Piecewise Uniform Subdivision Schemes

N. Dyn, J.A. Gregory and D. Levin

Abstract. Convergence and smoothness of piecewise uniform subdivision schemes are studied. Such a scheme is defined in terms of a sequence of uniform stationary binary schemes, each applied in a prescribed interval. Necessary and sufficient conditions are derived for the combined scheme to generate C^m limit functions, when the uniform schemes generate C^m limit functions. For the case of interpolatory schemes these conditions reduce to the analysis of the spectrum of a finite matrix.

§1. Introduction

One of the methods for constructing curves and surfaces in CAGD is by Binary Subdivision Schemes - BSS. Starting with a set P^0 of control points in IR^3 a stationary BSS, S_a, recursively defines new sets of points, P^1 = S_aP^0, P^2 = S_aP^1 and in general P^k = S^k_a P^0. A point of P^k is defined by a finite linear combination of points in P^{k−1}, with two different rules, or masks, in the curve case (univariate), and four masks in the surface case (bivariate). Such a scheme is called uniform since the coefficients of these masks are fixed. In each iteration the number of points is roughly doubled in case of curves, and is quadrupled in case of surfaces. Some BSS serve as tools for computing spline curves and surfaces (see [3], [7,8]) while other useful schemes introduced in CAGD converge to non-standard limits. For example see de Rahm [21], Catmull and Clark [4], Doo and Sabin [12], Dubuc [13], Deslauriers and Dubuc [11], Dyn, Gregory and Levin [15,16,17]. The convergence analysis of uniform BSS has been developed considerably in the last few years in a series of works [5], [9,10], [14], [13], [15,17], [18], [19,20].

The analysis of BSS for surface design is well developed for the case of a square grid topology of control points [5], [18], [14]. The case of general

Curves and Surfaces II 0 P. J. Laurent, A. Le Méhauté, and L. L. Schumaker (eds.), pp. 0–0. Copyright oc 1991 by AKPeters, Boston. ISBN 0-12-XXXX.

All rights of reproduction in any form reserved.

topology has been approached at by several authors, [4], [12], [1,2], [16], [22]. Stationary schemes for general topology can be analyzed almost everywhere by the square grid theory. Some useful necessary conditions for the convergence and the smoothness of the limit surface at the extraordinary points are known. Yet, the analysis of smoothness near an extraordinary point is not fully understood. Moreover, C^2 schemes for general topology are still not known.

In this work we discuss the analogue setting of extraordinary points in the univariate case, namely that of a piecewise uniform scheme defined in terms of a sequence of uniform schemes, each one operating on a different interval of IR. The boundary points of these intervals serve as a model of univariate extraordinary points. Given a sequence of C^m uniform schemes, we seek necessary and sufficient conditions for the combined scheme to be C^m. The sufficient conditions presented in this work were derived in 1992 jointly with John Gregory. The necessity part has been added reecently.

A univariate uniform BSS S_a is defined by a set of real coefficients {a_j : j ∈ ZZ} with a finite number of non-zero a_j ’s; the points in P^k = {p^k_j : j ∈ ZZ} , k ≥ 0 , are recursively defined by

p^{k+1}_i = ∑ j∈ZZ a_{i−2j} p^k_j , i ∈ ZZ . (1)

In (1) we find two rules, or masks, for even and for odd i, involving the non-zero coefficients a_j with even and with odd j’s respectively. One of the simplest examples is Chaikin’s algorithm [6] which converge to a quadratic B-spline curve

p^{k+1}_{2i} = 3 4 p^k_i + 1 4 p^k_{i+1} , p^{k+1}_{2i+1} = 1 4 p^k_i + 3 4 p^k_{i+1} . (2)

The scheme (1) is called interpolatory if a_{2i} = δ_{i,0} , i ∈ ZZ , since then P^k ⊂ P^{k+1} , and therefore P^0 ⊂ P^k , ∀k ∈ ZZ_+ .

An equivalent formulation to (1) is in terms of multiplication of the data vector P^k by a bi-infinite matrix, denoted also by S_a, of the form S_a = {a_{i−2j} }_{i,j∈ZZ} . The analysis of BSS can be reduced to the scalar case, namely to initial sets of control points f^0 = {f^0_j ∈ IR : j ∈ ZZ}. This is equivalent to analyzing one component of the vector valued function in IR^3, representing the curve in a parametric form. We say, that S_a is a (uniformly) convergent subdivision scheme if for every set of control points f^0 = {f^0_j ∈ IR : j ∈ ZZ} there is a continuous function f on IR such that for any interval [a, b] ⊂ IR

lim_{k→∞} sup 2�‘_{j∈[a,b]} | (S^k_a f^0)_2k�‘_j − f(2^{−ℓ}j) | = 0 , (3) and for some initial set of control points this f is not identically zero. We denote f in (3) by S^∞_a f^0, and call it a limit function of S_a or a function generated by S_a. We also introduce the notion of the basic limit function of a scheme S_a, ϕ = S^∞_a {δ_{0,j} } . Any limit function of the subdivision process can be expressed as

S^∞_a f^0 = ∑ j∈ZZ f^0_j ϕ(· − j) . (4)

The scheme S_a is called C^m if its basic limit function, and hence all functions generated by it, is C^m.

The interesting questions in the analysis of subdivision schemes are the conditions for convergence, and for the basic limit function to be C^m, formulated in terms of the masks of the scheme. Also interesting is the structure of the shift invariant space Φ = span{ϕ(· − j) , j ∈ ZZ} . In particular, are there polynomials in Φ, what is the approximation power of it and are {ϕ(· − j) , j ∈ ZZ} linearly independent. Let [L, U] denote the support of ϕ. We say that the subdivision scheme S_a is non-singular if it generates non-zero limit functions from non-zero initial data. It is called strongly non-singular if ∑ j∈ZZ f 0 j ϕ(x − j) ≡ 0 in [0, 1] implies f^0_j = 0, j = −U + 1, . . . , −L. A necessary condition for the convergence of a uniform BSS to C^m limit functions is given in [18] for interpolatory schemes and in [5] for the general case. This result states that S_a is C^m only if the shift invariant space Φ contains Π_m, the space of all polynomials of degree not exceeding m. The analysis of piecewise uniform schemes given here relies strongly on the above necessary condition and some of its consequences. In the next section we provide a new simple proof of this result.

§2. Necessary conditions for C^m uniform schemes

The results in this section are based on a recent result of Warren [23]. This result applies to non-uniform schemes given in terms of a bi-infinite two slanted matrix S with the property that S_{i,j} ≠ 0 =⇒ i − 2j ∈ K = {L, . . . , U} , L ≤ 0 , U ≥ 0 . (5) The operation of the scheme on a vector of data f^k is multiplication by the matrix S. The notion of convergence is as in (3) with S_a replaced by S.

Theorem 1. [23] Let S be a convergent BSS not necessarily uniform, which generates C^m limit functions, and let v be an eigenvector of S corresponding to an eigenvalue λ, namely Sv = λv . Then:

(i) If |λ| ≥ 2^{−m} , either S^∞v ≡ 0 or S^∞v = x^i for some 0 ≤ i ≤ m and λ = 2^{−i}. Also λ = 2^{−i} cannot have a generalized eigenvector u satisfying Su = λu + v. (ii) If 0 < |λ| < 2^{−m} , then (S^∞v)^{(i)}(0) = 0 , i = 0, , . . . , m . (iii) All the non-zero eigenvalues of S are eigenvalues of the finite matrix S|_E = {S_{i,j}}_{i,j∈E} , where E is any index set containing −K. The corresponding generalized eigenvectors of S are uniquely determined as extensions of the corresponding ones of S|_E .

The proof of this result is based on the observation that for v and u as above S^∞v(x) = λS^∞v(2x) , and that S^∞u(x) = λS^∞u(2x) + S^∞v(2x) . The continuity of the derivatives of order ≤ m at zero of S^∞v and S^∞u implies the consequences of the theorem.

The application of the above result to uniform C^m schemes yields the following necessary conditions.

Theorem 2. Let S_a be a uniform scheme which generates C^m limit functions. Then Π_m ∈ Φ. Moreover there exists bi-infinite vectors v_i , i = 0, . . . , m , such that S_av_i = 2^{−i}v_i , S^∞_a v_i = x^i , i = 0, . . . , m . (6)

In case S_a is non-singular then v_i = p_i|_{ZZ} with p_i a monic polynomial of degree i , i = 0, . . . , m , and Π_m|_{ZZ} is an invariant subspace of S_a .

Proof: Let f^0 be any initial data vector for the subdivision process. It follows that only the finite data set f^0|_{−K} contributes to S^∞_a f^0|_{[−1,1]}. By part (i) of Theorem 1 there is a set N ⊂ {0, . . . , m} such that (6) holds for i ∈ N, and v_i|_{−K} determines the limit function x^i in [−1, 1] for i ∈ N. We would like to show that N = {0, . . . , m}. Expanding f^0|_{−K} in the eigenvectors of S_a|_{−K} we can write f^0|_{−K} = ∑ i∈N d_iv_i|_{−K} + u + w , where u is in the span of the generalized eigenvectors of S_a|_{−K} corresponding to non-zero eigenvalues with module less than 2^{−m} , and w is in the null space of S_a|_{−K} . If j ∈ {0, . . . , m} \ N then (S^∞_a f^0)^{(j)}(0) = 0 .

This follows from the definition of N, from parts (ii),(iii) of Theorem 1, and since

S_a|_{−K} (w) = 0 , which implies that w does not contribute to the limit function on [−^1_2 ,^1_2 ]. For a uniform scheme the point 0 is not a special point, and by the same argument we have (S^∞_a f^0)^{(j)}(x) = 0 at all diadic points. Since (S^∞_a f^0)^{(j)} is continuous, it must be identically zero for any f^0, which is impossible since S^∞_a δ = ϕ is non-zero and compactly supported. Thus (6) must hold, and Π_m ∈ Φ.

In case the functions {ϕ(· − i) , i ∈ ZZ} , are linearly independent then v_0 is the only initial data generating the constant function 1. That v_0 is identically 1 follows from the fact that masks of convergent uniform schemes satisfy ∑ i∈ZZ a2i = ∑ i∈ZZ a2i+1 = 1. Now, the initial data Δ iv_i/i! where Δ is the forward difference operator (Δu = u_{·+1} − u for vectors and Δf = f(· + 1) − f for functions), generates the limit function Δ^ix^i/i! = 1, by the linearity of the scheme. Thus Δ^iv_i/i! = v_0, implying that v_i coincides with the restriction to ZZ of a monic polynomial of degree i. Since {v_i}_{i=0,...,m} is a basis of Π_m|_{ZZ} it thus follows that Π_m|_{ZZ} is invariant under S_a.

The above result can be proved in the multivariate setting by the same method.

§3. Smoothness of piecewise uniform subdivision schemes

The analysis of a piecewise uniform scheme can be reduced to that of a scheme determined by two uniform schemes each applied on a different side of a contact point. This is the case whenever the supports of the masks of all the uniform schemes are jointly bounded. After enough iterations each boundary point of an interval where a uniform scheme is applied is affected only by the two schemes applied in its neighboring intervals.

Let S_a+ and S_a� be two finitely supported C^m BSS with coefficients {a^+_j : j ∈ ZZ} and {a^−_j : j ∈ ZZ} respectively. We denote the basic limit functions of the above schemes by ϕ^+ and ϕ^−, with supports (L^+, U^+) and (L^−, U^−) respectively. Let us assume that L^± ≤ 0 and U^± ≥ 0.

We define the combined subdivision scheme S by :

f^{k+1}_i = ∑ j∈ZZ a^+_{i−2j} f^k_j , i ∈ ZZ_+ (7) and f^{k+1}_i = ∑ j∈ZZ a^−_{i−2j} f^k_j , i ∈ ZZ_− , (8)

where ZZ_+ = {i : i ≥ 0} and ZZ_− = {i : i < 0}. By the finiteness of the supports of S_a+ and S_a�, there exists an integer M > 0, such that the limit function generated by S in the interval I^+_k = 2^{−k}[M, 2M] is given by

F^+_k (x) = ∑ i∈J+ f^k_i ϕ^+(2^kx − i) , (9) and in I^−_k = −I^+_k by

F^−_k (x) = ∑ i∈J� f^k_i ϕ^−(2^kx − i) , (10)

where J^+ = {M − U^+ + 1, . . . , 2M + L^+ − 1} , and J^− = {−2M − U^− + 1, . . . , −M + L^− − 1} . Note that ∪^∞_{k=0}I^+_k = (0, 2M], and ∪^∞_{k=0}I^−_k = [−2M, 0), and thus the limit function is C^m at any point of these intervals. After showing that the scheme is C^0, to show that the combined scheme is C^m it is sufficient to prove that, for any initial data f^0, the derivatives up to order m from the left and the right of the origin tend to the same finite limits.

To follow the functions F^±_k generated by the process we define the matrix A which maps the values f^k|_J+_{∪J}� determining F^±_k onto the values f^{k+1}|_J+_{∪J}� determining F^±_{k+1}. That is, the matrix A is defined on the set of indices J = {−2M − U^− + 1, . . . , 2M + L^+ − 1} , by

A_{ij} = a^+_{i−2j} , i ∈ J ∩ ZZ_+ , A_{ij} = a^−_{i−2j} , i ∈ J ∩ ZZ_− , mapping u^k = f^k|_J onto u^{k+1}. By part (iii) of Theorem 1, any eigenvector of A corresponding to a non-zero eigenvalue can be extended to an eigenvector of S with the same eigenvalue. Also the non-zero eigenvalues of A are the non-zero eigenvalues of the smaller matrix {A_{i,j} }_{i,j∈} ~_J , ~J = {−n, . . . , n − 1} , with 2n greater or equal the maximal number of non-zero elements in one column of A. The corresponding eigenvectors are the restriction of those of A to the index set ~J.

The following Theorem states necessary and sufficient conditions for C^m smoothness of the combined scheme (7)-(8). It is stated in terms of the eigenvalues and eigenvectors of the matrix A. If S_a+ and S_a� are C^m schemes, then by Theorem 2 the bi-infinite matrices S_a+ and S_a� have eigenvectors v^+_i and v^−_i respectively, with eigenvalues λ_i = 2^{−i}, such that S^∞_a�v^±_i = x^i, i = 0, . . . , m. Theorem 3. Let S_a+ and S_a� be two finitely supported C^m subdivision schemes. Let T = [−U^+/2, −(L^− + 1)/2] ∩ ZZ , and

I = {i : v^+_i |_T = v^−_i |_T , 0 ≤ i ≤ m} . (11)

The combined scheme S given by (7)-(8) is C^m if (a) For any i ∈ I λ = 2^{−i} is a simple eigenvalue of A. (b) All other eigenvalues of A have module less than 2^{−m}.

Moreover, if S_a+ and S_a� are strongly non-singular then conditions (a)- (b) are also necessary for S to be C^m.

Proof: Let us first assume that (a) and (b) are satisfied. For i ∈ I define the concatenated vector v_i by v_i|_{ZZ}� = v^−_i |_{ZZ}� and v_i|_{ZZ}+ = v^+_i |_{ZZ}+. It follows from (7),(8) and (11) that u_i = v_i|_J is an eigenvector of A with an eigenvalue 2^{−i}. We know that the limit function of S_a+ with initial data v^+_i , and of S_a� with initial data v^+_i is x^i. By (7),(8) and (11)

S^kv_i|_{ZZ}� = S^k_a�v^±_i |_{ZZ}� , k ∈ ZZ_+ . (12)

Thus the combined scheme (7)-(8), starting with the data vector v_i generates S^∞_a+v^+_i for x ≥ 0 and S^∞_a�v^−_i for x < 0. Hence, for i ∈ I, the limit function of the combined scheme generated from the initial data u_i, is x^i.

By (a) and (b), a general initial data vector defined on the set J can be written as f^0|_J = ∑ i∈I α_iu_i + u^∗ , (13)

with ‖A^ku^∗‖_∞ ≤ C(0.5 − ε)^{mk} ‖u^0‖_∞ , (14)

for some ε ∈ (0, 0.5). From the initial data ∑_m i=0 α_iu_i S generates on [−2M, 2M] the limit function ∑_m i=0 α_ix^i, which is evidently a C^m function.

Let F^±_k denote the limit function on I^±_k of the combined scheme starting with the initial data vector u^∗. It follows from (9) that d^ℓ dx^ℓ F^±_k (x) = 2^{kℓ} ∑ i∈J� (A^k u^∗)_i d^ℓϕ^± dx^ℓ (2^kx − i) , ℓ ≤ m . (15)

Now by (14), and since ϕ^± has m bounded derivatives, max x∈I�_k | d^ℓ dx^ℓ F^±_k (x)| ≤ C2^{kℓ}(0.5 − ε)^{mk}‖u^∗‖_∞ → 0 as k → ∞ . (16) The limit function of the combined scheme starting with the initial data u^∗ is clearly C^0 by the fact that (A^ku^∗)_0 → 0 as k → ∞, and by using (16) for ℓ = 0. Further, by using (16) for ℓ = 1, . . . , m, it follows that this limit function is C^m at x = 0.

The proof of the necessity of (a)-(b) is based on Theorem 1. By the strong non-singularity of S_a+ and S_a� we rule out the possibility of an eigenvector of S generating the zero limit function. Hence, the possibility of a multiple eigenvalue λ_i = 2^{−i}, 0 ≤ i ≤ m, or an eigenvalue λ ≠ 2^{−i} , |λ| > 2^{−m} , is excluded and (b) must hold. If Au = λu with λ = 2^{−i}, for some i , 0 ≤ i ≤ m, then S^∞u = x^i , and by the strong non-singularity of S^±_a , u|_J+ = v^+_i |_J+ and u|_J� = v^−_i |_J� . Moreover, by the two-slanted structure of A it follows that the vector u_i coincides with v^+_i for i ≥ −U^+/2 and with v^−_i for i ≤ −(L^− + 1)/2, and thus (a) follows.

Corollary 4. Let S_a+ and S_a� be two finitely supported non-singular C^m subdivision schemes, with corresponding matrix A having |J|−m−1 eigenvalues with module less than 2^{−m}, counting multiplicities. The combined scheme S is C^m if S_a+(p|_{ZZ}) = S_a�(p|_{ZZ}) , ∀p ∈ Π_m . (17)

In case S^+_a and S^−_a are strongly non-singular and |T | = m, then (17) is also necessary for S to be C^m.

Proof: By Theorem 2 and the non-singularity of S^±_a , the eigenvector of S^±_a corresponding to the eigenvalue 2^{−i} is the restriction to ZZ of a monic polynomial of degree i. Hence by (17) v^+_i = v^−_i , i = 0, . . . , m , the set I in (11) is {0, . . . , m} , and v^±_i is an eigenvector of S corresponding to the eigenvalue 2^{−i} for all i ∈ I. This together with the assumption on the matrix A implies (a)-(b), and the first part of the corollary follows from Theorem 3. For the second part, the assumption on the matrix A together with the second part of Theorem 3 implies that I = {0, . . . , m} . Now, the fact that the eigenvector of S^±_a corresponding to the eigenvalue 2^{−i} is the restriction to ZZ of a monic polynomial of degree i, implies that if |T | ≥ i then v^+_i = v^−_i . Thus (17) holds for a basis of Π_m and hence for all Π_m .

Corollary 5. The combined scheme S is C^m if S_a+ and S_a� are finitely supported interpolatory C^m schemes and A has |J| − m − 1 eigenvalues with module less than 2^{−m}, counting multiplicities.

Proof: Any interpolatory scheme has the property that if the limit function generated from f^0 is a polynomial p then f^k = p|_2�k_{ZZ} for all k ∈ ZZ_+. Hence an interpolatory C^m scheme has eigenvectors v_i = x^i|_{ZZ} , i = 0, . . . , m . Thus by Corollary 4 the claim follows.

References

1. Ball, A. A. and D. J. T. Storry, Conditions for tangent plane continuity over recursively defined B-spline surfaces, ACM Transactions on Graphics 7 (1988), 83–102.

2. Ball, A. A. and D. J. T. Storry, An investigation of curvature variations over recursively generated B-spline surfaces, preprint (1989).

3. Boehm, W., G. Farin and J. Kahmann, A survey of curve and surface methods in CAGD, Comp. Aided Geom. Design 1 (1984), 1–60.

4. Catmull, E. E. and J. H. Clark, Recursively generated B-spline surfaces on topological meshes, Computer Aided Design 19 (1978), 350–355.

5. Cavaretta, A. S., W. Dahmen, and C. A. Micchelli, Stationary Subdivision, Memoirs of AMS, No. 453, 1991.

6. Chaikin, G. M., An algorithm for high speed curve generation, Computer Graphics and Image Processing 3 (1974), 346–349.

7. Cohen, E., T. Lyche and R. Riesenfeld, Discrete B-splines and subdivision techniques in Computer-Aided Geometric Design and Computer Graphics, Computer Graphics and Image Processing 14 (1980), 87–111.

8. Cohen, E., T. Lyche and R. Riesenfeld, Discrete box splines and refinement algorithms, Comp. Aided Geom. Design 2 (1984), 131–148.

9. Daubechies, I. and J. Lagarias, Two scale difference equations I. Existence and global regularity of solutions, SIAM J. Math. Anal. 22 (1991), 1338– 1410.

10. Daubechies, I. and J. Lagarias, Two scale difference equations II. Local regularity, infinite products of matrices and fractals, SIAM J. Math. Anal. 23 (1992), 1031–1079.

11. Deslauriers, G. and S. Dubuc, Interpolation dyadique, in Fractals, dimensions non entieres et applications, ed. G. Cherbit, Masson Paris, 1989.

12. Doo, D. and M. Sabin, Behaviour of recursive division surfaces near extraordinary points, Computer Aided Design 10 (1978), 356–360.

13. Dubuc, S., Interpolation through an iterative scheme, J. Math. Anal.

Appl. 114 (1986), 185–204.

14. Dyn, N., Subdivision schemes in computer-aided geometric design, in Advances in Numerical Analysis II, Wavelets, Subdivision algorithms, and Radial Basis Functions, W.A. Light (ed.), Clarendon Press, Oxford, 1992, 36–104.

15. Dyn, N., J. A. Gregory and D. Levin, A four-point interpolatory subdivision scheme for curve design, Comp. Aided Geom. Design 4 (1987), 257–268.

16. Dyn, N., J. A. Gregory and D. Levin, A butterfly subdivision scheme for surface interpolation with tension control, ACM Trans. on Graphics, 9 (1989), 160–169.

17. Dyn, N., J. A. Gregory and D. Levin, Analysis of uniform binary subdivision schemes for curve design, Constr. Approx. 7 (1991), 127–147.

18. Dyn, N. and D. Levin, Interpolating subdivision schemes for the generation of curves and surfaces, in Multivariate Interpolation and Approximation, W. Haussmann and K.Jetter, eds., Birkhauser Verlag, Basel, 1990, 91–106.

19. Micchelli, C. A. and H. Prautzsch, Computing curves invariant under halving, Comp. Aided Geom. Design 4 (1987), 133–140.

20. Micchelli, C. A. and H. Prautzsch, Uniform refinement of curves, Linear Algebra and Applications 114/115 (1989), 841–870.

21. de Rahm, G., Sur une courbe plane, J. de Math. Pures & Appl. 35 (1956), 25–42.

22. Reif, U., A unified approach to subdivision algorithms near extraordinary vertices, Comp. Aided Geom. Design (1994), to appear.

23. Warren, J., Binary subdivision schemes for functions over irregular knot sequences, this volume.