COCONVEX APPROXIMATION

D. LEVIATAN AND I. A. SHEVCHUK!

Abstract. Let f € C[—1,1] change its convexity finitely many times, in the interval. We
are interested in estimating the degree of approximation of f by polynomials which are
coconvex with it, namely, polynomials that change their convexity exactly at the points
where f does. We discuss some Jackson type estimates where the constants involved depend
on the location of the points of change of convexity. We also show that in some cases the
constants may be taken independent of the points of change of convexity, but that in other
cases this dependence is essential. But mostly we obtain such estimates for functions f
that themselves are continuous piecewise polynomials on the Chebyshev partition, which
form a single polynomial in a small neighborhood of each point of change of convexity.
These estimates involve the k modulus of smoothness of the piecewise polynomials when
they themselves are of degree k — 1.

§1. INTRODUCTION

Let f € C[—1,1] change its convexity finitely many times, say s > 0 times, in the
interval. We are interested in estimating the degree of approximation of f by polynomials
which are coconvex with it, namely, polynomials that change their convexity exactly at
the points where f does.

In a recent survey [9] we have collected all known positive and negative results on
monotone and comonotone approximation on a finite interval, by algebraic polynomials in
the uniform norm (see also [8]). We have established complete truth tables for the validity
of Jackson-type estimates, involving the ordinary k-th moduli of smoothness of the r-
th derivative of a given monotone or piecewise monotone function, as well as estimates
involving the Ditzian-Totik moduli of smoothness. The two main ingredients in the proofs
of all positive results in these truth tables were first the approximation of an arbitrary
such function by piecewise polynomials with the same changes of monotonicity, and then
the approximation of such a piecewise monotone piecewise polynomial, by polynomials
with the same changes of monotonicity. See [10] for details.

Our intention in our research program is to construct the corresponding truth table
for convex and coconvex polynomial approximation. The main thrust in this paper is to
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obtain Jackson-type estimates for the approximation of a continuous piecewise polynomial
which changes convexity finitely many times in the interval, by algebraic polynomials that
change convexity at exactly the same points. The main result is Theorem 3 stated below,
which is the analogue of [10, Proposition 3]. Our strategy for the future is to approximate
an arbitrary continuous function that changes convexity finitely many times in the interval,
by an appropriate coconvex piecewise polynomial which in turn, by virtue of Theorem 3,
will be approximated by a coconvex polynomial. In order to illustrate the intricacies we
begin in Section 3 with some negative results for the coconvex polynomial approximation
of more general piecewise convex functions (see Theorem 1 below). Also as a byproduct
of Theorem 4 below, we obtain one significant positive result for coconvex polynomial
approximation (Theorem 2 below). So the outlay of the paper is the following. We state
the main results in Section 2. Section 3 contains the construction of the negative results.
Section 4 contains auxiliary lemmas. Section 5 is devoted to the proof of Theorem 4 which
is a preliminary step and a special case of Theorem 3, and as a byproduct, its proof yields a
proof of Theorem 2. We need some more preparation and lemmas in Sections 6 and 7, and
in Section 8 we prove Theorem 5 and with it conclude the proof of Theorem 3. Many of the
methods we apply are modifications of similar ones in the papers by DeVore, Dzyubenko,
Gilewicz, Kopotun, Mania, Yu and the authors (see the References). Nevertheless, for the
sake of completeness proofs are given.

In the sequel we will have positive constants ¢ that depend only on s and k, and we will have
positive constants C'; which may also depend on b € N. We will use the notation ¢ and C'
for such constants which are of no significance to us and may differ on different occurrences,
even in the same line. However, we will have constants with indices ¢y, ¢, ..., c5 and Cy,
when we have a reason to keep track of them in the computations that we have to carry
out in the proofs.

§2. THE MAIN RESULTS

Let I :=[—1,1] and denote by C and C", respectively the space of continuous functions,
and that of r-times continuously differentiable function on I, equipped with the uniform
norm

I£]]:= max|f(z)].
Given f € C, and k € N, let

Absta) = 3o () st - S in),

be the symmetric difference of order k, defined for all z and A > 0, such that z + gh el.
The Ditzian-Totik (DT-)moduli of smoothness [3] are defined by

w;f(f7 t) = Oililzt sSup |A;€up(:r)f('r)|7 t > 07
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where ¢(2) = V1 — 22, and the inner supremum is taken over all z such that =+ £hep(z) €
I. We also deal with the ordinary moduli of smoothness which are given by the above
with ¢(x) = 1 replacing the above ¢, namely,

wr(f,t) == sup sup |AFf(x)], >0,
0<h<t =«

where the inner supremum is taken over all x such that z £+ %h el.

Denote by Yy, s € N, the set of all collections Yy := {y;};_;, such that -1 <y, < --- <
y1 < 1, and for s = 0, we write Y := {0}. For later reference set yo := 1 and ysy; := —1.
Finally, let A2(Y}) denote the collection of all functions f € C that change convexity at
the set Y;, and are convex in [y1, 1].

Given n € N, n > 1, we set z; := zj, = cos(jm/n), j = 0,...,n, the Chebyshev
partition of [—1,1], and we denote I, := I;,, := [zj,2;_1], j = 1,...,n. Let X, be the
collection of all continuous piecewise polynomials of degree k — 1, on the Chebyshev par-
tition and let Ellc,n C Xk n, be the subset of all continuously differentiable such functions.
That is, if S € ¥ ,,, then

S’]j:pj, jzl,...,n,

where p; € II;_1, the collection of polynomials of degree < k — 1, and

pj(:cj):pj+1(mj), jzl,...,n—l,

and if S € E,lcyn, then in addition,

p;-(xj) :p;+1(xj), j=1,...,n—1.
Given Y, € Yg, let
Oi = 0 n(Ys) == (Tj41,2j-2), if vy €[zj,25-1),

where z,4+1 := —1, x_; := 1, and denote

S

0=0nY,):=]0i 00 :=0

=1

Finally, we write j € H = H(n,Ys), if I, N O = 0.
Denote by X, (Ys) C X, and Zin(ig) C E,lcvn, the subsets of those piecewise poly-
nomials for which
pj =pj+1, whenever both j,(j+1) ¢ H.

We wish to approximate a general function f € A?(Y}), by means of polynomials which
are coconvex with f, that is, which belong to A2(Y;). We denote by

EQ(fY,) := inf — P
n (fY5) anHi%A2(YS)Hf Pall;
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where II,, is the set of polynomials of degree not exceeding n.
In a recent paper [7] with Kopotun, we proved that if a function f € C[—1, 1] changes
convexity at Yy, then

2.) Ry < (f1) <en(12). 0z,

where ¢ = ¢(s), is a constant which depends only on s, and N = N(Yj), a constant which
depends on the location of the points Y;. On the other hand, Wu and Zhou [14] proved
that for k& > 4, estimate (2.1) cannot be had with ws replaced by wy, and Pleshakov
and Shatalina [11] have just proved, that (2.1) is not valid with N = N(s) replacing
N = N(Y,).

In this paper we will prove that if s > 1, then even

2.2 B Y <0 (f0), 2N

is not valid with NV = N(s) replacing N = N(Y}). In fact we prove more, namely,

Theorem 1. For no k > 1, r = 0,1,2,3 and s > 2, is it possible to have constants

c=c(k,r,s) and N = N(k,r,s), depending only on k, r and s, such that the inequality

23 EO(1,Y) £ San(f0, ),

holds for alln > N, and for all f € C" N A%(Yj).

On the other hand, we show that if s = 1, then (2.2) is valid for N = 1, in fact we prove
that

Theorem 2. Let f € CN A%(Y), that is, changes convezity once on [—1,1]. Then

(2.4) EQD(f, Y1) < cwd (f, %) . n> 1.

As mentioned above, in view of [11], (2.4) is the best that one can expect.
However, our main positive result is

Theorem 3. For every k,n € N and s € Ny there are constants ¢ = c(k,s) and c, =
cx(k, s), such that if S € X n(Ys) N A%(Y;), then there is a polynomial P, € A?*(Ys) of
degree < cyn, satisfying

1
(25) 5Pl < et (5.3).

Theorem 3 is trivial for k = 1, since ¥; ,, C IIp. On the other hand it is new for k > 4
even for convex approximation, namely the case s = 0. As was proved by Shvedov [13],
(2.5) cannot be had for a general convex function f (that is s = 0), with £ > 4. The proof
for k > 2 is divided into two stages. First we prove a special case of Theorem 3, which in
particular, proves it for the case k = 2, namely.
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Theorem 4. For every k,n € N and s € Ny, if S € Xy »,(Ys) N A%(Y;), then there exists
a polynomial P, € A%(Y}), of degree not exceeding cn, such that

(2.6) 1S = Pl < cw (s%)

Then we note that by virtue of Lemma 1 below, in order to conclude the proof of
Theorem 3, it suffices to prove

Theorem 5. For every k,n € N and s € Ny there are constants ¢ and c., such that if
S € ¥, (Ys) N A2(YS), then there is a polynomial P, N A*(Ys) of degree < c.n, satisfying
(2.5).

Note that by the above, we have to prove Theorem 5 only for £ > 3, but the cases
k = 1,2 are anyway trivial in this setting since Z%}n C II.

Lemma 1. Let k > 3. Then for each S € ¥y ,(Ys) N A%(Y;), there is an S € E,lc’n(Y;) N
A2%(Y,), such that

(2.7) IS = 3|l < cw? (5, %) |

~ 1 1
wy (S, E) < cwy (S, ﬁ) .

Proof. For each 2 < j < n, set

In particular

i -2 Pi_1(xj—1) — pj(x;-1)

() = —xz;)% it j(j—-1)€H
oja) = o P BRI ), i () € H,
1pi_q(xi_q) —pli(x;_
aj(x) — §p3 1( J 1) pj( J 1)(513 i .’ﬁj)Q, if ] c H, (] o 1) ¢ H,
Tj—1 = T;

and a;(x):=0, if j¢ H.
Also for each 1 < j <n —1, set

12 — x4 P5(25) — P () e
b. = J J+1 J — . 2 f Ve H
_](x) 9 T, — T Tii1 — L1 (37 Z 4 1) ) 1 Js (] + ) )
1 ') — 1 T
b](x) — _p]( J) p]-i-l( ])(l'—ﬂfj_1)27 if ] c H, (] + 1) ¢ H,
2 .fL’j_l —$j

and bj(z):=0, if j ¢ H.

Finally set aq(x) := 0 and b, (x) := 0. Then

5’(:6) =p;(x) +a;(x) +b(x) + J(x), ze€lj,
5



is the required function, where J is a piecewise constant function with jumps in at most
the 2s points z; near the y;’s, explicitly, the jumps at these z;’s are

sIi(x) = vy (@) —xj01)  if jEH, (j+1)eH

J(zj+) = J(2;—) = { Up(@y) = Py ()5 —350)  if jEH, (j+1) ¢ H.

Indeed, straightforward computations show that S € Y0 (Ys) N A(Y), and by Markov’s
inequality
2k?

/ /
(z:) —p V< —2 lp. —p. B
PG () — Pl (@s)] < Pp—— 1pj — pj+all,

Thus (2.7) readily follows by the inequality

1
Ipj — pjsalls, < cwf (S, 5) :

which is an immediate consequence of [10, Lemma 9] (see more details at the beginning
of Section 6). O

§3. NEGATIVE RESULTS

Given 0 < b < 1, set

" —b74(1’2 - b2>27 ‘x’ < ba
0, elsewhere,

and let

go(z) = /Om(w —u)gy (u) du.

Then clearly g, € C3, and it is readily seen that

ol =2 B2 gy = 2
(3.1) M= "6 =3 I Ty
lofll =1, and g = —=b1 < 2671,

W3 T

Lemma 2. Given n > 1, for each polynomial p, of degree < n, and satisfying

(@ = b)pr(x) 20, @€ -5, 5),

'2
with b = %n_%, we have

b
gy — pnl| > 10
6



Proof. First we observe that p/(+£b) = 0, and that p!/(z) < 0, for —b < = < b. Assume

n

that for some —b < zg < b, pll(zo) < —3. Then

P (o) 1
(b—l‘o)(b—l—l’o) 42"

| '/ria —b,flfo,bH =

Since

1
[Pg; _b7 Zo, b] = §p7(’L4) (0)7

for some —b < 0 < b(< %), it follows by Bernstein’s inequality that

1 1
Ay 11> S p@ 1

Now by (3.1) and the prescribed value of b,

(3.2) 195 = pall = Ipull = llgoll > —— — 22— 4
. gb Prnll Z ||Pn gb 471452 3 — 3-

If on the other hand, p!/(z) > —%, for all —b < x < b, then we represent p,, in the form

Pa() = pa(0) + 20/, (0) + / (@ - wpll(u) du.

Since p//(z) > 0 for b < |z| < 3, it follows that

pal=3) =20 +2u(3) = [ G- wridu+ [ (-5~ wpidu

2 2 0
> [G @it [ G- wpicwdez -1
Similarly,
ol =5) = 20(0) +(5) =2 [ (5~ g’ (w) du
8y B
-+
Therefore
1 1 1 1
Allgs = pull = (Pn(=3) = 9(=35)) = 2(a(0) = 95(0)) + (Pu(35) = 96(3))

2
b 8b b>£

> .
- 4 * 15 3 7 10
Thus together with (3.2), this concludes the proof of Lemma 2. O

As an immediate consequence we get



Corollary 1. For every constant A > 1 there exists an N(A) sufficiently large such that
if n > N(A), then for any s > 2, there is a function g = g, € C3[—1,1], which changes
convexity s times in [—1,1], and such that any polynomial p, of degree < n which is
coconver with it, satisfies

Allg®]]
||g_pn||> n3 )
Allg”|
lg — pall > 215,
and
Allg|

lg = pnll > —>—
n

Proof. Let N(A) = (804)3 and let s > 2. We take b = b,,, n > N(A), as in Lemma 2, and
let g = gp. The function g changes convexity at yo = —b and y; = b, it is convex in [y, 1],
and if s > 2, then we take s — 2 arbitrary points satisfying —1 < ys < --- < y3 < —%, and
regard g as changing convexity at these points too, hence g € A%(Y}). If the polynomial p,,
is coconvex with g, then it satisfies the requirements of Lemma 2. Therefore, by Lemma
2 we have

(3)][p2 (3)
b lg”lb” _ Allg™|

—Dnl|| > = =2 9

b lg"lle _ Allg”ll

— Dnll > ’

and

b 3nllg'l _ Al

g

Remark. It should be noted that the function g, above is independent of A.
We are ready to prove Theorem 1.

Proof of Theorem 1. The proof readily follows from the observation that for all £ > 1,
wi(f,t) < 2" w(f, ) < 2577
which by Corollary 1 does not allow the case r = 0 in (2.3) and

wi(f,1) < 28| £,

which takes care of the other cases. U



§4. SOME AUXILIARY LEMMAS

We begin with two lemmas of independent interest which are needed only in the proof of
Theorem 4. We need the notation [f; 21, 22, 23] for the second divided difference of f € C
at the points z1, 2o and z3.

Lemma 3. Let E := [a,b] C [0,1] and set X}, = x,, where x, is the characteristic
function of E. Then for every xo € (0,1), we have
(b—a)?
2

< [XE707:C071] < b_a7

Proof. Recall that if a function f € C1[0, 1] has an absolutely continuous first derivative,
then its second divided difference possesses the well known representation,

[f30, 7o, 1] //f”x— (1 — zo)y) dy dz.

Hence, .
A= X t] = [ [ xoo = (=0 dy e
and we observe that, putting A := (1 — zg) ™!, A is the area of the set
A={(z,y):a<z—-Aty<bIn{(z,y):0<y<z <1}

Note that A is readily seen to be the intersection of the right-angle triangle bounded by
the r—axis and the lines y =  and x = 1, with the parallelogram in the first quadrant,
the basis of which is [a, b], the height 1, and the sides of which are the lines y = \(x — a)
and y = A(x — b). The area of the parallelogram is b — a, hence the upper estimate.

As for the lower bound, we observe that since A > 1, it follows that A contains the right-
angle triangle which is bounded by the z-axis and the lines x = b and y = © — a, the area
of which is exactly %(b — a)?. The proof of the lower estimate is therefore concluded. [J

Corollary 2. If E C [0,1] is a finite union of intervals, then
[XE;0,20,1] < measE =: |E].

The second result is

Lemma 4. Let pi be a polynomial of degree not exceeding k and let a < b. If

b—a

meas{z € [a,b] : pj;(z) <0} < 16k3°

then for every xy € (a,b),
[pi; a, o, b] > 0.
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Proof. Without loss of generality assume that a« = 0 and b = 1. If p} = 0, then there is
nothing to prove, so we may assume that ||pj||j0,1] := max{|p}/(z)| : 0 <z <1} = 1. Write

Ey:={x €0,1] : pii(z) <0},

so that Fs is a finite union of intervals, and let x € F5 be arbitrary. Then there is an
x9 € By such that |x — x2| < |Ez| and p)(z2) = 0. By Markov’s inequality,

1
()] = |(x — 22)p (8)] < | Eal 2k |} o] < =

8k
so that
1
4.1 ! - Es.
(4.1 Pa)> -5 wen,
Since we have assumed that |[pj||j0,1] = 1, this implies that there exists z; € [0, 1] such

that p}/(z1) = 1. We take an interval Ey C [0,1] of length |E1| = 4> which contains z;.
Then for each x € Eq, it follows again by Markov’s inequality that

1
pi(x) = pi(a0)] = (@ = 2)p” (O] < |Ba[28 |5l 0. = 5,

which in turn implies that

1
(4.2) pr(x) > 50 L€ F;.
Combining (4.1) and (4.2) we get,
1 1
p%(:l?) > §XEl - @XE27 S [07 1]'

By virtue of Lemma 3 and its corollary we obtain
1 1 1

> 11 00
|2 %63~ 8ET6kE

11 1
:0,20,1] > == |E1|> — —|E
[pka y L0, ]— 22' 1| 8]{7| 2

Now denote . ) . )
pn(@) = g + VI a2 = o+ —pla).
n n n n

Throughout the paper we will have x and n as the generic variables, so whenever it will
be clear that we deal with them, then we will write p for p,(x). For each j = 1,...,n
set hj = hj, = |I;| = x;_1 — xj, where we recall that z; := x;, = cosmj/n are the
Chebyshev nodes. Then the following inequalities are well-known (see, e.g., [10]).
p<h;<bdp, xe€lj,

hj:l:l < 3hj,

pr(y) <4dp(lz —yl+p), wyel,
(lz =yl +p)/2 <lx—yl+pnly) <2(x—y[+p), zyel

(4.3)

In particular,
(4.4) (|l —zj| + hj)/10 < |z — x|+ p < 2(lx —xj| + hj), xz€l, j=0,...,n.

10



The next two lemmas are needed in the proofs of both Theorems 4 and 5.
Lemma 5. If0<j <i<J <n, then
1 . T —TJ
4.5 —(J—-j) < =L
(45) 2( j)_wi—l’iﬂ
Furthermore, if either J < 3j orn—j <3(n—J), then
1 Tj— T

(4.6) S5 —J) <

<2(J = j).
5 Pa— (J —J)

Proof. Let t := 5-. We begin with the upper bound and first assume that 2i +1 < J + j.
Then

r;—xy  sin(J+j)tsin(J — j)t

Ti — Tiv1 sin (2 4+ 1)tsint
J+j .
< J—
S ACA)
J+7 ) .
< (J—j) < (J—j),

~27+1

where we have used the fact that sinu/u is decreasing for 0 < u < m. If on the other hand

2t+1> J+j, then we observe that z; —x; = 2,y —xp—; and ; —Tj41 = Tp—i—1 — Tpn—i,

and 2(n—i—1)+1 < (n—J)+ (n—j). Thus we obtain the same bound. This proves the

upper bound in (4.5). Further, if J < 33, then clearly % < 2, so that the upper bound in

(4.6) follows. Similar considerations yield the upper bound in (4.6) when n—j < 3(n—J).
As for the lower bound, we first assume that J < 5. Then

Tj—Tg S Tj—Xg

Ti—Tiy1 Tj-1—TJ
sin 2Jt + sin 25t tan (J — j)t
2sin (2J — 1)t sint

> %(J—j)-

If j > 5, then we have the symmetric situation and the proof is the same. We are left
with the case j < § < J. To this end we observe that if n is even, then zz —z2,; =
Tn 1 —Tn 2T —Tip1, ] <0< J. Hence by the above inequalities

Tj— Ty _ (zj —x2)+ (zn — )
T — Tit1 Ti — Tit1
> :L‘j—I% LL‘%—IJ
- Tn_1— Tz Tn —Tniq
1, n n
> —((= — J—=))==(J—
> (G =D+ =3) =50 =)



If on the other hand n is odd, then the biggest denominator is £ n—1 — z»+1. Observe that
2 2

Zin = T2i2n SO that by the inequality for the even case we have

Tj; —Xg Tj—XTg

=
Ty — Ti41 Tn—1 — Tn+tl
2 2

T2j.2n — T2J,2n

Tn—1,2n — Tn4+1,2n

—1
((wnl,Qn - xn,Qn) + (xn,2n - xn+1,2n)>
L2j.2n — L2J2n

2 2 \' 1
> =-(J—j). O
= (2J—2j+2J—2j) 3 (/=)

Given Yy, s > 0, set

(4.7) II(x) := H(m —vy;) and 6(z):=sgnll(z), xe€l.
i=1
Let
|I - yz
(4.8) H |z = yil +p’

then it follows immediately from (4.3) that
(4.9) m(x) >27° xe(-1,1)\0.
Now, by virtue of (4.4)

|2 = yil + p < 2|z — x5 + [ — il + 2Ry,

and if j € H, then 3|z; — y;| > h;. Hence

B
p < L jen

(le = @5l + hy)ley —wil = o=yl +p

which in turn implies
h; I

(4.10) < J ) WOl 2oy, wer, jem

|z — x|+ h; ) [T(z;)]
Similarly,

|z — ;| +p\" [I(2)] :
(4.11) ( >m(z), xze€l, j=0,...,n.
p [Tz
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Following [12], let

cos? 2narccosz  sin® 2n arccos
0)2 7 .)\2 )
(z — 7)) (x —z;)

(4.12) tj(x) = tj,n(l') —

where Z; = cos (j — 3)7/n and 29 = cos 39 with ) = (j — r/n, j < n/2, and By =
(j — 2)x/n, j > n/2. Note that z; and 9 are zeros of the respective numerators which

are contained in [ (the interior of I;), and that the ¢; are algebraic polynomials of degree
4n — 2. Recall, that
c

(4.13) ti(z) < CEEAEAE <ctj(xz), zel.

With j € H and an integer b > 6(s + 1), we associate the polynomial of degree < Cn,

(4.14) 7)) = Tynlaiti Vi) = - [ (),

where

d; — /_ 11 12 ()T (u) s

It follows by [5, Lemma 5.3] that

1 H(zy) _
2—1 j 2b—1
(4.15) Chy”™ < i <Ch;",
which clearly yields
(4.16) T (x)(x)I(z;) >0, xel.
Denoting
B
T (z) = J :
(@) |z — x|+ h;
we obtain by (4.13) and (4.15),
C II(x)
(4.17) )] < 1) < O, a el

Also by [5, Lemma 5.3], if
X5 (@) = X(a;,1)(2),
is the characteristic function of (z;, 1], then for j € H,

(4.18) (@)~ Ty (@) < CT2 (@), wel.
13



Similarly, the polynomials of degree < Cn,
_ 1 =
Ti(2) = ~ / (u — 2351 — )+ ()T,

so that T;(1) = 1, satisfy

Tj(z)(z)(x;) <0, xel\lj,

J

and, in addition, they satisfy inequalities similar to (4.17), (4.18), namely,

- C rap, oy ()]

and B
x;(z) = Tj(x)| <CT?"N(z), zel
Then we obtain

Lemma 6. Let b = 6(s +1). Then for each j € H there exist polynomials 7; and T; of
degree < cn, satisfying

7/ (o) (2)(z;) > 0, wel,
(4.19) 7/ (2)(2)(z;) <0, zel\I

(4.20) 7 (z)] < h%I‘?b(.r) ‘E((UZ))H <cltj(z)], xel,
and

Ny —1i(x ch: 1207572 (g
(4.21) ((z = xj)4 — 7(@)| < chyl (),

(@ = 2j)4 = 7j(@)| < hyI3" "2 (), wel

Proof. We will prove only the existence of the polynomials 7;, the other case being com-
pletely analogous. For every j € H let T; be defined by (4.14). We use it to construct 7;.
By virtue of (4.18)

1 1
(4.22) / I, () — T ()| dar < c/ I2(2)dr <: cohy, j € H.
1 1

If for r := [6¢o| (where [a] denotes the ceiling of a), both j —r >0 and j +r < n, and if
for all j —r <i < j+r, we have i € H, then by Lemma 5 we have

Tj_p — x5 = 3cohj_r_1 = cohj_r, and x; —xjy, > cohjqr,
14



so that it follows from (4.22) that,

[ @@y = xs@) o= [ (@) = -0l dir = (g = 23) <0

—1 —1

and
1

/1(Tj+r(x) — xj(x)) de = / (Tjgr () = Xjur(2)) d2 + (2 — j47) > 0.

Hence for some 0 < o < 1, we have

1

o [ (Bste) = (@) do+ (1) [ (Terle) - xyw) do =0

—1 —1

We set

xT

rn =) =a [ Tdut (- a) [T d,

~1 ~1
so that
TJ(l) =1- L,
which by (4.18), in turn implies (4.21). Now (4.19) follows from (4.16) and (4.20) follows
from (4.17) since by our assumption sgnll(z,_,) =sgnll(z;4,) =sgnll(z;).
If 7 —r <0, then it suffices to take

n(@= [ T du

and if j + r > n, then it suffices to take

Ti(x) =1—2; — /; T;(u) du.

We are left with the case where thereis an i ¢ H,suchthat 0 < j—r<i<j+r <n.In
this case we take the Chebyshev partition of order 2rn, so that we have x; = x9,; 2,, and
i € H(Ys,2rn), for all 2rj —r < i < 2rj +r. Thus we set

7 () = Tarj2rn(2),

and we observe that by the above construction this 7; satisfies (4.19) through (4.21), since
by virtue of (4.5),
harjor < hj < 4r2hgrj,2m. O

Remark. One should note that by going from n to 2rn, we may reduce all cases save j = 0
and j = n, to the first situation.

The last four lemmas of this section are required in the proof of Theorem 5. Combining
Lemma 6 with (4.3), (4.10) and (4.11), readily yields
15



Lemma 7. The polynomials 7; and 7; satisfy

. P 25(s+1)
4.2 " >C—] - I
(4.23) @l S (=t,) el
h.
@)l < ), wel,
and
B 2
r—xi)y —Ti(x SCP(—]> )
o (@ = 25)4 —7(2) el

_ b Y
|(:1:—xj)+—7'3(23)\§6p(m> , x€el.

In order to prove Lemma 10 below, we need two more auxiliary results.

Lemma 8. Let lp,l; € N, and assume that 0 < jo < j1 < -+ < Jai;, < Jo+1lo <n. Then

Iy 2
1 l
(4.25) m > (@), —wj,,) > (i) (@jo — Tjo+lo)-

v=1

Proof. With no loss of generality we may assume that jo < n — jo — lp. Then for each
1<v< ll7
Tj, = Tj,y, = Tj, = Tj4ly = Tjo — Lol -

Thus, in order to prove (4.25), it suffices to estimate

Tj, — Tjo41,  sinwly/2nsinm(2j0 +11)/2n

Tjy — Tjo+l,  sinwly/2n sinm (2o + lo)/2n

o sin? 7ly /2n - (l1)27

~ sin®nly/2n T Iy

where in both inequalities we use the fact that [ < [y and in the last inequality also that
sinz/x is decreasing in (0, 7). This completes the proof. [

Lemma 9. Let A := {jo,...,j0o +lo}, and let A1, Ay C A, be such that #A, = 211 and
#Ay =1y. If §; € {—1,1}, j € Ag, then there exist 21; constants a;, i € Ay, such that

2
(4.26) |a;] < (g—o) , i€ A,
1

16



and

(4.27) I Z 5;( 111 > ai(z—2)=0.

JEAs 1€EA,

Proof. Without loss of generality we may take lo = 1, that is, A2 = {j.}, and we may
assume 9;, = —1. We may write A; as A; = Ai’ UA7, where each set contains [ elements,
and each index in A} is less than all indices in A]. Denote

1 1
Z—Z(x—wi)::x—oﬁ and Z—Z(x—mi)::m—of,
! i€ AT ! i€AT
and put
i = zﬁ:z_ , 1€ Aii_
T

+
Tj, — & . —
oot ZEAI.

Then (4.27) for Il = 1, follows. By virtue of Lemma 8 we have

_ ()’
ot —a > <%) (a:jo_xjo-Ho)?

whence (4.26) follows by the straightforward inequality |z;, — a™| < xj, — Zj,4+1,- This
completes the proof of Lemma 9. [

We are ready to state and prove Lemma 10.

Lemma 10. Let E be an interval which is the union of | > 12s of the intervals I;, and let
a set J C E be the union of 1 < u <1/4 of these intervals. Then there exists a polynomial
Qn(z) = Qn(x, E,J) of degree < cn, satisfying

l

" P 2D m 33)
(4.28) Q,(z)d(x) > cl; (max{p, dist(a:,E)}) R reJUI\E),

(we may take c; < 1)

(4.29) Q" (2)d(z) > —”;f), zeE\J
and
4.30 n(@)] < cl® I.



Proof. Tet H(E) = {j € H | I, C B}, H(J) = {j € H | I, C J}, B©O) = {j | I, C
ENO}, and H.(E) :={j € H(E) | I;NO # 0}, where O denotes the closure of O. Finally,
let j. :=min{j € H(E)} and j* := max{j € H(E)}. Set

As = H(J)UH.(E)U{j« 7"}, and A;:=H(E)\ (A2U E(O)).
Denote by l7 and lo the number of elements in A; and Aj, respectively, and set [} := [%]
Then it readily follows that

(4.31) lo <p+2s+2<cpu,

(recall that we allow ¢ to depend on s), and

(4.32) [>15>1—(la+3s) > =l

1
6
Denote by jo and j° = jo +1—1 the smallest and the largest integers j, such that I; C E.
We consider three cases.

Case I. Let [ > jo. Set

Qn(z) := L Z 5173_(33),

H JEA2 hj

where §; := sgnll(z;). Then Q) (x)d(x) > 0, x € I, which implies (4.29), and (4.28)
readily follows from (4.23). Thus we only have to prove (4.30). To this end, by (4.24) we
obtain for any j € Ao,

|75(2)]

(z —x5)4 ph + (CU—IL’]‘)_F.
h;

<c
h (|2 — ;] + p)? h;

1
< F|Tj($) — (v —zj)4| +
yi

Now, if # < xj, then (x—z ;)4 = 0. Otherwise, observe that x € I; for some 1 < ¢ < j < 2.
Thus,

(x —z;) (x —xj + p)? <10x—xjx—xj+hjx—mj+hi
hj phj - hj hj hz

To — 21

3
1)” < elf.
mo Y =e

< 10(

which implies (4.30).
Case II. Let jo > n — 2l. Set

Qula) =+ 3 D (ry(a) ~ (e — ),
jEAS J

and proceed in the same manner as in the Case 1.
18



Case III. Let | < jo < n — 2l. Denote by h = |E| = z,—1 — Tj,+i—1, the length of the
interval E. Then (4.6) implies

1

(4.33) Sh<ihj<2h, I;CE.
Lemma 9, (4.31) and (4.32), guarantee the existence of a;, i € Ay, such that

l
(4.34) — Z dj(x —zj) + Z ai(x —x;) =0,

H JjEA2 1€A;
and

L1\ 1y

4.35 d<2(L) 2<¢ iea
(4.55) |a|_#(l1> 11_0 ! !

(Note that if [T is odd, then we apply Lemma 9 to A; \ {i*}, for some arbitrary i*, and
put a;« = 0 in (4.34).)
For each i € Ay set
* { Ti, lf 67;(1,1' Z 0,
Ti otherwise,
and let

L[ «
Qn(z) = ol Z 0;7i(x) + Z a;7; (z) |,
I jea, i€A;

for some ¢ to be prescribed. Then by virtue of (4.33) and (4.35), we see that (4.28) readily
follows by (4.19) and (4.23), and that (4.29) is valid for a proper choice of the constant c.
We conclude with the proof of (4.30). Take

l
L(LL’) = - Z 53(1’ — .flfj>+ + Z ai(l’ — iI?Z')+.
K jEA2 1€A,
Then by (4.24) we have

Qn(@)| < clp Y
jEH(B)

So we only need to estimate £|L(z)|. To this end, note that if 2 ¢ F, then (4.34) implies
that L(z) = 0. On the other hand, if z € E, then

—|L < —|—h+2L4h| <c* <cd E
P (x>|_h(u - 1)—C = pI,CE(|a:—a:j!+p)2’

h, z
—|L I.
(|x—xj]—|—p)2+ch| ()|, =€

where for the last inequality we have applied (4.3), (4.33) and the estimate
h; h; h;
1=hr 3" Y <16n J < 160lp J .
I;E h? I;E (lz = 2j] + p)? I;E (lz — 5] + p)?
This completes the proof of (4.30), and in turn of Lemma 10. O
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§5. PROOF OF THEOREMS 2 AND 4
We begin with the

Proof of Theorem /. Since Theorem 4 for £k = 1 is trivial, we have to prove Theorem 4
only for £ > 2. Given n > 1, denote by G, = (x,,x;,) the connected components of
O =0(n,Y;). For j =1,...,n—1, let 7; be polynomials of degree < cn defined as follows.
a. if j € H, then

7j(x) := 75(2),
where 7; are from Lemma 6;

b.if j, =0and 0 < j < J,, then 7(x) := 0;

c. J, =nand j, <j<mn, then 7j(x) := = — z;.

Finally, we have the j’s for which 0 < j, < j < J, < n. We divide the v’s into two
groups. Let ny := 22s(k — 1)3n. We say that v € Od if there exists an [, € H(ny,Ys)
such that I;, ,, NG, # 0, and the interval (x;, ,,,2;, ») contains an odd number of points
y;. Note that if v ¢ Od, then the set GG, contains an even number, say 2m, of points
yi, the points y;,+o2m—1 < ... < ¥i,, say. In this case each two consecutive points y; 42,
and i, +20+1, v = 0,...,m — 1, must belong to the union of four consecutive intervals, say
(%1, +2,m, > T1,—2,n, ), Whence

{':E € GV : H(x3u>sll(x) < O} g U:}n:_ol [xlv+27nlxlv_27nl]'
It follows by the left-hand side of (4.5) that,
meas{z € G,, : [I(x;,)S"(z) < 0} < o4 max |1, |

2 Il,nl Q(IJV7Iju)
< 52—@'
— 2 (Jz/ _Jl/)%
G|
3L

1

~ g1

(5.1)
< 4s

We need the polynomials 7;, and 7;,, however, we note that j, might not be in H. Since
27, is always in H(2n,Ys), in the case j, ¢ H, we define 7;, := 7;, := Taj, 2,. Similarly,
we always have J, ¢ H and 2J, € H(2n,Y;), so we define 7;, := 7, := T2, 2n. Now,

d.if 0 <j, <j<J,<nandv ¢ Od, then we let

7j(x) =75, (2),

if on the other hand,
e.0< g, <j<J, <nandv e Od, then we let

7j(x) = 67, () + (1 = 6;)71, n, (2),
20



where §; = 0 or = 1, is to be prescribed.
We are in a position to define P,. Recall that the piecewise linear function L that
interpolates S, at the x;’s satisfies

(5.2) HS—<M\§cw§(Sf1),

n

and may be written in the form

n—1

L(z) = () + > _[S;xj41, 25, 251) (@51 — 2500) (@ — 7)),

j=1
where [(x) is a linear function. Thus, denote

n—1

Po(z) :=1x) + Y _[Ss2j01, 25, 251) (-1 — 241) 75 ().

j=1

We begin with the proof of (2.6). To this end, we show that for each j =1,...,n— 1, we
have

(5.3) (z —z;)+ — T(x)] < cth?(x), x el

Indeed, going through the various cases we see that
a. (5.3) readily follows from (4.21);
b., c. (5.3) readily follows from the inequalities

(54) hj < |G1/| < Chj, Jv <J < Ju;
d. by (4.21) and (5.4),

((z —zj) —75(@)| < (@ —2))4 — (@ — 2, )+ [+ [z —25,)+ — 7, ()]
< chﬂ”? (x) + chj, F?V(a:) < cth?(x);

and finally,
e. if 6; = 1, then we are back in Case d., and if ; = 0, then similarly we have,

(@ —2j)+ = 75(2)] < ch;T3H (@) + [(& = 1y 0 )+ = Tiyimy (2)]
h3

luanl

2
S L ) e =l 2

< cth?(x),
21



and (5.3) is proved. Since it is well-known that

1
HS, 113j+1,£l?j,$j_1]| < chj_2w<2p (S, —) 5 j = 1, ,n— 1,
n
and
n
1> il <e
j=1

we obtain

n—1
1
L= Pl < el el (s.).

J=1

This together with (5.2) concludes the proof of (2.6).
In order to prove that P, € A?(Y,) we denote

Lj(x) == [S;xj11, 35, xj](wj1 — 2541)75(x), j=1,....,n—1,
and
Py (z) =:l(z) + A(z) + B(z) + C(z) + D(z) + E(),
where
Alx) =Y Lj(x)+ Y Ly, (),
JjEH J,<n
J,—1
B(z)= Y Lj(x), if j, =0,
j=1
n—1
Clx)= Y Lj(x), if J,=n,
j=ju+1
J,—1
D)= > Y Lj@),
veOd j=j,+1
and
J,—1
E(x)=>_ Y Lijx)=)Y_ E(x).
ve¢0d j=j,+1 v¢0d

It is important to emphasize that we either have j, € H or j, = J,41, so that indeed all

1 <j <n—1 are taken care of.
Again we have to investigate each case separately.
a. If j € H, then by definition of A?(Y;) we have, II(z;)[S;z;+1,%,2;—1] > 0. Hence by
(4.19),
(2) L5 () = (@) [S; 241, 5, w51 )(wj-1 — 2541)7) () = 0,
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and similarly I1(z)L’; (v) >0, J, <n, so that II(z)A"(z) >0, =€l
b., c. Since B and C are linear functions, we have B”(z) =0 and C"(z) = 0.
e. If v € Od, then by definition, we have an odd number of points y; € (z;, n,,2;, ), which

in turn implies that
H('/I’.luynl)H(ij) < O
Hence, (4.19) implies
Tl':m (.CC)T]/: () <0, zel.

Hence for each j = j, +1,...,J, — 1, we may prescribe ¢, so that

M(z)L5(x) >0, ze€l.
With this choice

H(x)D"(z) >0, =xel.

Finally we conclude with the proof of Case
d. If v ¢ Od, then
J,—1

B(2)= Y. L)

J,—1

=75, (@) Y [Sixjez,m)(wi1 — zj40)
i1

=7, (@) ([S 20, %5, 41,2, ) (@), 01 — 25,) + [Ss20,, 25,1, 25, ) (%), — 25,-1))
=:7;, (x)e,.
By virtue of Lemma 4 and (5.1), it now follows that
II(x;,)e, > 0.
Therefore, (4.19) implies

() () = 7, (o)1), ) s

Since [”(x) = 0, we have shown that P, € A?(Y,), and concluded the proof of Theorem
4. O

>0, zel.

Proof of Theorem 2. Analyzing the above proof, one notes that the only place one needs
the assumption that our function is a piecewise polynomial, is in order to apply Lemma 4.
Thus for a general f € A%(Y,), if one is guaranteed that n is sufficiently big so that each
component (G, contains an odd number of points of Y, in particular one point, then one
may conclude the same. If f changes convexity just once, then obviously the requirement
that each component (G, contains an odd number of points of Y, specifically one point,
holds for all n > 1. This proves Theorem 2. [J

Remark. In view of the above discussion we see that we always have the estimate (2.4)
for n > N = N(Y;). This is of course weaker than (2.1) and we only mention it since we
have got it for free.
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§6. SMOOTHING LEMMAS

Let I; ; be the smallest closed interval, containing I; and I;, and denote h; ; = |I; ;|.

For S € ¥, set 7
k
hj) .
I; ’ Zaj:17'--ana
(hz’,j
where ||p[|;, = max{|p(x)| : x € I, }.

We are going to call an interval A a proper interval, if its endpoints belong to the Chebyshev
partition, that is, are among the z;’s. For any proper interval A, let

(6.1) ai j(S) == |lpi — p;

ai (S, A) := maxa,; ;(S),
where the maximum is taken over all 7, j, such that I; C A and I; C A. Finally, write
ax(S) == ar(S,I).
Then, by virtue of [10, Lemma 9] we have
(6.2) ai(S) < cwy (S, %) < cag(9).

Given z € I, if 0 € [x — ho(z),x + ho(z)] C I, then we have p(x) < 2(h + ¢(6)). If
Sexl s 8" is absolutely continuous in I, whence for 0 < h < 1/n,

z+ho(z)
AS@l=| [ (510 - 8t hpta))at

z+ho(z)
:/ / S" (u)du dt
t—ho(z)

z+he(z) .
< S du dt
< mm(h”hgp . lw(x)pn( u)S" (u)du
~ min(h? + hy ( ))?
< 4)|p*5" |,

where the minimum is taken above on 6 € [z — ho(z), 2+ hp(x)]. Hence, if S € ¥y, then

1
(6.3 of (8.5) <elos"l,

which in turn by (6.2), and the inequality w} (S,t) < cw§ (S,t), k > 3, readily implies
24



Lemma 11. If S €%, then
ar(S) < c[p*S”|.
Finally we have

Lemma 12. Suppose k > 3 and S € Z}C,n 1s such that

(64) CLk(S) S 1.

If an interval 1,,,, contains at least 2k — 5 intervals I;, and points xi € I;, such that
(6.5) pr(ai)]S" (7)) < 1,

then for every 0 < j <n, we have

(6.6) 1p*S" |1, < e((G = W™ + (G —»)*).

Proof. Fix j and x € ;j. It follows by (6.1) and (6.4) that for every 1,

k
< <h> ,
7 h]

Since p; and p; are polynomials of degree k — 1, we get

k
! — g, < o (2
TR by )

In view of (4.3) and (4.5), we see that (6.5) implies

k
i< 5 (22) + 5
AR AN n2

7

Hpi —Dj

B\ F
(6.7) < <_ﬂ>
c . .
< Sli— g+ 1)
J
By assumption there are k — 2 points z; € I,,, m = 1,...,k — 2, each two being

separated by an interval I; C I, ,. Recalling that x € I, we have for each 1 <1 <k —2
and 1 <m < k — 2, with [ #£m,

68 el M g1 <o+ G- ).
‘x’il o xim’ hlm
Now, by virtue of the representation
k—2 k=2
pj(x) = ZP}/(I'Z) H ﬁ,
=1 m=1,m#l " U im

we obtain from (6.7) and (6.8),

215" ()| = Pl @) < W (@)] < el — O+ (G- )*), zel,
and the proof is complete. [
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§7. ZERO-PRESERVING APPROXIMATION
We begin with a technical result. Namely,

Lemma 13. Fors e N, let 2° vectors a; = (a1, a1, ...,as—1,1), | =0,...,2° =1, be given
so that sgna,; = (—1)%, 0 < v < s — 1, where 6,; € {0,1} is from the representation
= Es_é 0,,12". Then there are 2° positive numbers oy such that

V=

(7.1) > ma =(0,0,...,0).

Proof. The proof by induction is straightforward. [J
Next we need

Lemma 14. Let K(x) be a continuous strictly positive function on I, and let 0 < i* < s
be fived. Then there exist s interlacing points yiy1 < t; < yi, © = 0,...,8, © # i*, such
that the function

S

(7.2) d(z) = ®(x, K,i*,Y,) = / KI(w) [[ (u-t)du,
-1 i=0,ii*

(if s = 0, then the empty product = 1), satisfies
(7.3) O (y;) =" (y;) =0, 1<i<s,

and

d(1), 0<i<i*,
d(—1), i*<i<s+l1.

(7.4 o) = {

Proof. Since (7.3) is self-evident for any choice of {¢;}, we prove that we may select them
so as to yield (7.4). For each 0 <[ < 2% —1 and every 0 < ¢ < s, i # i*, we take
Yii € {¥iYit1}, such that for u € (yiy1,¥i),

sgn (H(u)(u — i ) (u — y”)) = { E

and denote
S

By (x) = / DK@ [ (- y)du.
-1 i=0,ii*
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Now, for

P i — o i , ) < '*’
(7.5) ail::{ (i) 1(Yi+1) t<1

Q1 (yit1) — Pi(yita), i > 0%

it follows that sgna;; = (—1)5“, therefore by Lemma 13 there are 2° positive numbers «

such that
25 1

Z Oél(a,o’l, al,l, g aeny as_l,l) = (O, 0, ceey 0)
=0

Set

1

(76) (D(x) = (Z Ozl> i alqn(x).
=0 =0

Then @ is the required function. Indeed, for each 0 < ¢ < i*, we have

2°_1 21
> a(@iyirr) — u(y) = Y aaig =0,
1=0 1=0

which implies (7.4) for 0 < i < ¢*. Similarly we have (7.4) for i* < i < s+ 1. By its
definition,

(7.7) B(z) = /_ i K ()T (1) Py () du,

where Ps(x) is a monic polynomial of degree s. By Rolle’s theorem (7.4) implies that ®'(z)
has a zero in (y;4+1,¥:), 0 < i <'s, i # i*. Hence by (7.7), ®(z) possesses the representation
(7.2). O

Let j € H and let 0 < i; < s be such that y;,11 < z; < y;,. For a fixed integer
b > 6(3s+ 1), denote

(7.8) Ti(x) := Tjn(z,b,Ys) := dj_’;’ysyn@(ac,t?,ij,ifs),

where t; was defined in (4.12) and where d;; v, is chosen so that T;(1) = 1. Evidently,
it is a polynomial of degree < Cn. A proof similar to that of (4.18) yields

§ h b1
. (1) =Ti(x) <O —2 I

where by = 2b — 3s — 1.
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For the rest of this section we assume that s > 0 otherwise many of the statements
are vacuous and there is nothing to prove. For j ¢ H, let j* be the closest element to it
from H (if there are two such elements, then we take the bigger one), and denote by I 3

the connected component of O (the closure of O), that contains z;. Since the interval I 3
contains at most 3s intervals I,,, we conclude from (4.5) that

(7.10) hy <|I;| < (3s)%h;.

In order to use a unified notation we denote for j € H, j* := j, and I := I;. It follows
by (7.10) that (7.9) is valid also for the polynomial

(7.11) T;(x) i=Tjn(z,b,Yy) i= Tje n(2,0,Ys), j¢ H.

We summarize the above in the following

Lemma 15. For every 1 < j <n,

(7.12) Ti(y:) =T (yi) =0, 1<i<s,
(7.13) Xiwi) = Ti(yi) =0, 1<i<s, wy ¢l
and
V h by
(7.14) Ix;j(z) — Tj(z)| < C (m) , zel.
Set

CL‘) - l,n(w7b7Y’s) = Tl,n(x7ba Ys)v

(7.15) (€)= Ton(2,0,Y,) =1 = Ty (2,0, Y5),
j(@) = Ty (2,0,Yy) i= Ty u(2,0,Ys) = Tjo1 n(2,b,Y5), 2<j<n—1

=
—

Then we prove

Lemma 16. The following relations hold

(7.16) > Ti(x) =1,

(7.17) I



and

. C h; .
(7.18) |Tj(q)(x)‘<ﬁ(m) , vel, 1<j<n, 0<qg<s+2.
J J

Proof. Obviously (7.16) is self-evident, and (7.17) and (7.18) with ¢ = 0, readily follow by
(7.12) through (7.14). One can deduce (7.18) for ¢ > 0 from the case ¢ = 0 in the standard
way, using Dzyadyk’s inequality (see, e.g., [4, p. 262], see also [12, p. 118])

lp™ 1Pl < dllp® Pall,

where d = d(«) is independent of n. [

Now let ny be divisible by n and for every 1 < j < n, denote

T, (2) = Tjn, (2,0, Y5) i= > Ty, (2,0, Y5).

I, CI;

Clearly it is a polynomial of degree < Cnj;. We have
Lemma 17. The following relations hold.

n

(7.19) > i () =1,

J=1

(7.20) I

and

bo
~(q) C Py (T)
T <
(7.21) Tim @l < 0 (pm) +dist<w,fj>> ’
zel, 1<j<n, 0<q¢g<s+2

where by = (b — 1).

Proof. Relations (7.19) and (7.20) follow immediately from (7.16) and (7.17), when we
observe that if I, ,, C I;, then I, C I7. Thus we just have to prove (7.21). Note that
(4.3) and (4.4) yield

( hu ni )2 <ec pnl( )
|z — Ly, |+ hy n, |- xu,n1| + pn, ()
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Now if x < z;, then it follows by (7.18) that

by
(Q) v,mi
p1|TJn1 |<C Z ( l’un1|+hun1)

hl’anl

< Cpl2 (x
B pm( )I ZC[ (’x—$y,n1’+pn1(x)>b2+1
v,ny =43
o0 du
S Cpn ('x)b2/
! Tj—T (’LL + pnl (I))b2+1

:C<%&gfi—w)b:C(mxwﬁﬁgwiﬁya

Similar proofs yield (7.21) if z;_1 <, and ifz € [;. O
Let S € ¥ », take n; divisible by n and set

(7.22) D, (z) := Dy, (x,5) ij i (2,0, Y2,

evidently a polynomial of degree < C'n;. Finally, denote
1

L @) ut Epn(w)] COYU (O N (L UL).

Oe::{ueO:[u—2 5

Recall that A is a proper interval if its endpoints belong to the Chebyshev partition. We
have

Lemma 18. Let by = ba—s—2k—6 > 0, and let A be a proper interval. For S € ¥y ,,(Ys),

b3
@ (2) - D) < E [a ar(5) " p
(7.23) 5 (@) = Da(@)] < p1 ( (5 A) +a(S) (p+d1st(w I\A)) )

r€ANO0,, q=0,...,5+2.

Furthermore, if S € E then forx #x;, 0 <j <mn,

12 124 C n p b3
(7.24) |S (a:)—Dm(a:)\gﬁ( 6(S, 4) + ax(S) — <W> ) € A

Proof. The proof of the two statements is similar and we will proceed simultaneously in
both. Fix I, € AN O (or simply I, C A, if we prove (7.24)), and let x € I, N O, (or
simply = € I,)) be such that, say,

(7.25) T—T, <T,_1— .
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For the sake of brevity, we will write in this proof p; for p,, (z), T} for Tj,,, and a,,; for

av,(S). By (6.1), k
hy i

||pu—P‘||IV=aug< ) |
J J h‘j

k
I — o, < St (P )
A AN 1

First let j # v, v+ 1. Then (4.3) and (7.25) imply dist (z, I;) > 1 p. Hence (7.21) combined
with (4.3) and (4.4) yields

whence, for each r € N,

P = B, T )]

v

< Cavj (T, f P1 "
- I’L;: hj p(f_r P11+ diSt(ZL‘, Ij)

_ Cayy (b \* by 1 n v
B h’; hj hz/,j p({—r p1+ dlSt(iL', Ij)

< Cay; (p+dist(z, 1) 2D h; 1 o1 q—r+1
(7.26) - p R 51 \ o1 1 dist(z, 1))

) p ba—q+r—1

p + dist(z, I;)
_ Cau,jh'& 1 p bs+1
= il J p pi—T \ p+ dist(:l:,fj)

. by+1
< S 2y, _ , 0<r<q
pd ng p + dist(zx, I;)

where in the third inequality we applied the third inequality in (4.3)and (4.4), in the
next one we used the fact that dist(z,I;) > %p, and in the last we have applied the
straightforward inequality

P
p n

Now, by virtue of (7.19) we may represent S@(z) — D,g%) () as

T,,_H(x))(q)
o v 2 ) (e@-pehw)”

Ingaj¢V7V+1 [j,d_A,j;él/J/‘«"l

=:01(x) 4+ o2(x) 4+ o3(x),
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where we write p,41 := pn, if v =n.

We begin with the estimate of o;. Note that if v = n, then o; = 0, so that we may
assume that v < n. We need separate arguments for (7.23) and (7.24).

First we deal with (7.24). Since S € Z,lgin, g =2, and I, C A, it readily follows that

c
ley/ _p;//+1HI,, < Fau,u—i—l,

which in turn implies

Py, (2) = Py (@)] =

/ (Pl — P 1)du
z,

C
S p_QCLu,V—l—l(x - ml/)a

and .
v () — pry1(z)| < Fau,u—l—l(x —z,)%

Therefore, by (7.21)

c r—z, (v—u1x,)° p1 b2
|0-1(«73)’ S ?CLV,V-FI 1 + P) +
1

p3 p1+ T — x|

. ” by—2
< —a, _— .
= 2o (Pl+|x—xv’)

(7.27)

Now, if I,,11 C A, then (7.27) implies

C
(7.28) lo1(z)] < ?ak(S’ A),
and if I, 1 € A, then (7.27) yields
C p1 p ( p1 )b2_3
o1(2)] < =ar(S)—=
(o)l < P> kl )p p1+]z =z, \p1+ |z — 2]
o n p p >b2—3
7.29 < Zan(S)—
(729 < e (i
C

< S (i)

As for (7.23). Since x € O, v ¢ H. If also (v + 1) ¢ H, then S € %, (Y;) implies
Py = pu41. Hence o1 = 0. Otherwise, (v + 1) € H, so that = € [ implies x — x,, > p.
Therefore (7.26) holds for j = v + 1, and we may absorb oy either in o9 or in o3, as the
case may be, and which we estimate below.
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What is left is to estimate o2 and o3. It follows from (7.26) that

los(z)| < — =" 2 (p + dist(x, I;))bs+1’
(7.30) g bongairven Y

_ Cax(8) n p v
p?  ny \p+dist(z, I\ A))

Similarly, if dist (x, [,+) := min{dist(x, I, 1), dist(x, I, 4+2)}, then we obtain

(7.31) loa(z)] <

Car(8, A) p bs _ Ca(5,4)
p4 p + dist(z, I+) - P4 '

Thus (7.23) follows by combining (7.30) and (7.31) with the above discussion of o1, and
(7.24) is obtained by combining (7.28) through (7.31). This completes the proof. [

The following result is almost trivial.

Lemma 19. If S € Xy ,,, then
(7.32) IS — Dn, || < Cak(5).

Moreover, if S € i n(Ys) and

(7.33) S"y)=0, i=1,...,s,
then
(7.34) Dy (yi)=0, i=1,...,s.

Proof. The proof of (7.32) is similar to that of (7.24), in fact easier, so we only prove
(7.34).

To this end fix 1 <7 < s, and let v be such that y; € I,,. Since p; = p,, for all I; C I},
then

n

D (yi) =Y _(piwa)Ty (wi) + P (w) Ty () + > 0 W) Ty () + oo (i) > Tiwi)-

J=1 L;igI; I;CIx
Now, by virtue of (7.20), the first and the second sums are zero, and since p)(y;) =
S"(y;) = 0, it follows that the third term vanishes. [I.

Finally we have,
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Lemma 20. If A is a proper interval, S € E,lc’n(Y;), and (7.33) holds, then

b3
(7.35) |S"(x) — D!/ (z)| < CO;;(”J) (ak(S, A) +ak(5)nil (W) ) . zEA,

where Cy = Cy(k, s,b), and recall that w(z) is from (4.8).

Proof. Let * € A. First observe that if z ¢ O,, then m(x) > c. Indeed, if z ¢ O,
then it follows from (4.9), and we only have to check the case where z is in a connected
component, say [z, ,], of O and either z + p/2 > z, and v > 0, or  — p/2 < x, and
p < n. Clearly, we have to worry only about y;’s in this component, so let y; € [z, z,].
It is easily seen that x + p/2 is increasing in [—1,x1] and that = — p/2 is increasing in
[zn,—1,1]. We will show that z, < z+ p/2 and = < %’ cannot hold simultaneously.
Indeed if x, < x+p/2 and 2,41 <z < x,, then z, < x+p/2 < z+|[,41]/2, which yields
that x — 2,41 > |I,41]/2. Since z+ p/2 is increasing, this in turn implies that if x < z,41,
then x + p/2 < x,. Hence if x, <z + p/2, then z —y; > x — x, 11 > |[,41|/2, so that

T oY [Ly411/2
c—yi+tp  Hogal/2+ g

1
> —.
-3

The case x — p/2 < z,, is symmetric. Thus (7.35) follows by (7.24).
If, on the other hand, z € O, C O, then z € I ©, where I7 is a connected component of

O, such that

(7.36) pn(u) < |I7[ < cpn(u), wel;,
and we have

(7.37) S(u) =pj(u), uel;.

This together with (7.36) implies that for A; := AU T 7, which is a proper interval, we
have ag (S, A1) < cag(S, A). Set B
ID:=1;N0,
Since z € I7, dist (z,I \ I}) > p/2, and by (7.36), dist (x, I \ I7) < [I7| < cdist (z, I \ I}).
Hence
dist (z, I\ Ay) < |IF| +dist (I, 1\ Ay)
< cdist (x, I\ I) +dist (z,I \ Ay)
<cdist (z,I\ A1), ze€l.

By virtue of (7.23) we thus obtain,

C
I;‘§|I*|q07 q:O7"'78+2;
J
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with

. I ”
Q:= (SA)+ak(S) <|]*|+dlst( I\A)) ,

where we used the fact that dist (I7,1\ Ay) > dist (I7, 1\ A). It remains to prove that

Cr(x)
|75 [?

(7.39) 8" (z) — D!/ (z)] < Q.

To this end, let

m(z) = H —|$_‘yi| , ma(x) = H —|x—‘yi| ,

yi€lr x_%’"f’p nel; x—y1|—|—p

so that 7(z) = 7y (z)ma(2). lf y; & I7, then [z —y;| > p/2, whence ma(z) > 37°. Therefore
we have to prove (7.39) with 7 (x) in place of w(x). Now by (7.37) S—D,,, is a polynomial
in I7, and (7.33) and (7.34) imply

S"(yi) — Dy (y:) =0, i=1...,s.

Hence, if y;,, 1 < pu <1 <s, are the points of Y in I7, then there is a € I, such that

8" () = Dy, ()] = |S"*2(8) - DL (0)] H |z = yi,|

|x_yzu
II*I2 H |15 ]

Cﬂ'l( )

= Tga
|1 15]?

where in the first inequality we applied (7.38) and for the second we used the inequality
|z — yi,| + p < ¢[I7]. This completes the proof of (7.39), and of our lemma. [

We are in a position to prove Theorem 5.

§8 PROOF OF THEOREM 5

Recall that we may assume that k& > 3. We begin with notation. Given A C I denote
A€ = Ur,nazelj, A% = (A%)¢  and A3€ .= (Aze)e.
Without loss of generality we may assume that

(8.1) ar(S) < 1,
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so that in view of (6.2), in order to prove our assertion, we have to find a polynomial P,
of degree < ¢n, such that

(8.2) 1S = Pull <,
and
(8.3) Pl (x)o(x) >0, zel,

where d(x) was defined in (4.7). We fix b so big that b3 > 25(s + 1), (b3 was defined in
(7.29)). This makes Cy(k, s,b), the constant in (7.35), dependent only on k and s so we
denote ¢y := (. Fix an integer c3 such that

(8.4) cs > max{8k/c1,12s},

where ¢; is the constant from (4.28), and without loss of generality we may assume, that
n is divisible by c3, i.e., n = Nc¢3, where this defines N.
We divide I into N intervals

Eq = [2geq, T(g-1)e5] = Lges U+ Ul (g—1)es+1, ¢=1,...,N.

We will write j € UC (for ”Under Control”), if there is an « € I;, such that
(8.5) 15" (z)] < —-

and we will say that ¢ € G, if E; contains at least 2k — 5 intervals I; with j € UC. We
will say that q € G, if either ¢ € G1, or there is a ¢* € (G1, such that

V:0:177q*_Q7 if q*Zq

*

8.6 E¢.  NO #10,
(86) oty 7 {uzO,—l,...,q —q, if ¢* <q.

Note that if ¢ € G \ G1, then |¢ — ¢*| < 2s, hence (8.1), (8.5) and Lemma 12 imply
(5.7) 162" 5, <, qeG.

Now set

E = UqggEq,
and decompose S into a ”"small” part and a ”big” one by setting
{ S"(x), if =¢ E°,

0, if ze€Ee°
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and sy := S” — s1, and finally putting

x

Si(z) :=S(-1)+ (z+1)S"(-1) + / (x — u)s1(u)du,

—1

So(z) = /m (z — u)s2(u)du.

-1

(Note that s; and sg are well defined for x # z;, 0 < j < n, so that S; and Sy are well
defined everywhere and possess a second derivative again for x # z;, 0 < j < n. Thus

from now on whenever we write S;'(z) we will mean = # x;, 0 < j < n.) It follows from
(5.6) that S1,5; € X} | (Y). Evidently,

SY(z)d(z) >0, xzel, and Sy(x)d(z)>0, =ze€l.
Lemma 10 and (8.7) imply
a’kz(sl) S C,

which by virtue of (8.1) yields
(88) ak<52) <c+1< [C—|— 2] =:cC4.

The set E is a union of disjoint intervals F, = [a,, b,|, between any two of which there is
an interval E, with ¢ € G. We may assume that n > cscy, and write p € AG (for ” Almost
Good”), if F), consists of no more than ¢4 intervals E,, in particular it consists of no more
than czcy intervals I;. Set

F = Up¢ AGF D

and let

Sq4 1=

S"(x), if xeFe°,
0, otherwise,
and s3 := 5" — s4. Now put
xT

S3(x) :=S(=1) + (x +1)S"(-1) + / (x — u)s3(u)du,

—1

Sy(x) = /m (x — u)sq(u)du.

-1

Then evidently

(8.9) S3, 84 € B, (Ys),

(8.10) Sy (x)d(z) >0, zel,
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and
(8.11) Sy (x)do(x) >0, zel.

For p € AG, Lemma 12 and (8.8) imply
c

S5 ()] = |55 ()] < e

T € Fp.

Hence
(8.12) 1S4 (z)] < <

< rel,
P2

which by virtue of Lemma 10 yields, ax(S3) < ¢, whence by (8.1),
(8.13) ar(Ss) <c+1<[c+2] = cs.

In view of (8.9), (8.10), combining Theorem 4 with (8.12) and (6.3), we obtain the existence
of a polynomial r,, which is coconvex with S, and such that

(8.14) IS5 — rull < c.
Since

sq(z) =95"(x), =€F°,
then by (8.1) we have for p ¢ AG

(815) ak(54,F]f) = ak(S, F;) S ak(S) S 1.

Also for such p,
si(z) = S5 (x), =€ F)*.

Hence from (8.8)
(8.16) a(Sa, F)¢) = ay(Ss, F¢) < ap,(S2) < ca.

We still have to approximate S;. To this end, applying Lemma 9 we construct three
polynomials @,, and M,, of degree < cn and we let Dy, (-, S4) of degree cny, be defined by
(7.22).

We begin with Q),,. For each ¢ for which F, C F, let J, be the union of all intervals
I; C E, with j € UC. Recall that ¢ ¢ G, therefore by (8.4), the number of such intervals
is at most 2k — 6 < c3/4, and the total number of intervals in E; is c¢3. Thus Lemma 9 is
applicable for each E, and if we set

Qn = Z Qn('yquJq>7
E,CF
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where on the right-hand side are the polynomials guaranteed by Lemma 9 (Q, (-, Eq, Jq) =
0, if J, =0), and denote
J=J 7

E,CF

then we conclude that @,, satisfies

(8.17) Q' (x)d(x) >0, xe€l\F,

(8.18) Q" (2)5(z) > —”;;”), ze F\J,
4

(8.19) Q" (2)8(z) > 7;(258), zelJ

Note that (8.17), (8.18) and (8.19) follow since for any given x all relevant Q! (z, E,, J,),
except perhaps one, have the same sign. Finally, it follows from (4.30) that

(8.20) 1Qul < c.

Next we define the polynomial M,,. For each F), with p ¢ AG, let J,- denote the union of
two intervals in the left side of Fge \ Fp, and let J,+ denote the union of two intervals in

the right side of Fge \ F'p. Similarly, let F,,— and F,+ be closed intervals each consisting of
[ := c3cy intervals I; and such that J,- C F,- C Fge and J,+ C Fj,+ C Fp26. Now we set

Mn = Z (Qn('va+7Jp+)+Qn('7Fp—7‘]p_))'

PEAG

Since | = c3cq and p = 2, it follows from (8.4) that clﬁ > 2¢4. Again by Lemma 9

(8.21) MY (2)6(z) > —2”/()2”), v €F,
(8.22) M (2)5(z) > 204;(96), v € F2\ F,
and
" 7T(:I;‘) p 2ty 2e
(8.23) M, (x)o(x) > = (dist (:E,Fe)) , wel\F*



where in (8.23) we used the inequality

max{p, dist (x, F2¢)} < dist (z, F¢), z €1\ F*.
Finally, it readily follows from (4.30) that
(8.24) | M| < ec.

The third auxiliary polynomial the properties of which we need to recall is D,, :=
Dy, (-, S4). By (8.13) and the choice of b, Lemma 19 yields

(8.25) [S4 — Dy, || <c,

and Lemma 20 combined with (8.9) and (8.11) implies that for any proper interval A

S7(@) = D! ()] < 2T (s, 4) 4 2@ P e
4 ™ SN dist( ) ’

(8.26) =T 2 \disi(z, 1\ A
r € A.

Put nq := c5n, and write

(8.27) R, == Dy, + c2Qy + coM,.

By virtue of (8.20), (8.24), and (8.25), we obtain
154 = Rull < c.

Combined with (8.14), this proves (8.2) for P, := R,, + r,. Thus in order to conclude the
proof of Theorem 5, we should prove that (8.3) holds for our P,. To this end, we recall
that r, is coconvex with .S, so that we only have to deal with R,,. Since (8.26) holds for
any proper interval A, we will prescribe different ones as needed. As long as = € F, it
suffices to take A = F7, where p is such that x € Fj,. Then the quotient inside the big

parentheses in (8.26) is bounded by 1, for all z € F', and (8.15) and (8.26) yield

com(x)
2

ar(S1, Fy) + cacs(@) < QCZW(@

P2 M p?

(8.28)  [8Y(x) — Dy, (2)| <

, x€F.

If z € F?¢\ F, then it suffices to take A = Fg’e, where p is such that x € Fp26, and similarly
(8.16) and (8.26) imply

(i, B + T

< x € F?¢.
P2 m p?

<mm|ﬂm%0mm$Q$”
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Finally, if # € I\ F?¢, then we take A, to be the connected component of I \ F¢, that
contains x. Then by (8.26),

|54 (z) — Dy, ()]

(s+1)
com () cocsT(x) M p 2
< 20 A n
(8.30) - p? ar(Sa, 4) + p?  ny \dist(z, I\ A)

_ cn(z) P e xzel\F*
- p? dist(z, F¢) ’ .

Since by (8.27)
Ry (x)0(x) 2 e2Q()0(x) + oM/ (x)0(x) + Sy (x)0(x) — |95 (x) — Dy, (x)],  x €1,
it follows by (8.19), (8.21), (8.11) and (8.28), that

com(x)
2

R (z)6(x) > 4-2+0-2)=0, zel

If x € F'\ J, then (8.5) is violated so that

SY(x)o(x) > — > —n(x).
4 (2)0(x) 2= ()
Hence by virtue of (8.18), (8.21), (8.28), we get

com(x)

Ry ()0(x) = 2

(~1—2+5-2)=0, ze€F\J

Next, if x € F?¢\ F, then by (8.17), (8.22), (8.11) and (8.29), we obtain
(8.31) R/ (x)d(z) > 0.

Finally, (8.11), (8.17), (8.23) and (8.30) imply (8.31) for z € I \ F?°.

Thus, (8.31) holds for all € I, and so we have constructed a polynomial P,, satisfying
(8.2) and (8.3), for each n > ¢, divisible by ¢3. For all other n’s Theorem 5 follows by the
inclusion

Sk (Y2) C Bk g (Y)-

This completes the proof. [
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