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Abstract

We give an estimate of the general divided differences [z, ..., 2Zn; f], where
some of the x;’s are allowed to coalesce (in which case, f is assumed to be sufficiently
smooth). This estimate is then applied to significantly strengthen Whitney and
Marchaud celebrated inequalities in relation to Hermite interpolation.

For example, one of the numerous corollaries of this estimate is the fact that,
given a function f € C)(I) and a set Z = {zj}i—o such that 241 — z; > A,
for all 0 < j < p—1, where I := [z, 2,], |I] is the length of I and X is some
positive number, the Hermite polynomial £(-; f; Z) of degree < ru+ pu+r satisfying
L9 (z,; £:Z) = fU)(z,), for all 0 < v < pand 0 < j < r, approximates f so that,
forall x € I,

7] (r)
|f(z) = L(x; f; Z)| < C (dist(, 2))"*! /21 wnr(f 701 )

dist(z,2) t2
where m := (r +1)(p + 1), C = C(m, \) and dist(z, Z) := ming<;<, |z — zj|.
AbcTpakT

Mu nmaemo OIHKY y3arajdbHeHOI DO3MALIEHOI PI3HUI [To,...,Tm; f], Je gedri 3
TOYOK &; MOXKYTh CHIBIAIATH (B MLOMY BUIAJAKY [ BBAXKAETHCS JOCUTH [JIAJIKOTO).
IIa ominka mMOTIM 3aCTOCOBYETHCA JJIsT CYTTEBOTO TMOCUIEHHS BiIOMUX HEPIBHOCTEN
Virtui i Mapmy ta y3aranabHioe X g mojiHoMiaabaol inrepnosarnii EpmiTa.

Hanpuknam, ogunM 3 YncaeHHMX HACTIAKIB IMiel OMiHKK € TOoil (hakT, IO I
samanoi dbymkmii f € C)(I) ta mabopy Todwox Z = {zj}é.‘zo TaKUX, MO Zj41 —
zj > M|, gz Beix 0 < j < p—1, me I = |29, 2], || € nosxumnoo I Ta A €
JIeIKUM JToJlaTHIM gncyioM, noginoM Epmita L(+; f; Z) crenenst < vy + p+ r, saxwii
sagosombusie L) (z,; f1Z) = fU)(2,), mna 0 < v < pra 0 < j < r, mabmokye f
TakK, IO, A BCiX = € I,

7] (r)
F(@) = £(; f: 2)] < C (dist(x, 2))" /“ (SO 0D)

dist(2,2) t2
aem:=(r+1)(p+1), C =C(m,\) ta dist(z, Z) := ming< <, |z — zj|.
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1 Introduction

V. K. Dzyadyk had a significant impact on the theory of extension of functions,
and we start this note with recalling three of his most significant results (in our
opinion) in this direction.

First, in 1956 (see [4]), he solved a problem posed by S. M. Nikolskii on ex-
tending a function f € Lip,,(a,p), 0 < a <1, p > 1, on a finite interval [a, b], to
a function F' € Lip,,, (o, p) on the whole real line, i.e., Fl = f-

Then, in 1958 (see [5] or [6, p. 171-172]), he showed that if f € C[0, 1] then
this function may be extended to a function F' € C[—1, 1] with a controlled second
modulus of smoothness on [-1,1], i.e., Fljo; = f, and the second moduli of
smoothness of f and F' satisfy wa(F,d;[—1,1]) < 5wa(f,9;[0,1]), 0 <6 < 1. (This
result was independently proved by Frey [9] the same year.)

In this note, we mostly deal with results related to Dzyadyk’s third result which
we will now describe.

Given a function f € Cla,b] and a < xy < 1 < x2 < b, the second divided
difference [zg, z1, x2; f] can be estimated as follows (see, e.g. [6, p. 176] and [8, p.
237)):

(1.1) [0, z1, m2; f]| < ¢ /:2_% CLJQ(f’t)dt,

o — X0 t2

where ¢ = const < 18, h := min{z1 — xo, z2 — x1}.

Now, let wy be an arbitrary function of the second modulus of smoothness
type, i.e., wy € C[0,00] is nondecreasing and such that wy(0) = 0 and t] %wa(t1) <
4ty %wo(te), 0 < to < t1.

In 1983, Dzyadyk and Shevchuk [7] proved that if f, defined on an arbitrary
set E C R, satisfies (1.1) with wo(¢) instead of wa(f,t) for each triple of points
o, X1,y € E satisfying xg < x1 < x2, then f may be extended from E to a
function F' € C(R) such that wo(F,t;R) < cwa(t). In other words, (1.1) with wa(t)
instead of wo(f,t) is necessary and sufficient for a function f to be the trace, on
the set E C R, of a function F' € C(R) satisfying wa(F, t;R) < cwa(t). This result
was independently proved by Brudnyi and Shvartsman [2] in 1982 (see also Jonsson
[14] for wa(t) = t).

V. K. Dzyadyk posed the question to describe such traces for functions of the
kth modulus of smoothness type with k£ > 2. He conjectured that an analog of (1.1)
must be a corollary of Whitney and Marchaud inequalities. In 1984, this conjecture
was confirmed by Shevchuk in [19], and a corresponding (exact) analog of (1.1) for
k > 2 was found (see (2.7) below with 7 = 0). Earlier, the case w(t) = t*~1 was
proved by Jonsson whose paper [14] was submitted in 1981, revised in 1983 and
published in 1985.

So what happens when we have differentiable functions? In 1934, Whitney [23]
described the traces of r times continuously differentiable functions F' : R — R
on arbitrary closed sets £ C R: this trace consists of all functions f : F — R
whose rth differences converge on E (see [24] for the definition). In 1975, de Boor
[1] described the traces of functions F' : R — R with bounded r-th derivative on
arbitrary sets £ C R of isolated points: this trace consists of all functions whose r-
th divided differences are uniformly bounded on E (in 1965, Subbotin |22] obtained
exact constants in the case when sets F consist of equidistant points).

Finally, given an arbitrary set ¥ C R, the necessary and sufficient condition for
a function f to be a trace (on E) of a function F' € C")(R) with a prescribed k-th
modulus of continuity of the r-th derivative was obtained by Shevchuk in 1984 in



[19]; see also |20, Theorems 11.1 and 12.3], [8, Theorems 3.2 and 4.3 in Chapter 4]
and [21], where a linear extension operator was given.

In fact, this necessary and sufficient condition is an analog of (1.1) for the k-
th modulus of continuity of the r-th derivative of f which is inequality (2.7) in
Theorem 2.2 below. However, the original proof of Theorem 2.2 was distributed
among several publications (see [10,18,19] as well as [20] and [8]), and there was
an unfortunate misprint in the formulation of [8, Theorem 6.4 in Section 3|: in
(3.6.36), “k” was written instead of “m”. Hence, the main purpose of this note
is to properly formulate this theorem (Theorem 2.2), provide its complete self-
contained proof and discuss several important corollaries/applications that have
been inadvertently overlooked in the past.

2 Definitions, notations and the main result
For f € Cla,b] and any k € N| set
{zfzo(_l)i(’;)f(x +(k/2—iu),  x+ (k/2)u € [a,b],

0, otherwise,

AE(f, 25]a,b]) =

and denote by
(2'1) wk(fvt; [aa b]) = bup HA (fa 7[a b])HC[a b]

O0<u<

the kth modulus of smoothness of f on [a, b].

Now, we recall the definition of Lagrange-Hermite divided differences (see e.g.
[3, p. 118]). Let X = {z;}7' be a collection of m + 1 points with possible
repetitions. For each j, the multiplicity m; of x; is the number of z; such that
x; = x;j, and let [; be the number of x; = x; with ¢ < j. We say that a point x;
is a simple knot if its multiplicity is 1. Suppose that a real valued function f is
defined at all points in X and, moreover, for each z; € X, f(lf_l)(asj) is defined as
well (i.e., f has m; — 1 derivatives at each point that has multiplicity m;).

Denote
[zo; f] := f(z0),
the divided difference of f of order 0 at the point xg.
Definition 2.1. Let m € N. If xg = -+ = x,,,, then we denote
f(m !760)

[.’E(),.. mmv = %o, - ‘T07f

Otherwise, xo # =, for some numberj , and we denote

1
[xﬁv"'amm;f] = 7([$17"'1xm;f] - [$07"'7xj*—17xj*+17"'axm;va
T — X0
the divided (Lagrange-Hermite) difference of f of order m at the knots X =

{xj}}n:o-

Note that [zo,...,Zm; f] is symmetric in zg,..., 2, (i.e., it does not depend
on how the points from X are numbered), and recall that
(2.2) L (z; f) == Lm(q:'f;xo, ey T)

f(z0) —1—2330,.. iy [l —x0) .. (x — 1)



is the (Hermite) polynomial of degree < m that satisfies
(2.3) Lg,lffl)(a;j;f) = f(lﬂ'*l)(xj), forall 0 <j<m.
Hence, in particular, if x;, is a simple knot, then we can write

f(xj*) - Lm_l(a"]*; f;$07 A )‘Tj*—].?xj*"l‘]-? AR "Tm)
[T5Z0 5. (3. = %5)

(2-4) [:Eo, ey T f] =

From now on, for convenience, we assume that all interpolation points are
numbered from left to right, ¢.e., the set of interpolation points X = {xj};-”zo is
such that zg < z1 < -+ < x,,. We also assume that the maximum multiplicity of
each point is r + 1 with r» € Ng, so that

(2.5) rj < Tjpry1, forall 0<j<m-—r—1

Also, let

(2.6) Qp q9) | 0<pg<m and g—p>r+1}

q) ‘ 0<p<m-r—1 and p+r+1§q§m},

{(p,
{(p,

and note that Q,, , = 0 if m <r.
Now, for all (p,q) € Qp,r, put

d(p,q) == d(p,q; X) := min{zg11 — Tp, g — Tp_1},

where z_1 := xg — (T, — o) and Ty41 = Ty + (T — x0). Note, in particular,
that
d:=d(X):=d0,m; X) = 2(xy, — zo).

Everywhere below, ® is the set of nondecreasing functions ¢ € C[0, co] satisfy-
ing ©(0) = 0. We also denote

d(p,q)
/ uPT 1 o (u)du

AP,QJ“(xO’ <oy T 90) = —1 o ™ ) (pa Q) € Qm,ra
H(fﬂq ) H (@i — @p)
i=0 i=q+1
and
Ar(o,. . xm;p) = max  Apgr(To,. .., Tm;0).
(»,9)€Qm,r

Here, we use the usual convention that H;:lo =1land [[2, ., =1

The following theorem is the main result of this paper.

Theorem 2.2. Let r € Ny and m € N be such that m > r + 1, and suppose that
a set X = {xj};‘n:O is such that g < 11 < -+ < xy, and (2.5) is satisfied. If
fec [0, Tm], then

(2.7) [0, xm; f]| < cAr(z0, .-y T wi),

where k :=m—r and wi(t) := wp ("), t; [20, 2m]), and the constant ¢ depends only
on m.



3 Auxiliary lemmas

Throughout this section, we assume that » € Ng, m € N, m > r 4+ 1, the set
X = {x;}], is such that o < 1 < .-+ < @, and (2.5) is satisfied, and that
(p,q) € Q. For convenience, we also denote k :=m — r.

We first show that Theorem 2.2 is valid in the case m =7+ 1 (i.e., k = 1).

Lemma 3.1. Theorem 2.2 holds if m =r + 1.
Proof. If m =r+1, then Q,,, = {(0,7+ 1)}, and so
d
A (zo, ... 2m; @) = Nopr1,0(Tos -, Tms ) = // u*Qcp(u)du.
/2
Hence, since g # z,, by assumption (2.5), (2.7) follows from the identity

e ] = o me T SO0 — F7(6)
[xo,...,$m7f]— Lo — 0 — T!d/? )

where 0; € (z1,2,41) and 62 € (zo, x,), and the estimate

£ (1) — £ (09)] o wild/2) _ /d wiu) b _ Ay (w0,

d - d - d/2 u

e T W) O

For k > 2, we need the following lemma.

Lemma 3.2. Let (p,q) € Qp, be such that g —p+2<m. Ifp € ® and w € ®
are such that

d
(3.1) o(t) < tk_l/ uwFw(u)du, te(0,d/2],
t
then
(3.2) Apgr(zo, ..., zm;p) < 2k2AT(m0, ey Ty W),

Proof. Let (p,q) € Qp,r such that ¢g—p+2 < m be fixed, and consider the collection
{(pv, @)Y= 7P which we define as follows. Let (po, qo) := (p,¢q), and for v > 1,

v=0

(p q ) L (pu—l - 17QV—1)7 if ‘qu,,l - pr,1—1 S wqy,l—i—l - wpy,la
v v - .
7 (Pv—1,qv—1 + 1), otherwise.

It is clear that ¢, — p, = q,—1 — pp—1 + 1, and so

(3.3) Q@ —py=q—p+v,

and one can easily check (for example, by induction) that, for all 1 < v < m—q+p,

0<p, <pr1<qp—1<q <m.

Hence, in particular,
(Pm—g+ps Gm—qg+p) = (0,m).

In the rest of this proof, we use the notation
dl/::d(pllaql/)y Oﬁyﬁm—Q“‘p

5



Also, observe that
d>d,—1 =2g, —xp, 1<v<m+q-—p,

and
dm_q+p_1 =Ty — Xy = d/2.

We now show that, forall 1 <v <m —q+p,

dy—1 2k
(34) puflfl m - pu*l m :
H (qu/—l - xl) H (‘T'L - xpu—l) H (ZBQV - xl) H (wl - mpl/)
i=0 i=qu_1+1 i=0 i=qu+1

Indeed, if Tg, 1 = Tp,_1-1 = Tgy_141 — Tp,_q, then (pl/qu) = (pV—l - 17QV—1)7
dy_l = ':UQVfl - 'rpufl_l and? fOI' ql/—l + 1 S J S m,

Lj— Tp, = (xj - xqu&) + (xQVfl - xpu&—l) < (xj - xpufl) + (‘,L'QVfl"Fl - xpufl)
< Q(xj - xpu71)v

whence
m m
. —1—m .
H (Ti — xp,_,) = 2% H (@i — @p,),
i=qy—1+1 i=qy+1

that yields (3.4) because m —q,—1 <m —q < k.

Similarly, if @q, | —@p,_, -1 > Tg,_,+1 — Tp,_,, then (py, @) = (Pv-1,qp—1 +1),
dy—1=Tq,_,+1 — Tp,_,,and, for 0 <5 <p,_1 —1,

qu/ - x] = (‘TQV71+1 - xpufl) + (xpufl - x])

< (wQVfl - wpufl_1> + (xQVfl - x]) S 2($QV—1 - $J)7

and whence

pu—lfl pu_l
H (Tg, 1 —xi) 2270 H (Tq, — ),
=0 1=0

that also yields (3.4) because p,—1 < p < k.
Inequality (3.4) implies that, for all 1 <v <m — ¢+ p,

v—1
q di 2k1/
1=
(3.5) p— - < | - .
H(wq ) H (@i — xp) H (zq, — i) H (zi — xp,)
i=0 i=q+1 i=0 i=q,+1

It is clear that d(p, q) < z,, — x9 = d/2, and so condition (3.1) implies that

d(p,q) d(p,q) d
/ Pt o (u)du < / upPtm=a-2 </ ’Ukw(”)d”> du.

q—Tp Tgq—Tp



Using integration by parts we write

d(p,q) d(p,q)

P () du — / Py (w)du

Tgq—Tp

(m—q+p—1)/

Lq—ZIp

¢ w(u)

< dmtPTl(p, g) / du

k
d(p,q) W
m—gq+p

d
_ gm—q+p—1 v w(u)
SCAR YD DR
v=1 v—1

<2 Z Hdi/dy PTG (u) du

v=1 =0 Jdv-1

The last estimate is obvious for 1 <v <m —g+p—1 and, for y =m — g+ p, it

follows from
m—q+p—1

A&~ gy <2 [ di
=0

which is valid because

m—q+p—2
dy” TP < [ i and dpgp=d(0,m) =d = 2dm_qip-1.
1=0

Finally, taking into account (3.3), (3.5) and recalling that d,—1 = x4, — xp,, 1 <
v <m — q+ p, we obtain

(m—q+p—1)Apqr(T0,- - Tmi )
m—q+p
< Apgr (205 T w) + 2 Z 2kVApu,qu,r(lU0, e T W)

v=1

that implies (3.2). O

Lemma 3.3. Ifk=m—r>2 and ¢ € ® and w € ® are such that

d
(3.6) o(t) < 1 / wFew(u)du, te (0,d/2),

and o(t) < w(t), t € [d/2,d], then

(3.7) A (zoy .oy m—1;0) < c(@m — 20) A (0, - -« Tiny W)
and
(3.8) Ap(z1, . s 0) < (@ — 20) A (T0, - oy Ty W),

where constants ¢ depend only on k.

Proof. We first note that (3.8) is a consequence of (3.7). Indeed, given X =
{z;}1",, define the set Y = {y;}I", by letting y; := —xpm—i, 0 < i < m. Then,
Yo <Y1 <t < Ym, Ym — Yo = Tm — 2o (and so, in particular, d(Y) = d(X) = d),

d(p, q; Y) = min{yq+1 —YpyYq — ypfl} = min{xm,p — Tm—q—1;Tm—p+1 — $qu}

=d(m —q,m—p;X) =d(m —q,m — p),



and it is not difficult to check that, for any ¢ € @,
Apgr(yos-- s Ymi¥) = Am—gm—psr(T0, - -, Tmi )
and
Apgr(¥o, - s Ym—131) = An—ge1,m—p-1,(T1, - ., Tm3 ).

Hence, using the fact that (p,q) € Q,, iff (0 —q¢,pp—p) € Qur, p=m —1,m we
have

Ar(zo,...,zmiw) = max  Apg,r(To,...,Tmiw)
(r,9)€Qm,»
= max Aqu,mfp,r (y0a <y Yms W)

(m_q7m_p)eme7‘

= AT(yOa sy ym;w)

and

Ar(21,.. . xm;0) = max  Apg,(21,...,Tm;9)
(P,a)€Qm—1,r

= max Aqufl,mfpfl,r(yOy sy Ym—15 90)
(m—q—1,m—p—1)€Qpm_1,r

- A’I‘(y()7 ey Ym—1, 90)7

and so (3.8) follows from (3.7) applied to the set Y.
We are now ready to prove (3.7). Let (p*,¢*) € Q-1 be such that

N = Ap g (0, .- Zm—150) = Ar(T0s - - Zm—159),

and denote, for convenience, X, := {zo,...,Zm} and X1 := {0, ..., Tm_1}.
We consider four cases.
Case I: (p*,q*) = (0,m — 1).
2h
We put h := zp,—1 — 2o and note that A* = / u R o(u)du.

h
If h < d/4, then

d /2 d

21k A* < (2h)Fp(2R) < / uFw(u)du < / wFw(u)du —|—/ uFw(u)du
2h h /2
/2 d
< / uFw(u)du + d/ u W (u)du
h /2

= (xm - l’o) <A0,m71,r($0> <oy Imy; W) + 2A0,m,r(3§07 <oy T U.)))

< 3(xm — 20)Ar (20, - . o, Ty w).
If h > d/4, then

2h

L[, 2 . »
A —/h u w(u)du—i—/dﬂu o(u)du < (4/d) <p(d/2)+/d/2u o(u)du

d d d
< 4’“/ uFo(u)du < 4k/ uFw(u)du < 4kd/ w Rl (u)du
/2 /2 /2

=242 — 20) Ao (0, - - -, Tinsw) < 248 (2, — 20)Ap (20, - . ., T W).



Case II: either (i) ¢* # m — 1, or (ii) ¢* = m —1, p* > 0, and x,,, — xp- >
Tm—1 — Tp*—1

In this case, d(p*, ¢*; X;m—1) = d(p*, ¢"; Xm) = Tm—1 — Tp=—1, and so

N = (X — 2pe ) Apr = (T05 - s T 0) < (T — T0) Apr g= o (Z0, - - s T ).
Since ¢* — p* + 2 < m, we may apply Lemma 3.2 and obtain (3.7).

Case IIL: ¢ =m — 1, p* > 2 and 2, — Tpx < Tpp—1 — Tpr—1

In this case, d(p*,¢*; Xm—1) = Tm—1 — Tp-—1 and d(p*,¢*; Xon) = Tm — Tp=.
Hence, taking into account that, for 0 <¢ < p* — 1,

T — Ti = Ty — Tpx + Tpx — T3 < Typ—1 — Tpr—1 + Tpr — T3 < 2(55m—1 - CCZ'),

we have
A mm—10(T0s - o, Tm—159) — (Tm — Tp= ) Aps m—1,0(T0s - - -, T @)
p*—l :Emflpr*_l N
— [T -2 [ T () du
Z:O mmfxp*
. p*—l Tm —Tp* 1 .
< 2P H (T — xi)_l(a:m — mp*_l)/ uP +T_m_1<p(u)du
’L=0 xm—:cp*
= o (Tm — Tp—1)Ape i (T0s - - o, T ).

Since m — p* 4+ 2 < m, we may apply Lemma 3.2 to obtain (3.7).
Case IV: (p*,q*) = (1,m —1) and z, — x1 < Zpp—1 — X0

In this case, we have

1 Tm—1—20
A* —/ ul_kgp(u)du
x

Tm—1 — X0 m—1—T1

1 Tm—1—20 d
< / (/ vkw(v)dv) du
Tm—1 — L0 Ty—1—X1 u

d Tim—1—2%
1 m—1 0
S/ uFw(u)du + / uFw(u)du =: Ay + As.
T ITm—1 — 20 Jg

m—1—%0 m—1—T1
Now,
/2 d
Aq g/ u_kw(u)du—i—d/ uw Rl (u)du
Tm—1—T0 d/2
= (a}m — 1‘0) (AO,m—l,r(x(b ey T w) + 2A0,m,7~((£0, ey T w))
< 3(xm — 20)Ar(z0, . .., T W)
and
1 Tm—T1 1 Tm—1—0
Ay = / ut P (u)du + / uFw(u)du
ITm—1 — 20 Tm—1—2L1 Tm—1 — L0 Tm—I1
Tm—1—Z0
< (xm - $1)A1,m—1,r(x07 <oy T w) + / u_kw(u)du
T —T1
T —T0
< (@m — 20)Am—1,-(T0, - - -, Tmiw) + / u” " w(u)du
Ton —T1
= (xm — .TL‘()) (Al,m—l,r(xm ey T w) + Al’m’,«(xo, ey T w))
< 2(zpm — 20) A (x0y - oy Ty W).



4 Proof of Theorem 2.2

Proof. We use induction on k = m — r. The base case k = 1 is addressed in
Lemma 3.1. Suppose now that k > 2 is given, assume that Theorem 2.2 holds for
k — 1 and prove it for k.

Denote by P,_; the polynomial of best uniform approximation of f() on
[0, Tm] of degree at most k — 1, and let g be such that

g =) _p_,.
Then
w9, t; [20, 2m]) = wi(f 7, 5 [wo, zm]) = w] (1),

and Whitney’s inequality yields

(4.1) 19 wo.m] < k(£ 2m = 205 [0, 2m]) = wf (2 — 20).
Hence, the well known Marchaud inequality:
if F'€ Cla,b] and 1 < ¢ < k, then, for all

b—a . F
. /¢ Wk(Fa U, [(I, b]) H H[a,b}
(J.}g(F,t, [a,b]) S C(k)t (/t Tdu + (b — a)e 5 0<t S b*a,

implies, for 0 < t < z,,, — o,

(4.2) wl | (t) == wi—1(9", 1 [20, 2m))
k—1 T G (u) wy (T — x0)
<ct (/t o du + T

($m_$0
2z — f
< cfh! / o <) gy
t u

We also note that (4.1) implies, in particular, that for all ¢ € [x,,, — g, 2(xy, —
o)),

(4.3) 1 (1) < g o) < 0 (m — 20) < ewf(2).

We now represent the divided difference in the form

(l'm _:L'O)[:L'O,"'?xm;f] = (mm _:L'O)[:L'O)"'?xm;g]
— [561,...,33m;g] - [Iﬂa"' a$m—1§g]
= [Yo,-- s Ym-159] — [T0, ..., Tm—15 9],

where y; := 41, 0 < j < m — 1. By the induction hypothesis,

205 - -y m—15 9] < cAr(o, ..., Em_1;W0]_;)
and
[Yos -+ ym—15 91 < Ar(yo, -+ Ym—1;07_,)-
Now, taking into account (4.2), (4.3) and homogeneity of A, (2o, ..., zm;¥) with

respect to ¢, Lemma 3.3 with ¢ := wg_l and w := Kw{:, where K is the maximum
of constants ¢ in (4.2) and (4.3), implies that

A (20, et wi ) < (@ — z0)Ar (0, . . . ,:L‘m;wl];)
and
Ar(yos - ym—1;wi_ 1) = Ap(z1, .. Tms i)
< e(xm — xo)Ar (o, . .. ,xm;w,{),
which yields (2.7). O
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5 Applications

Throughout this section, the set X = {x; }”:_01 is assumed to be such that zop <

x1 < -+ < -1 (unless stated otherwise), and denote I := [z, zy,—1] and |I]
Tm—1 — To- Also, all constants written in the form C(u1, p2,...) may depend only
on parameters pi, (2, ... and not on anything else.

We first recall that the classical Whitney interpolation inequality can be written
in the following form.

Theorem 5.1 (Whitney inequality, [25]). Let r € Ny and m € N be such that
m > max{r + 1,2}, and suppose that a set X = {xj};»”;ol is such that

(5.1) Tjp1 —x; > AI|, forall 0<j<m-—2,
where 0 < X\ < 1. If f € C")(I), then
|£(2) = Lin—1(25 f320, - . ., @m—1)| < Cm, NI i (f, I, 1), z €1,

where Ly—1(+; f;20, ..., Tm—1) 48 the (Lagrange) polynomial of degree < m — 1
interpolating f at the points in X.

We emphasize that condition (5.1) implies that the points in the set X in the
above theorem are assumed to be sufficiently separated from one another. A natural
question is what happens if condition (5.1) is not satisfied and, moreover, if some
of the points in X are allowed to coalesce. In that case, Ly,—1(-; f;20,. .., Tm—1)
is the Hermite polynomial whose derivatives interpolate corresponding derivatives
of f at points that have multiplicities more than 1, and Theorem 5.1 provides no
information on its error of approximation of f.

It turns out that one can use Theorem 2.2 to provide an answer to this question
and significantly strengthen Theorem 5.1. As far as we know the formulation of
the following theorem (which is itself a corollary of a more general Theorem 5.3
below) is new and has not appeared anywhere in the literature.

Theorem 5.2. Let r € Ng and m € N be such that m > r+ 2, and suppose that a
set X = {xz; ;”:_01 is such that

(5.2) Tjprg1 — 5 2 M|, forall 0<j<m—r—2,
where 0 < X\ < 1. If f € C")(I), then

) — Lo Fi 0 i )| < COm NI oo (FO, |11 1), we T,
where Ly,—1(+; f; 20, ..., Tm—1) is the Hermite polynomial defined in (2.2) and (2.3).

Theorem 5.2 is an immediate corollary of the following more general theo-
rem. DBefore we state it, we need to introduce the following notation. Given
X = {xj}T:BI with g < 21 < -+ < a4,—1 and = € [zg, Ty—1], we renumber all
points x;’s so that their distance from x is nondecreasing. In other words, let
o= (00,...,0m—1) be a permutation of (0,...,m — 1) such that

(5.3) lt — 25, | <|x—245,], foral 1<v<m-—1.

Note that this permutation o depends on x and is not unique if there are at least
two points from X which are equidistant from x. Denote also

T
(5.4) Dy (x, X) ::H]x—xay\, 0<r<m-1.
v=0

11



Theorem 5.3. Let r € Ng and m € N be such that m > r+ 2, and suppose that a
set X = {:rj};ﬂ:_ol is such that

(5.5) Tjprg1 — 5 > M|, forall 0<j<m—r—2,
where 0 < X < 1. If f € C")(I), then, for each x € 1,
(5.6) | f(2)=Lim-1(x; f; 20, -, Zm1)]

< C(m, \)D(z, X) / W e (f0,6.1)

2
e~z | t

dt,
where D, (x, X) is defined in (5.4), and Ly—1(-; f;20,...,Tm—1) is the Hermite
polynomial defined in (2.2) and (2.3).

Before proving Theorem 5.3 we state another corollary. First, if & € N and
w(t) := wp(f"),; 1), then t, "w(ta) < 28t w(ty), for 0 < t; < to. Hence, denoting
Az = || /| — x4, |/|I| and noting that |z — z,,| < Ap < |I|, we have, for k > 2,

2|1 W(t) Az 21| W(t)
—=dt = —=dt
/|\1‘$0'r t2 /|xzar| i /Z t2

00 2|1
< W()\x)/ t2 dt+2k)\ka()\x)/ th=2qt
| 0

Isz'r‘
W(Az) 22k71
=—1 .
|z — x4, | < + k—1

Therefore, we immediately get the following consequence of Theorem 5.3.

Corollary 5.4. Let r € Ny and m € N be such that m > r + 2, and suppose that
a set X = {xj}gnz_ol is such that condition (5.5) is satisfied.
If f € CUN(I), then, for each x € 1,

(5.7) ‘f(a:) — Lyn—1(x; f; o, - .. ,xm_l)‘ < C’(m,)\)Dr_l(x,X)wm_T(f(T),)\w,I)
< C(m, N)Dy_1 (2, X)wm—r (f,|1],1),

where Ay == |I|(|z — mgT]/|I|)1/(m_r).
We are now ready to prove Theorem 5.3.

Proof of Theorem 5.3. We note that all constants C' below may depend only on m
and A and are different even if they appear in the same line. It is clear that we can
assume that z is different from all z;’s. So welet 1 <i <m—1and z € (x;_1,z;)
be fixed, and denote

Tj, if 0<j<i—1,
yj =z, if j =1,
Tj-1, if i+1<j5<m,

Y = {yj};-"zo, d(Y) :=2(ym —v0) = 2(xm—1 —x0) = 2|I|, k :=m—r, and wi(t) :=
wr(FT ¢, [yo, ym]) = wi(f),¢,T). Condition (5.5) implies that y; < yjir41, for

12



all 0 < j <m—r—1, and so we can use Theorem 2.2 to estimate Hyo, e Umi fH
Now, identity (2.4) with j, := 4 that yields y;, = = implies

(5.8) | f(@)—=L—1(z; f; 20, .., Tm1)]
= ‘f(x) = Ln—1(x; f5905 -+ Yim 1, Yit 1, - - - 7ym)‘
m
J=0,j#i

m—1
S CA’I‘(yOa ... 7ym7wk) H |CU - l']‘
j=0

< c@r(ﬁ, X)’I’kilAr(yOa < Yms wk)'

We also note that it is possible to show that H}n:_ol lz—2| > (A\/2)* 1D, (2, X)|I|F L,
and so the above estimate cannot be improved.

In order to estimate A,, we suppose that (p,q) € Qp,, and estimate A, .
Since ¢ —p > r + 1, we have

yq_yizyq_ypflZyp+r+1_yp712)\|l|a for 0<i<p—1,

and
Yi = Yp = Ygr1 — Yp = Yprrt2 — Yp = AlI], for ¢g+1<i<m.
Hence,
21|
(5.9) Apgr(Yo, - Ymiwi) < C\I!q_m_p/ Pty (u) du.
Yq—Yp

We counsider the following two cases.

Case 1: ¢q>p+r+2,orgq=p+r+1and x ¢ [y, yg
It is clear that y, — yp, > A|I], and so it follows from (5.9) that

wi(u)

du.
w2

2|1]
s gmio) < Ol () < O [
I

Case 2: ¢q=p+r+1and z € [y, Y4

Ifz=yy, thenp=i,g=i+r+1,and y4 — yp = Tiyr — > | — 24, |.

lfz=yy, theng=i,p=i—r—1l,andy, —yp =2 — zj—p—1 > |z — 24, |.

If z € (yp,yq), then y, — yp = Tp4r — zp. Since it is impossible that |z — x4, | >
max{x — zp, Tps, — 2}, for this would imply that {p,....,p+ 7} C {00,...,00—1}
which cannot happen since these sets have cardinalities » + 1 and 7, respectively,
we conclude that | — 24, | < max{z — zp, xpsr — 2} < 2p4pr — xp. Thus, in this
case, (5.9) implies that

A7 oy (u
Ap7q77’(y07"'7ym;wk) SC‘Ilk/ | ];(2 )du
Hence,
2|1]
Ar(Yo, -y Ymswi) < le—k/ w’;gu)du,
[t—Z o, |
which together with (5.8) implies (5.6). O
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We state one more corollary to illustrate the power of Theorem 5.3. Suppose
that Z = {z;}_y with 29 < z1 < -++ < 24, and let X = {a; ;7:01 with m :=
(r+1)(p + 1) be such that z,(,41)4j == 2z, foral 0 <v < pand 0 < j < r. In
other words,

X = Q20009200215 ve3Z1yney Zus-vsZp
—_— —
r+1 r+1 r41

Now, given f € C(")[zo,zu], let L(x; f;Z) := Lpm-1(z, f;x0,...,Zm—1) be the
Hermite polynomial of degree < m — 1 = ru 4+ p + r satisfying

(5.10) LO (2 f:2) = fU(z,), forall 0<v<p and 0<j<r.

Also,
dist(z,Z) := min |z —z;|, x€R.
0<j<p

Corollary 5.5. Let r € Ny and pn € N, and suppose that a set Z = {zj}?zo s such
that
Zig1 — 25 > M|, forall 0<j<pu—1,

where 0 < X\ < 1, T := [20,2,) and |I| := 2, — 2. If f € CUV(I), then, for each
rzel,

1
|f(2) = £(z; f; Z)| SC’(dist(x,Z))T“/M W (FO,11)

dist(z,Z) t2
< C (dist(z, 2))" wm—p (1, 11] dist(z, 2)/1 )M 1)
< C (dist(z, Z))" wm—r(fO, 1], 1),

where m = (r +1)(p+ 1), C = C(m, ) and the polynomial L(-; f;Z) of degree
< m — 1 satisfies (5.10).

As a final note, we remark that some of the results that appeared in the liter-
ature follow from the results in this note. For example, (i) the main theorem in
[12] immediately follows from Corollary 5.5 with = 1, 20 = —1 and 2z; = 1, (ii)
Corollary 5.4 is much stronger than the main theorem in [13], (iii) a particular case
of [15, Lemmas 8 and 9] for k = 0 follows from Corollary 5.4, (iv) several proposi-
tions in the unconstrained case in [11] follow from Corollary 5.4, (v) [17, Lemma
3.3, Corollaries 3.4-3.6] follow from Corollary 5.4, and (vi) the proof of [16, Lemma
3.1] may be simplified if Corollary 5.4 is used.
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