More on Prikry forcings with non-normal ultrafilters.
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Abstract

We continue here the study of subforcing of the Prikry forcing started in [5] and
then in [1].

1 Introduction.

We deal here with Prikry forcings with non-normal ultrafilters over £ (including tree Prikry
forcings with different ultrafilters). Note that such forcing may add various new subsets
to k. For example start with x which is a k—compact cardinal. In [1], an example of a
Prikry forcing which adds a Cohen generic over V subset was produced starting just from
a measurable. Clearly, it cannot be equivalent to a Prikry forcing since the Cohen forcing
preserves cofinalities and Prikry changes the cofinality of x to w.

Our aim here will be to study situations where in V[A], k changes its cofinality, for some
set A of ordinals in a Prikry extension.

Let x be a measurable cardinal and let U = (U, | a € [k]<¥) be a tree consisting of
rk—complete non-trivial ultrafilters over .

Denote by P(U) the Prikry forcing with U. Let C' be a Prikry sequence for P(U).

Our aim is to show the following:
Theorem 1.1 Let A be a set of ordinals in V[C] of size k. Then the following are equivalent:
1. K changes its cofinality in V[A];

2. A is equivalent to a Prikry forcing with W, for some tree W consisting of ultrafilters

over k Rudin-Keisler below some of those from U.

Proof. The implication (2) = (1) is obvious.
Our tusk will be to show (1) = (2). So assume (1).
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Clearly, the only possible value for the cofinality x in V[A] is w, since V[C] does not add

new bounded subsets of . So, let (8, | n < w) be a cofinal sequence to x in V[A].

2 Subsets of k.

Let us assume first that A C k.
Then for every £ < k, ANE € V. In particular, for every n < w, AN G, € V, and so can be
codded (in V) by an ordinal a,, < 2°.
Now, obviously, we have
V[A] = V[{a, | n < w)].
Hence it is enough to prove (2) for (o, | n < w).

Let us use the following result from [1]:

Theorem 2.1 Let (o | k < w) € VI[C] be an increasing cofinal in k sequence. Then
(ag, | k < w) is a Prikry sequence for a sequence in'V of k—complete ultrafilters which are
Rudin -Keisler below (U, | n < w).

Moreover, there exist a non-decreasing sequence of natural numbers (ny | k < w) and a

sequence of functions (Fy, | k <w) in'V, Fy : [k]™ — K, (k <w), such that
1. ap = Fp(C | ng), for every k < w.
2. Let (ng, | i < w) be the increasing subsequence of (ny | k < w) such that

(a) {ng, |1 <w}={m |k <w}, and

(b) ki = min{k | np = ny,}.

Set b; = {k | ng = ng,}|. Then (F(C | ng,) | i < w,ng = ng,) will be a Prikry
sequence for (W; | i < w), i.e. for every sequence (A; | i < w) € V, with A; € W;,

there is ig < w such that for every i > ig, (Fi(C | ny,) | i < w,ng = ng,) € A;, where
cach W is an ultrafilter over [k]% which is the projection of Un, by (Fi;, ..., Fyyre,-1)-

Let us replace functions F}’s by one to one functions.
Start with ¢ = 1.
So, W; is an ultrafilter over [/{]51 which is the projection of Unk1 by (Fyy ey Fryre,—1)-

Consider the elementary embeddings
J1:V = Ny~ nle/Umﬂ
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and

Jl oV = N| " VW

Define
o1 : N{ — N

by setting
o1(7i (@) lidlwy) = j1(9) ([Fhilvs, - Fore-1lv,, )-

Find in N; the smallest set @, of generators such that for some g : []l% — [k]

we have

jl(gl)(a) = <[Fk1]Unkl IRERY) [Fk1+f1—1]Unkl >

Set
U(1) ={X C [« | d € j1(X)}.

So, U(1) is a k—complete ultrafilter generated by @ from U,, . Moreover, U(1) is Rudin -
Keisler equivalent to W7, since they have the same ultrapower. In particular, the map ¢;
can be taken one to one.

Continue now to W5. We proceed in the similar fashion and find the smallest set of
generators dp of Uy, which define a k—complete ultrafilter U (2), Rudin - Keisler equivalent
to Wy, as witnessed by a one to one function gy etc.

Let us now describe how to "unpack” a Prikry (tree) forcing from U(n)’s.

Let us deal with ultrafilters Rudin -Keisler below U,. The general case is similar only notation
are more complicated.

Consider the ultrapower by Uly:

i<> V= M<>.
The sequence iy ((Uyy | v < k) will have the length £y =iy (k).
Let U<[Z-d]U<>> be its [id]U<> ultrafilter in My over i (). Consider its ultrapower

Way o - My = Mia)

O U(>>

Set

Then



Let now
0, fi, p < [id]Uo <k << [id}Uﬂid]U())

be generators of i, and let
W ={X c V. | {0 i) €ia(X)},

ie. W is an ultrafilter below U, generated by (p,i). Consider in M an ultrafilter over
[/il]m in M<>,

Pick the smallest possible set of generators p of iy such that for some function h on [n]'ﬁ |
such that iy (h)(0)) = W'
If o < k, then h is a constant function mod Uy. So, W' =1in(W"). Let

Wy ={X C[x)7| Feiy(X)}.

Then Wj; x W" will be as desired.

Suppose that ,07 > k. Then thereis E € W[;, such that for every v € A, h(v) = WY, for some
k—complete ultrafilter W over [k]/l. Also, by the choice of o, h is one to one.

We are ready now to define the tree T" of hight 2 which corresponds to W. Set its first level
to be a set in Wﬁﬁ/;, which projection to WE/ is a subset of E. Now, for every 7 € Lev((T),
let Sucy((T)) be a set in W, once T projects to v.

This basically completes the case of A C k.
O

3 Larger sets, few generators.

We continue the argument of the previous section.

Suppose now that A C k™.

Assume that x changes its cofinality already in V[A N k|. Just otherwise, working in V'[A],
we can rearrange A in order to make the above happen.

Note that at least starting from V' of the form L[V,, U], it is impossible that in each
V[ANa] k is regular and it changes its cofinality only in V[A]. The standard argument for
2% = kT shows this.

The next construction may be of some interest in this respect.
We will define an iteration of distributive forcing notions of size s of given in advance length

0 < kT of cofinality w or x in V, such that



1. k remains regular at each intermediate stage of the iteration,
2. the full iteration collapses k to w,
3. the Prikry extension adds A C § such that

(a) k is singular in V[A],

(b) for every oo < 0, AN« codes in a very simple way a generic for the iteration up

to «, and so, k is regular in V[ANa].

Suppose for simplicity that 6 = k. We proceed as follows.
Let

U = (U(n,d) | n € dom(U), 8 < o” (1))

be a coherent sequence of ultrafilters such that

1. k= max(dom(ﬁ))a

3. U(k,0) concentrates on n’s which are n™—supercompact.!

Now we iterate in Backward Easton way the forcings which change cofinalities below &
according to o¥ and also on a set of n’s of U(k, 0) measure one, we change both cofinalities of
n and T to w using the ™ —supercompactness of . We refer to [2] for this type of iteration.

Now, for every a < k, let
Sa={n<rlo’(n) €lr-ar-(a+1))

Set
St = {n<n|ngdom(@)}.

Let G be a generic. Then, by k—c.c. each S, will be stationary and fat.

Our main interest will be in the extension U := U(k,0) of U(k,0).

Claim 1 In V[G]"™ for every a < k, there is C, such that Cy is a club in V[G] generic
over V[G] for the natural forcing of adding a club that turns all Sz, B < « into non-stationary

and leaves all Sg’s with B > « stationary.

Tt will work with nt—strongly compact cardinal or, even, with n—compact cardinal instead.



Proof. Such forcing is distributive of size x, so using the supercompact part of the iteration,
it is not hard to construct such C,’s.
[ of the claim.
Now set
Ao=r-aU{k-a+¢| e C,},

for every a < k. Set

A:UAw

a<k

Claim 2 & is regular in V[A N ] for every a < k.

Proof. Just AN« is a generic (after the obvious decoding) for a k—distributive forcing.

square of the claim.

Claim 3 & has cofinality w in V[A4].

Proof. Suppose otherwise. Let S be a stationary subset of x. Define a regressive function f
on S as follows:
fv) =0, if v & dom(U),

—

f(v) =a, if v € dom(U) and for some pu < k,0(v) =k - @ + p.

It is a regressive function since there is no n < k with oﬁ(n) =n-n. Then there are " C §
stationary and o < k such that for every v € S’ f(v) = o/. But this is impossible, since
the club C\/ 4 is disjoint to S’.

Contrudiction.

[ of the claim.

3.1 Larger sets, few generators.

Suppose that the number of generators of each U,,n < w is less than k, then it is possible
to stabilize the w—sequence for AN a’s. Then the continuation is as in [3]. So we obtain the

following:

Theorem 3.1 Suppose that non of the ultrafilters in U has more than k—generators. Let A

be a set of ordinals in V[C|. Then the following are equivalent:

1. K changes its cofinality in V[A];



2. A is equivalent to a Prikry forcing with W, for some tree W consisting of ultrafilters

over k Rudin-Keisler below some of those from U.

In view of [4], in order to have k or more than k—many generators, the strength
k =sup({o(B) | B < k}) is needed. So, we have:

Theorem 3.2 Suppose that there is no inner model in which k = sup({o(5) | B < Kk}).
Let A be a set of ordinals in V[C]. Then the following are equivalent:

1. K changes its cofinality in V[A];

2. A is equivalent to a Prikry forcing with W, for some tree W consisting of ultrafilters

over k Rudin-Keisler below some of those from U.

3.2 Larger sets, at least k—many generators.

Each ANa, for a < kT is equivalent to some subforcing of P(U). If this subforcings stabilize,
then the arguments of [3] apply.

Assume that this does not happen.

We deal with a special, but typical case of such situation. Suppose for simplicity that we
have a single k—complete ultrafilter ¢ over x instead of U.

Let (po | @ < k) be increasing sequence of generators of U such that the ultrafilters U, :=
{X C k| pa €iy(X)} is Rudin-Keisler increasing.

Suppose that K = py, i.e. U,, is the smallest normal measure.

Assume that its Prikry sequence (k)" | n < w) appears in V[A N k].
Finally, the forcing equivalent to A Na, k < a < kT, is determined by a function f, : K —
K, fo € V as follows:

It is a tree Prikry forcing with trees 7" such that

1. Levo(T) € U,,

0)’

2. if (v, ..., 1) € T, then Suer((v1,...,vn)) €U, where v

P for(uoT) "o is the projection of v,

to the least normal measure.

If o < f < k™, then ANaisin V[ANS]. So the forcing equivalent to AN« is a subforcing
of the forcing equivalent to AN 5.
We assume that just f, < fz mod U,.

Now, the exact upper bound of

({falkn) | n < w)a < K7)
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is some (A, | n < w) which corresponds to non-generators or to generators say of normal
measure (measures).
This eliminates the possibility that there is an obvious subforcing equivalent to A.

From here the case of k—generators is handled as those with x*—generators.

3.3 Larger sets, at least x™—many generators.

Assume, so that ANa’s never stabilize, and hence, the number of generators of U,,’s is above
K.

Let a, k < oo < k1. We first attach to AN« an w—sequence (% | n < w) in the following
canonical fashion:
first use the least in some fixed in advance well ordering of a large enough portion of V' map
To @ @ <> K. Then consider A, = r,” AN «a. Now use the initial sequence (5, | n < w) to
code A, into an w—sequence, as it was done for subsets of x in the beginning of the proof.
Set (n% | n < w) to be such sequence.

Then we have
VI[{Bn | n <w), Aa] = V[(ny [ n <w)].

Consider now

7= In<w)|r<a<r®)

Clearly, we have
VIAI D V7 2 [ VIAd,
a<kt

since the definition of 17 carried out inside V'[A].
Note also that for every ng < w, X C k%, X € V[A] unbounded we have

VI Ine<n<w)|k<aecX)2 | VAl
a<nt

Now, in V[C], for every a < k™, there is n(a), such that (C(n) | n(a) < n < w) projects
onto (n% | n(a) < n < w), by the corresponding projections of U,’s.
Find ny < w, X C k™ stationary such that for every oo € X we have n(a) = ny.
Assume that there is X* C X, |X*| = k™ and X* € V[A]. By [6], it is consistent to have
such X* already in V.
Return back to V[A]. Then the following holds there:

for every n > ng, there is &, < k such that for every a € X*
Ta (én) = Uﬁy
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where 7, is the canonical projection to the sequence (i.e. to the measures of) (n% | n < w).
Then
U VIBaln<w),AN1] S VI [ no < n < w)] C V[A].

y<kt
If V[{&, | no < n <w)] # V[A], then we proceed as in [3] and derive a contradiction.

So, we have the following conclusion:

Theorem 3.3 Let A be a set of ordinals in V[C] of size k.
Assume that for every X C k*,|X| = k%, in VI[C|, there is X* C X,|X*| = kT and
X* e V[A].

Then the following are equivalent:
1. Kk changes its cofinality in V[A];

2. A is equivalent to a Prikry forcing with W, for some tree W consisting of ultrafilters

over Kk Rudin-Keisler below some of those from U.

Let us continue further without the assumption of 3.3.

Consider the sequence
7= ([ n<w)|r<a<kh)

defined above. By the Shelah Trichotomy Theorem [7], it has an exact upper bound. Let
7" := (n’ | n <w) be such a bound in V[A].
Note that probably in V[C] the exact upper bound for 7 is different (smaller).
Now, if A € V[i7*] or A € V[i*, B] for a set B of size k, then we are done.
Let us describe particular cases when this situation occurs.

Suppose the following:
W is a k—complete ultrafilter over x which has among its generators the following increasing
sequence (0, | @ < k%) with the property that if 6 := (J,_,+ 0., then in the ultrapower Ny
of V by W there is Z of size k™ there such that Z 2 {0, | @ < k1}.
It is note hard to arrange this type situation using a (k, k™ )—extender, etc.
Force now with P(W). Then the Prikry sequence g for 6 will be the exact upper bound of
the Prikry sequences 0., for 6,’s. In addition, using the canonical functions it is easy to see
that each 0, is in V[0].
The same phenomenon holds once, for example, 27 = k™ and x™ above is replaced by k*.
Only instead of the canonical functions, we use those that represent ordinals below x*+ in

the ultrapower by the normal measure of W.



Let us sketch now two forcing construction below such that in the first we have an exact
upper bound (in V[C]) for kT —many Prikry sequences which catches all of them and without
the covering property in the ultrapower.

In the second the exact upper bound (in V[C]) for k*—many Prikry sequences does not
catch any of them.

The first construction.

Start with a GCH model with an increasing Rudin - Keisler sequence (W, | @ < k%) of
ultrafilters over k. Assume that W, is a normal one.

Let 79 : V' — Ny be the elementary embedding by Wy, ¢ : V. — N the elementary
embedding into the direct limit of (W, | o < k™).

Denote by ko : Ny — N the canonical embedding.
Take additional ultrapower. Apply io(WWy) to Ny and i(Ws) to N.
Let iy : V' — Nj be the result of the first and i' : V' — N! of the second. Denote by kj the
obvious embedding of Ny to N*'.
Now, force (with preparations below G.,) Cohen functions g¢ : K — K, < kT. Let g :=
(ge | € < 7).
We extend ig to 4§ : V[G<k, g] = No[G<n, g, Gt io(ey]]- Next, extend ¢ and k.
So, we will have
i V[Ger, 9] = NGk, 9, Gt i) Glio(w),itn)])»

E* 2 NolG<wy g, Gt iowy] = NG<k, 9, Gt io )]s Glio () i(x)1) -

Now deal with the additional ultrapowers. We extend first i} to

7'(1)>‘< : V[G</i7 g] — ]\/YO1 [G<:‘€7 g, G[H+7i0(/€)}7 G[lo(ﬁ),lé(ﬁ)ﬂ

Then use k} and the point wise image of Glig(r),il(x)) tO generate
NG <x, 9, G+ io ()] Glio(r),i())) —generic set in the interval [i(x),i'(k)]. So we will have an

extension of i':
i V[Gen, 9] = N{[Gens 0, Glatio ()]s Glio (i) Glite)it ()]

Consider i'*(ge) : i' (k) — i'(k), for every £ < k™. Change one value of each of this functions

by sending i(x) to the generator of We. Let j denotes the resulting embedding. Consider
U={XCrlilr)€jX)}

Force with P(U). The Prikry sequence for U will be the exact upper bound for Prikry

sequence of extensions of W,'s and using g¢’s one obtains each of them from those of U.
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The second construction.

Let us modify the first construction a little.
Thus, instead of one additional ultrapower, we take now two. L.e. apply i(Wy) to N} and
it (W) to Nt
Let i3 : V — NZ be the result of the first and i* : V' — N? of the second.
Then we proceed as in the first example - add generic Cohen function and extend the
embeddings.
Only at the final stage, let us change one value of each of the Cohen functions by sending
i*(r) (instead of i(x)) to the generator of We. Let j' denotes the resulting embedding.
Consider

U'={X Crl|i'(s) €j(X)}

and
U={XCxli(r) €j(X)}

Force with P(U’). The Prikry sequence for U (not the main one for U’) will be the exact
upper bound for Prikry sequence of extensions of W¢’s. However, now we will be unable to
reconstruct the Prikry sequences of extensions of W¢’s from the Prikry sequence for U.
The reason is that due to our particular extension of the initial embeddings, U is Rudin-

Keisler equivalent to the extension of W} which strictly below each of the extensions of
Wg, 0< § < kKT.
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Back to the argument.
In V, for every a < k™, there are n, < w and T, such that for every t € T, of the length

n, we have

(t,T,) IFVYn > ny(mo(C(n)) = n%).

There will be a set Z C k™ consisting of kT—many «o’s with same n,. Suppose for
simplicity that this constant value is just 0.

Our assumption is that V[A] # V[C].
Consider P(U)/A.
So it is a non-trivial forcing (over V[A]).

Then we will have conditions (t,7) € P(U)/A such that for some v # v/,
(t"v,Ti~,) € P(U)/A, (tT V', T1~,) € P(U)/A,

v, T > (T, (0, Ty > (4, T).

Note that v™" = /™", where £"°" is the projection of £ to the least normal measure of
the corresponding level. Just (C'(n)"" | n < w) € VI]A].
Suppose for simplicity that ¢ is just the empty sequence.

Now back in V, for almost all v <  there will be a name x, and a condition p, = {(v), R,)
such that

pv IF 2, is the set of all v/
as above (i.e. the set of all possible replacements of v which do not effect V[A]).

Note that each x, € V[A], since it is just definable there. Also, this are subsets of x,
hence there is a single Prikry sequence in V[A] which adds all of them.

Suppose for a moment that x,’s are in V', as well as the function v — z,,.
Define a projection map

v +— min(x,).

So the Prikry sequence for the projection will be in V'[A], since the corresponding forcing
over A will be trivial.
Assuming that there is no largest Prikry sequence in V[A](i.e. one that catches every initial
segment of A), we will have it below a final segment of sequences of V'[A].
Now pick two elements o < 8 of Z from this final segment. Shrink T;, and T} if necessary.
For every v < « there will be v # v/ such that 7, (v) = m, (V') and 7,(v) = 7, (v'), but
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ng(v) # mp(v'). Which is impossible. The existence of such v, v follows due to the fact
that the ultrafilters generated by v and « are strictly below (in R-K order) the ultrafilter
generated by (3. So, in every set of measure one for 3 there will be elements like v, /.

In the general case, i.e. once x,’s are not in V', we will use the same idea. Proceed as

follows: extend first p, to p} = ((v), R}) such that for some y, C v,
pill—yl,:rxvyﬂl/.

Claim 4 Let p € y,. Then for every a < k",n < w,{ < k,r, R C R,

(()7r, R) =y = E3ff ((p) ", R) IF iy = &,

Proof. Suppose first that ((v)"r, R) IF n& = .
If ((p)~r,R) If n& =¢, then for some ', R with ((p)"r~r',R"Yy > ((p)"r, R) and &' # ¢,

(o) T, R I g = €
Clearly, ((v)"r~r',R') > ((v)"r, R). So,

{()y"rr Ry IF no = €.

~

But, p € y,, hence the value of 7 cannot be effected by replacing v with p. Contradiction.
The opposite direction is sin:'{lar.

[ of the claim.
Define a projection map

v +— min(y,).

Note that p € y, Ny,, for some v, u, then for every a < k7, n < w,§ < k,r,R C RN R,

() (W) B) 1B g = &l ((p) r, B) IF g = Al ((u) ™, R) Iy = €.

Again the Prikry sequence for the projection will be in V[A], since the corresponding
forcing over A will be trivial.
Assuming that there is no largest Prikry sequence in V[A](i.e. one that catches every initial
segment of A), we will have it below a final segment of sequences of V'[A].

Denote the generator of this projection by ~.

Let now (8 be an element of Z above 7.
Find some v # 1/ such that
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1. v,u e Tﬂ,
2 () = (1)

3. ma(v) # ma(p)-

There must be such v, i, since the ultrafilter generated by [ is strictly above those of -,
so in each set of measure one there will be such elements.
Consider now two conditions ((v),Ts N R;) and ({u), Ts N Ry). Then

min(y,) = 7, (v) = 7, (1) = min(y, ).

It follows by (*) above that for every a < k™, n <w, & <k, R C RN R,

(W), R) I ny = & iff ((u), R) IF ny = €.

~Y ~Y

In particular,

(). Ts VR ORIk 0 = €3 (). Ty N RSN RY) - gl = €.

Y

Take now n = 0, then v, € T3 implies that

((v), Ts) IF g = ms(v) and (), Tp) I ng = ms(p).

However, we have m3(v) # mg(p). Which is impossible.

Contradiction to the assumption that 7 is below of o’s less than ™.
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