and X; be the immediate predecessors of X. Let Fy € Xy and F; € X; witness
that X, Xo, X; form a A—system triple. Then X, N X; = XqgN Fy = X7 N F}.
Assume that A € XoU{Xo} and B € X; U {X;}.
If A= X, and B = X3, then ipb(A, B) follows.
Suppose that A # Xy or B # X;. Say, B # X;. Set B’ = 7x, x,[B]. Then B’ € X, and
BNXy= B NF, Hence,

ANB=ANBNXy=ANB Nk =(ANB)N(ANF).

Now we apply induction to get ip(A, B') and ip(A, Fp).

Subcase A3. X is a splitting point of type 2.

Let Xy and X, be the immediate predecessors of X.
Let (Goe | € € sNA), (Gie | € € sNN), Gox, Gia, Fo, Fi € X N AE™ be as in Definition
2.3(6(c)ii). Again, we have XoNX; = XoNFy = X1NF}, since GoxNG1y = GoaNFy = G1aNF,
and the isomorphism 7¢,,¢,, moves Xy C Goy to X; C Giy.

Hence, it is possible to proceed as in the previous case.

19 As before, the induction is on pairs (n, ) ordered lexicographically, where n is the number of turns from
the wide piste and ( is the rank (the usual one as sets) of the model.

25



Subcase A4. X is a splitting point of types 3.
The proof essentially the same as in Subcase A3.

Case B. p > 7.

So, A€ A", B € AP, Assume that A ¢ B and B & A.

Suppose first that A ¢ A%. Then Definition 2.3(10), A = A% and if B ¢ A", then, again by
Definition 2.3(10), B = A%. But any two maximal models on the wide piste of the structure
are compatible by Lemma 2.2. Namely, if sup(A°" N 6T) < sup(A% N OT), then A" C A%
by Definition 2.1(12). If sup(A"" N 6*) > sup(A” N 6T), then A% € A’ by Lemma 2.2.

Suppose that A € A%. Then B # A%, as A € B, and hence A, B € A%.

By Definition 2.3(9) we can assume that A is on the wide piste of the structure. Consider
the pistes leading from A% to A and to B. Let X € C?(A%) be their last common point.
The proof proceeds by induction on rank(X). Then, by Definition 2.3(8), X is a successor
model.

Subcase B1. X s a splitting point of type 1.

The proof is essentially as in Subcase A2 above.

Subcase B2. X is a splitting point of type 3.

Let X, and X; be the immediate predecessors of X. Let G,Gy, G1 € X N AY¥ be a
corresponding A—system triple, for some p € s\ p+1. Alsolet Fy € GoNX and F; € GiNX
witness this, i.e. GoN Gy =GoN Fy =GN Fy.

Assume that A € Xy and B € X; U{X;}.
Set B' = mg,.¢,[B]. Then AN B = AN BN Fy. The induction applies to A and B, since
B’ C Xy € X. Also it applies to A and Fy, since Fy € X. Hence, ip(A, B).

Subcase B3. X is a splitting point of type 2.

It is similar to the previous case.

Subcase B4. X has a unique immediate predecessor.

Let Xq be this predecessor. Then either B = X, or B € X.

Split into three cases according to the relation between A and Xj.

Subsubcase B4.1. sup(AN6O1) < sup(XoNoOT).

Then A € Xy, by Definition 2.1(12). But B € X, as well, and we get a contradiction to
the choice of X.

Subsubcase B4.2. sup(ANO1) > sup(XoNoT).

Using Definition 2.3(9), we may assume that both A and B are on the wide piste of the
structure. Just X is there as the unique immediate predecessor of X. Switching pistes
below X, would not effect the piste leading to A, since sup(A N 61) > sup(Xo N oT).
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Apply Definition 2.1(20) or (22) to A and B. Let Z € A,Z O B, ANZ C B be the
result. Then AN B = AN Z, and we are done.

Subsubcase B4.3. sup(AN6*T) = sup(XoNOT).

Then A C Xy. If B = Xy, then AN B = A and we are done. So, B € Xy. Then,
sup(AN6OT) > sup(BNHT). Apply Definition 2.1(20) or (22) to A and B and continue as in
Subsubcase B4.2.

0

Lemma 2.9 Let ((A%, A7 ATlim O | 1 € s) be a 6—structure with pistes over n of length
0. Suppose that T € s, A € A is a potentially limit point and AN AY # (. Then there is
X € An AY which includes every element of AN AY.

Proof. First note that A'Y has no splitting points, since 6 is the maximal cardinal involved.
So, A = C?A%) is a closed chain. A is a potentially limit point in A7, 7 < 6, hence
cof (AN 6*F) >n > 5. Hence AN A is bounded in A. Set X to be the maximal element of
An A",

OJ

Lemma 2.10 Let ((A", A" AlTlim CO7\ | 7 € s) be a 6—structure with pistes over n of
length 6. Suppose that T,p € s,sup(A° N OT) # sup(A” NOT), 7 < p, A € A7 is a
potentially limit point and AN AY¥Y # (). Then there is X € AN AY which includes every
element of AN A'”.

Proof. If A & A% then A = A’ by Definition 2.3(10). By Lemma 2.2, then A% € A = A°.
So A% will be as required.

Assume that A € A%. By Definition 2.3(9), we may assume that A is on the wide piste of
the structure.

Let Z € CP(A%) be the least model which includes A. Consider its immediate predecessor
Z' on the piste. It exists since, by the assumption of the lemma A is not a limit model, so
Z cannot be a limit model.

Now, both A and Z’ are on the wide piste, 7 < p and A € Z’. Hence, by Definition 2.1(12),
sup(AN6+) > sup(Z'NOT). Apply now Definition 2.1(19) or (21) to A and Z’ (note that
|Z'| = p € A). So, there will be X € AN C?(A%) such that X D Z'. But then Z’ = X and
we are done, since if Y € ANCP(A%), then Y € Z D A. Hence Y € Z' U{Z'}.

O
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Lemma 2.11 Let ((A°, Al AYTim C7) | 7 € s) be a d—structure with pistes over n of
length 0. Suppose that T € s, A € A and ANAYT #£ 0. If A is a potentially limit point then
there is X € AN AT which includes every element of AN AT,

Proof. Just by Definition 2.3(6), A has a unique immediate predecessor. It will be as desired.
OJ

Note that if A is a splitting point, then the lemma is not true anymore.
Also, if one likes to find the largest model of a small cardinality inside a larger one, then it
should not be true in general (however any J—structure with pistes over 1 of the length 6
can be extended to one that satisfies this). Thus, for example reflect in an increasing order
w—many models of size 7 into a fixed potentially limit model A of size . There will be no

maximal model of cardinality 7 inside A. But an additional reflection will produce such.

2.2  Forcing with structures with pistes.

Definition 2.12 Define Py,s to be the set of all

d—structures with pistes over 7 of length 6.

Let p = ((A%, A7, AMHim 7Y | 7 € 5) € Pays.

Denote further A% by A" (p), A by A7 (p), A'7im by Al (p) C™ by C7(p) and s by s(p).
Call s the support of p.

Let us define a partial order on Py,;s as follows.

Definition 2.13 Let

po = ((AJ7, ALT, AL CTY | T € so), ;1 = ((AYT, AfT, AlTlim CTY | T € s1) be two elements
of Pgmg.

Set po < p1 (p1 extends py) iff

L. S0 g 81,
2. A" C AJ7, for every T € s,

3. let A € A}, for some T € s, then A € A iff A € Allim,
The next item deals with a property called switching in [6]. It allows to change piste

directions.

4. Let 7 € s9.
For every A € AL, C7(A) C CT(A),
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or
there are finitely many places below A where pistes change their directions, i.e. there
are splitting points B(0), ..., B(k) € Ay N (AU {A}) with B(j)’, B(j)” the immediate
predecessors of B(j) (j < k) such that

(a) B(j) € C5(B())),
(b) B(5)" € CT(B(j))-

If Be A" N(AU{A}) is a splitting point different from B(0), ..., B(k) and B’, B” are
its immediate predecessors, then
B € C3(B) iff B' € C7(B).

. Let 7 € s¢.

If A € A}" is a splitting point in py, then it remains such in p; with the same immediate

predecessors.

. Let 7 € s¢.

Let B € A" be a successor point, not in AJ™'™ and with a unique immediate prede-
cessor. Consider the wide piste that runs via B (in pg). Let A be as in 2.1(7). Then
there is no model E in p; such that A € E € B.

This requirement guarantees intervals without models, even after extending a condi-

tion.

By 2.13(6), potentially limit points are the only places where non-end-extensions can be

made.

Lemma 2.14 Suppose that E,H < H(0T),M < HO*"), HE E€ M, |H e M\MNE C
H, |H| is a regular cardinal and H is closed, i.e. '">H C H. Then for every x € E there
is a closed model H, € E such that |H,| = |H| and € H,.

Proof. Suppose otherwise. Then

HO™ ) EJre EVFe E(x € FAF < H(") A |F| = |H| = F is not closed ).

By elementarity of M and since E, |H| € M, there is x € M N E which witnesses the above.
But M NE C H,sox € H. This is impossible. Contradiction.

0
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Lemma 2.15 Suppose that E;H < H(0"),M < H@*"), H € E € M, |H| = 0,0 €
MMNE CH and H is closed, i.e. "> H C H. Then for every x € E and every reqular
T € ENG+1 there is a closed model K, € E such that |K,| =7 and x € K.

Proof. Follows from the previous lemma.
O

Lemma 2.16 Suppose that E,H,H' M < H0"), He Ee M, H e MMNE CH,H D
EUH, |H| = |H'| is a reqular cardinal and H is closed. Then for every x € E there is a
closed model H, € E such that |H,| = |H| and x € H,.

Proof. Suppose otherwise. Then
H0")E3Jre ENF e E(xt € FAF X H A|F| = |H| = F is not closed ).

By elementarity of M and since E, H' € M, there is x € M N E which witnesses the above.
But M NE C H, sox € H. In addition, H C H’, and hence H < H’. This is impossible.

Contradiction.
O

Lemma 2.17 Suppose that E,H,H' M < H0"), He Ee M, H e MMNE CH,H D
EUH, |H| =|H'| is a reqular cardinal and H is closed. Then for every x € E and every
reqular T € EN|H| 4+ 1 there is a closed model K, € E such that |K,| =7 and v € K,.

Proof. Follows from the previous lemma.
O

Similar argument can be used to show the following:

Lemma 2.18 Suppose that E,H, H M < H(0"), He Ee M, H e M,\MNE C H,H 2
EUH, |H| = |H'| is a reqular cardinal and H has an H—sequence. Then for every x € E
there is a model H, € E with H,—sequence such that |H,| = |H| and x € H,.

We turn now to properness of Py,s.
Recall the following basic definition due to S. Shelah [16]:

Definition 2.19 Let p > w be a regular cardinal and P a forcing notion. P is called p—
proper iff for every p € P and M < H()\) (for large enough \) with |M| = p,*” M C M,
P,p € M thereis p’ >p p such that for every dense open D C P,D € M , p'IF “DNGNM #
().” Such p/ is called (M, P)-generic.
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The following is obvious:

Lemma 2.20 If P is p-proper, then it preserves ju*.

Our next task will be to show that the forcing notion (Py,s, < ) is T—proper for every
regular 7, < 7 < 0. Let us first prove some technical lemmas that allow us to add new

models at places of specific type.

Lemma 2.21 Let Z < H(0%) and E € Z be an elementary submodel of H(0%) such that
E D |E| and cof(sup(E N 0T)) > |Z|. Assume that (E; | i < cof(sup(E N 61))) is an

€-increasing continuous sequence of elementary submodels of E such that

1o Uiccotsup(mroty) i = E,

2. (B; | i< cof(sup(EN6T))) € Z,

3. E; € E, for every i < cof(sup(E N61)).
4. E; D |E|, for every i < cof(sup(E N67)).

Let i* = sup(Z N cof(sup(E N 6T))).
Then E;» = cl((Z N E) U |E)|).

Proof. For every i’ < i* there isi" € Z, i <i” < i*. Also, " € Z implies that E;» € Z, since
(E; | i < cof(sup(ENO))) € Z. Hence E;v € ZNE.
Then Eyx = J{Ei | " € ZNcof(sup(ENOT))}.
Note that if X € cl((ZNE)U|E|) and | X| < |E|, then X C cl((ZNE)U|E]), by elementarity.
In particular, then E;» C cl((Z N E) U |E)|), for every i € Z N cof(sup(E N 61)), and so,
Ex Ccd((ZNE)U|E|).

Let us show the opposite inclusion. Suppose that x € cl((Z N E) U |E|). Then there are
a Skolem function h, a € Z N E and an ordinal v < |E| such that = = h(a, v).
Note that Z N E C E;«. Namely, if y € Z N E, then the least ¢ such that y € E; is in Z.
So, a € E;«. Also v € E, since E;« 2 |E|. Hence, x = h(a,v) € E;, and we are done.
O

Lemma 2.22 Let ((CT,C™™) | 7 € s) be a (0,n,0)—wide piste. Let X € C* E € C¢,
EneEs,E>pand E € X. Let (E; | i < cof(sup(ENOT))) be an E—sequence
Then (X NE)UE) = E;,, where ix = sup(X Ncof(sup(ENOT)).
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Proof. We have E;, =J,_, FEiand E; € X, ifi € X. Hence cl((X NE)UE) 2 E;y

Let us show the opposite inclusion. Let x € cl((X N E)UE). Then x = h(a,v), for a Skolem
function h, a € X N E and v < £. There is ¢, € X such that a € E;,. Then i, < ix. So,
a € FE;
O

«» but then x = h(a,v) € E;,, and we are done.

Lemma 2.23 Let ((C™,C™™) | 7 € s) be a (0,n,0)—wide piste. Suppose that for some
W, & € s, < & we have My, My € C* and E', E* € O%m n=p! C E' #2E% C E%. Assume
that € € My N My, E' is below M, and E? is below My, i.e. sup(M; N O') > sup(E; NOT)
and sup(My N O1) > sup(E, NOT).

Then either

1ocd(MyNnEYUE) =c((MynN E?)UE)

or

2. cd(MiNEYUE) Cd((MynE?)UE) , and then cl(MyNEY)YUE) € cd((MyNE?)UE)

or

3. cd(MyNE*)UE) Ca((MyNEYUE) , and then c((MyNE?)UE) € c((MyNEY)UE).

Proof. Without loss of generality, we can assume that E! € M; and E? € M,, just otherwise
cover B!, E? by such models.
If B! = E?, then the relation between M; and M, provides the conclusion. Similar, if
M, = M.
Note that due to the closure of E*’s, we have M; N E* € E*, for any i,j < 2.
For example, if My C M, and E? € E', then My N E? € E%. But E? € MoyNE' C M, NEL,
hence cl((Ma N E?) UE) C By Ca((MyNEY)UE).
Similar, if My € M, and E? C E', then M, € M,,E* € M, C M, imply M, N E? € M,.
Also, My N E? € E* C E'. Hence My N E* € M; N E', and then, cl((My N E?*) U¢) €
MyNE' Cc((M;NnEY)YUE).

Consider a nontrivial case: E? € E' and M, € M,.
If £ € My, then E* € MiNE", and so, E? € cl((M;NEY)UE). Hence, E? C cl((MyNEY)UE),
and then cl((My N E?)UE) C (M N EY)UE), since cl((My N E?)UE) C E2
By Lemma 2.22, cl((MyNE?*)UE) € E* and E? C cl((MyNEY)YUE). So, c((MyNE?*)UE) €
cd(MyNnEYU).
Suppose that E% & M;.
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If My NE'C E? ie. if E'is a cover of E? in M,, then
A(MiNEYUE) =cd(MyNE)UE) Ce((MynE*)UE).

Now, M; N E? € E? due to the closure of E?. Also, M, N E? € M, since M;, E? € M,.

Hence, M1 N E? € My N E?, and so, cl((M; N E?)U¢&) € MyN E? C cl((My N E?)UE).
Suppose that M; N E' ¢ E?. Pick then E* € M; N E'* N C¢ such that £* D E? and

M, N E* C E?.

Now, E* € M; N E' implies E* € cl((M; N EY) U&), and then, E* C cl((M; N EY) UE). So,

A(MyNE*)UE) C E2C E* Cd((MiNnEY)YUE).

By Lemma 2.22, cl((MyNE?*)UE) € E* and E? C cl((MyNEY)YUE). So, c((MyNE?*)UE) €

cd(MyNnEYHYU).

O

Lemma 2.24 Let (C7,C7"™) | 7 € s) be a (0,7n,0)—wide piste. Suppose that for some
& € s, < & we have My, My € C*, E', E? € C%"™ such that £ € M; N My, E' is below
M, and E? is below M.

Then either

1L cd(MiNnEYUE) =c((Myn E?)UE)

or

2. cd(MiNEYUE) Cd((MynE?*)UE) , and then cl(MyNEY)YUE) € c((MyNE?)UE)

or

3. cd((MaNE*)UE) Cd((MyNEY)YUE) , and then cl((MaNE*)UE) € c((MyNEY)UE).

Proof. Without loss of generality, we can assume that E' € M; and E? € M,, just otherwise
cover E', E? by such models.

By Lemma 2.22,

cd(MyNEYUE) = E}Ml and cl((My N E?)UE) = E,?Mz. Now, if E' = E?, then iy, < i,
will imply E} € E} = E7 ., and we are done.

Assume so that E' # E?. For example, let E? € E.

Pick then E* € M' N C* to be the cover of E2.

If E* € E', then cl((MyN E?)U¢) C E? C E* and since E* € My N E' we have E* C
c(MyNEY)YUE). Hence, cl((MyNE?)UE) Ca((MyNEY)UE).

By Lemma 2.22, cl(My N E?)U¢&) € E? or c((My N E?) UE) = E?. Also, E? € E* or
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E? = E*. Hence, cl(MyNE*)UE) € c((M;NEY)UE).

Suppose that E* ¢ E'. Then E* = E' and also M; € M,, since E* € M,.

It follows then that £ 2 Ej . By Lemma 2.22, Ej = cl((My N E') U§). We have
MNE}., =MNE =MnE®€ M,

Now by Definition 2.1(18), either Ej € E* or E? = Ej, - In the later case, My N 0% is
unbounded in sup(E? N 7). Then M, D M, is such as well. But then, by Lemma 2.22,
cd((MyN E*)U &) = E? and we are done.

Suppose finally that E}Ml € E?. Then My NE?* = M; N E}Ml € E% Now, there

is a successor model E?,, on E*—sequence such that E} € E?, |, but successor models of
1

C B}
= My
E?—sequence are closed under < £—sequences of its elements. In particular, |[M; N E?| <
|My| = pp < & and so, My N E? € B}, C E* Clearly, My N E* € M,. Hence, M; N E' =
M, N E? € Myn E? and then, cl((M;NEY)UE) € cd((My N E?)UE).

O

Let us prove now analogous statements for models M;, M, of different cardinalities.

Lemma 2.25 Let (C7,C7") | 7 € s) be a (0,7n,0)—wide piste. Suppose that for some
1, p2, & € s,y < g < & we have My € CHM My € CF2, € € My N My

and E', E? € C%im m>pl C gl m>E2 C B2,

Assume that E' is below My and E? is below Ms.

Assume in addition that if My € My, then sup(My N OT) # sup(E' N 6T).

Then either

1. cd(MiNEYUE) =c((MyNE*)UE)

or

2. cd((MiNEYUE) Cel((MynNE?)UE) , and then cl((MyNEYUE) € c((Myn E?)UE)

or

3. cd((MaNE*)UE) Cd((MyNEYUE) , and then cl(MyNE?)UE) € c(MiNEYUE).

Proof. Without loss of generality, we can assume that E' € M, and E? € M,, just otherwise
cover E', E? by such models.
Consider the new case that occurs here: M, € M;,E? € E'. Note that here we have
|Ms| > | M|, and so, My € M; does not imply My C M.

Case 1. M,N E' € E%.
Then M, N E' € M, N E'. We assumed that E? C E', so Mo N E*> C MyNE' € M, N EL.

Hence,
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cA(MyNE*)UE) Cel((MynEYUE) € MiNE.

Then
A((MyNE?*)UE) Cel((MaNENYUE) Cel((MNnEY)UE).

Now, using the closure of successor models in an E'—sequence, as in Lemma 2.24, we get
cA((MyNE*)UE) € c((MynEYUE).

Just for some 7 < if/[ll, MyNE* C E},,.

Case 2. E? € M,.
Then M, N E? € M,. Also, M, N E? € E', since M, N E* C E? € E', and picking an
E'—sequence, we will have for some i < cof(sup(E* N01)), MyNE* C E} .
So, My N E? € M' N EL.

Case 3. £? ¢ M, and E! not the cover of E? in M;.
Let F be the cover. Then F € E!'. Also, as in the previous case, My N E? € E' and
M, N F € E'. In addition, My N F € M, since both M, and F in M.
So, MoNE*C MyNF € M, N E.

Case 4. £E? ¢ M, and E! is the cover of E? in M;.
We can assume that sup(My N O1) > sup(E' N 6T), since by the assumption of the lemma
sup(M,NO1) # sup(E*NOT) and Case 1 takes care of the situation in which sup(M;N) <
sup(E' N oT).
Let B2 be the cover of E' in M,. Then EYM2 € M, since E', My, € M;. By (18) of
Definition 2.1, E' = EM2 or E'-LJ\;[Q € B

M. M.
If E}Mj\f € E', then we are in the situation of Case 1, since MoNE' = MQQEEJ(;Q%, Ezle\f e B!
and we can use the closure of successor elements of E'—sequence to argue that MoNE! € B
So, suppose that B! = E}MAQ/[Q
Set i(My, EY) = sup(M; Ncof (E* N 61)).
Note that n < 3 < pe implies that ps is a regular uncountable cardinal. Then ¢y, has
uncountable cofinality.
So, E'—sequence agrees with the sequence (E"™? | i < iy,) for EZIMAQ/IQ on a club.
Suppose for simplicity that this two sequences agree everywhere.
Then by Lemma 2.22, applied to E' = E}Ai\f and (E]™ | i <), we will have
B gy = (M N EY UE).
Now, we have EV™2 € My and so, (EM™ | i < cof (EY2 N 6)) € M.

Also iy, € M, since M, € M. Hence, (B} | i < ip,) € M.
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In particular for every i < i(My, E') = sup(M; N cof (E' N 61)), there is i* € M; such that

E;*’MZ 6 Ml

Remember that E' is a cover of E? in M;, so M, N E' = M, N E2.

Then, since E? ¢ M; and E* € M,, we will have Eil(’]]\‘jiEl) =cd((MiNEY)YUE) € E? or
Ein gy = A((MiNEY) UE) = E2,

The later possibility is impossible, since #* £? C E?.

Deal with the former one. Then, since E? € M, and (E? | i < cof(EV™2 ng1)) € My is a
closed sequence, there will be the largest j < cof (EY™2 N #*) such that E;’M2 C E2. Clearly
Jj € Ms. Then, Eil(’]]\\jf,El) =c((MiNEYUE C E;’MQ € Ms, and we are done.

O

The next three lemmas are most relevant if 6 > N, .

Lemma 2.26 Let X, E < (H(0"),€,<,0,n). Suppose that sup(X NOT) > sup(E N ),
n < |X| < |E|. Assume that there is EX a cover of E in X, i.e. EX € X, EX X X, EX D F
and X NEX C E.

Then EX is the cover of E in cl(X Up), for any p,& < p < p.

Proof. Clearly, EX € cl(X Up), since cl(X Up) 2 X and E¥X € X.

Let us argue that cl(X Up)NEX C E.

Let z € cl(X Up) N EX. Then z = h(a,v), for some a € X N EX v < p and a Skolem
function h. We have X N EX C E. Hence, a € E, but then x = h(a,v) € E as well.

0J

Lemma 2.27 Let XY, Z < (H(6"),€,<,0,n). Suppose that sup(X NOT) > sup(Y NOT) >
sup(Z N6t), n < |X| <|Y| < |Z|. Assume that there is Z* a cover of Z in X orinY.
Then Z*Ncl((XNY)Up) C Z, for any p,| X| < p < |Z|. In particular, if Z* € X NY, then
Z* is the cover of Z in cl((X NY)Up), for any p,|X| < p < |Z|.

Proof. Similar to the previous lemma.
O

Lemma 2.28 Let X,Y,Z <X (H(6"),€,<,0,n). Suppose that the following hold:
Losup(XNY NoT) >sup(Znot), n<|X|<|Y]<|Z]
2. There is a Y —sequence (Y, | v < cof(Y NOT)).

3. Y e X.
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4. There is a cover Z¥ of Z inY .

Then either Z¥ € X and then it is the cover of Z in cl((XNY)Up), for any p, | X| < p < |Z],
or

Z¥ ¢ X and then let v7 :=min({v | v < cof Y NOT) A ZY €Y, }).

Assume that ZY D Y,,-1andvy & X.

Set Z* = cl(Y,- Umin(X NY N O\ |Z|), where v* = min(X Ncof (Y NOT) \ v7).

Then Z* is the cover of Z in cl((X NY)Up), for any p,|X| < p < |Z|.

Proof. If Z¥ € X, then it is the cover of Z in cl((X NY) U p), for any p, | X| < p < |Z], by
the previous lemma.

So, suppose that Z¥ ¢ X and Z¥Y D VY,, ; and vy ¢ X, where v7 = min({v | v <
cof (Y NOT)ANZY €Y,}).

Then sup(X NY NOT) > sup(Y,,_1 NOT), since sup(X NY NOT) > sup(ZNO') and Y,z is
the first on the Y —sequence such that sup(Y,z N6T) > sup(Z N oT).

Then X Ncof (Y NOT)\ vZ #£ 0. Let v* = min(X Necof (Y NOT) \ v7).

Consider Z* = cl(Y,» Umin(X NY No*\ |Z]).

Clearly, Z* € X NY.

We need to show that Z*Necl(X NY)Up) C Z.

Proceed as in Lemma 2.26.

Let z € Z*Ne((X NY)Up). Then z = h(a,v), for some a € X NY NZ* v < p and a
Skolem function h.

a € XNY NZ* implies that a = A'(d,v'), for some ¢/ € X NY NY,«, vV <min(XNY N
0t \ |Z]),v € X NY and a Skolem function A’

Now, by the choice of v*, X NY,- =XNY,, =XNY,, 1.

We have Z¥ DY, 1, hence d’ € ZY NY. But also, Y N ZY C Z.

Hence a’ € Z. Then ' = W (d',V') € Z, since v/ <min(X NY N6\ |Z]),v € X NY implies
V' < |Z|, and so, x = h(a,v) € Z, as well.

0

Lemma 2.29 Let p= ((C7,C™™) | 7 € s) € Py,s be a wide piste and B, D are potentially
limit models of p such that |B| = 7, for some reqular 7 € sN 6, |D| =6 and sup(BN o) =
Dnot.

Let p € (1,0) N B be a regular cardinal. Then a model of cardinality p can be added to p

between B and D such that the result remains a wide piste.
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Proof. Suppose that there is no model of size p between B and D inside p. Without loss
of generality we can assume that p € s. Otherwise extend p by adding a single model of
cardinality p and making it a potentially limit model.

Let E be the least elementary submodel of D such that

o |[E|l=0p,
e DB,
e EDp+1,

So, F is the Skolem Hull of BUp+1in D.

We will add E to C?"™ . However, the addition of £ may require that some other models
will be added as well, in order to satisfy the covering properties of Definition 2.1.
Thus, for example, assume that § < X, + and that there is a model A in p such that sup(AN
6%) > sup(BNO+) and B € A. Then we may need to add some E’ € A of cardinality p such
that ANE' C E.

Claim 1 Let B, D" be potentially limit models of p such that |B’| < 6, |D'| = 6 and
sup(B'NoT) = D'Nnot. Let A be a model in p such that sup(ANOT) > sup(B' N O,
|A| < |B'| and |B'| € A.

Suppose that B* is a cover of B’ in A, and D* € C? is a cover of D' in A. Then sup(B*Nf*) =
D*not.

Proof. Note that by (23) of Definition 2.1, B’ € A iff D" € A.
If B’ € A (or equivalently D’ € A), then B* = B, D* = D’ and we are done.
Suppose that B, D' & A.

It is impossible to have D*NO* > sup(B*NOT), since then B* € D* but then, AND* C D’
and B* ¢ D'.

Let us argue that it is impossible to have D* N6 < sup(B* N #T). Thus suppose that
this is the case. Recall that both B* and D* are in A. So,

AED*NOt <sup(B*NoT).

Hence,
AEIeB NI >D NoH).

Pick such ¢ € A. Then ( € AN B* C B’, but this impossible, since
sup(B'Not)=D'not < D*NnH*.
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Hence, D* N0+ = sup(B* N o).
O of the claim.
Suppose first that 0 <R, ;.
Let Z be the set of all pairs (B’, D’) such that

1. B’, D' are potentially limit models of p,

[\

B =|B| =T,

3. sup(B'NO*) >sup(BNoT),
4. |D'| =0,

5. sup(B'NOt)y =D No*.

Now, for every (B’, D’) € Z, let E’ be the Skolem Hull of B"Up+1in D"
Add all such models E’ to p.
Let us argue that the result remains a wide piste. The first observation will be that all

new models are linearly ordered by an € —relation.

Claim 2 Suppose that (B, D’), (B",D") € Z and D'NOT < D"NOT. Let £’ be the Skolem
Hull of B'Up+1in D’ and E” be the Skolem Hull of B” U p+ 1in D”. Then E' € E".

Proof. We have B’ € B”, since both are in C”™ and sup(B’ N 6") < sup(B” N OT). Then,
D' € B”. Hence, E’, which is the least elementary submodel of D’ containing B" U p + 1, is
in " since B',p+1,D" € E".
[ of the claim.

Let A € C¢, for some € € s and E' = cl(B' U p+ 1) for some (B, D') € Z.
We address now the covering property between A and E’.

Case 1. sup(ANOT) > sup(E' NOT).
If B € A, then E' € A as well, and so we are done.
Suppose that B" ¢ A. Apply (19) of Definition 2.1 to A, B’,D'. Let B*, D* € A be the
witnessing models. By the first claim, (B*, D*) € Z. Let E* = cl(B* U p + 1).
Then E* € A.
Let show that ANE* C E. Suppose x € ANE*. Then x = h(a, ), for some Skolem function
h,a€e AN B*and v < p. But AN B* C B, hence a € B'. So, x € E’, and we are done.
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Case 2. sup(AN0OT) <sup(E'NG).
If A€ B, then we are done, since B’ C F'.
Let £ = |A|. Note that if £ < 7, then A € B'.
Suppose that A € B'.
Then, by Definition 2.1(19), there is a cover A* € B'N C% of A in B’. But then, A € A*.
So, A* € E', since A* € B’ C F'.
If £ < p, then A* C E'. Hence A € E'.
Assume now £ > pand A ¢ F'.
Suppose first that cof(sup(A* N 6OT)) = |A*| = & Let (AF | i < &) be the least (or just
definable from A*) € —increasing sequence of models such that for every i < £ the following
holds:

L A7l =¢,
2. Ar < A*,
3. A € A%,
4 Uy A7 = A",

Set * = sup(B' N¢§). Then A* O A D AL, since BNA =B NA" = B'nNAL and
(Ar|i<¢) e B.
But E' =cl(B'Up+1) and p < &, hence sup(E' N &) =sup(B'N¢E) =i*.
So, A* works for E’ as well.

Suppose now that cof(sup(A* N 61)) < |A* = £ If cof(sup(A* N OT)) > p, then the
argument above applies. Assume that cof(sup(A* N 61)) < p.
Then, apply (c¢) of (20) of Definition 2.1 to B’ and A. Let n* < w, (G" | n < n*), (A" |
n < n*) be the witnesses. We have A% = A* G° € B, and either A° = cl(G° U ¢) and
IG°1>G0 C G, or A° = ¢l ((GONEF°)UE), for some models G°, O € B’ such that G is a core of
G°. Note that in both cases cof (A°NH+) = |G|, since cof (sup(A°NO+)) = cof (sup(G°NHT))
or cof (sup(A° N H1)) = cof(sup((G° N EF°) N 6T)). So, the assumption cof (sup(A*NH)) < p
implies that |G°| < p = |E’|. Hence, G* € B’ C E’ implies G° C E'. In particular, G' € F',
since G' € GV.

Suppose for simplicity that already |G| > p.
We claim then that (G" | 1 < n < n*), (A" |1 <n < n*) witness (c) of (20) of Definition
2.1 for £ and A.
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This holds, since p = |E'| < |G| < |G"| and
sup(B' N |G"|) = sup(E' N |G™]), for every n,1 <n < n*.
Suppose now that ¢ > N, ..
We define Z to be as in the case § < N, +, i.e. Z consists of all pairs (B’, D’) such that

1. B’, D' are potentially limit models of p,
2 B = |B| =,

3. sup(B'NO*) >sup(BNot),

4. |D'| =0,

5. sup(B'N@t) =D N6 .

Now, for every (B, D') € Z, let E’ be the Skolem Hull of B"Up+ 1 in D'

Add all such models E’ to p.

Let A € C¢, for some € € s and E' = cl(B'Up+ 1) for some (B, D) € Z.

Address the covering property between A and FE’.
Case 1. sup(AN6OT) > sup(E' NOT).
If B € Aand p € A, then E' € A as well, and so we are done.
Suppose that p & A. Consider then p* = min(ANOn\ p). Let E* = cl(B'Up*+1). Clearly,
E* € A.
Then, as before, AN E* C E.

Suppose that B’ € A. Apply Definition 2.1(21) to A and B’, D’". Let B*, D* € A be the
covering models. Then D* € CY(p), since 6 belongs to every model of p, and so, it belongs
to A. By Claim 1, we have sup(B*N6#%) = D*NO*.

Consider E* = cl(B* Umin(A N 6T\ p)).

Then E* € A. Also, B* C E* C D*, and so, sup(E* N 1) =sup(B*NOT) = D*NOT.

Let show that ANE* C E. Suppose © € ANE*. Then x = h(a, ), for some Skolem function
h,a € ANB* and v € ANmin(ANOT\ p). We have ANB* C B’ hence a € B’. In addition,
v € ANmin(ANOT\ p) implies that v < p. So, z € E’, and we are done.

Case 2. sup(ANOT) <sup(E'NOT).

The argument is similar to those with § < ®,+, only (21) and (22) of Definition 2.1 should
be used instead of (19) and (20).
O

41



Lemma 2.30 Let p = ((A", A7 Al7im O | 7 € s) € Pays and B, D are models on the
wide piste of p such that|B| = 7, for some reqular T € sNO, |D| = 6 and sup(BNOt) = DNO*.
Then for every regular cardinal p € (1,0) N B a model of cardinality p can be added to p
between B and D.

Proof. Let B, D be as in the statement of the lemma and p € (7,0) N B be a regular
cardinal. Suppose that there is no model of size p between B and D inside p. Without loss
of generality we can assume that p € s. Otherwise extend p by adding a single model of
cardinality p and making it potentially limit one.

Let E be the least elementary submodel of D such that

* [El=p,
e DB,
e DO p+1,

Now we would like to add E to p. Namely we proceed as follows:

1. Apply Lemma 2.29 to the wide piste of p in order to add E.

2. Add all the images under A—system triples isomorphisms of the models added to the
wide piste.

3. Repeat the process of adding all the images under A—system triples isomorphisms of
the models added at previous stages.
After at most w—many steps the process terminates, since each model of p can be reached
from the top by applying finitely many switches. Moreover, if p is finite then the number of
steps will be finite and will be at most the number of splitting points of p.

The result will be as desired.
O

Lemma 2.31 The forcing notion (Pgys, < ) is T—proper for every reqular ,n < 7 < 6.

Proof. Let T be a regular cardinal in the interval [n, #]. We would like to show that (Pg,s, < )
is T—proper.

Let p € Pyys. Pick 9N to be an elementary submodel of H(x) for some x regular large enough
such that

L || =,
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2. M DT,
3. 739775,]) € gﬁ,
4. 77O C M.

Set M =9MNH(OF).
Clearly, M satisfies 2.1(3(b)). Moreover, using the elementarity of 9, for every € M there
will be Z € M such that

o Z <X H(6),
o |Z] =0,
.« 729,

0>Z§Z,

e x /.

This allows to find a chain (N; | i < 7) of models of size § whose members are in M, which
witnesses (3(b)) of Definition 2.1 for N := J,__ N;, and such that N D M.
Let (M; | i < 7) be a chain of models of size 7 whose members are in M, which witnesses

(3(b)) of Definition 2.1 for M. Then

1<T

N =|Jd(Mu6) =ci(MUD).
1<T

The same is true if we replace 6 by any regular cardinal £ € M N (7,6).

Extend p by adding M as a new A’ and N as a new A%. Require them to be potentially
limit points. Denote the result by p~{M, N'}.
We claim that p~{M, N} is (Pg,s, M)—generic. So, let p’ > p~{M,N} and D € M be a
dense open subset of Py,;.
Extending p’ more if necessary, we can assume, without loss of generality, that p’ € D.

Extend p further, if necessary, in order to insure that the following holds:
e maximal models of p’ increase according their cardinalities,
e if 7 > 7 and it is a successor of a regular cardinal, then its predecessor is in s(p’),

e if 7 > n and it is an inaccessible cardinal, then 7N s(p’) has a maximal element and it

is regular,
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e if 7 > n and it is a successor of a singular cardinal 7~ of cofinality > 4, then 7~ N s(p’)

has a maximal element and it is regular.

Let n* be n, if 7 = n.2° Suppose that 7 > 1. Let then n* denote the predecessor of 7, if
T is a successor of a regular cardinal or of a singular cardinal of cofinality < 9, and if 7 is an
inaccessible cardinal, then let n* = max(7 N s(p’)). If 7 is a successor of a singular cardinal
7~ of cofinality > 0, then let n* = max(7~ N s(p')).

Extend p’ further, by applying repeatedly Lemma 2.30, in order to achieve the following:

e for every £ € s(p') N (7,0) N M N Regular, there is a model B on the wide piste of p/
of cardinality £ such that M C B C N.

In particular, sup(M N @) = sup(BN ") = N NOT. Denote such B by M.
Let us denote such extension of p’ still by the same letter p'.
Pick now A < H(6%) which satisfies the following:

LA =7,

2. A2 +1,

3. ANn** is an ordinal,
4. cof@)>A C A

5. p € A.

In particular every model of p’ belongs to A.

Extend p’ to p” by adding A as the new largest model of cardinality n*. i.e. p” =p' " A, if
n* is a regular cardinal. If n* is a singular cardinal (and, then by its definition, cof(n*) < J),
then we add an increasing under inclusion and cardinality sequence of models with limit A
instead, which correspond to a splitting point of type 2. Namely, fix an increasing sequence
of regular cardinals (1, | a < cof(n*)) cofinal in n* and with 1y > n. Pick a sequence of
elementary submodels (K, | o < cof(n*)) of H(61) such that for every a < cof(n*) the
following holds:

1. |Ku| = a,

20If 7 = 5, then there will be no need to form a A—system triple at the end. So the cardinality of the
largest model does not actually matters in this case.
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2. Ko 2ma+1,

3. K, Nnt is an ordinal,

4 "> K, C K,

5. p € K.

6. o < B implies K, € Kg, and so, K, C Kp,
7o A= Uneeoriyr) Ko

Add (K, | a < cof(n*)) to p. Denote the result by p”. So, K, = A"=(p"), for every
a < cof(n*) < 9.

Let us reflect A down to 9. Do it as follows.
If 7 = n, then let iy, < 7 be large enough such that for every model U in p”, if U is below
M, ie. sup(U NOT) < sup(M N 6F), then U is already below M;,,, and if U € M, then
UeM,.
We pick some A" and ¢ in M;,, .1 \ M;,, which realize the same k-type (for some k£ < w

M

sufficiently big) over {U € M | U is a model in p”} as A and p”.*' Do this reflection in a
rich enough language which includes D as well. 22
In particular g € D N M.
Suppose that 7 > 7.
Let i), < 7 be large enough such that

21The meaning is that A’ and ¢ satisfy the same formulas in 9N H(61*) as A does with parameters from
the set W := {U € M | U is a model in p"} in H(6FF).
Namely, consider the set

Z = {{[e(vo, 1.y Uny2)], X1, ooey Tn) | 1 < w, ©(Vg, V1..., Up12) is a formula in the language of set theory ,

L1,y € WU{M;,,, D} and H(OTF) = o(A, p" 21, ..., x,)},

where [¢(vg,v1...,Un42)] denotes the Gédel number of a formula ¢(vg, vy...,vp42). Then |Z] < 7, and so
Z € M;,,+1, due to the closure of this model. Now,

H(O*) = Buo3uiY([o(vo, V1. Uni2)], 1, ooy Zn) € Z) (00, V1, T1, ooy L)
Then, 9MM;,, 11 N H(OT*) < H(GHF) implies that there are A,q € M;,, 11 \ M;,, such that

miM+1 N H(9+k) ': (V<’V(p(vo,1}1...,1}n+2)-|,581, ,l‘n> S Z)@(A',q,xl, ,xn)

22We follow here a suggestion by Carmi Merimovich to include D into the language which simplifies the
original argument considerably.
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e for every model U in p”, if U is below M, i.e. sup(U NOT) < sup(M NOT), then U is
already below M;,,, and if U € M, then U € ;

SYal

o for every p € s(p”) U {n*},
sup(A Nsup(M N p)) < sup(M;,, N p).
Note that cof(sup(M N p) = |[M| = 7, since M is closed under < 7—sequences of its
elements, and so, sup(A Nsup(M N p)) < sup(M N p).

Pick some A’ and ¢ in M;,, 1\ M;,, which realize the same k-type (for some k < w sufficiently
big) over (AN M, M,,,) as A and p”. Do this reflection in a rich enough language which
includes D as well.

In particular ¢ € D N M.

Note that if § > R, +, then models of cardinalities in s(p”) \ M (if there are such models)
reflect to models in M of cardinalities in M \ s(p”), or even in (M;,, 1\ M;,,) \s(p"), if 7 > n.
If 7 = n, then every model G in p” which is above M contains M, and hence, all cardinals
added this way will be inside G. If 7 > 7, then there may be models in p” above M of
cardinality smaller than 7. If G is such a model, then it may have a cardinal p € s(p")\ M,
but p will reflect to some p' € M;,, 11 \ M;,, which cannot be in G by the choice of iy;.

Extend p” further, by applying repeatedly Lemma 2.30, in order to achieve the following:

e for every regular cardinal & € (s(p”) U s(q)) N M, there is a model B on the wide piste
of p” of cardinality & such that M C B C N.

In particular, sup(M N OT) = sup(BNOT) = N NOT. Denote such B by M. Note that
g€ M,sos(q) € M ands(q) C M. Also, if 0 < R,+, then s(q) = s(p”). However, if § > X, 1,
then the reflection process may add cardinals to s(p”). All of this “new” cardinals come
from M.
Let us denote such extension of p” still by p”.

Now let us add to p” more models. They will be of a form c/((M N E) U |E|), where
E € M is already in p” and cof(sup(E N6T)) > |M|.

The process will be similar to those used in Lemma 2.30.
Sublemma 2.32 Let E € M be a model in Cm (A% (p")) such that
1. cof(sup(ENOT)) > | M|

2. there E' € CS(A%(p"))NE, E' ¢ M and E is the least model of C¢(A%(p"))NM above
E'.
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Then it is possible to add cl((M N E) U |E]) to p".

Proof. Deal with models on the wide piste of p”. Assume that 0 < X, +. The treatment of
the case ¢ > N, + is similar.

Let B be a model on wide piste of p” and suppose that B is above cl((M N E)U|E|) and
cd(MNE)U|E|) ¢ B.

Case 1. B above M.
Let M* be M if M € B and the least cover of it otherwise, i.e. M* € BNCMI(A’MI(p")) BN
M*C M.
Let (E; | i < cof(sup(E NO1))) be an E—sequence.

Let iy = sup(M N cof(sup(E N O1))).
Then E;,, = cl((M N E)U|E|), by Lemma 2.21.

Subcase 1.1. F € B.
Set i+ = sup(M* N cof (sup(E N6))).
Then E;,,. = cl(M* N E)U|E]), by Lemma 2.21 with Z replaced by M*. Also, M*, E € B
implies that F;,,. € B. Now, BNM* C M implies that BNE;,,. C E;,,.
Then there is x € (BN E;,,.) \ E;,,. Then the least i,y < i < ip~ is in B. We have M* € B
and M* N iy« is unbounded in ip+. So, there is @' € (BN M* Nid*) \ 4, which is impossible
since BN M* C M and now such 7’ in M.

Subcase 1.2. E ¢ B.
Let E* € BN CPI(AYE(p") B* N B C E be the cover of E in B.
Consider the model cl((M* N E*) U |E|). Tt is in B, since M*, E* € B.*
Let us argue that BNcl((M*NE*) U |E|) C E;,,.
Assume that = € cl((M* N E*)U|E|) N B. Then there are a Skolem function h, a € M* N E*
and v < |F| such that x = h(a,v). We have M*, E* € B, hence by elementarity of B, there
such a,v € B.
So,a€e BONM*NE*=(BNM")N(BNE*)CMNE.
Then x = h(a,v) € cl(MNE)U|E|) = E;,.

Case 2. B below M.
Split into three subcases.

Subcase 2.1. B € M and |B| < cof(sup(£ N 6OT)).
Then BN E € M and, also, BNE € E. Let E* € BN CFI(AYE(p")), E* N B C E be the
cover of F in B.

Then BNE*=BNECd(MNE)U|E|) =E,;,.
ZNote that cl((M* N E*) U |E|) can be E*. For example, if E* € M* and cof (sup(E* N 61)) < |M*|.

Suppose otherwise.
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Subcase 2.2. B ¢ M and |B| < cof(sup(E N6T)).
Let B* € M N CIBI(A%BI(p")), B* N M C B be the cover of B in M.
Let E* € B* N CIEI(AYEl(p")), E* N B* C E be the cover of E in B*.
Then B*NE*=B*NE Cc((MNE)U]|E|), by the previous subcase.
Let £ € BN CIEI(AYE(p")), EN B C F be the cover of E in B.
Clearly, BNE=BNECB*NE=B"NE*Cd((MNE)U|E|) = E,,,.
Subcase 2.3. |B| > cof(sup(E NO1)).
If £ € B, then {FE; | i < cof(sup(E N6#T))} C B, and hence E;,, € B.
Suppose that E ¢ B. Let E* € BN CEI(AYEl(p")), E*N B C E be the cover of E in B.
Let B* = B, if B € M and B* € M N CIBI(A%BI(p")), B* N M C B be the cover of B in M,
if Bg M.
Let also E. € B* N CIPI(AYEI(p")), E%5. N B* C E be the cover of E in B*.
Then, by Definition 2.1 (16), Ej. € M. So, Ej. € B N M C B. We have cof(sup(Eg. N
67)) > |B*| = |B|. Let (E:5" | i < cof(sup(E%. NOT))) be an E%.—sequence.
Let ig = sup(B* N cof(sup(E5. N0T))).
Then EZ*f € M and below E. Hence, E;"f S
Let now E € BN CIFI(AYEl(p")), EN B C E be the cover of E in B.
Then BNE=BNECB*NE, CE,,.
U of Case 2.
Note that only in Case 1 we may need to add new models and they are of the form
cd((M*n E*)U|E*| with M*, E* € B.

The rest is as in Lemma 2.30.

U of sublemma.
Extend p” further by applying repeatedly Sublemma 2.32 and adding models of the form
cd((MNE)U|E|).
Let us argue that ¢ is compatible with p”.
If 7 =, then we just combine p” with q.
If 7 > 7, then we add more models at the top in the following fashion.
Set s = s(q)Us(p”). Let (& | ¢ < i*) be an increasing enumeration of s. Pick an € —increasing

sequence of models (4; | ¢ < i*) such that for every i < i* the following hold:
1. p" q € A,
2. |Ail =&,
3. A; satisfies 2.3(2).
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Set AO& = Az
Finally let for every £ € s,

At = {A%}U A% (p") U A% (q).

Define A™ and C¢(€ € s) in the obvious fashion now, but do not make A% ¢ € s poten-
tially limit.
Set
P = (A% A% A1 08 [ ¢ )

Then, in p*, the triple (A" A" (p”), A% (q)) will form a A-system triple relative to M
and to the model which corresponds to M under the reflection, provided that n* is a regular
cardinal.

If n* is a singular cardinal, then we have here a splitting point of type 2.

Let us check that the wide piste of p* satisfies Definition 2.1. Suppose that it goes through
C5(A%)(p"), for each £ € sN T, i.e. via the part before the reflection.

Assume that we have two models B and E on the wide piste of p*, with B above FE.

Case 1. B € C*(A%) is above M (i.e. sup(BNO") > sup(M NOT)).

If B is A%, then p”,q € B, and so, every model which is below M is in B.
Suppose that B # A%. Then B is in p”.

Subcase 1.1 p € s\ 7.

By Definition 2.1(12(a)), for p”, we have M € B. Hence, all models added by reflection are in
B as well. In addition, by Definition 2.1(15), for p”, we have N € B. So, by Definition 2.1(6),
B cannot be minimal in C?(A%)(p"), unless it is a potentially limit model. In addition, the
least B on C?(A%)(p") which contains M should be a potentially limit point. So, adding
new models of size p below M is legitimate.

Subcase 1.2. pesnr.

Then B is among models of p” that reflect down to M.

Also, by the choice of A, B C A and if B # A, then B € A.

Suppose now that E € C¢(A%) is below B. Assume that E does not appear in p”. Then E
is below M and it is the image of a model of p” under the reflection.

If E is on the wide piste of p*, then £ > 7. Then there is a model E¢ on the wide piste of p”
of cardinality £ such that M C E; C N. Clearly, E C E; and £ € E¢.

Let us show that the covering condition of Definition 2.1 hold for B and E. Let E’ be

a model of p” which is the pre-image of E under the reflection. Then |E’| > |E|, since
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min(M N0 \ |E’|) does not move by the the reflection because it is an element of M N A,

in addition, |E'| < min(M N6\ |E’|) implies that |[E| < min(M N &+ \ |E’'|), but |E| € M.
Subsubcase 1.2.1. 0 <X, .

Then |E| = |E'|, since |E'| € M.

Let E” € BN C(A%(p*)) be the least such that E” O E. Then E” appears already in
p”, since E” not in p” implies that it is an image under the reflection. In particular, E” € M.
So, E" €e BN M C AN M, but then E” does not move.

Suppose first that E' D E.
Then E' D Ee O E.

Note that if B = A, then E” will be E.

If E” D Eg, then E” witnesses (20) of Definition 2.1 for B and E¢ inside p”.
Hence, BN E" C E¢. It " 7 E¢, then E” C E¢, and so, BN E" C E.

Let us show that then BN E"” C E.

Set M* = M, if M € B, and let otherwise M* witnesses (20) of Definition 2.1 for B and M
inside p”. In particular, BN M*= BN M.

Now, BN M C M, and hence, BN M € M, since M>M C M. Then BANM € E; C E'.
Let us argue that BNM € ANM. It is trivial A= B. If B # A, then B € A. Also, M € A,
and so, BNM € AN M.

Then BN M C AN M, since |B| < |A|. So, BN M € E, since E' was reflected to E.

Suppose now that x € BN E”. Then = € E, and hence, x = h(a,v), for some Skolem
function h, a € M and an ordinal v < &. Pick a € M* to be the least possible such that
for some v < £ we have © = h(a,v). Then a,v € B, since x, M* € B and B < H(6"),
where v < £ is the least possible such that © = h(a,v). We have BN M* = BN M, hence
a€ BNM.

Then, a € E. So, x = h(a,v) € E as well, and we are done.

Suppose now that E' 2 E;.

Then E' € E.. Note that £’ ¢ M, since otherwise £/ € M N A, and so, it does not move
by the reflection. Let E* € M be the covering model of E’ (exists by (20) of Definition 2.1
for M and E' inside p”). We have cof(sup(E* N 61)) > |M|, since M N E* C E’. Also,
E* € M N A, and hence, it does not move by the reflection.

Consider Ef := cl(M NE*)UE). Then B’ D Ef D E.

Let us show that then BN E” C E.

As above, set M* = M, if M € B, and let otherwise M* witnesses (20) of Definition 2.1 for
B and M inside p”. In particular, BN M* = BN M.
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Now, BNMNE; € M, and hence, BAMNEf € M, since M>M C M. Also, BAMNE; C
E*, and hence, BAMNE; € E*, since M>E* C E*. Then BAMNE; € MNE* C Ef C E'.
We have B, M, E; € A, and so, BONMNE; € ANM. Then BN M NE; C AN M, since
|B| < [A]. So, BN M N E; € E, since B was reflected to E.

We use here that Ef is in p”, as one of the models that were inside the original p” or one
the models added above. Hence, BN E” C Ef.
Suppose now that € BN E”. Then x € E}, and hence, x = h(a,v), for some Skolem
function h, a € M N Ef and an ordinal v < ¢&.
Set E¢* € B to be Ef, if B € B and its covering model otherwise. We have then, BN E;* =
BN E;. Pick a € M*N EZ to be the least possible such that for some v < § we have
z = h(a,v). Then a,v € B, since z, M*, Ef* € B and B = H(071), where v < £ is the least
possible such that z = h(a,v). We have BN M* NEF = BNMNEE, hence a € BNMNEE
Then, a € E. So, x = h(a,v) € E as well, and we are done.

Subsubcase 1.2.2. 0 > N, .
The argument is similar to those of Subcase 2.1. Let us deal only with a new possibilities
that can occur now.
Thus suppose that |E’| # |E|. Then |E'| ¢ M and it reflects to |E| € M.

Suppose first that B and E' are above M.
We have |B| < |M| = 7 and by the choice of reflection then |E| ¢ B. Denote |E| by £. Let
g =min((BNOT)\ ).
Let M® be M, if M € B, or the cover of M in B otherwise. Similar, let N® be N, if N € B,
or the cover of N in B otherwise. By the choice of M, N we have sup(M NOT) = NNot. If
M ¢ B, then by the first claim of Lemma 2.29, still sup(MZ N 6+) = NBnot.
Consider cl(MP U &g). This model belongs to B, since it is just the smallest elementary
submodel of N¥ which includes M? and ¢5.
Let us argue that BNcl(MP U&g) C E.
Let x be in BNecl(MPUEg). Then for some Skolem function h, a € BNM? and v € BN¢&g,
we have x = h(a,v). Remember that BN MZ C M and BN &g C €.
Now, E’ is above M, so E' 2 M 2O M N B. In addition M N B € M, since |B| < 7 and M
is closed under < T—sequences of its elements. BN M C AN M and so it does not move
under the reflection. Hence, £ O M N B implies £ O M N B. In particular, a € E. Also,
v e E,since E D¢ Then x = h(a,v) in E as well, and we are done.

Suppose now that B is above M, but E' is below M.

E" ¢ M, since otherwise it does not move under the reflection, i.e. E' = E. Let E* be the
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cover of E' in M. As above, denote |E| by £ and let {5 = min((BNO1) \ &).
Define M2, N® as above.
Let EB € B be the cover of F'.
We claim that BN cl((EP N MB)uég) C E.
Let x be in BN cl(E® N MB U&g). Then for some Skolem function h, a € BN E® N MP
and v € BN &g, we have = h(a,v).
Now, BNép C &, BNEPNMP = (BNEB)N(BNM?) = (BNE)N(BNM) = BN(E'NM) =
E*NMNB C E'. Both £ and M N B do not move under the reflection. Hence, their
intersection does not move. So, E* N M N B C E’ implies that E* N M N B C E. Then
a € E,v e E. Hence x = h(a,v) € E, and we are done.

Case 2. B is below M, i.e. sup(BNO') <sup(M No+).
Let B* = B, if B € M, and B* be the covering model in M of B otherwise. Then B* € MNA,
and so, it does not move by the reflection. Hence sup(EN6") < sup(BNOT) < sup(B*NoH)
implies that sup(E’' N OT) < sup(B*NoT).
Let E'* € B* be either E', if E' € B* or the covering model in B* of E otherwise.
Let E'** be the image of E* under the reflection.
Then E** € M N B* C B. By reflection, E™** is either E, if E € B* or the covering model
in B* of E otherwise. So, E D E** N B*. Hence, E O E"* N B, and then, E"** works for B
and £ as well.

Let us argue that the covering property holds for models B and D on the wide
piste such that B is a reflection to M of a model B in p” and D in p” is below B.
If D € M, then this is clear, since both B, D will be then inside the same condition q.
So, assume that D & M.
Apply the covering properties (19), if # < N, +, or (21), if § > R, 1, of Definition 2.1 to M
and D. Let E € M be the witnessing model. Split into two cases.

Case 1. E is a closed model, i.e. E>F C E.
Then sup(B N |E|) < sup(M N|E|) < |E|.
Let (E; | i < |E|) be an E—sequence. Then M N E = M N D implies that Esup(Mm|E\) C D,
since (E; | i < |E|) is definable from E, and so, in M, in addition, Esup(Mm|E|) Uieninz Ei-
Now, if E € B, then BNE C |, BB E;, = Ui<sup b(BnE) E; C Esup(MmE‘) C D.
If £ ¢ B, then still there is i < |E| such that BN E C E;. Let i* be the least such i. Then,
by elementarity, B, E € M imply i* € M. So, BN E C Esup(Mﬂ|E|) C D.
Both B, E are in M, hence there is a cover E* of E in BN M.
Then BNE*=BNE - [?, and we are done.
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Case 2. E is not a closed model.
Suppose first that 0 <X, ..
Then we apply (c) of (20) of Definition 2.1 to M and D. Let n* < w, (G" | n < n*),
(K™ | n < n*) be the witnesses.
Suppose for simplicity that n* = 2.
We have K° = E, G° € M, and either K° = ¢/(G° U |E|) and "G C G, or K =
cl((é"o N ﬁ’o) U |E]), for some models G’O,F’O € M such that GO is a core of G". Note
that in both cases cof(K° N #T) = |Gyl, since cof (sup(K® N O1)) = cof(sup(G® N 67)) or
cof (sup(K° N 6+)) = cof(sup((G"° N F°) N 6+)).
We have B above D, so G™, K™'s will be below B as well.
Now, if |B| > |GY|, |G|, then B D G° G, and so, D € B.
If | B] < |G°|, we proceed as in Case 1.
Suppose that |B| > |G| and |B| < |G"].
Then G! € B, since G! € G° C B.
Let (G! | i < |G'|) be a G'—sequence. Then it belongs to B.
Let iz = sup(B N|GY|). Then iz < iy = sup(M N |G, since B € M and |B| < |G").
Now, K2 =D € G'\ G}, ,,, and so, K* =D € G* \ Gl
Hence, the sequences (G°, G1), (K°, K', K?) witness (c) of (20) of Definition 2.1
for B and D.

Suppose now that 0 > R, .

The argument is similar to the one above, only we apply (22) of Definition 2.1 instead of
(20). The crucial thing is that again we have iz < i)/ in the main case of the argument.

Let us turn to Definition 2.3. The only non-trivial thing to check here is what
happens if we change the wide piste to the one that replaces the part of p* that was reflected
by its reflection, according to 2.3(9) .

So, suppose that such switching between the reflecting part and its reflection was made. We
need to argue that the result still satisfies Definition 2.1. The issue is the covering. Namely,
the conditions (19)- (22) of Definition 2.1.

We need to deal with images of models which appear in ¢ under isomorphisms of models
in p” and with images of models which appear in p” under isomorphisms of models in ¢. Split
into two cases. Deal first with images of models which appear in ¢ under an isomorphism of
models in p”.

Let U denote a model like this.

Case 1. There is a splitting point X with immediate predecessors Xo, X1 inside p” and
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a model B inside q such that B € Xy and U = 7x,x,(B).
Without loss of generality, assume that X & M.

Subcase 1.1 sup(X,N6T) > sup(M NOT) and | X| < |M].

Then |M| = 7 > n. By the choice of the model A in the beginning of the proof, A O X.
Then Xo "M C AN M. So XqgN M does not move by the reflection, moreover the same is
true for any of its members. In particular, if B is the model that reflects to B, B € Xo N M
implies B’ € XqN M, and so B’ does not move by the reflection. This means that B’ = B
and so B in p”. But then also U = mx,x,(B) in p”, and we are done.

Subcase 1.2 sup(X,N67) <sup(M NOT) and | X| < |M].

Still [M| =7 >mn, andso A D X.
| X | < |M| implies that Xy C M. Hence, Xo C M N A.
Now we proceed as in the previous subcase and deduce that B is its own pre-image under
the reflection. This implies that B and U are both in p”.
Subcase 1.3 sup(X NO1) > sup(M NOT) and |X| > |M].
Then X O M, provided that X is on the wide piste.
Then by Definition 2.1(4) M C X, or M C X, since M is a potentially limit point. Now,
we just replace M by mx,x, (M) and proceed as above.?!

It is not hard using switching above X to move the wide piste such that the model X
will be on it. M may be moved by this process to an isomorphic model M’ inside p’, but A
does not move. Replace M by M’ and proceed as above.

Subcase 1.4 sup(X NOT) =sup(M N o).

It is impossible, since then X must be a potentially limit point.

Subcase 1.5 sup(X NOT) < sup(M N o).

Suppose first that § <R, .

Apply the covering property (19) of Definition 2.1 and pick the cover X* € M N AUXI(p").
Making switches (below M), if necessary, we may assume that X* X, X, are on the wide
piste of p'.

Note that then by Definition 2.1(8), if X € M, then X, in M as well, and X, € M implies
that X € M by Definition 2.1(17).

So, if X* # X, then M N X* C Xj.

Consider now the X;—wide piste (see Definition 2.3).

It is obtained by applying one more switch which turns the wide piste from X, to X; leaving

24 Just the wide piste switched to the one that goes through X7, 7x,x, (M) and the previous arguments
apply to it.
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everything from X above unchanged. By (9) of Definition 2.3 the X;—wide piste is a wide
piste, i.e. it satisfies Definition 2.1. In particular, X™* will remain as before for this new wide
piste. So, if X* # X, then M N X* C Xj.

This means that either X, Xy, X; € M, and then in ¢, or M N X* C Xy N X; and then
Tx.x,(B) = B.

Suppose that 6 > N, .

The argument is similar to the one used for the case § < ¥,+, (21, 22) of Definition 2.1 are
used instead of (19).
OJ of case 1.

The next case deals with the situation in which a model D is an image of a
model which appears in p” under an isomorphism of models in g.

Case 2. There is a splitting point X with immediate predecessors Xgy, X1 inside q and a
model Z inside p" such that Z € Xy and D = wx,x,(Z).

We may assume that Z does not appear in ¢, since otherwise also D will be in q.

Let U be a model in p”. The principle case is when X € U and | X| > |U].

Then Xy, X; and 7y, x, are in U. So, if Z € U, then D = 7x,x,(Z) € U, as well. Assume
that Z ¢ U.

We showed already that the covering properties of Definition 2.1 for U and Z inside p*
hold.

Let Z* be the cover in U of Z. Then sup(Z* NO1) < sup(XoNOT), since sup(XoNo*T) € U
andUNZ*C Z.

Note that |Xo| > cof(sup(Z* N 6O71)), since Z € Xy € U and, if | Xy| < cof(sup(Z* N o7)),
then sup(XoNZ*NO*) € UNsup(Z*NOT), and hence, sup(XoNZ*NOT) < sup(UNZ*NOT) <
sup(Z N #T), which is impossible.

Let (Z; | i < cof(sup(Z* N OT1))) be a Z*—sequence.

Then (Z; | i < cof(sup(Z* N @+1))) € U. Let i* = sup({i < cof(sup(Z*NO%)) | i € U}).
Clearly, ¢* is a limit ordinal and UNZ* C Z;». Just if x € UNZ*\ Z;+, then the least i’ < ¢
such that x € Z; is in U, and then Z; € U as well, but i’ > ¢*, which is impossible.

Also, we have Z; C Z. Thus, for each i < i* there is ¢/ € U,i < i’ < *. Then Z; € U as
well. Hence, Z;, e UNZ* C Z. So, Zy C Z. Then,

Zi*:UZi: U Zs C 7.

1<1* i <i*i'elU

Now, if Z* € Xy, then (Z; | i < cof(sup(Z*N671))) € Xy and, hence,
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{Z; | i < cof(sup(Z* N OT))} C

to X;. We have |X;| = |Xo| > cof(sup(Z* N 61)), hence mx,x, (i) = i, for every i <
cof(sup(Z* N 61)). Denote mx,x,(Z*) by Z" and 7x,x,({(Z; | i < cof(sup(Z* N OT)))) by
(Z!'] i < cof(sup(Z* No+))).

Note that U N Z' C Z!., since otherwise there is z € UNZ' 2z & Z!.. Let ¢ be the least
such that z € Z/. Then ¢ > ¢*. In addition, i € U, since Z' € U, and so, (Z] | i <
cof(sup(Z* N6T1)))) € U. But then also Z; € U, since (Z! | i < cof(sup(Z*né+)))) € U.

This contradicts the choice of i*.

Xo. So, Zi» € Xo. Use mx,x, and move everything

Now,

Z/ € U and UﬂZ/g Zz/* gﬂ-XoXl(Z) =D.

So we are done.

Assume that Z7* ¢ X,.
Let Z** be the cover of Z* in Xy. Then cof (Z** N 6*T) > | Xy|. Also, Z** € U, since X, and
Z* arein U.
Let (Z* | i < cof(sup(Z**NO7T))) be a Z**— sequence. Then (Z* | i < cof(sup(Z**NOT))) €
U N Xy. Let i** = sup({i < cof(sup(Z*™* NO1)) |i € Xo}). Clearly, i** is a limit ordinal and
XoNZ*™ C Z«.
Note that cof(i**) = | XY|, since X is closed under < | Xy|—sequences of its elements.
We have sup(Z: N 61) < sup(Z* N OT), since Xo N Z** C Z*. Also, sup(Z No*t) >
sup(Z NO*), since Z € Xo, Z € Z**. But, Xy, Z** € U, so i* € U, and then, also, Z% € U.
But, Z5 O Z. So, it is the cover of Z in U, and hence Z}% = Z*.
Now we proceed as before. Let Z** = 7x,x,(Z*) and 7x,x,({(Z* | i < cof(sup(Z* N
07)))) = (Z; i < cof(sup(Z** N 67))).
Note that Z; = J,_;.. Z;* = Z'*, since Z3% = Z* and cof(i**) = | X"|.
Let us argue that U N Z* = UN D. Clearly UN Z;** O U N D. Let us show the other
inclusion. Suppose otherwise. Then there is z € (UN Z;3¥)\ D. Pick the least j < i**,j € X
such that z € ZJ/.**. Then j € U, and so, Z7* € U. Now, j € U, j <™ and Zi% = Z* imply
Z;* C Z. Then Zj/-** C D, which is impossible since there is z € Z]/-** \ D.
O

The next lemma is straightforward.
Lemma 2.33 The forcing notion (Pgps, < ) is < 0—strategically closed.

Proof. Use the strategy to switch each time back to the same (extended) wide piste. Take
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unions along the wide piste at limit stages. Note that 2.1(19, 21) will hold with such limit
models, since non-limit ones are closed at least under < n—sequences and in particular, once
including members of an increasing sequence (which length is less than § < n) will have the
limit inside.
OJ

Combining together Lemmas 2.31, 2.33, we obtain the following:

Theorem 2.34 The forcing notion (Pp,s, < ) preserves all cardinals < 6 and all cardinals
> 1.

In particular, if 6 =n, then all cardinals are preserved.
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We are not going to force with Py,s in the cardinal arithmetic applications, but rather
to use its members as domains of conditions of a further forcing. However, the forcing with
it is of an interest. Thus, for example, Py, where 6 > w is a regular cardinal, may be of
an interest on its own since the forcing with it will add a closed unbounded subset to 67 by
finite conditions which runs away from every countable set in the ground model.

The next two lemmas will insure that generic clubs produced by Py,s run away from old

sets.

Lemma 2.35 Letp = ((A', A7, AMm C7) | 1 € s) be an element of Po,s. Let X € Alrlim,
for some p € s.
Suppose that for everyt € X there is D < X such that

1. DeX,
2. teD,

3. |D[=p,
4. D2p

5. 7D C D,

6. D is a union of a chain of its elementary submodels which are members of D and

satisfy items 1-5 °.

Then for every 8 < sup(X N O1) there is T of size p with
sup(T NOT) > B, T € X such that adding T as a potentially limit point and reflecting it

through A—system type triples®® gives an extension of p.

Proof. Let 7 = cof(sup(X N 67)).

Use the assumption of the lemma and construct an increasing continuous sequence (X; |
i < 7) of elementary submodels of X such that | J,_. X; = X, for every i < 7, X; € M,
P> X;v1 € X;41 and X;,1 is a union of a chain of its elementary submodels which satisfy
items 1,3-5 above.

Pick now T to be one of X;,1, such that

2The issue here is to satisfy 2.1(3(b)).

*By “reflecting through A—system type triples”, we mean that whenever Z € [, AlC is a splitting
point with immediate predecessors Zy, Z; and T' € Zy, then the image 7z, z, (T) of T under the isomorphism
Tz,7, is added together with T
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L. sup(T'NO*) > B,

2. for every model £ € X which appears in p or is a covering model of a model of p,
require that £ € T,

3. for every model Z which appears in p and has cardinality < 7, we require that ZNX €
T.27

4. Let D, Dy, Dy from p form a A—system triple, i.e. D is a splitting point and Dy, D

are its immediate predecessors. Suppose that Dy O X.

e for every model E € mp, p,(X) which appears in p or is a covering model of a

model of p,
require that E € 7p, p, (1),

e for every model Z which appears in p and has cardinality < 7, we require that
ZN TDo,D1 (X) € TDo,Dy (T)

Let us argue that T' is as desired.

We need to check that adding T as a potentially limit point and reflecting it through
A—system type triples gives an extension of p. The only thing that may go wrong here
is that 7" (or its images through A—system type triples) interferes badly with models of p.
First note that if D is one of the models of p and sup(D N 07) < sup(X N OT), then
sup(D N o) < sup(T'Not).

It follows by (2) for models which are in X.

So, suppose that D ¢ X. Changing the wide piste of p if necessary and using (5) above, we
can assume that both X and D are on the same wide piste. Apply Definition 2.1(19) or (22)
to X and D. Let D* € Xbe the covering model. But then by (2) above, we have D* € T..
The requirement (3) ensures the items (20), (22) of Definition 2.1.

Let us argue now that adding 7" does not cause any harm once moving through A—system
type triples. Let D, Dy, D1 from p form a A—system triple, i.e. D is a splitting point and
Dy, Dy are its immediate predecessors.

Note that by (3) above T' € Z, for any Z in p of cardinality < 7. So, let us assume that
|D| > 7.

As before, X and D are on the same wide piste.

2TRecall that ™ X C X by 2.1(3(c(i))). So, ZN X € X, and hence, Z N X € X, for every large enough
1< T.
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By the argument above, it is enough to deal with the case sup(D N #7) > sup(X NG+).
Note that sup(D N 1) = sup(X N ') is impossible since D is not potentially limit model.
If |D| < p, then, by the definition of the A—system triple, 7p, p, would not move X, since
X[ = p.

Suppose that |D| > p.

If X € Dy and X Z Dy, then let us argue that 7" is not in the domain of 7p, p, and 7p, p,,
and so, does not move. For this apply the intersection property ip(X, Dy). Then

XNDy=XNTiN..NT,,

for some T}, ...,T,, € X. Hence, by (2) above, T1,...,T,, € T. So T cannot be in X N Dj.
Now, if X C Dy, then the condition (4) above provides the desired conclusion.
]

Lemma 2.36 Letp = ((A", A7 AY™lim C7) | 1 € s) be an element of Py,s. Let X € AlPHm,
for some p € s.
Suppose that for everyt € X there is D = X such that

1. De X,

2.teD,

3. |D| = p,

4. D2p

5 7D CD,

6. D s a union of a chain of its elementary submodels which satisfy items 1-5.

Let f < sup(X NOT) and T be a potentially limit point of size p with
sup(T'NOT) > B, T € X added by the previous lemma 2.85. Then for every v,sup(T NOHT) <
v < sup(X NOT) there is T' of size p with
sup(T"NOT) > ~, T € X such that adding T" as a non-potentially limit point and reflecting

it through A—system type triples gives an extension of the previous condition.

Proof. The proof repeats that of 2.35. The purpose of first adding 7" and only then 7" is
to satisfy Item (17) of Definition 2.1. Thus we add first a potentially limit point 7" above

everything relevant, then we are free to add above it a non-potentially limit point 7”.
OJ
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Let G C Py,s be a generic. Set
C={XN0o"|TpecGXecA?™p)}

and let
C'={a < 0" | ais a limit of points in C'}.%

Lemma 2.37 Let a € C' be of cofinality 0, then o € C.

Proof. Suppose otherwise. Let p € Pp,s and o < 07 be of cofinality 6 and

plFa ¢ C and C is unbounded in a.

Split into two cases.

Case 1. There is no model A in p with sup(ANOT) = a.
Pick then B to be the least model on the wide piste of p with sup(BN6#*) > a. Let A € B
be given by 2.1(7). Then, sup(ANOT) < a.
If B is not a potentially limit point, then, by 2.13(6), if B has a unique immediate predecessor,
or by 2.13(5), if B is a splitting point, no models can be added between A and B, which
contradicts unboundedness of C' in «.
If B is a potentially limit point, then we would like to use 2.35 and 2.36 to add a potentially
limit point 7" and a non potentially limit model 7" such that

1. AeT eT € B,
2. T,T' € C'BI(B),
3. sup(TNOT) < a <sup(T"NOH).

This will provide a contradiction, since no element of C' then will be inside the interval
(sup(T'NOT),sup(T" NOT)).
By the assumption cof(a) =6, |p| < ¢ and

p Ik C is unbounded in a,

we can find such 7" and then by 2.36 also T".

ZNote that the set C is not closed. Thus, densely often there are conditions p € Pp,s with models A, B
inside such that both are on the wide piste of p and are potentially limit, |A| =n,|B| =6, B€ A, 7" AC A,
9>B C B and sup(A N B) is a limit of models of size 6 (clearly most of them not in p, due to |p| < &) that
may be added to p.
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Case 2. There is a model B in p with sup(BNOT) = a.
B is then in A since cof(a) = 6. In addition, B must be a potentially limit model, since
otherwise, by the argument of the previous case, it B N 61 cannot be a limit of elements of
C.
Hence a € C. Contradiction.
O

Lemma 2.38 Let a € C' be of cofinality < 6, then a € C.

Proof. Let p € Py,s and o < 0" be of cofinality < § and

p |k C is unbounded in a.

We construct, using the strategic closure of the forcing, an increasing sequence of ex-
tensions of p of length cof(a) < § having an upper bound which decide unboundedly many
elements of C' below a. Let ¢ be such an upper bound. Then by 2.1(2(e)), there will be
A€ AY(q) with AN Ot = a.

OJ

Lemma 2.39 Let a € C' be such that 6 < cof(a) <n. Then a & C.

Proof. Let us argue that it is impossible to have a model A in a condition p € Py,s such that
sup(A N 61) = a. Suppose for a moment that this is the case. Without loss of generality
assume that A is on the wide piste of p. A cannot be a limit point since sup(A NO1) = a,
d < cof(a) < n. Also, A cannot be a successor non-potentially limit model, since this will
contradict to the unboundedness of C' in a. So, A must be a potentially limit point. But
then " A C A, which rules out the possibility that cof(a) < 7. Contradiction.

0.

Lemma 2.40 Let x € V be a subset of 0T of cardinality 6. Then x € C'.

Proof. Let x € V be a set of cardinality 6 and p € Py,s. Without loss of generality assume
that sup(x) is a limit ordinal of cofinality 0. Set v = sup(x).
If

plF (C' is bounded in v),

then we are done. So, suppose that

p Ik (€’ is unbounded in v).
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Split models of p into two groups. Set
Hy={A| A appears in p and sup(ANv) < v}

and
H, = {A| A appears in p and sup(ANv) = v}.

Note that since the total number of models in p is less than ¢ and ¢ is regular, we have
Usen, sup(ANv) <wv. Also, if 6 <7, then v € A, for every A € H;.
Let v* = U ep, sup(ANv).
Take now any B € H;.
Claim. For every f,v* < B < v, there is D € B such that

1. |D| =0,
2. D C4,

3. D CD,

=~

. B<DNOT < v,

5. there exists a D—sequence.

Proof. Assume that g € B, since B € H; just replacing it by a bigger ordinal if necessary.
We have
pIF (C" is unbounded in v).

Let p € G. So in V[G], there is D' € AY¥im such that > D' C D'.D'Né*T € C
and 3 < D'NOT < v 2. Then there is an extension ¢ of p with D’ inside. If D’ € B, then
we are done. Suppose otherwise. Apply the covering properties 2.1((19) or (21)) to B, D’

for g. Then there will be D” € B N AY¥™ which includes D' and D' N 0T < D" N6+ < v,
since B € H;.

Now,
H(0%) 3D € D"(B € D and it satisfies conditions (1)-(5) of the claim).
Just D" witnesses this. By elementarity then

B 3D € D"(B € D and it satisfies conditions (1)-(5) of the claim).

29We just use a density argument to find such D’ which is a closed model, i.e. > D’ C D’.
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O of the claim.
Suppose that the following holds in V[G]:

(*) There is an elementary € —chain (D; | i < §) of elementary submodels of
(H(0%),€,<,d,n) such that

o for every A € H,{D; |i<d} C A,
e cach D; satisfies the items (1),(2),(4)(without /3),(5) of the claim,
e {D;NO"|i<d} is unbounded in v.

Without loss of generality we can assume that (D; | i < d) is a closed chain.
Recall that
pIF (C" is unbounded in v).

Hence for every i < ¢ there is the least ¢/,7 < i’ < § such that
Dy |E 3D = Dy (D satisfies the items (1)-(5) of the claim, with (4)without g A D; € D).

Pick the least such D and make it the new D, ;.

Let p’ be an extension of p which adds a model X in C above v*, but below v. Change, if
necessary, our sequence (D; | i < d) by removing an initial segment such that X € D;.

Now we pick some & € z, D{NOT < £ < D 1NOT, for some i* < §. Next, add Dy, D« to p,
D, as a potentially limit point and D;»,1 as a non-limit and non-potentially limit point. The
requirement 2.1(17) will hold, since D; is a potentially limit point above X (this for models
in Hy) and Dy, D;«;1 are in every model of H; on the wide piste. Reflect them through all
relevant splittings. Let ¢ be the result. Then

q||—a:¢_Q,

since nothing can be added between D; and D;« .

Let us now argue that (*) holds.
Split into three cases.

Case 1. n > 0.
Then v € A, for every A € Hy, since if A is a non-limit, then it is closed under < n—sequences
of its elements. If A is a limit model, then it is a union of less than ¢ non-limit models. So
the regularity of ¢ implies that a final segment of them is in H;. But then v belongs to each

non-limit model of this final segment, and hence it belongs to A as well.
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Pick the least sequence (v; | i < ¢) that is cofinal in v. Then (v; | i < 0) € A and
{vi |i <6} C Afor every A € Hy by elementarity.
Now it is easy to construct (D; | i < ) which satisfies (*). Just proceed by induction and
apply the claim with g8 there replaced by v;’s.

Case 2. § > w.
Work in V[G] with p € G. Let (E; | i < J§) be an increasing sequence of models with
E;N0T € CnNu, for every i < ¢, and (E; NO1 | i < ) unbounded in v.
Let A € H; be a non-limit model of p and 7 < §. Pick an extension p; € G of p such that E;
appears in p; and A is on the wide piste of p;. Then, by the covering properties Definition
2.1(19)or (21), there is E/* € AN C?(A%)(p;) the least which contains E; (recall that 6 is in
every model). We have A € Hy, so EA N0 < v.
Consider {E# | i < §}. Adding limit models if necessary we can assume that it is a closed
chain. A is a non-limit, hence it is closed under less than d—sequence of its elements, so,
{EA )i <0} C A Set

YA ={EAN0T i<}

Consider
Y = ﬂ{YA | A € Hy non-limit}.

Then Y is an intersection of fewer than ¢ clubs, and hence is a club in v. Now, Y C A, for
every A € Hy non-limit . If B is a limit model of p and B € H;, then B is an increasing
union of less than ¢ non-limit models. Then, the final segment of them is in H;, and hence
contains Y. So, Y C B.

Finally note that if E, E’ two models which appear in A (r), for some r, and ENG* = E'NO*,
then E' = E’, by Definition 2.1(2). So, take any A € H; non-limit , consider the sequence

(EA i< 8, Efnot cY).

It will witness (*).
Case 3. 6 =w=n.
Work in V. Conditions are finite now.
We have
p Ik (€ is unbounded in v).

Let 8 < v.
Extend p to some p’ such that there is D' € AY(p'), 8 < D' N6+ < v.
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Suppose that there is A € H; such that D' ¢ A. Replace p’ by an equivalent condition, if
necessary, to ensure that A is on the wide piste. Then by Definition 2.1(19)or (21), there is
DA e AN CYAY)(p') the least which contains D’ (recall that @ is in every model). Then
DAN#t < v, since Ae H and ANDAC D'.
Now, if there is B € H; such that D* ¢ B, then we repeat the process with D', A replaced
by DA B. Remember that p’ is finite, so after finitely many steps there will be D* €
CY(A%)(p'), D' C D* such that D* € Z, for every Z € H;.
More formally - set Ag = A and Dy = D4. Proceed by recursion. Suppose that A, € Hj,
Dy € A, NCY(AY)(p'), Di_1 ; Dy, are defined and Dy, N0 < v. If there is no B € H; such
that D, € B, then we stop and set D* = D,,. Otherwise, let A, be some such B.3° Apply
Definition 2.1(19)or (21) to Agy1 and Dy. Set Dyyq to be the witnessing model.
p’ is finite, so after finitely many steps the process must terminate.

The ordinal f < v was arbitrary, so there is a cofinal in v sequence (v, | n < w) such
that {v, | n <w} C A, for every A € H;.
Now, we proceed as in Case 1 and use (v, | n < w) in order to define (D,, | n < w) which
satisfies (*).
0

In particular, taking 6 = n = w, we obtain the following generalization of corresponding
results by U. Abraham [1], J. Baumgartner, S. Friedman [2] and by W. Mitchell [14] to

higher cardinals®!:

Corollary 2.41 The forcing Py is cardinals preserving forcing adding a club in 0 which

avoids old countable sets using finite conditions.

Remark 2.42 Given a stationary subset S of 6 such that for every a < " if cof(a) < 6,
then a € §, it is easy to modify the forcing Py,s such that it will add a club through S.
Only require that for every X of cardinality # in a condition we have X N6+ € S.

30Tt is possible to have Ay, = A;, for some i < k.
31Note that Magidor and Radin forcings ([11],[15]) also add clubs by finite conditions.
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3 Suitable structures.

We reorganize here the structures with pistes of the previous section in order to allow iso-

morphisms of them over different cardinals.

Definition 3.1 Let 6 < k < 6 be cardinals, with ¢ and 6 regular. A structure X =
(X, B, E" C S e, C), where E C [X]? and C C [X]? is called a §—suitable structure with
pistes over k of length 6 iff there is a 0 structure with pistes over k™ of length 6

p(X) = ((A(X), AV (X), Atlim(X), CT(X)) | T € s(X)) such that

1. X = A"(X) U {A"(X)}, where € s(X) is such that for every 7 € s(X) we have then
A'(X) e X or A”(X) C X,

2. 5 =s5(%),
3. {(a,b) e Eiff a € S and b € A'(X),
4. {a,b) € E"™ iff a € S and b € Al¥™(X),
5. (a,b,dy € C'iff a € S,b e A*(X) and d € C*(X)(b).
Let us refer to X for shortness as a d—suitable structure if x, 6 are fixed.

Note that p(X) is uniquely defined from X. Also, it is easy to define a d-suitable structure
from p € Py+s-

Definition 3.2 Let X,9) be d-suitable structures. Set X < Q) iff p(X) < p(Q).

3.1 Forcing conditions.

Let k be a limit of an increasing sequence of cardinals (k,, | n < w) with each &,, being strong
up to Af for the least Mahlo cardinal \, above k,, as witnessed by an extender E,.
Let 0 > k be a regular cardinal.

The definitions below follow closely the corresponding definitions starting with [4], Chap-
ter 2, then [3],[8], and finally [6], Chapter 2.4.

For every n < w define Q.
Definition 3.3 Let @, be the set of the triples (a, A, f) so that:

1. f is a partial function from 6 to s, of cardinality at most k,
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2. a is an isomorphism between a k,suitable structure X over x of length 6 and a x,,—

suitable structure X’ over k™ of length A, such that

(a) X' is above every model which appears in (U, ¢, A7 (X)) \ {X'}, in the order
<g,, (or actually after coding X’ by an ordinal by using a canonical well ordering
of H(AY)),*

(b) if t € U, cqary AT (X'),then for some k,2 < k < w, t < H(x**), with x big enough
fixed in advance.
The way to compare such models ¢, < H(x™), to < H(x™*2), when k; # ks, say
k1 < ko, will be as follows:
move to H(x**1), i.e. compare t; with t, N H(*F1).

3. A€ FE,x,

4. for every ordinals «, 8, which code models in UTES&,) AT(X), we have
a >g, B >g, 7 implies
72 (p) = 22 (x5 (o)),

for every p € mi " A.
Definition 3.4 Let (a, A, f), (b, B, g) be in Q0. Set {(a, A, f) >,0 (b, B, g) iff
1. dom(a) > dom(b) in the order of suitable structures (Definition 3.2),
2. ran(a) > ran(b) in the order of suitable structures (Definition 3.2),
3. aDb,
4. 29,
5. Wizx(ran(a)),max(ran(b) “AC B.

Definition 3.5 @, consists of all partial functions f : 6% — &, with |f| < k. If f,9 € Qn1,
then set f >, giff f D g.

32<p s the order of the extender E,, see [4], Chapter 2.
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Definition 3.6 Define @), = Qno U Q1 and <F=<,0 U <.
Let p=(a, A, ) € Qno and v € A. Set

pv=fuU {(a, 7Tmax(ran(a)),a(a)(7/)> | o€ Aw(dom(a)) \ dom(f)}

Note that here a contributes only the values for a’s in dom(a) \ dom(f) and the values on
common «’s come from f. Also only the ordinals in A(dom(a)) are used to produce non
direct extensions, the rest of models disappear.

Now, if p,q € @y, then we set p >,, ¢ iff either p >* qor p € Q1,9 = (b, B, g) € Qo and

for some v € B, p >,1 ¢ V.

Definition 3.7 The set P consists of all sequences p = (p, | n < w) so that
1. for every n < w, p, € Qu,

2. there is {(p) < w such that

(a) for every n < 4(p), pn € Qn1,
(b) for every n > {(p), we have p, = (an, An, fn) € Qno,

(c) if £(p) < n < m, then dom(a,) < dom(a,,) in the order of suitable structures.

In particular dom(a,) C dom(a,).
(d) If £(p) < n < m, then max(dom(a,)) = max(dom(a,,)).
3. for every n, (p) < n < w, and X € dom(a,) we have that for each k < w the set
{m < w | —(a,(X)NH(x™) < H(x™))} is finite. (Alternatively require only that

am(X) C A but there is X < H(x™)) such that an,(X) = X N A,. It is possible to
define being k-good this way as well).33

4. For every n > {(p) and o € dom(f,,) there is m,n < m < w such that o € dom(a,,) \
dom( f,,).

5. There is a k-structure with pistes p over s such that

(a) p > dom(ay,), for every n,l(p) <n < w,

(b) if a model A appears in p, then A appears in dom(a,) for some n,f(p) < n < w

(and then in a final segment of them),

33See [3] Definition 2.8, where this idea appears for the first time.
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(¢) max(dom(a,)) = max(p) (actually this follows from the previous condition).

Note that p of 3.7(5) is uniquely determined by p. Let us refer to it further as the
k-structure with pistes over k of p.

The forcing order < and the direct extension orders <* are defined on P as follows:

Definition 3.8 Let p = (p, | n < w),q¢ = (¢, | n < w) be in P. We define p > q(p >* q) iff
for every n < w, pn >n @n(Pn >3 Gn)-

The proofs of the next lemmas repeat those of corresponding lemmas in
[3](2.10, 1.11,2.14),[5](1.8,1.14,1.15),[6] Chapter 1.

Lemma 3.9 (Q,0, <n0 ) is < ky,-strategically closed.
Lemma 3.10 (P, <*) does not add new sequences of ordinals of length < Kq.
Lemma 3.11 (P, <, <*) satisfies the Prikry condition.

Lemma 3.12 Let p € P and o < 07, then there are ¢ >* p and B,a0 < 8 < 0% such that

B =MNOt, for some M which appears in the rk-structure with pistes over k of q.

Proof. Pick some M < H(0%) of size § which is above the maximal model of p (say p € M)
and such that M N6 > «. Add it to k-structure with pistes over x of p. Then, for every
n,(p) < n < w, similarly find a model M,, and extend a, by mapping M to M,. Let ¢q be
the resulting condition. Then it is as desired.

O

The next lemma follows now:

Lemma 3.13 Let G be a generic subset of (P, < ). Then in V[G] there are cof (07)")-many

w-sequences of ordinals below k.

Define — and <> on P as in [3] or [5].
kTt—c.c. and even #%—c.c. break down here for the forcing (P, — ).

Following C. Merimovich [13] we replace them by properness.

3.2 Properness.

We will turn now to the properness of the forcing.

Lemma 3.14 (P,— ) is n-proper, for every reqular n,kt <n < 6.
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The proof repeats almost completely those of Lemma 2.31. The only additional ingredient

is to put new models that were added below « in the process of extension of conditions inside
old ones. As usual, in [6], we use <— for this purpose and pass to equivalent models.
In the proof of Lemma 2.31 the reflection was made over s into the model 9. Here we will
need in addition to reflect into the images M,, of M N H(AT). It is possible for every n < w
large enough due to (4) of Definition 3.7.

Finally, combining together Lemmas 3.10, 3.11, 3.13, 3.14, we obtain the following:

Theorem 3.15 Let G be a generic subset of (P,— ). Then V[G] is cofinalities preserving

extension of V' in which 2F = k¥ = 0T,
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