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Abstract

In this paper we attempt to understand the difficulty of getting a model where
GCH fails first time at a singular k and there is an inner model in which « is a regular
cardinal but still 27 is big.

In addition, we construct models with 2¢ > k™ and ultrafilters U over s such that
UDCubgand {v <k|2"=vT}eU.

1 Introduction

There is a tension between the negation of the Singular Cardinals Hypothesis at a given
cardinal and the power function below it. A celebrated result of J. Silver [18] states that a
singular cardinal of uncountable cofinality cannot be the first that violates GCH.

M. Magidor [14], using extremely sophisticated arguments, showed that this need not be
the case with a singular of cofinality w. Namely, starting with a supercompact cardinal with
a huge above, he constructed a model in which 2% = R, and 2% = 8, ;, for every n < w.

In the early 80’s, H. Woodin came up with a beautiful construction of a model of 2% =
N0 and 2% = N, ., for every n < w. The initial assumptions of his construction were
optimal, see for example [5], [7].

However, the gap between the singular cardinal and its power in both of the constructions
was 2 and not more.

The basic reason for the difficulty was that both arguments based on the Silver-Prikry

method of violating SCH, i.e. first a model with a measurable cardinal xk with 2% > k™ was
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his comprehensive list of corrections. The work was partially supported by ISF grant No. 882/22.



constructed and then the Prikry forcing was used to change the cofinality of x to w. But
having a measurable cardinal x with 2 > k* implies that GCH is violated at unboundedly
many places below k. So, the difficult task starts to be to collapse cardinals in order to
resurrect GCH below and still keeping 2% > k™.

Later a different method of constructions of models of =SCH - Extender Based Prikry
forcing was introduced in [11]. It allows one to change cofinality of x and to blow up its
power higher simultaneously without adding new bounded subsets to .

Following this developments, H. Woodin asked the following natural question:

Assuming that there is mo inner model with a strong cardinal, is it possible to have a
model M in which 2% > R, and 2% = N, 1, for every n < w, and there is an inner model
N which satisfies k = N, is a measurable and 25 > (RN 43)M 2

A reasonable approach to this question was to use Extender based forcing over k to-
gether with a suitable preparation which say adds many Cohen subsets to v’s below k, and
then, passing into a submodel in which & is still regular, we combine these Cohens from
the preparation together, using Prikry sequences, in order to obtain 2"—Cohens over the
submodel.

It turned out to be realizable to some degree. Namely, as it was shown in [2], even the
Prikry forcing (with a carefully picked k—complete ultrafilter) can add x™—many mutually
generic Cohen subsets to x over a submodel. However, by [2], neither the original ([11]) nor
C. Merimovich ([15]) versions of Extender based Prikry forcings can produce the above type
of inner models. Namely, if Pg denotes the Extender based forcing of [11] and G C Pg is
generic, then:

For every A € V[G]\ 'V, A C k, k changes its cofinality to w in V[A].

If Pg denotes the Extender based forcing of [15] and G C P is generic, then:

For every (A, | o < k17T list of different subsets of k in V[G], there is I C kT, I € V,|I| =
K such that k changes its cofinality to w in V[(A, | a € T)].

The aim of the first part of the present paper is to use The Mitchell Covering Lemma with
some Pcf-arguments to provide further insight into the reasons for the difficulty of getting
an inner model in which « is regular, but still 2" is big. In particular, this will provide some
progress on Woodin’s question.

In the second part, which can be read independently, models with 2% > k™ and ultrafilters
U over « such that U O Cub, and {v < k | 2V = vT} € U are constructed. Some questions
from T. Benhamou and G. Goldberg [3] are answered. A detailed introduction to this part

is presented at the beginning of Section 7.



The dichotomy between non-GCH and GCH, and the resulting tension, is the common
thread tying these parts together.

2 Part 1 - Settings and main results

Assume that there is no inner model with a strong cardinal. Let K denotes the core model.
The next two theorems show, in particular, that the Woodin method for restoring GCH
below a singular x with 2% = k™1, is basically the only possibility.

First we would like to show the following:

Theorem 2.1 Suppose that in V', cof(k) = w,2" = kT, GCH holds below k and there is
an inner model V' O K in which k is a reqular, but still 25 > k™.

Assume that
1. every a C (25)V, |a| < k can be covered by a set b € V' with |b| < &,
2. V=2 =vt forv’sin a club subset of k in V’,
3 (k) = Kt
Then |(tH)*| = 7, for unboundedly many cardinals T < k.

Remark 2.2 1. Note that s is a measurable in I, and so, by the Mitchell Covering

Lemma or just by the weak covering, (k7)* = x+.

2. If (2%)V" < (k*%)"", then we have the required type of covering, i.e. the condition (1)

of the theorem, by standard arguments.

3. If there is no measurable cardinal above x in I, then again we have the required type

of covering, by the Mitchell Covering Lemma.

4. If k is a measurable cardinal in V'  then the required type of covering holds. We
assumed that there is no inner model with a strong cardinal, so, by [9], there is no
measurable in K cardinal in the interval (x, (2%)""].

5. The actual result will be sharper and it will be possible to relax the condition (2)

slightly.

In order to state our further results we will need to define the following form of a strong

covering:



Definition 2.3 Let V' CV, k be a cardinal in V. Then Cov(V, V' k1) holds iff:

For every set of ordinals B C 2% of cardinality k% there are I C B of cardinality x and
I* € V' I* O I such that for some increasing and continuous sequence (M, | v < k) € V'
with |M,| < &, for every v < &, and I* C J,., M,, the following holds: for every v <
K, | M, N I| = |M,NI*.

Note that the following density property implies Cov(V, V' k*):
Every set of ordinals S" C 2% of cardinality k™ contains a set in V' of cardinality k.
This property holds, for example, in generic extensions by standard Prikry forcings. We
refer to [10] on this subject.

Theorem 2.4 Suppose that in V, cof(k) = w,2" = k™, GCH holds below k and there is
an inner model V' D K in which k is a reqular, but still 2 > x+T.

Assume that
1. every a C (2%)'|a| < k can be covered by a set b € V' with |b| < ,
2. Cov(V,V' k7).
Then |(tH)*| = 7, for unboundedly many cardinals T < k.

The last result relates to the question of Woodin stated in the introduction. Unfortunately
it does not provide the full answer due to the assumption (4) which is a strong form of

covering.

Theorem 2.5 Suppose that in V, cof(k) = w,2% > k™3, GCH holds below k. Then there is
no inner model V' O IC such that

1. Kk is reqular in V',
2. 28 > k13
3. every a C (25)V, |a] < K can be covered by a set b € V' with |b| < &,

4. Cov(V, V' k).

3 Some general observations

Let us prove several general statements concerning clubs and principal indiscernibles. They
are slight generalizations of result by M. Dzamonja, S. Shelah [6] and the author [8] in

context of a strong limit cardinal. The following is Proposition 2.1 of [8]:
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Proposition 3.1 Let Vi C V, be two models of ZFC. Let k be a regular cardinal of Vi
which changes its cofinality to 6 in Va. Suppose that in Vi there is an almost decreasing
(mod nonstationary or equivalently mod bounded) sequence of clubs of k of length (k)" so
that every club of k of Vi almost contains one of the clubs of the sequence. Assume that Vs
satisfies the following:

(1) cof (k)1 > ((2°)1)"2 or cof (k)" = 6;

(2) k> (07)"2.

Then, in Vy, there exists a cofinal in k sequence (1; | i < 0) consisting of ordinals of cofinality

> 0% so that every club of k in Vi contains a final segment of (1; | i < 6).

The proof of Proposition 3.1 actually gives the following:

Proposition 3.2 Let Vi C V5 be two models of ZFC. Let k be a strongly inaccessible cardinal
of Vi which changes its cofinality to 6 in Vs but remains a strong limait.

Suppose that for every set of ordinals a of cardinality < rk there is b € Vi such that b O a
and [b|"* < k.

Then, in Vy, for every 6 < k there exists a cofinal in Kk sequence (1; | i < 0) consisting of

ordinals of cofinality > 0 so that every club of k of Vi contains a final segment of (1; | i < ).

Proof. We repeat the proof of 2.1 of [8]. In the construction of trees T'(C') there, instead of
splitting into w successors allow splitting into < § successors. Define (2°)* clubs C, instead
of (2%)*. We use the covering assumption in order to proceed. Namely, let a < (2°)* and
the sequence of clubs (Cp | f < a) was already defined, however it does not need to be in
V1. Let us define C,. Let (X; | i < p) be an enumeration of all clubs of x in Vj. So, for every
B < a there is ig < p such that C3 = X;,. Consider the set a = {ig | 8 < a} C p. There
isbe Vi, Z Cp,|b|"" =k such that Z D Y. Set C, = Ay X;. Then C,, € V; and for every
B < a, C, is almost included in Cj.

The rest of the argument stays without a change.

U

Now let us show the following:

Proposition 3.3 Let Vi C V5 be two models of ZFC. Let k be a strongly inaccessible cardinal
of Vi which changes its cofinality to 6 in V5 but remains a strong limait.

Suppose that for every set of ordinals a of cardinality < k there is b € Vi such that b O a
and |b|"* < k.

Then, in Va, there ezists a cofinal in k sequence (1; | i < 6) such that



1. every club of k of Vi contains a final segment of (1; | i < 0),

2. the sequence (cof(r;) | i < 0) is cofinal in k.

Proof. Suppose otherwise. Using 3.2, for every § < k pick a cofinal sequence (79 | i < 6)
such that

1. every club of k of V] contains a final segment of (7; | i < 6},
2. for every i < 6, cof(1?) > 4.

Fix a cofinal in k sequence (k; | i < 6).
Set A= {77 |1i,j <0}
Let n = |A|. We have 2" < k, since & is a strong limit.
Denote by X the set of all subsets A" of A which satisfy the following

1. A’ is a cofinal in k sequence of order type 0,
2. for every ¢,d € A', if ¢ < d then cof(c) < cof(d),

3. the set {cof(c) | ¢ € A’} is cofinal in &,

Then for every x € X there is a club C, in Vi, such that 2’ = z \ C, is unbounded in k.
Consider the set {C, | x € X}. It can be covered by a set of clubs in V] of cardinality x. Let
C' be the diagonal intersection of such covering clubs. Then, for every x € X, C' is almost
contained in C,.

By the choice of 7,7, there will be x € X such that + C C. But this impossible, since z \ C,
is unbounded in k and C' is almost contained in C,.

Contradiction.

O

Let us turn now to our context. So, we have L C V' C V, k is regular in K, V' and
singular strong limit in V. Also, we assumed that V' and V satisfy the required covering

assumption. Hence, the previous results imply the following:

Proposition 3.4 Suppose that (; | i < w) is a cofinal in k sequence such that every club of
Kk of KK contains a final segment of (1; | i < w).
Let N be a covering model and (7; | i <w) € N.

Then a final segment of (7; | i < w) consists of principal indiscernibles of N'.

! An ordinal 7 is called a principal indiscernible of N iff for every a finite sequence ¢ € [7]<¢, KV (¢) < T,
where hV is the Skolem function for N from K.



Proof. Suppose otherwise. Let I C w be infinite and for every ¢ € I, 7; is not a principal
indiscernible of N. Then there is a finite sequence ¢ € [1;]<* such that A (c) > 7;.

Define C' = {v < x | RN"[v]<¥ C v}. Tt is a club in K. However, C N {7; | i € I} = 0, which
is impossible as C' is supposed to include a final segment of (7; | i < w). Contradiction.

O

4  Proof of Theorem 2.1

Suppose that such V” exists and (77)* = 7%, for all but boundedly many cardinals 7 < &.
Let (A, | @ < k') be a sequence of different subsets of x in V",

Let us apply Proposition 3.3 to V, V' and find a cofinal in k sequence (7; | i < w) which
satisfies the conclusion of 3.3.
Fix a covering model N* such that (7; | i < w) € N*. By Proposition 3.4, a final segment of
(1 | i < w) consists of principal indiscernibles of N*. Denote it by C*.

Pick, in V, a sequence (N, | @ < k™) of covering models of a same cardinality below &
with A, € N,, N* C N,, for every a@ < k7.
Apply the Mitchell Covering Lemma to N,.
We will have a Skolem function h, € K, p, < k and a sequence of indiscernibles C,,.
No N Ky € ho"(pa; Ca). Denote by C* the set of all principal indiscernibles of C,. It
includes an w—sequence cofinal in .

For each p € C%, consider A, N .
Denote by i# the index of A, N in a fixed enumeration of P(u) in V'. 2
Then # € N,, since A, € N,,.

By the assumption (2) of the theorem and since C* is almost contained in every club of

k of V' we can assume the following:

(x)  for every T € C*\V' E2" =717,

Recall that we have GCH_,, in V, but not necessary in V”.
Then, i < (u™)"".
Then there is a finite sequence of indiscernibles ¢ below p such that i# = h, (e, ).
Now, the number of possibilities for h,, po’s is K, since h, € K, po < k. Hence, we can
find a stationary S C k™" a function h and an ordinal p such that for every a € S, h, = h

and p, = p. By shrinking 9, if necessary, we may assume also that C,,C%’s are similar.

2Further, in Section 5, a fixed enumeration of P(xz) in V will be used instead.



Let I be a subset of S of cardinality x™ with cof(sup(I)) = k*.
We have k= (k7)) = (k7)V’, since x was regular in K, changed its cofinality in V and
so, the Mitchell Covering Lemma applies.
However, in general it is possible that (k7)Y is collapsed in V to x*, and so, we cannot
cover I by a set in V’ which cardinality is ™ there. This is the reason for the assumption
(3) of the theorem.
Find I* € V' of cardinality x™ which covers I and such that sup(I) = sup(I*).
Let us identify below I with I*.
Let 6 = sup([). Then k™ < § < k™" and I is unbounded in 4.
Fix a function o : k™ <+ 6,0 € V.
For every regular in K cardinal v < k define a function A" : [v U {v}]<¥ — [v,v") in K
as follows:
B ({6 s &) = BUEr, &) T (€1, ) € (,07), and
hY({&1, ..., &) = v, otherwise,
for every sequence (&1, ..., &) € [v U {v}]
Define also a function h” : [v U {r}]<* — PX(v) in K as follows:
WY (€1, ...,€,)) = the subset of v in K which has index h¥((£y, ...,&,)) in the canonical enu-

meration of K of its subsets of v,

<w

for every sequence (&1, ...,&,) € [v U {v}]<*.

Finally, let A*(v) be a subset of v which codes in C (in a canonical fashion) the function
h.
Note that for every v < 15 in C*, we will have h*(v5) Nvy = h*(vy), since h corresponds to
an iterated ultrapower (a comparison process between K and a mouse).
We would like to extend h* by adding & to its domain and setting h*(k) = U, cc- ¥ (v),
however such extension need not be in K anymore. Let us do something slightly more
elaborate.
Consider the set {U,, | n < w} of normal measures of extenders of X to which the members of
C™* belong relatively to N*. Recall that every indiscernible of N* corresponds to an extender
in IC see, for example, Section 4.4 of [16] or first sections of [12], which includes more details.
Then this set can be covered in K by a set of cardinality x. Denote by {U, | 7 < k} such
a cover, where each of U,’s is a normal ultrafilter (in IC). By normality, there is a partition
(Y; | 7 < k) of k such that Y, € U,, for every 7 < k.
Again, using normality, for every 7 < k there are Y C Y, Y* € U, and Z, C « such that
for every v € Y, we will have Z, Nv = h*(v).

T



Define h** by setting h**(v) = (Z, Nv | T < v), for every v < k.

Let v € C* and let 7, < k be such that v corresponds to U, as a principal indiscernible,
then 7, € A”[v]<“, and hence, 7, < v. This holds since v is a principal indiscernible and & is
a limit of such indiscernibles.

Work in V.

Let (M, | v < k) be an increasing continuous sequence of elementary submodels of H, such
that

1. <MV | 1% S C> € M<+1,

[\)

. |M,| < R,
3. M, Dv,
4. h,h* h** 0, (A, | a € I) € M.

Let C ={v < k| M,Nk=vr}. Itisaclubin V' since k is regular there.

Pick v e CNnC™.
Let M, be the transitive collapse of M, and 7 the collapsing function.
Then n(k) = v,m(A) = ANv, for every A C k,A € M,. Also, n((Z, | 7 < k)) = (Z. Nv |
7 < v). In particular, Z,, Nv = h*(v) € M,, since 7, < v. Then h* € M,, and so, h” is in
M, as well.
Hence, in M,,, the number of subsets of v indexed (now back in ¥’ and not in K) by ordinals

in the range of h” is less than (v1)™ = w(kt) < vT. Let v* < (v)™ be such that
M, EVX € m({A, | a € I}) if the index of X appears in rng(h”),

then it is below v*.

Define a function s € [[,ccvqne " by setting s(v) = v*.
Let (f¢ | £ < k™) be canonical functions in [[,_, £, in K.

Lemma 4.1 There is n < k™ such that f,, | C* N C dominates s mod finite.

Proof. Pick a covering model N with s,C* N C € N. We may assume that each v € C* N C
is a principal indiscernible of N, by dropping finitely many points if necessary. By the
assumption, v* = (v*)X hence there are no indiscernibles in the interval (v, v*].

Define a function g € [[,_,. 7" as follows:

Y<K

g(v) = sup(h""y) Ny
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Then g € K, since A" is in K. In addition, g(v) > s(v), for every v € dom(s), since s € N
and there are no indiscernibles in the interval (v,v7].
Now find < k™ such that f,, dominates g.
O

Pick n < k™ such that the canonical function f, [ C* N C dominates s.

Let (R, | ¥ < k) be an increasing continuous sequence of elementary submodels of H,
such that

1. (R, |v <) € Rey,
2. |R,| < &,

3. M, C R,

4. n € Ry.

Let E={veC|R,NkKk=v}.
Pick a typical v € E'N C* which is a principal indiscernible and v* < f, (v).
Let R, be the transitive collapse of R, and ¢ the collapsing function.
Then ¢(k) = v, p(A) = ANv, for every A C k, A € R,. Let M! be ©[M,]. Then M/ < R,
Also, M, is the transitive collapse of M. Let 1) : M/, <> M,, be the collapsing function. Note
that M/ Nv = M,Nv = R,Nv = v. So, M Ny(x*) is an ordinal, and hence, ¢ | M/ Np(x")
is the identity. In particular, ¢ (v*) = v*.

So, by elementarity,
R, EVX € 9({A, | a € I}) if the index of X appears in rng(h"),

then it is below v*.

Let us argue that. p(n) = f,(v).
It’s likely the general proof below about canonical functions and transitive collapses is

already known.

Claim 1 ¢(n) = f,(v).

Proof. Let us recall one of the definitions of canonical functions (fg | § < %) in [[,_, €7, in

IC.
We proceed by induction on £. If £ = & + 1, then let fe(7) = fo(7) + 1, for every 7 < k.

10



Suppose now that £ < k™ is a limit ordinal. Pick the least club {& | i < cof(£)}. Set
fe(m) = U, fe,(7), for every 7 < k.

Let now (R, | v < k) be as above or just any other increasing continuous sequence of
elementary submodels of H, with n € Ry.
Set R, =, Rv.
Let us show by induction on § € R, N k™ that for a club C¢ of Vs, fe(v) = p(£).
Let us deal with a limit £ of cofinality k. Other cases are immediate. Let {; | i < k} be the
least club in £. By elementarity it is in R.
By induction, for every i < k, there is a club Cf, in & such that for every 7 € Cy,, f¢,(7) =
(&), where ¢, denotes the transitive collapse of R.. Set C¢ = A;.C¢,. Let 7 € Ce. By
the definition, f¢(7) = U,., fe.(7). But, for every i < 7,7 € C,, and hence, by induction,
fe(7) = ¢ (&). Also, - ({& | i < w}) = {p-(&) | i <7 = ¢,;(k)}. By elementarity, then

or-(n)=Up-({& i < k}) =U{p-(&) | i <7}, and we are done.
O of the claim.

We have, v* < f,(v). Hence, the index iy of Ay, Nv in the enumeration of subsets of v
will not appear in the range of h”. This is impossible, since h = hy(,; and there is a finite

sequence of indiscernibles ¢y ,, below v such that iy, = he@) (T, V)-

Remark 4.2 Note that the standard Extender Based Prikry forcing over K satisfies the
conditions (2) and (3) of the theorem. So, the argument above shows that there is no inter-
mediate model in which K is reqular and 2% > k*. However, this is under the assumption

that there is no inner model with a strong cardinal, in contrast to [2].

5 Proof of Theorem 2.4

Let us show how to modify the previous argument in order to replace the assumptions that
V' 27 =71F, for every 7 € C* and that ¥+ = (k7)V" by a strong form of covering.

Let (A, | a < k™), (N, | a < kTT), h, S be as in Section 4.

For every a < k™t 7 € C*, let ¢, be the index of A,N7 in a fixed enumeration of P(7), but
now in V. Consider the function 7 + 47. Denote it by go. By GCHy, go € [[,cc- 7. There
is a finite increasing sequence of indiscernibles ¢, € [i], + 1] such that ¢,(7) = i}, = h(c},).

Note that there are no indiscernibles in the interval (7, 7], since we are assuming that

()X = 7+, for every 7 € C*. Hence,

tef( H T, <J2d) =k,

TeC*
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as every function in this product will be bounded by the restriction of a function in I to
C*, see Lemma 4.1 for this type of argument.

Let f = (fo | @ < k') be a witnessing scale. We have x™t—many g,’s, so there are
S"C S8 =S| = kTt and o* < kT such that f,« dominates each g,,« € S’. By shrinking
S" if necessary, we can assume that there is v* € C* such that for every v € C* \ ~*,
for(7) > ga(y). Assume for simplicity that v* = min C*.

For every 7 € C* we fix a function

er: for(T) < |7|.

For every o € ', define a function s, € []

rec+ |T| by setting

$a(T) = ex(ga(7)).

Let us consider few cases.

Case 1 There is & < K such that for an unbounded C' C C*, the following holds:
ce C' = cof(|c]) < 6.

Then, using GCH.,, it is easy to find some g € [[ .o/ 7| and S” C &', [S"| = |5’| such
that for every a € S”, g dominates s,. By shrinking a bit more if necessary, we can assume
that the domination takes place from the same point for every a € S”.

O of Case 1.
Suppose now that there is no such 6. Then the set

{cof(|c]) | c € C"}
is unbounded in k. By shrinking C* if necessary, we can assume that the sequence
(cof(|c]) | c € CT)

is strictly increasing. Consider then pcf({|c| | ¢ € C*})\k. It is a subset of the set {x*, KT},
since 2" = kT and k is a strong limit.

Case 2 There is C" C C* such that tcf([ [ con ||, <jpa) = KT

Let = (pe | £ < k) be a witnessing scale.
Then there are £* < kT and S” C &', |S”| = || such that for every o € S”, per dominates
Sq | C'. By shrinking a bit more if necessary, we can assume that the domination takes place
from the same point for every a € S”. Set g = pe«.
U of Case 2.

Case 3 There is C" C C* such that tef([[ oo ||, <jppa) = &+,
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Let = (pe | € < k*T) be a witnessing scale. Take S” to be a subset of 5" of cardinality
xT. Then there will be £* < x*F such that for every a € S”, pe+ dominates s,. By shrinking
a bit more if necessary, we can assume that the domination takes place from the same point
for every v € S”. Set g = pe-.

0 of Case 3.

So, in either case we are able to find a function g which dominates subsets of S’ of
cardinality ™" or k.

We showed the following crucial property:

(N) There are an unbounded E C C* and B C S,|B| = k% such that for every 7 € E,
the set

{A.N7|a€ B}

has cardinality strictly less than |T|.

This holds since the corresponding set
{il | « € B}

has cardinality less than |7|.

Now we would like to ran the argument with an elementary chain based on the strong
form of covering Cov(V, V' k™) defined 2.3.

Recall that Cov(V, V', k™) denotes the following strong covering property:
For every set of ordinals B C 2% of cardinality k™ there are I C B of cardinality x and
I* € V', I* D I such that for some increasing and continuous sequence (M, | v < k) € V'
with |M,| < k, for every v < k, and I* C |
K, | M, N I| = |M,NI*.

The next lemma will provide the desired contradiction and complete the proof of the

M, the following holds: for every v <

v<k

theorem.

Lemma 5.1 It is impossible to have simultaneously both Cov(V,V' k™) and (R).

Proof. Suppose that both Cov(V, V', k%) and (R) hold.
Apply Cov(V, V' k) to B given by (X). Let I, I*, (M, | v < k) be witnessing sets.
Work in V’. Pick (R, | ¥ < k) to be an increasing continuous sequence of elementary

submodels of H,, with x large enough, such that
L (R, | v <¢) € Reya,
2. |R,| < &,
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3. M, € R,

4. I (Ay | a € ) € Ry.

Let (il | v < k) be an enumeration of I* in V' N Ry.

Set X ={v<r|R,Nrk=vand M, NI* = {if | ( <v}}.

Clearly, X is in V" and it is a closed unbounded subset of x. Then, X contains a final
segment of £, where £ C C* is from (R). Pick n € EN X.

Then, R, Nn = n. By elementarity, R, N I* = {i}, | v < n}. So, R, NI* = M, NI*

Hence, in V,

n|=|R,NI"|=|M,NI"|=|M,nI|=|R,NI|.

For every o € I*" N R,, A, € R,. In particular, for every « € INR,, A, € R,. By

elementarity,
R, EVa,f e I"(a# B — Ay # Ap).
We have R, Nk = n, hence A, Nn # Ag N, for every a, B8 < (™) N R, # 5. In
particular, for every o, 8 € R, NI, # 3, Ao N # Ag N 1. So,
{Aa N | e I} = |RyN 1| = [n].
But I C B, n € E, hence the set
{AoNn|ael}

has cardinality strictly less than |n|, by (R). It is impossible. Contradiction.
O
This completes the proof of Theorem 2.4.

6 Proof of Theorem 2.5

We deal now with a possibility that successors of principal indiscernibles are collapsed.
Assume here that 2% = k3. If 2 > x*3, then we just collapse 2% to k. Suppose that
there is V', IC C V/ C V such that

1. kis a regular in V’,

2. (29)V > K3,

14



Let (A, | @ < k™) be a sequence in V' of k*3—subsets of k. Keep the notation of the
previous sections and define C*, (N, | a < k™), h, S C k™3 as before.

The basic idea will be to explore the selection between three available cardinalities
kT, kT, kT3 for collections of subsets of x in V' against only two related cofinalities of
products of the form [] .. 7% and []C*.

For every o < k73,7 € C*, let i". be the index of A, N7 in a fixed enumeration of P(7)
in V. Consider the function 7 — 7. Denote it by g,. By GCH., go € [[,cc+ 7. There is
a finite increasing sequence of indiscernibles ¢, € [i7, + 1]<% such that g,(7) = i], = h(ch).

Denote the set {77 | 7 € C*} by C**.

Consider pcf(C**) \ k. Tt is a subset of the set {xT, k™", k™3}. Let C*T = C;TUC;TUC;T
be a splitting of C** into sets which are generators of ™, k™, k13 respectively. It is possible
that some of them are empty. Let us consider a few cases.

Case 1 51 £ 0.

Then tcf([]C5F, <jwa) = 12,

Let f: (fa | @ < kT3) be a witnessing scale. Let o € S. Define a function ¢, on C3* by
setting
ta(T7) = ga(T) = i3,

Then t, € []C;7, and so it is bounded by a function from the scale f.
Take any S’ C S of cardinality x**. There will be o* < k™ such that f,- dominates each
to, € S'. By shrinking S’ if necessary, we can assume that there is v* € C5* such that for
every v € O3\ 7", far(7) > ta(7). Assume for simplicity that v* = min C57.
Set

Cio={reC" |t et}

For every 7 € Cf we fix a function
er: for (1) & |7

For every a € ', define a function s, € HTeC§ |7| by setting

Subcase 1.1 There is § < k such that for an unbounded C" C C%, the following holds:
c € C' = cof(|c]) < 6.3
Then, using GCH.,, it is easy to find some g € [[ .o/ 7| and 5" C &', [S"| = |5’| such

that for every a € S”, g dominates s,. By shrinking a bit more if necessary, we can assume

3Tt is parallel to Case 1 from the previous section.
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that the domination takes place from the same point for every o € S”.
O of Subcase 1.1.
Suppose now that there is no such 6. Then the set

{cof(|c]) | c € C'}
is unbounded in k. By shrinking C’ if necessary, we can assume that the sequence
(cof(|c]) | c € C")

is strictly increasing. Consider then pcf({|c| | ¢ € C'}) \ k. Again, it is a subset of the set
(K, K+, KT3)

Subcase 1.2 There is C" C C" such that tcf([ ] con ||, <jpa) = KT

Let = (pe | £ < k1) be a witnessing scale.
Then there are £* < k™ and S” C §’,|S”| = || such that for every o € §”, pe+ dominates
Sq | C”. By shrinking a bit more if necessary, we can assume that the domination takes
place from the same point for every a € S”. Set g = pe-.
O of Subcase 1.2.

Subcase 1.3 There is C" C C" such that tcf([].con |cf, <gpa) = &2

Let = (pe | € < k™) be a witnessing scale. Then, |S’| = %" implies that there is
£ < k™3 such that for every @ € S, pe« dominates s, | C”. By shrinking a bit more if
necessary, we can assume that the domination takes place from the same point for every
aeS". Set g = pe«.
0 of Subcase 1.3.

Suppose now that Subcases 1.2,1.3 fail. Then tcf(J].ce lcf, <jpa) = K7
Let p'= (pe | £ < k™) be a witnessing scale. Take S” to be a subset of S” of cardinality x™.
Then there will be £* < k¥ such that for every o € S”, pe~ dominates s,. By shrinking a
bit more if necessary, we can assume that the domination takes place from the same point
for every o € §”. Set g = pe-.

So, in either case we are able to find a function g which dominates subsets of S’ of
cardinality k™" or k.

Case 2 31 £ 0.

Case 3 C/" # 0.

The treatment of Cases 2,3 is completely similar to those of Case 1.

We showed the following crucial property:

16



(R) There are an unbounded E C C* and B C S,|B| = k% such that for every T € E,
the set
{AoN7|a € B}

has cardinality strictly less than |T|.

This holds since the corresponding set
{i¢. | € B}

has cardinality strictly less than |7].
Recall that the strong covering property Cov(V,V’ k™) is assumed, so, we can apply
Lemma 5.1 in order to derive the contradiction.

This completes the proof of Theorem 2.5.

7 Part 2 - Introduction

Let x be a measurable cardinal and 2% > k. Then, by a classical result of D. Scott, for

unboundedly many v < k, 2V > vt. Moreover, if U is a normal ultrafilter over &, then
{v<k|2V>vT} el

But what will happen if we drop the normality assumption? It is easy to construct a

model in which 2% > k™ and for some x—complete ultrafilter U over &,
{v<k|2V=v"}el.

Just start with a sufficiently large cardinal x, say supercompact or 2-strong. Assume GCH.

Force with an Easton support iteration
<P047Q/3 | a S 5+17ﬁ S '%)7

where Qg be trivial unless 3 is an inaccessible cardinal. For an inaccessible 5 < k, let (g
be the Cohen forcing Cohen(8, 5*1) which adds ST —many subsets to 8. Let G C P, be
a generic. x will remain a measurable in V[G] and 2" = k*7. Let W be a normal ultrafilter
over k. Consider its ultrapower embedding jw : V[G] — M. Note that in V[G] for every
successor cardinal v < k, 2V = v+, Set § = (k7). Then, by elementarity, My = 2° = 6+.
Define

U={XCk|dejwX)}
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Then
lv<k|2V=v'}el.

In this example U is Rudin-Keisler equivalent to a normal ultrafilter and concentrate on
a non-stationary set.

But what will happen if we require that U contains all closed unbounded subsets of 7

The answer is that it is still possible.

We will present several constructions. The first one will be an easy forcing extension
from a supercompact cardinal. The second will be from a strong cardinal and with some
additional properties. However, the gap between x and 2% which we can reach using the
second construction is only 2.

It turns out that the situation here is surprisingly similar to those of the previous sections.

The third construction extends the second to larger gaps, but uses a supercompactness.

8 The first construction

Assume GCH and let x be a k™" —supercompact cardinal.
Fix a normal ultrafilter W over P, (k™). Let jw : V. — My, be the corresponding elementary
embedding. Then R My C My.

As above, we force with an Easton support iteration
<Poc7Qﬁ | 04 S /i_{—]-)ﬁ S ﬁ))

where Q3 be trivial unless 3 is an inaccessible cardinal. For an inaccessible 5 < &, let (g
be the Cohen forcing Cohen(8, f*1) which adds " —many subsets to §. Let G C P, be
a generic. k£ will remain a kT —supercompact cardinal in V[G] and 2" = k™*. Moreover W
extends to a normal ultrafilter W* and jy extends to jw+ : V[G] = My = My [G*]. Still
we have * " My« C My~
Let (C, | @ < k™1 be an enumeration of all clubs of x in V[G]. Then, the set Y = {jw+(C,) |
a < kTt}isin My« and consists of less than jy (k) —many clubs. Hence, C' =Y is a club
of jw (k) in My« see for example [5], 12.6,7.

Note that in V[G] for every singular cardinal v < k, 2V = v™.
Working in M+, pick a singular cardinal 6 € C of cofinality w. Then, by elementarity,
My« = 2° = §T. Define

U={XCkr|dejw(X)}
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Then
lv<k|2V=v'}el.

Moreover, by the choice of §, we will have that U O Cub,.
In addition, let us observe the following:
Let
U.={X Ck|rejuX)}

It is the projection of U to the least normal below it in the Rudin-Keisler ordering. Let
k : My, — My be the corresponding embedding. Then crit(k) < [id]y, since My =
cof ([id|y) = w.

9 Construction from the optimal assumptions

Assume GCH and suppose that a cardinal x is 2—strong. Let F be a witnessing extender.
Instead, we can start from o(k) = x** which is optimal and, using [7], arrange the same
type of a situation.

Define an Easton support iteration
(Py,Qp | a < k+1,8 < K).

Let (g be trivial unless 3 is an inaccessible cardinal.
If g < /; is an inaccessible cardinal then set Qg = Q% * Qé, where Q% is an atomic forcing
which consists of two incompatible elements 0 and 1.
If the generic for Qf is 0, then Qf is the Cohen forcing for adding S** subsets to 3 ,
Cohen(B, 7).
Otherwise, i.e. if the generic for Q% is 1, then Q}j = Cohen(p, 1)« Col (B, BT).
Set Q. = Cohen(k, (kT1)Mew) x (Cohen(k™, k™) x Cohen(k, [(kTT)Mew xH)).

Let G be generic subset of P, ;. Then, in V[G], 2 = k™.
By Woodin’s arguments, see [5], £ will remain a measurable in V[G] and the embedding
jg: V — Mg extends to j* : V[G] — Mg[G*]. We take here the generic for Q° to be 0.
Set

Ur={XCkr|rej(X)}

Then
1. U* DU,
2. ju-=7"
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3. My. = Mg|G*].

We have

jp(P) = Py * Cohen(k, k™) % Py, ju(x) * Cohen(jp(k), (je(k)TH)Mis@Een)
«(Cohen(jp(k1), jr(k™T)) x Cohen(jg(k), [(jr(r)TH)MieEe jp(ktT))).

Consider now U* x U*. We have that jy-y+ extends jpxg = jj,(r) 0 Jje. Denote jg(x) by
k1 and jpxp(K) = Jipe) (K1) by k2. Then j;, (g : Mg — MEgyxp and &, is its critical point.

Apply jexe to Py In Mgy,
ng—l—l - Pm * gn * P(fe,nl) * in * P(Iil,ﬁ]g) * Q.‘QQ'

We have, in Mgyg[G* N P}, Qx, = Q% % Q.. . Let us take a generic for Q¥ to be 1.
Then Q;., will be Cohen(ky, k] ") * Col(ky, kT).*

Still j;, (k) extends. Let k : Mp[G*] = Mgxp|G**] be such extension. We will have also
J* : V[G] — Mgy g|G**] such that j** = ko j*.

Define

W={XCkr|r €77X)}

Then W will be a k—complete ultrafilter over x which extends Cub,. Since for every
club C C &, j*(C) is a club in k1 in Mg[G*], and so, k1 € k(j*(C)) = 7**(C).

Now, in Mpyg|G**], 2° = k|, since Col(k1, ki) was applied to restore GCH over &;.

Hence,

lv<k|2V=vt}eW,

and we are done.
In addition, U* <gz_xg W, and if k : My« — My is a corresponding embedding, then
crit(k) = K.

Remark 9.1 Note that as in the Woodin construction, the above gives a gap two and not

more. We will see the reasons for such phenomenon in the next section.

“Note that
Cohen(ry, k1) * Col(ky, k1) = Cohen(ky, k1) x Col(ky, k]) = Col(ky, k) x Cohen(ky, k{™T).

It is possible to find a generic for the corresponding collapse over the ultrapower Mpg(,), by the normal
measure of E already in V[G], then we force as Woodin does (see [5]) in order to obtain a generic for the
corresponding Cohen part, and then, move such generics to k1 in Mg.
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10 On the consistency strength

Suppose that W D Cub,, 2" =™ and {v <k |2V =vT} € W.

Assume that there is no inner model with a strong cardinal. Let I be the core model.
By W. Mitchell [16] or by R. Schindler [17], j | K is an iterated ultrapower of K.

An ordinal a < ji (k) is called a generator of jy, if there is non < w and f : [k|" = K
such that for some a; < ... < a,, < o, Jw (f) (a1, ..., ) = .
Let us call an ordinal o < jw (k) a principal generator of jy, if there is no n < w and
f i [k]™ — K such that for some oy < ... < ay, < a, Jw (f)(aq,...,an) > a.
Then, x and [id]y are principal generators, but probably there are more.
Denote by P the set of all generators of jy .

Consider
LOw(f)ag, o) [ n<w,a; < ... < ag,ay,....,a, € PN [idlw, f:[&]" =V}

Let M be the transitive collapse of it and let j : V' — M be the corresponding elementary
embedding.

Define k : M — My by setting k(5(f)(aq, ..., ) = jw(f) (a1, ..., an).

Then jiy = ko j and [id]y = j(k) will be the critical point of k.

Note that in the construction of the previous section, we have P = {x, [id]w } and M is the
ultrapower by the normal ultrafilter generated by &.

Denote [id]y by k1 and jiw (k) by Ko.

We have then that M | 2 = k], by the elementarity of j, and My, = 2" = k, since
{v<kr|2=vT} e

Lemma 10.1 (P(x1))™ C (P(k1))MW, and so, (k])M < (kf)Mw.

Proof. Let A C k1, A € M. Then k(A) € My. We have ry = crit(k), so k(A) Nk = A.
Hence, A € My .
O

Assume now that (k)

s not collapsed in My, .

Let A = (Ay | o < k%) be an enumeration of P(x). Consider the images of A under j
and jyw. Let A' = j(A) = (A} | B < (51 )M) and A2 = iy (A) = (42 | 3 < (sFF)").

Lemma 10.2 If A' € My, then ((k1)*H)M is collapsed to (k1)MW in My .

Proof. This follows from My, = 251 = k.
0J
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Lemma 10.3 ((x1)*")™ cannot be collapsed to (k] )Mw.

Proof. By the anti-large cardinal assumption made, we have
cof (k1) ")) = &+ and cof (k1) +)M) = k*+,

since the pointwise images of k™ and of k™ are unbounded in ((x;)")™" and in ((k)* )M

respectively.
If the cofinality of ((x;)™+)M is changed to something below, in My, then ((k;)*H)M
will be measurable in KM and M | 25 = k", so, by [12], there must be an extender in

KM of a measurable length. Such possibility is ruled out as well by the anti-large cardinal

assumption made.

O

Remark 10.4 Similar, under the same anti-large cardinal assumptions, if 2% > ™, then

there will be no room for such type of collapses.

The following property was introduced by T. Benhamou and G. Goldberg [3]:

Definition 10.5 Let U be a x—complete ultrafilter over x. <, (U) holds iff there are
A€ My, X and a family {X; | i < 2%} of 2% different subsets of x such that

2. there is no function f : k — & such that jy(f)(|A[M7) > A

Theorem 10.6 Assume that there is no inner model with a strong cardinal.
Suppose that W O Cub,, 2" = k™ and {v <k |2V = vt} € W.

Then every one of the following properties is impossible:

(R) (KH)M is not collapsed in My, and A* € My,

(3) (P(r)Mw C (P(k1))™,

(A) =0 par (W),

(7)) W has the Galvin property.

Proof. 1f (X) holds, then we can use 10.2 and 10.3 to derive a contradiction.
Suppose that (3) holds.

Let (B¢ | € < k) be an enumeration of all subsets of k1 in My,. Remember that j”x7 is
unbounded in ki of M which is the same as r; of My, by Lemma 10.1 and (3). So, there
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will be S C k™, |S| = k™ and n < k] such that every Al o € j”S appears below 7 in the
enumeration (B¢ | € < k) of subsets of k; in My,. Fix, in My, a function e, : k1 <> ;.
Then there will be u < k1 and S C S, of cardinality «™*, if cof (k1) = k™ (which usually
the case), or of k¥, otherwise such that e,”u includes the indexes of all A}, o € 55"

Now, using (3), it is not hard to find X € M, |X| < k; such that A;(ﬁ) € X, for every g € 5.
Then, there is Y € M, |Y| < k; such that Y D j”5’) which is impossible. Contradiction.
Note that the family {B¢ | £ € e,"u} will be a cover in My of {Al | a € j”S’}. This
(W), which is impossible by (3). Contradiction.

By [3], the Galvin property implies =<{,..(W). So we are done.

0

witnesses .

11  Construction - gaps above 2

We obtain gaps larger than 2 by using supercompactness, as was done in Section 8. The
key difference in this construction is that k [ k; = id, where k, as in Sections 8, 9 is the
connecting embedding from the normal ultrapower.

Let us deal with a gap 3. The general case uses the same idea.

Assume GCH and let k be a k3 —supercompact cardinal. Fix a normal ultrafilter U over
P.(k3) witnessing this. Let jy : V — My ~ VP<(5") /U7 be the correspondent elementary
embedding. Denote jy by j and My by M. Let k1 = j(k).

The GCH and the closure of M under k™3 —sequences of its elements imply the following:
1. for every k < 4, (ktF)M = gtk

2. |j(r)] = w4,

3. cof(j(k)) = kT4,

407 = U

5. j(Kkt5) = K0,

6. for every 1 < k < 4,cof(j(kF)) = 't

Define an Easton support iteration

<Pa7Qﬁ|O~/§H+]—76§/{>7
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as in the gap 2, only replace Cohen(, 371) by Cohen(3, 573) and Col(3,5") by

Col(B*, B+2).

Let G be generic subset of P, ;. Then, in V[G], 2¢ = x*3. Using the closure of M under
kT3 —sequences of its elements we construct G* C Pj()+1 which M —generic. Then j extends
to j*: V[G] - M[G*] and U to U*.

Now we proceed as in the gap 2 construction and use U x U. Finally, over k1 in My.y[G*],
Col(k], k) is used. Note that we have a generic for it in V[G], by items (1)-(6).

The rest is as in the gap 2 construction.

12  Construction gaps above 2 from optimal assump-
tions

We would like here to show that the limitations of Section 10. Ideas of [4] which alow to
create kind of many Cohen functions from a few will be used.

The following is a typical theorem under this lines:

Theorem 12.1 Assume GCH. Let k be a 3-strong cardinal. Then in a generic extension
which satisfies 2 = k13 there is a k—complete ultrafilter W over k which includes Cub,
such that {v < k | 2" =vt} e W.

Proof. Let E be a (k, k*3)—extender. Let j; = jg : V — M; = M,. Consider also the second
ultrapower, i.e. k = jjp) : M1 — M. Also, let jo = jpxg : V — M, be the ultrapower by
E x E. Denote ji(k) by k1 and ja(k) by ko.

Force with the Cohen forcing Cohen(v,v3), for every v < k. Let G be a generic.
Then in V[G], let j; extends to an embedding j; : V[G] — M;[G*].
Set U* = {X C k| k € jj(X)}. Let j5 : VIG] — Ms[G*] be the extension of j, and
k* : Mq[G*] — M[G**] of k which correspond to U* x U*.

Now we would like to extend jy and k differently.
Let g1 denotes G* N Cohen(ky, k1).
Use [4], namely—2.18, the end of page 8, and page 9, and reorganize g; in order to gener-
ate g* C Cohen(ky, k?)M1lG" %] which is Mi[G* | k1]—generic. Then P(k;)MilE" 1m1.9"] C
P (k) MilE Tr1.01],
Extend now k to some k' : Mi[G* | k1, g*] = Mo[G™ | Ko, g™].
Then,

[A2 A o< (659} € {By | B < ()",
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**] of subsets of Ky and

where (A% | a < (k3)M2) is an enumeration in My[G™ | Ko, g
(Bg | B < (k)M2) is an enumeration in My[G** | kg, g**] of subsets of k.
Now, since cof (k1) = cof (k] )M2 = k* and cof (k3 T)M2 = cof (k] )Mt = kT,
there will be S C k™1 |S| = k™", I € My and n < k1, such that
Myl =nand {A2 Nk |a€4"SY C{Bs| B €I}
We are exactly in a situation that was excluded in Section 10.
O
A similar construction, based on (k,x™t)—extender, shows that the assumption about
)M

preservation of (k)™ made in Section 10 is possible to realize.

Theorem 12.2 Assume GCH. Let k be a 2-strong cardinal. Then in a generic extension
which satisfies 2% = k*T there is a k—complete ultrafilter W over k which includes Cub,
such that {v < k| 2" =vT} € W and (ju(k)")M is preserved,

where as usual, U ={X C k| k € jw(X)}.

Let us deal now with the strength of the principle {_, (W) of T. Benhamou and G.
Goldberg ( [3]), which was already considered in Section 10. The results above show that it
consistency strength fall down to 2-strong, but let us push it further down to a measurable.

The point is that there is no need here to blow up the power of k.

Theorem 12.3 Assume GCH. Let k be a measurable cardinal. Then in a generic extension
Cpar (W) holds for a k—complete ultrafilter W over k which includes Cub,.

Proof. Fix a normal ultrafilter U over k. Let j; = jy : V — M; = M,. Consider also
the second ultrapower, i.e. k = jju) : My — My. Also, let jo = juxy : V. — M, be the
ultrapower by U x U. Denote j;i(k) by k1 and ja(k) by ks.

Force with the Cohen forcing Cohen(v, v™), for every v < k. Let G be a generic.
Then in V[G], let j; extends to an embedding ji : V|G| — M;[G*].
Set U* = {X C k| k€ jj(X)}. Let j; : VIG] — M[G*] be the extension of j, and
k* : M,[G*] — Ms[G**] of k which correspond to U* x U*.

Now we would like to extend j; and k differently.
Let g; denotes G* N Cohen(k1, ] ). Use [4], namely - 2.18, the end of page 8, and page 9,
and reorganize g, | x; in order to generate g* C Cohen(ky, x] )M M which is M, [G* |
k1]—generic. Then P (k) ¢ F19"] C P (k) MG IR0,

Extend now k to some k' : Mi[G* | k1, 9*] = My|G™ | ko, g**], say by forcing g**.
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Then,
{A% w1 | a < (k3)M} C{Bs | B < (w)"2},

where (A% | a < (k3 1T)M2) is an enumeration in My[G** | kg, g**] of the Cohen subsets of ks

**1 of subsets of

produced by ¢** and (Bg | 8 < (k7)™2) is an enumeration in My[G** | k2, g
K1.
Now, since cof (k1) = cof ((k])M2) = kT and cof (kg3 T)M2) = cof ((k1)M1) = kT,
there will be S C k™1 |S| = k™1, I € My and 7 < Ky, such that
MyE|Il=nand {A2 Nk |a € 5"S} C{Bs | B €I}
We may assume without loss of generality that n is an inaccessible cardinal in M,. Just
enlarging [ inside M, if necessary. Then, by further enlargement inside M,, we can assume
that for every X C k, for every i € I, the set (B; \ k) UX appears in {Bg | € I}.
Now pick some S’ C S, || = ™. Still, clearly, {42 Nk | a € jo"S'} C{Bs | B € I}. We
have that j”x*" is unbounded in (x5 7)M2 | so there is some §, kT < § < k™ such that
sup(j2"5") < ja(0).
So, instead of adding (k{ )™ — many Cohen functions over M; we can add and use only
j1(6)—many.
Clearly, the forcing Cohen(k, k") is equivalent to Cohen(k,d). Hence, all the embeddings
J1, J2, k extend now, but the property {42 Nk | a € j5"S'} C {Bs | B € I} remained valid.
Note that extending of the embeddings may require changes below x in A%’s in order to have
a master condition. However, the sequence {Bg | 8 € I} was altered to absorb such changes.
Hence we will have $_ (W) in VI[G].
O

T. Benhamou and G. Goldberg showed in [3] that if ., (W) holds, then W does not
have the Galvin property. They asked whether the opposite direction holds as well. Let us
point out that this is not true. Namely, in the model of [2], with a failure of the Galvin
property, also {o (W) fails.

par
Theorem 12.4 [t is consistent (from a measurable cardinal) to a have a non-Galvin ultra-
filter W such that &, (W) fails.
Proof. Let us briefly sketch the construction used in 2.6 of [2].

We start a measurable cardinal x and assume GCH. Then Cohen(v,v") is iterated with the
Easton support through all inaccessibles v < k. Denote by Py * Cohen(k, k1) such iteration.
Let G, C P, be a generic and let (f., | @ < kT) be the Cohen functions added at s over
VIGy].
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Let U be a normal ultrafilter over x in V. Let j; : V. — M; and j, : V' — M, be its first and
second ultrapowers.
Then, j; extends in the usual fashion to ji : V[G,, (fea | @ < 7)) = Mi[Gy,, (fura | @ <
J1(kT))]. Let

Uy = {X € P(r)VIGxlrala<stl | o e (X)),
Further, js extends to j; : V|G, (fea | @ < 1) = Ma[Ghy, (fra | @ < j2(kT))] in a special

way, in order to insure that
W = (X € P(x)" el |y € ()}
will be non-Galvin. However still, for every a < k™,

fnzjg(a) f R1 = flﬂjl(a)

and

9

(V ++)MQ[GN27<fn2a|a<j2(’i+)>} — (V ++)Ml[GK17<fK1(¥|O‘<j2(H+)>]
k1 K1

since the divergence from the second ultrapower by U; occurs only by the choice of the Cohen
functions (fy,a | @ < j2(kT)), which values are changed only at k.
Let (Ye | € < k7) be a one to one enumeration of P(k) in V[Gy, (fua | @ < &T)]. Then,
JT((Ye | € < kM) = (Y£1 | € < j1(kT)) will be a one to one enumeration of P(k;) in
Mi[Grys (frra | @ < j(’i+)>]'
The crucial point is that ji((Ye | £ < w%)) = (Y [ £ < ji(xT)) will be also in Ms[G,, { frza |
a < jo(kT))], by the agreement of ranks.

Let us argue that {_,.(W) fails. Suppose otherwise. Let A € My, = My[Gy,, (frza | @ <
J2(kT))], A and {X; | i < kT} a family of x* different subsets of x be such that

L {gw(Xi)NA|i<2°} CA,
2. there is no function f : k — & such that jyw (f)(|A|Mv) > \.

Then, the only possible value for A is k1, since the only generators of jy, are k and k;.
Let I be the set of indexes of {X; | i < 7} in the enumeration (Y; | £ < k™). Then I must
be an unbounded subset of x*. So, j;”I is unbounded in j;(xT).

For every i < k™ there b; C s, |b;| < kand atermt; € V such that X; = ¢;({fxe | € € by)).

We will have, for every i < k™,

Jw (Xa) Nry = jiw (E((fae | § € b)) N k1 = Ja(i) ((frae | € € Gw(bi))) N1 =
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J1(t) ((faae | § € J7(0i)))

However, we have here [A[YW < k;, by the second requirement of $ (W). So, there is

n < kT such that
AC{Y [ €< )}
This is impossible, since j;”1 is unbounded in j; (k") as was shown above.
O
Let us deal with two other similar principles which were introduced by T. Benhamou and

G. Goldberg in [3].

Definition 12.5 (T. Benhamou and G. Goldberg) « is called non-Galvin cardinal if there
are elementary embeddings j: V — M,i:V — N,k : N — M such that

1. koi=j

2. crit(j) = &, crit(k) = i(k),

3. "N C N,"M C M,

4. there is A € M such that i"k* C A and M | |A| < i(k).

Proposition 12.6 Suppose that there exists a non-Galvin cardinal. Then there exists an

inner model with a strong cardinal.

Proof. Suppose that there is no inner model with a strong cardinal. Then the core model
K exists. By Mitchell [16], Schindler [17], i | K : K — KV,j | K : K — KM are iterated
ultrapowers of K. The iterations i | IC,j | K agree up to i(k), since crit(k) = i(k). Then,
i(rT) = (i(r) ) = (i(k) ")

By the definition of a non-Galvin cardinal, there is A C i(k"), A € M which covers "™
and |A|M < i(k).
Note that i(x) is a measurable cardinal in N, since it is the image of . Hence it is at least
a limit cardinal in M.
Apply the Mitchell Covering Lemma to A over KM. It will imply existence of measurable
cardinals in the interval (i(x), (i(x)*)*"] which is impossible.
O

Another principle ;. (W), similar to (W), was defined in [3], Definition 3.4. Set
U={X]|kre€jw(X)} If Xof [3], Definition 3.4 is jy(k), then x is a non-Galvin cardinal.

Hence, in the view of 12.6, this principle is rather strong as well.
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