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Abstract
We show consistency from a single measurable of the following statements:

1. there are many normal not Tukey equivalent ultrafilters’,
2. there are different normal Tukey equivalent normal ultrafilters,

3. there are two normal ultrafilters such that one is strictly above an other in the
Tukey order.

1 A model with many normal not Tukey equivalent
ultrafilters.

Assume GCH and let & be a measurable cardinal. Let U be a normal ultrafilter over .

Define an Easton support iteration
(Py,Qp | a < k+1,8 <K).

Let (s be trivial unless 3 is an inaccessible cardinal.

If 5 < /iNis an inaccessible cardinal then set Qg = Cohen(f).

Let G be generic subset of P.y;. For every inaccessible § < &, let fg : § — 2 denotes
the Cohen function added by . The embedding j = jy : V — My = M extends to
j* : VIG] = My|G*] in a standard fashion in V[G].

Set
U'={XCk|rej(X)}

Then

*The work was partially supported by ISF grant No. 882/22.
I Existence of normal Tukey non-equivalent ultrafilters was proved first by T. Benhamow and N. Dobrinen
[1]. Here we construct concrete examples of this phenomena.




1. U DU,

2. ju-=7"
3. My = My|G¥).

We have jy(P) = P * P ji (x))-

Let us now define other normal ultrafilters, but this time not in V[G] but rather in its
generic extension.

Consider the forcing R = (Cohen(j(x)))M¢ Piw] over V[G].
It is equivalent to Cohen(k™). So, forcing with it does not add new subsets of x, and hence

U* remains a normal ultrafilter in the extension.
Let G(R) be a generic subset of R over V[G] with f, € G(R). Then j extends to

Jawr)  VIG, G(R)] = MIG" | Pjn) x G(R) * H7],

where H* is generated by j”G(R).
Set
UM = {X Cw | K € jam(X)}.

Then
1. U™ > U,
2. Juew = Ja(r),
3. MUG(R) = MU[G* [ P](n) * G(R) * H*]
The crucial point here is that G(R) is reconstructible from U and so, U™ & V[G].

Lemma 1.1 (U <, U*).

Proof. Suppose otherwise. Then, by Theorem 4.1 of [1], there is h : [k]<" — [k]<" a function
which determines a continuous cofinal map from U* to U, But note that h € V[G], since
R does not add new subsets to x. Then, also U in V[G], which is impossible.
O

Let us use the same idea in order to produce many incompatible normal ultrafilters.
Instead of adding a single G(R), we add many mutually generics.

Fix some A and force with Cohen(k*,\). Let § = (9o | @ < A) be a generic Cohen
functions. Translate them to H = (H, | o < \) generics for R.
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Now, for every a < A, define U, = Uy, as above.

Again, H, will be reconstructible from U, over V|[G].

Lemma 1.2 For every o, B < A\, =(U, <r Us).

Proof. Suppose otherwise. Say, U, <7 Us. Then, by Thm.4.1 of [1], there is h : [k]<" — [&]<"
a function which determines a continuous cofinal map from Uz to U,. But note that h € V[G],
since Cohen(k™, X) does not add new subsets to x. Hence, U, € V[G.Hg]. Then, also H, in
V|G, Hgl, which is impossible.

U

2 Normal Tukey equivalent ultrafilters

Here would like to construct a model with two normal Tukey equivalent ultrafilters.

Start with some general considerations.

Let Uy and U; be two normal ultrafilters over k. Consider W = Uy N U;. It is a normal
filter over k.

Suppose that Ag € Uy \ U;. Let A} =k '\ Ap.
Suppose that Ay with W generate Uy and A; with W generate U .
Note that the fact that Ay with W generate U, does not necessary implies that A; with W
generate Uy, as will be shown below.
Then,

U={XCkr|IYeW XCYNA}i<2
So, the family
U={YNA|Y eW}

is cofinal in U;, 7 < 2.

Suppose that Uy < Uy, then, by [2], there is a cofinal monotonic map H : Uy — Uy.
Simplest possibility for such type function would be the function

YﬁAoﬁYﬂAl

However it need not be cofinal.

Lemma 2.1 Let (B, | « < k™) be a cofinal family in W.

Suppose that there is o* < k* such that for every X € W there isY € W, Y N Ay C X N Ay
such that H(Y N Ag) € Bax.

Then H is not cofinal.



Proof. For every X € W we pick Yy € W, Yx N Ay C X N Ap such that H(Yx N Ay) € Box.
Let
S={YxNAy| X W}

Then S is cofinal. However, H"”S is not a cofinal subset, as witnessed by B-.
O
Hence, in order for H being cofinal the following condition must be satisfied:
(x): for every a < kT, there is X, € W, such that for everyY € W, if Y N Ay C X,,
then H(Y N Ap) C B,.
By replacing X, with X, N B,, if necessary, we can require in (x) that X, C B,.
Suppose that there is I C k™, |I| = k such

ﬂBaEUOand ﬂXano.

ael ael

Then (,c; Xa contains a set of the form Y'N Ay, for some Y € W. So, [
We have H(Y N Ag) € Uy. Hence, [

Hence,

o Ba D H(YNA).
B, € U;. This implies that () .; Bo € W.

ael

() B € Us \ Uy implies that [ Xo € W*,

ael ael

where W* is the ideal dual to W.

Theorem 2.2 Suppose there are a cofinal in W family {B, | « < k*} and a family {X, |
a < kT} such that

1. X, C By, a <k,

2. XoeW, a<k™,

3. if f<a <kt then BgN Ay € X,

4. for every I € [K1]%, if oy Ba € Uo \ Ui, then (o5 Xo € W

Then there is a cofinal map from a cofinal subset {B, N Ay | a < k™} of Uy to Uy.
Proof. Our settings imply that the family {B, N A; | & < k*} is cofinal in U;,i < 2.

Define H on {B, N Ay | @ < k'} by induction.
Suppose that for every f < «, H(Bg N Ap) is defined. Define H(B, N Ap). Consider



Ia — {/8 <« | Ba ﬂAO g Xﬁ} Then, mﬁela XB 2 Ba ﬂAO, and SO lt iS IlOt ln W* Hence,
mﬁela Bz e UyNU; =W. Set

H(BaNAy) = AN () Bs.
/BEIC!

Let S be a cofinal subfamily of {B,NAg | & < kT}. Suppose that its image is not cofinal.
Then there is § < k% such that Bg N Ay 2 H(B, N Ap), for every a with B, N Ap € S.

Claim 1 There is o, f < o < kT such that B, N Ag € S and B, N Ay C X;.

Proof. Assume that [{y < 8| B, N Ay € S}| = k. Otherwise, just take the intersection
of all of them, and then proccedd as below. Let (B, N Ay | i < k) be an enumeration of
the set {B, N Ay € S|y < B} Set C = A.By,, NAyg. Then C C* B, N A, for every
v < B,By,N Ay €S. By normality, C' € Uy. Split C into two disjoint sets Cy, Cy. Then one
of them, say Cy, in Uy. So, Cy C* B, N Ag and |B, N Ay \ Cy| = k, for every v as above. Set
C* = CyN Xp. Pick a < k™ such that B, N Ay C C* and B, N Ag € S. Then a > /5 and we
are done.
[ of the claim.

Pick o, 8 < oo < kT such that B, N Ay € S and B, N Ay C X3. Then 8 € I,. So, by the
definition of H,

H(ByNAg) = AN () B, C A NBs.

vEly
Contradiction.
O

2.1 Forcing construction

We have U is a normal ultrafilter in V' and (A* | & < k™) is a generating family.
We would like to add generically sequences (B, | o < k1), (X, | o < k), (Ao | @ < KkT)
such that

1. each of this three sequences is strictly C* —decreasing,
2. Ay, C* X, C B,, for every a < k™,

3. if for some v < K, v € X, N Ag, then Az \ v C X, for every a < f < ™.



Let us describe the forcing. It will be the Easton support iteration needed in order to
preserve measurability. But let us first deal with a single component.

Let A be an inaccessible cardinal. We will define @,.

Start with Cohen(\).
Next force with a forcing Ry. It consists of triples (¢1,t,t3) of functions from some § < A
to Cohen(\) such that

1. t1(v) < ta2(v) < t3(v) as conditions in the Cohen forcing, for every v < 4.

The purpose is to add B, at the first coordinate, X, at the second and A, at the third.
We repeat the process AT —many times in order to add such sets for every a < AT,
Thus set Q) = Cohen(\) x Ry. Let i < AT and suppose that for every 7/ < i, Q% is defined.
Define Q5.
If 4 is limit, then Q% will the iteration of Qs with < A—support.
Suppose that ¢ = 7/ + 1. Then let QY be the set of all triples (¢1,2,t3) of functions from
some 0 < A to Q% such that

1. t1(v) < ta(v) < t3(v), for every v < 4.

2. for every p < 6,ip < iy < ', if i, (1), t35, (1) € G(QYL), then for every v € dom(ta;,) \ s
taio (V) < 33, (V).

Set Q\ = Q).
The order on @), is defined in the usual fashion with a small addition.
Let p=(pi | i <A"),q={(qi|i<AT) €Qx Setp=>qiff

1. p; > @, for every i < \*,

2. if ¢ <1 < AT, v < dom(gy), then py | v is of the form g;o, for some i < ¢/, with
probably a bounded change.

The following lemma follows from the definition:

Lemma 2.3 Q) is A—closed forcing which satisfies \T—c.c.

Now, we iterate such @)’s below a measurable cardinal .
Namely, let (P,, Qs | @ < k+ 1,8 < k) be the Easton support iteration, where ()3 is trivial
unless S is an inaru\(gcessible and this case Qs is defined in V5 as above.

Let G be a generic subset of P, 1.
Denote by (frai | @ < k1,1 € {1,2,3}) the triples of generic functions added by G | Q..
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Lemma 2.4 k remains measurable in V|[G].

Proof. Start with an normal ultrapower embedding j : V' — M. We would like to extend it
to j* : V[G] — M[G").

Define a master conditions sequence (r, | @ < £7), in order to do this.

Fix, in V, an elementary chain (N; | i < k), N; € M such that |N;| = &, N; D &,

(Ny | 7 < i)y € Ny and {J,.,.+(N; Nj(kT)) = j(k7). Fix a list of all dense open sets
(D; | i < k™) of Pji)+1/G. We can assume that each D; € N;;;. Denote sup(N; N j(x)) by
1i-

First, consider G | Q.. It belongs to M[G]. Extend to a condition of the hight 7. Do this
as follows.

For every a < k™ with j(«) € Ny, we arrange

® 7(fit)i()1(K)s J(fiw).i(e),2(K), 3 (fi(r),i(a),3(K) to be in G¥,
° Xj(a) ﬂ’l]()\l-f,—I—l :(Z),

o X Nno = Xgno, for some f < k™.

Continue further in a standard fashion. Insure that the generic functions such that
7 (fs1)(K) = 14, for every a < k¥, for some § > a.
O
Recall that @, starts with the Cohen forcing Cohen(k). Let f, : kK — 2 be the generic
Cohen function added by G | Q.
We have sets
Ay ={v <kl f.(v) =k}, k<2

Define a normal filter W over x in which both Ay and A; are positive. In order to do
this just repeat the argument of the previous lemma, define a master condition sequence
(r; | i < k1), but put into W only sets Z C k such that there are p € G and i < k* such
that (p,; \ {(x1,.,0), (K1, K, 1)}) forces that x € j(Z).

We use G | @, to define families (B, | @ < k%),(B, | @ < kM), {4y | a < kT)
and (X, | a < k') inside W, again removing from each r, the value of f,, (k), i.e.

{(k1, k,0), (k1,k,1)}).

Set

Bg:{y<l€|fa1<y)EG}aXa:{V<I€|fa2<V)EG}aAa:{V<FL|fa3(V)€G}7



for every a < k. Now, using (B, | @ < x*), we define a C —cofinal in UY family
(B, | @ < k). First intersect B/, with a generator A% of U. Then build a C* —decreasing
sequence by making bounded changes and shrinking inside the set (B!, N A%) \ X,.

The next density lemma will be crucial.

Lemma 2.5 The generic extension V|G| satisfies the following:
For every n < k*, there is v(n) < k and there are arbitrary large inaccessible cardinals

p € Ay, |A, N p| = p such that for every o < n either

1' XO‘ 2 A77 \ V(n);

or

2. Xo N p is disjoint from A,.
In addition

3. fo I [v(n),p) N A, has constant value 0.

4. For every A € U, we can find p as above such that p € A and |AN A, N p| = p.

Proof. Work in V|G | k] and use a density argument.
Thus, let ¢ € @ be an arbitrary condition. We will extend it to a condition p which forces
the conclusion of the lemma.

Let d(¢q) < k be the hight of coordinates of q. Set v(n) = §(q).
By extending ¢ if necessary, we can assume that 7 already appears in ¢ as the third coordinate
of some coordinate of q.
Let p < k be an arbitrary large inaccessible such that V,[G | p] < V|G | k]. Define p to be

an extension of ¢ such that

1. A,Npis unbounded in p, i.e. we extend the third coordinate for 1 such that unbound-

edly many times below p, members of G | p are chosen.
2. Now new v < k™ are added to the support of ¢, i.e., supp(p) = supp(q).

3. For every o € supp(q) N7, if X, N d(q) does not contain a final segment of A, N d(q),
then in p, X, N [0(q),p) = 0.
This means that ¢o,(v) is picked outside of G | p, for every v € [d(q), p).

4. Define f, | p in order to satisfy the third condition of the statement of the lemma.



The desired conclusion follows by the definition of the order on Q... Namely, if p € G | Q.,
then for any o < n, X, Np = Xg N p, for some B € supp(p) = supp(q), and Xz N p is fine
with respect to A,,.

O

It follows now:

Lemma 2.6 The following holds in V|[G]:
For every n < k%, there is v(n) < k such that for every 5 <n and A € U,
if Xg DA, NAN Ay, then Xg D A, N A\ v(n).

We define Uy by adding Ay to W and U; by adding A; to W.
By 22, UO =T Ul-

3 Two normal ultrafilters such that one is
Tukey strictly below another

We will combine the ideas of the previous sections.
Let U be a normal ultrafilter in V. Force with the forcing P, of the previous section. Let
G C P.y1 be a generic, let Uy, U; D U be a normal ultrafilters in V[G] defined in Section 2
and let (B, | @ < k1), (X, | @« < kT),(As | @ < kT) be the sequences defined there. Only,
replace C'ohen(a) by Cohen(a,«). Let (r; | i < £¥) the master condition sequence used in
Section 2 and assume that the condition {(ky,,0)} is inside, i.e. this sequence defines Uj.

Define R as in Section 1 in V[G] and let G(R) be its generic subset of it over V[G]. Let,
as in Section 1, U™ be the corresponding extension of U.
Consider Uy x USH) . Then Uy <7 Uy x US| just the projection to the first coordinate will
witness Uy <p Uy x U®)  and, by the arguments of Section 1, Uy Z¢ Uy x U,
However, Uy x U is not normal. Let us fix this.

For every i < k', set

A= {v < | h(v) € G},

where h,, : kK — K is a function which represents r; in M;. Then (A? | i < k™) generates Uy
mod U.

Consider jy, wpyew : VG, G(R)] = My, wyemw. The ground model of My, pem is Ms -
the second ultrapower by U. Denote by ko the corresponding image of .
Change two values of the Cohen function of this double ultrapower:

fro(K) to k1 and f,, (k1) to k. The generic over My set is obtained by first using (r; | i < k™)



for the forcing up to k1 + 1 and then the image of G(R).
Let (s; | © < k™) be the corresponding master condition sequence such that s; [ k1 +1 =
rii < k.

Denote by F' the resulting normal ultrafilter over k.
For every i < k%, set

Al ={v < k| hg(v, fo(v)) € G},

where h,, : [k]? — & is a function which represents s; in Ms. Then (A} | i < k) generates
F mod U.

We claim that F' >4 U,. Note that as above Uy 21 F, and so, this will imply that
F 2, Up.
It will be a bit more convenient to replace F' by its two dimensional version F” defined by
setting

Z C [k)*isin F'iff (k, k1) € jr(X).
Then we will have
Z e F'iff
FpeG Ja<r® pTryse\ (k1 + 1U{(ka, K, 81)}) " {(Ke, 5, k1) } IF (K, /1) € 5(X).

Pick functions h$, h§ : k — Vi1 which represent r,, and s, \ (k1 + 1 U {(ka, K, K1) })
Set
Ef={v<k|hilv)e G} k=12

Then the sequence
(B x kN x EXN{(v, f(v) | v <k} | a < k")

generates F' mod U?.
We have a C* —generating family (A% | o < k1) for U in V.
Then, (A*N B, | a < k) will generate W and (A*N B, N A° | o < k™) will be cofinal

in Uy. We can use this sets to replace Ef’s. Then the sequence

(A“N By x kN x (EYNAY)N{(v, fo(v) |v <k} | a< k)

will be cofinal in F".

Define H on this set by induction.
Suppose that for every 8 < o, H(A? N By x k Nk x (EY N AP) N {(v, () | v < K}) is
defined. Define H(A“N B, x k Nk x (B¢ NAY) N {(v, fs(v)) | v < k}). Consider

IL.={8<alA*NB,N{r<k| f.(v) € Ef N A} C Xz}
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Then,
m Xg DA NB,N{r <k | fulv) € EY NAY} C Xp}.
BEIa

Set

H(A*N By x 6Nk x (Bf NVA*) N {(v, fu(v) | v < K}) = Ag 1 [) (A N By).

BEla

The argument similar to the one of the previous section shows that such H is as desired,

i.e., it witnesses Uy <p F".
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