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Abstract

We prove equiconsistency results concerning gaps between a singular strong limit
cardinal x of cofinality Xg and its power under assumptions that 2% = x19t1 for § < x
and some weak form of the Singular Cardinal Hypothesis below x. Together with
previous results this basically completes the study of consistency strength of various
gaps between such k and its power under GCH type assumptions below.

0 Introduction

Our first result deals with cardinal gaps.
We continue [Git-Mit] and show the following:

Theorem 1. Suppose that k is a strong limit cardinal of cofinality Ny, 0 < k is a cardinal
of uncountable cofinality. If 2% > k%% and the Singular Cardinal Hypothesis holds below &

at least for cardinals of cofinality cfd, then in the core model either
(i) o(k) > kT + 1 or
(i) {a < k| o(a) > a1 + 1} is unbounded in k.

Together with [Git-Mag] and [Git1] this provides the equiconsistency result for cardinal
gaps of uncountable cofinality. Surprisingly the proof uses very little of the indiscernibles
theory for extenders developed in [Git-Mit]. Instead, basic results of the Shelah pcf-theory
play the crucial role.

Building on the analysis of indiscernibles for uncountable cofinality of [Git-Mit] and pecf-

theory we show the following:



Theorem 2. If for a set a of regular cardinals above 21" 82 |pcfal > |a| + Ry then there
is an inner model with a strong cardinal.

Using this result, we extend Theorem 1 to ordinal gaps:

Theorem 3. Suppose that k is a strong limit cardinal of cofinality Xy, § < k is a cardinal
above Wi of uncountable cofinality and ¢ < w. If 2% > kT and the Singular Cardinal
Hypothesis holds below k at least for cardinals of cofinality cfd, then in the core model

either
(i) o(k) > k' £ 1 or
(i) {o < k| o(@) > a1 41} is unbounded in k.

If the pcf structure between x and 2" is not “wild” (thus, for example, if there is no
measurable of the core model between s and 2%), then the result holds also for § = N;.

These theorems and related results are proved in Section 1 of the paper. Actually more
general results (1.20, 1.21) are proved for ordinal gaps but the formulations require technical
notions “Kinds” and “Kinds*” and we will not reproduce them here. In Section 2 we sketch
some complimentary forcing constructions based on [Gitl]. Thus we are able to deal with
cardinal gaps of cofinality Xy and show the following which together with Theorem 1 provides

the equiconsistency for the cases of cofinality Nj.

Theorem 4. Suppose that in the core model k is a singular cardinal of cofinality Wy, § < k
is a cardinal of cofinality Xy as well and for every T < ¢ the set {a < k | o(a) > a1} is
unbounded in k. Then for every a < 6 there is a cofinalities preserving, not adding new
bounded subsets to k extension satisfying 2% > k+°,

The Rado-Milner paradox is used to show the following:

Theorem 5. Suppose that in the core model k is a singular cardinal of cofinality Ry, 6 < k
is a cardinal of uncountable cofinality and for every n < w the set {a < k | o(a) > a™"}
is unbounded in k. Then for every a < §% there is cofinalities preserving not adding new
bounded subsets to k extension satisfying 2% > kT2,

A more general result (2.6) of the same flavor is obtained for ordinal gaps.

In the last section, we summarize the situation and discuss related open questions and
some further directions.

A knowledge of the basic pcf-theory results is needed for Section 1. We refer to the
Burke-Magidor [Bur-Mag] survey paper or to Shelah’s book [Sh-g] on these matters. Results



on ordinal gaps and the strength of “|pcfa| > |a|” require in addition familiarity with basics
of indiscernible structure for extenders. See Gitik-Mitchell [Git-Mit] on this subject.

Results of Sections 2 are built on short extender based Prikry forcings, mainly those of
[Git1].

Acknowledgement. We are grateful to Saharon Shelah for many helpful conversations

and for explanations that he gave on the pcf-theory.

1 On the Strength of Gaps

Let SSH?, (SSHZ!) denote the Shelah Strong Hypothesis below & for cofinality & (< 6)
which means that for every singular cardinal 7 < k of cofinality 0(< §) pp(r) = 7. We

assume that there is no inner model with a strong cardinal. First we will prove the following:

Theorem 1.1. Suppose that k is a singular strong limit cardinal of cofinality Ry, § < k a

cardinal of uncountable cofinality, 2% > k*° and S SH?:;. Then in the core model either

(i) o(k) > kTt + 1 or
(i) {a <k |o(a) > a*®*L + 1} is unbounded in k.

Remark 1.2. (1) in either case we have in the core model a cardinal « carrying an extender
of the length a0+,
(2) By [Git-Mag] or [Gitl] it is possible to force, using (i) or (ii), the situation assumed

in the theorem. So this provides equiconsistency result.

Proof. If § is a regular cardinal then let A be the set of cardinals k™ *! so that 7 < § and
either o(a) < k™7 for every o < k™7 or else k17 is above every measurable of the core model
smaller than x79. The set A is unbounded in x*° since there is no overlapping extenders
in the core model. If ¢f§ < ¢ then we fix (0; | i < c¢fd) an increasing sequence of regular
cardinals with limit §. For every i < cfd define A; to be the set of cardinals k™! so that
7 < §; and either o(a) < k™7 for every av < k17 or else k*7 is above every measurable of the
core model smaller than x*%. Again, each of A4;’s will be unbounded in % since there is
no overlapping extenders in the core model.
The following fact was proved in [Git-Mit, 3.24]:

Claim 1.3. If B C Ain case cfo = 6 or B C A; for some i < ¢fd, in case cfd < ¢ then
|B| < inf B implies max(pcf(B)) = (sup B)*.



Now for every k***! € A or k* € (J;_ 5 Ai (if cfd < &) we pick aset {cfy | n < w} of

regular cardinals below x so that k™™ € pef{c | n < w}. Set

a={c|n<w, kM ecA if cf6§=6 or T e U A; otherwise} .
i<cfd

Removing its bounded part, if necessary, we can assume that mina > |a|T.

Claim 1.4. Forevery b Ca | ANpef(b)| < |b] or |A; Npef(b)| < |b], for every i < cfd, if
cfd < 4.

Proof. It follows from Shelah’s Localization Theorem [Sh-g] and Claim 1.3. U
In particular, |a| = .
Let b.+[a] be the pcf-generator corresponding to k™. Consider a* = a\b,+[a]. For every
a > 0, if kT € A or U 5 Ai then 71 € pef(a*). Hence, |(pcfa*) N Al = 6 or
lpef(a*) N A; |=9; for each @ < ¢fd and by Claim 1.4, then |a*| = .

Claim 1.5. Let (7, | n < w) be an increasing unbounded in x sequence of limit points of

a* of cofinality c¢fd. Then for every ultrafilter D on w including all cofinite sets

cf( IT TJ/D) > kT,

nw
Proof. For every n < w, 7, is a singular cardinal of cofinality cfd. So, by the assumption
pp(tn) = 7,5, Then 7,7 = cf([[t/E), for every unbounded in 7, set of regular cardinals
with |t] < 7,, and an ultrafilter £ on it including all cobounded subset of ¢. In particular,
7.7 € pcf(a* N1,) since 7, is a limit point of a*.

So {77 | n <w} C pcfa*. By [Sh-g|, then pef{r;} | n < w} C pef(pefa*) = pcfa*. But
by the choice of a*, kT ¢ pcfa*. Hence for every ultrafilter D on w, cf ( 11 TJ/D) #+ KT,
|:| n<w

Now, |a*| = §,Ua* = K, c¢fd > Ny and c¢frk = Ry. Hence there is an increasing unbounded
in k sequence (7, | n < w) of limit points of a* so that for every n > 0 |a*N(7,-1,7,,)| = 0 and
|(a*N71,)\B| = ¢ for every 8 < 7,,. By Claim 1.5, (7,7 | n < w) are limits of indiscernibles. We
refer to [Git-Mit] for basic facts on this matter used here. There is a principal indiscernible
pn < 7,7 for all but finitely many n’s. By the Mitchell Weak Covering Lemma, 7,7 in the
sense of the core model is the real 7,7, since 7, is singular. This implies that p, < 7,, since
a principal indiscernible cannot be successor cardinal of the core model. Also, p, cannot be
T,, since again 7,7 computed in the core model correctly and so there is no indiscernibles
between measurable now 7,, and its successor 7,7. Hence p, < 7,,. By the choice of 7,, the

interval (p,,7,) contains at least § regular cardinals. So p, is a principal indiscernible of



extender including at least § + 1 regular cardinals which either seats over k or below . This
implies that either o(k) > £l + 1 or {a < k| o(a) > ™+ + 1} is unbounded in k. O

Using the same ideas, let us show the following somewhat more technical result:

Theorem 1.6. Letx =1J,_,
Assume 2% > kT and SSHEL (Shelah Strong Hypothesis below & for cofinality Xy, i.e.

ppT = T for every singular T < k of cofinality Wy ). Then there are at most countably many

kn be a strong limit cardinal with kg < Ky < -+ < Kp < -+ -.

principal indiscernibles {p,, | m,n < w) with indiscernibles (0, m | m,n < w) so that for

each n,m < w Ky < pPpm < Opm, Pnm IS the principal indiscernible of o, ,,, each 4, is a

regular cardinal and for every m < w cf ( IT 0nm / Dm) > k1, where D,, is an ultrafilter
nw
on w including all cofinite sets.

Remark 1.7. The theorem implies results of the following type proved in [Git-Mit]: if
28 = kT (2 < m < w) and GCH below &, then o(k) > k%™ + 1, provided that for some
k < w the set of v < k such that o(v) > v* is bounded in k.

Proof. Suppose otherwise.
Collapsing if necessary 2" to ™+, we can assume that 2° = k7. Let (p,; | n < w,
i <wy)and (d,; | n < w,i < w;p) witness the failure of the theorem. We can assume that for
every n < w and i < J < wy
Pri < Oni < Py < Opj
Let a = (0n; | » < w,i < wy). Consider a* = a\by+[a]. Then for every i < w; the set
¢; =a* N {0, | n < w} is infinite, since cf( IT (5n7i/Di> = kT for some D;.

n<w
The following is obvious.

Claim 1.8. There is an infinite set d C w such that for every n € d there are uncountably
many 4’s with d,,; € ¢;.

For every n € d let

T = sup{0; | on; € Ci} .

Then each such 7, is a singular cardinal of uncountable cofinality. Also, 7,7 € pcfa* for every
n € d, since ppr, = 7,7. But then pcf{7,f | n € d} C pcfa*. Hence x* & pef{r, | n € d}.
Now, this implies as in the proof of 1.1 that 7,/’s are indiscernibles and there are principal
indiscernibles for 7. ’s below 7,,. Here this is impossible since then there should be overlapping
extenders. Contradiction. O
We will use 1.6 further in order to deal with ordinal gaps.
As above, we show the following assuming that there is no inner model with a strong

cardinal.



Proposition 1.9. Suppose that (1, | & < 0) is an increasing sequence of regular cardinals.
0 is a regular cardinal > N, and 7y > 2°. Then there is an unbounded S C 6 such that for
every ¢ of uncountable cofinality which is a limit of points of S the following holds:

(x) for every ultrafilter D on § N S including all cobounded subsets of 6 NS

tcf( H Ta/D> —tcf< Ta/J5mS> < Tat1

where Jms denotes the ideal of bounded subsets of 6 N S.

Proof. Here we apply the analysis of indiscernibles of [Git-Mit] for uncountable cofinality.
Let (vs | B < 6) be the increasing enumeration of the closure of (7, | a < 6). Let A C 0
be the set of indexes of all principal indiscernibles for vy among vs's (8 < #). Then A is a

closed subset of 6. Now split into two cases.

Case 1. A is bounded in 6.
Let 5* = sup A. We have a club C' C 0 so that for every o € C, f € (8*,a) if v3 is a
principal indiscernible, then it is a principal indiscernible for an ordinal below v,. Now let

a be a limit point of C' of uncountable cofinality. Then by results of [Git-Mit], ppr, = vt
and moreover tcf( I1 Vg/Jfff) = v}. So we are done.

B<a
Case 2. A is bounded in 6.
Let A be the set of limit points of A. For every a € A we consider Vat1- Let v, be the
principal indiscernible of v441. Then v, < v} | < vayr.

The following is the main case:

Subcase 2.1. For every a in an unbounded set S C 6, v}, is a principal indiscernible for
vy and v, is an indiscernible belonging to some 7,1 over vy of cofinality > v, in the core
model.

We consider the set B = {v,41|a € S}. If |B| < 6, then we can shrink S to set S’ of the
same cardinality such that for every 3, a € S’ V441 = Ug11. Now projecting down to limit
points of S” of uncountable cofinality we will obtain (*) of the conclusion of the theorem. So,
suppose now that |B| = 6. W.L. of g., we can assume that o < [ implies Up41 < Tg41. Now,
by [Git-Mit], B (or at least its initial segments) is contained in the length of an extender

over vy in the core model. There is no overlapping extenders, hence

tcf(HuaH/J@ > = (sup {Vos1 | € S}))



where the successor is in sense of the core model or the universe which is the same by the
Mitchell Weak Covering Lemma. Also, for every o which is a limit point of S of uncountable

cofinality .
tcf( H 554-1/‘],152"(1'1(1) = <sup{ﬁg+1 | esSN a}) .
BeSNa

Projecting down we obtain (*).

Subcase 2.2. Starting with some o* < 6 each v, is not a principal indiscernible for v or
it is but v,41 corresponds over vy to some 7,1 which has cofinality < vy in the core model.

Suppose for simplicity that o = 0. If v}, is not a principal indiscernible for vy, then
we can use functions of the core model to transfer the structure of indiscernibles over v},
to the interval [v,, length of the extender used over v,]. This will replace v441 be a member
of the interval. So let us concentrate on the situation when v, is a principal indiscernible
for vy but 7,41 has cofinality < vy (a < 6).

Let us argue that this situation is impossible. Thus we have increasing sequences (o |
i <0y, (pi|i<6)and (p; | i < @) such that for every i < 6 p; is between v,, and the
length of the extender used over v,,, cfp; > v,, in the core model, p is the image of p; over
Va,+1 and cfpl < v4,41 in the core model. Then cfp, < v,, again in the core model since
p; is the image of p; in the ultrapower and v,, 1 the image of v,, which is the critical point
of the embedding. Fix for every i < 6 a sequence ¢; unbounded in p}, in the core model
and of cardinality cfp] there. Take a precovering set including {¢; | i < 6}. By [Git-Mit],
assignment functions can change for this new precovering set only on a bounded subset of
Va,'s. Pick ¢ < 6 such that v,, is above supremum of this set. Again, consider the ultrapower
used to move from v,, to v,,4+1. Now we have ¢; in this ultrapower and its cardinality is
< Vy,. Let j: M — M’ be the embedding. ¢; € M’ and M’ is an ultrapower by extender.
Hence for some 7 and f ¢; = j(f)(r). Let U, = {X C vy, | 7 € j(X)} and j : M — M be
the corresponding ultrapower. Denote j(Va.) by a1, j(pi) = & and j(f)([id]) = . Let
¢ = (J(fo)([id]) | € < & = cfpl, = cfp;) be increasing enumeration (everything in the core
model). Then for most #’s (mod U,) f(B) = (fe(5) | £ < &) will be a sequence in M cofinal
in p; of order type £&. Which contradicts the assumption that cfp; > v;. 0

Let us use 1.9 in order to deduce the following:

Theorem 1.10. Suppose that there is no inner model with strong cardinal then for every

set a of regular cardinals above 21%" %2 |pcfa| < |a| + V.

Remark. If ais an interval then |pcfa| = |a| by [Git-Mit, 3.24].



Proof. Suppose that for some a as in the statement of the theorem |[pcfa| > |a| + N;. Let
0 = |a|™ + Ry. Then |pefal > 0. Pick an increasing sequence (7, | @ < 6) inside pcf(a). By
1.9 we can find an unbounded subset S of # satisfying the conclusion (*) of 1.9.

Let D be an ultrafilter on ¢ including all cobounded subsets of S. Let 7 = ¢f([] 7a/D).

a<é
Then, clearly, 7 > (U,<y7a)*. By the Localization Theorem [Sh-g], then there is ay C

{7a | @ € S}, |ag| < |a|] with 7 € pcfag. Consider S\ supag. S\supag € D since ag is
bounded in S. Hence cf [T 7 / D) = 7. Again by the Localization Theorem, there

a€S\ sup ag
is a1 € S\supay, |a1| < |a] and 7 € pcfa;. Continue by induction and define a sequence

(as | @ < wq) such that for every av < wy the following holds:

(a) an, C S
(b) laa| < lal
(¢) T € pefag

(d) mina, > supag for every 5 < a.

Let 6 =, o

plies. Thus tef < 1 /7% s) exists is below 75,1 and is equal to tcf ( I 7/F ) for every
acdns acdns

ultrafilter F' on § NS including all cobounded subsets of § N S. Denote tcf ( [T 7/ J§g3>
aeins
by p. Let ¢ = pcf(a) and (belc] | € € pef(a) = ¢) be a generating sequence. Clearly both

sup a,. Then ¢ is a limit of points of S and cfé = N;. Hence (*) of 1.9 ap-

and 7 are in ¢ and p < 7. Consider b = b;[c]\b,[c].

For every a < wy, bNa, # 0, since 7 € pef(a,). Hence, bNd N S is unbounded in §
(by (d) of the choice of a,’s). Let F' be an ultrafilter on § NS including bNé NS And all
cobounded subsets of 6 N.S. Then tcf( 11 Ta/F> = u but this means that u € pcfb,

acdns
which is impossible by the choice of b, see for example [Bur-Mag, 1.2]. O

The proof of 1.10 easily gives a result related to the strength of the negation of the
Shelah Weak Hypothesis (SWH). (SWH says that for every cardinal A the number of singular

cardinals k < A with ppx > X is at most countable).

Theorem 1.10.1. Suppose that there is no inner model with strong cardinal. Then for

every cardinal \ > 2%

H{rk < A|efe <k and ppr > A} <N .



Now we continue the task started in 1.1. and deal with ordinal gaps.

Let us start with technical definitions.

Definition 1.11. Let

Kinds = {550 . 5f1 x -5?“_‘11 E<w1</ly... l,1<w,0y>0d >---0p_1 are cardinals

of uncountable cofinality } U {0}, where the operations used are the ordinals operations.

Remark 1.12. The only kinds around w; are wy itself, w?,...,w? -+ (n < w). But already
with wy we can generate in addition to wy,w3,..., WY - (n < w) also wy - W}, wi? - W ete.

Note that between wf and w, there are no new kinds. Using the Rado-Milner paradox we
will show in the next section that the consistency strength of the length the gap does not

change in such an interval.

Definition 1.13. Let 7 be an ordinal
(a) ~v is of kind 0 if v is a limit ordinal.

(b) ~v is of kind dy for a cardinal §y € Kinds if v is a limit of an increasing sequence of

length dg. In particular, if dg is regular this means that cfvy = ;.

(¢) v is of kind &5 - 6% - --5?“:11 € Kinds, with ¢, > 1, if 7 is a limit of an increasing

sequence of 6_; ordinals of kind 05 - 65" - -- 5,‘;’“_’11_1.

Lemma 1.14. Let k be a strong limit cardinal of cofinality Ny, 0 < k a cardinal of un-

countable cofinality. Assume
(1) SSHZ)
(2) there is no measurable cardinals in the core model between k and k9" .

Let 0 < ¢ € Kinds N [6,6") and 2¢ > k™ot for some o < §*. Then xtotetl ¢
pef{rt¥*" | v is an ordinal of kind §,i < i(n),n < w}, where 7,; denotes the principal
indiscernible of the block B, ;, as defined in 1.6.

Remark 1.15.

(a) The lemma provides a bit more information then will be needed for deducing the
strength of 2% = k+¢+L,



(b) The condition (2) is not very restrictive since we are interested in small (< x) gaps

between k and its power.

Proof. We prove the statement by induction on &. Fix a < §%. Let £ = 65 - -- 5,2’“_’11, where
0o = 0. Set for each o < dj_1

L0 sly_o stn—1—1 Lo slk—2 fp—1-1
H(U) = ,'4,"_0""500““S R T RN PR S |

if (k> 1)or (k=1and ¢, > 1) and
Ii(O') — ﬁ+a+a+1

ifk=1and {y =1, ie £=0.

For every o < dj_1, if £ # J then by induction
k(o) € pef({r ¢+ |v is an ordinal of kind SRER (5,&’“_’5 : 6,‘;’“_’1171,2' <i(n),n < w}).

Let E be the set consisting of all regular cardinals of blocks B, ;(n < w,i < i(n))
together with all regular cardinals between x and min </1+5+, 2%). Set E* = pcfE. Then
k > |pcf E*|, since k is strong limit. We can assume also that min E* > |pcf E*|. By [Sh-g],
then pcf E* = E* and there is a set (b, [E*] | x € E*) of pcfE* generators which is smooth
and closed, i.e. 7 € by[E*] implies b,[E*] C b,[E*| and pcf(b,[E*]) = b,[E*].

The assumption (2) of the lemma implies that for every unbounded in k™™ set B
consisting of regular cardinals above x and below k7 max pcf(B) = k1. In particular
max pef{r(o)|o < Sp_1}) = kT2 Denote kT*T+ by u. Let

A" =0b,[E*N{k(o) |0 <1} .
Then, |A*| = 6,_1 and for every A € A* by\[E*] C b,[E*]. For every A € A*, fix a sequence

(pp | n <w) € [] K\, inside by[E*] such that

n<w

(a) pp € By, for some i < i(n)
and, if £ # 0 then also

(b) ,02 is of kind 580 .. 5£Ii—22 . 5?1_11_1‘

It is possible to find p)’s of the right kind using the inductive assumption, as was observed

above.

Claim 1.16. There are infinitely many n < w such that
{on | X € a'}| =

10



Proof. Otherwise by removing finitely many n’s or boundedly many p}’s we can assume
that for every n [{p) | A € A*}| < &,_1. But c¢fd,_1 > Ry. Hence, the total number of p)\’s is
less than &;_1. Now, pef{p) |n <w , A€ A*} D A*. So, |[A*Npcf{p) | n <w,\ € A*} >
|A*| = 0—1. By (2) of the statement of the lemma this situation is impossible.

[ of the claim.

Suppose for simplicity that each n < w satisfies the conclusion of the claim. If not then
we just can remove all the “bad” n’s. This will effect less than 6y of p’s which in turn
effects less than 0,1 of A\’s.

Let us call a cardinal 7 reasonable, if for some n < w 7 is a limit of J;_;-sequence of
clements of {p} | A € A*}. Clearly, a reasonable 7 is of kind §° - - (52’“_’11, since p)’s are
of kind &% - 6. ..52’1—22 : 62’1‘11_1. The successor of such 7 is in pef{p) | X € A*} since
cft = c¢fdr_1 and we assumed SSH?,?’“*, ie. ppr = 7. Also ppr = 7" implies that the
set {p) | A € A*}\b,+[E*] is bounded in .

Claim 1.17. pef{r" | 7 is reasonable} C b,[E*].

Proof. {p} | n < w} C by[E*] for every A € A*. Also, by[E*] C b,[E*]. By the above,
for every reasonable 7, 77 € pcf{p) | A € A*} for some n < w. But pcf(b,[E*]) = b,[E"]
and pcf{p)|n < w,\ € A*} C pef(b,[E*]) since the pef generators are closed and {p}) | n <
w, A\ € A*} C b,[E*]. So, {r" | 7 is reasonable} C b,[E*] and again using closedness of
b,[E*], we obtain the desired conclusion.

O of the claim.

Claim 1.18. For every p/ € pcf{r" | 7 is reasonable}, b, [E*] C b,[E"].

Proof. By the smoothness of the generators b,[E*| C b,[E] for every p/ € pcf{rt |
T is reasonable}.
O of the claim.

In order to conclude the proof we shall argue that there should be u' € pef{r* | 7 is
reasonable} such that p € b,/[E*]. This will imply b,[E*] = b,s[E*] and hence p = p'.

Let us start with the following:

Claim 1.19. |{p} | n <w, X € A*}\ U{b,+[E*]|7 is reasonable}| < 6;_;.

Proof. Suppose otherwise. Let S = {p} | n < w, A € A*}\ [ J{b-+[E*]|7 is reasonable} and
|S| = 8x_1. Then for some n < w also {p}) | p) € S} has cardinality d;_1, since c¢fdg_1 > No.
Fix such an n and denote {p} | pA € S} by S,.

But now there is a reasonable 7 which is a limit of elements of S,,. pp7 = 7+ implies that
the set {p) | A € A*}\b,+[E*] is bounded in 7. In particular, S, N b.+[E*] is unbounded.

11



Contradiction, since S,, C S which is disjoint to every b,+[E*] with T reasonable.
O of the claim.

Now, removing if necessary less than § elements, we can assume that {p} | n < w, A € A*}
is contained in U{b,+[E*] | 7 is reasonable}. Recall that this can effect only less than ¢ of
A’s in A* which has no influence on pu.

Let b = pef{r" | 7 is reasonable}. Then pcfb = b and b C E*. By [Sh-g], there are
pi, ..., € pefb = bsuch that b C b, [E*]U- - -Ub,, [E*]. Using the smoothness of generators,
we obtain that for every reasonable 7 there is k, 1 < k < ¢ such that b.+[E*] C b, [E*].
Now, {p} | n < w,\ € A*} C U{b,+[E*] | T is reasonable}. Hence, {p} | n < w, A € A*} C
Uiy b B

For every A € A* fix an ultrafilter D) on w including all cofinite sets so that tcf ( I1 ») / D >\> =

n<w

A. Let A € A*. There are ) € D) and k(\), 1 < k(X)) < £ such that for every n € z,
Py € b [E*]. Then A € pef <bum) [E*]) = by [£7]. Finally, we find A C A* of cardi-
nality dx_1 (or just unbounded in p) and £*, 1 < k* < £ such that for every A € A™ k(\) = k*.
Then A** C b, . [E*]. But, recall that y = maxpcf(B) for every unbounded subset B of A*.
In particular, p = max pef(A*). Hence, pu € pcf A** C pef (b [E*]) = by [E7].
O

Lemma 1.14 implies the following:

Mg

Theorem 1.20. Let k be a strong limit cardinal of confinality Ry, 0 < ¢ € Kinds. Assume
that

(1) SSHES

(2) there are no measurable cardinals in the core model between  and eI
If 2% > kT¢, then in the core model either

(i) o(k) > k™ +1 or

(i) {a < k| o(a) > ot + 1} is unbounded in k.

Proof. By 1.14, for infinitely many n’s for some 4, < i(n) the length of the block B, ;.,

. 1 . . .
will be at least 7'n+ er , since it should contain some 7, ;’nﬂ

v > & since € is the least ordinal of kind &.
O

We like now outline a way to remove (2) of 1.20 by cost of restricting possible £’s. First

for an ordinal v of kind &. Clearly,

change Definitions 1.11 and 1.13. Thus in 1.11 we replace uncountable by “above N;”.
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Denote by Kinds* the resulting class. Then define kind* of ordinal as in 1.13 replacing Kinds
by Kinds*.

Theorem 1.21. Let  be a strong limit cardinal of cofinality Wy, 0 < £ € Kinds*. Assume
SSHEE'. If 28 > k¢, then in the core model either

(i) o(k) > kTt + 1 or
(i) {a < k| o(a) > a**1 + 1} is unbounded in k.

The theorem, as in the case of 1.20, will follow from the following:

Lemma 1.22. Let k be a strong limit cardinal of cofinality ¥y, 6 < k a cardinal of cofinal-
ity above Xy. Assume SSH=?. Let 0 < ¢ € Kinds*N[6,8%] and 2% > k¢ for some o < §7.
Then

pef{r 't | v is an ordinal of kind* £,i < i(n),n < w} N [gToTeHl groftetirly £ g

Let us first deal with a special case — £ is a cardinal. We split it into two cases: (a) £ is

regular and (b) ¢ is singular. The result will be stronger than those of 1.22.

Lemma 1.23. Let x be a strong limit cardinal of cofinality Ry, 6 < k is a regular uncount-

able cardinal. Assume SSH=’. Let 2¢ > ktt9 for some a > 6*. Then

nt

gratotl ¢ pcf<{7'+-”+1 |i<i(n), n<w and v isan ordinal of cofinality 5}) :

Proof. Let u = x™™*l We choose E* and (b,[E*] | x € E*) as in the proof of
1.14. Measurables of a core model between x and 2% are allowed here. So in contrast
to 1.14 we cannot claim anymore for every unbounded B C [k, k%) consisting of regulars
max pcf(B) = k1*T9+1, Hence the choice of A* (the crucial for the proof set in 1.14) will be
more careful.

Set A to be the set of cardinals T+ € [gTe+l kTe+9) quch that either o(f) < kTo+T
for every 8 < kT**7 or else k™17 is above every measurable of the core model smaller than
kot Clearly, |A| = §, since there is no overlapping extenders and as in 1.1 |(pcfb)NA| < |b]
for every set of regular cardinals b C &, [b| < 0. By 1.3, maxpcf(B) = o9+ for every
unbounded B C A. This implies that A\b,[E*] is bounded in x**™*1 Define A* =
ANb,[E*]. The rest of the proof completely repeats 1.14.

(]
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Lemma 1.24. Let k be a strong limit cardinal of cofinality Ny, 0 < k is a regular cardinal
of uncountable cofinality. Assume SSHE,?. Let 2% > kT2t for some o« < 1. Then

pef (Vi < i(n),n < w and v is a limit of an increasing sequence of the length §}) N

tattl atdotl
& K ] # 0.

Proof. Let (0; | i < cfd) be an increasing continuous sequence of limit cardinals unbounded

in §. Consider the set
B = {xTT | i <cfs, i limit and v < §;}.

Since c¢fd > Ny, the analysis of indiscernibles of [Git-Mit, Sec. 3.4] can be applied to show
that {cf([[B/D)|D is an ultrafilter over B extending the filter of cobounded subsets of
B} C{rtotvtl 6 <v <§+ 4}

We cannot just stick to T+ alone since we like to have § cardinals below x+o+?.
But once measurable above k allowed, it is possible that maxpcf({xT*™T! | p < 6}) >
oo+l Still by [Sh-g], for a club C C cf§ tef( ] kT +1/ cobounded | C) = oo+t

veC
Unfortunately, this provided only ¢fd many cardinals

Define a filter D over B:
X € Diff {i < cfd]i is limit and {j < i[{v < & [k*P*+H € X} is cobounded in 4} is
cobounded in ¢} contains a club.

Let D* be an ultrafilter extending D. Set p = c¢f(][ B/D*). By the choice of D, for
every C' C B of cardinality less than 6 B\C' € D. So, u € [xTooFL groatdtotl] Define E*
as before. Set A* = BNb,[E*].

kTt *+1 and not 6-many.

Claim 1.25. 1If A* € D*.

Proof. Otherwise the compliment of A* is in D*. Let A’ = B\b,[E*]. Clearly, D* N
Jou[E*] = 0. By [Bur-Mag, 1.2], then there is S € D* S € J,«[E*]\J<,[E*]. But b,[E*]
generates J,[E*| over J.,[E*]. So, S C b,[E*|Uc for some ¢ € J,[E*]. Hence, SNb,[E*] €
D*. But A’ € D* and AN BN (SNb,[E*]) =0. Contradiction.
O of the claim.

Now we continue as in the proof of 1.14. In order to eliminate possible effects of less than
0 cardinals, we use 1.10. At the final stage of the proof a set A** was defined. Here we pick
it to be in D*. This insures that pu € pcf A** and we are done.
O

Now we turn to the proof of 1.22.

14



Proof. As in 1.14, we prove the statement by induction on §. Fix o < 07. Let & =
ISRER 5,?‘_?. The case k =1 and ¢, =1 (i.e. £ = J) was proved in 1.23, 1.24. So assume that
k>1or (k=1and ¢y >1). For each 0 < 01 let

k(o) € pef({r¥* i <i(n),n <w, and v isan ordinal of kind* &° - 5?1‘22-52’1‘11_1})(7

n,

[H+a+£_-a+£_+l, H+a+£_-a+£_+§_+1] : where
- 550 e 55“:22 -5?:11_1 Jif E= 550 e 5?“:11 and (k>1 or (k=1 and ¢, >1)
0, if k=1 and {(y=1

In the last case the inductive assumption insures the existence of such k(o).

Define E* and (b,[E*||x € E*) as in the proof of 1.14. We do not know now if for every un-
bounded in k¢ set B C [k, kT**¢) consisting of regular cardinals max pcf(B) = kTt
We may consider the set {kTot 1 | v < §,_;}. If for club many v’s kT ¥ F1 is not a
principle indiscernible then by [Git-Mit] ¢f([] B/bounded) = k™! for any unbounded
subset B of k1e*¢ consisting of regular cardinals. Note that cfd,_; > N is crucial here. In
this case we define A* = {k(0) | 0 < 0k—1} N by+ate+1[E*] and proceed as in the proof of
1.14. The only difference will be the use of 1.10 to eliminate a possible influence of < ;1
cardinals. Here the assumption d,_; > N; comes into play. In the general case it is possible
to have {k(0) | 0 < 0k_1} N bptatrer1[E*] empty. But once for a club of v’s below &1

kT v+l are principal indiscernibles, by [Git-Mit] we can deduce that

pef({K(0) | o < dra )\ C

FOFEHL o tobEHETHET ] C [tortErl oraereh]

[k K K

Let D be an ultrafilter on the set {k(0) | ¢ < dg41} containing all cobounded subsets.
Set

p=cf([[{x(o) | o < 81}/D) .

Define A* = b,[E*|N{k(0) | 0 < d;_1}. By Claim 1.25, then A* € D. From now we continue
as in 1.14 only using 1.10 in a fashion explained above and at the final stage picking A**
inside D.

OJ

Remark 1.26. The use of Kinds* and not of Kinds in 1.21 (or actually in 1.22) is due only
to our inability to extend 1.10 in order to include the case of a countable set. Still in view

of 1.1 and also 1.23, 1.24, the first unclear case will not be w; but rather w; + wy.
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2 Some Related Forcing Constructions

In this section we like to show that (1) it is impossible to remove SSH assumptions from
Theorem 1.6; (2) the conclusion of Theorem 1.11 is optimal, namely, starting with x =
Un<cw Bins Ko < K1 < -+ < Kp < -+ and o(k,) = k"1 11 we can construct a model
satisfying 2% > kT for every av < 1, where ¢ as in 1.9 is a cardinal of uncountable cofinality;
(3) the forcing construction for ¢’s of cofinality ¥y will be given. All these results based on

forcing of [Gitl] and we sketch them modulo this forcing.

Theorem 2.1 Suppose that for every n < w {a < k | o(a) > a*"} is unbounded in k.
Then for every § < k there is a cardinal preserving generic extension such that it has at least

d blocks of principal indiscernibles {(p,, | n < w,v < d) so that
(1) pny < Pny < Ppi1o for everyn <w, v <v' < §

(i) U,<p Py = K for every v < §
and
(iii) tcf( [T pint2, ﬁnite) = k1T, for every v < 4.
n<w
Proof. Without loss of generality we can assume that § is a regular cardinal. We pick an
increasing sequence {k,, | n < w) converging to k so that for every n < w o(k,) = k" 2+5+1.
Fix at each n a coherent sequence of extenders (E! | i < ) with E? of the length "2

We like to use the forcing of [Gitl, Sec. 2] with the extenders sequence (E} | n < w) to
blow power of x to kT together with extender based Magidor forcing changing cofinality of
the principal indiscernible of Ef to ¢ (for every n < w) simultaneously blowing its power to
the double plus. We refer to M. Segal [Seg] or C. Merimovich [Mer| for generalizations of
the Magidor forcing to the extender based Magidor forcing.

The definitions of both of these forcing notions are rather lengthy and we would not
reproduce them here. Instead let us emphasize what happens with indiscernibles and why
(iii) of the conclusion of the theorem will hold.

Fix n < w. A basic condition of [Gitl, Sec. 2] is of the form (a,, A,, f,), where a, is
an order preserving function from ™" to k™2 of cardinality < k,, A, is a set of measure
one for the maximal measure of rnga, which is in turn a measure of the extender E} over

*. Each a € doma,, is

Kn. The function of f,, is an element of the Cohen forcing over a x
intended to correspond to indiscernible which would be introduced by the measure a,(«) of

EY. In present situation we force over the principal indiscernible ¢,,, i.e. one corresponding
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to the normal measure of Ef. The extender based Magidor forcing changes its cofinality to

¢ and adds for every v p, < < p™*? a sequence t,, of order type 4 cofinal in p,. Actually,

by ant2(i) = ptH2(i < 6), where (pnili < 6) is the sequence ty,,. Now, if v < prmt?

n,Pn

produced by a, (), then we connect o with the sequence t,, in addition to its connection

is

with v. Using standard arguments about Prikry type forcing notions, it is not hard to see
that cf < [T pt7+2, ﬁnite) = k1 for every i < § as witnessed by ¢, (i)’s. O

n<w
Remark 2.2 Under the assumptions of the theorem, one can obtain 2% > k™% for any
countable a. But we do not know whether it is possible to reach uncountable gaps. See also

the discussion in the final section.

Theorem 2.3 Suppose that k is a cardinal of cofinality w,d < k is a cardinal of uncountable
cofinality and for every n < w the set {a < k | o(a) > "} is unbounded in k. Then for
every a < 0" there is cofinality preserving, not adding new bounded subsets to k extension

satisfying 25 > k1.

Remark 2.4 By the results of the previous section, this is optimal if a € [|J, ., 0", 0%), at
least if one forces over the core model.
Proof. Fix an increasing sequence kg < k1 < -+ < K, < --- converging to x so that

each k, carries an extender E, of the length ,°". W.L of g. a > ], " We use the
Rado-Milner Paradox (see K. Kunen [Kun, Ch. 1, ex. 20]) and find X,, C a(n € w) such
that o = J,,., X» and otp(X,,) < 6" W.L of g. we can assume that each X, is closed and
Xn € Xpp1(n < w). Now the forcing similar to those of [Gitl, 5.1] will be applied. Assign
cardinals below & to the cardinals {x*#+1 | 1 < 3 < a} as follows: at level n elements of the
set {1 | 3+ 1 € X, } will correspond to elements of the set {x "+ | v < §"}.

The next definition repeats 5.2 of [Gitl] with obvious changes taking in account the

present assignment.

Definition 2.5 The forcing noting P(«) consists of all sequences ((A%, A" F*) | v < a)
so that

(1) (((A% A) | v < «) is as in 4.14 of [Git1].

(2) for every v < a F" consists of p = (p,, | n < w) and for every n > {(p), p, = (an, An, fn)
as in 4.14 of [Git1] with the following changes related only to a,;

. + . . . .
(i) an (k%) = Ky #) where ¢, is some fixed in advance order preserving function from

successor ordinals in X, to successor ordinals of [n + 2, ™).
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(ii) only of cardinalities K™ for v € X,,N Successors can appear in dom a,,.

The rest of the argument repeats those of [Gitl].
The following is a more general result that deals with all kinds (i.e. elements of Kinds)

of ordinals and not only with §™’s.

Theorem 2.6. Let r be a cardinal of cofinality w and §¢° - - - 5?1? -0 € KindsN k. Suppose

'
450051

that for every n < w the set {a < k| o(a) > « 1 "1 js unbounded in k. Then for

every a < 550 o -5£k_711 - 0T there is cofinality preserving, not adding new bounded subsets to
K extension satisfying 2% > kT,

Again, this is optimal by results of the previous section, if

a e[| o o om, o6t 6
n<w

at least if one forces over the core model in case 6 = N;. The construction is parallel to those
of 2.3, only we use the following version of Rado-Milner Paradox:

For every a € [U,,_, 65" - 5£’“_‘11 O™ O - 52’1‘11 -0%1) there are X,, C a(n < w) such that
a=,., X, and otp(X,,) < & - 62’“_’11 o™
O

Under the same lines we can deal with gaps of size of a cardinal of countable cofinality
below k. Thus the following result which together with the results of the previous section

provides the equiconsistency holds:

Theorem 2.7 Suppose that k is a cardinal of cofinality w and § < k is a cardinal of
cofinality w as well. Assume that for every T < § the set {oe < k | o(a) > a*7} is unbounded
in k. Then for every a < 0% there are cofinalities preserving, not adding new bounded
subsets to k extension satisfying 2% > k™.

The proof is similar to those of 2.3. Only notice that we can present a as an increasing
union of sets X, (n < w) with |X,,| < § since o < §*, ¢fd = w and there is a function from

0 onto a.

3 Concluding Remarks and Open Questions

Let us first summarize in the table below the situation under SSH_, (i.e. for every singular
p < K ppu = put) assuming that 2% > k0 for some J, where x as usual here in a strong limit

cardinal of cofinality Ry. For § = R¢, for 2 < ¢ < w, in the cases dealing with ordinals in
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Kinds\Kinds™ we assume in addition that there is no measurable of the core model between

k and k0.
0=2 o(k) = kTT
or
Vn < w{a < klo(a) > o™}
is unbounded in K
2< 8 <R o(k) = kTo+1
or
Vn < w{a < klo(a) > a™m}
is unbounded in K
cfl8] = No V1 < 8] {a < klo(a) > aT7}
is unbounded in
0 is a cardinal o(k) > kToFT +1
K>68>Rg | cf]d] >N or
{a < K|o(a) > atd+! £ 1}
is unbounded in
5 =8]f, o(k) > k1O 1 41
for some or
l<l<w {a < klo(a) >+6I°+1 41}
- is unbounded in &
=4 [4
6> |5]¢ VL < w{a < klo(a) > atldl"}
L<w
is unbounded in
§lo. gth—1 gucsglo g1 st | yncwla<n | o(a)>a+55°“‘5ik—?1'5?}
0 k—1 k= 0 k—1 k =
for some 650 e 6;;’“:11 -0k € Kinds is unbounded in &
5L otk <5< 8l ol o(r) > rt00" 8+ 4
for some 650 e 6?“ € Kinds or
{Oé <K | O(O!) 2 a+5§0...§£’€+1 + 1}
is unbounded in &
0>k Vr < k{a <k |o(a) >aT™}
is unbounded in

The proofs are spread through the papers [Git1,2,3,4,5], [Git-Mag], [Git-Mit] and the
present paper. The forcing constructions in these papers give GCH below k.

Let us finish with some open problems.

Question 1. Let a be a countable set of regular cardinals. Does “|pcfal > |a] = Ry” imply
an inner model with a strong cardinal?

In view of 1.10, it is natural to understand the situation for countable a. Recall that
the consistency of “|pcfal > |a|” is unknown and it is a major question of the cardinal
arithmetic.

The next question is more technical.

Question 2. Can the assumption that there are no measurables in the core model between
x and 2% be removed in 1.117
It looks like this limitation is due only to the weakness of the proof. But probably there

. . . . . 2
is a connection with “|pcfal > |a|”. The simplest unclear case is 2% > 11,
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The situation without SSH_, is unclear. In view of 2.1 probably weaker assumptions
then those used in the case of SSH_, may work. A simplest question in this direction is as

follows.

Question 3. Is “{a | o(a) > a™} unbounded in x for each n < w” sufficient for “x strong
limit, cfx = Ny and 2F > gT177?

If the answer is affirmative, then the construction will require a new forcing with short
extenders, which will be interesting by itself. We then conjecture that the same assumption
will work for arbitrary gap as well.

For uncountable cofinalities (i.e. ¢fx > V), as far as we are concerned with consistency

strength, the only unknown case is the case of cofinality N;. We restate a question of [Git-
Mit):

Question 4. What is the exact strength of “ is a strong limit, ¢fx = 8y and 2% > X for
a regular A > k*7
It is known that the strength lies between o(k) = A and o(k) = A + wy, see [Git-Mit].
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