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ÓÊÔ�ÕfÖØ×ÙÖÛÚØÜ�Ý`ÞÂÔjÝ~ßªàªáâÝHãäãoå æ�ãâÚÛçfèHÝqáâÝqãäÞoé�áÂêwÞâÚÛÞÂÕª×fÝ`ÞÂÔjå æ ê�×>ë>ÚÛãâÔNáqì²í¶áâÔwî;ÝHãâãäÔNá¶ï
ÝHÔNçfÚÛ×Cí/ÔNÖðÞÂÝHáäÔDë1ÚØè½ñ�ò
Òoê�åÑÚÛçf×fÝqóªÞÂÝq×JÞÂÔ ñfÚÛå�î;Ô�átàfáäÔDë1ÚØ×fÚÛçfé�å-ÝyÓvÚÛÞâñJÚØç²ëwê�ÖÛÕôê�ófÖÛÝvãâÕfàfà$Ô�áäÞ<ì>èHÔNçªãäÞ½êwçGÞ{ÝHçªèHÔNÕªáÂê�éNÝqå5ÝqçGÞHì
ê�çf×EèHÖÛÔNãâÝ é�ÕfÚØ×ôêwçfèHÝ ÚÛç�ÞâñfÝÙèqÔNÕfáäãâÝÙÔ�îoå æ	áâÝHãäÝ<ê�áäè~ñEÓÊÔNáâÜ%î;ÔNá­å-ÔNáâÝSÞÂñôêwçEõªëNÝÙæNÝHê�áâãqò�ö­ÚÛã­ëwêwãäÞ
ÜGçfÔDÓiÖØÝH×ªéNÝ�ìt×fÝqÝHà�ÚÛçfãâÚÛéNñGÞâãHìoáâÝHå5ê�áäÜÍê�ófÖÛÝ�ÞÂê�ÖØÝqçGÞÙÞÂÔ¥ãâÚÛå5àfÖÛÚðî÷æøèqÔNå-àfÖØÚÛè<êwÞâÝH×§àfáäÔNófÖÛÝHå-ãHì`ê�çf×ùñfÚÛã
ÞÂáäÝHå-ÝHçf×ªÔNÕfã�Ý~ßªà$ÝqáâÚÛÝHçfèqÝEÓÊÝHáäÝEÞâñfÝEó$ÝHê�èqÔNçrÞÂñôêwÞJèHÔNçªãäÞ½ê�ç²ÞÂÖðæ�éNÕfÚÛ×fÝH×rå æùãäÞâÝHà�újÝqëNÝqáäæGÞÂñfÚÛçfé§Ò
ÜGçfÔDÓ�êwó$ÔNÕªÞvåJêwÞâñfÝHå5êwÞâÚÛè<ê�Ö(áâÝqãâÝ<êwáâè½ñ�ÕªÖÛÞÂÚÛå5êwÞâÝHÖðæ5èHÔ�å5Ýqãiî;áâÔNåûñªÚØå	ò
Ò]ê�å"éNáâêwÞÂÝÌî;ÕfÖfÞÂÔ�êSçGÕfåÙó$ÝHá`Ôwî
êw×f×fÚÛÞâÚØÔNçfê�Öªà$ÝHÔNàªÖØÝiî;ÔNá¶ÞÂñfÝqÚØáoñªÝHÖØà5ê�çf×5ãäÕfàfà$ÔNáÁÞ<ò]ü/Ô�å æCèqÔNÖÛÖ÷ê�ó$Ôwý
áÂêÍÞÂÔNáqì�þ�áqòwÿvÔDæ��xêwéNçfÝHáqìwî;Ô�ámñfÚÛãmèHÔNç²ÞÂáäÚØófÕªÞâÚØÔ�çfã
ÞÂÔ­ÔNÕfá��äÔNÚØç²ÞMÓÊÔNáäÜQò8ümÔjí¶áâÔ�î;ÝqãâãäÔNá���ÚØè½ñôê�ÝqÖ��ÊÚ÷ê�ÖðæNì
í¶áâÔ�î;ÝqãâãäÔNáCí8êwÕfÖ��ÊÚÛáÂê�ç�ì8í¶áâÔ�î;ÝqãâãäÔNá	�	ÚØè½ñôê�ÝqÖ�
¶çGÞâÔDë$ìoí¶áäÔ�î;ÝHãäãâÔNá��jÚðÞ½ê�ÖÛÚ
��ÚØÖÛåJêwç�ì/ê�çf×§þ�áqò��ôÝHÖÛÚðß
� è½ñfÖÛÝHçfÜJî;ÔNáiå5ê�çGæ�ñªÝHÖÛàªî;ÕfÖ�ãâÕféNé�ÝHãäÞâÚØÔNçªãHìfî;áâÕªÚÛÞâî;ÕªÖ�×ªÚØãâèqÕfãâãäÚØÔNçªã­ê�çª×	ÚØÖØÖðÕfå-ÚðçôêwÞâÚÛçféÙèHÔ�å5å-ÝHç²ÞÂãHò
þ�ÕfáäÚØçfé�å æC×ªÔ1èqÞÂÔ�áÂê�ÖfãäÞâÕf×fÚØÝqãHì1Ò/ñôê�×PÞÂñªÝyñfÔ�çfÔNá`êwçf×PÞÂñfÝvàfáâÚðë1ÚØÖÛÝHéNÝÊÞâÔSó$ÝvÞâñfÝyé�ÕfÝHãÁÞtÔ�î�í¶áäÔ�î;ÝHãäãâÔNá
�tê�Ü�Ô3ë�
¶ÖÛÚ÷ê�ãäñ1ó$ÝHáäé ÚÛç � ÞÂê�çªî;ÔNáä×��­çfÚðëNÝHáäãâÚÛÞºæNìÊí¶áâÔ�î;ÝqãâãäÔNá5þ�ÕfãÂê���è<þ­Õ��uÚÛç � ÞâÔNçGæ��ÊáâÔ1Ô�Ü��­çfÚ´ý
ëNÝHáäãâÚðÞAæ�ìMí¶áâÔwî;ÝHãâãäÔNá���êÍÞâÞÂñªÚ÷ê�ã � è½ñGÓÊê�á��CÚÛçEÞâñfÝ	��êÍßGýAí¶Ö÷êwçfè½Ü�ÒºçfãäÞâÚÛÞÂÕ>ÞÂÝ�ì�ïMÝqÚØà��qÚØéªì�ê�çª× í¶áäÔ�î;ÝHãäãâÔNá
ö­ÝqÖØåÙÕªÞCö­Ô�î;ÝqáCÚØç��ÊÔNÕfáâê�çGÞPÒºçªãäÞÂÚðÞÂÕªÞâÝ�òøÒ ê�å¦×fÝHÝqàfÖÛæxéNáâêwÞÂÝÌî;ÕfÖÊÞâÔ ê�ÖÛÖÊÔ�îvÞÂñfÝqå î;Ô�áCéNÚðë1ÚØçféEå-Ý
ÞÂñªÝ�ÔNàfà$Ô�áäÞÂÕªçfÚÛÞºæ�ÞÂÔ5àªáâÝHãäÝHç²Þjå æ*ÓtÔNáâÜGãHìQî;ÔNávÝHçfÖÛÚØé�ñGÞÂÝqçfÚØçªé-èqÔNç²ëNÝHáâãâêwÞÂÚÛÔNçfãqì(ê�çf×	î;ÔNávÞâñfÝHÚÛávÓÊê�áâå
ñfÔNãäàfÚÛÞÂê�ÖØÚðÞºæ�ò
üiñfÚÛãPáâÝqãâÝHê�áâè½ñùÓ{ê�ãPàôêwáäÞÂÚØê�ÖÛÖðæ ãâÕªàfà$ÔNáäÞâÝH×�ó²æxÞÂñªÝ%Òºãâáâê�ÝHÖ � èqÚØÝqçfèHÝ��ôÔNÕfçf×fêwÞÂÚÛÔNç§éNáÂêwçGÞ
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üiñfÝ�êwÕªÞÂñfÔ�áiÓvÚÛãâñfÝqãvÞÂÔCÞÂñôêwçfÜJÞÂñªÝ�Ò � �§î;ÔNá{ÞÂñªÝHÚØá{õfçôê�çfèqÚ÷ê�Ö�ãäÕfàfà$ÔNáÁÞ<ò
� ç�êPå-ÔNáäÝTà$ÝHáäãâÔNçôêwÖMçªÔ�ÞÂÝjý
Ò­êwå éNáÂêÍÞÂÝÌî;ÕfÖ/ÞÂÔ�å æ�å-Ô�ÞÂñªÝHájê�çf×nãâÚÛãäÞÂÝqájî;Ô�ájàfáäÔDë1ÚÛ×fÚØçféJå5Ý�ÓvÚÛÞâñnèHÔNçªãäÞ½êwçGÞ�ÖÛÔDëNÝÙê�çf×nãâÕfàfà$Ô�áäÞ
×fÕfáäÚØçféJê�ÖÛÖ
ÞÂñfÝqãâÝ�æNÝ<ê�áäãHì�ê�çª×�î;ÔNá­ê�ÖØÖ�ÞÂñfÝqÚØáyàôêwÞÂÚÛÝHçªèHÝ ê�çf×EÕªçf×fÝHáäãäÞÂê�çf×fÚÛçféfòyÒ{ÓÊÔNÕªÖØ×Eê�ÖÛãâÔ5ÖØÚÛÜ�Ý�ÞÂÔ
ÞÂñfê�çfÜøå æ î;áäÚØÝqçf×fãHò! ãâà$ÝHèqÚ÷ê�ÖtÞÂñôêwçfÜGãPéNÔ1ÝqãÙÞÂÔ � ñfÚØáäÚ� ­áäÞÂãÁÞÂÝqÚØç>ý" më1ÚØ×ôêwçxî;ÔNáÙàfÕªÞäÞÂÚÛçfénÕfà§ÓvÚðÞÂñ
å æEÝqáâáÂêÍÞÂÚØèÙå5Ô1Ô1×fãTê�çf×¥î;ÔNájó(ÝqÚØçªé	×ªÚØáâÝqèqÞâÖÛæ�áâÝHãäà$ÔNçfãäÚØófÖÛÝCî;ÔNáTå æ�×fÝHèqÚØãâÚÛÔNçnÞÂÔ%àfÕªáâãâÕfÝ-ê	í¶ñ�ò þ òÛú
ÞÂÔ � ñfê�å-é²ê�á$#TÕfáâÝÌë>ÚÛè~ñrî;ÔNá�×ªáÂê�éNé�ÚØçféøå5Ý�ÞâÔxÞÂñfÝnà$Ô1Ô�ÖjêwÞ�ÞÂñªÝnÝHçf×�Ô�îSÝ~ßªñfê�ÕfãäÞâÚØçfé�×fê3æ1ãHúTÞÂÔ
�ÊÔ�% ê&�Sê�çf×� ]æNÝHÖÛÝqÞ('TÖØê�áäÞÂê�éÙî;ÔNávå5ê�çGæJÞÂñfÚÛçféNãqìQê�çf×�êwÖØãâÔCî;ÔNávé�áÂê�çf×ªåJê)�Êñôêwçôê�% ã­ãÂêwÖ÷êwÞvñôêÍÞ*�HÚÛÖØÚÛå%ú
ÞÂÔ ÒºÖðæ²ê üoæNÔNå5ÜGÚÛçùî;ÔNá-ÜGÚÛçf×fÖðæ�Ý~ß>àfÖ÷êwÚØçfÚÛçfénÞÂÔ å-Ý	å5êwÞÂñªÝHå5êwÞÂÚÛèHê�Ö{çfÔ�ÞâÚØÔNçªãPÓvñfÝqçrÒ�Ó{ê�ã-æNÔNÕªçfé
ê�çf×�èHÔ�çªî;ÕfãâÝq×�ú�ê�çf×�ìÊÖ÷ê�ãÁÞÂÖÛæ�ì`ÞÂÔ�
¶áâÝ+�,#�áäÝHÝHçªãäÞÂÝqÚØç�ì{þjê�ç-��ê�çªéNÔNÕfóªÚ ì.#�ê�ófÚ/�ÊÝqç>ý � ÚÛå5Ô�ç�ìÊþjê�çªÚ
� �qàfáâÕfè½ñ�ìfï
ÝÌë0�ÊÕªñfÔDë1ãâÜ²æ�ìôê�çf×�ÿvÔNçfç²æ5ö�êw×ôê�çfÚQî;Ô�á`ÞâñfÝHÚÛáoî;áâÚÛÝHçf×fãäñfÚØàOì1ãâÕfàªà$ÔNáäÞHìfêwçf×JãäÞÂÚÛåÙÕfÖ÷êÍÞÂÚðçfé
å5êwÞÂñfÝqåJêÍÞÂÚÛè<êwÖO×ªÚØãâèqÕfãâãäÚØÔNçªãHò
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a ò a � æ>å-àfÖÛÝHèqÞâÚØè���êwçfÚÛî;Ô�ÖØ×fãnòSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò a>b
a ò b ïMê�é�áÂê�çfé�Ú÷ê�ç � Õfófå5ê�çfÚðî;ÔNÖÛ×fãjò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò a<c
a ò c üiñªÝd#�áäÔNÕfà%Ô�î8ö�ê�å-ÚØÖðÞâÔNçªÚØê�ç*þ�Ú3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå-ã ò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò afe
a ò e öyÔ�î;ÝHá+% ãvå-ÝqÞÂáäÚØèjÔNç�ö­ê�å
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` h 8i9>j4Llk(mn9<;>L�O�QoMPEp9qY�=Grts�=ur"L^;�vwT)xyL_9<;zEPC J�{
b ò a Òºç²ÞÂáâÔ1×ªÕfèqÞâÚØÔNç	ê�çf×�ÿvÝHãäÕfÖÛÞâã ò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò a<|
b ò b  �ãâñfÔNáÁÞyÔNÕªÞâÖØÚØçªÝjÔ�î/ÞâñfÝSí¶áâÔ1Ô�î;ãCòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò a<}
b ò c 
8ß1ÞÂÝqçf×fÚÛçfé-ÞâñfÝ�çfÔNáâå ê�çª×�íoáäÔ1Ô�î8Ôwî8üiñfÝqÔNáâÝqå b ò a ò c ò�òSòSòSò�òSòSò�òSòSòSò�òSò bUa
b ò e í¶áâÔ1Ôwî8Ô�î/üiñfÝHÔ�áâÝHå b ò a ò b òSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò b&|
b ò g ümÝHè½ñfçªÚØè<êwÖmï
ÝHå-å5ê�ã ò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò b&}
b ò | �ôÕfáÁÞÂñfÝqávÒºçªî;ÔNáäåJêÍÞÂÚÛÔNç��ÊÔ�çfèHÝqáâçfÚÛçfé-ÔNÕfá/~­ÔNáäå5ã{òSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò c�a
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c ò a Òºç²ÞÂáâÔ1×ªÕfèqÞâÚØÔNç	ê�çf×l��êwÚØç	ÿvÝHãâÕªÖÛÞÂãiòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò c&e
c ò b í¶áâÔ1Ôwî8Ô�î/üiñfÝd��êwÚØç%üiñfÝqÔNáâÝqå òSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò c�|
c ò c #TÝHÔ1×ªÝHãâÚÛèHãvÚØç	ö­ê�å

(M,ω)
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e ò a Òºç²ÞÂáâÔ1×ªÕfèqÞâÚØÔNç	ê�çf×�ÿvÝHãäÕfÖÛÞâã ò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò e�e
e ò b í¶áâÝqÖØÚÛå5Úðçôê�áäÚÛÝqãiÔ�çl�{ê�Ö÷êwófÚn�GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå òSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò e_�
e ò c üiñªÝd�jÕôê�çGÞâÕfå ñªÔNå5Ô�ÖØÔNéwæJÔwî8ÔNÕªávå5ê�ÚØç�ÝÌßªê�å-àfÖØÝqã�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò g&�

e ò c ò a üiñfÝ��GÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖÛÔNéwæ�ê�ÖÛéNÝHóªáÂê�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò g&�
e ò c ò b üiñfÝSèHê�ãâÝSÔwî

S2 × S2 òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò g�b
e ò c ò c üiñfÝSèHê�ãâÝSÔwî

CP 2#CP 2
òSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò g&c

e ò e í¶áâÝqÖØÚÛå5Úðçôê�áäÚÛÝqãiÔ�ç]�8ÖØÔ1Ýqá{ñfÔNå-ÔNÖØÔ�é�æ*ò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò g&|
e ò g üiñªÝ�
8ßªÚÛãäÞâÝHçfèqÝ�Ô�î8ê��{ê�ÖØê�ófÚ@�jÕôê�ãâÚ´ýºå-ÔNáäàfñfÚÛãâå òSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò |�a
e ò | ÿvÝHãÁÞÂáâÚÛèqÞâÚØçfé

r̃
ÞÂÔCÞÂñfÝTî;Õªçf×ôê�å-ÝHç²Þ½ê�Ö�éNáäÔNÕfà%Ô�î

Ham(M)
òSò�òSòSòSò�òSòSò�òSòSòSò |_g

e ò | ò a ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç�õôófáâêwÞÂÚÛÔNçfãiÔ3ëNÝHáiÞÂñfÝTÞºÓÊÔ-ãäàfñfÝHáäÝ òSòSòSò�òSòSò�òSòSòSò�òSò |_g
e ò | ò b üiñfÝ � ÝqÚØ×fÝqÖ
áâÝqàfáâÝqãâÝqçGÞÂêwÞÂÚÛÔNç òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò |�|
e ò | ò c ÿyÝqÖ÷êwÞâÚØÔ�ç�ÓvÚÛÞâñ%ÞâñfÝ�ãâà$ÝqèqÞÂáâê�ÖMÚÛçGëÍê�áâÚØê�çGÞnòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò |_�

e ò � í¶áâÔ1Ôwî8Ô�î/üiñfÝHÔ�áâÝHå e ò a ò b òSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò |�}
e ò � ò a üiñfÝSèHê�ãâÝ�Ô�î

S2 × S2 òTòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò |��
e ò � ò b üiñfÝSèHê�ãâÝ�Ô�î

CP 2#CP 2
òSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò �&�

e ò } í¶áâÔ1Ôwî8Ô�îmÞÂñfÝSí/ÔNÚÛçfèHê�á��T×fÕôê�ÖÛÚÛÞºæJÖÛÝHå-åJê ò�òSòSòSò�òSòSò�òSòSòSò�òSòSò�òSòSòSò�òSò �Ua
��EF��MPEF=u�u;>Q�[Dj:Y �U�
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üiñfÝCå5ê�ÚÛçEÔ�óU�äÝqèqÞTÔ�îoÞâñfÚØã­ÞÂñªÝHãâÚÛãjÚØã­ÞÂñfÝÙéNáäÔNÕfànÔ�î`ö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwç�×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå-ã�ö­ê�å
(M,ω)ê�ãäãâÔ1èHÚØêwÞÂÝq×�ÓvÚðÞÂñ�ê-ãäæ1å-àfÖØÝqèqÞÂÚÛèSå5ê�çªÚÛî;ÔNÖð×

(M,ω)
ò � æ1å-àfÖØÝqèqÞÂÚÛè�åJêwçfÚÛî;ÔNÖð×fãvê�àfà$ÝHê�áyçôêwÞÂÕªáÂê�ÖÛÖÛæJÚØç

ÞÂñªÝJö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçnî;ÔNáâåÙÕfÖØêwÞâÚÛÔ�ç¥Ô�î/�ÊÖ÷êwãâãâÚÛè<ê�Ö
��Ýqè~ñfê�çfÚØèqãÙêwçf×�#TÝHÔ�å5ÝÌÞÂáâÚÛè<ê�Ö � à>ÞÂÚØèqãHò � æ>å-àfÖÛÝHè~ý
ÞÂÚÛèJéNÝHÔ�å5ÝÌÞÂáäæ ÚØãqì¶ÚØç§êEãäÝHçfãäÝ�ìoÞÂñfÝ�éNÝHÔ�å5ÝÌÞÂáäæ Õfçf×ªÝHáâÖðæ1ÚØçfé�ÞÂñfÝ*ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçøãäæ1ãäÞâÝHå-ãPÚÛçxÞâñfÝHãäÝ
ãâÝÌÞâÞâÚØçféNãqò ü{ñfÝ%é�áâÔNÕfà§Ô�î­ö­ê�å-ÚØÖðÞâÔNçfÚÛê�çø×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãäå-ã àfÖØê3æ1ãCê�î;Õfçf×ôêwå5ÝqçGÞ½êwÖÊáâÔ�ÖØÝJó$Ô�Þâñ�ÚÛç
ãäæ1å-àfÖØÝqèqÞâÚØè*é�ÝHÔNå-ÝqÞâáäæxê�çf×�ÚØç�ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç§×>æ>çfê�å5ÚÛèHãqò��ôÔNáCênãäæ1å-àfÖØÝqèqÞâÚØè�éNÝHÔ�å5ÝÌÞÂÝHáqì`Õfçª×fÝHá
ãâÔ�å5Ývê�ãâãäÕfå5à>ÞÂÚØÔ�çfãoÔ�çPÞÂñfÝvåJêwçfÚÛî;Ô�ÖÛ×

M
ì²ÞÂñfÚÛãoé�áâÔNÕfàPÚØã]ÞÂñfÝvèHÔ�çfçfÝqèqÞÂÝq×JèHÔNå-à$ÔNçfÝqçGÞ`Ôwî(ÞÂñfÝvÚÛ×fÝHç>ý

ÞÂÚðÞAæEÚÛç¥ÞâñfÝ-é�áâÔNÕfà Ô�î{êwÖØÖ8ÞâñfÝ-ÚÛãâÔNå-ÝqÞâáâÚÛÝHãTÔ�îtÞâñfÝ-ãÁæ1å5àfÖÛÝHèÌÞÂÚÛèPãäÞâáâÕfèÌÞÂÕfáäÝ
ω
ò��ôáâÔNå ÞâñfÝ-à$ÔNÚÛçGÞ�Ô�î

ë1ÚØÝÌÓ�Ô�î{×ªæ1çôê�å-ÚØèqãHìmÞâñfÝ5éNáäÔNÕfà Ô�îiö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ãTãâÝHáÁëNÝHãÙê�ãSÞâñfÝ5éNáäÔNÕfà Ô�îiê�ÖÛÖ
ÞÂñªÝSê�×få-ÚØãäãâÚØóªÖØÝ�å-Ô�ÞÂÚÛÔNçfã �4ê�ÖØãäÔPèHê�ÖØÖÛÝH×*è<êwçfÔNçfÚÛè<ê�Ö(ÞÂáÂêwçfãäî;ÔNáäåJêÍÞÂÚÛÔNçfã*¡tÚØç*ãâÔNå-ÝTèHÖØê�ãâãâÚÛè<êwÖ�×ªæ1çôê�å-ÚØè
ãäæ1ãÁÞÂÝHå	ò
Òºç áâÝqèHÝqçGÞSæNÝHê�áâãqìMÞÂñfÝCéNáâÔNÕªà Ô�îÊö­ê�å5ÚÛÖðÞâÔNçfÚÛê�çn×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ã�ñôê�ã�ó$ÝHÝqç ÚØç²ÞÂÝqçfãâÚðëNÝHÖÛæ�ãäÞâÕf×fÚØÝq×
ÓvÚÛÞâñJå5ê�çGæPçfÝÌÓd×fÚÛãâèHÔ3ëNÝHáäÚØÝHãtèHÔNçªèHÝHáäçfÚØçªéCêSÓvÚÛ×fÝ­áÂê�çfé�Ý�ÔwîMê�ãâà$ÝqèqÞâãÊî;áâÔNå�èHÖØê�ãâãäÚØèHê�Ö(ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç
×ªæ1çôê�å-ÚØèqã{ÞÂñfáâÔ�ÕféNñ%ãäæ1å5àªÖØÝHèÌÞÂÚÛèTéNÝHÔNå-ÝqÞâáäæJÞâÔ5êwÖØéNÝqófáÂê�ÚÛèjéNÝqÔNå-ÝqÞâáäæNò � ç%ÞâñfÝ�Ô�ÞÂñfÝqávñôêwçf×�ìôå5ê�çGæ
î;Ý<êÍÞÂÕfáäÝHãCÔwîvÞâñfÚØã éNáäÔNÕfà�êwáâÝ�ãÁÞÂÚØÖÛÖoÓ{êwÚÛÞÂÚÛçfé�ÞâÔnó$Ý�×fÚÛãâèHÔ3ëNÝHáäÝH×�ÔNá èHÔNå-àfÖÛÝqÞâÝHÖÛæ Õªçf×fÝHáäãäÞâÔ1Ô1×�ò¢� Ý
áâÝÌî;ÝHá¶ÞÂñªÝyáäÝ<ê�×ªÝHá¶ÞÂÔ)£ bze&¤ ìu£ c&e&¤ ìu£ e_}z¤ ê�çª×PÞÂÔ�ÞâñfÝváâÝÌî;ÝHáâÝqçfèHÝqã`ÓvÚÛÞÂñªÚØçCî;Ô�á¶ãäæ1å5àªÖØÝHèÌÞÂÚÛèvàªáâÝHÖÛÚØå-ÚÛçfê�áâÚðÝHãqì
î;ÕfáÁÞÂñfÝqá5×fÚÛãâèHÕªãâãâÚÛÔNç�ì{ê�çf×�áäÝHèqÝHçGÞJ×fÝÌëNÝHÖØÔ�àfå-ÝHçGÞâã5ÚØç�ÞÂñfÝ�ãÁÞÂÕf×>æ�Ôwî�ÞÂñfÝ�é�áâÔNÕfà�Ôwî�ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç
×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHò
Òºç*ÞâñfÚØãÊÞâñfÝHãäÚØãÊÓÊÝT×fÚØãäàfÖ÷ê<æ5ãâÝÌëNÝHáâê�Ö
çfÝÌÓ áäÝHãâÕªÖÛÞÂã{áâÝHéNê�áâ×ªÚØçféÙéNÝqÔNå-ÝqÞÂáäÚØèjêwçf×	ê�ÖÛéNÝqófáÂê�ÚÛè­àfáâÔNà$ÝqáäÞâÚØÝHã
Ô�îyÞÂñfÝ*éNáâÔNÕªàùÔ�î�ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç§×fÚw�OÝqÔNå-ÔNáâàªñfÚØãäå-ãHòøüiñfÝ*ÞÂñfÝqãâÚØãPèqÔNçGÞÂê�ÚØçªãCî;Ô�ÕfáCè½ñôê�àªÞâÝHáâã+¥	üiñfÝ
õôáäãäÞTÔNçfÝÙÚØãjê�çEÚØçGÞâáâÔ1×fÕªèqÞÂÚðëNÝ è~ñfê�àªÞÂÝqájÓvÚðÞÂñEóôê�è½Ü1é�áâÔNÕfçª×nî;áâÔNå ãÁæ>å-àfÖÛÝHèÌÞÂÚØè éNÝqÔNå-ÝqÞÂáÁæNì�ê�çf×EÞÂñªÝ
Ô�ÞâñfÝHá�ÞâñfáâÝqÝ�èqÔNçGÞÂê�ÚØç ÞÂñªÝ�å5ê�ÚÛç àôê�áÁÞÙÔ�î{ÞÂñfÝ5ÞÂñfÝqãâÚÛãHò�üiñfÝ�Ö÷êwãäÞ�ÞÂñªáâÝHÝJè½ñôê�àªÞâÝHáâãÙÔ�î{ÞÂñfÚÛãSÞÂñfÝqãâÚØãqì
ê�ÖðÞÂñfÔNÕªéNñnáäÝHÖØêwÞÂÝq×�ì
ê�áâÝÙÚØçf×fÝqà$ÝHçf×ªÝHçGÞSÔwîtÝHê�è~ñ¥Ô�ÞÂñªÝHáHò�üiñfÝPáäÝHãâÕªÖÛÞÂãTÚÛçEÞÂñfÝqãâÝPè½ñôê�àªÞâÝHáäãSê�áâÝÙàfÕfó>ý
ÖØÚÛãâñfÝq×EÚÛç¦£ e�cR¤ ì�£ e�e&¤ ì�êwçf×�£ e^g>¤ áäÝHãâà$ÝqèqÞâÚÛëNÝHÖðæNò(� Ý ÓvÚÛãâñ�ÞÂÔJÝHå-àfñôê�ãäÚ§�HÝ�ÞâñôêwÞ­ÞÂñfÝ ãâÝqèHÔNçª×¥è½ñôê�àªÞâÝHá

c
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ÚØã{óôêwãâÝH×	ÔNç	ê��äÔNÚØç²Þ{ÓtÔNáâÜ5ÓvÚðÞÂñ	ÿvÔDæ��øê�éNçfÝqáHò³�ÊÝHÖÛÔDÓuÚÛãvêÙófáâÚÛÝqîmãâÕfå-å5ê�áäæ5Ô�îmÞÂñªÝ�å5ê�ÚÛç*áäÝHãäÕfÖÛÞâã
ÚØç*ÞâñfÝTÞÂñfÝqãâÚÛãHò
´-µ@¶
·¸µZ¹�º�»½¼¿¾,º�¶³À�µnº�¹U»Áµ@Â�¶³ÃÅÄ¿Æ
·

(M,ω)

� çfÝTÔwîMÞÂñfÝjå5Ô�ãäÞ{áâÝqåJê�áäÜÍê�ófÖÛÝ­î4ê�èÌÞÂãiáäÝHé²êwáâ×fÚÛçfé ÞÂñfÝjéNáäÔNÕfà*Ô�î/ö­ê�å-ÚØÖðÞâÔNçfÚÛê�çJ×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå5ãtÚÛã
ÞÂñfêwÞ�ÚÛÞTèHê�áâáäÚØÝHã�êwç ÚÛçGÞÂáäÚØçfãäÚØè éNÝqÔNå-ÝqÞÂáÁæEéNÚðëNÝHç¥óGænê��8ÚØçfãäÖØÝqájófÚ´ýºÚÛçGëwê�áäÚØê�ç²Þjå-ÝqÞÂáäÚØèwò üiñfÚØãTå5ÝÌÞÂáâÚÛè
Ó{êwãCõôáâãÁÞ-×fÚÛãâèHÔ3ëNÝHáäÝH×ùóGæ§ö­Ô�î;ÝqáCÚØç a<����� ìoÚØç§ñfÚÛãCãâÝqå5ÚÛçôê�ÖtÓtÔNáâÜÇ£ b&bz¤ òxÒ ÞPÚØãÙÚØå-à$ÔNáÁÞ½ê�ç²Þ î;ÔNáCêwÞ
ÖØÝHê�ãäÞ�ÞºÓÊÔEáäÝ<ê�ãäÔNçfã+¥��8ÚÛáâãäÞâÖÛæ�ì/ÚÛÞSæ1ÚØÝqÖØ×fã ê�éNÝHÔNå-ÝqÞâáâÚÛè5ÚÛçGÞâÕfÚÛÞâÚÛÔNç¥î;ÔNá ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ãäæ1ãÁÞÂÝHå-ãHìoê�çª×
ãâÝqèHÔNçª×fÖÛæ ÚðÞ�è<êwçxó$ÝJÕªãâÝH×xÚØç åJêwçGænÓ{ê3æ1ãÙê�ã ê	ÞÂÔ1ÔNÖoÚØç ãäæ1å-àfÖØÝqèqÞâÚØè5é�ÝHÔNå-ÝqÞâáäæ ê�çf×ø×ªæ1çôê�å-ÚØèHãqò
Ò Þ*ÚÛãJÓtÔNáäÞâñGÓvñfÚÛÖØÝ�ÞâÔ§å-ÝHç²ÞÂÚØÔ�ç�ÞâñôêwÞJÞÂñfÝEÝÌß>ÚÛãäÞÂÝqçfèHÝnÔ�îSãäÕfè½ñuêøå5ÝÌÞÂáäÚØè�ÚØãJñfÚØé�ñfÖÛæùÕªç1ÕfãäÕôê�Ö�î;Ô�á
çfÔNç1ýºèHÔ�å5àfê�èqÞvé�áâÔNÕfàªãvÔ�î/ÞâáÂê�çfãÁî;ÔNáâå5êwÞâÚØÔ�çfãHò
Òºç�ÞÂñfÝ*æNÝ<ê�áäãPî;ÔNÖØÖÛÔ3ÓvÚÛçfé¥öyÔ�î;ÝHá+% ãCÓÊÔNáäÜøÞÂñfÚÛãPçfÝÌÓ�é�ÝHÔNå-ÝqÞâáäæxñôê�ãPó$ÝHÝqç�ÚÛçGÞÂÝqçfãâÚðëNÝHÖðæxãäÞÂÕª×fÚØÝq×�ÚÛç
ÞÂñªÝPî;áÂê�å-ÝqÓÊÔ�áâÜEÔ�îÊå-Ô1×fÝHáäç ãÁæ1å5àfÖÛÝHèÌÞÂÚÛè-é�ÝHÔNå-ÝqÞâáäæ�ò5Òºç î4ê�èqÞ�ö­Ôwî;ÝHá�% ãS×fÚÛãâèHÔ3ëNÝHáÁæ ÔNà$ÝqçfÝq×xê	çfÝÌÓ
õôÝqÖØ×�ìmçfÔ3Ó�èHê�ÖÛÖØÝH× ö­Ôwî;ÝHáSé�ÝHÔNå-ÝqÞâáäæ�ì/ÚÛç¥ÓvñfÚÛè~ñ ÞÂñªÝ-éNÝHÔNå-ÝqÞâáäæ¥ê�çª× ÞÂñfÝPÞÂÔ�à$ÔNÖØÔ�é�æEÔ�îtÞÂñfÝ-éNáäÔNÕfà
Ô�îvö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç ×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ã�êwáâÝ5ó$ÝHÚÛçfé�ãÁÞÂÕf×ªÚØÝH×Oò� ûé�áâÝ<êÍÞ àfáäÔNéNáâÝqãâã ñôêwã ó$ÝqÝHçxåJê�×ªÝ5ÚÛç
Õfçf×ªÝHáâãÁÞ½ê�çª×fÚØçféEãâÔ�å5Ý5Ô�îvÚðÞÂã�àfáâÔNà$ÝqáäÞâÚØÝHã ãäÕfè½ñùê�ã é�ÝHÔ1×fÝqãâÚØèqãHì¶×fÚØê�å-ÝqÞâÝHáHì8ê�çf×xÚÛÞâã áäÝHÖØêwÞÂÚÛÔNç ÓvÚðÞÂñ
×ªæ1çôê�å-ÚØèqãHòtöyÔDÓtÝqëNÝqáHì$å5ê�çGæ*ê�ãäà(ÝqèqÞâã­Ô�î/ÞÂñªÚØãvéNáäÔNÕfà	áäÝHå5ê�ÚØç*ÕfçfÜGçfÔDÓvçOòÈ�ôÔNáiÝÌßªê�å-àfÖÛÝ�ìôÚðÞvÚØãiçfÔ�Þ
ÜGçfÔDÓiç*ÚðîOÞÂñfÝqáâÝ�ê�áâÝ­ÔwÞÂñfÝqá��8ÚØçªãâÖØÝqáÁý ÞAæ1à$ÝyófÚ´ýºÚÛçGëÍê�áâÚØêwçGÞoå5ÝÌÞÂáâÚÛèHã`Ô�ç5ÞÂñfÝ­éNáäÔNÕfà�ö­ê�å

(M,ω)
ÓvñfÚØè½ñ

ê�áäÝjçfÔ�Þ{Ý+�1ÕªÚÛëwê�ÖÛÝHç²Þ{ÞâÔPöyÔ�î;Ýqá�% ã{å-ÝqÞâáâÚÛè�ì>Ô�á{ÚÛç�Ô�ÞâñfÝHátÓÊÔNáâ×ªã�¥]ÓvñfÝqÞâñfÝHávö­Ôwî;ÝHá+% ã{å-ÝqÞÂáäÚØè­ÚØãÊÕªçfÚ§�GÕfÝwò
Òºç*ÞâñfÝTãâÝqèHÔ�çfÝH×	è½ñôê�àªÞâÝHáiÔ�îMÞâñfÚØãÊÞâñfÝHãäÚØãÊÓÊÝ�ê�×f×fáäÝHãäãiÞÂñfÝ��GÕfÝHãÁÞÂÚØÔ�ç%Ô�îMÞÂñfÝjÕfçfÚ3�1ÕªÝHçfÝqãâãvÔ�î/ö­Ô�î;Ýqá�% ã
å-ÝqÞÂáäÚØèCê�å5Ô�çfé	ê�ÖÛÖ8ÞâñfÝlÉ+�8ÚØçªãâÖØÝqáÁý ÞAæ1à$Ý_É ófÚðý ÚØç²ëwê�áâÚÛê�ç²ÞTå5ÝÌÞÂáäÚØèqã�ÔNç ö­ê�å

(M,ω)
òCüiñfÝ-áâÝqãâÕfÖðÞÂã�ÚØç

ÞÂñªÚØã�è~ñfê�àªÞÂÝqá êwáâÝ-óôêwãâÝH×øÔ�çøêV�äÔNÚÛçGÞTÓÊÔ�áâÜEÓvÚÛÞâñøÿvÔDæ,�øê�éNçªÝHá�£ e�e&¤ òJÒºç ÔNáâ×ªÝHá�ÞâÔ�×fÝqãâèqáâÚØó$Ý-ÔNÕfá
èHÔ�çGÞÂáäÚØófÕ>ÞÂÚØÔ�çPÞÂÔDÓÊê�áâ×�êwçfãäÓÊÝqáâÚÛçfé�ÞÂñfÝ�êwó$ÔDëNÝt�1ÕªÝHãäÞâÚØÔNç5ÓÊÝ­ãäÞÂê�áäÞ`ÓvÚÛÞÂñ-ÞÂñªÝ­î;Ô�ÖØÖÛÔ3ÓvÚØçªéSàfáäÝHÖÛÚØå-ÚÛçôêwáÁý
ÚØÝqãHò
ÿvÝHè<êwÖØÖ1ÞÂñôêÍÞoê5�8ÚØçfãäÖØÝqáÁý Þºæ1à$Ý{å-ÝÌÞÂáâÚÛèÊÔNçÙÞÂñfÝ{éNáâÔNÕªà-ö­ê�å

(M,ω)
ÚØã]Ô�óªÞ½ê�ÚÛçfÝH×ÙóGæ è~ñfÔ1Ô�ãâÚØçªé�êjçfÔNáâå

ÔNç5ÞâñfÝ�ï
ÚØÝ­ê�ÖÛéNÝHófáâê
A
Ô�îMö­ê�å

(M,ω)
ìGÝÌß1ÞÂÝqçf×fÚØçªéÙÚðÞ`ÞÂÔ ê�ç²æ-Ô�ÞÂñfÝqá`Þ½êwçféNÝHç²ÞÊãâàfê�èHÝwìª×fÝÌõôçfÚØçªé�ÞÂñfÝ

ÖØÝqçfé�Þâñ�Ô�î¶ê5àôêwÞâñ�ÚØç�ö�êwå
(M,ω)

�äÕªãäÞjê�ã­ÚØç�ÿvÚØÝqåJê�çªçfÚ÷êwç	éNÝqÔNå-ÝqÞÂáÁæNì(ê�çª×�õfçôê�ÖØÖðæ*×fÝqõfçfÚØçfé-ÞÂñfÝ
×fÚÛãäÞ½êwçfèHÝ`ó$ÝqÞºÓÊÝHÝqç ÞAÓÊÔ­ÝqÖØÝHå-ÝHç²ÞÂãMÞâÔ­ó$Ý`ÞÂñªÝtÚØç>õôåÙÕfå�ÖÛÝHçféwÞÂñ�Ô3ëNÝHá8êwÖØÖNàôêwÞÂñªã/èHÔ�çfçfÝHèÌÞÂÚÛçfé­ÞâñfÝHå	ò/Ò Þ
ÚØã¶çfÔ�Þoñôê�áä×PÞÂÔSè½ñfÝHè½ÜÙÞÂñôêwÞoãâÕfè½ñJê�×fÚÛãäÞ½ê�çªèHÝiî;ÕfçfèÌÞÂÚØÔ�ç-ÚÛãoçªÔNç>ýºçªÝHé²êwÞâÚÛëNÝwìGãÁæ>å-å-ÝqÞÂáäÚØèvêwçf×-ãÂêwÞâÚØãäõfÝHã
ÞÂñªÝÊÞÂáâÚØê�çféNÖÛÝtÚÛçfÝ��GÕôêwÖØÚðÞAæ�ò��	ÔNáâÝqÔDëNÝqáHìGêjçfÔ�áâå ÔNç

A
ÓvñfÚØè½ñCÚØã8ÚÛçGëwêwáâÚ÷êwçGÞ8Õªçf×fÝHá8ÞÂñfÝiêw×z�äÔNÚØç²Þ]ê�èqÞâÚØÔNç

Ô�îôÞÂñfÝ{éNáäÔNÕfàÙÔNçCÚÛÞâã]ï
ÚØÝ� ­ÖØéNÝqófáÂêªìwæ1ÚØÝqÖØ×ªã¶ê�ófÚðý ÚØç²ëwê�áäÚØê�ç²Þ8àªãâÝHÕª×fÔwýº×ªÚØãäÞÂê�çfèqÝ{î;ÕfçfèÌÞÂÚØÔ�ç�ò/Ò Þ¶ÚØã8ÜGçfÔ3Óvç
ÞÂñfêwÞÊî;ÔNáÊê èqÖØÔNãäÝH×�ãäæ1å-àfÖØÝqèqÞÂÚÛè�å5ê�çfÚðî;ÔNÖð×

M
ì1ÞÂñfÝjï
ÚØÝ�ê�ÖÛéNÝHófáâê

A
èHê�ç*ó$Ý�ÚØ×fÝqçGÞâÚÛõôÝq×*ê�ãtÞâñfÝjãäàôê�èqÝ
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Ô�îiê�ÖØÖÍ�HÝqáâÔÍýºå-Ý<ê�ç çfÔNáäåJê�ÖÛÚ3�qÝH× ãâå-Ô1Ô�ÞÂñ î;ÕfçfèÌÞÂÚÛÔNçfã�Ô�ç
M
ì8ê�çf× ÞÂñfÝJê�×>�äÔNÚØç²Þ�ê�èqÞâÚØÔNç Õªçf×fÝHáSÞÂñfÚÛã

ÚØ×ªÝHç²ÞÂÚÛõfè<êwÞâÚØÔNçøÚÛã��äÕfãÁÞCÞâñfÝ*ãÁÞ½ê�çf×fê�áâ×�ê�èqÞâÚØÔNçxÔ�îyö�ê�å-ÚØÖðÞâÔNçªÚØê�çø×fÚw�OÝqÔNå-ÔNáâàªñfÚØãäå-ã�ÔNçxî;ÕfçfèqÞâÚØÔNçªãHò
üiñfÝ��GÕfÝqãäÞâÚØÔNç%ÓvñfÝÌÞÂñfÝqá­ãäÕfè½ñEêC×fÚØãÁÞ½ê�çªèHÝTî;ÕfçfèÌÞÂÚÛÔNç%ÚØãiçfÔNç1ýº×fÝqéNÝHçfÝqáÂêwÞâÝSÚÛãiñfÚØéNñªÖÛæJçfÔ�ç>ý ÞâáâÚÛë1ÚØê�ÖVò
 �ãvå-ÝHç²ÞÂÚØÔ�çfÝH×	ê�ó$Ô3ëNÝ�ìQêP×ªÚØãäÞâÚØçfé�ÕfÚØãäñfÝH×%áäÝHãäÕfÖÛÞvóGæ%ö­Ôwî;ÝHá�£ b�b>¤ ìfÓvñfÚØè½ñ%Ó{ê�ãvÖ÷êÍÞÂÝHá{éNÝHçªÝHáÂêwÖØÚ3�HÝH×%ó²æ
í/ÔNÖðÞÂÝqáâÔDë1ÚÛè~ñ�£ e�|R¤ ê�çª×�õôçfê�ÖØÖðæ%àªáâÔDëNÝqçEÚØç	î;ÕfÖØÖMé�ÝHçfÝqáÂê�ÖÛÚÛÞºæ%ó²æ�ïMê�ÖÛÔNçf×fÝ~ýÁ��èHþ�Õ��i£ b&}z¤ ì(ãÁÞ½êwÞâÝHã­ÞÂñfêwÞ
ÞÂñªÝ

L∞

ýºçfÔNáäå ÔNç
A
éNÚÛëNÝqãmáäÚØãâÝ]ÞÂÔ­êvéNÝqç1ÕfÚÛçfÝo×fÚØãÁÞ½ê�çfèqÝoî;ÕfçªèqÞÂÚÛÔNçSÔ�ç ö­ê�å

(M,ω)
òmÒºç�ÞÂñfÝoÔNàfà$ÔNãäÚÛÞÂÝ

×fÚÛáâÝHèÌÞÂÚÛÔNç�ì�
¶ÖÛÚ÷ê�ãäñ1ó$ÝHáäé�ê�çª× í/ÔNÖÛÞâÝHáäÔDë1ÚØè½ñÎ£ a<cz¤ ãäñfÔDÓtÝH×uÞÂñôêwÞ%î;ÔNá
1 ≤ p < ∞

ì�ÞÂñªÝ àfãâÝqÕf×fÔwý
×fÚÛãäÞ½êwçfèHÝqã	ÔNçuö�ê�å

(M,ω)
ÓvñfÚØè½ñuèqÔNáâáäÝHãäà$ÔNçf×uÞâÔ�ÞÂñfÝ

Lp
ý çfÔNáâå-ã*ÔNç

A
ê�áâÝ êwÖØÖj×ªÝHéNÝqçfÝHáâêwÞÂÝwò

~�êÍÞÂÕfáâê�ÖØÖðæNì1ÞÂñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçféV�GÕfÝHãÁÞÂÚÛÔNç�êwáâÚØãäÝHã+¥
�)A4L�T+9>EP=G8³Ï(��ñôêÍÞTê�áäÝ�ÞÂñªÝ ÚØç²ëwê�áâÚØê�çGÞyçfÔNáäå5ã­ÔNç

A
ìOêwçf×�ÓvñfÚÛè~ñEÔ�î]ÞÂñªÝHå éNÚðëNÝ�áâÚØãäÝ�ÞâÔJéNÝHçGÕfÚØçfÝ

ófÚ´ýºÚÛçGëwêwáâÚØêwçGÞ{å5ÝÌÞÂáâÚÛèHãiÔ�ç�ö�ê�å
(M,ω) Ð

� Õfá8å5ê�ÚØç�èqÔNçGÞâáâÚØóªÕªÞÂÚÛÔNçfãmÞâÔDÓ{ê�áä×fã]ê�çfãäÓtÝHáâÚÛçfé�ÞÂñfÚÛã��GÕfÝHãÁÞÂÚÛÔNç��4ê�àfà$Ý<êwá]ÚÛç$£ e�eR¤ ¡/ê�áâÝtÞâñfÝÊî;ÔNÖÛÖÛÔDÓvÚÛçfé�¥
ï
ÝqÞ

(M,ω)
ó$ÝSêPèHÖÛÔNãäÝH×	ãäæ1å-àfÖØÝqèqÞÂÚÛèTåJêwçfÚÛî;Ô�ÖÛ×�ò

Ñ j4L^=u;zL�O 7zÏ� �ç²æ5ö­ê�å
(M,ω)

ýºÚÛçGëÍê�áâÚØêwçGÞ¶çfÔNáäå
‖ · ‖
ÔNç
A
ãâÕfè½ñJÞâñôêwÞ

‖ · ‖ ≤ C‖ · ‖∞
î;ÔNáoãâÔNå-Ý

èHÔ�çfãäÞÂê�çGÞ
C
ÚØãiÚØç²ëwê�áäÚ÷ê�ç²ÞiÕfçª×fÝHáyê�ÖØÖOå-Ý<ê�ãäÕfáâÝ�àfáäÝHãäÝHáäë1ÚÛçfé5×fÚw�OÝqÔNå-ÔNáâàªñfÚØãäå-ã{ÔNç

M
ò

Ñ j4L^=u;zL�O 7<7RÏMï
ÝqÞ
‖ · ‖
ó$ÝÙêJö�êwå

(M,ω)
ýºÚÛçGëÍê�áâÚØêwçGÞyçfÔNáäå«ÔNç

A
ãäÕfè~ñEÞâñôêwÞ

‖ · ‖ ≤ C‖ · ‖∞
ì

ófÕªÞ�ÞÂñªÝ ÞAÓtÔ*çfÔ�áâå-ãjê�áäÝÙçªÔ�ÞjÝ��GÕfÚðëwê�ÖÛÝHç²Þ<òjüiñfÝqçnÞÂñfÝÙê�ãâãäÔ1èHÚØêwÞÂÝq×nàfãäÝHÕf×fÔÍýº×fÚÛãäÞ½êwçfèHÝ î;ÕfçfèÌÞÂÚÛÔNçEÔNç
ö�êwå

(M,ω)
ëwê�çfÚÛãâñfÝqãyÚÛ×fÝHç²ÞÂÚØèHê�ÖØÖ´æNò

üiñfÝqãâÝ�ÞAÓtÔ5ÞâñfÝHÔNáäÝHå-ãyÓiÚØÖØÖ�ó$Ý�×fÚÛãâèqÕfãâãäÝH×EÚØç%ÞÂñfÝSãâÝHèqÔNçf×fÝ è½ñôê�à>ÞÂÝHáyÔ�î8ÞÂñfÚÛãvÞÂñªÝHãâÚÛãyÞâÔNéNÝqÞâñfÝHávÓvÚðÞÂñ
ãâÔ�å5Ý5î;ÕfáÁÞÂñfÝqáÙ×fÚÛãâèHÕªãâãâÚÛÔNç§áäÝHé²êwáâ×fÚÛçféEçªÔNáâå-ã�ÓvñfÚÛè~ñ§ê�áâÝJÚØç²ëwê�áäÚ÷ê�ç²Þ Õfçª×fÝHáÙå-Ý<ê�ãäÕfáâÝJàfáâÝqãâÝHáÁë1ÚØçfé
ÞÂáâê�çfãÁî;ÔNáâå5êwÞÂÚÛÔ�çfãHò
ÒºçPÞâñfÝiÞâñfÚØáä×Pè½ñôê�àªÞâÝHáoÔ�î$ÞâñfÝiÞâñfÝHãäÚØã¶ÓtÝiÞÂÕfáäçPÞÂÔ�êT×fÚ3�(ÝHáäÝHçGÞo×ªÚØáâÝqèqÞâÚØÔNç�òB� ÝvãÁÞÂÕf×>æ-öyÔ�î;Ýqá�% ã¶å5ÝÌÞÂáâÚÛè
ÚØçøê�Ö÷ê�áäéNÝHáSèqÔNçGÞâÝÌß1ÞCÔwîyïMê�é�áÂê�çªéNÚ÷ê�ç ãâÕfóªåJêwçfÚÛî;ÔNÖÛ×fãqò	ïmêwéNáÂê�çªéNÚ÷êwç ãâÕªófåJêwçfÚÛî;Ô�ÖØ×fãSê�áâÝ5ãâÕfóªåJêwç>ý
ÚÛî;Ô�ÖØ×ªãCÔ�î�ñôêwÖÛîyÞÂñfÝ%×fÚÛå5ÝqçfãâÚÛÔNç�Ô�î­ÞâñfÝ�ê�åÙóªÚØÝHç²ÞPå5ê�çfÚðî;ÔNÖÛ×OìoÔNç�ÓvñfÚØè½ñùÞâñfÝ	ãÁæ>å-àfÖÛÝHèqÞâÚØè�î;ÔNáâå

ωëwêwçfÚØãäñfÝHã)�4ãäÝHÝ)�Êñôê�à>ÞÂÝHá
1
ó$ÝHÖÛÔDÓ î;ÔNájê�å-ÔNáâÝ àfáäÝHèqÚØãâÝÙ×fÝqõôçªÚÛÞÂÚÛÔNçu¡~òTüiñfÝqænê�áäÝCê�å5Ô�çféJÞâñfÝCå-ÔNãÁÞ

ÚØå-à$ÔNáÁÞ½ê�ç²ÞÊÔ�óU�äÝqèqÞâãiÚØçJãäæ1å5àªÖØÝqèqÞÂÚÛè�éNÝHÔ�å5ÝÌÞÂáäæ�ìfê�çª×�ÞÂñfÝÌæ�ê�áâÚÛãâÝ�çôêwÞâÕfáÂêwÖØÖðæ-ÚÛç�åJêwçGæ5àªñGæ1ãâÚÛè<ê�Ö�ê�çª×
éNÝqÔNå-ÝqÞÂáäÚØè5ãâÚðÞÂÕôêwÞâÚØÔNçªãHòÒ�ôÔNá ÚÛçfãäÞÂê�çfèHÝwìoÚÛçxèHÖØê�ãâãäÚØè<êwÖtå5Ýqè½ñôê�çfÚÛèHã ÞâñfÝ�ãäæ1ãäÞâÝHå-ãPÔwîyàôê�áÁÞÂÚØê�Ö`×fÚw�OÝqáÁý
ÝHç²ÞÂÚØê�Ö/Ý��GÕôêwÞâÚØÔNçªãTÔ�îtö­ê�å-ÚØÖðÞâÔNç>ý½ÓNê�èqÔNófÚMÞºæ>à$ÝCÖÛÝ<ê�×�ÞÂÔ�ÞÂñªÝCãäÞâÕf×ªæEÔ�îtïMê�éNáâê�çféNÚØê�ç�ãâÕfóªåJê�çªÚÛî;ÔNÖÛ×fãqò
�ôÕfáÁÞÂñfÝqáâå-ÔNáâÝwì1ïMê�éNáÂêwçféNÚØê�çPãâÕªófåJêwçfÚÛî;Ô�ÖØ×fãoêwáâÝ­ê�àôê�áÁÞ`Ô�î
ê�éNáâÔ3ÓvÚØçªéSÖÛÚØãäÞoÔwî�å5êwÞâñfÝHå5êwÞÂÚÛèHê�ÖÛÖ´æÙáäÚØè½ñ
ãâà$ÝqèHÚØê�Ö$ÔNó��äÝHèÌÞÂãtÞâñôêwÞtÔ1èHèqÕfáÊçfêwÞÂÕfáâê�ÖØÖðæCÚÛç5ãäÞÂáäÚØçféSÞâñfÝHÔ�áäæNò]ÒºçJî4ê�èÌÞ<ì>ê�èqèHÔNáä×fÚØçªé�ÞâÔ�ÞâñfÝ.ÔAãäæ1å-àfÖØÝqèqÞâÚØè
èHáäÝHÝq×4Éwì$ÝÌëNÝHáäæGÞâñfÚØçfé5è<êwç�ó$Ý�ÞÂñªÔNÕféNñ²Þ­Ô�î]ê�ã­êPÖ÷êwéNáÂê�çªéNÚØê�ç*ãâÕfóªåJê�çªÚÛî;ÔNÖÛ×Õ£ g&�z¤ òtÒºç�ÔNáâ×fÝqávÞâÔ5å5ê�Ü�Ý
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ÞÂñªÚØãSãÁÞ½êwÞâÝHå-ÝHçGÞ�ãâÖÛÚØé�ñGÞÂÖðæEå-ÔNáâÝPáâÚÛéNÔNáäÔNÕfãTÓÊÝ5çfÔwÞÂÝPÞÂñôêwÞ�ãÁæ1å5àfÖÛÝHèÌÞÂÚØèP×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå-ã�ê�×få-ÚÛÞSê
ãâÚÛå5àªÖØÝ�ÚÛçGÞâÝHáâàªáâÝqÞÂêwÞÂÚÛÔNç*ê�ãiïmêwéNáÂê�çªéNÚ÷êwç�ãâÕfóªåJêwçfÚÛî;ÔNÖÛ×fãqò]Ò ÞvÚÛã{çfÔ�Þiñôê�áä×*ÞÂÔCè½ñfÝqè~ÜJÞÂñfêwÞ{ÞÂñfÝTéNáâê�àfñ
Ô�î�ê¥ãäæ1å-àfÖØÝqèqÞâÔNå5Ô�áâàfñfÚÛãâå¦ÚØç§ÞâñfÝ%àfáâÔ1×ªÕfèqÞ-ãäæ1å-àfÖØÝqèqÞÂÚÛè*åJê�çªÚÛî;ÔNÖð×

(M × M,ω ⊕ −ω)
ÚØãPïMêÍý

éNáâê�çféNÚØê�ç�ò8üiñfÚØãiÔwî/èHÔ�ÕfáâãâÝTÖØÝ<êw×fã{ÞâÔ-êCçfêwÞÂÕfáâê�ÖOÖØÚØçªÜ-ó$ÝqÞºÓÊÝHÝqç�ãäæ1å5àªÖØÝqèqÞÂÚÛèj×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ã{ê�çª×
ïMê�éNáâê�çféNÚØê�ç*å5ê�çfÚðî;ÔNÖð×fãHò
üiñfÝ�áäÝHãâÕªÖÛÞÂã ÚØç ÞâñfÝJÞâñfÚØáä×xè½ñôêwàªÞÂÝqáCê�áâÝ5óôê�ãâÝq×§ÔNçxÔNÕfá�ÓtÔNáâÜ�£ e_cz¤ ò�ÒºçxÞÂñªÚØãSÓÊÔNáâÜ¥ÓtÝ�èHÔNå-àôê�áäÝ
ö­Ôwî;ÝHá�% ãCéNÝqÔNå-ÝqÞÂáäÚØÝqãÙÔNçxÞºÓÊÔ¥ãäàôê�èqÝHã-ê�ãâãäÔ1èHÚØêwÞÂÝq×§ÓvÚÛÞâñ�êEèHÖØÔ�ãâÝH×§ãäæ1å5àªÖØÝqèqÞÂÚÛè�å5ê�çfÚÛî;Ô�ÖÛ×

(M,ω)
ò

üiñfÝ-õôáâãÁÞ ãâàfê�èHÝwì¶ö­ê�å
(M,ω)

ìmÚÛã�ÞÂñfÝ-éNáâÔ�Õfà Ô�îiö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç ×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ãHò5üiñfÝ5ãâÝqèHÔNçf×
ãâàfê�èHÝ

L
èHÔ�çfãâÚÛãäÞÂãTÔ�îÊê�ÖØÖ8ïMê�éNáâê�çféNÚØê�çEãâÕfófå5ê�çªÚÛî;ÔNÖÛ×fã�Ô�î

M ×M
ÓvñªÚØè½ñ ê�áäÝCÝÌßªê�èÌÞ ïMêwéNáÂê�çªéNÚ÷ê�ç

ÚØãäÔ�ÞÂÔ�àfÚØèTÞÂÔ5ÞÂñfÝ�×fÚ÷ê�é�ÔNçôê�ÖVòiüiñfÝ ãâàôê�èqÝ
L
è<êwáâáâÚÛÝHã�ê0�8ÚÛçfãâÖÛÝHáÁý ÞAæ1à$ÝSå5ÝÌÞÂáäÚØè�ÓvñfÚÛè~ñEÚÛã�ê�çôêwÖØÔNé�ÕfÝ�ÞÂÔ

ÞÂñªÝTê�ó$Ô3ëNÝjå-ÝHçGÞâÚØÔ�çfÝH×�ö­Ô�î;Ýqá�% ã{å-ÝqÞÂáäÚØèyÔNç*ö�ê�å
(M,ω)

ò8Òºç*è½ñôê�àªÞâÝHáÊÞâñfáâÝqÝjó$ÝHÖØÔ3ÓÐÓÊÝjãâñªÔDÓ�ÞÂñôêwÞ
ÚØç%ÞÂñfÝSè<ê�ãäÝ Ô�î¶ê-èqÖØÔNãäÝH×�ãÁæ>å-àfÖÛÝHèÌÞÂÚØè�åJê�çªÚÛî;ÔNÖð×%ÓiÚÛÞÂñ

π2(M) = 0
ìQÞÂñªÝ�è<ê�çªÔNçfÚØèHê�Ö
ÝHåÙó$ÝH×f×ªÚØçfé5Ô�î

ö�êwå
(M,ω)

ÚÛçGÞâÔ
L, f 7→ graph(f)

ÚÛãÊñªÚØéNñªÖÛæP×fÚØãÁÞÂÔNáÁÞÂÝq×JÓvÚÛÞâñ�áâÝqãâà$ÝqèqÞiÞâÔCö­Ôwî;ÝHá�% ã{×ªÚØãäÞÂê�çfèqÝHã{ÚÛç
ãâàªÚÛÞÂÝCÔ�î`ÞâñfÝCî4ê�èÌÞTÞÂñôêwÞ�ÚðÞTàfáâÝqãâÝHáÁëNÝHã�ÖØÝqçfé�ÞâñfãTÔ�îtãâå-Ô1Ô�ÞÂñ¥àfêwÞÂñfãqò)��ÔNáâÝCàfáâÝqèHÚÛãâÝHÖðæNìM×ªÝHçfÔ�ÞâÝPóGæ

dÞÂñªÝPöyÔ�î;ÝHájå-ÝqÞâáâÚØè�ÔNç¥ö�ê�å
(M,ω)

ê�çf×nóGæ
dLag
ÞÂñfÝCê�çôê�ÖÛÔNéNÕªÝÙö­Ô�î;Ýqájå5ÝÌÞÂáäÚØè Ô�ç

L
ò � ÝqÞ

1l
î;ÔNá

ÞÂñªÝSÚÛ×fÝHç²ÞÂÚðÞAæJÝHÖÛÝHå-ÝHç²ÞvÔ�î]ö­ê�å
(M,ω)

ò
Ñ j4L^=u;zL�O 7<7<7RÏ�ï
ÝqÞ

(M,ω)
ó$Ý�ê-èHÖÛÔNãäÝH×�ãäæ1å-àfÖØÝqèqÞÂÚÛè�åJêwçfÚÛî;Ô�ÖÛ×*ÓvÚðÞÂñ

π2(M) = 0
òtüiñfÝHç�ÞÂñªÝHáâÝ

ÝÌß>ÚÛãäÞ­êÙî4ê�å5ÚÛÖðæ
{ϕt}, t ∈ [0,∞)

ÚØç	ö�êwå
(M,ω)

ê�çf×�êCÕfçfÚÛë�ÝHáâãâê�Ö
èHÔNçªãäÞ½êwçGÞ
c
ãäÕfè½ñ	ÞÂñôêwÞ�¥

d(1l, ϕt)→∞ as t→∞ while dLag
(
graph(1l), graph(ϕt)

)
= c.

üiñfÝSêwó$ÔDëNÝjî4ê�å5ÚÛÖðæ
{ϕt}
Ó{êwãvèHÔ�çfãäÞâáâÕfèÌÞÂÝH×�Ý~ß>àfÖØÚÛèHÚðÞÂÖðæNò8üiñfÝTî;ÔNÖÛÖÛÔDÓvÚÛçfé èHÔ�áâÔNÖÛÖ÷êwáâÚÛÝqãÊî;Ô�ÖØÖÛÔ3ÓdÚÛå5å-Ý~ý

×fÚØêwÞÂÝqÖÛæJÕfçª×fÝHáiÞÂñfÝ�èHÔ�çf×fÚðÞÂÚØÔ�çfãiÔ�îmÞÂñªÝ�ÞâñfÝHÔ�áâÝHå�¥
ÚS¡(üiñfÝ`ÝqåCó$Ýq×f×fÚÛçféyÔwîfö�êwå

(M,ω)
ÚØç
L
ÚÛã
çfÔ�ÞMÚØãâÔ�å5ÝÌÞÂáâÚÛè�ì3áâêwÞÂñfÝqáHìDÞâñfÝoÚØå5ê�éNÝ]Ôwîfö�êwå

(M,ω)
ÚØç
LÚØã�ñfÚÛéNñfÖðæ­×fÚØãÁÞÂÔNáÁÞÂÝH×OòmüiñfÝoå-ÚØçfÚÛå-ê�ÖÍàôêwÞÂñ�ó$ÝÌÞAÓtÝHÝqç�ÞºÓÊÔvéNáâê�àfñfã
Ôwîªö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçj×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãâå-ã

ÚØç
L
ì>å5ÚÛéNñGÞ`àfê�ãâãtÞÂñªáâÔNÕfé�ñ�Ý~ßªê�èqÞiïMê�éNáâê�çféNÚØê�ç-ãâÕfófå5ê�çªÚÛî;ÔNÖÛ×fãoÓvñªÚØè½ñ*ê�áäÝ�çªÔ�ÞtÞÂñfÝ­éNáÂêwàfñfãÊÔwîMê�çGæ

ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç*×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHò
ÚØÚp¡tüiñªÝSéNáâÔ�Õfà�ö­ê�å

(M,ω)
ñôê�ãyêwç	ÚØçªõfçfÚÛÞâÝT×fÚØê�å-ÝqÞÂÝqá{ÓiÚÛÞÂñ%áâÝqãâà$ÝHèÌÞ­ÞâÔ5öyÔ�î;Ýqá�% ãvå-ÝqÞâáâÚØè

d
ò

ÚØÚÛÚp¡¶üiñfÝTå-ÝqÞâáâÚÛè
d
×fÔ1ÝHã{çfÔ�Þ{èHÔNÚÛçfèHÚÛ×fÝ­ÓvÚðÞÂñJÞÂñfÝ(��ÚÛÞÂÝqáâó$Ôwý ÞAæ1à$Ý�å5ÝÌÞÂáäÚØè­×fÝqõôçªÝH×%óGæ � è½ñGÓÊê�á��	£ g�g>¤ ò

��ÔNáäÝHÔ3ëNÝHáqìQê�ãiêÙó²æGý àfáâÔ1×fÕªèqÞvÔ�îmÔ�Õfá{å-ÝqÞÂñªÔ1×�ÓÊÝTÔNóªÞÂê�ÚØçªÝH×%êÙáäÝHãäÕfÖÛÞiáäÝHé²êwáâ×fÚÛçfé ÞÂñfÝjéNÝHÔ1×ªÝHãâÚÛèHãiÚÛç
ö�êwå

(M,ω)
òD� ÝyãâñfÔ3ÓÊÝq×¢�;Õfçf×fÝqá`ÞâñfÝyãâê�å5ÝvèqÔNçf×fÚðÞÂÚÛÔNçfã¶ÔNçPÞÂñfÝyå5ê�çfÚðî;ÔNÖð×

M
¡8ÞâñôêwÞoÞÂñªÝHáâÝyÝ~ßªÚÛãäÞÂã

ê�ç	ÝqÖØÝqå5ÝqçGÞvÚÛç	ö�ê�å
(M,ω)

ÓvñªÚØè½ñ�èHê�çfçfÔwÞyó$Ý��äÔNÚØçfÝq×*ÞÂÔCÞÂñfÝ�ÚØ×ªÝHç²ÞÂÚÛÞºæJóGæ%êCå5ÚÛçfÚÛå5êwÖ(éNÝHÔ1×fÝqãâÚÛè�ò



©pª�«<¬Ê­@®B¯�°&«f±Ë­@ª ×

Ñ j4L^=u;zL�O 7ÙØ¢Ï
ï
ÝÌÞ
(M,ω)

ó$Ý�ê-èHÖÛÔNãâÝq×�ãÁæ1å5àfÖÛÝHèÌÞÂÚÛèSå5ê�çfÚðî;ÔNÖÛ×*ÓvÚðÞÂñ
π2(M) = 0

òÊüiñfÝqç�ÞÂñªÝHáâÝ
ÝÌß>ÚÛãäÞÂã]ê�ç ÝqÖØÝHå-ÝHç²Þ

ϕ
ÚØç

(Ham(M,ω), d)
ÓvñfÚÛè~ñÙèHê�çfçªÔ�Þ]ó$Ý4�äÔ�ÚØçfÝq×�ÞÂÔ­ÞâñfÝÊÚØ×ªÝHç²ÞÂÚÛÞºæ�óGæ�ê­å5ÚÛçfÚÛå5êwÖ

éNÝqÔ1×fÝHãäÚØèwò
üiñfÝ­õôáâãÁÞ{ÝÌßªê�å-àfÖØÝyÔ�î�ÞÂñfÚÛãtÜ1ÚÛçf×5Ó{ê�ãÊÝHãÁÞ½ê�ófÖÛÚØãäñfÝH×JóGæJïMê�ÖÛÔNçf×ªÝ�ê�çf×$��è<þ�ÕU��£ b&�R¤ î;ÔNáoÞÂñfÝ�èHê�ãâÝ�Ô�î
ÞÂñªÝ�ÞºÓÊÔ-×ªÚØå-ÝHçfãäÚØÔNçôêwÖOãâàªñfÝHáäÝ

S2 ò
ÚÇÛ½Ü µnÝ(º�Æ
»½¼Þ¾,º�¶ÍÀ�µnºU¹U»½µ@Â�¶³ÃÅÄ¿Æ
·

(M,ω)

üiñfÝ­ãâÝqèHÔNçª×�àôê�áÁÞtÔ�îOÞâñfÚØã¶ÞÂñfÝqãâÚØã`×fÝ<êwÖØãoÓvÚðÞÂñ5ãäÔNå5Ýyê�ÖØé�ÝHófáâê�ÚØèiàfáäÔNà$ÝHáÁÞÂÚØÝqã`Ô�îOÞÂñªÝ­éNáäÔNÕfà5Ô�î
ö­ê�å-ÚØÖ´ý
ÞÂÔ�çfÚ÷ê�çP×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHòB� Ývî;Ô1èHÕfã`å5ê�ÚØçfÖ´æÙÔNçPÞÂñfÝyÝ~ß>ÚØãäÞâÝHçfèqÝjêwçf×-ÞÂñªÝ­ê�àfàfÖÛÚØè<êÍÞÂÚÛÔ�çfã¶Ô�îOèHÝqáäÞ½ê�ÚÛç
ß�à�ázâÙãSäæå0çzèæéoê�ã§âÙådâ ò�ÿyÝqè<ê�ÖÛÖ{ÞÂñôêwÞ5êi�4áäÝ<ê�Ö{ëwê�ÖÛÕfÝH×u¡��GÕôêwãâÚ´ýºå-ÔNáâàfñªÚØãâå Ô�ç�ê éNáâÔ�Õfà G ÚÛã-ê åJê�à
r : G→ R

ÞâñôêwÞ`ÚÛã`ê�ó$Ô�Õfçf×fÝq×J×fÚÛãäÞ½êwçfèHÝyê3ÓÊê3æÙî;áâÔ�å"ó$ÝqÚØçféSê�ñfÔNå-ÔNå5Ô�áâàfñfÚðãâå	ìNÚVò ÝwòÛìNÞÂñfÝqáâÝyÝÌß>ÚÛãäÞÂã
êPèqÔNçfãÁÞ½ê�ç²Þ

c = c(r) > 0
ãâÕfè½ñ	ÞÂñôêÍÞ

|r(gh)− r(g)− r(h)| < c, for all g, h ∈ G.

 ë�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãâå
r
ÚÛã�è<ê�ÖÛÖØÝq×EñªÔNå5Ô�éNÝHçªÝHÔNÕfã�ÚÛî

r(gm) = mr(g)
î;ÔNá�ê�ÖØÖ

m ∈ Z
òTüiñfÝCçªÔ�ÞÂÚÛÔNç

Ô½�GÕôêwãâÚðý å5Ô�áâàfñªÚÛãâålÉ`õôáâãÁÞÊê�àªà$Ý<ê�áäÝH×5ÚÛçCÞÂñfÝiÓÊÔ�áâÜGã`Ô�în�ÊáäÔ1ÔNÜGã�£ a<�z¤ êwçf×0#�áäÔNå-ÔDëÅ£ bUa+¤ ÔNç-ó$Ô�Õfçf×fÝq×
èHÔ�ñfÔNå-ÔNÖØÔ�é�æEÔ�î{é�áâÔNÕfàªãHò � ÚØçªèHÝPÞÂñfÝqç�ì��GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå-ãTñôê<ëNÝ5ó$ÝHèqÔNå5Ý5ê�ç ÚØå-à$ÔNáÁÞ½ê�ç²ÞTÞÂÔ1ÔNÖ¶ÚÛç
ÞÂñªÝSãäÞÂÕª×ªæ	Ôwî]é�áâÔNÕfàªãHò��ôÔNávÝ~ßªê�å5àªÖØÝ�ìfÞâñfÝSå-ÝHáâÝ�Ý~ßªÚÛãäÞâÝHçfèqÝ Ôwî¶êPñfÔNå-ÔNéNÝqçfÝqÔNÕfã��GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå
ÔNç§ê�é�áâÔNÕfà

G
ÓvñfÚØè½ñx×fÔ1ÝHãÙçªÔ�Þ ëwêwçfÚØãäñ§Ô�çxÞâñfÝJèHÔNå-åÙÕªÞ½êwÞâÔNáSãäÕfóféNáäÔNÕfà

G′ ÚØå-àfÖÛÚÛÝqãSÞÂñfêwÞ ÞÂñªÝèHÔ�å5åÙÕªÞÂêwÞÂÔ�áSãâÕfóªéNáâÔNÕªà§ñôê�ã ÚØçªõfçfÚÛÞâÝ5×fÚØê�å5ÝÌÞÂÝqáSÓvÚÛÞâñxáäÝHãâà$ÝqèqÞCÞâÔ�ÞâñfÝ�èqÔNå-åCÕ>Þ½êwÞâÔNáSçfÔ�áâå �;ãâÝHÝ
Ý�ò éfò4£ |R¤ ¡
ÒºçTÞÂñfÝ¶èHê�ãâÝoÔwî1ÞÂñªÝ¶éNáâÔNÕªà�Ô�î>ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØê�ç�×fÚ3�(ÝHÔ�å5Ô�áâàfñfÚÛãâå-ãqìDê{èHÝqÖØÝqófáÂêwÞâÝH×�áâÝHãäÕfÖÛÞ
óGæ5�Êê�çGæ²ê�éNê £ e&¤
ãäÞÂêwÞÂÝqã
ÞâñôêwÞ�î;ÔNá
êièqÖØÔNãäÝH×�ãäæ1å-àfÖØÝqèqÞâÚØè]å5ê�çfÚÛî;Ô�ÖÛ×�ì3ö­ê�å

(M,ω)
ê�çª×�ÚÛÞÂã�ÕªçfÚÛëNÝqáâãÂêwÖNèHÔ3ëNÝHá

H̃am(M,ω)ê�áäÝ�ãäÚØå-àfÖØÝTéNáâÔ�ÕfàfãHòiü{ñfÚØãyÚØå-àfÖÛÚÛÝqãvÚØç�àfê�áäÞâÚØèHÕªÖ÷ê�á{ÞÂñfêwÞyÞÂñfÝÌæ	×fÔ5çfÔ�Þ�ê�×få-ÚÛÞyê�ç²æ	çfÔ�ç>ý ÞâáâÚÛë1ÚØê�Ö�ñfÔÍý
å-ÔNå5Ô�áâàfñfÚðãâå ÞÂÔ

R
ò � ç ÞâñfÝ-ÔwÞÂñfÝqáSñfê�çf×�ìMÞâñfÝ-Ý~ßªÚÛãäÞâÝHçfèqÝ5Ô�îÊñfÔNå-ÔNé�ÝHçfÝqÔNÕfã �1Õfê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå5ã

ÔNç�ÞÂñªÝEéNáäÔNÕfàrÔ�îSö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwç�×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå-ã5ê�çf×oìwÔNáJÚðÞÂã5ÕfçfÚðëNÝHáâãâê�Ö�èqÔDëNÝqá�ÚØãJÜGçfÔ3ÓvçÐî;Ô�á
ãâÔ�å5Ý�èqÖ÷êwãâãâÝqã�Ô�î¶èHÖÛÔNãâÝq×EãÁæ>å-àfÖÛÝHèqÞâÚØèSåJêwçfÚÛî;Ô�ÖÛ×fã��4ãäÝHÝ Ý�ò éfòD£ gz¤ ìD£ afeR¤ ìD£ a<}z¤ ìOê�çf×¦£ a<�z¤ ¡~òyÒºçnê5áäÝHèqÝHç²Þ
ÓÊÔ�áâÜ,£ a>g>¤ ì�
¶çGÞÂÔ3ë*ê�çª×	í/ÔNÖðÞÂÝHáäÔDë1ÚÛè~ñ�ãâñfÔ3ÓÊÝH×*ýoó²æ�ÕfãäÚØçfé	�/ÖØÔ1Ýqá{ê�çf×]�jÕôêwçGÞÂÕªåûñªÔNå5Ô�ÖØÔNéwæCý¶ÞÂñfêwÞ
î;ÔNáiÞÂñªÝ�èqÖ÷êwãâãyÔ�î]ãÁæ1å5àfÖÛÝHèÌÞÂÚÛèSå5ê�çfÚðî;ÔNÖð×fã{ÓvñfÚØè½ñ�ê�áâÝSå-ÔNçªÔ�ÞÂÔNçªÝSê�çf×	ÓvñfÔ�ãâÝ��1Õfê�çGÞâÕfå�ñfÔNå-ÔNÖØÔ�é�æ
ê�ÖÛéNÝHóªáÂê�ÚØãoãâÝqå5Ú´ýºãäÚØå-àfÖðÝ�ì

H̃am(M,ω)
ê�×få-ÚÛÞÂãoêSñfÔNå-ÔNé�ÝHçfÝqÔNÕfã
�GÕôê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå�ÞÂÔ

R
ò]Òºç�êw×f×fÚðý

ÞÂÚÛÔNç5ÞÂÔÙèqÔNçfãÁÞÂáâÕªèqÞÂÚÛçféÙãâÕfè½ñ	êd�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå	ì�
¶çGÞÂÔ3ë�êwçf×%í/Ô�ÖÛÞÂÝqáâÔ3ë>ÚÛè~ñJãâñªÔDÓÊÝq×*ÞÂñôêwÞÊÚÛÞÂã`ëwê�ÖÛÕfÝ
ÔNçEê�ç²æ	×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå ãäÕfàfà$ÔNáÁÞÂÝH×EÚØç�êJö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwçfÖðæ�×fÚØãäàfÖ÷ê�èqÝ<êwófÖØÝSÔ�à$ÝHçEãäÕfófãâÝÌÞTÝ��GÕôêwÖØãyÞÂÔ
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ÞÂñªÝ(�{ê�ÖØê�ófÚfÚØç²ëwê�áäÚ÷ê�ç²ÞoÔwîOÞâñfÝy×ªÚ3�(ÝHÔNå-ÔNáâàªñfÚÛãâåí�4ãâÝqÝ � ÝHèqÞâÚØÔ�ç
4
ó$ÝqÖØÔDÓ�î;ÔNá¶àfáâÝqèHÚÛãâÝy×fÝÌõôçfÚÛÞâÚØÔNçªãî¡Ìò� 

�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå�ÓvÚðÞÂñ�ÞÂñfÚÛãjàªáâÔNà$ÝqáäÞºæEÚÛã�è<ê�ÖÛÖØÝq×nê�ï á�ðñá^ò�ã�ß�à�ázâÙãSäæå0çzè"éoêUã§âqå òjÒ ÞjÞâÕfáâçªãTÔNÕ>ÞjÞÂñfêwÞÞÂñªÝCÝÌß>ÚØãÁÞÂÝqçfèHÝPÔ�îtê��{ê�Ö÷êwófÚD�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãâå«ñôê�ãjãâÝqëNÝqáÂê�Ö¶ê�àfàfÖÛÚØèHêwÞÂÚÛÔ�çfã�áäÝHé²ê�áä×fÚØçªé%ïMê�é�áÂê�çfé�Ú÷ê�ç
ÚØç²ÞÂÝqáâãâÝqèqÞâÚØÔNç�ê�çf×�áäÚØéNÚÛ×fÚðÞºæxÔ�îTÚÛçGÞâÝHáâãäÝHèÌÞÂÚØÔ�çfã5ÚØç�ãÁæ1å5àfÖÛÝHèÌÞÂÚÛè�å5ê�çfÚðî;ÔNÖð×fãHòi� Ý�áâÝqî;Ýqá-ÞÂñfÝ�áäÝ<ê�×fÝqá
ÞÂÔ�£ }R¤ ì4£ af|R¤ ìQêwçf×%ÞÂÔ��Êñôê�àªÞâÝHá

4
Ô�îmÞÂñfÚÛã{ÞÂñfÝqãâÚØãiî;ÔNá{î;ÕªáäÞÂñªÝHávÚÛçªî;ÔNáâå5êwÞâÚÛÔ�ç*ÔNç*ÞÂñfÚÛãvãäÕfó��äÝHèqÞHò

üiñfÝ î;ÔNáÁÞÂñEè½ñôê�à>ÞÂÝHájÔwî¶ÞÂñfÚÛã­ÞÂñªÝHãâÚÛãjÚÛã�óôêwãâÝH×nÔNçEÔNÕfáyÓÊÔNáâÜ!£ e^gz¤ òjüiñfÝqáâÝ ÓÊÝÙèHÔ�çfãäÞÂáäÕfèqÞâÝH×!�{ê�ÖØê�ófÚ
�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå-ã{Ô�ç%ÞâñfÝ�ÕfçfÚðëNÝHáäãÂê�Ö
èqÔDëNÝqáyÔwî/ÞâñfÝ�éNáäÔNÕfà%Ô�î8ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç*×ªÚ3�(ÝHÔNå-ÔNáâàªñfÚÛãâå-ãÊî;Ô�á
ãâÔ�å5ÝyçfÔNç>ý å5Ô�çfÔ�ÞÂÔ�çfÝyãÁæ1å5àfÖÛÝHèÌÞÂÚÛè­å5ê�çfÚðî;ÔNÖð×fãHò8ü{ñfÚØãtèqÔNå-àfÖØÝqå5ÝqçGÞÂã¶ÞÂñfÝ�ê�ó$Ô3ëNÝ�å-ÝHç²ÞÂÚÛÔNçfÝH×5áäÝHãâÕªÖÛÞ
óGæ�
¶ç²ÞÂÔ3ë	êwçf×�í/ÔNÖðÞÂÝHáäÔDë1ÚÛè~ñ*ÓvñfÚÛè~ñ�êwàfàfÖØÚÛÝHã{ÚØç*ÞÂñªÝSå-ÔNçfÔwÞÂÔNçªÝTè<ê�ãäÝ�ò
ÒºçxÔNáä×fÝHáSÞÂÔ�ãäÞ½êÍÞÂÝJÔNÕªá áäÝHãâÕªÖÛÞÂã�ÓtÝJõfáâãäÞÙáäÝHèHê�ÖØÖ`ãäÔNå-ÝJçªÔ�Þ½êwÞâÚØÔNçªãHò�ï
ÝqÞ

Xλ = (S2 × S2, ωλ =

ω⊕λω), 1 ≤ λ ∈ R,
ÓvñfÝqáâÝ

ω
ÚÛãoÞÂñfÝyãäÞ½êwçf×ôê�áä×�ê�áâÝHêSî;ÔNáäå�ÔNç-ÞÂñfÝvÞAÓÊÔÍýº×fÚÛå5ÝqçfãâÚÛÔNçôê�ÖfãäàfñfÝqáâÝ

S2ÓvÚÛÞâñ�ÞÂÔ�ÞÂê�Ömê�áâÝHê
1
ìOê�çf×�ÖØÝÌÞ

Yµ = (CP 2#CP 2, ωµ), 0 < µ < 1,
ó$Ý�ÞâñfÝ ãÁæ>å-àfÖÛÝHèÌÞÂÚØèSófÖØÔ3Ó{ýºÕfà

Ô�î
CP 2 êwÞCÔNçfÝ�à$ÔNÚÛçGÞ<ì8ÓvñfÝqáâÝ ωµ Þ½êwÜ�ÝHãÙÞÂñªÝ�ëwêwÖØÕfÝ µ Ô�ç§ÞâñfÝ�ÝÌß>èHÝqàªÞÂÚÛÔNçôê�ÖÊ×fÚÛë1ÚÛãâÔNáHì¶ê�çª× 1

ÔNç
ÞÂñªÝCèqÖ÷ê�ãäãjÔ�î¶ÞÂñfÝÙÖØÚÛçfÝ

[CP 1]
òTÒºçnÞâñfÝÙå5Ô�çfÔ�ÞÂÔ�çfÝ èHê�ãâÝÙÓvñfÝqáâÝ

λ = 1
ê�çf×

µ = 1/3
ìn
oç²ÞÂÔ3ëEê�çf×

í/ÔNÖðÞÂÝqáâÔDë1ÚÛè~ñ¢£ a<gz¤ àªáâÔDëNÝq×%ÞÂñfÝTÝÌß>ÚØãÁÞÂÝHçªèHÝSÔ�î/êPïMÚÛàfãâè½ñfÚðÞ*�jñfÔNå-ÔNéNÝqçfÝHÔNÕªãt�{êwÖ÷ê�ófÚZ�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå
ÔNç§ÞÂñªÝ%ÕfçfÚðëNÝHáäãÂê�Ö{èHÔ3ëNÝHáâãPÔ�î�ö�êwå

(Xλ)
êwçf×�ö­ê�å

(Yµ)
ò��ôÔNá ÞÂñfÝ*×fÝqõôçªÚÛÞÂÚÛÔNç§Ô�îyÞâñfÝ	ï
ÚÛàfãâè½ñfÚÛÞ��

àfáäÔNà$ÝHáÁÞAæ�Ô�î/ê)�{ê�ÖØê�ófÚ@�jÕôêwãâÚðý å5Ô�áâàfñªÚÛãâå©ãäÝHÝ)£ a>gz¤ ÔNá � ÝHèÌÞÂÚÛÔNç
4
ó$ÝqÖØÔ3Ó�ò¶üiñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçfé�ÞÂñfÝqÔNáâÝqå

�4àªáâÔDëNÝqç�ÚÛçÕ£ e^g>¤ ¡{ÝÌß1ÞâÝHçf×	ÞÂñfÚÛãváäÝHãäÕfÖÛÞiÞÂÔCÞÂñfÝ�áÂêÍÞÂÚÛÔNçôê�Ö(çfÔNç>ý å5ÔNçªÔ�ÞÂÔNçªÝTèHê�ãâÝwò
Ñ j4L^=u;zL�OóØ¢Ïfï
ÝqÞ

(M,ω)
ó$ÝvÝHÚðÞÂñfÝqá

Xλ

ÓvñfÝqáâÝ
1 < λ ∈ Q

ÔNá
Yµ
ÓvñªÝHáâÝ

1/3 6= µ ∈ Q∩ (0, 1)
ò

üiñfÝqç�ÞâñfÝHáäÝSÝ~ß>ÚØãäÞâã­êPïMÚÛàfãâè½ñfÚðÞ*�TñfÔNå-ÔNé�ÝHçfÝqÔNÕfãt�{ê�ÖØê�ófÚZ�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãäå
r̃ : H̃am(M,ω)→ R.

ÒºçCî4ê�èqÞHìNÞÂñfÝiÝ~ßfêwå5àªÖØÝHã]ÚØçÙÞÂñªÝyêwó$ÔDëNÝ{ÞÂñfÝqÔNáâÝqå"ê�áâÝiãäà$ÝHèqÚ÷ê�ÖfèHê�ãâÝqã`ÔwîOêTå-ÔNáäÝ{éNÝHçªÝHáÂêwÖfèHáâÚðÞÂÝqáâÚØÔ�çÙî;Ô�á
ÞÂñªÝTÝ~ß>ÚØãÁÞÂÝHçªèHÝ�Ôwî/ê��{ê�Ö÷êwófÚ:�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâåô�4ê�ÖØãäÔÙàfáäÔDëNÝqç%ÚØçÒ£ e^g>¤ ¡~ò¶üiñfÚØãÊèHáâÚðÞÂÝqáâÚØÔ�çJÚØãÊóôê�ãäÝH×%ÔNç
ãâÔ�å5Ý�êwÖØéNÝqófáÂêwÚØèvàfáäÔNà$ÝHáÁÞÂÚÛÝHãtÔ�î�ÞâñfÝ(�GÕôêwçGÞÂÕªå©ñfÔNå-ÔNÖÛÔNéwæPê�ÖÛéNÝHófáâê�ê�ãäãâÔ1èHÚØêwÞâÝH×5ÓvÚÛÞÂñ-ÞÂñfÝ­å5ê�çfÚÛî;Ô�ÖÛ×
(M,ω)

òoüiñfÝSàªáâÝHèqÚØãäÝSãÁÞ½êwÞâÝHå-ÝHçGÞvÚØã�¥
Ñ j4L^=u;zL�OõØ�7zÏ²ï
ÝqÞ

(M,ω)
ó$ÝtêvèHÖÛÔNãâÝq×�èHÔNçªçfÝHèÌÞÂÝq×ÙáÂêwÞâÚØÔNçfê�ÖNãÁÞÂáâÔ�çféNÖðæTãâÝqå-Úðýºà$Ô�ãâÚÛÞâÚðëNÝ¶ãäæ1å-àfÖØÝqèqÞâÚØè

å5ê�çfÚÛî;Ô�ÖÛ×�Ô�î/×fÚÛå5ÝqçfãâÚÛÔNç
2n
ò � Õfàfà$ÔNãäÝ�ÞÂñfêwÞiÞÂñfÝ5�1Õfê�çGÞâÕfå ñfÔNå-ÔNÖÛÔNé�æ5ãäÕfóôê�ÖÛéNÝqófáÂê

QH2n(M) ⊂

QH∗(M)
ÚØã�ê5ãäÝHå-Úðý ãâÚØåPàfÖÛÝSê�ÖØé�ÝHófáâê5Ô3ëNÝHá­ÞâñfÝ�õôÝqÖØ×

Λ0

ê�çf×�ÞâñôêwÞ­ÞÂñªÝ å-ÚØçfÚÛå5êwÖB�ÊñfÝqáâçnçGÕfåÙó$ÝHá
NM
×ªÚÛë1ÚØ×fÝqã

n
ò�üiñfÝqç�ÞâñfÝHáäÝ	Ý~ß>ÚØãäÞâã5ê¥ï
ÚØàfãäè~ñfÚðÞ*�*ñfÔNå-ÔNé�ÝHçfÝqÔNÕfã��{ê�ÖØê�ófÚ��1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãâå

r̃ :

H̃am(M,ω)→ R.

üiñfÝ�àfáäÝHèqÚØãâÝS×fÝqõfçfÚÛÞâÚØÔNçfãvÔ�î/ÞÂñfÝSèHÔ�çf×fÚÛÞâÚØÔNçªãvÚØç%ÞÂñªÝSÞâñfÝHÔNáäÝHå«ê�çf×	î;ÕfáÁÞÂñfÝqáy×fÝqÞÂê�ÚØÖÛãiÓvÚØÖÛÖ�ó$Ý�éNÚðëNÝHç
ÚØç]�tñôê�àªÞâÝHá

4
ó$ÝHÖÛÔDÓ�ò
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��ÔNáäÝHÔ3ëNÝHáqì�ÚØç�èHÔNç²ÞÂáÂêwãäÞmÓvÚðÞÂñ�
¶çGÞÂÔ3ë²ýAí/ÔNÖðÞÂÝqáâÔDë1ÚÛè~ñn% ã
ÓÊÔNáâÜQìÍÓÊÝ`ãâñfÔ3ÓÊÝq× ÞâñôêwÞMÞÂñfÝ³�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãâå-ã
ÚØç�ÞÂñfÝ ÞÂñfÝqÔNáâÝqå ê�ó$Ô3ëNÝC×fÝHãäèHÝqçf× ÞÂÔ*çªÔNç>ý ÞâáâÚðë>ÚØê�ÖmñªÔNå5Ô�å5Ô�áâàfñfÚÛãäå-ã�ÔNçEÞÂñªÝÙî;Õfçf×fê�å5ÝqçGÞÂê�Ö8éNáäÔNÕfà
Ô�î8ö�ê�å

(M,ω)
ò
��ÔNáäÝ�àfáâÝqèHÚÛãâÝHÖðæ

Ñ j4L^=u;zL�O÷Ø�7>7zÏôï
ÝqÞ
M
ó$Ý­ÔNçªÝ­Ô�î�ÞâñfÝ­åJêwçfÚÛî;Ô�ÖÛ×fãoÖÛÚØãäÞâÝH×5ÚÛç5üiñfÝqÔNáâÝqåø�ÙòGüiñfÝHçJÞÂñªÝ�áäÝHãÁÞÂáâÚÛèqÞâÚØÔNç

Ô�îoÞâñfÝPêwó$ÔDëNÝÙå5ÝqçGÞÂÚÛÔNçfÝq×Õ�{êwÖ÷ê�ófÚD�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå�ÞâÔ�ÞÂñfÝ î;Õfçf×fê�å5ÝqçGÞÂê�Ö8é�áâÔNÕfà
π1

(
Ham(M)

)
éNÚðëNÝHãváäÚØãâÝjÞÂÔ-êCçfÔNç>ý ÞÂáâÚðë1Ú÷ê�Ö(ñfÔNå-ÔNå-ÔNáäàfñfÚÛãâå	ò
üiñfÚÛã�×ªÚ3�(ÝHáäãjî;áâÔNå ÞÂñªÝPãäÚÛÞÂÕfêwÞÂÚÛÔNçE×fÝHãäèHáäÚØó$ÝH× óGæÒ
¶çGÞâÔDënê�çf× í/ÔNÖðÞÂÝHáäÔDë1ÚØè½ñEÓvñfÝqáâÝ-ÚðÞjÓ{êwã�àfáâÔ3ëNÝHç
ÞÂñfêwÞjî;ÔNá

M = CP n Ýqçf×fÔ3ÓÊÝH×nÓvÚÛÞÂñ�ÞÂñfÝ��ôÕfófÚÛçfÚðý � ÞÂÕª×ªæ	î;Ô�áâå	ìOÔ�á�î;ÔNá M = S2 × S2 Ý+�1ÕªÚØàfà$Ýq×ÓvÚÛÞâñJÞÂñfÝ�ãâàfÖÛÚÛÞÊãÁæ>å-àfÖÛÝHèÌÞÂÚØèyî;ÔNáâå
ω⊕ω

ì>ÞâñfÝjáäÝHãäÞâáâÚÛèqÞÂÚÛÔNçJÔ�î
ÞÂñfÝ5�{ê�Ö÷êwófÚ:�GÕôêwãâÚðý å-ÔNáâàfñªÚØãâå"ÞÂÔ ÞâñfÝ
î;Õfçf×fê�å5ÝqçGÞÂê�Ö�éNáâÔ�Õfà

π1

(
Ham(M)

) ëÍê�çfÚØãäñfÝHãvÚØ×fÝqçGÞÂÚÛè<êwÖØÖðæ�ò
 �ã­ê-óGæ²ý àfáâÔ1×fÕªèqÞ�Ôwî]üiñfÝqÔNáâÝqåù� ìôÓÊÝ êwÖØãäÔ-éNÝHçfÝqáÂê�ÖÛÚ§�qÝSê-áâÝqãâÕfÖðÞ­áâÝqé²ê�áâ×ªÚØçfé-áäÚØéNÚÛ×fÚ´ÞAæJÔ�î]ÚØç²ÞÂÝqáâãâÝqèÌý
ÞÂÚÛÔNçfã¶ÔNóªÞÂê�ÚØçªÝH×PóGæ	
¶çGÞÂÔ3ëPê�çf×5í/ÔNÖÛÞâÝHáäÔDë1ÚØè½ñPÚØç�£ af|R¤ ò]ümÔS×fÝHãäèHáâÚÛó$ÝvÞÂñfÚÛãoáäÝHãâÕªÖÛÞ<ìNÓÊÝyáâÝqè<ê�ÖÛÖªõôáâãÁÞ`ÞÂñªÝ
î;ÔNÖÛÖØÔ3ÓvÚÛçféC×ªÝqõôçfÚðÞÂÚÛÔNçfãHò
�ôÔNávêPãäæ1å-àfÖØÝqèqÞâÚØè�å5ê�çfÚðî;ÔNÖð×

M
×fÝqçfÔ�ÞâÝSóGæ

{·, ·}
ÞâñfÝSãÁÞ½ê�çf×fê�áâ×�í/Ô�ÚØãâãäÔNç

ófáâê�è~ÜwÝqÞÂãjÔNç
C∞(M)

ò( �ÖØÚÛçfÝ<êwáyãâÕfófãäàôê�èqÝ
A ⊂ C∞(M)

ÚÛã�ãâê�ÚØ×�ÞÂÔJó$ÝCí/ÔNÚÛãâãâÔ�ç>ýºèqÔNå-åCÕ>Þ½êwÞâÚðëNÝ
ÚÛî
{F,G} = 0

î;Ô�á{ê�ÖÛÖ
F,G ∈ A

ò�� ÝTê�ãâãäÔ1èHÚØêwÞÂÝ­ÞÂÔCê�õôçfÚðÞÂÝ~ýº×fÚÛå5ÝqçfãâÚÛÔNçôêwÖ$í/ÔNÚÛãâãâÔ�ç>ýºèqÔNå5åÙÕªÞÂêwÞÂÚ´ëNÝ
ãâÕªófãâàôêwèHÝ

A ⊂ C∞(M)
ÚÛÞâãiå5Ô�å5ÝqçGÞiå5ê�à

ΦA : M → A∗ ìf×fÝqõôçªÝH×�óGæ 〈ΦA(x), F 〉 = F (x)
ò³ 

çfÔNç1ýºÝHå-àªÞºæ�ãäÕfófãäÝqÞ�Ô�î¶ÞâñfÝ î;Ô�áâå
Φ−1

A (p), p ∈ A∗ ìOÚØã­è<ê�ÖÛÖØÝq×Eê5õôó$ÝHá�Ô�î A ò( �õfó$ÝHá X ⊂ M
ÚÛã

ãÂêwÚØ×EÞÂÔ*ó$ÝC×fÚØãäàfÖ÷êwèHÝ<êwófÖØÝ ÚÛî¶ÞÂñfÝqáâÝCÝÌß>ÚØãÁÞÂã�ê%ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç�×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå
ϕ ∈ Ham(M)

ãâÕªè~ñ
ÞÂñfêwÞ

ϕ(X) ∩X = ∅
ò

ú$L_û�8BEF9>EF=G8
Ï� èqÖØÔNãäÝH×�ãäÕfófãäÝqÞ
X ⊂ M

ÚØãvèHê�ÖØÖÛÝH×	êPãäÞâÝHå	ìôÚÛîmÞÂñfÝqáâÝSÝÌß>ÚÛãäÞÂã­êCõôçfÚðÞÂÝ~ýº×fÚÛå-ÝHçfãäÚØÔNçfê�Ö
í/ÔNÚÛãâãâÔ�ç>ýºèqÔNå-åCÕ>Þ½êwÞâÚðëNÝ�ãâÕªófãâàôêwèHÝ

A ⊂ C∞(M)
ìOãâÕfè½ñnÞâñôêwÞ

X
ÚØãjê5õôó$ÝHájÔwî

A
ê�çª×nÝ<ê�è½ñEõôó$ÝHá

Ô�î
A
ìfÔ�ÞÂñªÝHáiÞâñôê�ç

X
ìôÚÛãv×ªÚØãâàªÖ÷ê�èqÝ<ê�óªÖØÝ�ò

ÒºçÙüiñfÝHÔ�áâÝHå
2.4
Ô�î4£ a<|z¤ ì_
¶çGÞâÔDë ê�çª×Cí/ÔNÖÛÞâÝHáâÔ3ë1ÚØè½ñ ãâñfÔ3ÓÊÝH×ÙÞÂñôêÍÞ8î;ÔNá8ê­èHÝqáäÞ½êwÚØç èHÖ÷êwãâã8Ô�îôãäæ1å-àfÖØÝqèqÞÂÚÛè

å5ê�çfÚÛî;Ô�ÖÛ×ªãHìMê�ç²æEÞAÓÊÔ	ãäÞâÝHå-ãSñôê<ëNÝ5ê%çfÔ�ç>ýºÝqå5àªÞºæEÚØç²ÞÂÝHáäãâÝHèÌÞÂÚÛÔNç�ò���ñôêwÞ�ÞâñfÝqæ¥ÕªãâÝH×Oì/ÚØçnî4ê�èÌÞ<ìMÓÊê�ã
ÔNçfÖðæ¥ÞÂñfÝ�Ý~ß>ÚØãäÞâÝHçfèqÝ*Ô�îyêEï
ÚØàfãäè~ñªÚÛÞ*�5ñfÔNå-ÔNéNÝqçfÝHÔNÕªã	�{ê�ÖØê�ófÚ
�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå î;ÔNá å5ê�çfÚðî;ÔNÖð×fã�ÚÛç
ÞÂñªÚØã8èHÖØê�ãâãqòÍ�yãâÚÛçféjÞâñfÝ{ÝÌßªê�èÌÞoãÂêwå5ÝÊÖØÚÛçfÝtÔ�î$àfáäÔ1Ô�îAì�ÞâñfÝÊî;ÔNÖØÖÛÔ3ÓvÚÛçféyÞÂñfÝqÔNáâÝqå�î;Ô�ÖØÖÛÔ3Óvã/î;áâÔ�å üiñfÝHÔ�áâÝHå
��êwó(Ô3ëNÝ�ò
Ñ j4L^=u;zL�O 7<7+üÒÏôï
ÝÌÞ

M
ó$Ý­ÔNçªÝ­Ô�îOÞÂñfÝ­å5ê�çfÚðî;ÔNÖð×fãoÖØÚÛãäÞâÝH×5ÚÛç5üiñfÝqÔNáâÝqåø� ò1üiñfÝqç*ê�çGæCÞAÓtÔ ãäÞâÝHå-ã

ÚØç
M
ÚØç²ÞÂÝHáäãâÝqèqÞ<ò

 �çnÝ~ßªê�å5àªÖØÝ Ô�î`êJãäÞÂÝqå ÚÛç�ÞÂñfÝ è<ê�ãäÝÙÓvñfÝqáâÝ
M = Xλ

ÚØã­ÞâñfÝÙàfáäÔ1×fÕfèqÞTÔ�î¶ÞºÓÊÔ*Ý+�1ÕfêwÞÂÔNáäãHò���ÔNáäÝ
àfáäÝHèHÚÛãâÝqÖÛæ¥ÓÊÝ�ÚÛ×fÝqçGÞÂÚðî}æ

Xλ

ÓvÚðÞÂñ
CP 1 × CP 1 ÚØç ÞÂñfÝJÔNó²ë1ÚØÔNÕªã�Ó{ê<æNòEþ­ÝHçfÔwÞÂÝ�ó²æ L ⊂ Xλ

ÞÂñªÝ
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ïMê�éNáâê�çféNÚØê�ç�ÞâÔNáâÕfãv×ªÝqõôçªÝH×�ó²æ

L =
{

([z0 : z1], [w0 : w1]) ∈ CP 1 × CP 1 | |z0| = |z1|, |w0| = |w1|
}

üiñfÝ-àªáâÔ1Ô�î`ÞÂñôêÍÞ
L
ÚØã�ê*ãäÞÂÝqå éNÔ1ÝHãSê�ÖÛÔNçfé�ÞÂñªÝPãÂê�å-ÝPÖÛÚØçfÝCêwã��ÊÔNáâÔ�ÖØÖ÷êwáäæ

2.5
Ôwî�£ a<|z¤ ò � ÚÛçfèHÝCÞâñfÝ

ÚØå5ê�é�ÝjÔ�î8êPãäÞâÝHå Õfçf×fÝqá­êwçGæ*ãÁæ>å-àfÖÛÝHèÌÞÂÔNå-ÔNáâàªñfÚØãäåûÔwî
M
ÚÛãvê�é²ê�ÚÛç%êPãäÞâÝHåûÓÊÝSé�ÝqÞ�¥

��=u;z=GMPMPQ�;<YÍÏ�ï
ÝqÞ
Xλ

ó$Ý*ÞâñfÝ*õôáäãäÞ-èqÖ÷êwãâãPÔwî­åJêwçfÚÛî;Ô�ÖÛ×fã ÖØÚÛãäÞÂÝq×�ÚÛç�üiñªÝHÔNáäÝHåó�Ùò]üiñfÝqçùî;ÔNáCê�çGæ
ãäæ1å-àfÖØÝqèqÞâÔNå-ÔNáâàfñªÚØãâå

φ
Ô�î
Xλ

ÓÊÝ�ñôê3ëNÝ
L ∩ φ(L) 6= 0

ò

ÿ�¹�º��(¼G¹���º�µy¶³Ã�¹��(µ ¹��(µ@Â�»ÁÂ��
�djBQ�[B9<L^;

1
Ï%ÒºçøÞÂñfÝ5õôáâãÁÞCè½ñôê�àªÞâÝHá Ô�îiÞÂñfÝ5ÞÂñfÝqãâÚÛã ÓÊÝJáâÝHèHê�ÖØÖ`ãâÔ�å5ÝJçªÝHèqÝHãâãÂêwáäæx×fÝÌõôçfÚÛÞâÚØÔNçªãÙê�çª×

çfÔ�ÞÂêwÞÂÚÛÔNçfãjî;áâÔNå ãÁæ>å-àfÖÛÝHèqÞâÚØèPéNÝqÔNå5ÝÌÞÂáÁæNòJÒºç àôê�áÁÞÂÚÛèHÕfÖØê�ájÓÊÝ-ÚØç²ÞÂáâÔ1×ªÕfèHÝPÞâñfÝ-åJêwÚØç¥ÔNó��äÝHèÌÞ�Ô�îÊÞÂñªÝ
ÞÂñªÝHãâÚÛãvÚ ò Ý�òðìªÞÂñfÝ�éNáäÔNÕfà	Ôwî]ö­ê�å5ÚÛÖðÞâÔNçfÚØêwç*×fÚw�OÝqÔNå-ÔNáâàªñfÚØãäå-ãHò
�djBQ�[B9<L^;

2
Ï	ÒºçxÞÂñfÚÛãÙè½ñôê�à>ÞÂÝHáqì`êwî}ÞÂÝqáÙófáäÚØÝ��fæøáäÝHè<êwÖØÖÛÚØçªé�ÞÂñªÝ*×fÝÌõôçfÚðÞÂÚÛÔNçxÔ�îyö­Ô�î;Ýqá�% ãCå-ÝqÞâáâÚØèwì8ÓÊÝ

ê�×f×ªáâÝHãäã�ÞâñfÝd�GÕfÝqãäÞÂÚÛÔNçEÔ�î]ÞâñfÝ ÕªçfÚ§�GÕfÝqçfÝHãäãTÔ�îoöyÔ�î;Ýqá�% ã�å5ÝÌÞÂáäÚØè�êwå5ÔNçªé-ÞÂñfÝd�8ÚØçªãâÖØÝqáÁý ÞAæ1à$ÝSå5ÝÌÞÂáäÚØèHã
ÔNç ÞâñfÝ5éNáâÔ�ÕfàøÔwîvö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHì/ê�çª×øàfáâÝqãâÝHç²ÞÙÔNÕfáSåJê�ÚÛç áâÝqãâÕfÖðÞÂãHò*üiñfÝJçfÝ~ß>Þ
ãâÝqèqÞâÚØÔNç�èqÔNçGÞÂê�ÚÛçfã{êSî4ê�ÚÛáâÖðæC×fÝqÞÂê�ÚØÖÛÝH×5ÔNÕªÞÂÖÛÚØçfÝvÔ�î
ÞâñfÝ�àfáäÔ1Ô�î;ãÊÔwîMÔNÕªáÊå5ê�ÚÛç-ÞÂñfÝqÔNáâÝqå-ãHì>ãäÞÂáäÝHãâãäÚØçfé ÞÂñªÝ
å5ê�ÚØç�ÚØçªéNáâÝq×fÚØÝqçGÞÂã/ÚØç²ëNÔNÖðëNÝH×�ò/üiñfÝÊî;ÔNÖÛÖØÔ3ÓvÚÛçféyÞºÓÊÔjãâÝqèqÞÂÚÛÔNçfã8àfáâÝqãâÝHç²ÞoèHÔ�å5àªÖØÝqÞâÝtàfáâÔ1Ô�î;ã8ÔwîQÔNÕfá8å5ê�ÚØç
áâÝqãâÕfÖðÞÂãiÚ ò Ý�òðìªüiñfÝHÔNáäÝHå b ò a ò c ê�çf×%üiñfÝHÔ�áâÝHå b ò a ò b áâÝqãâà$ÝHèÌÞÂÚðëNÝHÖÛæ�ò � ÝHèqÞâÚØÔNç b ò g èHÔ�çGÞ½êwÚØçfã{àfáâÔ1Ôwî;ãiÔ�î
ãâÔ�å5ÝSÞâÝHè½ñfçfÚÛè<ê�ÖmÖØÝqå5å5ê�ãqòvüiñªÝÙÖØê�ãäÞ­ãâÝqèqÞâÚØÔNç�ÚØç	ÞÂñfÚÛã­è½ñôê�àªÞâÝHá�èHÔ�çGÞ½êwÚØçfã�ê5ãäÜ�ÝqÞâè~ñ²æ�ÞâáâÝ<êÍÞÂå-ÝHç²Þ�Ô�î
ãâÔ�å5Ý ê�×f×fÚðÞÂÚÛÔNçôê�Ö
àfáäÔNà$ÝHáÁÞÂÚÛÝHã�Ô�î]ÞÂñªÝÙçªÔNáâå

||| · |||
ì$ÞÂÔNé�ÝqÞÂñªÝHá­ÓvÚðÞÂñ�ãâÔNå-Ý áäÝqî;ÝqáâÝHçªèHÝqã�èqÔNçfèqÝHáäçfÚØçfé

ÞÂñªÝSèqÖ÷ê�ãäãâÚðõôè<êÍÞÂÚØÔ�ç%Ôwî8ãäÕfè~ñ�çfÔ�áâå-ãHò
�djBQ�[B9<L^;

3
ÏÙÒºç¥ÞÂñfÚÛã��Êñôê�àªÞâÝHáTÓÊÝPãäÞÂÕª×ªæ öyÔ�î;ÝHá+% ã�å-ÝqÞâáâÚÛèCÚÛç ê*Ö÷ê�áäéNÝHájèqÔNçGÞâÝÌß1Þ�Ôwî{ïMê�é�áÂê�çfé�Ú÷ê�ç

ãâÕªófåJêwçfÚÛî;ÔNÖÛ×fãqò�� Ý�èqÔNçfãâÚÛ×fÝHáPÞÂñfÝ	çôêwÞâÕfáÂê�ÖiåJê�à�ÓvñfÚÛè~ñùÞ½ê�Ü�Ýqã�ê ãÁæ>å-àfÖÛÝHèÌÞÂÚØè%×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå
ÞÂÔ�ÚÛÞâãjé�áÂê�àfñ��;ÓvñfÚÛè~ñnÚÛãTê�ïmêwéNáÂêwçféNÚ÷êwç�ãâÕfófå5ê�çªÚÛî;ÔNÖÛ×fãî¡~ìOê�çf×n×fÚÛãâèHÕªãâãTÚÛÞ­î;áâÔNå«ÞâñfÝÙë1ÚÛÝqÓvà$ÔNÚÛçGÞjÔ�î
ö­Ôwî;ÝHá�% ã]éNÝqÔNå-ÝqÞÂáÁæNò/üiñfÝiå5ê�ÚÛç áâÝqãâÕfÖðÞ]ãäÞ½êÍÞÂÝH×CÚÛç ÞÂñfÝtõôáâãÁÞ¶ãâÝHèÌÞÂÚÛÔNçCÔ�îôÞÂñªÝ{è~ñfê�àªÞÂÝqá]ãäÞ½êÍÞÂÝHã8ÞÂñfêwÞ8ÞÂñfÚÛã
å5ê�à�ñôê�ã�ÞâñfÝ�î;ÔNÖØÖÛÔ3ÓvÚÛçfé5ãâÕªáâàfáäÚØãâÚÛçfé5î;Ý<êwÞâÕfáâÝR¥yÚðÞ�àfáâÝqãâÝHáÁëNÝHãTÞâñfÝÙÖÛÝHçªé�ÞÂñfã�ÔwîoèHÕfáÁëNÝHãTófÕªÞjãäÞâáâÔNçªéNÖÛæ
×fÚÛãäÞÂÔ�áäÞÂãmÞÂñfÝÊ×fÚØãÁÞ½ê�çªèHÝHãqò]ÒºçÙãâÝHèÌÞÂÚÛÔNç c ò b ÓÊÝ{àfáâÔ3ëNÝ{ÔNÕªá8åJêwÚØçSÞÂñfÝqÔNáâÝqå�ò/ÒºçCãäÝHèÌÞÂÚØÔ�ç c ò c ÓtÝ{àfáâÝqãâÝHç²Þ
ãâÔ�å5Ý�áâÝqãâÕfÖðÞjê�ó$ÔNÕªÞ�éNÝqÔ1×fÝqãâÚØèqãjÚÛç�ÞâñfÝ éNáäÔNÕfà�Ô�îoö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç�×ªÚ3�(ÝHÔNå-ÔNáâàªñfÚÛãâå-ãyÝqçf×fÔ3ÓÊÝH×EÓvÚðÞÂñ
ö­Ôwî;ÝHá�% ãPå-ÝÌÞÂáâÚÛè�ò Òºç�ÞâñfÝ*Ö÷ê�ãÁÞÙÞAÓÊÔ¥ãäÝHèqÞâÚØÔNç�Ô�îyÞâñfÚØãÙè½ñôê�àªÞâÝHáCÓtÝ%àfáâÔ3ëNÝ	í¶áâÔNà$Ô�ãâÚÛÞâÚØÔNç c ò b ò | ê�çª×
í¶áâÔNà$Ô�ãâÚÛÞâÚØÔNç c ò b ò b ìªÓvñfÚÛè½ñ	ÓtÝHáâÝ�ãäÞ½êÍÞÂÝH×�ê�çf×	ÕfãäÝH×�ÚØç � ÝHèÌÞÂÚØÔ�ç c ò b ìfáâÝqãâà$ÝHèÌÞÂÚðëNÝHÖðæNò
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4
Ï ö­ÝqáâÝ%ÓÊÝ%î;Ô1èHÕfã-ÔNçùãâÔNå-Ý	ê�ÖÛéNÝHófáâê�ÚØè�àfáäÔNà$ÝHáÁÞÂÚØÝqã-Ô�î­ÞâñfÝ	éNáâÔ�ÕfàùÔ�îTö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHì�çôê�å-ÝHÖðæ�ÞâñfÝPÝÌß>ÚØãÁÞÂÝqçfèHÝ5ê�çf× ê�àªàfÖØÚÛè<êwÞâÚÛÔNçfãjÔwî.�{ê�ÖØê�ófÚ³�jÕfê�ãâÚ´ýºå-ÔNáâàªñfÚÛãâå-ãqòÙÒºç
ÞÂñªÝEõôáäãäÞ*ãâÝqèqÞÂÚÛÔNçÐÔ�î�ÞâñfÚØãJè~ñfê�àªÞÂÝqá�ÓÊÝEàfáâÝqãâÝHç²Þ	ãäÔNå-ÝEóôê�è½ÜGéNáâÔ�Õfçf×�áâÝqé²ê�áä×fÚØçªé��{ê�Ö÷êwófÚ��jÕôê�ãâÚ´ý
å-ÔNáâàfñªÚØãâå-ãHìwáâÝqè<ê�ÖÛÖªàªáâÝqë1ÚÛÔNÕfã]áâÝHãäÕfÖÛÞâã¶èqÔNçfèqÝHáâçªã¶ÞÂñfÝ{ÝÌß>ÚÛãäÞÂÝqçfèHÝiÔ�î(ê �{êwÖ÷ê�ófÚ��jÕfê�ãâÚ´ýºå-ÔNáâàfñªÚÛãâå ê�çª×
ãâÔ�å5ÝÊê�àfàfÖÛÚØèHêwÞÂÚÛÔ�ç�Ô�îôÚÛÞHìNêwçf×ÙãäÞÂêwÞÂÝÊÔNÕfá/å5ê�ÚØç�áäÝHãäÕfÖÛÞâãHò8Òºç � ÝHèÌÞÂÚÛÔNç e ò b ÓÊÝ{áäÝHè<êwÖØÖ1ãâÔ�å5Ýt×fÝqõfçfÚÛÞâÚØÔNçªã
ê�çf×*çfÔ�Þ½êÍÞÂÚØÔ�çfã{áäÝHÖØêwÞÂÝq×�ÞÂÔÙÞÂñfÝ��{êwÖ÷ê�ófÚ:�GÕôê�ãâÚ´ýºå-ÔNáäàfñfÚØãäå	ò8Òºç � ÝqèqÞÂÚÛÔNç e ò c ÓÊÝTófáäÚØÝ��ªæ�áäÝqë1ÚØÝÌÓuÞÂñªÝ
×fÝÌõôçfÚÛÞâÚØÔNçøÔ�îvÞâñfÝÅ�GÕôê�çGÞâÕfå ñªÔNå-ÔNÖØÔ�é�æ êwÖØéNÝqófáÂê

QH∗(M)
òÒ� ÝJÞÂñfÝqç�×fÝqãâèqáâÚØó$ÝJÞÂñfÝÅ�GÕôê�ç²ÞÂÕfå

ñfÔNå-ÔNÖÛÔNé�ÚÛÝHãjÔ�îÊÔNÕfá�å5ê�ÚÛç¥Ý~ßfêwå5àfÖÛÝHãSê�çf× ãäÞÂêwÞÂÝPãâÔNå-ÝPÔ�îtÞÂñªÝHÚÛá�àfáäÔNà$ÝHáÁÞÂÚØÝqãHò-Òºç � ÝqèqÞâÚØÔNç e ò e ÓÊÝ
áâÝqè<ê�ÖÛÖOÞÂñfÝ�×ªÝqõôçfÚðÞÂÚÛÔNç%Ô�î��8ÖÛÔ1ÝHá{ñfÔNå-ÔNÖØÔ�é�æJê�çf×	ãäÔNå5ÝTáâÝqÖØÝÌëwê�ç²ÞyçfÔ�ÞâÚØÔNçªãHò � ÝqèqÞÂÚÛÔNç e ò g ÚØãi×fÝÌëNÔ�ÞÂÝq×
ÞÂÔjÞÂñfÝiàªáâÔ1Ô�î$Ô�î(üiñªÝHÔNáäÝHå e ò a ò a êwçf×PüiñfÝqÔNáâÝqå e ò a ò c ò8Òºç � ÝHèÌÞÂÚÛÔNç e ò | ÓtÝv×fÚÛãâèqÕfãâã¶ÞÂñªÝváäÝHãÁÞÂáâÚÛèqÞâÚØÔNç
Ô�î/ÞâñfÝd�{êwÖ÷ê�óªÚ@�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå-ã{ÔNç%ÞÂñªÝ�î;Õfçf×fê�å-ÝHçGÞÂê�Ö�éNáâÔNÕªà	Ô�î

Ham(M)
ò`Òºç � ÝqèqÞâÚØÔNç e ò � ÓtÝ

àfáäÔDëNÝ5üiñªÝHÔNáäÝHå e ò a ò b ê�çª×øÚÛç¥ÞÂñfÝ-Ö÷ê�ãÁÞSãâÝqèqÞÂÚÛÔNç ÓÊÝ5àfáäÔDëNÝPÞÂñfÝ5í/ÔNÚÛçfè<ê�á �-×fÕfê�ÖØÚðÞAæ�Þºæ1à$Ý5ÖØÝqå5å5ê
ÓvñfÚÛè~ñ	ÚÛãvãÁÞ½êwÞâÝH×�ê�çf×�ê�àªàfÖØÚÛÝH×*ÚØç � ÝqèqÞÂÚÛÔNç e ò g ò
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Òºç�ÞâñfÚØãvè~ñfê�àªÞÂÝqáyÓÊÝSáâÝHèHê�ÖØÖ
ãâÔ�å5Ý�óôê�ãâÚÛèS×fÝÌõôçfÚÛÞâÚØÔNçªã­êwçf×�çªÔ�Þ½êwÞâÚØÔNçªãiî;áâÔNå ãäæ1å-àfÖÛÝHèqÞâÚØè�éNÝHÔ�å5ÝÌÞÂáäæ�ò
� Ý­áäÝHãÁÞÂáâÚÛèqÞ`ÔNÕfáâãäÝHÖðëNÝHãtÔNçfÖðæÙÞâÔSÞÂñªÔNãâÝvÓvñfÚØè½ñ5ãâÝqáäëNÝ�ê�ãtêSóôêwè~ÜGéNáäÔNÕfçf×5ÞâÔSÞâñfÝvî;ÔNÖØÖÛÔ3ÓvÚÛçféTè~ñfê�àªÞÂÝqáâãHò
�ôÔNávêCèHÔNå-àfáäÝHñfÝqçfãâÚðëNÝSÚØç²ÞÂáäÔ1×fÕfèqÞâÚØÔNç�ÞâÔ-ãÁæ>å-àfÖÛÝHèqÞâÚØèTéNÝqÔNå-ÝqÞâáäæ�ãâÝqÝSÝ�ò éfò4£ c&eR¤ ò

����� ����� ��������� ���"! #%$
��&('��*)�+

 �ãäæ1å-àfÖØÝqèqÞâÚØèjåJê�çªÚÛî;ÔNÖð×�ÚØãiêCàôêwÚØá
(M,ω)

èHÔNçfãäÚØãÁÞÂÚØçªéPÔwî8êCãâå-Ô1Ô�Þâñ%å5ê�çfÚðî;ÔNÖÛ×
M
ÞâÔNéNÝÌÞÂñfÝqá{ÓvÚÛÞÂñ

êÙèHÖÛÔNãâÝq×�ìfçfÔ�ç>ýº×fÝqéNÝqçfÝHáâêwÞÂÝ
2
ý î;ÔNáäå

ω ∈ Ω2(M)
ò¶üiñfÝjõôáâãÁÞyê�çf×*å5Ô�ãäÞiófê�ãâÚÛèjÝÌßªê�å-àfÖØÝ�ÚØãÊÞâñfÝ

2n
ý

×fÚÛå5ÝqçfãâÚÛÔNçôê�Öo
oÕªèHÖØÚÛ×fÝ<êwçJãäàôê�èHÝ
R2n ÓvÚðÞÂñ-ÞÂñfÝ­ãäÞÂê�çf×ôêwáâ×JÖØÚØçªÝ<ê�áoèqÔ1ÔNáâ×ªÚØçôêwÞâÝHã (x1, y1, . . . , xn, yn)

ì
ÞÂÔ�éNÝqÞâñfÝHájÓvÚðÞÂñnÞâñfÝ��4ãâÔÍýºèHê�ÖØÖÛÝH×u¡yãÁÞ½ê�çf×fê�áâ×¥ãäæ1å-àfÖØÝqèqÞÂÚÛèÙãäÞÂáäÕfèqÞâÕfáâÝ

ωst =
∑n

j=1 dxj ∧ dyj
òV~yÔ�ÞÂÝ

ÞÂñfêwÞCÞÂñfÝ%×fÚÛå-ÝHçfãäÚØÔNç§Ôwîjênãäæ1å-àfÖØÝqèqÞâÚØè*å5ê�çfÚðî;ÔNÖÛ×xåÙÕfãäÞ-ê�ÖðÓ{ê<æ>ãCó$Ý%ÝqëNÝqç�ÚÛç§ë1ÚØÝÌÓûÔ�î­ÞâñfÝ%çfÔ�ç>ý
×fÝqéNÝHçfÝqáÂêwèqæSèqÔNçf×fÚðÞÂÚÛÔNç�ÔNç

ω
òB �çfÔ�ÞâñfÝHáMèHÖØê�ãâãMÔ�îªÝ~ßªê�å5àªÖØÝqã/êwáâÝ¶ÞÂñªÝ`èqÖ÷ê�ãäãmÔwîªÔNáâÚÛÝHç²ÞÂÝH×�ÿvÚØÝqå5ê�çfçfÚØê�ç

ãâÕªáäî4ê�èqÝHã/ÓvÚÛÞÂñSÞÂñfÝtãäæ1å-àfÖØÝqèqÞÂÚÛè`î;Ô�áâå�éNÚÛëNÝqç óGæ�ÞÂñfÝÊê�áäÝ<êyî;ÔNáäå�ò � ÕfámÖ÷ê�ãÁÞ.�}î;Õfçf×ôêwå5ÝqçGÞÂê�ÖS¡�ÝÌßªê�å-àfÖÛÝ
Ô�îoêJãäæ1å-àfÖØÝqèqÞâÚØè�åJê�çªÚÛî;Ô�ÖÛ×fãyÚØãyÞâñfÝÙèqÔ�Þ½êwçféNÝqçGÞjófÕfçf×ªÖØÝ

T ∗X
Ô�îoê�ç

n
ý ×fÚØå-ÝHçfãäÚØÔ�çôê�Ö
åJêwçfÚÛî;Ô�ÖÛ×

XÓvñfÚÛè~ñ�è<ê�áäáâÚÛÝHãPênè<êwçfÔNçfÚÛè<ê�ÖÊãäæ1å-àfÖØÝqèqÞÂÚÛè�î;ÔNáäå�ò üiñfÚÛãPÝ~ßfêwå5àªÖØÝ*ÚÛãCÝqãâà$ÝHèqÚ÷ê�ÖÛÖÛæøÚÛå-à(Ô�áäÞ½êwçGÞÙãäÚØçfèqÝ
ãäæ1å-àfÖØÝqèqÞâÚØèÙåJê�çªÚÛî;ÔNÖð×fãjê�áâÚÛãâÝÙçôêwÞÂÕªáÂê�ÖÛÖÛæ�ÚÛç êwófãäÞâáÂê�èÌÞ�î;ÔNáäåÙÕfÖ÷êÍÞÂÚðÔNçfã�Ô�îtèqÖ÷ê�ãäãâÚÛè<ê�Ö8å-ÝHè½ñôê�çfÚÛèHã�ê�çª×
ê�çôêwÖÛæGÞÂÚÛè<ê�Ömå-ÝHè½ñôê�çªÚØèHãTê�ã�ÞâñfÝCèqÔ�Þ½ê�çªéNÝHç²Þ�óªÕfçf×fÖÛÝHãTÔ�î`å5ê�çªÚÛî;ÔNÖð×fãHò�� ÝCáäÝqî;ÝHá�ÞÂñªÝCáâÝHê�×fÝqájÞÂÔÒ£ c&eR¤
î;ÔNá{ÞâñfÝ�ÝÌß>àfÖØê�çôêwÞâÚØÔNç*Ô�î/ÞâñfÝ�ãäæ1å-àfÖØÝqèqÞâÚØèTãäÞâáâÕfèÌÞÂÕfáâÝqã­Ô�ç%ÞÂñfÝqãâÝSãâàfê�èHÝqãHò
#TÚÛëNÝHçJÞAÓtÔPãÁæ>å-àfÖÛÝHèqÞâÚØè�åJê�çªÚÛî;ÔNÖð×

(M1, ω1)
ê�çª×

(M2, ω2)
ìfêÙãäæ1å5àªÖØÝHèÌÞÂÔNå-ÔNáäàfñfÚÛãâå©ÚÛãiêÙãäå5Ô1Ô�Þâñ

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå
ϕ : M1 → M2

ãäÕfè~ñ�ÞÂñfêwÞ
ϕ∗ω2 = ω1

òvüiñfÝ é�áâÔNÕfà�Ô�îoêwÖØÖ�ÞÂñfÝ�ãÁæ>å-àfÖÛÝHèqÞâÔNå-ÔNáÁý
a>b
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àfÚÛãâå-ã{î;áâÔNå
M
ÞÂÔ-ÚðÞÂãäÝHÖðî/ÚØãi×ªÝHçfÔ�ÞâÝH×�ó²æ � æ1å5à

(M,ω)
ò

���?> @A#CB�DE#�$�B���#%$ �GF
HI� #%$
��&J'���)�+

 àôê�áäÞâÚØèqÕfÖ÷êwátÚÛå5à$Ô�áäÞ½êwçGÞtèHÖØê�ãâãÊÔ�îMãâÕªófåJêwçfÚÛî;ÔNÖÛ×fã
L ⊂M

Ô�îmê ãäæ1å-àfÖÛÝHèqÞâÚØè�å5ê�çfÚðî;ÔNÖð×
(M,ω)

ê�áäÝ
ÞÂñªÔNãâÝjÔ�ç�ÓvñªÚØè½ñ�ÞÂñªÝjãäæ1å-àfÖØÝqèqÞâÚØèyî;ÔNáâå�ëwê�çªÚØãâñªÝHã{Ú ò Ý�òðì

ω|TL ≡ 0
ò � Õªè~ñ*ãâÕfóªåJêwçfÚÛî;ÔNÖÛ×fãtê�áâÝ�èHê�ÖØÖÛÝH×

ã§â<çJKPèîçîéGãML ò Ò ÞCî;ÔNÖØÖÛÔ3Óvã î;áâÔ�å¦ÞâñfÝ%çªÔNç>ý ×fÝHéNÝqçfÝHáâê�èqæ§èqÔNçf×fÚðÞÂÚÛÔNç§Ôwî ω ÞâñôêwÞCÞâñfÝ%×ªÚØå-ÝHçfãäÚØÔNçxÔ�î�ê�çÚØãäÔ�ÞÂáäÔNàfÚÛèyãâÕfóªåJê�çªÚÛî;ÔNÖÛ×5ÚÛãtÖØÝHãäãtÞÂñfÝqç*ÔNátÝ+�1Õfê�Ö(ÞâÔÙñfê�ÖÛîOÞÂñfÝ�×fÚÛå5ÝqçfãâÚÛÔNç5Ô�î�ÞÂñfÝjê�åÙófÚÛÝHç²ÞÊå5ê�çªÚÛî;ÔNÖð×�ò
ú$L_û�8BEF9>EF=G8 J H ` H J HONQP áSR&è áUT=R&ãPáUTdâÙà�ò�å)áUToã VfçzðXW L çYV átâ�ZRå(éGð\[]L�KPãML
å)áUToã VfçzðXW M ã§âÈáUT	ã§â<çJKPè*çîéGãML
å)áUToã VfçzðXW,çYV�å)á*^�ãSå)á&ð_W&ãSå`[�T�âÙãÊçJT�a/ãbT�çJKFê1[Ùèdc�çzèeWzâ]f/ã V ω|TL ≡ 0 áUT-W dimL = 1

2
dimM g N T[Ùå)ò�[hWiW&ãbT=R
j çzètãSå�å`[Ùè*âÙãÊçJTUk f : L→M f_c�ê1[Ùè][lKFê1[mW&ãSå`[�T�âÙãÊçJT,çYV L ã§â�ê�á&ð VlKSên[mW&ãSå`[�T�âÙãÊçJTlçYV

M f³ã§âdL�á&ðSð\[hW P áSR&è áUT=R&ãPáUTlã V f ∗ω ≡ 0 g
 �ç Ý~ßªê�å5àªÖØÝqã�Ô�îÊïmêwéNáÂêwçféNÚ÷êwçnãâÕªófåJêwçfÚÛî;ÔNÖÛ×fãTêwáâÝCÞâñfÝCÞÂÔNáäÕfã

T n = S1 × . . . × S1 ⊂ R2n ìmê�çGæèHÕªáäëNÝjÔ�ç*ê�çJÔNáäÚØÝHç²ÞÂÝq×JãâÕfáäî4êwèHÝwìfê�çf×5ÞÂñfÝ(�qÝHáäÔÙãâÝHèÌÞÂÚÛÔNç�ÚÛç5ÞÂñªÝ�èHÔwÞ½ê�çfé�ÝHçGÞÊófÕfçf×ªÖØÝwòÍ �çfÔwÞÂñfÝqáÊèHÖØê�ãâã
Ô�î`Ý~ßªê�å-àfÖØÝqãHìOÓvñfÚÛè~ñEÓvÚØÖÛÖmó$ÝCÕfãäÝqî;ÕfÖ8î;Ô�ájÕªãTÚØç¢�ÊñôêwàªÞÂÝqá

3
ó$ÝHÖÛÔDÓ�ìOÚØã­ÞÂñfÝ î;ÔNÖÛÖØÔ3ÓvÚÛçfé�¥yï
ÝqÞ

M
ó$Ý

ê5ãäæ1å-àfÖÛÝHèqÞâÚØèSåJê�çªÚÛî;ÔNÖð×�ê�çf×�ÖØÝÌÞ
ψ : M → M

ó$Ý ê5×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå	ò{Ò Þ�ÚØãyçfÔ�Þ�ñôêwáâ×�ÞÂÔJè½ñfÝqè~Ü
ÞÂñfêwÞ

ψ
ÚÛãyêCãäæ1å-à$ÝHÖÛèqÞÂÔ�å5ÔNáäàfñfÚÛãâå ÚÛî/ê�çf×	ÔNçfÖðæ�Úðî/ÚÛÞâãiéNáÂê�àªñ

graph(ψ) = {(q, ψ(q)) ; q ∈M} ⊂M ×M,

ÚØãvêPïMê�éNáÂêwçféNÚØê�ç*ãâÕªófåJêwçfÚÛî;ÔNÖÛ×*Ôwî
(M ×M,ω ⊕−ω)

ò
� ÝSÞÂÕfáäç�çfÔ3Ó�ÞÂÔ5áâÝqè<ê�ÖÛÖ
ÞÂñªÝ�çfÔ�ÞâÚØÔNç	Ô�î [e^^á=L�K P áSR&è�áUT=R&ãPáUTÒã§âfç(KæçîéGãM[îâ ÓvñfÚØè½ñ�ÓÊÝSÓvÚÛÖØÖMêwÖØãâÔ-ÕfãäÝ ÚÛç�Êñôê�à>ÞÂÝHá

3
ó$ÝHÖÛÔDÓ�ò�ï
ÝqÞ

(M2n, ω)
ó$ÝÙêJãäæ1å-àfÖÛÝHèqÞâÚØè�å5ê�çfÚðî;ÔNÖð×�Ô�î¶×fÚØå-ÝHçªãâÚØÔ�ç

2n
êwçf×EÖØÝÌÞ

Ln
ó$Ý

ê�ç
n
ý ×fÚØå-ÝHçfãäÚØÔNçfê�Ö`èqÖØÔNãäÝH×�å5ê�çªÚÛî;ÔNÖð×�ò¥ï
ÝqÞ

Ψ : L × [0, 1] → M
ó$Ý%ê�î4ê�å-ÚØÖ´æ Ô�î­ïMê�éNáâê�çféNÚØê�ç

ÝHåÙó$Ýq×f×fÚÛçféNãHò`Ò Þvî;Ô�ÖØÖÛÔDÓvãÊî;áâÔNå ÞÂñfÝ�×fÝÌõôçfÚÛÞâÚØÔNç*ÞâñôêwÞ
Ψ∗ω = αs ∧ dt

ìfÓvñfÝqáâÝ
{αs}
ÚØãvêCî4ê�å-ÚØÖ´æJÔ�î

èHÖÛÔNãâÝq×
1
ý î;ÔNáâå-ã{ÔNç

L
ò

ú$L_û�8BEF9>EF=G8 J H ` H ` HoNpP áSR&è áUT=R&ãPáUT,ã§â<çJKæçîé-Z Ψ ã§âqL�á&ðSð\[hW�[e^^á=L�K
ã V αs ã§âq[e^^á=L�KnVfçzèq[�rU[ÙèsZ s g
Ò Þ`ÚØã¶ÜGçfÔ3Óvç5ÞâñôêwÞtêwç-ÝÌßªê�èqÞÊïMêwéNáÂê�çªéNÚ÷ê�çCÚÛãâÔ�ÞâÔNàGæÙèHê�ç-ó$ÝyÝ~ß>ÞâÝHçf×ªÝH×JÞâÔ�ê�ç5êwåCóªÚØÝHç²Þ`ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç
ÚØãäÔ�ÞÂÔ�àGærÔwî

M
ò�Òºçdè½ñôê�àªÞâÝHá

3
ó$ÝqÖØÔ3Ó ÓÊÝ¥×fÚØãäèHÕfãäã	ãâÕfè½ñ ê�ç�ÝÌß1ÞÂÝqçfãâÚÛÔNçuàfáäÔNà$ÝHáÁÞAærÓvÚðÞÂñ�ãâÔNå-Ý

ê�×f×ªÚÛÞÂÚÛÔNçôêwÖOáäÝ��GÕfÚÛáâÝHå-ÝHç²ÞÂãqò
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 �ãoå-ÝHç²ÞÂÚÛÔNçfÝH×CÚØçCÞâñfÝvÚÛçGÞÂáäÔ1×fÕfèÌÞÂÚØÔ�ç�ì�ÞÂñªÝvåJêwÚØçCÔ�óU�äÝqèqÞ`Ô�î(Ô�ÕfáoãÁÞÂÕf×>æPÚÛã]ÞÂñfÝiÚØçªõôçªÚÛÞÂÝ~ýº×fÚÛåPÝHçfãäÚØÔNçôêwÖ
ï
ÚØÝiéNáäÔNÕfà5ö­ê�å

(M,ω)
Ô�î�ö­ê�å5ÚÛÖðÞÂÔ�çfÚÛê�çC×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ã¶Ôwî

M
ÓvñfÚÛè~ñPÓÊÝyçfÔ3Ó�ÞâÕfáâçPÞÂÔ�×fÝqõôçªÝ�ò

ï
ÝqÞ
A
ó$ÝTÞâñfÝ�ãâàfê�èHÝ�Ô�î8ê�ÖØÖ(ÞâÚØå-ÝÌýºÚðçf×fÝqà$ÝHçf×fÝqçGÞvãâå-Ô1Ô�ÞÂñ*î;ÕªçfèqÞâÚØÔNçfãiÔNç

M
ÓvñfÚÛè½ñ�ê�áâÝ5�HÝqáâÔwý å5ÝHê�ç

çfÔNáäåJêwÖØÚw�HÝH×�ÓvÚÛÞâñ	áäÝHãâà$ÝqèqÞyÞÂÔCÞÂñfÝ�èHê�çfÔNçfÚÛè<êwÖOëNÔNÖØÕfå-Ýjî;Ô�áâå
ωn
Ú ò Ý�òðì

A =
{
F ∈ C∞(M) ;

∫

M

Fωn = 0
}
.

 ÑÞÂÚÛå5ÝC×fÝqà$ÝHçf×ªÝHçGÞ î;ÕªçfèqÞâÚØÔNç
F : M × [0, 1] → R

ÚØã�è<ê�ÖÛÖØÝq× çfÔNáäåJêwÖØÚ3�qÝH× Úðî
Ft
ó$ÝHÖØÔ�çféNã�ÞâÔ

Aî;ÔNá-ê�ÖÛÖ
t
òÇ�ôÔNáCÝqëNÝqáäæ�ÞÂÚÛå5Ý~ýº×fÝqà$ÝHçf×fÝqçGÞPî;ÕfçfèqÞâÚØÔNç

F : M × [0, 1] → R
ìtÞÂáâê�×fÚðÞÂÚÛÔNçôê�ÖðÖðæøèHê�ÖØÖÛÝH×

ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç¥î;ÕfçfèÌÞÂÚÛÔNç�ìmÓÊÝJê�ãâãäÔ1èHÚ÷êÍÞÂÝH×xê%ÞÂÚØå-ÝÌý ×fÝqà(Ýqçf×fÝqçGÞÙö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç¥ëNÝqèqÞâÔNá�õôÝqÖØ×
XFt

ÔNç
M
×fÝÌõôçfÝq×�ó²æ

iXFt
ω = −dFt, where Ft(x) = F (t, x).� ÚÛçfèHÝTÞâñfÝ�åJêwçfÚÛî;Ô�ÖÛ×

M
ÚØãièHÖÛÔNãäÝH×�ìfÞâñfÝ�èHÖØê�ãâãäÚØè<êwÖ
ö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwç*Ý��GÕôêÍÞÂÚØÔ�ç

ẋ = XFt
, x(0) = x0 ∈M,

è<êwç�ó$Ý�ãâÔNÖðëNÝH×JÔDëNÝHá`ÞÂñfÝ­ÞâÚØå-ÝyÚÛçGÞÂÝqáäëwêwÖ
[0, 1]
î;ÔNá`ÝqëNÝqáäæJÚÛçfÚÛÞâÚØê�ÖfëÍê�ÖØÕªÝ

x0 ∈M
òoöyÝHçfèqÝ�ÓÊÝ�ÔNóªÞÂê�ÚØç

ê
1
ýºàfê�áÂê�å-ÝqÞâáâÚÛè�î4ê�å-ÚÛÖðæ5Ô�î8×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ã

ϕtF
ìªÓvñfÝHáäÝ

t ∈ [0, 1]
ìf×fÝqõôçªÝH×�ó²æ�ÞÂñªÝSèqÔNçf×fÚðÞÂÚÛÔNç

ϕtF (x0) = x(t),

ÓvñfÝqáâÝ
x(t)
ÚÛã5ÞâñfÝ�ãâÔNÖÛÕªÞÂÚÛÔNç�Ô�îTÞâñfÝEê�ó$ÔDëNÝEö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç�Ý��GÕôêwÞâÚØÔNç�î;ÔNá-ÞÂñfÝ�ÚØçªÚÛÞÂÚÛê�Ö{ëwê�ÖÛÕfÝ

x0

ò
Ò Þ ÚØã�çfÔwÞÙñfê�áâ× ÞÂÔ�è½ñfÝHè½ÜÇ�4ãäÝHÝ�Ýwò éfò�£ bReR¤ ¡TÞÂñfêwÞ�ÞÂñfÝJå5ê�àªã

ϕtF
èHÔNáäáâÝqãâà$ÔNçf×ªÚØçfé�ÞÂÔ�ÞÂñfÝ��ôÔDÓÑÔ�îvê

ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçPëNÝqèqÞÂÔ�átõôÝqÖØ×
XFt

ÖØÝ<ê<ëNÝyÞâñfÝ­ãäæ1å-àfÖØÝqèqÞÂÚÛèvî;ÔNáâå"ÚØçGëÍê�áâÚØê�çGÞHúGÔNá`ÚØç5ÔwÞÂñfÝqá`ÓÊÔNáä×fãHì
ϕtF
ÚÛã

êTî4ê�å-ÚÛÖðæ ÔwîOãäæ1å-àfÖØÝqèqÞÂÚÛèv×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ãHò/ÒºçPÓvñôêwÞoî;ÔNÖÛÖÛÔDÓ�ÓÊÝyãäñôê�ÖØÖôê�×ª×fáâÝqãâã`ÞâñfÚØã]î4ê�å-ÚØÖ´æÙê�ã¶ÞÂñªÝ
ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç��ôÔ3Ó"éNÝHçfÝqáÂêwÞâÝH× óGænÞâñfÝ5ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçnî;ÕfçªèqÞÂÚÛÔNç

F
ò)� Ý-×fÝHçfÔwÞÂÝ-óGæ ö­ê�å

(M,ω)ÞÂñªÝSãäÝqÞyÔ�î]êwÖØÖ(ÞÂñfÝTÞâÚØå-ÝÌý a ý å5êwàfã{Ô�î/ãâÕfè½ñ�ö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwç*×fÚ3�(ÝqÔNå5Ô�áâàfñfÚÛãâå-ãÊÚ ò Ý�òðì
Ham(M,ω) =

{
ϕ | ϕ = ϕ1

F for some normalized F : M × [0, 1]→ R
}

üiñfÚÛãÊãâÝÌÞ{ñôê�ã{ê�é�áâÔNÕfàJãÁÞÂáâÕfèÌÞÂÕfáäÝ�ÓvÚðÞÂñJáâÝqãâà$ÝqèqÞ{ÞÂÔ èqÔNå-à$ÔNãâÚðÞÂÚØÔ�çl�4ãâÝqÝjÝwò éfò:£ e_}R¤ ¡Ìì>ê�çf×JÚÛÞtÚØã`ÚØç5î4êwèqÞ
ê�çJÚÛçªõôçfÚðÞÂÝy×fÚÛå5ÝqçfãâÚÛÔNçôêwÖQïMÚÛÝyéNáâÔNÕªà�ò]Ò ÞÊÚØãtê�ÖØãäÔ ê�çfÔNáäåJê�ÖôãâÕªóféNáâÔ�Õfà�Ô�î�ÞâñfÝ�ÚÛ×fÝHç²ÞÂÚðÞAæCèHÔNå-à$ÔNçfÝqçGÞ
Symp0(M,ω)

ÔwîyÞÂñfÝ*éNáâÔ�Õfà�Ô�î�ê�ÖÛÖtÞâñfÝ%ãÁæ>å-àfÖÛÝHèÌÞÂÔNå-ÔNáâàªñfÚØãäå5ã Ô�î
M
ò!� Ý%áâÝÌî;ÝHáÙÞÂñfÝ*áâÝHê�×fÝHáäã

ÞÂÔ]£ bReR¤ ì4£ c&eR¤ ê�çf×�£ e_}z¤ î;ÔNávãÁæ1å5àfÖÛÝHèÌÞÂÚÛèSàªáâÝHÖÛÚØå-Úðçôê�áâÚðÝHãvê�çª×	î;ÕfáäÞâñfÝHáy×ªÚØãâèqÕfãâãäÚØÔNçªã­Ô�ç	ÞÂñfÝSé�áâÔNÕfà	Ô�î
ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç*×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHò
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(M,ω)

ý Ì

����� ��'%&J�oD���+�� �o�:DO����'y$ ��#%�
(M,ω)

� çfÝ Ô�î]ÞÂñfÝ å-ÔNãäÞ�áäÝHå5ê�áâÜÍêwófÖØÝ�î4ê�èqÞâã�èHÔNçªèHÝHáäçfÚØçªé�ÞâñfÝ éNáâÔ�ÕfàEÔ�îoö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwç�×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãâå-ã
ÚØã{ÞâñfÝ�ÝÌß>ÚÛãäÞÂÝqçfèqÝ�ÔNç	êPóªÚðýºÚÛçGëÍê�áâÚØêwçGÞ{å-ÝqÞâáâÚØèjÜGçfÔ3Óvç�ê�ãyöyÔ�î;ÝHá+% ãvå-ÝqÞâáâÚØèwò��øÝTÞâÕfáâç	çfÔ3ÓuÞÂÔP×fÝqõôçªÝ
ÚÛÞHò-ï
ÝqÞ

(M,ω)
ó$Ý-ê%èHÖØÔ�ãâÝH× ãäæ1å-àfÖØÝqèqÞâÚØèPå5ê�çªÚÛî;ÔNÖð×�òCüiñªÝ-î;Ô�ÖØÖÛÔ3ÓvÚØçªé*ÚØå-à$ÔNáäÞÂê�ç²Þjî4ê�èqÞ�ÚØãT×fÕfÝPÞÂÔ

�{ê�ç²æ²ê�é²ê$£ e&¤ ¥³�ôÔNáÊÝqëNÝqáäæ*àfêwÞÂñ
{ϕt}, t ∈ [0, 1]

Ô�îm×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå�ÓvÚðÞÂñ�ëwêwÖØÕfÝqãiÚØç*ö�êwå
(M,ω)ÞÂñªÝHáâÝ­ÝÌß>ÚØãÁÞÂã{êSçfÔNáäåJê�ÖÛÚ3�qÝH×PÞÂÚØå-Ýv×fÝHà$Ýqçf×fÝqçGÞvö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçPî;ÕfçfèÌÞÂÚÛÔNç

F : M × [0, 1]→ R
ÓvñfÚÛè½ñ

éNÝqçfÝHáâêwÞÂÝ
{ϕt}
ê�ãtÚðÞÂãtö­ê�å-ÚØÖðÞâÔNçfÚÛê�çd�ôÔDÓ�ò]üiñ1ÕfãqìªéNÚðëNÝHçJê�ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØê�çPàôêÍÞÂñ

{ϕt}
ÓÊÝ­×fÝqõôçªÝ�ÚÛÞâã

ÖØÝqçfé�Þâñ	ó²æ
‖{ϕt}‖ := max

x,t
F (t, x)−min

x,t
F (t, x),

ÓvñfÝqáâÝ-ÞÂñªÝ
max
ê�çf×¥ÞÂñfÝ

min
êwáâÝPÞÂê�Ü�ÝqçøÔDë�ÝHá�ê�ÖÛÖ

(x, t) ∈ M × [0, 1]
ò0~­Ý~ß1Þ<ì8ê�ãSÚÛç¥ÞÂñªÝ5èHê�ãäÝ

Ô�î³�8ÚØçªãâÖØÝqá­é�ÝHÔNå-ÝqÞâáäæ�ì(ÓtÝÙå-Ý<ê�ãäÕfáâÝ�ÞâñfÝ ×fÚØãÁÞ½ê�çfèqÝ�î;áâÔNå�ÞâñfÝ ÚØ×fÝqçGÞâÚÛÞºæ	ÚÛçEö�ê�å
(M,ω)

ó²æ	Þ½ê�ÜGÚÛçfé
ÞÂñªÝ ÚØçªõfåCÕªå�Ô�î]ÞÂñfÝ ÖÛÝHçféwÞÂñfã­Ô�îoê�ÖÛÖ
ÞÂñfÝ�èHÔNçfçªÝHèqÞâÚØçféJàôêwÞÂñªã�Ú ò Ý�òðì$î;Ô�á­ÝqëNÝqáäæ

ϕ ∈ Ham(M,ω)
ÓÊÝ

×fÝÌõôçfÝ�êPàªãâÝHÕª×fÔwýºå-ÝqÞâáâÚÛè
d
óGæ

d̃(1l, ϕ) := inf{‖{ϕt}‖},ÓvñfÝqáâÝCÞÂñªÝCÚØçªõôåÙÕfå ÚÛã�Þ½ê�Ü�Ýqç Ô3ëNÝHá�ê�ÖÛÖ/ÞâñfÝPö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçEàôêÍÞÂñfã
{ϕt}
ÓvÚðÞÂñ

ϕ = ϕ1
òd~­Ý~ß>ÞTÓÊÝ

ÝÌß1ÞâÝHçf×
d
ÞÂÔ%ê�ófÚðý ÚØç²ëwê�áäÚØê�ç²Þ­î;ÕfçfèqÞâÚØÔNçEóGæEãäÝqÞäÞÂÚØçªé

d(ϕ, ψ) := d̃(1l, ψϕ−1)
òSÒ Þ�ÚÛãjÝ<ê�ãÁæ�ÞÂÔ*è½ñfÝHè½Ü

ÞÂñfêwÞ
d
ÚØãJêøófÚ´ýºÚÛçGëÍê�áâÚØêwçGÞ-àfãâÝqÕf×fÔwý ×fÚØãÁÞ½ê�çªèHÝ�î;ÕfçªèqÞÂÚÛÔNç�Ô�îSö­ê�å

(M,ω)
ò öyÔDÓtÝqëNÝHá�ÚØã5ÚÛãJñªÚØéNñfÖðæ

çfÔNç1ý ÞÂáäÚÛë1Ú÷êwÖ$ÞÂÔPãâñfÔ3Ó ÞÂñôêwÞ
Ñ j4L^=u;zL�O J Hñ�BH J H�� ê1[�éoâS[Ùà�W�çzäæå`[�KNèqãML d ã§âmTZçJToä�W=[MR=[�T5[Ùè�áUK�[5áUT-W�KSê1[Ùè?[�Vfçzè][CW=[���T5[îâ áyR=[�Toà�ãbT5[ò�ãSäæãbT1rzá&èqãPáUT1K³å`[�KPèÙãMLVçJT KFê1[wR&è*çzà<é�çYVw¡ á&å�ãSð¢KæçJToãPáUT�W&ã £u[îçzå0çzè"éoê�ã§âÙå�â g
üiñfÚÛãÙÓÊê�ãC×fÚÛãâèqÔDëNÝqáâÝH×ùê�çf×§àfáâÔ3ëNÝH×�ó²æ§öyÔ�î;ÝHá$£ b�b>¤ î;ÔNá�ÞÂñªÝ*èHê�ãâÝ*Ô�î

R2n ì]ÞÂñªÝHç�éNÝqçfÝHáâê�ÖØÚ3�HÝq×§ó²æí/ÔNÖðÞÂÝqáâÔDë1ÚÛè~ñÇ£ e_|R¤ ÞÂÔEãäÔNå-ÝJÖ÷êwáâéNÝqá�èqÖ÷ê�ãäã Ô�îvãäæ1å-àfÖØÝqèqÞâÚØè5åJêwçfÚÛî;ÔNÖð×fãqì]ê�çª×xõfçôê�ÖØÖðæ¥àfáâÔ3ëNÝHç§ÚÛçøî;ÕªÖØÖ
éNÝqçfÝHáâê�ÖØÚðÞAæÙóGæ-ïMê�ÖØÔNçª×fÝyê�çf×$�	è<þ�Õ���ÚØç]£ b&}R¤ ò]Òºç5ÓvñôêÍÞtî;ÔNÖÛÖØÔ3Óvã¶ÓÊÝ­áäÝqî;Ýqá`ÞÂÔ

d
ê�ãtö­Ôwî;ÝHá�% ãtå-ÝqÞâáâÚÛè�ò

¤ÅL�O�Q�;¦¥ J Hñ�4H ` HoÒAç��ÊñôêwàªÞÂÝqá
2
ó$ÝHÖØÔ3Ó�ÓÊÝjáâÝÌý ÚØç²ÞÂáâÔ1×ªÕfèHÝjö­Ôwî;ÝHá�% ã{å5ÝÌÞÂáäÚØè­ÚØç*êÙãäÖØÚÛéNñGÞâÖðæ-×fÚw�OÝqáâÝqçGÞ

Ó{ê<æNì/ñfÔDÓtÝqëNÝqá Ý��GÕfÚðëwê�ÖÛÝHç²Þ<òJüiñfÝHáäÝ5ÓÊÝ5èqÔNçfãäÚØ×fÝqáSÞâñfÝ-éNáâÔNÕªà Ô�îiö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç¥×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãâå-ã
ê�ã5ê ïMÚÛÝ%éNáäÔNÕfà�ê�çª×�×fÝqõôçªÝEöyÔ�î;ÝHá+% ã-å-ÝqÞÂáäÚØè*ÚØç�ÞâÝHáâå-ã-Ôwî5�8ÚÛçfãâÖÛÝHáAý Þºæ>à$Ý*å5ÝÌÞÂáâÚÛè%é�ÚÛëNÝqç�óGæ§ÞÂñªÝ
è½ñfÔNÚÛèHÝÙÔwîoÞÂñªÝÙãâÕfàfáäÝHåÙÕfå çfÔ�áâå

‖F‖ = maxM |F |
ÔNçEÞâñfÝCï
ÚØÝÌýºê�ÖÛéNÝqófáÂê5Ôwîtö­ê�å

(M,ω)
ÓvñfÚÛè~ñ

ÓÊÝPÚÛ×fÝHç²ÞÂÚðõôÝH×nÓvÚðÞÂñ
A
òÙüiñªÝ-Ô�áâÚÛéNÚÛçôê�Ö/å-ÝÌÞÂáâÚÛèÙÚØç²ÞÂáäÔ1×fÕfèHÝCó²æ¥öyÔ�î;ÝqáTÚØã�êwèqÞÂÕfê�ÖØÖðæ�×fÝqõôçªÝH× ó²æEÞâñfÝ

çfÔNáäå
‖F‖ = maxM F −minM F

ÔNç*ÞâñfÝ�ï
ÚØÝ~ýAê�ÖÛé�ÝHófáâê Ô�î/ö�êwå
(M,ω)

ìªófÕ>ÞvÚÛÞ{ÚÛã{Ý��GÕfÚðëwê�ÖÛÝHçGÞ{ÞÂÔ
ÞÂñªÝSÔ�çfÝTÓÊÝ�ÕfãâÝSÚÛç]�Êñôê�àªÞâÝHá

2
ò
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ï
ÝqÞ
(M,ω)

ó$ÝÊê­èqÖØÔNãäÝH× èHÔNçfçªÝHèÌÞÂÝH×CãÁæ>å-àfÖÛÝHèÌÞÂÚØè`å5ê�çfÚÛî;Ô�ÖÛ×SÔwîô×fÚØå-ÝqçfãâÚÛÔNç
2n
ò8ï
ÝqÞ

A
ó$Ý`ÞÂñfÝtãâàôêwèHÝ

Ô�îTê�ÖÛÖ{ÞÂÚÛå5Ý~ýºÚÛçª×fÝHà$Ýqçf×fÝqçGÞ5ãâå-Ô1Ô�ÞÂñùî;ÕªçfèqÞâÚØÔNçªã5Ô�ç
M
ÓvñfÚÛè~ñrêwáâÝ��HÝqáâÔwý å5ÝHê�ç�çfÔNáäåJêwÖØÚ3�qÝH×�ÓvÚðÞÂñ

áâÝqãâà$ÝqèqÞ`ÞÂÔTÞÂñªÝvè<ê�çªÔNçfÚØèHê�ÖªëNÔ�ÖØÕfå-ÝÊî;ÔNáâå
ωn
ì1êwçf×-ÖÛÝqÞ`ö­ê�å

(M,ω)
ó$ÝiÞâñfÝvéNáäÔNÕfàPÔ�îOö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwç

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãoÔ�î
M
ò¶Ò ÞtÚØãoÓÊÝqÖØÖ$ÜGçfÔ3Óvç¢�4ãäÝHÝ�Ý�ò éfò:£ e_}z¤ ¡]ÞÂñôêÍÞtÞâñfÝ�ïMÚÛÝ­ê�ÖØé�ÝHófáâêSÔ�î
ö�ê�å

(M,ω)
ì

ÞÂñfêwÞ5ÚØãCÞÂñªÝ�ãâàôêwèHÝ�Ô�îTê�ÖÛÖvö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç§ëNÝHèÌÞÂÔNá-õôÝqÖØ×fãqì{èHê�ç�ó$Ý�ÚÛ×fÝqçGÞÂÚðõôÝH×�ÓvÚÛÞâñùÞÂñfÝ	ãâàôê�èqÝ
A
ò

��ÔNáäÝHÔ3ëNÝHáqìªÞÂñfÝjê�×z�äÔNÚÛçGÞ{êwèqÞÂÚÛÔNçJÔ�îmö�ê�å
(M,ω)

ÔNç�ÚÛÞâã{ï
ÚØÝ�ê�ÖØé�ÝHófáâê
A
ÚÛãtÞÂñªÝjãäÞÂê�çf×ôêwáâ×%ê�èÌÞÂÚØÔ�ç�Ôwî

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãvÔNç	î;ÕfçfèÌÞÂÚÛÔNçfãHò{üiñfÝ�è~ñªÔNÚØèqÝ�Ô�î¶êwçGæ%çfÔNáâå
‖ · ‖
ÔNç
A
éNÚÛëNÝqã­áäÚØãäÝ�ÞÂÔJê-àfãâÝqÕf×fÔwý

×fÚÛãäÞ½êwçfèHÝ*î;ÕfçfèÌÞÂÚØÔ�çùÔNç�ö�êwå
(M,ω)

ÚÛç�ÞâñfÝ%î;Ô�ÖØÖÛÔDÓvÚÛçªéEÓ{ê<æ:¥%ÓÊÝ	×fÝÌõôçfÝ%ÞÂñfÝ%ÖØÝqçfé�ÞÂñ�Ô�îjê¥àôêwÞâñ
α : [0, 1]→ Ham(M,ω)

ê�ã
length{α} =

∫ 1

0

‖α̇‖dt =

∫ 1

0

‖Ft‖dt,

ÓvñfÝqáâÝ
Ft(x) = F (t, x)

ÚØãMÞâñfÝÊö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwç�î;ÕfçfèÌÞÂÚØÔ�ç é�ÝHçfÝqáÂêwÞâÚØçféyÞâñfÝtàôêwÞâñ
α
ò8üiñªÚØã/ÚÛãmÞâñfÝtÕfãâÕfê�Ö

×fÝÌõôçfÚÛÞâÚØÔNç Ô�î/�8ÚÛçfãâÖÛÝHá�ÖØÝHçªé�ÞÂñ�ò*üiñfÝJ×fÚØãÁÞ½ê�çfèqÝ5ó$ÝqÞºÓÊÝHÝqç§ÞºÓÊÔEö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×fÚ3�(ÝHÔ�å5Ô�áâàfñfÚÛãâå-ã�ÚÛã
éNÚðëNÝHç	ó²æ

ρ(ψ, ϕ) = inf length{α},ÓvñfÝqáâÝoÞÂñªÝoÚØçªõôåÙÕfåuÚÛã�Þ½ê�Ü�Ýqç�Ô3ëNÝHámê�ÖÛÖNö�ê�å-ÚØÖ´ÞÂÔ�çfÚØê�çjàôêwÞâñfã
α
èHÔNçªçfÝHèÌÞÂÚØçªé

ψ
ê�çf×

ϕ
òmÒ ÞmÚÛã
çfÔ�ÞMñôê�áä×

ÞÂÔSè½ñfÝqè~ÜCÞâñôêwÞ
ρ
ÚÛãoçfÔNç>ý çfÝqé²êwÞÂÚðëNÝ�ìGãÁæ1å5å-ÝqÞâáâÚÛèyêwçf×5ãâêwÞÂÚÛãäõôÝqã`ÞâñfÝvÞâáâÚØê�çféNÖÛÝ{ÚØçfÝ+�1Õfê�ÖØÚðÞAæ�ò���ÔNáâÝqÔDëNÝqáHì

ênçfÔNáâå ÔNç
A
ÓvñªÚØè½ñùÚØãCÚÛçGëwêwáâÚ÷êwçGÞCÕªçf×fÝHáCÞÂñfÝ	êw×z�äÔNÚÛçGÞPê�èÌÞÂÚØÔ�ç§æ1ÚØÝqÖØ×fãPênófÚðý ÚØç²ëwê�áäÚØê�ç²ÞCàªãâÝHÕª×fÔwý

×fÚÛãäÞ½êwçfèHÝ î;ÕªçfèqÞâÚØÔNçOìOÚ ò Ý�ò
ρ(ψ, ϕ) = ρ(θ ψ, θ ϕ) = ρ(ψ θ, ϕ θ)

î;ÔNá�ÝqëNÝqáäæ
ψ, ϕ, θ ∈ Ham(M,ω)

ò
a<|
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�ôáâÔ�å�çfÔ3Ó©ÔNçøÓÊÝJÓvÚØÖÛÖ`×fÝHê�ÖÊÔNçªÖÛæ¥ÓvÚÛÞâñxãâÕfè½ñ�çfÔNáäå5ã ê�çf×øÓÊÝJÓvÚØÖØÖoáâÝÌî;ÝHá ÞâÔ
ρ
ê�ã ÞâñfÝ�àªãâÝHÕª×fÔwý

×fÚÛãäÞ½êwçfèHÝ�éNÝqçfÝqáÂêwÞâÝH×�ó²æ�ÞÂñfÝ�çfÔNáäå
‖ · ‖
ò

Ò ÞyÚÛãvñªÚØéNñfÖðæJçfÔNç1ý ÞÂáäÚÛë1Ú÷êwÖ$ÞÂÔ-è½ñfÝqè~Ü�ÓvñfÝÌÞÂñfÝqá­ãäÕfè~ñ�êC×fÚØãÁÞ½ê�çfèqÝTî;ÕfçfèqÞâÚØÔ�ç	ÚÛãvçªÔNç>ý ×fÝHéNÝqçfÝHáâêwÞÂÝwìôÞÂñfêwÞ
ÚØã
ρ(1l, ψ) > 0

î;ÔNá
ψ 6= 1l

ò]ÒºçPî4ê�èqÞHì²î;ÔNá¶èHÔ�å5àôêwèqÞoãäæ1å5àªÖØÝHèÌÞÂÚÛèvå5ê�çfÚðî;ÔNÖð×fãHì²ê�ófÚ´ýºÚÛçGëwêwáâÚØêwçGÞ¶àªãâÝHÕª×fÔwý
å-ÝqÞÂáäÚØè

ρ
ÔNçÙö�ê�å

(M,ω)
ÚÛã/ÝHÚðÞÂñfÝqá8ê�é�ÝHç1ÕªÚØçfÝtå5ÝÌÞÂáâÚÛè`ÔNá/ÚØ×ªÝHçGÞâÚØèHê�ÖØÖ´æ5�HÝHáäÔfò8üiñfÚÛã8ÚØã8êwçÙÚÛå5å-Ýq×fÚØêwÞâÝ

èHÔ�áâÔNÖÛÖ÷êwáäæ�Ô�îôêiÓÊÝHÖÛÖGÜGçfÔ3Óvç ÞâñfÝHÔ�áâÝHå�ó²æ��{ê�ç²æ²ê�é²ê�£ e&¤ ìÍÓvñfÚÛè~ñ�ãäÞÂêwÞÂÝqãmÞÂñfêwÞ8ö­ê�å
(M,ω)

ÚÛã/êvãâÚÛå5àfÖÛÝ
éNáäÔNÕfà�ìfèHÔ�åCóªÚØçfÝq×*ÓvÚÛÞÂñ*ÞÂñªÝ�î4êwèqÞiÞÂñôêwÞiÞÂñªÝSçGÕfÖÛÖðýºãäÝqÞ

null(ρ) = {ψ ∈ Ham(M,ω) | ρ(1l, ψ) = 0}

ÚØãvêCçfÔNáäåJê�ÖOãäÕfóféNáäÔNÕfà�Ôwî]ö­ê�å
(M,ω)

ò
 �×ªÚØãäÞâÚØçfé�ÕfÚØãäñfÝH×	áâÝHãäÕfÖÛÞ­óGæ	ö­Ô�î;Ýqád£ b�b>¤ ãÁÞ½êwÞâÝHãyÞÂñôêwÞyÞâñfÝ

L∞

çfÔNáâå
‖ · ‖∞

ÔNç
A
éNÚÛëNÝqã­áâÚÛãâÝ�ÞÂÔJê

éNÝqç1ÕfÚÛçfÝP×ªÚØãäÞÂê�çfèqÝCî;ÕfçfèÌÞÂÚØÔ�ç¥ÔNç ö­ê�å
(M,ω)

òÙüiñªÚØãTÓÊê�ã�×fÚØãäèHÔ3ëNÝHáâÝq×øê�çf× àªáâÔ3ëNÝH× ó²æ¥öyÔ�î;ÝHájî;ÔNá
ÞÂñªÝJèHê�ãâÝJÔwî

R2n ì/ÞâñfÝHçøéNÝHçfÝqáÂê�ÖÛÚ§�qÝH× óGæ í/ÔNÖðÞÂÝHáäÔDë1ÚÛè~ñi£ e_|z¤ ÞÂÔ�ãâÔNå-Ý5ÖØê�áâé�ÝHá�èHÖ÷êwãâã�Ô�î{ãäæ1å5àªÖØÝHèÌÞÂÚÛèå5ê�çfÚÛî;Ô�ÖÛ×ªãHìGê�çf×-õôçôêwÖØÖÛæÙàfáäÔDëNÝqçJÚØçPî;ÕfÖØÖféNÝHçªÝHáÂêwÖØÚÛÞºæÙóGæ-ïMê�ÖØÔ�çf×fÝyê�çf×Å��èHþ�Õ���ÚØç]£ b&}z¤ ò]üiñfÝ�ê�ó$Ô3ëNÝ
å-ÝHç²ÞÂÚØÔ�çfÝH×%×ªÚØãäÞÂê�çfèqÝTî;ÕfçfèÌÞÂÚÛÔNç%ÚØã{Ü1çªÔDÓvç�êwãyö­Ôwî;ÝHá�% ãvå-ÝqÞâáâÚØèTêwçf×	ñôêwãvó$ÝHÝqç�ÚØç²ÞÂÝHçªãâÚÛëNÝqÖÛæJãäÞâÕf×fÚØÝq×
ãâÚÛçfèHÝ­ÚÛÞâã`×fÚØãäèHÔ3ëNÝHáäæl�4ãâÝqÝ�Ý�ò éfò:£ bRe&¤ ì:£ c&eR¤ ì:£ e_}z¤ ¡~ò��øÝ�ê�ÖÛãâÔ�áâÝÌî;ÝHá`ÞÂñªÝ�áäÝ<ê�×fÝqátÞâÔ � ñn% ãÊàôêwà$ÝHá(£ e_bz¤ î;Ô�á
ê�çfÔwÞÂñfÝqá­êwàfàfáâÔNê�è½ñ	ÞÂÔCÞÂñfÝ�çfÔNç>ý ×fÝHéNÝqçfÝqáÂê�èÌæ	Ô�î]öyÔ�î;ÝHá+% ãvå5ÝÌÞÂáâÚÛè�ìfê�çf×	ÞâÔ0�ÊñfÝqÜÍê�çfÔ3ëG% ã�àfê�à$ÝHá�£ a>b>¤
î;ÔNáyê-àfáäÔ1Ô�î8ÞâñôêwÞ­ê�ç�ê�çôêwÖØÔNé�ÕfÝ�Ô�î]ö­Ô�î;Ýqá�% ã­å-ÝqÞâáâÚØèTÚØã��4Õªà�ÞâÔ5ãâèHê�ÖØÚÛçfé^¡tÞÂñªÝ�Ô�çfÖÛæ*çfÔ�ç>ýº×ªÝHéNÝqçfÝHáâêwÞÂÝ
ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç>ý ÚÛç²ëwê�áäÚØê�ç²Þ$�8ÚØçfãäÖØÝqá�å5ÝÌÞÂáäÚØè��4ãäÝHÝ�£ a>b>¤ î;ÔNá�ÞâñfÝ¥àfáäÝHèHÚÛãâÝ¥×fÝÌõôçfÚðÞÂÚØÔ�çu¡5ÔNçÐÞÂñfÝ¥ãäàôê�èqÝ
Ô�îyïMê�é�áÂê�çfé�Ú÷ê�ç ãäÕfófå5ê�çfÚðî;ÔNÖØ×ªã ö­ê�å5ÚÛÖðÞÂÔ�çfÚÛê�ç ÚØãäÔ�ÞÂÔ�àfÚØèPÞÂÔnê�éNÚÛëNÝqçxèHÖÛÔNãâÝq×�ïMê�éNáâê�çféNÚØê�ç�ò	ÒºçxÞÂñªÝ
ÔNàfà$Ô�ãâÚÛÞâÝ5×fÚÛáâÝHèÌÞÂÚÛÔNç�ì�
¶ÖÛÚ÷ê�ãäñ1ó$Ýqáâé�ê�çf×xí/ÔNÖÛÞâÝHáäÔDë1ÚØè½ñ ãâñfÔ3ÓÊÝH×§ÚÛçi£ a<cz¤ ÞÂñfêwÞ�î;ÔNá

1 ≤ p < ∞
ì8ÞâñfÝ

àfãäÝHÕf×fÔÍýº×fÚÛãäÞ½êwçfèHÝqã/ÔNçSö�ê�å
(M,ω)

ÓvñªÚØè½ñ�èqÔNáâáäÝHãäà$ÔNçf×SÞÂÔiÞÂñfÝ
Lp
çªÔNáâå-ã
ÔNç

A
ëwê�çfÚÛãâñSÚÛ×fÝHç²ÞÂÚØèHê�ÖØÖ´æNò

üiñ1ÕªãHìôÞÂñªÝ�î;Ô�ÖØÖÛÔ3ÓvÚÛçfé��GÕfÝqãäÞâÚØÔNç�ê�áâÚÛãâÝqãiî;áâÔ�å £ a<cz¤ êwçf×!£ e_}R¤ ¥
�)A4L�T+9>EP=G8³Ï(��ñôêÍÞTê�áäÝ�ÞÂñªÝ ÚØç²ëwê�áâÚØê�çGÞyçfÔNáäå5ã­ÔNç

A
ìOêwçf×�ÓvñfÚÛè~ñEÔ�î]ÞÂñªÝHå éNÚðëNÝ�áâÚØãäÝ�ÞâÔJéNÝHçGÕfÚØçfÝ

ófÚ´ýºÚÛçGëwêwáâÚØêwçGÞ{å5ÝÌÞÂáâÚÛèHãiÔ�ç�ö�ê�å
(M,ω) Ð

� Õfávå5ê�ÚÛç*èHÔ�çGÞÂáäÚØófÕ>ÞÂÚØÔ�çfã{ÞâÔDÓ{êwáâ×fãyê�çfãÁÓÊÝHáäÚØçféPÞâñfÚØã.�GÕfÝqãäÞÂÚÛÔNç�ê�áâÝ
Ñ j4L^=u;zL�O ` H J H J H°P [�K ‖ · ‖ ò�[�áy¡ á&å (M,ω) äæãbT1rzá&èqãPáUT1KOTZçzèÙåíçJT A âÙànLîê`KSê�áUK ‖ · ‖ ≤ C‖ · ‖∞Vfçzè â<çzå`[lLîçJT�â�K"áUT1K C g � ê1[�T ‖·‖ ã§â.ãbT1rzá&èqãPáUT1K@à=T-W=[Ùè/á&ðSð�å`[�ázâÙà�è?[�éGè?[îâS[Ùèsr<ãbT=R%W&ã £u[îçzå0çzè"éoê�ã§âÙådâçYV M g
Ñ j4L^=u;zL�O ` H J H ` H°P [�K ‖ · ‖ ò�[�áy¡ á&å (M,ω) äæãbT1rzá&èqãPáUT1KOTZçzèÙåíçJT A âÙànLîê`KSê�áUK ‖ · ‖ ≤ C‖ · ‖∞Vfçzè5â<çzå`[dLîçJT�â�KÊáUT1K C fÈò�à=K°KSên[�K±c�ç�TZçzèÙådâdá&è?[�TZçJK�[�ß�àUãbrzá&ð\[�T1K g � ê1[�T�KSê1[Vázâîâ<çSLÙãPáUKY[hW éoâS[Ùà�W�çzäW&ã§â�KÊáUT5L][�Vqà�T5L�KPãÊçJT ρ çJTI¡5á&å (M,ω) rzáUToã§âîê1[îâ ã~W=[�T1KPãML�á&ðSð¢Z g
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ö­ÝqáâÝwì>ÞAÓtÔÙçfÔ�áâå-ãÊê�áâÝ­ãÂêwÚØ×5ÞÂÔ ó$Ý [�ß�à�ãbrzá&ð\[�T1K ì1Úðî
ÝHê�è½ñ*ó$Ô�Õfçf×fãtÞÂñfÝ�ÔwÞÂñfÝqáÊÕfàJÞâÔÙê åÙÕªÖÛÞÂÚÛàªÖÛÚÛèHêwÞÂÚ´ëNÝèHÔ�çfãäÞÂê�çGÞHò
üiñfÝPçfÝ~ß1ÞSáâÝHãäÕfÖÛÞTÚØãTê*ãäÞâáâÝqçfé�ÞÂñªÝHçfÝq× î;Ô�áâåÙÕfÖØêwÞÂÚðÔNç�Ô�îtüiñfÝqÔNáâÝqå b ò a ò a ê�çf× ê*Ü�ÝÌænÚØçfé�áâÝH×ªÚØÝHç²ÞTÚÛç
ÞÂñªÝ{àfáâÔ1Ô�îQÔ�îQüiñfÝqÔNáâÝqå b ò a ò b òD �ã8ÞÂñªÝ{×fÚØãäèHÕfãäãâÚØÔ�çCó$ÝHÖØÔ3ÓùÝ~ßªàªÖ÷ê�ÚÛçfãHì�ÚÛÞ]ê�ÖØãäÔjó$ÝHê�áâã]ÔNçÙÞâñfÝÈ�GÕfÝHãÁÞÂÚÛÔNç
Ô�î/èHÖØê�ãâãäÚÛî}æ1ÚØçféPö­ê�å

(M,ω)
ý ÚØç²ëwê�áâÚÛê�çGÞ{çfÔ�áâå-ãHò

Ñ j4L^=u;zL�O ` H J H3InH°P [�K ‖ · ‖ ò�[�áy¡ á&å (M,ω) äæãbT1rzá&èqãPáUT1KOTZçzèÙåíçJT A âÙànLîê`KSê�áUK ‖ · ‖ ≤ C‖ · ‖∞Vfçzè	â<çzå`[�LîçJT�â�KÊáUT1K C g � ê1[�T ‖ · ‖ L�áUT�ò�[­[e^µK�[�T-W=[hW KæçÒálâS[Ùå�ãSä�TZçzèqå ||| · ||| ≤ C‖ · ‖∞
çJT

L∞(M) f{c�ê�ãMLîê$ã§â�ãbT1rzá&èqãPáUT1K³à�T-W=[Ùè�á&ðSð@å`[�ázâÙà�è?[ÈéGè][îâS[Ùèsr<ãbT=R0ò�ã ¶*[]L�KNãÊçJT�âdçJT M g
üiñfÝ	î;ÔNáâåÙÕfÖØêwÞâÚÛÔ�çùÔwîjÞâñfÝ	ÞâñfÝHÔNáäÝHå ãÁÞ½êwÞâÝHã5ÔNçfÖðæ§ÓvñôêÍÞJÚØãPçfÝHèqÝHãäãÂê�áäæùî;ÔNáPÞâñfÝ�àfáäÔ1Ô�î;ã-Ô�îjüiñfÝHÔÍý
áâÝqå5ã b ò a ò a ê�çf× b ò a ò b òyÒºç�î4êwèqÞ­ÓÊÝ ÜGçfÔDÓ å5ÔNáäÝ ê�ó$Ô�ÕªÞ

||| · |||
ò(�/ÚØáâãÁÞ<ì

||| · |||
ÚÛã�êJçªÔNáâå	ì$áÂêÍÞÂñfÝqá

ÞÂñfê�ç$�äÕfãÁÞ ê%ãâÝqå5Ú´ýºçfÔNáäå÷�;çôê�å-ÝHÖðæNì
||| · |||

×ªÔ1ÝHãSçfÔ�Þ�ëwê�çªÚØãâñ ÔNç çªÔNç>ýæ�qÝHáäÔ	î;ÕfçfèÌÞÂÚÛÔNçfãî¡~ò � ÝHèHÔ�çf×�ì
||| · |||

ìoÓvñfÝqç�áâÝHãÁÞÂáäÚØèqÞâÝH×�ÞâÔÕ�qÝHáäÔwýºå-Ý<êwç�î;ÕªçfèqÞâÚØÔNçªãHì`èHÔNÚÛçfèqÚØ×fÝqãCÓvÚðÞÂñ§ÞÂñªÝ%èHÔNå-àfÖÛÝqÞâÚØÔNçxÔ�î
|| · ||
ò

üiñfÚÛáâ×�ìGÞÂñªÚØã`èHÔNå-àfÖÛÝqÞâÚØÔNçPè<ê�çJó$Ýyë1ÚØÝqÓtÝH×*ê�ãÊêS×fÝHçªãâÝ�ãâÕfófãäàôê�èqÝjÔ�î�ÞâñfÝ­ãâàôê�èqÝ�Ô�în�HÝHáäÔwýºå-ÝHê�ç5î;ÕªçfèÌý
ÞÂÚÛÔNçfã8ÚØç

L1(M)
ì²Ý+�GÕfÚØàfà$Ýq×PÓvÚðÞÂñCêjçfÔNáäå�ÚØç²ëwê�áäÚ÷ê�ç²Þ8Õfçf×fÝqá¶å5ÝHê�ãâÕªáâÝ{àfáâÝqãâÝHáÁë1ÚØçfé�óªÚ �äÝHèÌÞÂÚÛÔNçfãHò/üiñªÝ

ê�áäéNÕfå-ÝHç²Þ­î;ÔNávÞÂñfÝSõôáâãÁÞjèHÖØê�ÚØå ÚÛã­ófáäÚØÝ��fæ	ãâÜ�ÝÌÞÂè½ñfÝH×¥ÚÛçEÿvÝHå5ê�áâÜ b ò g ò a ì(ê�çf×�ÞÂñôêÍÞ­î;ÔNáyÞâñfÝ ãäÝHèqÔNçf×
ê�çf×*ÞÂñªÚØáâ×*èqÖ÷ê�ÚÛå-ãÊÚØã{ÔNÕªÞÂÖÛÚØçªÝH×*ÚÛç*ÞâñfÝjõôçôê�Ö�ãäÝHèqÞâÚØÔNçOòoüiñfÝTõôçfê�Ö�ãâÝqèqÞâÚØÔNç	ê�ÖÛãâÔCáâÝÌî;ÝHáâã{ÞÂÔPÖÛÚÛÞÂÝqáÂêwÞâÕfáâÝ
èHÔ�çfèHÝqáâçfÚÛçféPÞÂñfÝ�èqÖ÷ê�ãäãâÚðõôè<êwÞâÚØÔNç*Ôwî8ãâÕªè~ñ�çfÔNáäå5ãqìôê�çf×	ÚÛçf×fÚØèHêwÞâÝHã{ÞÂñfÝqÚØáià$Ô�ãâãâÚÛófÖØÝTàôêÍÞÂñfÔNÖÛÔNéNÚÛÝqãHò

>��?> · + ��'CD¯��'%F�� ����$
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 �ãÊÝÌß>àfÖ÷êwÚØçfÝq×�ÚØç5ÞÂñfÝ�ÚØçGÞâáâÔ1×fÕªèqÞÂÚÛÔNç�ìGÞâñfÝj×fÝqéNÝqçfÝHáâê�èqæ�Ôwî
ÞÂñfÝjàªãâÝHÕª×fÔwýº×ªÚØãäÞÂê�çfèqÝjî;ÕªçfèqÞâÚØÔNç
ρ
�4üiñfÝ~ý

ÔNáäÝHå b ò a ò b ¡{ÚÛãvàfáäÔDëNÝq×�ÚØçÕ£ a<cR¤ î;Ô�á
Lp
çfÔ�áâå-ãHì

1 ≤ p <∞
ò`üiñfÝSÔNçfÖðæ*àªáâÔNà$ÝqáäÞºæ%Ô�î

Lp
ê�èÌÞÂÕôê�ÖÛÖÛæ

ÕfãäÝH×5ÚØçCÞâñôêwÞoàfáâÔ1Ô�î(ÚØãqì²áâÔNÕfé�ñfÖÛæ ãâà$Ý<êwÜ1ÚÛçféfì²ÞÂñfêwÞ`ÕªçfÚÛî;ÔNáäå5Ö´æ ó$ÔNÕªçf×fÝH×-î;ÕªçfèqÞâÚØÔNçfã]ÓvÚÛÞâñ-ãâå5ê�ÖÛÖªãâÕfà1ý
à$ÔNáÁÞÊñôê3ëNÝ�ãäåJêwÖØÖôçfÔNáâå	òÍ��ÔNáäÝ�àfáäÝHèHÚÛãâÝqÖÛæ�ì>ÚØç � ÝHèÌÞÂÚØÔ�ç b ò e ÓtÝ�áâÝHàªáâÔ1×fÕfèqÝTêwç*ê�áäéNÕfå-ÝHç²Þtî;áäÔNåù£ a<cz¤
ÞÂÔPãâñªÔDÓ ÞÂñfêwÞvÞâñfÝ�àfáâÔ1Ôwî8Ô�î/üiñfÝqÔNáâÝqå b ò a ò b èHê�ç	ó$ÝSáäÝH×fÕªèHÝq×�ÞÂÔCÞÂñfÝTî;ÔNÖÛÖÛÔDÓvÚÛçfé
�dMPQ�ENO ` H ` H J H�¼ V sup{‖Fn‖∞} <∞

áUT-W Vol
(
Support(Fn)

)
→ 0 f�KFê1[�T ‖Fn‖ → 0 g

üiñfÝqáâÝqî;Ô�áâÝ�ì]ÔNÕfá�å5ê�ÚÛç ÞÂê�ãâÜ¥ÚØã�ÞÂÔ�àfáäÔDëNÝ5ÞâñfÚØã�àªáâÔNà$ÝqáäÞºæ î;ÔNá�ê�çGæ çfÔ�áâå�ÓvñfÚÛè~ñøãÂêwÞâÚØãÁõôÝHã�ÞâñfÝJáâÝ~ý
�GÕfÚØáäÝHå-ÝHç²ÞÂãCÔ�îyüiñfÝqÔNáâÝqå b ò a ò b ò! �ãÙÓvÚÛÖØÖtó$Ý*ÝÌß>àfÖØê�ÚØçªÝH×§ó$ÝHÖØÔ3Ó�ìoüiñfÝHÔ�áâÝHå b ò a ò c ê�ÖÛÖØÔ3Óvã ÕfãÙÞÂÔ
è<êwáâáäæ�ÔNÕªÞiÞÂñfÝ�àfáäÔ1Ô�î8Ôwî/ÞâñfÚØãièHÖØê�ÚØå©ÚØç	êCå5Ô�áâÝ�ê�å-Ýqçôê�ófÖÛÝTãâÝÌÞâÞâÚØçféªò
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 çôêwÞÂÕªáÂê�Ö­ê�àªàfáâÔ²êwè~ñ�ÞâÔ��ÊÖ÷ê�ÚÛå b ò b ò a ÓÊÔNÕªÖØ×�ó$Ý�ÞÂÔøèHÔNçªãâÚØ×ªÝHáJè½ñôê�áâê�èqÞâÝHáäÚØãäÞâÚØè	î;ÕªçfèqÞâÚØÔNçªã5ÓvÚðÞÂñ
ãâå5ê�ÖÛÖðý åPÝ<êwãâÕfáäÝÊãäÕfàfà$ÔNáäÞ]õfáâãäÞHìNÞâñfÝHçCåJêwÜ�ÝÊÞâñfÝ{ãäÞÂê�çf×ôêwáâ×Cå-ÔDëNÝtÞÂÔjãäÞâÝHàÙî;ÕfçfèqÞâÚØÔNçªãHì²ê�çf×ÙèHÔNçªèHÖØÕª×fÝ
ÓvÚÛÞâñ	ê�çGæ�ãâå-Ô1Ô�ÞÂñ%ó$ÔNÕfçª×fÝH×	î;ÕfçªèqÞÂÚÛÔNç*ÓvÚÛÞâñ%ãâå5ê�ÖØÖ´ý å-ÝHê�ãâÕªáâÝjãâÕfàfà$Ô�áäÞ<òoüiñfÝ�ÔNóGë1ÚØÔ�ÕfãvÔ�ófãäÞÂê�èHÖÛÝ�ÚÛã
ÞÂñfêwÞSè½ñôê�áâê�èqÞâÝHáäÚØãäÞâÚØèÙî;ÕfçfèÌÞÂÚÛÔNçfãSê�áäÝPçfÔ�Þ�ãâå-Ô1Ô�ÞÂñ�ìMê�çf× ê�áäÝCÞÂñfÝqáâÝÌî;ÔNáâÝPÔNÕªÞâãâÚØ×ªÝPÔNÕfáTãâàôêwèHÝ�ò5ö­ÝqáâÝ
ÔNçfÝ	å5ê3æ§è½ñfÔ1ÔNãäÝ	ÞÂÔøê�àªàfáâÔ<ßªÚÛå5êwÞÂÝ�ÞÂñfÝqå ó²æùãäå5Ô1ÔwÞÂñ�î;ÕfçfèqÞâÚØÔNçªã5ê�çf×ùÓÊÔNáäÜ§î;áäÔNå ÞÂñfÝqáâÝ�òi� Ý
è½ñfÔNãâÝwìoñfÔ3ÓÊÝqëNÝqáHì¶ÞÂÔEÝ~ß>ÞâÝHçf×�ÔNÕªá ãâÝqÞäÞÂÚÛçféEãâÔ¥êwã ÞâÔnÚÛçfèqÖØÕf×fÝ5éNÝHçGÕfÚØçªÝ�è½ñôê�áâê�èqÞâÝHáäÚØãäÞâÚØè-î;ÕfçfèqÞâÚØÔNçªãHò
üiñfÚÛãTÚÛã�ÓvñfÝqáâÝPüiñfÝqÔNáäÝHå b ò a ò c èqÔNå-ÝHãjÚØç�ò5� ÝÙÓvÚØÖÛÖ/ÚØç²ÞÂÝqáâáâÕªàªÞjÞÂñªÝC×fÚÛãâèHÕªãâãâÚÛÔNç¥ÔNçEÞÂñªÝCàfáäÔ1Ô�î`Ô�î
�ÊÖ÷êwÚØå b ò b ò a ÞÂÔP×fÚØãäèHÕfãäãvÞÂñfÝ�àfáäÔ1Ô�î/Ô�î8üiñªÝHÔNáäÝHå b ò a ò c ò
ÿvÝHè<êwÖØÖ/ÞâñôêwÞ�Ô�Õfá�ê�ÚÛå ÚÛçnüiñfÝHÔ�áâÝHå b ò a ò c ÚØã�ÞÂÔ*ÝÌß1ÞÂÝqçf× ÞÂñªÝPéNÚðëNÝHç¥çªÔNáâå

‖ · ‖
ÞÂÔ
L∞(M)

òV�ôÔ�á
ÞÂñªÚØãjàfÕfáäà$ÔNãâÝwì
ÓÊÝCõfáâãäÞ�Ý~ß1ÞÂÝHçª× ÔNÕªáTçfÔNáäå ÞÂÔ%ê�ÖØÖ/ãäå5Ô1Ô�ÞâñEî;ÕfçfèÌÞÂÚØÔ�çfãHìOÓvÚÛÞÂñ¥ê<ëNÝHáÂêwéNÝCçfÔ�ÞTçfÝHèqÝHãAý
ãÂêwáâÚØÖðæ��qÝHáäÔ]�4ãâÚÛçfèqÝjÞÂñªÚØãiê�×ª×fãD�äÕfãäÞiÔNçfÝj×fÚØå-ÝHçªãâÚØÔ�çJÞÂÔCÔNÕªá{ÔNáâÚÛéNÚÛçôê�Ö$ãäàôê�èqÝ�Ô�îMî;ÕfçªèqÞÂÚÛÔNçfãqìôê�ç²æ5ÞAÓtÔ
ÝÌß1ÞâÝHçfãäÚØÔNçfãjê�áâÝ�Ý+�1ÕªÚÛëwêwÖØÝHç²Þq¡~òt~­ÝÌß1ÞHì(ÓÊÝ�Þ½êwÜ�ÝÙê�×ªëÍê�çGÞÂê�éNÝ�Ô�î]ÞÂñªÝ�î4ê�èÌÞ­ÞÂñôêwÞ

C∞(M)
ÚÛã­×fÝqçfãâÝÙÚÛç

L∞(M)
ÓvÚðÞÂñ%áâÝHãäà$ÝHèÌÞ­ÞÂÔCÞÂñªÝ�ÞâÔNà$ÔNÖÛÔNé�æJÔwî8èHÔ�çGëNÝqáâéNÝqçfèHÝ�ÚÛç%å5ÝHê�ãâÕfáäÝ�òÍ� Ý�×fÝqõfçfÝ

|||F ||| = inf{lim inf
n→∞

||Fn||},

ÓvñfÝqáâÝoÞÂñªÝ`ÚÛçªõôåÙÕfåuÚÛã�Þ½ê�Ü�Ýqç�Ô3ëNÝHámê�ÖØÖ�ãäÝ��GÕfÝqçfèHÝHã
{Fn}
Ô�î>ÕfçfÚÛî;Ô�áâå-Öðæ�ó$Ô�Õfçf×fÝq×�ãâå-Ô1Ô�ÞÂñTî;ÕfçªèqÞÂÚÛÔNçfã

ÓvñfÚÛè~ñ	èqÔNçGëNÝqáâéNÝSÚÛç%å5ÝHê�ãâÕªáâÝTÞÂÔ
F
ò

� Õfè½ñ�èHÔNçªãäÞÂáäÕfèqÞâÚØÔNçªãÊÔ1èHèqÕfáÊÔ1èqè<êwãâÚØÔ�çôê�ÖØÖðæCÚÛç5î;ÕªçfèqÞâÚØÔNçôêwÖ$ê�çôê�Öðæ1ãâÚØãqìGî;ÔNá`ÚØçªãäÞ½êwçfèHÝ­ÚØç-ÞÂñªÝ�Ý~ß>ÞâÝHçfãäÚØÔNç
Ô�î{ÞÂñªÝ�ÿvÚØÝHå5ê�çfç ÚØç²ÞÂÝHé�áÂê�Ö¶î;áäÔNå)èqÔNçGÞâÚØçGÕfÔNÕfãSÞÂÔ�ãäÝHå-ÚðýºèqÔNç²ÞÂÚØçGÕfÔNÕfãTî;ÕfçfèqÞâÚØÔNçªã$�;ÕfãâÚÛçfé�à$ÔNÚÛçGÞºÓvÚØãäÝ
èHÔ�çGëNÝqáâéNÝqçfèHÝSî;áâÔNå ê�ó$ÔDëNÝfìwó$ÝHÖÛÔDÓt¡~ì$êwçf×�ÚÛç%ÞâñfÝSÝ~ß>ÞâÝHçfãäÚØÔNç�Ô�î8Ô�à$ÝHáÂêÍÞÂÔNáiçfÔNáâå-ãiî;áäÔNåûõfçfÚÛÞâÝÌý áÂê�çfÜ
ÔNà$ÝqáÂêwÞâÔNáâãSÔ�çøê]�{êwçôê�è½ñøãäàôê�èqÝ-ÞÂÔ�ê�àfàfáäÔ3ß>ÚØå5ê�ófÖÛÝCÔ�à$ÝHáÂêÍÞÂÔNáäã0�4ÕfãäÚØçfé	ÕfçfÚðî;ÔNáâå èHÔ�çGëNÝqáâéNÝqçfèHÝJÔNç
èHÔ�å5àôêwèqÞÂê_¡ÌòCöyÔDÓÊÝÌëNÝHáqìmÓtÝ5êwáâÝCçfÔ�ÞSê3ÓÊê�áâÝCÔ�îÊê�çGæEãâÚÛå-ÚØÖÛê�á�èqÔNçfãäÞâáâÕfèÌÞÂÚÛÔNç¥ÓvñfÚÛè½ñ áâÝHÖÛÚØÝqãTÔ�ç èqÔNç>ý
ëNÝHáäéNÝqçfèHÝ�ÚÛç%å5ÝHê�ãâÕªáâÝ�ò
� ÝÊãäÞâÕf×ªæ

|||·|||
ÚÛç � ÝqèqÞâÚØÔNç b ò c ò��8ÚÛáâãÁÞmÓÊÝÊèHÔNç>õôáâå�ÞÂñôêÍÞ

|||·|||
ÚØã/ê­ãâÝqå5Ú´ýºçfÔNáäå�Ô�ç

L∞(M)
ÓvñfÚØè½ñ

ÚØã�×ªÔNå5ÚÛçôêwÞâÝH× î;áâÔNå�êwó$ÔDëNÝJóGæ
‖ · ‖∞

ò]� Ý5ÞÂñfÝqç§éNÔ�ÔNç ÞÂÔ�àfáâÔ3ëNÝJÞâñfÝJçfÔNç1ý ÞÂáäÚÛë1Ú÷êwÖ¶àfáâÔNà$ÝqáäÞâÚØÝHã
Ô�î
||| · |||

¥%ÚÛÞCèHÔNÚÛçfèHÚÛ×fÝHãCÓvÚðÞÂñ
‖ · ‖
Ô�ç�ãäå5Ô1ÔwÞÂñ�î;ÕªçfèqÞâÚØÔNçfãqìÊê�çf×ùÚØãCÚØç²ëwê�áâÚØê�ç²ÞPÕªçf×fÝHá-å-Ý<êwãâÕfáäÝ

àfáäÝHãâÝqáäë1ÚØçªé5ófÚ �äÝHèqÞâÚØÔNçªãHò³�ôÔ�áâå5ê�ÖÛÖðæG¥
�dMPQ�ENO ` H ` H ` H�¾ çzèq[�rU[ÙèsZ F ∈ A c°[5ê�áUrU[ ‖F‖ = |||F ||| g
�dMPQ�ENO ` H ` H3InH�¾ çzè%[�rU[ÙèsZ F ∈ L∞(M) áUT-W
[�rU[ÙèsZ	å`[�ázâÙà�è][ éGè][îâ*[Ùè�r<ãbT=R�ò�ã ¶*[]L�KPãÊçJT ϕ ç(T M c°[
ê�áUrU[

|||F ◦ ϕ||| = |||F |||
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ÒºçdÔNáâ×ªÝHá*ÞâÔùàfáäÔDëNÝnÞÂñªÚØã*ãâÝqèHÔNçf×uàfáäÔNà$ÝHáÁÞAæ�ìjáâÝqè<êwÖØÖ�ÞÂñfêwÞ	Ô�Õfá*ÔNáâÚÛéNÚÛçôê�Ö­çfÔNáäå
‖ · ‖

ÚÛã%ê�ÖØáäÝ<ê�×>æ
ÚØç²ëwê�áäÚ÷ê�ç²Þ
Õfçf×fÝqá/ö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwçT×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ãqòMü/ÔyÝÌß1ÞâÝHçf×�ÞâñfÝ`ÚÛçGëÍê�áâÚØê�çfèHÝ]ÓtÝ`ÚØç²ëNÔNÜ�Ý
'SêÍÞÂÔNÜu% ã
ÔÁ�Êê�ãâÚÛètï
ÝHå-åJê�É¶î;áäÔNåø£ b�gz¤ ìwÓvñªÚØè½ñCêwÖØÖØÔ3Óvã
ÞÂÔ�ê�àfàfáäÔ3ß>ÚØå5êwÞÂÝoÚÛç�å5ÝHê�ãâÕfáäÝÊê�çGæSå-ÝHê�ãâÕfáäÝtàfáâÝqãâÝHáÁë1ÚØçfé
ófÚ �äÝHèqÞâÚØÔ�ç	óGæ	ê-ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØê�ç*×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå	ò ��ÔNáâÝSàfáäÝHèqÚØãâÝqÖÛæ�ìQõ>ß�ê�ç�ê�áâóªÚÛÞÂáâê�áäæ*ÿvÚØÝqåJêwçfçfÚØê�ç
å-ÝqÞÂáäÚØè

d
ÔNç

M
òÍ� Ý�èHÖØê�ÚØå

¿³LUO�O�Q ` H ` Hñ�BHq¾ çzèA[�rU[ÙèsZ�å`[�ázâÙàUè?[ÅéGè?[îâS[Ùèsr<ãbT=Riò�ã ¶*[sL�KPãÊçJT ϕ çYV M jÀTZçJK�T5[]L][îâîâ�á&èqãSð¢ZÁLîçJToä
KPãbToàuçzà_â�k�áUT-WÁ[�rU[ÙèsZ ε > 0 f`KSê1[Ùè][Â[e^�ã§â�KFâ¢áÃ¡5á&å�ãSð¢KæçJToãPáUTÄW&ã £u[îçzå0çzèæéoê�ã3âÙå g ç(T M c�ê�ãMLîê
ε äÁáÙé_éGè*ç�^�ãSå)áUKY[îâ ϕ ãbT,å`[�ázâÙàUè?[]f�TGá&å`[Ùð¢Z

Vol
(
{x ∈M ; d(ϕ(x), g(x)) > ε}

)
< ε

üiñfÚÛã5áâÝqãâÕfÖðÞ5ÚØã-Ô�îjèHÔ�ÕfáâãäÝ�ÚØçª×fÝHà$Ýqçf×fÝqçGÞ�Ô�î�ÞÂñªÝ�ãâà$ÝHèqÚÛõfèEÿvÚØÝHå5ê�çfçªÚ÷êwçùãÁÞÂáäÕfèqÞâÕfáâÝ�è½ñfÔNãäÝHç�ò-� Ý
à$ÔNãÁÞÂà$ÔNçfÝÊÞâñfÝÊàfáâÔ1Ô�îôÔ�îôÞÂñªÝ{ÖÛÝHå-åJêiÞÂÔ�ÞâñfÝÊÖ÷ê�ãÁÞ8ãâÝHèÌÞÂÚÛÔNçCÔwîôÞÂñfÚÛã8àfê�à$ÝHáqò]üiñªÝ{àfáâÔ1Ô�îôÔ�î:�ÊÖ÷êwÚØå b ò b ò c
î;ÔNÖÛÖØÔ3ÓvãtÝ<ê�ãäÚØÖðæ-î;áäÔNå ï
ÝHå-åJê b ò b ò e ê�çf×�ÞÂñªÝT×ªÝqõôçfÚðÞÂÚÛÔNç�Ô�î

||| · |||
ò
�ÊÖØê�ÚØå b ò b ò b ê�çf×��ÊÖØê�ÚÛå b ò b ò c

èHÔ�çfèHÖÛÕf×fÝTÞÂñfÝ�àªáâÔ1Ô�î/Ô�î8üiñªÝHÔNáäÝHå b ò a ò c ò
��ÚÛÞâñ�êvå-Ý<ê�ãäÕfáâÝ~ýºàfáäÝHãâÝqáäë1ÚØçªéwýºófÚ �äÝHèÌÞÂÚØÔ�ç>ýºÚÛç²ëwê�áäÚØê�ç²Þ
ÝÌß1ÞÂÝqçfãâÚÛÔNç Ôwî

||·||
êwÞmÔNÕfáM×fÚÛãâà$ÔNãâê�Ö ìDÖØÝÌÞf% ãMáâÝqÞâÕfáâç

ÞÂÔ%ÞÂñªÝ5àªáâÔ1Ô�îÊÔ�î.�ÊÖ÷ê�ÚÛå b ò b ò a ò0~yÔ�ÞÂÝPÞâñôêwÞd�ÊÖ÷êwÚØå b ò b ò b ÚØå-àfÖÛÚÛÝqãjÞÂñôêwÞSÚÛÞ�ÚØã�ãäÕ�2-èHÚÛÝHçGÞSÞÂÔ	àfáäÔDëNÝ
�ÊÖ÷êwÚØå b ò b ò a î;ÔNá{ÞÂñªÝ�çfÔNáâå

||| · |||
òoüiñªÝSáâÝqãäÞyÔ�î/ÞâñfÚØãiãâÝqèqÞâÚØÔNç	ÚÛãi×fÝqëNÔwÞÂÝH×	ÞÂÔCÞÂñªÚØãiÚØãäãâÕfÝwò

� Õfávê�áäéNÕfå-ÝHç²Þi×fÝHà$Ýqçf×fãyÔNç*ÞÂñªÝTî4êwèqÞ<ìªÚØçfãäàfÚØáäÝH×*óGæ*ê�ç	ê�áäéNÕfå-ÝHç²Þ{î;áâÔNåõ£ e^�z¤ ìªÞÂñfêwÞyê�ç%Ô�à$ÝHáÂêÍÞÂÔNáqì
ÓvñfÚÛè~ñ�à$Ýqáäî;ÔNáäå5ãyàfÚÛÝHèHÝÌÓvÚØãäÝÙê<ëNÝHáâê�éNÚØçªé5ÔNç�î;ÕfçªèqÞÂÚÛÔNçfãqì$ÚØãyó$ÔNÕªçf×fÝH×Oò(��ÔNáäÝ�àfáâÝqèHÚÛãâÝHÖðæNì$áâÝqÖÛæ1ÚØçªé5ÔNç
ÞÂñªÝ�î4êwèqÞiÞÂñôêwÞ

||| · |||
ÚÛãvÚÛçGëÍê�áâÚØê�çGÞ{Õfçf×fÝqáyå-Ý<ê�ãäÕfáâÝ�àfáäÝHãäÝHáäë1ÚÛçfé5ófÚ �äÝHèÌÞÂÚØÔ�çfãHì>ÓÊÝSàªáâÔDëNÝTÞÂñfêwÞ

¿³LUO�O�Q ` H ` HÆÅ»Ç K EFL�C�LiÈ0EFT�L��*��ÉGL^;>Q��GEP8B�i[B;>=u[³L^;<9qYEÊ>Hw¾ çzè�[�rU[ÙèsZ�LîçJT1KPãbToàoçzà^â F áµTnWË[�rU[ÙèsZ
å`[�ázâÙà�è�á_ò�ð\[�é�á&è�KPãbKPãÊçJT {Si} çYV M f{c°[�ê�áUrU[

|||
∑

i

〈F 〉Si
1lSi
||| ≤ |||F |||,

c�ê1[Ùè?[ 〈F 〉Si
= 1

Vol(Si)

∫
Si
Fωn W=[�TZçJK�[îâCKSên[�áUrU[Ùè�áSR=[dçYV F çJrU[Ùè Si g

üiñfÝJàfáäÔ1Ô�îiÔwî{ÞÂñªÝJÖÛÝHå-åJê*ÚØãSà$ÔNãÁÞÂà$ÔNçfÝq×xÞâÔ�ÞâñfÝJÖØê�ãÁÞ�ãâÝHèÌÞÂÚÛÔNç�ò	ïMÝÌÞ Õfã çªÔDÓÑÝ~ß>àfÖ÷ê�ÚÛç ñfÔDÓ"ÞÂñfÚÛã
àfáäÔNà$ÝHáÁÞAæ�ãâÝHáÁëNÝHã/ÞÂÔ­àfáäÔDëNÝÈ�ÊÖØê�ÚØå b ò b ò a òD�8Úðß

ε > 0
ò/üiñfÝtñGæ1à$Ô�ÞâñfÝHãäÚØã/Ô�îfüiñfÝHÔ�áâÝHå b ò a ò b àfáäÔDë1ÚØ×fÝqã

ÕfãjÓvÚðÞÂñnãâå-Ô1Ô�ÞâñEî;ÕfçfèÌÞÂÚÛÔNçfã
F
ãäÕfè½ñ¥ÞÂñôêÍÞ

‖F‖∞ = 1
ÓvñfÚÛÖØÝ

‖F‖ = |||F ||| ≤ ε
ò�í8êwáäÞÂÚðÞÂÚÛÔNç

MÚØç²ÞÂÔ
A
êwçf×

Ac = M \A
ìªÓvñfÝHáäÝ

A
ÚÛãvêPãäåJêwÖØÖOÝqçfÔNÕfé�ñ	çfÝHÚÛéNñ1ó$ÔNáäñfÔ1Ô1×%Ô�îmÞÂñªÝ�åJêÍß>ÚÛåÙÕfå©Ô�î

F
ì
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ãâÕªè~ñ�ÞÂñôêÍÞ
||1lA − 〈F 〉A1lA + 〈F 〉Ac1lAc ||∞ < ε.

~­Ý~ß1Þ<ì$ÚÛÞiî;ÔNÖØÖÛÔ3Óvãiî;áäÔNå�ï
ÝHå-åJê b ò b ò g ìôÞâñfÝ�î4ê�èqÞ
ÞÂñfêwÞ

||| · |||
ÚØãi×fÔNå-ÚØçôêÍÞÂÝq×*î;áäÔNå ê�ó$ÔDëNÝ�ó²æ

‖ · ‖∞
ìôê�çf×%ÞâñfÝTÞÂáäÚ÷ê�çfé�ÖØÝ�ÚØçfÝ+�GÕôê�ÖØÚðÞAæ-ÞÂñôêÍÞ

|||1lA||| ≤ ||1lA − 〈F 〉A1lA + 〈F 〉Ac1lAc ||∞ + |||〈F 〉A1lA + 〈F 〉Ac1lAc ||| ≤ ε+ |||F ||| ≤ 2ε

� ÚÛçfèHÝ
||| · |||

ÚØãyÚØçGëÍê�áâÚØê�çGÞyÕfçf×fÝqájå-Ý<êwãâÕfáäÝ àfáâÝqãâÝqáäë1ÚØçfé�ófÚ �äÝHèqÞâÚØÔNçªãHìQÞÂñfÚÛã�ê�àfàfÖÛÚØÝqãyÞâÔ�ÝÌëNÝHáÁæ�ãâÝÌÞ
BÓvÚÛÞâñ�ÞÂñfÝ�ãÂê�å-Ý�å-Ý<ê�ãäÕfáâÝ ê�ã

A
òyüiñ1ÕªãHì(ÓÊÝ ÝHãÁÞ½ê�óªÖØÚØãäñÒ�ÊÖØê�ÚØå b ò b ò a î;ÔNáyãâÝ��GÕfÝqçfèHÝHãTÔ�î¶è½ñôê�áâê�èqÞâÝHáÁý

ÚØãÁÞÂÚÛèCî;ÕfçfèÌÞÂÚØÔ�çfãSÔNç ãâÝÌÞÂã�ÓiÚÛÞÂñ å-ÝHê�ãâÕfáäÝ-ÞâÝHçf×fÚÛçfé	ÞÂÔ��HÝHáäÔfò�Ò Þ ÚÛãSçfÔ3ÓÑê	ãâÚÛå5àªÖØÝPê�àfàfáäÔ3ß>ÚØå5êwÞâÚÛÔNç
ê�áäéNÕfå-ÝHç²Þ<ìQÓvñfÚÛè~ñ�ÝHãÁÞ½ê�ófÖÛÚØãäñfÝHã��ÊÖ÷êwÚØå b ò b ò a ê�ã­ãäÞÂêwÞÂÝq×�î;ÔNá­ãäå5Ô1ÔwÞÂñ�î;ÕªçfèqÞâÚØÔNçªãHòyüiñfÝ ×fÝÌÞ½êwÚØÖØãyê�áâÝ
éNÚðëNÝHç	ÚÛç � ÝHèÌÞÂÚÛÔNç b ò e ò

>��e� ÎÁÏ`� ��$�)
��$
B �¯���º$
'CD_� #�$�) ¹ÄDO'�'�&Q'%&Ð�Ñ�
��'�DO��� >������e�

Òºç ÞâñfÚØã�ãäÝHèÌÞÂÚØÔ�ç ÓÊÝ-èqÔNçfãäÞâáâÕfèÌÞ�ÞâñfÝ-ãâÝqå5Ú´ýºçfÔ�áâå
||| · |||

ì/ê�çf× àfáâÔ3ëNÝ-ÚÛÞâã�àfáäÔNà$ÝHáÁÞÂÚØÝqã�êwãSãÁÞ½êwÞÂÝq× ÚØç
üiñfÝqÔNáâÝqå b ò a ò c òJü{ñfÝ-õôáâãÁÞ ãäÞâÝHà ÞÂÔ3Ó{ê�áä×fãSÞâñfÝ-èHÔNçfãÁÞÂáäÕfèqÞâÚØÔNç Ô�î

||| · |||
ÚÛã�ê�ç Ý~ß>ÞâÝHçfãäÚØÔNçøÔwîÊÞÂñfÝ

éNÚðëNÝHç	çfÔNáäåûÞÂÔ
C∞(M)

òtï
ÝÌÞ
C
ó$Ý�êPèqÔNçfãÁÞ½ê�ç²Þ­ãâÕfè½ñ�ÞâñôêwÞ

‖ · ‖ ≤ C‖ · ‖∞
ò 
¶çf×fÔ3Ó�ÞâñfÝSãäàôê�èqÝ

C∞(M)
Ôwî]ê�ÖÛÖOãâå-Ô1Ô�ÞÂñ*î;ÕfçfèÌÞÂÚÛÔNç%ÔNç

M
ÓvÚðÞÂñ*ÞÂñfÝ�çªÔNáâå

‖ · ‖′
×fÝqõôçªÝH×�óGæ

‖F‖′ = inf
{
‖F1‖+ C‖F2‖∞ ; F = F1 + F2, F1 ∈ A, F2 ∈ C

∞(M)
}
.

üiñfÝ5ê�ó$Ô3ëNÝ-×fÝÌõôçfÚðÞÂÚØÔ�ç¥ÚØã �äÕfãäÞ�ÞÂñfÝ-ê�çôêwÖÛæGÞÂÚÛèCàfáäÝHãäÝHç²Þ½êwÞÂÚÛÔNç Ô�îtÞâñfÝ-çªÔNáâå èqÔNáäáâÝHãäà$ÔNçf×fÚÛçfé	ÞâÔ%ÞÂñªÝ
èHÔ�çGëNÝ~ß�ñ1ÕfÖÛÖ
Ô�î8ÞÂñfÝSÕfçfÚÛÞyóôê�ÖÛÖ
Ô�î

(A, ‖ · ‖)
ÓvÚðÞÂñ	ÞÂñªÝ�ÕfçfÚðÞ­óôêwÖØÖ
Ô�î

(C∞(M), ‖ · ‖∞)
ìQÞâñfÝ�ÖØêwÞâÞâÝHá

ñfÔNå-Ô�ÞâñfÝqÞâÚØèHê�ÖØÖ´æ­ãäñfáâÕfçªÜjãâÔyê�ã�ÞÂÔiõªÞMÚØçfãäÚØ×fÝ8ÞÂñªÝ¶î;ÔNáäå5ÝqáOÓvñfÝqç�áäÝHãäÞâáâÚØèÌÞÂÝq×�ÞÂÔ
A
òmüiñfÝoñªÔNå5Ô�éNÝHçfÝqÚÛÞºæ

Ô�îoÞÂñfÝCçfÝÌÓ�çfÔNáâå ÚØãjèqÖØÝHê�áHò�ümÔ%ãâÝqÝCÞÂñôêwÞjÞÂñªÝCçfÝqÓ�çfÔNáäå ãâêwÞÂÚÛãäõôÝqãTÞâñfÝÙÞÂáâÚØê�çféNÖÛÝ�ÚØçfÝ+�1Õfê�ÖØÚðÞAæ�ìOÖØÝqÞ
F = F1+F2

êwçf×
G = G1+G2

ãäÕfè~ñ ÞâñôêwÞ
‖F1‖+C‖F2‖∞ ≤ ‖F‖

′+ε
ì�ê�çf×

‖G1‖+C‖G2‖∞ ≤

‖G‖′ + ε
ò¶üiñfÝHç

‖F +G‖′ ≤ ‖F1 +G1‖+ C‖F2 +G2‖∞

≤ (‖F1‖+ C‖F2‖∞) + (‖G1‖+ C‖G2‖∞)

≤ ‖F‖′ + ‖G‖′ + 2ε.

üiñfÝ çªÝqÓ çfÔNáäå ÚØã*Ô�óGë1ÚØÔNÕªãâÖÛærö�ê�å
(M,ω)

ýºÚÛçGëwêwáâÚØê�ç²Þ<ò�ümÔùãâÝHÝ¥ÞâñôêwÞ
‖F‖′ ≤ C‖F‖∞

ì³�äÕfãÁÞ
ãâÕªófãäÞâÚÛÞÂÕ>ÞÂÝ

F1 = 0
êwçf×

F2 = F
ÚØç§ÞÂñfÝ%×fÝqõôçªÚÛÞÂÚÛÔNç�ò�ümÔ ãâÝqÝ	ÞâñôêwÞ

‖ · ‖′ = ‖ · ‖
ÔNç
A
ìtÖÛÝqÞ

F = F1 + F2

ÓvñªÝHáâÝ
F1 ∈ A

êwçf×
F2 ∈ C

∞(M)
òÈ�ÊñfÔ1ÔNãäÚØçfé

F1 = F
ê�çf×

F2 = 0
àfáâÔ3ëNÝHãyÞâñôêwÞ
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‖F‖′ ≤ ‖F‖
òÍ�ôÔNá]ÞâñfÝyÔ�àfà$ÔNãâÚðÞÂÝi×fÚØáäÝHèqÞâÚØÔNçPçªÔ�ÞÂÝiÞâñôêwÞ`ãäÚØçfèqÝ

F, F1 ∈ A
ì1ê�çf×-ãâÚÛçfèHÝ

F2 = F −F1

ì
ÞÂñªÝ�î;ÕªçfèqÞâÚØÔNç

F2

åÙÕfãäÞyê�ÖÛãâÔPó$Ý�ÚØç
A
ò¶üiñfÝHáäÝqî;ÔNáäÝ

‖F‖′ = inf
F=F1+F2

{
‖F1‖+ C‖F2‖∞

}
≥ inf

F=F1+F2

{
‖F1‖+ ‖F2‖

}
≥ inf

F=F1+F2

‖F1 + F2‖ = ‖F‖

~­Ô3ÓuÓÊÝ�ê�áäÝ�áäÝ<ê�×ªæ�ÞâÔ-Ý~ß1ÞÂÝHçª×�ÔNÕfáiçfÔNáäåûÞâÔPÞâñfÝ�ÝHç²ÞÂÚØáäÝ
L∞(M)

ò³�­ãäÚØçféCÞÂñªÝSãâê�å-Ý�èqÔNçGëNÝ~ßGýºñ1ÕªÖØÖ
ÞÂáäÚØè½ÜPÓÊÔNçZ% Þi×fÔ��;ÚÛÞtÓÊÔNÕfÖÛ×�î4êwÚØÖ$ÚØç²ëwê�áäÚ÷ê�çªèHÝ�Õfçª×fÝHá{å5ÝHê�ãâÕfáäÝjàfáâÝqãâÝqáäë1ÚØçféCófÚ �äÝqèqÞâÚØÔNçfã*¡Ìò]ÒºçfãÁÞÂÝHê�×�ìªÓÊÝ
Þ½êwÜ�Ýjê�×ªëÍê�çGÞÂê�éNÝ­Ô�î�ÞÂñfÝ�èqÖ÷ê�ãäãâÚÛè<ê�Öôî4ê�èqÞtÞâñôêwÞ{ê�ç²æ5å-ÝHê�ãâÕfáâê�ófÖÛÝyî;ÕfçfèÌÞÂÚÛÔNçJè<êwç�ó$Ýjê�àfàªáâÔ3ß>ÚÛåJêwÞâÝH×5ÚÛç
å-Ý<ê�ãäÕfáâÝÙê�áäófÚÛÞâáÂê�áâÚÛÖ´æ*ÓÊÝqÖØÖmóGæ�ãâå-Ô1Ô�ÞÂñ�î;ÕfçfèÌÞÂÚØÔ�çfã��4ãäÝHÝÙÝ�ò éfò�£ g&cR¤ ¡Ìòt� ÝÙ×fÝÌõôçfÝCêJçfÝqÓ î;ÕfçfèÌÞÂÚÛÔNçôê�Ö
óGæ�ÞÂê�ÜGÚØçféJÞÂñfÝÙÖÛÝ<ê�ãÁÞ

‖ · ‖′
çfÔNáäå ê�å-ÔNçfé�ê�ÖØÖmãâÕfè½ñ êwàfàfáâÔ<ß>ÚØå5êwÞÂÚÛÔ�çfãHò5�QÔ�áâå5ê�ÖÛÖ´æNì$ÓÊÝCÝqçf×fÔ3Ó�ÞÂñªÝ

ãâàfê�èHÝ
L∞(M)

ÓvÚðÞÂñ
|||F ||| = inf

{
lim inf
n→∞

‖Fn‖
′
}
,ÓvñfÝqáâÝ*ÞÂñfÝ*ÚØç>õôåÙÕfå�ÚØã Þ½ê�Ü�ÝqçùÔDëNÝqáPê�ÖØÖtãâÝ+�1ÕªÝHçfèHÝHã5Ôwî­ÕfçfÚðî;ÔNáâå-Öðæ ó$ÔNÕfçf×ªÝH×ùãâå-Ô1Ô�ÞÂñxî;ÕfçªèqÞÂÚÛÔNçfã

{Fn}
ÓvñªÚØè½ñ	èHÔNç²ëNÝHáâé�ÝSÚØç%å-Ý<ê�ãäÕfáâÝTÞâÔ

F
ò

Ò ÞJÚÛã-èHÖØÝHê�áPÞÂñfêwÞ-ÞÂñfÝ�çfÝÌÓ«î;ÕªçfèqÞâÚØÔNçôêwÖvÚØã-ñfÔ�å5Ô�éNÝHçfÝqÔNÕfãqò�ümÔøãâÝqÝ�ÞÂñôêwÞ5ÚÛÞ-ÔNó$ÝÌæ>ã5ÞâñfÝ	ÞÂáâÚØê�çfé�ÖØÝ
ÚØçªÝ��GÕôê�ÖÛÚÛÞºæNìDÞ½ê�Ü�Ý

{Fn}
êwçf×
{Gn}

ÓvñfÚØè½ñÙãÂêwÞâÚØãÁî}æ
lim inf ‖Fn‖

′ ≤ |||F |||+ε
êwçf×

lim inf ‖Gn‖
′ ≤

|||G|||+ ε
ò¶üiñfÝHç

|||F +G||| ≤ lim inf ‖Fn +Gn‖
′ ≤ lim inf(‖Fn‖

′ + ‖Gn‖
′) ≤ |||F |||+ |||G|||+ 2ε.

ümÔxãäÝHÝ�ÞâñôêwÞ5ÞâñfÝ�çfÝÌÓ«î;ÕfçªèqÞÂÚÛÔNçôê�ÖvÚÛã5ãäÞâÚØÖÛÖvó$ÔNÕªçf×fÝH×róGæ
C‖ · ‖∞

ìiçªÔ�ÞÂÝ	ÞÂñôêÍÞ�ê�çGæùÝHãäãâÝqçGÞÂÚØê�ÖÛÖÛæ
ó$ÔNÕfçª×fÝH×¥î;ÕfçfèÌÞÂÚØÔ�ç

F
è<ê�ç¥ó$Ý-ê�àfàfáäÔ3ß>ÚÛåJêwÞâÝH×nÚÛç¥å-Ý<ê�ãäÕfáâÝCóGæEãâå-Ô1Ô�Þâñ

Fn
% ãjÓvÚÛÞâñ êwÞ�å-ÔNãäÞjÞÂñªÝ

ãÂêwå5ÝEÝHãäãâÝqçGÞÂÚØê�ÖjãâÕfàªáâÝHåÙÕfå	ò�Òºçf×ªÝHÝH×Oì�ÞÂê�Ü�Ý¥ê�ç²æÐê�àfàªáâÔ3ß>ÚÛåJêÍÞÂÚÛÔNç�ÚØçÐå-ÝHê�ãâÕfáäÝ
Fn
Ô�î
F
ì�ê�çª×

áâÝqàfÖ÷êwèHÝ-ÚÛÞ�ÓvÚðÞÂñ
sign(Fn) · (fn ◦ |Fn|)

ìmÓvñfÝHáäÝ
fn
ÚÛã�ê	éNÔ1Ô1× ÝqçfÔNÕªéNñøãâå-Ô1Ô�ÞÂñ ê�àfàfáäÔ3ß>ÚØå5êwÞâÚÛÔNç

î;áâÔ�å)ó$ÝqÖØÔDÓ�Ô�î{ÞâñfÝ5î;ÕfçªèqÞÂÚÛÔNç
f(s) : R+ → R+ ×fÝÌõôçfÝH×§ó²æ f(s) = min{s, ‖F‖∞}

ò	ü8êwÜGÚØçfé
ãâÕªè~ñ

Fn
% ãvÓÊÝ�éNÝÌÞ

|||F ||| ≤ lim inf ‖Fn‖
′ ≤ C lim inf ‖Fn‖∞ ≤ C‖F‖∞.

Òºç	ÔNáâ×ªÝHáiÞâÔ-èqÔNå5àªÖØÝqÞâÝjÞÂñªÝSàªáâÔ1Ô�î/Ô�î/üiñfÝHÔNáäÝHå b ò a ò c ÓÊÝ�çfÝHÝq×	ÞÂñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçfé ÞAÓtÔ-èHÖØê�ÚØå-ãqò
�dMPQ�ENO ` H3I@H J H�¾ çzèq[�rU[ÙèsZ F ∈ A c°[5ê�áUrU[ ‖F‖ = ‖F‖′ = |||F |||

�dMPQ�ENO ` H3InH ` H�¾ çzè%[�rU[ÙèsZ F ∈ L∞(M) áUT-W
[�rU[ÙèsZ	å`[�ázâÙà�è][ éGè][îâ*[Ùè�r<ãbT=R�ò�ã ¶*[]L�KPãÊçJT ϕ ç(T M c°[
ê�áUrU[

|||F ◦ ϕ||| = |||F |||



� ,Ì<i�:Í «s�oªo®4±3ª 2 «S½��!ª�­G¬h6 0 ª�® x ¬Ê­n­n7t­17 � ½��^­:¬M�n6 � ,Sý�,Ì< �n<

ÒºçJÔ�áâ×fÝqá`ÞâÔ�àfáâÔ3ëNÝyÞÂñªÝyõôáäãäÞÊèqÖ÷ê�ÚÛå"êSèHÝqáäÞ½êwÚØç-ÞâÝHè½ñfçfÚÛè<ê�ÖQÖØÝqå5å5êTÚÛã`çfÝqÝH×ªÝH×�òoümÔ ãÁÞ½êwÞâÝyÞâñfÝ­ÖÛÝHå-åJê>ì
õªßSî;áäÔNå�çfÔ3Ó�Ô�çÙê�ç ê�áâófÚðÞÂáâê�áäæ�ÿvÚØÝqå5ê�çfçfÚØê�ç�ãäÞÂáäÕfèqÞâÕfáâÝtÔNç

M
ì�ê�çª× ×fÝHçfÔwÞÂÝtóGæ

d
ÞÂñfÝtèqÔNáâáäÝHãâà$Ô�çf×>ý

ÚØçªéP×fÚÛãäÞ½êwçfèHÝTî;ÕªçfèqÞâÚØÔNç�ò � ÕªáváâÝqãâÕfÖðÞÂãyêwáâÝ�ìfÔ�î/èHÔNÕfáäãâÝwìQÚØçª×fÝHà$Ýqçf×fÝHç²Þ­Ô�îmÞÂñfÝ�ãäà$ÝHèHÚðõôè�ÿvÚØÝqåJêwçfçfÚØê�ç
ãäÞâáâÕfèÌÞÂÕfáäÝSè~ñªÔNãâÝqç�ò
¿³LUO�O�Q ` H3InH§IÄÇq��=�ÉGL^;zEN84�ikwÉGL�8DMSY¿�ZY xyQo8:Y K QoC¦¥@EP8B�GTJÊ>Hl¾ çzè`[�rU[ÙèsZ δ > 0 áUT-W ε > 0KSê1[Ùè][ [e^�ã§â�KFâ]áÒLîçJrU[ÙèqãbT=R�çYV M ò�ZÓLîçJT1T5[]L�K�[hW�çîé1[�T�âÙà�òÙâS[�KFâ {U j

i }
fqc�ê1[Ùè?[ j = 1, . . . , J áUT-W

i = 1, . . . , Lj
f�âÙànLîê�KFê�áUK

j"ãÔk�Vfçzèy[�rU[Ùè�Z��¯^�[hW j fo[�á�Lîêdé�á�ãSèdçYV(âS[�KFâ {U j
i }
ê�áUrU[�á�éoç<âÙãbKNãbrU[�W&ã§â�K"áUT5L][�Vqè*çzå|[�á=Lîê,çJKSê1[Ùè g

j"ãSãÔkÃKSê1[yW&ãPá&å`[�K�[ÙèdçYV U j
i
cÍãbKSê�è][îâæé1[]L�K�K½ç d ã§âdáUK
å0ç<â�K δ Vfçzè�á&ðSð i áUT-W j g

j"ãSãSãÔk�Vfçzèy[�rU[Ùè�Z x ∈M f{KSê1[�Toà�å)ò�[ÙèVçYV j Õ â�Vfçzèmc�ê�ãMLîê x /∈ ∪iU j
i
ã§âdáUK
å0ç<â�K εJ g

üiñfÝSàªáâÔ1Ô�î/Ô�îmÞÂñfÝ�ÖØÝqå5å5ê ÚØãià$ÔNãÁÞÂà$ÔNçfÝq×	ÞÂÔCÞÂñfÝ�ÖØê�ãäÞiãâÝHèÌÞÂÚÛÔNç	Ô�îmÞÂñfÚÛãvàfê�à$ÝHáqò
K ;z=n=ur/=ur5�VMFQoEPO ` H3InH J ÏiüiñfÝSáäÝHãÁÞÂáâÚÛèqÞâÝH×�Ý+�GÕôê�ÖØÚðÞºæ

‖ · ‖ = ‖ · ‖′
ñfê�ãyó$ÝqÝHç�àfáäÔDëNÝH×�êwÖØÔNçféÙÓvÚðÞÂñ

ÞÂñªÝy×fÝqõfçfÚÛÞâÚØÔNçPÔ�î
‖ ·‖′
êwó$ÔDëNÝ�ò¶ï
ÝqÞ�% ã`àfáäÔDëNÝvÞÂñfÝváâÝqãäÞÂáäÚØèqÞâÝH×5Ý+�GÕôê�ÖØÚðÞAæ

||| · ||| = ‖ ·‖′
òÍ�tæCè½ñfÔ1ÔNãâÚÛçfé

Fn = F
î;Ô�áPê�ÖØÖ

n
ÚØç§ÞâñfÝ%×fÝqõfçfÚÛÞâÚØÔNç§Ô�î

||| · |||
ì`ÓtÝ	éNÝÌÞ

||| · ||| ≤ ‖ · ‖′
ò§Òºç�ÔNáä×fÝHáÙÞÂÔ¥ãâñfÔ3Ó

ÞÂñfêwÞ
‖ · ‖′ ≤ ||| · |||

ì$ÖÛÝqÞ
F ∈ A

ê�çª×�ÖØÝÌÞ
{Fn}

ó$Ý ê-ãâÝ+�1ÕªÝHçfèHÝÙÔ�î]ÕfçfÚðî;ÔNáâå-Öðæ�ó$ÔNÕfçª×fÝH×Eãäå5Ô1Ô�Þâñ
î;ÕfçfèÌÞÂÚÛÔNçfãHìªÓvñfÚÛè~ñ	èqÔNçGëNÝqáâéNÝqã­ÚÛç	å-ÝHê�ãâÕfáäÝTÞÂÔ

F
òÍ� Ý�çfÝHÝq×	ÞÂÔPãâñfÔ3Ó ÞÂñôêwÞ

lim inf
n→∞

‖Fn‖
′ ≥ ‖F‖′.

�ôÔNáoÞÂñfÚÛãtàfÕfáäà$ÔNãâÝ­ÓÊÝ­ÓvÚØÖÛÖQèqÔNçfãäÞâáâÕfèÌÞvê�ãâÝ+�GÕfÝHçfèHÝ
{F̃n}

ÓvñfÚÛè~ñJèHÔNç²ëNÝHáäéNÝHã{ÕfçfÚðî;ÔNáâå-ÖðæÙÞâÔ
F
ì>ãâÕfè½ñ

ÞÂñfêwÞ
‖Fn‖

′ ≥ ‖F̃n‖
′ ò � ÚØçfèqÝ ‖ · ‖′ ≤ C‖ · ‖∞

ì�ÕfçfÚðî;ÔNáâå èqÔNçGëNÝqáâé�ÝHçfèqÝ-ÚØå-àfÖÛÚÛÝqã�èHÔNç²ëNÝHáäéNÝHçªèHÝ-ÚÛç
‖ · ‖′
ìôê�çf×%ÓÊÝ�è<ê�ç	èqÔNçfèHÖÛÕf×fÝ

lim inf
n→∞

‖Fn‖
′ ≥ lim inf

n→∞
‖F̃n‖

′ = ‖F‖′.

ï
ÝqÞ5Õfã5èqÔNçfãÁÞÂáâÕªèqÞ5ÞÂñfÝ	ãâÝ+�1ÕªÝHçfèHÝ
{F̃n}
ò-�8Ú´ß

ε > 0
ì{ê�çf×�ÖØÝÌÞ

δ > 0
ãäÕfè½ñ�ÞÂñfêwÞ5ÝÌëNÝHáäæùÔNà$ÝHç

çfÝqÚØéNñGó$ÔNáâñfÔ1Ô1×JÔwîM×fÚØê�å-ÝqÞÂÝqá
2δ
ÚØç
M
è<êwç*ó$Ý­ë1ÚØÝÌÓÊÝq×%ê�ã{ê�çfÝHÚÛéNñ1ó$Ô�áâñfÔ1Ô1×JÚØç

R2n ãäÕfè½ñ�ÞÂñôêwÞtÞÂñªÝÔNáäÚØéNÚÛçôêwÖ
d
ê�çª×ÙÞÂñfÝ.
¶ÕfèqÖØÚÛ×fÚ÷êwç ×fÚÛãäÞ½êwçfèHÝiêwáâÝÊÝ��GÕfÚÛëÍê�ÖØÝqçGÞ]ÕfàÙÞÂÔTê­î4ê�èÌÞÂÔNá

2
ò8ü/ê�Ü�Ývê�èqÔDëNÝqáâÚØçªé

{U j
i }Ô�î

M
ê�ãoÚØç-ï
ÝHå-åJê b ò c ò c ÓvÚÛÞâñPÞâñfÝyé�ÚÛëNÝqç

ε
ê�çf×

δ
ò]ü/ê�Ü�Ý

η < δ/6
ãâÕªè~ñ-ÞÂñôêÍÞoÞÂñªÝ

3η
ýºÝ~ß>ÞâÝHçfãäÚØÔNçªã

Ô�î/ê�ç²æJÞºÓÊÔPãâÝÌÞÂã
U j
i

ÓvÚÛÞâñ*ÞâñfÝTãÂêwå5Ý
j
ãäÞâÚØÖØÖ$ñôê3ë�ÝSêÙà$ÔNãâÚðÞÂÚðëNÝj×fÚÛãäÞ½êwçfèHÝTó$ÝÌÞAÓtÝHÝHç%ÞÂñfÝqå�ìfê�çf×*ãâÕfè½ñ

ÞÂñfêwÞ
d(x, y) ≤ 2η ⇒ |F (x)− F (y)| ≤ ε.

� b ò a ¡
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� ÝÌÞ
V j
i

ÞÂÔ�ó$ÝJÞâñfÝ
3η
ýºÝ~ß1ÞÂÝHçªãâÚØÔ�ç§Ôwî

U j
i

ÓvÚÛÞâñxáâÝqãâà$ÝqèqÞCÞâÔ�ÞâñfÝ�×ªÚØãäÞÂê�çfèqÝ
d
ÔNç

M
ò�üiñfÝ�áâê�×fÚÛÕfã

η
ÓÊê�ã è~ñªÔNãâÝqç�ãäÕfè½ñxÞÂñôêÍÞ

V j
i

ñôê�ã ×ªÚ÷ê�å-ÝqÞâÝHá�êwÞ å-ÔNãÁÞ
2δ
ì]ê�çf×øè<ê�çøÞâñfÝHáäÝqî;ÔNáäÝJó$Ý5ë1ÚØÝÌÓÊÝH×§ê�ãÙê

çfÝqÚØéNñGó$ÔNáâñfÔ1Ô1×*ÚØç
R2n ÓvñfÝHáäÝ d êwçf×%ÞâñfÝ 
oÕªèHÖØÚÛ×fÝHê�ç%×fÚÛãäÞ½êwçfèHÝ�ê�áäÝTÝ��GÕfÚÛëÍê�ÖØÝqçGÞvÕªà%ÞÂÔPêÙî4ê�èÌÞÂÔNá 2 òÒºç*àôê�áÁÞÂÚØèqÕfÖ÷êwáHì>êwçGæJèqÖØÔNãäÝH×�
¶ÕfèqÖØÚØ×ªÝ<ê�ç�óôêwÖØÖ$Ô�îmáâê�×fÚÛÕfã

η
èHÝqçGÞÂÝqáâÝq×	ÚØçªãâÚØ×ªÝ

U j
i

ÚØãÊèqÔNç²Þ½ê�ÚÛçfÝH×�ÚØç
V j
i

ò
þ�ÝqçfÔ�ÞÂÝ�ó²æ

Bη(x)
ÞÂñªÝd
¶ÕfèqÖØÚØ×ªÝ<ê�ç	óôê�ÖÛÖ
Ô�î8áÂê�×fÚÛÕfã

η
êwáâÔNÕªçf×

x
ò{ÿvÝ��GÕfÚÛáâÝHå-ÝqçGÞV� b ò a ¡ié�Õôê�áâê�çGÞâÝHÝHã

ÞÂñfêwÞ
∣∣〈F 〉Bη(x) − F (x)

∣∣ ≤ ε.
� b ò b ¡

~­Ý~ß1Þyõªß
n
ãäÕfè½ñ�ÞâñôêwÞ

Vol({x : |Fn(x)− F (x)| > ε}) <
ε · |Bη|

max{||Fn||∞, ||F ||∞}
,

ÓvñfÝqáâÝ
|Bη|
ÚØã�ÞÂñªÝ*å-Ý<êwãâÕfáäÝ�Ô�î­êÒ
¶ÕfèqÖØÚÛ×fÝ<ê�çxóôê�ÖÛÖtÔ�îváÂê�×ªÚØÕfã

η
ò¥üiñfÚÛãCÚÛã à$ÔNãâãäÚØófÖÛÝ�ãäÚØçfèqÝ

{Fn}èHÔ�çGëNÝqáâéNÝqãTÞÂÔ
F
ÚØçEå5ÝHê�ãâÕfáäÝ�ì
ê�çf×nãâÚØçªèHÝ ÞÂñfÝ

Fn
% ã�ê�áäÝÙÕfçfÚÛî;Ô�áâå-Öðæ	ó$ÔNÕfçª×fÝH×�ò�üiñfÚÛãjè~ñfÔ�ÚØèHÝÙÔ�î

nÚØå-àfÖÛÚðÝHãÊÞÂñôêÍÞ
∣∣〈Fn〉Bη(x) − 〈F 〉Bη(x)

∣∣ ≤ 3ε.
� b ò c ¡

�tæ§ÞâñfÝ	×fÝqõôçªÚÛÞÂÚÛÔNçùÔwî�ÞÂñfÝ	ÚÛçGÞÂÝqéNáÂêwÖ ìtêwçf×ùÞÂñfÝ	ÕfçfÚðî;ÔNáâå èHÔ�çGÞÂÚÛç1ÕfÚðÞAæxÔ�î
Fn
ìtÞÂñfÝqáâÝ�Ý~ß>ÚØãäÞ5à$ÔNÚÛçGÞâã

{xk}Kk=1 ⊆ Bη(0)
ìªÓvñfÝHáäÝ

K
åJê<æ�ó$Ý�×fÝHà$Ýqçf×�Ô�ç

n
ìôãäÕfè½ñ	ÞÂñôêwÞiî;ÔNáiÝÌëNÝHáäæ

x ∈ U j
i

∣∣∣∣∣
1

K

K∑

k=1

Fn
(
x+ xk

)
− 〈Fn〉Bη(x)

∣∣∣∣∣ ≤ ε.

~­ÔwÞÂÝjÞÂñôêÍÞiÓÊÝ�ñfê3ëNÝSê�áäáÂê�çªéNÝH×*ÞâñôêwÞ
V j
i

èHÔ�çGÞ½êwÚØçfãÊÞÂñfÝTèHÖÛÔNãâÕfáäÝTÔ�îmÞÂñªÝ
η
ý ÝÌß1ÞÂÝqçfãâÚÛÔNç	Ôwî

U j
i

ò¶üiñ1Õfãqì
ÕfãäÚØçfé�ê�ãÁÞ½ê�çª×ôê�áâ×-èHÕªÞÁýºÔ&�%ê�áäéNÕfå-ÝHç²Þ<ìNÓÊÝyèHÔ�çfãâÚÛ×fÝHá`ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwçP×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ã

g1
i,j , . . . , g

K
i,j

ì
ê�ÖÛÖ8ãâÕªàfà$ÔNáäÞâÝH× ÚÛçfãâÚÛ×fÝ

V j
i

ìM×ªÝqõôçfÝq× óGæ
gki,j(x) = x + xk

ÚØçªãâÚØ×ªÝ
U j
i

ê�çf×
gki,j(x) = x

ÔNÕªÞÂãäÚØ×fÝPê
ãâå5ê�ÖÛÖOçfÝHÚÛéNñ1ó$Ô�áâñfÔ1Ô1×%Ô�î

U j
i

òÍ� ÝTÞÂñªÝHáâÝÌî;ÔNáâÝ�éNÝÌÞvî;ÔNávê�ÖÛÖ
x ∈ U j

i

∣∣∣∣∣
1

K

K∑

k=1

Fn
(
gki,j(x)

)
− 〈Fn〉Bη(x)

∣∣∣∣∣ ≤ ε.
� b ò e ¡

~­ÔwÞÂÝoÞÂñôêÍÞmî;ÔNáMõ>ßªÝq×
j
êwçf×

k
ìwÞâñfÝÊö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç�×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ã

{gki,j}
ñôê<ëNÝt×fÚØãS�äÔNÚØç²ÞmãäÕfàfà$ÔNáÁÞÂãHì

ê�çf×	èHê�ç%ÞÂñfÝqáâÝÌî;ÔNáâÝ�ó$Ý�ófÕfçf×fÖÛÝH×%ÞÂÔ�éNÝqÞâñfÝHáiÞâÔPî;Ô�áâå êCãâÚØçªéNÖØÝj×fÚ3�(ÝqÔNå5Ô�áâàfñfÚÛãâå	òD� Ý�ãâÝqÞ

F̃n(x) =
1

J

J∑

j=1

( 1

K

K∑

k=1

Fn
(∏

i

gki,j(x)
))
.
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�ôáâÔ�åuÞÂñfÝ¶ÞÂáäÚ÷ê�çfé�ÖØÝ]ÚÛçfÝ+�1Õfê�ÖØÚðÞAæjêwçf×SÞâñfÝ¶î4ê�èqÞ
ÞÂñôêÍÞMÞÂñfÝoçfÔNáäå
‖·‖′
ÚÛãMÚÛçGëwêwáâÚØê�çGÞ
Õfçª×fÝHá/ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãCÓÊÝ�èqÔNçfèqÖØÕf×fÝ%ÞÂñôêwÞ
‖F̃n‖

′ ≤ ‖Fn‖
′ ò�öyÝHçfèqÝ�ì{ÓÊÝ�çfÝqÝH×�ÔNçfÖÛæxÞâÔ ãâñfÔ3Ó�ÞÂñfêwÞ

‖F̃n − F‖∞ → 0
ê�ã
ε→ 0

ò¶Òºçf×fÝqÝH×�ì

F̃n(x) =
1

J

( ∑

j∈J (x)

( 1

K

∑

k

Fn
(∏

i

gki,j(x)
))

+
∑

j∈J c(x)

( 1

K

∑

k

Fn
(∏

i

gki,j(x)
)))

,

ÓvñfÝqáâÝ
J (x) = {j |x ∈ ∪iU

j
i }
ì
J c(x) = {j |x /∈ ∪iU

j
i }
ò�ÿvÝHèHê�ÖØÖtÞÂñôêwÞCÞâñfÝ*ÞÂñfÚÛáâ×�ÚðÞÂÝqå Ô�î

ï
ÝHå-å5ê b ò c ò c ÖØÚØåPÚðÞâÝH×-ÞâñfÝ�èHê�áâ×fÚÛçôê�ÖÛÚðÞºæCÔ�î
J c(x)

ÞÂÔÙêÍÞÊå5Ô�ãäÞ
εJ
î;Ô�áÊê�ÖÛÖ

x
ò¶ümÔNéNÝÌÞÂñfÝqátÓvÚÛÞÂñ,� b ò e ¡

ÞÂñªÚØãiÚØå-àfÖÛÚÛÝqãÊÞÂñôêwÞ
∣∣∣F̃n(x)−

1

J

J∑

j=1

(
〈Fn〉Bη(x)

)∣∣∣ ≤ ε
|J (x)|

J
+
|J c(x)|

J
· 2 max ‖Fn‖∞ ≤ ε+ 2ε ·max ‖Fn‖∞

ümÔNéNÝÌÞÂñfÝqávÓvÚðÞÂñ!� b ò b ¡{ê�çf×�� b ò c ¡tÓÊÝ�èHÔNçfèqÖØÕf×ªÝ�ÞâñôêwÞ
∣∣F̃n(x)− F (x)

∣∣ ≤
∣∣∣F̃n(x)−

1

J

J∑

j=1

(
〈Fn〉Bη(x)

)∣∣∣+
∣∣∣ 1
J

J∑

j=1

(
〈Fn〉Bη(x)

)
−

1

J

J∑

j=1

(
〈F 〉Bη(x)

)∣∣∣

+
∣∣∣ 1
J

J∑

j=1

(
〈F 〉Bη(x)

)
−

1

J

J∑

j=1

(
F (x)

)∣∣∣+
∣∣∣ 1
J

J∑

j=1

(
F (x)

)
− F (x)

∣∣∣

≤ ε+ 2ε ·max ‖Fn‖∞ + 3ε+ ε ≤ 5ε+ 2ε ·max ‖Fn‖∞

� ÚÛçfèHÝ ÞÂñªÝ
Fn
% ãTê�áâÝÙÕfçªÚÛî;ÔNáäå5Öðæ%ó$ÔNÕfçf×fÝq×�ì

F̃n
ÚØçª×fÝHÝq×¥èHÔ�çGëNÝqáâéNÝqã�ÕfçfÚÛî;Ô�áâå-Öðæ%ÞÂÔ

F
ê�ã
ε
éNÔ1ÝHã�ÞÂÔ

�HÝqáâÔfò
 �ãCÝÌß>àfÖØê�ÚÛçfÝH×§ÚØç � ÝqèqÞÂÚÛÔNç b ò b ì¶ÞâñfÝ*àfáâÔ1Ô�îyÔ�î(�ÊÖ÷ê�ÚÛå b ò c ò b ÚÛãÙóôê�ãâÝq×ùÔNçùêEà$ÔDÓÊÝqáäî;ÕfÖ{áâÝqãâÕfÖðÞPó²æ
'�êwÞÂÔ�Ü,£ b&gz¤ ÓvñfÚØè½ñ	ÚØãiÕfãäÝH×	î;ÔNá{ÞÂñªÝ�àfáâÔ1Ô�î/Ô�î8ïMÝqå-åJê b ò b ò e ò
K ;z=n=ur(=ur��VMFQoEPO ` H3InH ` Ïjü/ê�Ü�Ý

F ∈ L∞(M)
ê�çf×

ϕ
ê5å5ÝHê�ãâÕªáâÝÌý àfáâÝqãâÝqáäë1ÚØçfé�ófÚ �äÝHèÌÞÂÚØÔ�ç�Ô�ç

M
ò

�ÊÔNçfãäÚØ×fÝqáJê ãâÝ+�GÕfÝHçfèHÝ
{Fn}

Ô�îjÕfçfÚðî;ÔNáâå-Öðæxó(Ô�Õfçf×fÝq×rãâå-Ô>ÔwÞÂñùî;ÕfçfèÌÞÂÚÛÔNçfã-ÓvñfÚÛè½ñrèqÔNçGëNÝqáâéNÝqã�ÚÛç
å-Ý<ê�ãäÕfáâÝ*ÞÂÔ

F
òùï
ÝqÞ

εn
ãâÕfè½ñùÞÂñôêwÞ

Fn
ÚØãPê�ç

εn
ýAêwàfàfáâÔ<ß>ÚØå5êwÞÂÚðÔNçxÚØç�å-Ý<ê�ãäÕfáâÝ%Ô�î

F
ò��ÊñfÔ1ÔNãâÝ

à$ÔNãäÚÛÞÂÚðëNÝCç1ÕfåÙó$Ýqáâã
δn
ãâÔ%ÞÂñfêwÞ

d(x, y) ≤ δn ⇒ |Fn(x) − Fn(y)| ≤ εn
ò)�tænáäÝHà$Ý<êÍÞÂÝH×ªÖÛænÕfãâÚÛçfé

ï
ÝHå-å5ê b ò b ò e ÓÊÝSé�ÝqÞ­êÙî4ê�å-ÚØÖ´æJÔ�î8ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç*×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ã
{gn}
ãâÕfè½ñ	ÞÂñôêÍÞ

Vol
(
{x | d

(
gn(x), ϕ(x)

)
> δn}

)
≤ εn.

� óGë1ÚÛÔNÕfãâÖðæ
∣∣Fn
(
gn(x)

)
− F

(
ϕ(x)

)∣∣ ≤
∣∣Fn
(
gn(x)

)
− Fn

(
ϕ(x)

)∣∣+
∣∣Fn
(
ϕ(x)

)
− F

(
ϕ(x)

)∣∣.
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� Õfáyè½ñfÔNÚÛèHÝSÔ�î
εn
ì
δn
ê�çf×

gn
éNÕôêwáÂê�ç²ÞÂÝqÝHãyÞâñôêwÞyÞâñfÝ êwó$ÔDëNÝSãâÕfå«ÚÛãvãâå5ê�ÖØÖÛÝHáÊÞÂñôê�ç

2εn
ÔNÕ>ÞÂãâÚÛ×fÝ�ê

2εn
ý å5ÝHê�ãâÕªáâÝjÝÌß>èHÝqàªÞÂÚÛÔNçôê�Ö�ãäÝqÞ<ìôê�çf×*ÞâñfÝHáäÝqî;ÔNáäÝjÞÂñôêwÞ

{Fn ◦ gn}
èHÔNç²ëNÝHáäéNÝHãvÚØç*å-Ý<ê�ãäÕfáâÝjÞâÔ

F ◦ ϕ
ò

üiñfÚÛãyê�çf×%ÞâñfÝ�ÚØç²ëwê�áâÚØê�çfèqÝTÔ�î
‖ · ‖′
ÚØå-àfÖðæ5ÞâñôêwÞ

|||F ◦ ϕ||| ≤ lim inf
n
‖Fn ◦ gn‖

′ = lim inf
n
‖Fn‖

′.

� ÚÛçfèHÝ-ÞâñfÚØãSÚÛã�ÞÂáâÕªÝ-î;ÔNá�ê�ç²æ ãâÝ+�GÕfÝHçfèHÝ
{Fn}

Ô�îiÕªçfÚÛî;ÔNáäå5Ö´ænó$ÔNÕªçf×fÝH×xãäå5Ô1ÔwÞÂñ î;ÕfçfèÌÞÂÚÛÔNçfãSÓiñfÚØè½ñ
èHÔ�çGëNÝqáâéNÝqãjÚØç�å5ÝHê�ãâÕªáâÝSÞÂÔ

F
ìQÓÊÝ�èHÔNçfèqÖØÕf×ªÝ�ÞÂñfêwÞ

|||F ◦ ϕ||| ≤ |||F |||
òt��ÔNáäÝHÔ3ëNÝHáHì(óGæ�ê�àªàfÖÛæ1ÚØçªé

ÞÂñªÝ�ãÂê�å-Ý�ê�áäéNÕfå-ÝHç²ÞiÞÂÔ
F ◦ ϕ

êwçf×
ϕ−1 ÓtÝ�ÔNóªÞ½êwÚØç�ÞÂñôêÍÞ |||F ||| ≤ |||F ◦ ϕ||| ìôêwçf×%ÞÂñªÝ�àfáäÔ1Ô�î/ÚØãèHÔ�å5àfÖÛÝqÞâÝ�ò

>���� ¹ÄDE'�'%&Á'%&Ð���
��'CDE��� >����%�h>

ï
ÝqÞ
ρ
ó$Ý{ê�ç ÚÛçGÞâáâÚØçªãâÚÛèoófÚðý ÚØç²ëwê�áäÚØê�ç²ÞmàfãäÝHÕf×ªÔwýº×fÚÛãäÞÂê�çfèHÝtî;ÕªçfèqÞâÚØÔNç�ÔNçÙö­ê�å

(M,ω)
ÚØçf×ªÕfèHÝq×ÙóGæSãäÔNå5Ý

ÚØç²ëwê�áäÚ÷ê�ç²ÞjçfÔNáäå ÔNç
A
ò Òºç ÔNáä×fÝHájÞâÔ%×fÝqÞâÝHáäå5ÚÛçfÝÙÓvñfÝÌÞÂñfÝqá

ρ
ÚØãT×ªÝHéNÝqçfÝHáâêwÞÂÝPÔNáTçªÔ�ÞTÓÊÝCÓvÚÛÖØÖ/ÕfãâÝ

ê�èHáäÚÛÞâÝHáâÚÛÔNç ó²æ�
¶ÖØÚØê�ãäñ1ó$ÝHáäéEê�çª×§í/ÔNÖðÞÂÝqáâÔ3ë>ÚÛè~ñi£ afcR¤ ò	üiñfÚØã�èHáäÚÛÞâÝHáâÚÛÔNç ÚÛã�óôêwãâÝH×xÔNç ÞÂñfÝ-î;ÔNÖØÖÛÔ3ÓvÚÛçfé
çfÔ�ÞâÚØÔNç*Ô�î@ÔA×fÚÛãâàfÖØê�èHÝqå5ÝqçGÞiÝHçªÝHáâéwænÉTÚØç²ÞÂáâÔ1×fÕªèHÝq×�ó²æ%ö­Ôwî;ÝHá�£ b�b>¤ ò
ú$L_û�8BEF9>EF=G8 ` Hw�4H J Hy¾ çzè�[�rU[ÙèsZ�çîé1[�TÇâÙà�òÙâS[�K A ⊂ M W=[���T5[�ãbKFâ�W&ã§âæéGðwá=L][Ùå`[�T1Kd[�T5[Ùè±RUZAcÍãbKSê
è?[îâæé1[]L�K{Kæç�KFê1[.éoâS[Ùà�W�çzä�W&ã§â�K"áUT5L][ ρ ázâ

e(A) = inf {ρ(1l, ψ) | ψ ∈ Ham(M,ω), ψ(A) ∩ A = ∅} ,

áUT-W	âS[�K e(A) =∞ ã VmKFê1[�á_òÙçJrU[�âS[�K
ã§âd[Ùå(é-K~Z g
Ñ j4L^=u;zL�O ` Hñ�4H ` Ç k5MPEFQoTfj:�³L^;>��� K =GMF9fL^;>=�É4EFCzj�Ê<Hw¼ V ρ ã§âlá�R=[�Toà�ãbT5[�å`[�KPèÙãML,çJT/¡ á&å (M,ω)KSê1[�T�KSê1[yW&ã§âæéGðwá=L][Ùå`[�T1K°[�T5[ÙèMRUZÅçYVq[�rU[ÙèsZ�TZçJToäh[Ùå(é-K±ZÅçîé1[�T]âS[�K
ã§â5â�KPèqãML�KNð¢Z5éuç<âÙãbKPãbrU[ g
üiñfÚÛã
ÞÂñfÝqÔNáâÝqå�ê�ÖØÖÛÔ3Óvã�ÞâÔyáäÝH×fÕfèqÝ`ÞâñfÝoàfáäÔ1Ô�îªÔwîªüiñfÝqÔNáâÝqå b ò a ò b ÞâÔyãäñfÔDÓvÚÛçfévÞâñôêwÞ
ÞÂñfÝo×fÚÛãâàfÖØê�èHÝqå-ÝHçGÞ
ÝHçªÝHáâéwæxÔ�îvãâÔNå-Ý�ãäåJêwÖØÖ`óôêwÖØÖoëwê�çfÚÛãâñfÝqãHòÕ ­çùêwáâéNÕfå-ÝqçGÞÙó$ÔNáäáâÔDÓtÝH×xî;áâÔNå £ a<cz¤ ì]ÞÂÔEó$Ý�àfáâÝqãâÝHç²ÞÂÝq×
ÚØå-å-ÝH×ªÚØêwÞâÝHÖðæ5ó$ÝHÖØÔ3Ó�ìªî;ÕfáäÞÂñªÝHáváâÝq×fÕfèqÝHãyÞâñfÝ�àfáâÔ�ófÖØÝqå ÞÂÔ
�dMPQ�ENO ` Hñ�4H3InHm¾ çzè
[�rU[ÙèsZ C ′ > 0 áUT-WÂ[�rU[ÙèsZ ε > 0 KSê1[Ùè][�[e^�ã§â�K δ = δ(ε, C ′) âÙànLîêÂKSê�áUKOVfçzè
[�rU[ÙèsZ�Vqà�T5L�KPãÊçJT F cÍãbKFê ‖F‖∞ ≤ C ′ áUT-W Vol

(
Support(F )

)
< δ c°[5ê�áUrU[ ‖F‖ < ε g

Òºçf×fÝqÝH×�ìGè~ñªÔ1ÔNãâÝvê�çPÝHåÙó$Ýq×f×fÝq×5Ô�à$ÝHçPóôê�ÖØÖ
B ⊂M

ãäÕfè~ñPÞâñôêwÞ¶ÚÛÞÂã]ó$Ô�Õfçf×ôê�áÁæ
∂B
ÚØã¶ê�çPÝqåÙó$ÝH×f×ªÝH×

ãâàªñfÝHáäÝ�ìoê�çf×øãâÕªè~ñxÞâñôêwÞ�ÞâñfÝHáäÝJÝÌß>ÚØãÁÞÂã ãâÔ�å5ÝJö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwç ÚØãâÔwÞÂÔNà²æ
{gt}
ì
t ∈ [0, 1]

ì]é�ÝHçfÝqáÂêwÞâÝH×



� , ¨ x ¬Ê­n­n7t­17 � ½��^­:¬M�n6 � ,Sý�,ñ� � ×

óGæ%ê-ö­ê�å5ÚÛÖðÞâÔNçfÚØêwç�î;ÕfçfèÌÞÂÚÛÔNç
G(t, x)

ÓvÚÛÞÂñ
g1(B) ∩ B = ∅

òtþ�ÝqçfÔ�ÞÂÝSó²æ
Σt

ÞÂñªÝSãâàªñfÝHáäÝ
gt(∂B)

ò
�ÊÔNçfãäÚØ×fÝqámÞÂñfÝoî;ÕfçfèqÞâÚØÔNç

K(t, x)
ÔNóªÞÂê�ÚØçfÝq×Sî;áâÔNå

G
óGæSãäå5Ô1ÔwÞÂñfÖðæTèHÕªÞäÞÂÚÛçféwýºÔR�PÔNÕ>ÞÂãâÚÛ×fÝtê­çfÝqÚØé�ñ1ó$ÔNáAý

ñfÔ1Ô1×
Ut
Ôwî

Σt

ò�~yÔ�ÞâÝ{ÞâñôêwÞ]ÞâñfÝ{ÞâÚØå-ÝÌýºÔ�çfÝÌý å5êwàÙÔwî
K(t, x)

ê�ÖÛãâÔj×fÚÛãâàfÖØê�èHÝqã
B
ì²ÚVò Ýwò

k1(B)∩B = ∅
ò

üiñfÚÛã�ÚÛã�ÞÂáäÕfÝ5ãäÚØçfèqÝ-î;ÔNá�ÝqëNÝHáÁæ
t ∈ [0, 1]

ÓtÝJñfê3ëNÝ
kt(∂B) = gt(∂B)

ò$�­ãâÚÛçfé,�ÊÖ÷êwÚØå b ò e ò c ìmÓÊÝ
çfÔ�ÞâÝ�ÞÂñôêÍÞjó²æ�×ªÝHèHáäÝ<ê�ãäÚØçféJÞÂñfÝ ãäÚ§�HÝqãjÔ�î]ÞÂñfÝ çfÝqÚØéNñGó$ÔNáâñªÔ1Ô>×ªã

Ut
ÓÊÝÙèHê�çEåJê�Ü�Ý

‖Kt‖
ê�áäófÚÛÞâáÂê�áäÚÛÖðæ

ãâå5ê�ÖÛÖ ò]öyÝHçfèqÝSÞâñfÝ�×fÚÛãâàfÖØê�èHÝqå5ÝqçGÞvÝqçfÝHáäé�æ%Ôwî/ÞÂñªÝ�óôê�ÖØÖ
B
ëwêwçfÚØãäñfÝHãqò

� Ý�ê�áäÝvÞÂñGÕfãtÖÛÝqî}ÞoÓvÚÛÞâñ5àfáäÔDë1ÚØçªéV�ÊÖØê�ÚØå b ò e ò c ò� �ã`ÝÌß>àfÖ÷êwÚØçfÝq×5ÚØç � ÝqèqÞÂÚÛÔNç b ò b ìGÚØçfãÁÞÂÝHê�×5Ô�î�àfáäÔDë1ÚØçªé
ÚÛÞ{î;ÔNá

‖ · ‖
ìfÓÊÝ�ãâñôêwÖØÖ�àfáäÔDëNÝ�ÚÛÞ{î;ÔNá{ÞÂñfÝ�Ý~ß>ÞâÝHçfãäÚØÔ�ç

||| · |||
ê�çfçfÔ�ÕfçfèHÝq×�ÚØç%üiñfÝqÔNáâÝqå b ò a ò c ò

K ;z=n=ur/=ur5�dMPQ�ENO ` Hñ�BH3I
ï
ÝqÞ

1lV
ãäÞ½êwçf×	î;Ô�á{ÞÂñfÝ�è½ñôê�áâê�èqÞâÝHáâÚÛãäÞâÚØèjî;ÕfçfèÌÞÂÚÛÔNç%Ô�î/ÞâñfÝ�ãâÝÌÞ

V
òÍ� ÝTõôáâãÁÞyàfáâÔ3ëNÝ�ÞâñôêwÞ

|||1lV ||| → 0 as Vol(V )→ 0.
� b ò g ¡

� ÚÛçfèHÝ
‖ · ‖
ÚØã�çfÔ�ÞTÝ+�GÕfÚÛëwêwÖØÝqçGÞjÞÂÔ

‖ · ‖∞
ì
ê�çf×nãâÚØçªèHÝ

||| · |||
ÚØãjê�çnÝÌß1ÞâÝHçfãäÚØÔNç¥Ô�î

‖ · ‖
ìOî;ÔNájÝÌëNÝHáÁæ

ε > 0
ÞâñfÝHáäÝ�Ý~ßªÚÛãäÞÂãtãâÔNå-Ýyî;ÕªçfèqÞâÚØÔNç

F ∈ A
ÓvÚÛÞÂñ

‖F‖ = |||F ||| ≤ ε
ìGÓvñfÚÛÖØÝ

‖F‖∞ = 1
òÍ ­ãâãäÕfå5Ý

ÞÂñfêwÞtÞÂñfÝ�å5êÍß>ÚÛåCÕªå"Ô�î
F
ÚØãtÔ�óªÞ½ê�ÚÛçfÝq×�êwÞÊãâÔNå-Ý­à$ÔNÚØç²Þ

x0 ∈M
ê�çª×�ãâÝÌÞ

U
ÞÂÔ ó$Ýjê�ãâå5ê�ÖØÖ´ý áâê�×fÚðÕfã

ÔNà$Ýqç�ãâÝÌÞjêwáâÔNÕfçª×
x0

ò.�ÊÔNç²ÞÂÚØçGÕfÚÛÞºæ*ê�ÖØÖÛÔ3ÓvãvÕfãvÞÂÔ-è~ñfÔ1Ô�ãâÝ
U
ÚÛç	ãâÕfè½ñEêPÓ{ê<æ*ÞÂñôêwÞ

|F (x)| > 1− εî;ÔNáiÝÌëNÝHáäæ
x ∈ U

ò
�yãâÚÛçféCÞÂñfÝTÞÂáäÚ÷ê�çªéNÖÛÝjÚØçfÝ+�GÕôê�ÖÛÚÛÞºæ5ÓÊÝ�ÔNóªÞ½êwÚØçn¥
|||〈F 〉U · 1lU ||| ≤ |||〈F 〉U · 1lU + 〈F 〉Uc · 1lUc |||+ |||〈F 〉Uc · 1lUc |||,

ÓvñfÝqáâÝ
U c = M \ U

òPüiñªÝ-ÖØÝÌî}Þ�ãäÕfå5å5ê�çf×nÚØãTÝHãÁÞÂÚÛåJêwÞâÝH×në1ÚØê%ïMÝqå5å5ê b ò b ò g òCümÔ	ÝHãÁÞÂÚÛåJêÍÞÂÝÙÞâñfÝ
áâÚÛéNñGÞPãâÕfå-åJêwçf×�ìÊáâÝqè<êwÖØÖiÞâñôêwÞ

Vol(U)〈F 〉U + Vol(U c)〈F 〉Uc = 〈F 〉M = 0
òrümÔNéNÝqÞâñfÝHá-ÓvÚðÞÂñ

ï
ÝHå-å5ê b ò b ò g ÓÊÝ�ÞâñfÝHáäÝqî;ÔNáäÝSé�ÝqÞ�¥
|||〈F 〉U · 1lU ||| ≤ |||F |||+ |||

〈F 〉U · Vol(U)

Vol(U c)
· 1lUc |||.

~­Ô3Ó�ì(ãâÚØçªèHÝ
||| · ||| ≤ C‖ · ‖∞

ìOê�çª×EãâÚÛçfèHÝ
‖ 〈F 〉U ·Vol(U)

Vol(Uc)
· 1lUc‖∞

éNÔ1Ýqã­ÞÂÔ0�qÝHáâÔ5ÓvÚÛÞÂñ
Vol(U)

ì$î;ÔNá
U
ÓvÚðÞÂñ	ãäåJêwÖØÖOÝqçfÔNÕfé�ñ�å-Ý<ê�ãäÕfáâÝTÓtÝSéNÝÌÞ

|||〈F 〉U · 1lU ||| ≤ |||F |||+ ε ≤ 2ε.

þ�ÕfÝ ÞâÔJÞÂñfÝ�î4ê�èqÞ�ÞâñôêwÞ
|〈F 〉U | > 1 − ε

ì$Þ½ê�ÜGÚØçªé
ε < 1/2

ÓÊÝÙéNÝÌÞ
|||1lU ||| < 4ε

ò � ÚØçfèqÝ
||| · |||

ÚÛã
ÚØç²ëwê�áäÚ÷ê�ç²ÞyÕfçf×ªÝHá�å-Ý<êwãâÕfáâÝ�àªáâÝHãäÝHáÁë>ÚÛçfé�ófÚ �äÝHèÌÞÂÚØÔ�çfãHìôÞÂñfÚÛã�êwàfàfÖÛÚØÝHãiÞÂÔJÝÌëNÝHáÁæ�ãäÝqÞ

V
ÓvÚðÞÂñ	ÞÂñfÝ�ãÂê�å-Ý

å-Ý<ê�ãäÕfáâÝSê�ã
U
ò



�u1 �utwvyx
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~­Ô3Ó ÓÊÝCè<ê�ç¥èqÔNå-àfÖØÝÌÞÂÝ�ÞÂñfÝCàfáäÔ1Ô�î`Ô�î��ÊÖ÷êwÚØå b ò e ò c ò�ï
ÝqÞ
F ∈ C∞(M)

ó$ÝCãâÕªàfà$ÔNáäÞâÝH× ÚÛçnãâÔ�å5Ý
èHÔ�å5àôêwèqÞ`ãâÝÌÞ

U ⊂M
ÓvÚÛÞâñ5å-Ý<êwãâÕfáäÝ

ε
ò³�ÊÔNçªãâÚØ×ªÝHátêTõôçfÚðÞÂÝvàôê�áÁÞÂÚÛÞâÚØÔ�çPÔwî

U
ÚØçGÞâÔSå-Ý<êwãâÕfáâê�ófÖØÝiãâÝÌÞÂã

{Si}
N
i=1

ÓvÚðÞÂñEáÂê�×ªÚØÕfã­ãâÔ*ãäåJê�ÖÛÖMÞâñôêwÞjÕfçªÚÛî;ÔNáäå«èHÔNç²ÞÂÚÛç1ÕfÚðÞAæ	êR2-áâå-ã
max(F |Si

) −min(F |Si
) ≤ εî;ÔNáiÝÌëNÝHáäæ

1 ≤ i ≤ N
ò��øÝ�ñôê<ëNÝ

|||F ||| = |||
N∑

i=1

F · 1lSi
||| ≤ |||

N∑

i=1

(
F − F (ηi)

)
· 1lSi
|||+ |||

N∑

i=1

F (ηi) · 1lSi
|||,

ÓvñfÝqáâÝ
ηi
ÚØã�êwçnêwáâófÚðÞÂáÂêwáäæ*à(Ô�ÚØç²Þ­ÚØç

Si
ò/��ÚÛÞâñfÔNÕªÞ­ÖÛÔNãâã­Ôwî¶éNÝHçªÝHáÂêwÖØÚÛÞºæ�ÓÊÝÙê�ãâãäÕfå-Ý�ÞÂñfêwÞ

F (η1) ≤

F (η2) ≤ . . . ≤ F (ηN)
òÈ�­ãäÚØçféPÞÂñfÝ�î4ê�èÌÞyÞâñôêwÞ

||| · ||| ≤ C‖ · ‖∞
ê�çf×	ÞâñfÝ�è½ñfÔ�ÚØèHÝ�Ô�î8ÞÂñªÝ

Si
% ãvÓÊÝ

éNÝÌÞ

|||F ||| ≤ C‖
N∑

i=1

(
F − F (ηi)

)
· 1lSi
‖∞ + |||

N∑

i=1

F (ηi) · 1lSi
||| ≤ Cε+ |||

N∑

i=1

F (ηi) · 1lSi
|||

~­Ý~ß1Þ<ìQÚÛç%ÔNáâ×ªÝHáiÞâÔ-ó$Ô�Õfçf×	ÞâñfÝ�Ö÷êwãäÞiÞâÝHáâåûÔNç%ÞÂñªÝSáäÚØéNñ²Þ<ì>ÓÊÝ�ÕfãâÝ  �ó$ÝHÖN% ãvãäÕfå-åJêwÞâÚØÔ�ç�ÞâáâÚØè½Ü

|||
N∑

i=1

F (ηi) · 1lSi
||| = |||

N∑

i=1

(
F (ηi)− F (ηi−1)

)
· 1l SN

k=i Sk
|||,

ÓvñfÝqáâÝ
F (η0)

ÚØãi×fÝÌõôçfÝq×�ÞÂÔPó$Ý �HÝqáâÔfò � ÕªófãäÞÂÚðÞÂÕªÞâÚØçféÙÞÂñfÚÛãiÚØç*ÞÂñªÝSê�ó$ÔDëNÝ�ÚØçªÝ��GÕôê�ÖÛÚÛÞºæ5ÓÊÝ�èHÔNçªèHÖØÕª×fÝ

|||F ||| ≤ Cε+
( N∑

i=1

F (ηi)−F (ηi−1)
)
·max

i
|||1l SN

k=i Sk
||| ≤ Cε+ 2‖F‖

∞
·max

i
|||1l SN

k=i Sk
|||.

 �àªàfÖÛæ1ÚØçªévÞÂñªÚØãMÝqãäÞÂÚÛåJêÍÞÂÝ]ÞÂÔ­êyãäÝ��GÕfÝqçfèHÝÊÔ�î>î;ÕfçfèqÞâÚØÔNçªã/ê�ãMÚØç�ÞâñfÝ`ãäÞÂêwÞÂÝqå5ÝqçGÞmÔ�î>ÞÂñfÝ`èqÖ÷ê�ÚÛå	ì3áâÝHèHê�ÖÛÖØÚÛçfé
ÞÂñfêwÞ

ε = Vol(
⋃N
k=1 Sk)

ÚÛã`ÞÂñfÝyëNÔNÖØÕfå-ÝyÔ�î
ÞâñfÝ�ãâÕªàfà$ÔNáäÞHìfê�çª×�áâÝqÖÛæ1ÚØçfé�ÔNçÒ� b ò g ¡ÌìGÞÂñªÝ�àfáâÔ1ÔwîMÔwî
ÞâñfÝ
èHÖØê�ÚÛå ÚØãièqÔNå-àfÖØÝÌÞÂÝ�ò

>��?Ö �Â������$
���o#C�Ó@Â��� � #�+

ö­ÝqáâÝÙÓÊÝCàfáäÔDëNÝPï
ÝHå-åJê b ò b ò e ì
ï
Ýqå5å5ê b ò b ò g ê�çf× ï
Ýqå5å5ê b ò c ò c ò�ÿyÝqè<ê�ÖÛÖ/ÞâñôêwÞ
M
ÚÛãTê�èHÖÛÔNãâÝq×

èHÔ�çfçfÝHèÌÞÂÝq×�ãäæ1å-àfÖØÝqèqÞâÚØèTåJêwçfÚÛî;Ô�ÖÛ×%êwçf×
d
ÚÛãvãäÔNå-ÝSÿvÚØÝqåJê�çªçfÚØê�ç*å-ÝqÞâáâÚÛèTÔ�ç

M
ò

K ;z=n=ur�=ur�¿
L�O¦O!Q ` H ` Hñ�4Ï��/Úðß
ε > 0

òEï
ÝqÞ
{Ai}

N
i=1

ó$Ý�ê�î4ê�å-ÚÛÖðæ¥ÔwîvèHÔNå-àôê�èÌÞÙå-Ý<êwãâÕfáâê�ófÖØÝ
×fÚÛãF�äÔNÚÛçGÞiãäÕfófãâÝÌÞÂã­Ô�î

M
ãäÕfè~ñ	ÞâñôêwÞiÞÂñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçfé ÞºÓÊÔ-èHÔNçª×fÚÛÞâÚØÔNçªãiñfÔNÖÛ×n¥

a òvüiñªÝS×fÚ÷êwå5ÝÌÞÂÝHá{Ô�î/Ý<êwè~ñ	ãâÝqÞ
Ai
ÚÛãvêwÞvå5ÔNãÁÞ

ε
ì
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b ò
Vol(∪Ni=1Ai) ≥ Vol(M)− ε

ò
~­Ý~ß1Þ<ì�ÖØÝÌÞ

B̃i = ϕ−1(Ai)
ì�ê�çf×�ÖØÝqÞ

Bi

ó$ÝtèHÔ�å5àôêwèqÞ/ãäÕfófãâÝÌÞÂã8Ô�î
B̃i

ìwãâÕªè~ñ�ÞÂñôêwÞ ∑N
i=1 Vol(B̃i\Bi) <

ε
ò³�ôáâÔNå 'SêÍÞÂÔNÜu% ã��{ê�ãâÚÛè�ïMÝqå5å5ê$£ b&gz¤ ÓÊÝSé�ÝqÞ­êPö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç*×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãäå

g
ãâêwÞÂÚÛãäî}æ1ÚØçªé

N∑

i=1

Vol(g(Bi) \ Ai) ≤ ε.

� ÝJèqÖ÷ê�ÚÛå ÞÂñôêÍÞ
g
ÚÛã ê�éNÔ1Ô1×øê�àfàfáäÔ3ß>ÚØå5êwÞâÚÛÔNç ÚÛçøå-Ý<êwãâÕfáäÝJÔ�î

ϕ
ò	ümÔ�ãâÝHÝ5ÞÂñªÚØãHì/ÖØÝÌÞ

Ci = {x ∈

Bi | g(x) ∈ Ai}
ê�çf×	×ªÝHçfÔ�ÞâÝSó²æ

C = ∪Ni=1Ci
ò³~­ÔwÞÂÝTÞâñôêwÞ

Vol(C) =
N∑

i=1

Vol(Ci) ≥
N∑

i=1

Vol(Bi)− ε ≥
N∑

i=1

Vol(Ai)− 2ε ≥ vol(M)− 3ε.

��ÔNáäÝHÔ3ëNÝHáqì8î;ÔNá�ÝqëNÝHáÁæ
x ∈ C

ÞÂñªÝ5à$ÔNÚØç²ÞÂã
g(x)
ê�çf×

ϕ(x)
ó(ÝqÖØÔ�çfé	ÞÂÔ	ÞÂñªÝ5ãÂê�å-Ý

Ai
ò � ÚØçfèqÝ-ÞÂñªÝ

×fÚØê�å5ÝÌÞÂÝqá`Ô�î�ÞÂñªÝ�ãâÝÌÞÂã
Ai
ÚÛãÊêwÞÊå-ÔNãÁÞ

ε
ìGÓÊÝ�èHÔNçªèHÖØÕª×fÝ­ÞÂñfêwÞ

g
ÚØãtê

3ε
ýºê�àfàfáäÔ3ß>ÚØå5êwÞâÚÛÔ�ç-ÚØçJå-ÝHê�ãâÕfáäÝ

Ô�î
ϕ
ò

K ;z=n=urÍ=ur{¿³L�O¦O�Q ` H ` HÆÅnÏtÒºç-ÔNáä×fÝHá]ÞÂÔ�Ü�ÝHÝqàJçfÔwÞ½êwÞâÚØÔNçCãäÚØå-àfÖØÝwìNÖØÝÌÞf% ã`êwãâãâÕªå5ÝiÓÊÝvñôê<ëNÝyÔ�çfÖÛæ�ÞAÓtÔ
àôê�áÁÞÂãqì

S1
ê�çf×

S2
òd�8Ú´ß

ε > 0
ò í8êwáäÞÂÚðÞÂÚÛÔNç

S1
ê�çf×

S2
ÚØç²ÞÂÔ�×fÚØãS�äÔNÚØç²Þjå-Ý<êwãâÕfáâê�ófÖØÝ ãâÝÌÞÂã

{U 1
j }

J1
j=1ê�çf×

{U 2
j }

J2
j=1

ìôáâÝqãâà$ÝqèqÞÂÚðëNÝHÖðæNìQãäÕfè½ñ�ÞâñôêwÞiÞÂñfÝTî;Ô�ÖØÖÛÔDÓiÚØçªéÙÞºÓÊÔ-èqÔNçf×fÚðÞÂÚØÔ�çfãiñªÔNÖØ×n¥
a ò/ ­ÖØÖ

U1
j

% ãvñôê3ëNÝTÞÂñfÝ�ãâê�å5ÝTå-Ý<ê�ãäÕfáâÝwìQê�çf×�ê�ÖÛÖ
U2
j

% ãvñôê3ëNÝTÞÂñfÝ�ãâê�å5ÝTå-Ý<ê�ãäÕfáâÝwì
b òvÒºçfãäÚØ×fÝSêwÖØÖ

U i
j

% ãvÞâñfÝTî;ÕfçfèÌÞÂÚØÔ�ç
F
×fÔ1ÝHãvçfÔ�ÞyÔ�ãâèHÚÛÖØÖØêwÞâÝjó²æ*å5Ô�áâÝjÞÂñfê�ç

ε
ò

�ÊñfÔ1ÔNãäÝ
ϕij,k
ÞÂÔ*ó(ÝCå-Ý<ê�ãäÕfáâÝCàfáäÝHãâÝqáäë1ÚØçªé	ófÚ �äÝqèqÞÂÚÛÔNçfãqì
çªÔ�Þ�çfÝqèHÝqãâãÂê�áäÚØÖðæEèHÔNç²ÞÂÚÛç1ÕfÔNÕªãHì�ÓvñfÚØè½ñ¥åJê�à

U i
j

Ô�çGÞÂÔ
U i
k

òi�ôÔ�áPÝqëNÝqáäæùà$ÝqáâåÙÕªÞ½êÍÞÂÚØÔ�ç
π
Ô�î­ÞÂñªÝ	ãâÝqÞ

{1, . . . , Ji}
ìt×fÝqõôçªÝ

ϕiπ(x) = ϕij,π(j)(x)ÚÛî
x ∈ U i

j

ìtê�çª×
ϕiπ(x) = x

ÚÛî
x 6∈ Si

ò¦�8ÚÛçôê�ÖÛÖðæ�ì¶×fÝÌõôçfÝ*ÞâñfÝ*å5ÝHê�ãâÕfáäÝ*àfáâÝqãâÝqáäë1ÚØçfé¥ófÚ �äÝqèqÞâÚØÔNçfã
ϕπ,σ = ϕ1

π ◦ϕ
2
σ

ò � ÚÛçfèHÝ
||| · |||

ÚÛã{ÚÛçGëÍê�áâÚØê�çGÞÊÕªçf×fÝHáiå-ÝHê�ãâÕfáäÝjàfáâÝqãâÝHáÁë>ÚÛçféPófÚ �äÝHèÌÞÂÚÛÔNçfãHì1ÞÂñªÝjÞâáâÚØê�çféNÖÛÝ
ÚØçªÝ��GÕôê�ÖÛÚÛÞºæ5æ1ÚØÝqÖØ×fã

|||
1

J1!J2!

∑

π,σ

F ◦ ϕπ,σ||| ≤ |||F |||.

~­Ô3Ó�ì>ÔNÕfátè½ñfÔNÚÛèHÝ­Ô�î
U i
j

ÚØã`ãâÕfè½ñ�ÞÂñfêwÞtî;ÔNá`ÝqëNÝqáäæ
x ∈ U i

j

ÓtÝ�ñôê3ëNÝ
|〈F 〉U i

j
−F (x)| ≤ ε

ò]ümÔNéNÝÌÞÂñfÝqá
ÓvÚÛÞâñ%ÞâñfÝ�Ý��GÕôêwÖMå-Ý<ê�ãäÕfáâÝqãyÔ�îmÞÂñfÝ

U i
j

% ãHìfÞâñfÚØãiå-Ý<ê�çªãiÞÂñôêÍÞvî;ÔNá
x ∈ U i

k

ÓÊÝ�éNÝqÞ

|
1

Ji

Ji∑

j=1

F ◦ ϕik,j(x)− 〈F 〉Si
| ≤ ε.
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� Ý�Þâñ1ÕªãyÚØç>î;ÝHá{ÞâñfÝ�ÚØçfÝ+�GÕôê�ÖØÚðÞAæ
‖

1

J1!J2!

∑

π,σ

(F ◦ ϕπ,σ)− (〈F 〉S11lS1 + 〈F 〉S21lS2)‖∞ ≤ ε.

� ÚÛçfèHÝ
||| · ||| ≤ C‖ · ‖∞

ìfÞ½êwÜ1ÚÛçfé
ε
ÞâÔ)�qÝHáäÔ5èqÔNçfèqÖØÕf×fÝqãvÞÂñªÝSàªáâÔ1Ô�îAò

¤ÅL�O�Q�;¦¥ ` H\ÅnH J HvÒ î
F
ÚÛãTçfÔwÞ�èHÔNç²ÞÂÚÛç1ÕfÔNÕªãHì
ÞâñfÝHç¥ÞâñfÝPè½ñfÔNÚÛèHÝCÔ�îtÝ+�1Õfê�Ö¶å5ÝHê�ãâÕªáâÝ

U i
j

% ãTÓvñfÝqáâÝ
Fñôê�ãoãâå5ê�ÖÛÖªÔNãâèqÚØÖÛÖ÷êÍÞÂÚðÔNçfã]å5ê3æÙçfÔwÞ`ó$Ýyà$Ô�ãâãâÚÛófÖØÝwò8üiñfÝ­ê�áâé�Õfå-ÝHçGÞHì²ñfÔDÓtÝqëNÝHáqì>èHê�ç5ó$ÝvÝ<êwãâÚØÖðæCê�×fê�àªÞÂÝq×

ÞÂÔCÚÛçfèHÖÛÕf×fÝ�ÞâñfÝTçfÔNç1ýºèHÔ�çGÞÂÚÛç1ÕªÔNÕfã{è<ê�ãäÝSêwã{ÓÊÝqÖØÖ ò¶ï
Ýqå5å5ê b ò b ò g ÚØãiê�ÖÛãâÔ ÞÂñfÝTÜ�ÝÌæ*ó$ÝqñfÚØçf×*ÞâñfÝTàfáäÔ1Ô�î
ÞÂñfêwÞ

||| · |||
ÚØãtÚØçf×ªÝHÝH×*ê�çfÔNáâå	ì1çôê�å-ÝHÖðæPÞâñôêwÞÊÚÛÞ`ëwê�çfÚÛãâñfÝqã{ÔNçfÖðæ-ÔNç5ÞÂñfÝ(�HÝqáâÔ î;ÕfçfèÌÞÂÚØÔ�ç�ò]Òºçf×fÝqÝH×�ìªÚÛî

|||F |||
ÓÊÝqáâÝd�HÝHáäÔJî;ÔNá­ê5çfÔNç>ý"�HÝqáâÔ

F
ìOê5àfÚÛÝHèHÝÌÓvÚØãäÝÙê3ëNÝqáÂê�éNÚÛçfé5Ô�î

F
ÓÊÔNÕfÖÛ×�éNÝHçªÝHáÂêÍÞÂÝÙê5çfÔNç1ýæ�HÝqáâÔ

ãäÞâÝHà î;ÕfçªèqÞÂÚÛÔNç¥ÓvÚÛÞâñ ëwêwçfÚØãäñfÚØçfé	çªÔNáâå	ò5üiñfÝqç�ì/î;ÕfáÁÞÂñfÝqáSàfÚØÝqèHÝqÓiÚØãâÝ5ê3ëNÝqáÂê�éNÚÛçféNã�å5ê3ænó$Ý-ÕfãâÝq× ÞÂÔ
àfáäÔ1×fÕfèHÝ�ê-ãâÝ+�1ÕªÝHçfèHÝ Ô�î��qÝHáäÔJçfÔ�áâå�ãÁÞÂÝqà�î;ÕfçfèqÞâÚØÔNçªãHìôÓvñfÚÛè~ñ�èqÔNçGëNÝqáâéNÝ�ÕfçªÚÛî;ÔNáäå5Ö´æJÞÂÔ5ê-çfÔ�ç>ýæ�qÝHáâÔ
ãâå-Ô1Ô�Þâñ5î;ÕªçfèqÞâÚØÔNç�ò8üiñfÚØã`ÓtÔNÕfÖÛ×Jå-Ý<ê�ç-ÞÂñôêÍÞtÞÂñªÝ�Ô�áâÚØé�ÚØçfê�ÖfçfÔNáâå	ì²ÓvñfÚØè½ñJèHÔNÚÛçfèHÚÛ×fÝHãoÓvÚÛÞâñ

||| · |||
ÔNç

ãâå-Ô1Ô�Þâñ�î;ÕfçfèÌÞÂÚÛÔNçfãHìQÓ{ê�ãjêwÖØáâÝHê�×ªæ%ÔNçfÖðæ	ê5ãâÝHå-ÚØçªÔNáâå	òÈ� Ý ÔNå-ÚÛÞvÞâñfÝ ×fÝÌÞ½ê�ÚÛÖØãqì$ó$Ýqè<ê�ÕfãäÝÙÔNÕfá­å5ê�ÚØç
áâÝqãâÕfÖðÞÂãvãäÞâÚØÖÛÖOñfÔNÖÛ×%ÝqëNÝqç�Úðî

||| · |||
ÓÊÝqáâÝSÔNçªÖÛæ*êCãâÝqå5ÚÛçfÔNáâå	ò

K ;z=n=ur$=ur­¿
L�O¦O�Q ` H3I@H3InÏ� ièHèqÔNáâ×ªÚØçfé ÞÂÔ!��ñfÚÛÞâçfÝqæG% ã�ÝHåÙó$Ýq×f×fÚØçªéøÞâñfÝHÔ�áâÝHå ÞâñfÝHáäÝEÝ~ßªÚÛãäÞâã*ê
ãâå-Ô1Ô�Þâñ�ÝqåCó$Ýq×f×fÚÛçfé

Ψ : M → RN î;ÔNáCãäÔNå-ÝÕ�4ÖØê�áâé�Ý�ÝHçªÔNÕféNñu¡ N ò�~yÝÌß1Þ<ì`î;Ô�á α, β ∈ R
ãâÝÌÞ

αK + β = {x ∈ RN | ∃ i such that xi − β ∈ αZ}
ò�ÿyÔ�ÕféNñfÖðæxãäà$Ý<ê�ÜGÚØçªéfì

αK + β
ãäÞÂê�çf×fã

î;ÔNávÞâñfÝ�ñfÔNå-Ô�ÞâñfÝqÞâÚØè�ÚÛåJê�é�Ý�Ô�î8ÞÂñªÝ5ÔAãäÞÂê�çf×ôêwáâ×4É�éNáäÚØ×	ÚØç
RN ÞâáÂê�çªãâÖ÷êÍÞÂÝH×�ÚÛç	ÞÂñªÝ�×fÚØáäÝHèÌÞÂÚØÔ�ç�Ô�î8ÞÂñªÝëNÝHèÌÞÂÔ�á

(1, . . . , 1)
ò,�8Ú´ß

J ∈ N
ò,�ôÔNá�ÝÌëNÝHáÁæ

1 ≤ j ≤ J
ì]ÖÛÝqÞ

Gj
ó$Ý5ÞÂñªÝ α

4J

ý ÝÌß1ÞÂÝqçfãâÚÛÔNçxÔ�îiÞÂñªÝ
éNáäÚØ×

αK + αj
J

ò � ÝÌÞ
{V j

i }
Lj

i=1

ÞÂÔ-ó$ÝSÞÂñªÝ�èqÔNçfçfÝqèqÞâÝH×EèHÔ�å5à$ÔNçªÝHç²ÞÂãyÔ�î
Ψ(M) ∩ (Gj)

c òÈ~­ÔwÞÂÝ�ÞÂñfêwÞê-ãâÚØçªéNÖØÝ(ÔAèqÝHÖÛÖæÉjÔ�î
(Gj)

c åJê<æ%ó$Ý�ãâàªÖØÚðÞyÚØçGÞâÔ5ãäÝqëNÝqáÂê�Ö/èqÔNçfçfÝqèqÞâÝH×nèqÔNå-à$ÔNçfÝHç²ÞÂãyÓvñfÝqçEÚØçGÞâÝHáäãâÝHèÌÞÂÝq×ÓvÚÛÞâñ
Ψ(M)

ò5öyÔDÓtÝqëNÝHáqì/óGæ¥è½ñfÔ1ÔNãäÚØçfé*ÞÂñfÝPÝHåÙó$ÝH×ª×fÚØçfé%èHÔ1ÔNáä×fÚØçôêÍÞÂÝÌý î;ÕfçfèÌÞÂÚØÔ�çfã
Ψi

ÞâÔ	ó$Ý0��ÔNáäãâÝ
î;ÕfçfèÌÞÂÚÛÔNçfãHìGÓtÝ�èHê�çJéNÕôê�áâê�çGÞâÝHÝyÞâñôêwÞ`ÞÂñªÝ­ç1ÕfåÙó$ÝHá`Ô�î�èHÔNçªçfÝHèÌÞÂÝH×�èHÔNå-à$ÔNçfÝqçGÞâãtÚØã`ÚØçª×fÝHÝq×5õôçfÚÛÞâÝ�ò]Ò Þ
å5ê3æ*ÓÊÝqÖØÖmó$Ý�ÞÂñªÝ è<êwãâÝ�ÞÂñôêwÞ­î;Ô�á�ê5éNÚðëNÝHç

j
ãâÔ�å5Ý

V j
i

% ãjê�áäÝd�qÝHáâÔÍýº×fÚÛãäÞ½êwçfèHÝ ê�àôêwáäÞ<ì$ófÕªÞ�ãâÚÛçfèHÝ�ÔNÕfá
èHÔ1Ô�áâ×fÚÛçôêwÞÂÝqã�ê�áäÝV��ÔNáäãâÝ�î;ÕfçªèqÞÂÚÛÔNçfãqìOê�áäófÚÛÞâáÂê�áäÚÛÖðæ�ãâå5ê�ÖØÖ�ÞÂáâê�çfãäÖ÷êwÞâÚØÔNçªãyÔwî

Gj

ãäÕ�2-èHÝ ÞâÔJéNÕôêwáÂê�ç²ÞÂÝHÝ
à$ÔNãäÚÛÞÂÚðëNÝT×fÚÛãäÞ½êwçfèHÝ�ãäÝHàôê�áâêwÞÂÚÛÔNç%ó$ÝqÞºÓÊÝqÝHçEê�ÖÛÖ

V j
i

% ãHò
~­Ô3Ó ãäÝqÞ

U j
i = Ψ−1(V j

i )
ò¥üiñfÝ�õôáäãäÞCàfáâÔ�à$ÝHáäÞºæøÚØçøÞÂñfÝ�ãÁÞ½êwÞÂÝqå-ÝHçGÞÙî;Ô�ÖØÖÛÔ3Óvã�î;áâÔ�å�ÞâñfÝ�à$ÔNãâÚðÞÂÚÛë�Ý

×fÚÛãäÞ½êwçfèHÝ-ó$ÝÌÞAÓÊÝqÝHçøÞâñfÝ
V j
i

% ãqò$�ÊÔNå5àfê�èqÞâçfÝHãäã�éNÕôê�áâê�çGÞâÝHÝHã�ÞÂñfêwÞ ê%ãâå5ê�ÖÛÖ]ÝHçfÔ�ÕféNñ
α
ÚÛå5àªÖÛÚÛÝHãjÞâñfÝ

ãâÝqèHÔNçª×EàfáâÔ�à$ÝHáäÞºæNòiüiñªÝ ÖØê�ãäÞyàfáäÔNà$ÝHáÁÞAæ*î;ÔNÖØÖÛÔ3Óvãiî;áâÔNåûÞÂñªÝSî4ê�èÌÞyÞÂñôêwÞHìQáâÝHéNê�áâ×fÖÛÝHãäã­Ô�î
J
ìôÞÂñªÝ�ÚØç²ÞÂÝqáÁý

ãâÝqèqÞâÚØÔNçEÔ�î`êwçGæ
N + 1

×fÚ3�(ÝHáäÝHçGÞ�ÝÌß1ÞÂÝqçf×fÝq× éNáäÚØ×fã
Gj

ÚÛã�Ýqå-àªÞAæ�òjü/ê�ÜGÚØçªé
J
ãâÕfè½ñEÞÂñôêwÞ N+1

J
< εÓÊÝSê�áâÝT×fÔNçfÝwò
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>��e× Ø�F�DO�¯�
�oDÙ¬-$�&J'CD_� #m� ��'%$ Ú�'y$��°�oDE$���$
B '%F�DÙÛ�'CD_� +

ï
ÝqÞ
‖·‖
ó(ÝÊê­ö­ê�å

(M,ω)
ý ÚØç²ëwê�áâÚÛê�ç²ÞmçªÔNáâå�ÔNç

A
ãâÕfè½ñ ÞâñôêwÞ

‖·‖ ≤ C‖·‖∞
î;ÔNámãâÔ�å5Ý`èqÔNçfãäÞÂê�çGÞ

C
ò

ï
ÝqÞ
|||·|||
ó$Ý`ÞâñfÝtÝ~ß1ÞÂÝHçªãâÚØÔ�ç Ô�î

‖·‖
ÞâÔ
L∞(M)

èHÔNçªãäÞÂáäÕfèqÞâÝH×ÙÚÛçSÞâñfÝ`àfáâÔ1Ô�îªÔ�îfüiñfÝqÔNáäÝHå b ò a ò c ò/üiñªÝ
å5ê�ÚØçCÔNó��äÝHèÌÞÂÚÛëNÝvÔ�î(ÞÂñfÚÛãoãâÝqèqÞâÚØÔNç-ÚØã¶ÞâÔSàfÖ÷ê�èqÝiÞÂñfÝvçfÔNáâå-ÝH×-ãäàôê�èqÝHã (

A, ‖ ·‖
) ê�çf× (

L∞(M), ||| · |||
)

ÚØçCÞÂñfÝvèHÔ�çGÞÂÝ~ß1ÞÊÔ�în�{êwçôê�è½ñ,�4ÚVò Ýwò/ÞÂÔNà$Ô�ÖØÔNé�ÚÛè<ê�ÖðÖðæ èqÔNå5àªÖØÝqÞâÝ<¡8ãâàôêwèHÝqãÊÔwî(î;ÕfçfèqÞâÚØÔ�çfãHìGãâÔ�ÞÂñôêÍÞ`ÝÌß>ÚØãÁÞÂÚØçªé
ÜGçfÔDÓiÖØÝH×ªéNÝ î;áâÔNå�ÞÂñfÚÛã­õôÝqÖØ×Eó$ÝÙå5ê�×fÝÙê�àªàfÖØÚÛè<ê�óªÖØÝ�ÞÂÔ�Ô�Õfá�èHÔNç²ÞÂÝÌß1ÞHò��ôÔNáyÞÂñfÚÛã�àfÕfáäà$ÔNãâÝwìOÓÊÝÙçfÝHÝq×
ÞÂÔ ó$Ýjê�ófÖÛÝyÞÂÔ�ë1ÚØÝqÓ�ÔNÕfátãâàfê�èHÝqãvê�ãtãâÕfófãäàôê�èqÝHãvÔwîB�{êwçôê�è½ñ�ãâàôê�èqÝHã{Ô�î�î;ÕfçfèqÞâÚØÔNçªãHò¶Ò ÞÊè<ê�ç�ó$Ý�Ý<êwãâÚÛÖÛæ
ãâÝqÝHç ÞÂñfêwÞSÚÛî`ÞÂñfÝ-ÔNáäÚØéNÚÛçfê�Ö8çfÔNáäå

‖ · ‖
ÚØã�Ý+�1ÕªÚÛëwêwÖØÝHç²Þ�ÞÂÔ

‖ · ‖∞
ìmãâÔ�ÚØã

||| · |||
ì/êwçf× ÓÊÝ5ê�áäÝ-ÚÛç ê

�{ê�çfê�è½ñ�ãâàôêwèHÝ�ãâÝqÞäÞÂÚÛçféfò]ÒºçJÞâñfÝ�çfÔ�ç>ýºÝ+�1ÕªÚÛëwêwÖØÝHç²ÞÊèHê�ãâÝ­ÓÊÝ�èqÖ÷ê�ÚÛå�ÞÂñfÝyî;ÔNÖØÖÛÔ3ÓvÚÛçféfò8ö­ÝqáâÝ
‖ · ‖′
ÚÛã`ÞÂñªÝ

ÝÌß1ÞâÝHçfãäÚØÔNçfãyÔwî
‖ · ‖
ÞâÔ
C∞(M)

èHÔNçfãÁÞÂáâÕªèqÞÂÝq×�ÚÛç*ÞÂñfÝ�àfáäÔ1Ô�î8Ôwî8üiñfÝqÔNáâÝqå b ò a ò c ò
K ;z=u[Í=GTfEF9<EF=G8 ` H { H J HlP [�K ‖ · ‖ ò�[Vá`¡5á&å (M,ω) äæãbT1rzá&èqãPáUT1K�TZçzèqå çJT A c�ê�ãMLîê�ã§âdW�çzå�ãbTGáUK�[hW
Vqè*çzåôá_òÙçJrU[dò�Z ‖ · ‖∞ f.ò�à=K°TZçJK�[�ß�à�ãbrzá&ð\[�T1K�Kæç0ãbK g � ê1[ âæé�á=L][ (L∞(M), ||| · |||

) KSê1[�TÜLîçzãbT5LÙã~W=[îâ
cÍãbKSê�áÂW=[�T�â*[)âÙà�òÙâæé�á=L][�çYVGKFê1[­Lîçzå(éGð\[�KNãÊçJTiçYV (C∞(M), ‖ · ‖′

) gÂÝ çzè?[îçJrU[Ùè?fmKSêUã§â­Lîçzå(éGð\[�KPãÊçJTL�áUTÕò�[%r<ãM[�c°[hW$ázâdá�W=[�T�âS[5âÙà�òÙâæé�á=L][�çYVCKFê1[ âæé�á=L][ L1(M) çYV�ãbT1KY[MR&è á_ò�ð\[�å`[�ázâÙà�è á_ò�ð\[�Vqà=T5L�KNãÊçJT�âçJT M f�[�ß�à�ã²é_é1[hWGcÍãbKSêlá`T:çRèqå�c�ê�ãMLîê$ã§â�ãbT1rzá&èqãPáUT1K³à�T-W=[Ùè å`[�ázâÙà�è?[ÈéGè][îâS[Ùèsr<ãbT=R0ò�ã ¶*[]L�KPãÊç(TUâ g
W5¥uL^9>Czj =urV9>j4L�[D;>=n=ur*Ï�ümÔEÝqãäÞÂê�ófÖØÚÛãâñ ÞâñfÝJáäÝHÖ÷êÍÞÂÚØÔ�ç ó$ÝÌÞAÓtÝHÝqç

||| · |||
ê�çf×øÞâñfÝJèqÔNå-àfÖØÝÌÞÂÚØÔ�ç Ô�î

|| · ||′
ì>ÓÊÝTçªÝHÝq×%ÞâÔCãäñfÔDÓdÞâñôêwÞ{ÚÛî

{Fn}
ÚØã{êÙãäÝ��GÕfÝqçfèHÝSÔwîmÕfçfÚðî;ÔNáâå-ÖðæPó$ÔNÕfçf×fÝq×%ãâå-Ô1Ô�ÞÂñJî;ÕfçªèqÞÂÚÛÔNçfã

ÞÂÝqçf×fÚÛçféCÚØç�å-Ý<ê�ãäÕfáâÝ�ÞÂÔ
F
ì>ÞÂñfÝqç

{Fn}
ÚØã{ê)�Êê�Õfè½ñGæ�ãâÝ+�1ÕªÝHçfèHÝSÚÛç

‖ · ‖′
�;ÓvñªÚØè½ñ%ÚÛã{Ý��GÕfÚðëwê�ÖÛÝHç²Þ{ÞÂÔ

ãâñªÔDÓvÚÛçféTÞâñôêwÞ¶ÚðÞ]ÚØã¶ê �{êwÕfè~ñ²æCãäÝ��GÕfÝqçfèHÝyÚØç
||| · |||

¡~ò8Òºçf×fÝHÝq×�ìGÖØÝÌÞ
Fn
ê�çf×

Fm
ó$ÔwÞÂñ

ε
ýAê�àªàfáâÔ<ßªÚÛåJêÍÞÂÝ

F
ÚÛç å-Ý<ê�ãäÕfáâÝ`î;ÔNá/ãäÔNå-Ý{êwáâófÚðÞÂáÂêwáäæ�ãäåJêwÖØÖ

ε
òD� ÝÊèHê�ç ÞÂñªÝHç ÓváâÚðÞÂÝ

Fn−Fm = Gn,m+Hn,m

ìwÓvñfÝHáäÝ
Gn,m

êwçf×
Hn,m

ê�áäÝCãäå5Ô1ÔwÞÂñ¥êwçf×¥ÕªçfÚÛî;ÔNáäå5Ö´æ	ó$ÔNÕfçf×ªÝH×�ì
‖Gn,m‖∞ ≤ 2ε

ìMêwçf×nÞâñfÝCå-Ý<êwãâÕfáäÝCÔ�î
ÞÂñªÝ*ãâÕfàfà$ÔNáÁÞPÔ�î

Hn,m

ÚØãCêwÞCå-ÔNãäÞ
2ε
ò¦�ÊÖ÷ê�ÚÛå b ò e ò c çfÔDÓ àfáäÔDëNÝHãÙÞÂñôêwÞ

|||Fn − Fm||| → 0
ê�ã

n,m→∞
ò

� Ý�ÞÂÕªáâç�çfÔDÓÐÞÂÔ ÞâñfÝjãäÝHèqÔNçf×%àôêwáäÞ{Ôwî
ÞÂñfÝ�àfáâÔ�à$ÔNãâÚðÞÂÚØÔ�ç�ò��8ÚÛáâãäÞ`ÓÊÝjèHÖØê�ÚÛå"ÞÂñôêwÞtÞÂñfÝqáâÝjÝ~ß>ÚØãäÞâã{ãâÔNå-Ý
èHÔ�çfãäÞÂê�çGÞ

C
ãâÕfè½ñnÞâñôêwÞ

|||F ||| ≥ C‖F‖L1

î;ÔNájê�ç²æ�ÝHãäãâÝHç²ÞÂÚØê�ÖØÖðæ	ó$ÔNÕfçf×fÝq×¥å-Ý<êwãâÕfáâê�ófÖØÝSî;ÕfçfèÌÞÂÚÛÔNç
F
ò�Òºçf×fÝqÝH×�ì¶ãâÝÌÞ

MF

ÞâÔ�ó(Ý5ÞâñfÝJå5Ýq×fÚ÷êwçøÔ�î
F
ì]çfê�å5ÝqÖÛænÞÂñªÝJÕfçfÚ§�GÕfÝJçGÕfåÙó$ÝHáSî;ÔNáSÓvñfÚØè½ñxó$Ô�Þâñ

Vol({x ∈ M |F (x) ≥ MF})
ê�çf×

Vol({x ∈ M |F (x) ≤ MF})
ê�áäÝ-êwÞSÖÛÝ<ê�ãÁÞSñfê�ÖÛîAòV��ÚðÞÂñfÔNÕ>Þ

ÖØÔ�ãâã�ÔwîoéNÝqçfÝHáâê�ÖØÚðÞAæ*ÓtÝÙåJê<æ�ê�ãäãâÕfå-Ý�ÞÂñôêwÞ
MF ≥ 0

òjï
ÝqÞ
{x ∈ M |F (x) > MF} ⊆ A ⊆ {x ∈

M |F (x) ≥ MF}
ìtãâÕªè~ñùÞÂñôêÍÞ

Vol(A) = 1
2

ò��8ÚÛçôê�ÖÛÖðæ�ìoÖØÝqÞ
B = {x ∈ M |F (x) ≥ 0}

ò�� Ý
ÓvÚØÖÛÖ$êwáâéNÕfÝ­Õfçª×fÝHátÞÂñªÝjê�ãäãâÕfå-àªÞÂÚÛÔNç5ÞâñôêwÞ

F
ÚØã
�HÝHáäÔwýºå-ÝHê�ç�ú1ÞâñfÝ�Ý~ß>ÞâÝHçfãäÚØÔNçJÞÂÔ é�ÝHçfÝqáÂê�Ö

F
ÚÛçGëNÔNÖðëNÝHã

ê�×f×ªÚØçfé��äÕfãÁÞSÔNçªÝP×ªÚØå-ÝHçfãäÚØÔNç�ÞÂÔ%Ô�ÕfáTãâàfê�èHÝPÔ�î`î;ÕfçªèqÞÂÚÛÔNçfãqìmêwçf×nÞÂñfÝqáâÝqî;Ô�áâÝCî;Ô�ÖØÖÛÔDÓvã�ÚØå-å-ÝH×fÚØêÍÞÂÝqÖðæNò
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�tæ%ï
Ýqå5å5ê b ò b ò g ÓÊÝ�ÔNóªÞÂê�ÚØç�ÞÂñôêwÞ
|||F ||| ≥ |||〈F 〉A1lA + 〈F 〉Ac1lAc ||| = 〈F 〉A|||1lA − 1lAc |||.

� ÝSèqÖØÝHê�áâÖðæJñôê3ëNÝ
〈F 〉A = 2

∫

A

F (x)ωn ≥ 2

∫

B−A

F (x)ωn,

ê�çf×%ÞâñfÝHáäÝqî;ÔNáäÝ
〈F 〉A ≥

∫

B

F (x)ωn =
1

2
||F ||L1 .

ümÔNéNÝÌÞÂñfÝqájÓvÚÛÞâñEÞâñfÝCê�ó$ÔDëNÝÙÝHãÁÞÂÚÛåJêwÞâÝ�î;ÔNá
|||F |||

ìOÞÂñªÚØã­æ1ÚØÝHÖÛ×fã
|||F ||| ≥ 1

2
||F ||L1 · |||1lA − 1lAc |||

ò
üiñfÝ­ÚØç²ëwê�áäÚ÷ê�çfèqÝyàªáâÔNà$ÝqáäÞºæ-Ô�îOÞÂñfÝ­çªÔNáâå

||| · |||
ÚØå-àfÖÛÚðÝHã¶ÞÂñfêwÞ`ÞÂñfÝvëwê�ÖØÕªÝyÔ�î

|||1lA− 1lAc |||
×ªÝHà$ÝHçª×fã

ÔNçfÖðæ�ÔNç*ÞÂñfÝTõªß>Ýq×
Vol(A) = 1

2

òoüiñGÕfãHìôÞâñfÝ�ÚØçfÝ+�GÕôê�ÖØÚðÞAæ5ÚØãiàfáäÔDëNÝq×�ò
~­Ô3Ó�ìjÝqëNÝqáäæ¿�{ê�Õfè½ñGæ�ãâÝ+�GÕfÝHçfèHÝ Ô�î ãâå-Ô1Ô�Þâñ�î;ÕfçªèqÞÂÚÛÔNçfã%ÚÛç

‖ · ‖′
�;çfÔ�Þ	çfÝqèHÝqãâãÂê�áäÚØÖðæÐÕfçfÚðî;ÔNáâå-Öðæ

ó$ÔNÕfçª×fÝH×u¡�ÚØã ê�ÖØãäÔnêÒ�{ê�Õªè~ñ²æxãäÝ��GÕfÝHçªèHÝ%ÚØç
L1

ì¶ê�çf×xÚØã�ÞâñfÝHáäÝqî;ÔNáäÝ�èHÔ�çGëNÝHáäéNÝHç²ÞPÚÛçxå-Ý<ê�ãäÕfáâÝwònÒºç
ÔNáä×fÝHáÊÞâÔCáâÝqé²ê�áä×�ÞÂñfÚÛã{ÖÛÚØå-Ú´ÞÊÚÛç�å5ÝHê�ãâÕfáäÝTê�ãiê�ç*ÝHÖÛÝHå-ÝHç²ÞiÔwîMÞÂñfÝjèHÔ�å5àªÖØÝqÞâÚØÔ�çJÔ�î

‖ · ‖′
ìªÓtÝTçfÝqÝH×*ÞÂÔ

ãâñªÔDÓ ÞÂñfêwÞMÚðîGÞºÓÊÔt�{ê�Õªè~ñ²æTãâÝ+�1ÕªÝHçfèHÝHãmÚØç
‖·‖′
ì
{Fn}
ê�çf×
{Gn}
ìDèHÔNç²ëNÝHáäéNÝoÚØçTå-Ý<êwãâÕfáäÝ¶ÞâÔiÞâñfÝ¶ãÂê�å-Ý

F
ìôÞÂñfÝqçEó$ÔwÞÂñ�ãâÝ��GÕfÝqçfèHÝHãjñôê3ëNÝSÞâñfÝ�ãâê�å-ÝSÖØÚØåPÚðÞvÚÛç	ÞâñfÝ�èqÔNå5àªÖØÝÌÞÂÚØÔ�ç�ìôçfê�å-ÝHÖÛæ

‖Fn −Gn‖
′ → 0

ò
�ôÔNá ÞâñfÚØãÙàfÕªáâà$ÔNãäÝ%ãâÝÌÞ

Hn = Fn − Gn

ò��tæx×fÝÌõôçfÚÛÞâÚØÔ�ç�ì
Hn

ÚÛãCêÕ�{ê�Õªè~ñ²æ§ãâÝ+�1ÕªÝHçfèHÝ	ÚØç
‖ · ‖′èHÔ�çGëNÝqáâéNÚÛçféCÚÛç

L1

ê�çf×*ÚØçJå5ÝHê�ãâÕfáäÝ�ÞÂÔ ÞÂñfÝ��qÝHáâÔÙî;ÕfçªèqÞÂÚÛÔNç�ò�� ÝTçªÝHÝH×*ÞâÔCàfáäÔDëNÝ�ÞÂñfêwÞ
‖Hn‖

′ → 0
ò

 �éNê�ÚØçOìOÓÊÝÙÓvÚØÖØÖ/èHê�áâáÁæEÔNÕªÞjÞÂñfÝCàfáäÔ1Ô�î`ÚØç
||| · |||

òd�tæ�Þ½ê�ÜGÚÛçfé*ãâå5ê�ÖÛÖ/ÕfçfÚÛî;Ô�áâå à$ÝHáäÞâÕfáâófêwÞÂÚÛÔNçfã�ÓÊÝ
å5ê3æPê�ÖÛãâÔ�ê�ãäãâÕfå-ÝyÞâñôêwÞ

Vol(An)→ 0
ìGÓvñfÝqáâÝ

An = Support(Hn)
òÍ~­ÝÌß1ÞHì>óGæ-ê�àfàfÖðæ1ÚØçféSêSãâÖØÚÛéNñ²Þ

ëwêwáâÚ÷êwçGÞvÔwî]ï
ÝHå-å5ê b ò b ò g ÓÊÝ�éNÝqÞ
|||Hn −Hm||| ≥ |||(Hn −Hm)1lAm

+ 〈Hn −Hm〉Ac
m
1lAc

m
|||.

� ÚÛçfèHÝ
〈Hn − Hm〉Ac

m
≤ ‖Hn − Hm‖L1 · Vol(Ac

m)
ì`ÞâñfÚØãÙÞÂÝHáäå é�Ô1ÝHãPÞâÔÕ�HÝqáâÔfò��øÝ*ÞÂñfÝqáâÝqî;Ô�áâÝ

èHÔ�çfèHÖÛÕf×fÝyÞâñôêwÞ
|||(Hn−Hm)1lAm

||| = |||Hm−Hn · 1lAm
|||
èHÔNç²ëNÝHáäéNÝHãtÞÂÔ��qÝHáäÔÙê�ã

n,m
ÚÛçfèHáäÝ<ê�ãäÝ�ò

þ�ÕfÝPÞÂÔl�ÊÖØê�ÚØå b ò e ò c ì
î;ÔNá�ÝÌëNÝHáÁæ¥õªß>ÝH×
n
ÞÂñfÝCÞÂÝqáâå

|||Hn · 1lAm
|||
ÞÂÝqçf×fã�ÞÂÔ��HÝqáâÔ	ÓvÚðÞÂñ

m
ò)� Ý

ÞÂñªÝHáâÝÌî;ÔNáâÝ�èqÔNçfèHÖÛÕf×fÝwìQê�ãyê�çfçfÔ�ÕfçfèHÝq×�ìôÞÂñfêwÞ
|||Hm||| → 0

ò
� ÚÛçfèHÝCÓtÝ5ê�ÖÛáâÝ<êw×ªæEÜGçfÔDÓ�ÞâñôêwÞ

||| · |||
ÚÛãTÚØçGëÍê�áâÚØê�çGÞjÕfçf×fÝqáSå-Ý<ê�ãäÕfáâÝPàfáäÝHãâÝqáäë1ÚÛçfé�ófÚ �äÝHèqÞâÚØÔNçªãHì�ÞÂñfÝ

àfáäÔ1Ô�îMÞÂñôêwÞ{ÞÂñªÝTèHÔNå-àfÖÛÝqÞÂÚÛÔNçJÚØãiê�ÖÛãâÔCÚÛçGëÍê�áâÚØê�çGÞÊÚØã{ãÁÞÂáÂêwÚØéNñ²Þâî;ÔNáÁÓ{ê�áâ×OòÍ~­ÔwÞÂÝjÞâñôêwÞiãâÚÛçfèHÝjÓÊÝ�ê�ãäãâÕfå-Ý
‖·‖
ÚÛã¶×fÔNå-ÚØçfêwÞÂÝq×CóGæ

‖·‖∞
ì²ófÕªÞoçfÔ�ÞoÝ��GÕfÚðëwê�ÖÛÝHç²Þ¶ÞÂÔ�ÚðÞ<ì_�{ê�çôê�è½ñn% ã � à$ÝHç0��ê�àPüiñfÝHÔNáäÝHå"ÚØå-àfÖÛÚÛÝqã

ÞÂñfêwÞmÞÂñfÝtèqÔNå-àfÖØÝÌÞÂÚÛÔNç�Ô�î
‖·‖
åÙÕfãÁÞ/ÚØçSî4êwèqÞ/ÝÌß>èHÝqÝH×ÙÞâñfÝtãâàfê�èHÝÊÔwîôÝqãâãäÝHçGÞâÚ÷ê�ÖÛÖÛæTó$ÔNÕªçf×fÝH× å5ÝHê�ãâÕªáÂê�ófÖÛÝ

î;ÕfçfèÌÞÂÚÛÔNçfãHò¶üiñfÝSàªáâÔ1Ô�î/ÚØãiçfÔ3Ó�èqÔNå-àfÖØÝÌÞÂÝ�ò
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üiñfÝ�ÖÛÚÛÞâÝHáâêwÞÂÕfáäÝ*èHÔ�çGÞ½êwÚØçfãPåÙÕfè½ñ�ÚØç>î;ÔNáâå5êwÞâÚÛÔ�ç�èqÔNçfèHÝqáâçfÚÛçféøê¥ãâà$ÝHèqÚ÷ê�ÖiãâÕfó$èqÖ÷ê�ãäã5Ô�î­ÞÂñfÝ	èqÖ÷ê�ãäã-Ô�î
�{ê�çfê�è½ñ çfÔNáäå5ãjÔNç¥ãâàôê�èqÝHãSÔwî`î;ÕfçfèqÞâÚØÔ�çfãHì�ÓvñfÚÛè~ñ ê�áâÝCÚÛçGëwê�áäÚ÷ê�ç²ÞjÕfçf×fÝqá�å5ÝHê�ãâÕªáâÝCàfáâÝqãâÝHáÁë1ÚØçfé	ófÚ´ý
�äÝHèÌÞÂÚÛÔNçfãHòyüiñfÚÛã�ÚÛãyÞÂñªÝ ãâÕfó$èqÖ÷ê�ãäãjÔwî¶ÞâñfÝ ãäÔ�è<êwÖØÖØÝq×�Þ [�á&èqè áUT=R=[Ùå`[�T1K ¼ T1rzá&èqãPáUT1K ¾ à=T5L�KNãÊçJT�ß�é�á=L][îâ òüiñfÝ�å5ê�ÚÛç¢�4ófÕ>ÞvçfÔ�ÞiÔNçfÖÛæ-à²¡ÙáâÝ+�GÕfÚØáäÝHå-ÝHç²ÞvÚØãÊÞâñôêwÞ{ÞÂñfÝTçfÔNáäåûó$ÝTå-ÔNçfÔ�ÞâÔNçfÝ�ÓvÚðÞÂñ*áâÝqãâà$ÝHèÌÞyÞâÔCÞÂñªÝ
çôêwÞâÕfáÂêwÖ¶àôêwáäÞÂÚØê�Ö8ÔNáâ×ªÝHá�ÔNç çfÔ�ç>ýºçfÝqé²êwÞâÚÛëNÝÙî;ÕfçfèÌÞÂÚØÔ�çfãHò � ÚÛçfèHÝ-ê�ç Ý~ß>àfÖØÚÛèHÚðÞTî;Ô�áâåÙÕfÖ÷êÍÞÂÚðÔNçEÓvÚÛÖØÖ8×fáâê�é
Õfã�ÚÛçGÞÂÔ�ê	ÖÛÔNçfé	ÖØÚÛãäÞ�Ô�î{×fÝqõfçfÚÛÞâÚØÔNçfãTÓvñfÚÛè~ñxêwáâÝ-çfÔ�Þ�áâÝqÖØÝÌëwê�ç²Þ�î;Ô�á�ÞÂñªÚØãSàôêwà$ÝHáHìmÓÊÝ-ÓvÚØÖÛÖ¶å5ê�Ü�Ý-×fÔ
ñfÝqáâÝ�ÓvÚÛÞâñ%ê áäÝqî;ÝHáäÝHçfèqÝ�ò`ü{ñfÝTó$Ô1ÔNÜ]£ �R¤ ÚØç²ÞÂáäÔ1×fÕfèHÝqãiÿvÝ<ê�áäáÂê�çfé�ÝHå-ÝHç²Þ{ÒºçGëwêwáâÚ÷êwçGÞ.�ôÕfçªèqÞÂÚÛÔNç � àôê�èHÝqã
ÚØç��ÊñôêwàªÞÂÝqá b ìÊþ­ÝqõôçfÚðÞÂÚÛÔNç a ò e �;ÓvñfÚÛè½ñ�áäÝHÖØÚÛÝHãCÔ�ç�þ­ÝqõôçfÚðÞÂÚÛÔNçfã a ò a ê�çf× a ò c î;áâÔ�å÷�Êñôê�àªÞâÝHá a ¡~ò
üiñfÝyå5ê�ÚÛçCèHÖØê�ãâãäÚÛõôèHêwÞÂÚÛÔNçCáâÝqãâÕfÖðÞÂã`ê�áäÝyê�çfçªÔNÕfçfèqÝH×5ÚØç��ÊñôêwàªÞÂÝqá b ì²üiñfÝqÔNáâÝqå g ò a>g ê�çf×-ÚÛç��Êñôê�àªÞâÝHá
c ì(üiñfÝqÔNáâÝqå b ò a<b ò( ­çfÔ�ÞÂñªÝHá�ÞâñfÔNáäÔNÕféNñEê�çôê�Öðæ>ãäÚØãyî;áâÔ�å ê5ãâÔNå-ÝqÓvñfêwÞj×fÚ3�(ÝHáäÝHç²Þjà$ÔNÚØç²Þ�Ô�î¶ë1ÚÛÝqÓ ÚÛã
ê3ëÍê�ÚØÖØê�ófÖðÝjÚØçÕ£ c�a+¤ �4þ�ÝqõôçªÚÛÞÂÚÛÔNçfã a ò ó�ò a>� êwçf× b ò êªò a ìôê�çf×%ÞâñfÝ�áâÝqãâÕfÖðÞÂãvÔ�îmÞÂñfÝ�ãâÝqèHÔNçª×�ãäÝHèqÞâÚØÔNço¡Ìò
� Ý	èHê�çfçfÔ�Þ-áäÕfÖØÝ*ÔNÕªÞPÞâñfÝ	à$Ô�ãâãâÚÛófÚØÖÛÚðÞºæ ÞÂñôêÍÞ5ê�ÖÛÖ{çfÔNáäå5Ýq×ùãâàfê�èHÝqã

(A, ‖ · ‖)
ì`ÓvñfÚÛè~ñ�ê�áâÝ%ÚÛçGëwêwáâÚ´ý

ê�ç²Þ�Õfçf×fÝqá ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç ×ªÚ3�(ÝHÔNå-ÔNáâàªñfÚÛãâå-ãHìMèHê�çøó$ÝPë>ÚÛÝqÓtÝH×xê�ã�ãäÕfófãäàôê�èHÝqãÙÔ�îiÿvÝ<ê�áäáÂê�çªéNÝHå-ÝHç²Þ
ÒºçGëÍê�áâÚØê�çGÞ5�ôÕfçfèÌÞÂÚØÔ�ç � àôêwèHÝHãqò üiñfÝÙî;ÔNÖØÖÛÔ3ÓvÚÛçféJÝÌßªê�å-àfÖÛÝ�ìOÓvñfÚÛÖØÝ çfÔ�ÞTáäÝHÖØêwÞÂÚÛçféJ×fÚØáäÝHèqÞâÖÛæ	ÞÂÔ�ÞâñfÝCÚÛãÁý
ãâÕªÝ*Õfçf×ªÝHáÙ×fÚØãäèHÕfãäãâÚØÔ�ç�ì¶ãâÝqáäëNÝqãCÞÂÔEÚØçª×fÚØèHêwÞÂÝ-ÞÂñªÝ�ÜGÚØçf×xÔ�îvàôêwÞâñfÔNÖØÔ�éNÚÛÝHã�ÔNçªÝ�å5ÚÛéNñ²Þ Ý~ßªà$ÝqèqÞCî;áâÔNå
çfÔNáäå5ã�ÔNÕªÞâãâÚÛ×fÝ5ÞÂñfÚÛã èqÖ÷ê�ãäãHò�ü8êwÜ�ÝJÞÂñfÝJãâàôê�èqÝ

A
⊕
B
ì8ÓvñfÝqáâÝ

B
ÚÛã�ÞâñfÝJãâàôê�èqÝ�Ô�îiî;ÕfçfèÌÞÂÚÛÔNçfã ÔNç

M
ÓvñfÚØè½ñ§êwÞäÞ½ê�ÚÛç ÔNçfÖðæ¥õfçfÚÛÞâÝHÖÛæ¥å5ê�ç²æ¥ëwêwÖØÕfÝqãHò�Ò Þ ÚØã�ãÁÞÂáÂêwÚØéNñ²Þâî;ÔNáÁÓ{ê�áä× ÞÂÔ�ãâÝqÝJÞÂñfêwÞ�ÞÂñfÝ5ãâÕfå�ÚÛã

ÚØçª×fÝHÝq×�ê�çJê�ÖÛéNÝHófáâê�ÚØèHê�ÖÛÖ´æÙ×fÚÛáâÝHèÌÞtãâÕfå	òÍ�ôÔNá`ê�ç5ÝHÖÛÝHå-ÝHç²Þ
a+ b ∈ A

⊕
B
èqÔNçfãäÚØ×fÝqá`ÞÂñªÝyî;ÕfçfèÌÞÂÚÛÔNçôê�Ö

‖a + b‖ = ‖a‖1 + ‖b‖∞
ò­Ò ÞjÚÛã�ÝHê�ãäæ	ÞÂÔJè~ñªÝHè½Ü�ÞâñôêwÞ

‖ · ‖
ÚÛãjê5çfÔNáäå ÚÛçGëwêwáâÚ÷êwçGÞ­Õfçª×fÝHá�å5ÝHê�ãâÕªáâÝ

àfáäÝHãâÝqáäë1ÚØçªéP×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå-ãqì>óªÕªÞvçªÔ�ÞiÕfçª×fÝHáiå-Ý<êwãâÕfáäÝTàfáäÝHãäÝHáäë1ÚÛçféPófÚ �äÝHèqÞâÚØÔNçªã5�;ÓÊÝjáâÝHãÁÞÂáäÚØèqÞ{ÔNÕfá
êwÞäÞÂÝHç²ÞÂÚÛÔNç�ì�Ô�î$èqÔNÕfáäãâÝ�ìNÞÂÔjå-Ý<ê�ãäÕfáâÝ{àfáäÝHãâÝqáäë1ÚØçªé�ófÚ �äÝqèqÞâÚØÔNçfãmÓvñfÚØè½ñCÜ�ÝHÝqàPÞÂñªÝuá áâÝHê�áâáâê�çféNÝq×n%wî;ÕfçfèÌÞÂÚÛÔNç
ÚØçªãâÚØ×ªÝTÔNÕfáiãâàôêwèHÝ<¡~ò`Ò ÞyÚÛãvê�ÖØãäÔPçfÔ�Þvñôê�áä×%ÞÂÔPãâÝHÝ�ÞâñôêwÞiÞÂñfÚÛãiçfÔNáâåûÚÛãvçªÔ�Þyó$ÔNÕªçf×fÝq×�ó²æ

‖ · ‖∞
ò
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ÒºçÙÞÂñfÚÛã]è½ñôê�àªÞâÝHá8ÓÊÝièqÔNå5àfê�áâÝ{ö­Ô�î;Ýqá�% ã¶é�ÝHÔNå-ÝqÞâáâÚÛÝHã8ÔNçÙÞºÓÊÔTáâÝqåJêwáâÜÍê�óªÖØÝÊãäàôê�èqÝHã`ê�ãäãâÔ1èqÚ÷êwÞâÝH×ÙÓvÚÛÞâñPê
èHÖÛÔNãâÝq×�ãÁæ>å-àfÖÛÝHèqÞâÚØè¶åJê�çªÚÛî;ÔNÖð×

(M,ω)
òmüiñfÝ`õfáâãäÞmãâàôê�èqÝÊö­ê�å

(M,ω)
ÚØã
ÞâñfÝ`éNáäÔNÕfàSÔ�îfö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHò/üiñªÝyãäÝHèHÔ�çf×5èHÔNçªãâÚØãÁÞÂãoÔ�îOê�ÖÛÖfïMê�éNáâê�çféNÚØê�çÙãâÕfófå5ê�çfÚðî;ÔNÖÛ×fã]Ôwî
(M×M,−ω⊕ω)ÓvñfÚÛè~ñ§ê�áäÝJÝ~ßfêwèqÞPïMêwéNáÂê�çªéNÚ÷ê�ç ÚØãäÔ�ÞÂÔNàªÚØèPÞÂÔ�ÞâñfÝJ×fÚ÷êwéNÔNçôê�Ö

4 ⊂ M ×M
ò�ïMÝÌÞÙÕfã ×fÝqçfÔ�ÞÂÝ5ÞÂñfÚÛã

ãâÝqèHÔNçª×�ãäàôê�èqÝSóGæ
L
òoüiñfÝSèHê�çfÔ�çfÚØèHê�Ö�ÝHåÙó$Ýq×f×fÚØçªé

j :
ö­ê�å

(M,ω)→ L, f 7→
é
raph(f)

àfáäÝHãâÝqáäëNÝqã�öyÔ�î;ÝHá+% ãjÖÛÝHçfé�ÞâñEÔ�î`ãäå5Ô1ÔwÞÂñEàôêwÞâñfãHòTüiñ1Õfãqì
ÚÛÞ�çôêwÞâÕfáÂêwÖØÖÛæ*î;ÔNÖÛÖÛÔDÓvãyÞÂÔ*ê�ãäÜ	ÓvñfÝqÞâñfÝHá
j
ÚÛã

ê�ç§ÚØãâÔ�å5ÝÌÞÂáâÚÛè5ÝHåÙó$ÝH×f×ªÚØçféEÓvÚðÞÂñ§áâÝqãâà$ÝHèÌÞ-ÞâÔ¥ö­Ô�î;Ýqá�% ãC×fÚØãÁÞ½ê�çfèqÝ�òøö­ÝqáâÝwìoÓÊÝ%àªáâÔDë1ÚÛ×fÝ*ênçfÝqé²êwÞâÚÛëNÝ
ê�çfãÁÓÊÝqá�ÞâÔ5ÞâñfÚØã��GÕfÝHãÁÞÂÚØÔ�ç�î;ÔNávÞâñfÝ èHê�ãâÝ�Ô�îoê5èqÖØÔ�ãâÝH×�ãäæ1å-àfÖÛÝHèqÞâÚØèSå5ê�çfÚÛî;Ô�ÖÛ×%ÓvÚðÞÂñ

π2(M) = 0
òvÒºç

î4ê�èÌÞ<ìfÔNÕªáiåJê�ÚÛç*áäÝHãäÕfÖÛÞvãäñfÔDÓvãiÞÂñôêwÞ{ÞÂñfÝTÚØå5ê�éNÝ�Ô�î8ö­ê�å
(M,ω)

ÚÛçfãâÚÛ×fÝ
L
ÚØã
ÔAãäÞâáâÔNçªéNÖÛæ5×fÚØãÁÞÂÔNáÁÞÂÝH×=ã

�4ãäÝHÝSüiñªÝHÔNáäÝHå c ò a ò a ó$ÝHÖØÔ3Ót¡Ìò
ï
ÝqÞJÕfãJàfáäÔ1èHÝqÝH×�ÓvÚÛÞÂñ�àfáâÝqèHÚØãäÝ�î;ÔNáäåCÕªÖ÷êwÞâÚÛÔ�çfãHòÇ� Ý�áäÝHèHê�ÖØÖiÞÂñfÝ	î;ÔNÖÛÖØÔ3ÓvÚÛçfé ×ªÝqõôçfÚðÞÂÚÛÔNçùî;áâÔNåbÞÂñªÝ
ÒºçGÞâáâÔ1×fÕªèqÞÂÚÛÔNç�ò #TÚÛëNÝqçuêùàfêwÞÂñ

α = {ft}, t ∈ [0, 1]
Ô�îÙö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwçÐ×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ã�Ô�î

(M,ω)
ìô×fÝÌõôçfÝSÚÛÞâãvö­Ô�î;Ýqá�% ãyÖÛÝHçªé�ÞÂñ!�4ãäÝHÝ�£ b�b>¤ ¡{ê�ã

length(α) =

∫ 1

0

{
max
x∈M

F (x, t)−min
x∈M

F (x, t)
}
dt

ÓvñfÝqáâÝ
F (x, t)

ÚØãjÞÂñªÝ-ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwçEî;ÕfçªèqÞÂÚÛÔNç¥éNÝqçfÝHáâêwÞÂÚÛçfé
{ft}
ò	�ôÔNájÞºÓÊÔ	ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØê�çE×fÚw�OÝqÔwý

å-ÔNáâàfñªÚØãâå-ã
φ
ê�çf×

ψ
ìÍ×fÝqõôçªÝ`ÞâñfÝ`ö­Ô�î;ÝqáM×fÚÛãäÞ½êwçfèHÝ

d(φ, ψ) = inf length(α)
ÓvñªÝHáâÝoÞâñfÝ`ÚÛçªõôåÙÕfåuÚØã

c&e
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Þ½êwÜ�ÝHçÙÔ3ëNÝHá8ê�ÖÛÖGãäå5Ô1Ô�Þâñ�àôêwÞâñfã
α
èHÔ�çfçfÝqèqÞÂÚÛçfé

φ
ê�çf×

ψ
ò��ôÔ�áMî;ÕfáäÞâñfÝHá/×fÚÛãâèqÕfãâãäÚØÔNç ãâÝqÝÊÝ�ò éfòU£ b&}z¤ ìU£ c&eR¤ ì

ê�çf×÷£ e_|z¤ ò
ö­Ôwî;ÝHá�% ã�å-ÝqÞÂáäÚØè¥èHê�ç ó$Ý ×fÝqõôçªÝH×�ÚØç êùå-ÔNáâÝ¥éNÝHçªÝHáÂêwÖSèHÔNç²ÞÂÝ~ß1ÞEÔ�îCïMê�éNáâê�çféNÚØê�çdãäÕfófå5ê�çfÚðî;ÔNÖØ×ªã
�4ãäÝHÝÒ£ a>b>¤ ¡~òEï
ÝqÞ

(P, σ)
ó$Ý�ê�èHÖÛÔNãäÝH×xãäæ1å-àfÖØÝqèqÞÂÚÛè5åJêwçfÚÛî;Ô�ÖÛ×�ì/ê�çf×xÖØÝÌÞ

4 ⊂ P
ó$Ý�ê�èqÖØÔNãäÝH×§ïMêÍý

éNáâê�çféNÚØê�ç�ãâÕªófå5ê�çfÚÛî;Ô�ÖØ×�ò �ÊÔNçfãâÚÛ×fÝHá�ê ãäå5Ô1Ô�Þâñ�î4ê�å-ÚØÖ´æ
α = {Lt}, t ∈ [0, 1]

Ô�î�ïMê�éNáâê�çféNÚØê�ç
ãâÕªófåJêwçfÚÛî;ÔNÖÛ×fãqìOãâÕfè½ñ¥ÞÂñôêwÞTÝ<êwè~ñ

Lt
ÚØãj×fÚw�OÝqÔNå5Ô�áâàfñfÚÛè�ÞâÔ

4
ò ÿyÝqè<ê�ÖÛÖ/ÞÂñfêwÞ

α
ÚÛãjè<ê�ÖÛÖØÝq×¥ê�ç [e^^á=L�K

é�áUKFê èHÔNçfçªÝHèÌÞÂÚØçªé L0
ê�çf×

L1
ìMÚÛî`ÞâñfÝHáäÝ-ÝÌß>ÚØãÁÞÂã�ê*ãâå-Ô1Ô�ÞÂñ¥åJêwà

Ψ : 4 × [0, 1] → P
ãäÕfè~ñ ÞÂñfêwÞ

î;ÔNávÝqëNÝqáäæ
t
ì
Ψ(4× {t}) = Lt

ì$ê�çf×�ÚØç�ê�×f×ªÚÛÞÂÚÛÔNç
Ψ∗σ = dHt ∧ dt

î;ÔNávãâÔNå-ÝSãâå-Ô1Ô�Þâñ	î;ÕfçªèqÞÂÚÛÔNç
H : 4× [0, 1]→ R

ò¶üiñfÝ�öyÔ�î;ÝHáiÖØÝqçfé�ÞÂñ%Ô�î8ê�ç	Ý~ßªê�èqÞ­àfêwÞÂñ	ÚÛãi×fÝqõfçfÝH×�óGæ

length(α) =

∫ 1

0

{
max
x∈4

H(x, t)−min
x∈4

H(x, t)
}
dt.

Ò ÞÙÚÛã ÝHê�ãäæ ÞÂÔ�è~ñfÝqè½Ü ÞâñôêwÞ ÞâñfÝ�ê�ó$Ô3ëNÝ�çfÔwÞÂÚØÔ�çøÔ�îiÖØÝHçªé�ÞÂñøÚØãSÓÊÝqÖØÖ´ýº×fÝÌõôçfÝH×OòEþ�ÝHçªÔ�ÞÂÝ�ó²æ
L(P,4)ÞÂñªÝSãäàôê�èHÝSÔ�î8ê�ÖØÖ�ïMê�éNáâê�çféNÚØê�ç*ãâÕªófåJêwçfÚÛî;ÔNÖÛ×fã{Ô�î

P
ÓvñfÚØè½ñ	è<ê�ç	ó$ÝSèqÔNçfçfÝqèqÞÂÝq×�ÞÂÔ

4
ó²æ	êwç�Ý~ßªê�èqÞ

àôêwÞâñ�ò��ôÔNáiÞºÓÊÔJïMê�é�áÂê�çfé�Ú÷ê�ç*ãâÕfófå5ê�çªÚÛî;ÔNÖÛ×fã
L1
êwçf×

L2
ÚØç
L(P,4)

ìô×fÝqõôçªÝSÞÂñfÝ�öyÔ�î;ÝHáv×fÚØãÁÞ½ê�çªèHÝ
dLag
ÔNç
L(P,4)

ê�ãoî;ÔNÖØÖÛÔ3Óvã�¥
dLag(L1, L2) = inf length(α)

ìGÓvñfÝqáâÝ­ÞâñfÝ­ÚÛçªõôåÙÕfå"ÚÛãoÞ½êwÜ�ÝHçJÔDëNÝqá
ê�ÖÛÖ�Ý~ßªê�èqÞyàôêwÞÂñªãyÔ�ç

L(P,4)
ÞâñôêwÞvèHÔ�çfçfÝHèÌÞ

L1

ê�çª×
L2

ò
ÒºçEÓvñôêwÞjî;ÔNÖÛÖØÔ3ÓvãyÓÊÝCè½ñfÔ1ÔNãäÝ

P = M ×M
ì
σ = −ω ⊕ ω

ê�çf×EÞ½êwÜ�Ý
4
ÞÂÔ�ó$ÝÙÞâñfÝÙ×fÚØê�éNÔNçôêwÖmÔ�î

M ×M
ò�� Ý�êwófófáâÝÌë1Ú÷êwÞâÝ

L = L(P,4)
êwã{ÚØçJÞÂñfÝjó$ÝqéNÚØçfçªÚØçfé Ô�îMÞâñfÝjàôê�à$ÝHáqò
�{êwãâÝH×%Ô�ç%êÙáâÝqãâÕfÖðÞ

óGæ$�{êwçGæ²ê�é²ê�£ e&¤ ìfÚÛÞièHê�ç	ó$ÝTãâñfÔ3Óvç	ÞâñôêwÞvÝÌëNÝHáÁæ%ãäå5Ô1Ô�Þâñ%àfêwÞÂñ%ÔNç
L(P,4)

ÚÛãiçfÝqèHÝqãâãÂê�áäÚØÖÛæ�Ý~ßªê�èqÞHò
� Õfávå5ê�ÚÛç*áâÝqãâÕfÖðÞyÚÛãiÞâñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçfé�¥
Ñ j4L^=u;zL�O InH J H J H�P [�K (M,ω) ò�[(áGLÙð§ç<âS[hW�â�Zzå(éGð\[]L�KNãML/å)áUToã VfçzðXW%cÍãbKFê π2(M) = 0 g � ê1[�T
KSê1[Ùè?[[e^�ã§â�K�á�V+á�å�ãSð¢Z {ϕt}, t ∈ [0,∞) ãbTå¡5á&å (M,ω) áUT-WÅá­LîçJT�â�KÊáUT1K c âÙà1Lîê­KSê�áUKÀæ

ç g d(1l, ϕt)→∞ as t→∞ g
è g dLag (graph(1l), graph(ϕt)) = c g

Òºç%î4ê�èqÞHìfÓtÝSèqÔNçfãäÞâáâÕfèÌÞyÞÂñfÝSêwó(Ô3ëNÝTî4ê�å-ÚØÖ´æ
{ϕt}
Ý~ß>àfÖØÚÛèHÚðÞÂÖðæ:¥

k(m@Q�O�[�MFL�InH J H ` H �ÊÔNçfãäÚØ×fÝqáiê�ç�Ô�à(Ýqç*ãâÝÌÞ
B ⊂M

ò � Õfàfà$ÔNãäÝjÞâñôêwÞÊÞâñfÝHáäÝjÝÌß>ÚÛãäÞÂãiê ö�ê�å-ÚØÖðÞâÔNçªÚØê�ç
×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå

h
ãäÕfè½ñ ÞÂñôêÍÞ

h(B) ∩
�ÊÖÛÔNãâÕªáâÝ

(B) = ∅
ò��tæEà$ÝHáÁÞÂÕfáâóªÚØçfé

h
ãäÖØÚÛéNñGÞâÖðæNìOÓtÝ-å5ê3æ

ê�ãäãâÕfå-Ý	ÞâñôêwÞJê�ÖÛÖ{ÞÂñªÝ	õªß>ÝH×�à$ÔNÚØç²ÞÂã-Ôwî
h
ê�áäÝ�çªÔNç>ýº×ªÝHéNÝqçfÝHáâêwÞÂÝwò�ï
ÝqÞ

F (x, t)
ìtÓvñfÝHáäÝ

x ∈ M
ì
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t ∈ [0, 1]
ó$Ývêjö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç�î;ÕfçfèÌÞÂÚÛÔNçÙãâÕfè½ñCÞÂñôêÍÞ

F (x, t) = c0 < 0
î;Ô�á¶êwÖØÖ

x ∈M \B, t ∈ [0, 1]
ò

 �ãäãâÕfå-Ý�ÞÂñôêÍÞ
F (t, x)

ÚÛãvçfÔNáäåJêwÖØÚ3�qÝH×%ãâÕªè~ñ�ÞâñôêwÞvî;ÔNáiÝqëNÝqáäæ
t
ì ∫

M
F (t, ·)ωn = 0

ò
� ÝS×fÝÌõôçfÝSÞâñfÝ
î4ê�å-ÚØÖ´æ

{ϕt}, t ∈ [0,∞)
ó²æ

ϕt = hft
ì8ÓvñfÝqáâÝ

{ft}
ÚÛãSÞÂñfÝ�ö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwçË�ôÔ3Ó©é�ÝHçfÝqáÂêwÞâÝH×§ó²æ

F (t, x)
òÍ �ãiÓÊÝR% ÖÛÖ
ãâÝqÝSó$ÝHÖÛÔDÓ�ìªÞÂñfÝTî4ê�å-ÚØÖ´æ

{ϕt}
ãâêwÞÂÚÛãäõôÝqãvÞâñfÝ�áâÝ��GÕfÚÛáâÝqå5ÝqçGÞâãyÔwî8üiñfÝqÔNáâÝqå c ò a ò a ò

üiñfÝqÔNáâÝqå c ò a ò a ñôêwãvãâÔNå-Ý�èqÔNáâÔ�ÖØÖ÷êwáâÚðÝHã+¥
a òvüiñªÝiÝHåÙó$Ýq×f×fÚØçªéTÔwî(ö­ê�å

(M,ω)
ÚÛç
L
ÚØã8çfÔwÞ¶ÚÛãâÔNå-ÝqÞâáâÚÛè�ìwáâêwÞÂñfÝqáHì�ÞÂñªÝ{ÚØå5ê�éNÝ`Ô�î$ö�ê�å

(M,ω)ÚÛç
L
ÚØãPñfÚÛéNñfÖÛæx×ªÚØãäÞâÔNáäÞâÝH×�ò�üiñfÝ�å-ÚØçªÚØå-ê�ÖÊàôêwÞâñ�ó$ÝqÞºÓÊÝHÝqçrÞºÓÊÔ éNáâê�àfñfã-Ô�îTö­ê�å-ÚØÖðÞâÔNçªÚØê�ç

×ªÚ3�(ÝHÔNå-ÔNáâàªñfÚÛãâå-ã8ÚØç
L
ì²å-ÚØéNñ²Þ]àôêwãâã¶ÞâñfáâÔNÕªéNñPÝ~ßfêwèqÞtïMê�éNáâê�çféNÚØê�çÙãäÕfófå5ê�çfÚðî;ÔNÖØ×ªã/ÓvñfÚØè½ñ-ê�áâÝ

çªÔ�Þ�ÞâñfÝ5éNáÂêwàfñfã�Ô�îiê�ç²æ ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHò��ÊÔ�å5àfê�áâÝPÓvÚÛÞâñ ÞâñfÝ5ãâÚðÞÂÕôêwÞâÚØÔNç
×ªÝHãâèqáâÚÛó$ÝH×¥ÚÛç�£ c_�z¤ ì(ÓvñfÝHáäÝCÚÛÞ­ÓÊê�ãjàfáâÔ3ëNÝHçEÞÂñôêwÞjÚÛç�ÞâñfÝÙè<êwãâÝÙÔ�î`ê�èqÔNå-àôê�èÌÞjåJêwçfÚÛî;ÔNÖð×�ìQÞÂñªÝ
ãäàôê�èqÝ*Ô�îyö­ê�å5ÚÛÖðÞâÔNçfÚØêwç ×fÝqî;Ô�áâå5êwÞÂÚÛÔNçfãSÔ�îiÞÂñfÝ0�HÝHáäÔnãâÝqèqÞâÚØÔNçxÚØçøÞâñfÝ�èqÔ�Þ½êwçféNÝHç²ÞCóªÕfçf×fÖÛÝ�ÚÛã
ÖÛÔ1è<ê�ÖÛÖðæ��QêwÞvÚØç*ÞâñfÝSö­Ô�î;Ýqávå-ÝqÞâáâÚØèwò

b òvüiñªÝ�éNáâÔ�Õfà�Ô�îjö�ê�å-ÚØÖðÞâÔNçªÚØê�ç§×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ãCÔ�îjê èqÖØÔNãäÝH×�ãäæ1å-àfÖØÝqèqÞÂÚÛè%åJê�çªÚÛî;ÔNÖð×§ÓvÚðÞÂñ
π2(M) = 0

ñôêwãyê�ç	ÚØç>õôçfÚÛÞâÝT×ªÚ÷ê�å-ÝqÞâÝHáÊÓvÚÛÞâñ	áäÝHãâà$ÝqèqÞyÞÂÔ-ö­Ô�î;Ýqá�% ãyå-ÝqÞâáâÚÛè�ò
c òyöyÔ�î;ÝHá+% ã�å5ÝÌÞÂáäÚØè

d
Ô�çnö�ê�å

(M,ω) W�çS[îâyTZçJK èqÔNÚØçªèHÚÛ×fÝ�ÓvÚðÞÂñ�ÞÂñfÝ��jÚðÞÂÝHáäó$Ôwý Þºæ1à$Ý å-ÝqÞÂáäÚØèSÔNçö­ê�å
(M,ω)

×fÝÌõôçfÝq×�óGæ � è~ñ²Ó{ê�á �SÚØçÕ£ g�gz¤ ò
 �ãyêCóGæ²ýºàfáäÔ1×fÕfèÌÞ­Ô�î/ÔNÕfáiå5ÝÌÞÂñfÔ1×*ÓÊÝ�ÔNóªÞ½êwÚØç�ÞÂñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçféÙáâÝqãâÕfÖðÞd�4ãäÝHÝ � ÝHèqÞâÚØÔNç c ò c ó$ÝqÖØÔ3Ót¡Ù¥
Ñ j4L^=u;zL�O InH J H3I@H�P [�K (M,ω) ò�[(áGLÙð§ç<âS[hW�â�Zzå(éGð\[]L�KNãML/å)áUToã VfçzðXW%cÍãbKFê π2(M) = 0 g � ê1[�T
KSê1[Ùè?[[e^�ã§â�KSâ�áµT�[Ùð\[Ùå`[�T1K ϕ ãbT (Ham(M,ω), d) c�ê�ãMLîê`L�áUT1TZçJKBò�[ê¶fçzãbT5[hW�KæçCKSê1[/ã~W=[�T1KPãbK±Z�ò�Z�á�å�ãbToãSå)á&ðR=[îç�W=[îâÙãML g
üiñfÝÙõôáâãÁÞ�ÝÌßªê�å-àfÖØÝ Ô�î`ÞâñfÚØã�Ü1ÚÛçf×¥ÔwîtáäÝHãäÕfÖÛÞjÓ{ê�ãTÝqãäÞ½êwófÖØÚÛãâñfÝq×¥óGæEïMê�ÖØÔNçª×fÝCê�çª×!��è<þ­Õ�� £ b&�z¤ î;Ô�á
ÞÂñªÝSèHê�ãâÝ�Ô�î

S2 ò

�G�?> ¹ÄDE'�'%&Á'%&Ð���
�"! #C��$ ���
��'CDE���

ÒºçnÞÂñfÚÛãTãäÝHèqÞâÚØÔNçnÓÊÝCàfáâÔ3ëNÝPüiñfÝqÔNáâÝqå c ò a ò a ò üiñfáäÔNÕféNñªÔNÕªÞTÞÂñfÚÛãTãäÝHèÌÞÂÚØÔ�ç ÖÛÝqÞ
(M,ω)

ó$ÝPê*èqÖØÔNãäÝH×
ãäæ1å-àfÖØÝqèqÞâÚØèJå5ê�çfÚðî;ÔNÖð× ÓvÚðÞÂñ

π2(M) = 0
ò¥ï
ÝÌÞ

{ϕt}, t ∈ [0,∞)
ÞÂñfÝ5î4ê�å5ÚÛÖðæ¥Ô�îyö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãC×fÝÌõôçfÝq×rÚÛç�
8ßªê�å-àfÖØÝ c ò a ò b ò�� Ý	ó$ÝHé�ÚØç�ÓvÚðÞÂñ�ÞÂñfÝ*î;ÔNÖØÖÛÔ3ÓvÚÛçfénÖÛÝHå-åJê�ÓvñªÚØè½ñ



< ,ñ�/x ¬Ê­n­n7t­17 � ½��Ü} 0 ±§ª � ½3�^­:¬M�16 < ×

ãäÞÂêwÞÂÝqã ÞÂñôêÍÞCö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãäå5ã�êwèqÞCê�ã ÚÛãâÔNå-ÝqÞâáâÚÛÝHã�Ô�çøÞÂñfÝJãâàôêwèHÝ
(L, dLag)

ò�üiñfÝ
àfáäÔ1Ô�î8Ôwî/ÞâñfÝ�ÖØÝHå-å5ê î;Ô�ÖØÖÛÔ3ÓvãiÚÛå5å-Ýq×fÚØêwÞâÝHÖðæ-î;áâÔNå ÞâñfÝ�×fÝÌõôçfÚÛÞâÚØÔNçªãHò
¿³LUO�O�QÕInH ` H J H�P [�K Γ : 4× [0, 1]→M ×M ò�[�áUTË[e^^á�L�K P áSR&è áUT=R&ãPáUT]ã§â<çJK½çîé-Z�ãbT L áUT-W)ð\[�K
Φ : M ×M →M ×M ò�[�á�¡5á&å	ãSð�K½çJToãPáUT�W&ã £u[îçzå0çzè"éoê�ã§âÙå g � ê1[�T

length{Γ} = length{Φ ◦ Γ}.

¼ T�é�á&èsKPãMLÙàUðwá&è?f dLag(L1, L2) = dLag(Φ(L1),Φ(L2))
Vfçzèy[�rU[ÙèsZ L1, L2 ∈ L g

~­Ý~ß1Þ<ìNèqÔNçfãäÚØ×fÝqá/ÞâñfÝ`î;ÔNÖØÖÛÔ3ÓvÚÛçféyÝ~ßªê�èqÞ]ÚÛãâÔ�ÞâÔNàGæ�ÔwîfÞÂñfÝÊïMê�éNáâê�çféNÚØê�çSÝqåCó$Ýq×f×fÚÛçféNã
Ψ : 4×[0,∞)→

M ×M, Ψ(x, t) = (x, ϕt(x)).
� ÝP×fÝqçfÔ�ÞâÝPóGæ

Lt = Ψ(4 × {t})
ÞÂñfÝCéNáâê�àfñ¥Ôwî

ϕt = hft
ÚÛç

M ×M
ò¶üiñfÝ�î;Ô�ÖØÖÛÔDÓiÚØçªéCàfáäÔNà$ÔNãäÚÛÞÂÚÛÔNç�ÓvÚÛÖØÖOó$Ý�àfáâÔ3ëNÝH×�ÚÛç � ÝqèqÞÂÚÛÔNç c ò g ó$ÝHÖÛÔDÓ�ò

K ;z=u[Í=GTfEF9<EF=G8 InH ` H ` Hw¾ çzèG[�rU[ÙèsZ t ∈ [0,∞) KFê1[Ùè?[�[e^�ã§âsKFâ)á�¡5á&å�ãSð¢Kæç(T�ãPáµT!ã§â<çJKæçîé�Z {Φs}, s ∈

[0, t] f.çYV M ×M fÍâÙànLîê�KFê�áUK Φs(L0) = Ls
áµTnW)âÙà1Lîê­KSê�áUK-Vfçzèy[�rU[Ùè�Z s f Φs(4) = 4 g

ö­ÝqçfèHÝwì²ÚðÞmî;ÔNÖÛÖØÔ3Óvã
î;áâÔNå í¶áâÔNà$ÔNãäÚÛÞâÚØÔNç c ò b ò b ê�çf×Ùï
ÝHå-å5ê c ò b ò a ìÍÞÂñôêÍÞ/ÞÂñfÝ`î4ê�å-ÚØÖ´æ
{ϕt}, t ∈ [0,∞)ãÂêÍÞÂÚØãÁõôÝHãiÞÂñfÝ�ãäÝHèqÔNçf×�èHÔNçªèHÖØÕªãâÚØÔ�ç	Ôwî8üiñfÝqÔNáâÝqå c ò a ò a ÓvÚðÞÂñ%èHÔNçªãäÞ½êwçGÞ

c = dLag(4, L0)
ò

ï
ÝqÞ�Õfã�çfÔ3Ó"ëNÝHáâÚðî}ænÞÂñªÝ-õôáâãÁÞ ãäÞÂêwÞÂÝqå5ÝqçGÞ�Ô�î{üiñfÝqÔNáâÝqå c ò a ò a òÅ�QÔ�á�ÞâñfÚØãSàªÕfáâà$ÔNãäÝ5ÓtÝ-ÓvÚØÖØÖ]ÕfãâÝJê
ÞÂñªÝHÔNáäÝHå"ó²æ � è½ñ²Ó{ê�á���£ g&gz¤ ãäÞÂêwÞÂÝq×-ó$ÝHÖÛÔDÓ�ò��8ÚØáäãäÞHì²áäÝHèHê�ÖØÖ>ÞÂñfÝi×fÝqõôçªÚÛÞÂÚÛÔNçfã]Ô�î$ÞÂñfÝvê�èqÞâÚØÔNçÙî;ÕfçfèÌÞÂÚÛÔNçôê�Ö
ê�çf×�ÞÂñªÝ�ê�èÌÞÂÚÛÔNç�ãâà$ÝqèqÞÂáäÕfå	ò �ÊÔNçfãäÚØ×fÝqávêÙèqÖØÔNãäÝH×*ãäæ1å-àfÖØÝqèqÞÂÚÛèjå5ê�çfÚðî;ÔNÖð×

(M,ω)
ÓvÚÛÞâñ

π2(M) = 0
ò

ï
ÝqÞ
{ft}
ó$Ýjê ö­ê�å-ÚØÖðÞâÔNçªÚØê�ç-àfêwÞÂñJéNÝqçfÝHáâêwÞÂÝq×*ó²æ5ê ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwçPî;ÕfçfèqÞâÚØÔNç

F : [0, 1]×M → R
ò

� Ý¥×fÝHçfÔwÞÂÝ¥óGæ
Fix◦(f1)

ÞâñfÝ¥ãâÝÌÞ�Ôwî�õªß>Ýq×uà(Ô�ÚØç²ÞÂãHì
x
ì­Ô�î�ÞâñfÝnÞÂÚÛå5Ý~ý a ý å5ê�à

f1

ÓvñfÔNãäÝ ÔNáâóªÚÛÞÂã
γ = {ft(x)}, t ∈ [0, 1]

ê�áâÝCèHÔNç²ÞÂáâê�èqÞâÚØófÖÛÝ�ò��ôÔNá
x ∈ Fix◦(f1)

ì
ÞÂê�Ü�Ý-ê�çGæ b ýº×fÚÛãâè
Σ ⊂ M

ÓvÚðÞÂñ
∂Σ = γ

ìQê�çª×	×fÝqõôçªÝ�ÞÂñfÝ�ãäæ1å-àfÖØÝqèqÞâÚØè�ê�èÌÞÂÚØÔ�ç*î;ÕfçfèÌÞÂÚØÔ�çôê�Ö�ó²æ
A(F, x) =

∫

Σ

ω −

∫ 1

0

F (t, ft(x))dt.

üiñfÝSêwãâãâÕªå5àªÞâÚØÔNç
π2(M) = 0

ÝHçªãâÕfáäÝHãvÞÂñfêwÞiÞâñfÝTÚØç²ÞÂÝHé�áÂê�Ö ∫
Σ
ω
×fÔ1ÝHãvçªÔ�Þv×ªÝHà$ÝHçª×�ÔNç*ÞÂñªÝTè~ñfÔ�ÚØèHÝ

Ô�î
Σ
ò

¤ÅL�O�Q�;¦¥ InH ` H3InH­ÒºçxÞÂñªÝ�è<ê�ãäÝ*Ô�îyê�èHÖØÔ�ãâÝH×§ãÁæ1å5àfÖÛÝHèÌÞÂÚÛè�å5ê�çfÚðî;ÔNÖð× ÓvÚðÞÂñ
π2(M) = 0

ìoê�áâÝHãäÕfÖÛÞ
óGæ � è½ñGÓ{êwá��Ò£ g�g>¤ ì8ÚØå-àfÖÛÚðÝHã�ÞâñôêwÞ�î;ÔNá�êEö­ê�å-ÚØÖðÞâÔNçªÚØê�ç àôêwÞâñ

{ft}
ÓvÚðÞÂñ

f1 6= 1l
ÞÂñªÝHáâÝJÝ~ß>ÚØãäÞ�ÞAÓtÔ

õªß>ÝH×�à$ÔNÚÛçGÞâã
x
ì
y ∈ Fix◦(f1)

ÓvÚÛÞÂñ
A(F, x) 6= A(F, y)

ò���Ô�áâÝHÔ3ëNÝHáqìtÞÂñªÝ�êwèqÞÂÚÛÔNç§î;ÕfçªèqÞÂÚÛÔNçôêwÖ
×fÔ1ÝqãvçfÔ�Þv×fÝqà$ÝHçf×�Ô�ç%ÞâñfÝ�è½ñfÔ�ÚØèHÝTÔ�îmÞâñfÝSö­ê�å-ÚØÖðÞâÔNçªÚØê�ç�àôêÍÞÂñ%éNÝHçªÝHáÂêÍÞÂÚØçªé

f1

ò¶üiñfÝHáäÝqî;ÔNáäÝ�ìfÓÊÝ�èHê�ç
ãâà$ÝHê�Ü ê�ó$Ô�ÕªÞ�ÞÂñªÝ�êwèqÞÂÚÛÔNç Ô�îiê	õªß>ÝH×xà$ÔNÚØç²Þ�Ô�îiê�ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×fÚ3�(ÝqÔNå5Ô�áâàfñfÚÛãâå	ìMáâÝqé²ê�áä×fÖØÝqãâã�Ô�î
ÞÂñªÝ�ö­ê�å-ÚØÖðÞâÔNçªÚØê�çJî;ÕfçfèqÞâÚØÔNç%ÕfãäÝH×	ÞÂÔP×fÝÌõôçfÝSÚÛÞHò



<u1 �utwvyx
�)��zÄ<¯,év �t� } x-vyz © ����� ��³´t5��³��{z � � } �B��z © �.�

ú$L_û�8BEF9>EF=G8ÇInH ` Hñ�BH�¾ çzèy[�á=Lîê f ãbT Ham(M,ω) c°[%W=[���T5[CKSê1[dá=L�KNãÊçJT]âæé1[]L�KPèÙà�å
Σf = {A(f, x) | x ∈ Fix◦(f)} ⊂ R.

üiñfÝ�êwèqÞÂÚÛÔNç%ãäà$ÝHèÌÞÂáâÕfå
Σf

ÚÛãvêPèqÔNå5àfê�èqÞvãâÕªófãâÝÌÞ�Ô�î
R
�4ãâÝqÝSÝ�ò éfò4£ g�g>¤ ì@£ bReR¤ ¡Ìò

Ñ j4L^=u;zL�O I@H ` HÆÅnH £ g&gz¤ g P [�K (M,ω) ò�[�áÃLÙð§ç<âS[hWÒâsZRå(éGð\[]L�KPãML$å)áUToã VfçzðXW�cÍãbKSê π2(M) = 0 g� ê1[�T�f1Vfçzèy[�rU[Ùè�Z f ãbT ö�ê�å (M,ω)

d(1l, f) ≥ min Σf .

~­Ý~ß1Þ<ìjèHÔ�çfãâÚÛ×fÝHá*ÞâñfÝnî4ê�å-ÚØÖ´æ
{ϕt} = {hft}, t ∈ [0,∞)

ò ~yÔ�ÞÂÝnÞâñôêwÞ
Fix◦(h) = Fix◦(ϕt)î;ÔNáSÝÌëNÝHáÁæ

t
ò*üiñfÝ5î;Ô�ÖØÖÛÔ3ÓvÚÛçfé%àfáâÔNà$Ô�ãâÚÛÞâÚØÔNç¥ãâñfÔ3Óvã�ÞÂñôêÍÞSÞÂñfÝJê�èÌÞÂÚÛÔNç ãäà$ÝHèÌÞÂáâÕfå)Ô�î

ϕt
ÚÛã�ê	ÖØÚÛçfÝ<ê�á

ÞÂáâê�çfãäÖ÷êwÞâÚØÔNç�Ô�î/ÞâñfÝSê�èqÞâÚØÔ�ç%ãâà$ÝHèÌÞÂáäÕfå�Ô�î
h
ò¶Ò ÞÂãvàfáâÔ1Ôwî8ÚÛãvèHê�áâáäÚØÝq×	Ô�ÕªÞyÚÛç � ÝHèÌÞÂÚÛÔNç c ò e ò

K ;z=u[Í=GTfEF9<EF=G8 InH ` H { Hy¾ çzèË[�rU[Ùè�Z t ∈ [0,∞) fÅáUT-W
VfçzèÂ[�rU[ÙèsZ��¯^�[hWléuçzãbT1K z ∈ Fix◦(ϕt) =

Fix◦(h) f
A(ϕt, z) = A(h, z)− tc0

c�ê1[Ùè?[ c0 ã§âCKFê1[CT5[ÀR_áUKPãbrU[�jeLîçJT�â�KÊáUT1KÌkdrzá&ð àn[CKFê�áUK F áUK~K"á&ãbT�âVçJT M \B jNâS[][uëE^^á&å(éGð\[�ì g ç g è k g
� Ý	êwáâÝ*çfÔ3ÓûÚÛç�ênà$ÔNãäÚÛÞÂÚÛÔNçøÞÂÔnèHÔNå-àfÖÛÝqÞÂÝJÞâñfÝ*àfáâÔ1Ôwî­Ô�îyüiñfÝHÔ�áâÝHå c ò a ò a ò Òºçf×fÝqÝH×�ì`ÞâñfÝ%ê�èqÞâÚØÔNç
ãâà$ÝqèqÞâáâÕfåûÚØã{êÙèHÔNå-àôêwèqÞiãäÕfófãäÝqÞyÔ�î

R
ìªñfÝqçfèHÝTÚÛÞâã{å-ÚØçªÚØå Õfå�ÚØãtõôçfÚÛÞâÝ�ò³�`æ�àªáâÔNà$ÔNãäÚÛÞâÚØÔNç c ò b ò | ÞâñfÝ

å-ÚØçfÚÛå Õfå©Ô�î
Σϕt

ÞÂÝqçf×fãvÞâÔ-ÚÛçªõôçfÚðÞAæ�ê�ã
t→∞

ò¶üiñ1Õfãqì
d(1l, ϕt)→∞ as t→∞

ê�ãiî;Ô�ÖØÖÛÔDÓvãÊî;áâÔ�åûüiñfÝHÔ�áâÝHå c ò b ò g ò¶ü{ñfÚØãvèqÔNå-àfÖØÝÌÞÂÝHã{ÞÂñªÝSàªáâÔ1Ô�î/Ô�î/üiñfÝHÔNáäÝHå c ò a ò a ò
¤

�G�e� �|�o'G)
��+:���o+Ó��$"��#��
(M,ω)

#%$�)�¹ÄDE'�'%&G'�&
�Ñ�
��'�DO��� �`���%���`�

Òºç*ÞâñfÚØã{ãäÝHèÌÞÂÚØÔ�ç*ÓÊÝT×fÝqãâèHáäÚØó$ÝTÔNÕfá{áäÝHãäÕfÖÛÞvê�ó$ÔNÕ>ÞiéNÝHÔ1×fÝqãâÚÛèHãiÚØçJÞÂñfÝTé�áâÔNÕfà*Ô�î/ö­ê�å-ÚØÖðÞâÔNçfÚÛê�çJ×fÚw�OÝqÔwý
å-ÔNáâàfñªÚØãâå-ãjÝHçf×ªÔDÓÊÝq× ÓvÚÛÞâñ¥ÞÂñªÝ5öyÔ�î;ÝHáTå5ÝÌÞÂáâÚÛè

d
ò	� ÝPáâÝqî;ÝqáTÞÂñfÝPáâÝHê�×fÝHáTÞÂÔÕ£ �>¤ ì³£ b&}z¤ ìÍ£ b&�z¤ ì/ê�çª×

£ e_}R¤ î;ÔNá{î;ÕfáÁÞÂñfÝqáv×fÝqÞÂê�ÚØÖÛãiÔ�ç%ÞÂñªÚØãiãâÕfó��äÝqèqÞ<ò
ï
ÝqÞ

γ = {φt}, t ∈ [0, 1]
ó(ÝÙêJãâå-Ô1Ô�ÞâñEáäÝHéNÕªÖ÷ê�á­àfêwÞÂñEÚØçEö­ê�å

(M,ω)
ì(ÚVò Ýwò d

dt
φt 6= 0

î;ÔNá­ÝqëNÝHáÁæ
t ∈ [0, 1]

ò¶üiñfÝ�àôêÍÞÂñ
γ
ÚØãtèHê�ÖØÖÛÝH×Jê å�ãbToãSå)á&ð�R=[îç�W=[îâÙãML Úðî
ÚðÞtå5ÚÛçfÚÛå-Úw�HÝqã`ÞâñfÝ�×fÚÛãäÞÂê�çfèHÝ­ó$ÝqÞºÓÊÝqÝHç%ÚðÞÂãÝHçª×>ýºà$ÔNÚÛçGÞâã�¥

ÖÛÝHçféwÞÂñ
(γ) = d(φ0, φ1).



< , ¨ x ¬Ê­n­n7t­17 x ¬"­:í:­n;>±²«f±²­@ª < ,ñ� ,wÖ , < ö

üiñfÝJéNáâê�àfñøÔ�îvê�ö­ê�å5ÚÛÖðÞâÔNçfÚØêwç àôêwÞâñ
γ = {φt}

ÚØã�ÞÂñfÝ-î4ê�å-ÚØÖ´ænÔ�îiÝHåÙó$Ýq×f×fÝq×§ÚØå5ê�éNÝqãSÔ�î
M
ÚÛç

M ×M
×fÝÌõôçfÝH×�ó²æ�ÞÂñªÝ�åJêwà

Γ : M × [0, 1]→M ×M, (x, t) 7→ (x, φt(x))
ò³~­Ý~ß1Þ<ìôèHÔNçªãâÚØ×ªÝHá

ÞÂñªÝ-î4ê�å-ÚÛÖðæ
{ϕt}, t ∈ [0,∞)

ÞâñôêwÞSÓÊê�ã�èqÔNçfãäÞâáâÕfèÌÞÂÝq×xÚØç!
8ßªê�å5àªÖØÝ c ò a ò b ò�� Ý-ÓvÚÛÖØÖ]ãâñªÔDÓ"ÞÂñfêwÞ
ÞÂñªÝHáâÝ�ÝÌß>ÚÛãäÞÂãvçfÔ-å-ÚØçfÚÛå-ê�Ö(éNÝqÔ1×fÝHãäÚØè��äÔNÚÛçfÚØçªéÙÞâñfÝ�ÚØ×fÝqçGÞâÚÛÞºæ*êwçf×

ϕt0
ìfî;Ô�áiãâÔNå-Ý

t0
ò

K ;z=n=ur�=ur Ñ j4L^=u;zL�O InH J H3InÏ� ­ãâãâÕfå-Ý¢�4ó²æøèqÔNçGÞâáÂê�×fÚÛèqÞâÚØÔNço¡TÞâñôêwÞ î;ÔNá�ÝqëNÝqáäæ
t
ì8ÞÂñfÝqáâÝ�ÝÌß>ÚÛãäÞÂãCê

å-ÚØçfÚÛå-ê�ÖGéNÝHÔ1×fÝqãâÚÛèiÚÛçCö�ê�å
(M,ω)

�äÔNÚÛçfÚØçªé­ÞÂñfÝ{ÚÛ×fÝHç²ÞÂÚÛÞºæ�ÓvÚÛÞÂñ
ϕt
ò��8Ú´ß

t0 ∈ [0,∞)
ò8üiñfÝHáäÝvÝ~ßªÚÛãäÞâã

ê-ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç�àôêwÞÂñ
α = {gs}, s ∈ [0, 1]

ÚØç	ö�êwå
(M,ω)

ãâÕfè½ñ	ÞÂñôêÍÞ
dt0 := d(1l, ϕt0) = length(α).


8ß>àfáâÝqãâãâÝH×rÚÛç�ïMê�é�áÂê�çfé�Ú÷ê�ç§ãâÕfóªåJêwçfÚÛî;ÔNÖÛ×fã ÞÂÝqáâå-ãHì
Ψ = {graph(gs)}, s ∈ [0, 1]

ÚÛã-ê�çùÝ~ßfêwèqÞ
àôêwÞâñJÚØç

M ×M
�äÔNÚÛçfÚØçféTÞÂñªÝ�×fÚØê�éNÔ�çôê�ÖfÓvÚÛÞâñ

graph(ϕt0)
òÍ�tæ5íoáäÔNà$ÔNãäÚÛÞÂÚÛÔNç c ò b ò b ìGÞÂñfÝqáâÝ�Ý~ß>ÚØãÁÞÂã{ê

ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçSÚÛãâÔ�ÞâÔNàGæ
Φ
ãâÕfè½ñ ÞÂñfêwÞmî;ÔNámÝÌëNÝHáäæ

t
ì
Φt(graph(ϕt0)) = graph(ϕt)

ì�ê�çf×
Φt(4) = 4

ò
� Ýjè½ñfÔ1ÔNãâÝ

t1
ÞâÔÙó$ÝjãâÕU25èqÚØÝqçGÞÂÖðæ5èHÖÛÔNãâÝ­ÞÂÔ

t0
ãäÔPêwãÊÞâÔÙÝHçfãäÕfáâÝjÞâñôêwÞ

{Φt1(graph(gs))}, s ∈ [0, 1]ÚØãyÞÂñfÝ éNáâê�àfñEÔ�îoãäÔNå5Ý ö�ê�å-ÚØÖðÞâÔNçªÚØê�ç�àôêÍÞÂñ
γ
ÚÛçnö­ê�å

(M,ω)
ò�Òºçf×fÝqÝH×Oì�ÞÂñªÚØã�èHê�çnó$Ý ×fÔNçfÝ ãâÚÛçfèHÝ

ÚÛÞ î;ÔNÖØÖÛÔ3Óvã î;áâÔNå�ÞÂñªÝ%àfáäÔ1Ô�î­Ô�î�í¶áäÔNà$ÔNãâÚðÞÂÚÛÔNç c ò b ò b ì¶ÞÂñfêwÞCÞÂñfÝ%ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçx×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå
ΦÚØã

C1 ýºèqÖØÔNãäÝ�ÞÂÔøÞÂñªÝEÚØ×fÝqçGÞâÚÛÞºæ�ÚÛçÐêøãâå5ê�ÖÛÖyçfÝHÚÛéNñGó$ÔNáâñfÔ1Ô1×rÔwî graph(ϕt0)
ò ��ÔNáäÝHÔ3ëNÝHáqì­ÕfãäÚØçfé§ê

èHÔ�å5àôêwèqÞâçfÝHãäã-ê�áäéNÕfå-ÝHç²Þ<ì]ÓÊÝ*èHê�ç�è½ñfÔ1ÔNãäÝ%ê�õôçfÚÛÞâÝ�ç1ÕªåCó$ÝqáÙÔ�îyà$ÔNÚÛçGÞÂã
S = {s1 < . . . < sn}ÚØç

[0, 1]
ìTê�çf×uáâÝqà$Ý<êwÞ	ÞÂñfÝ èqÔNçfãäÞâáâÕfèÌÞÂÚÛÔNçuÔ�î

Φ
ÚØçuêùãäåJê�ÖÛÖjçfÝHÚÛéNñGó$ÔNáâñfÔ1Ô1×dÔ�î

graph(gsi
)
î;Ô�á

i = 1, . . . , n
òoüiñfÝqç�ìQó²æ*ãâå-Ô1Ô�ÞÂñªÖÛæJàôêÍÞÂè½ñfÚØçféCÞâÔNéNÝÌÞÂñfÝqáiÞÂñfÔ�ãâÝSö�ê�å-ÚØÖ´ÞÂÔNçªÚØê�ç`�ôÔ3ÓvãHìfÓÊÝSèqÔNçfèqÖØÕf×fÝ

ÞÂñfêwÞoî;ÔNáoÝqëNÝqáäæ
s ∈ [0, 1]

ì
Φt1(graph(gs))

ÚØã¶ÞâñfÝyéNáÂêwàfñ5Ôwî�ãäÔNå5Ýyö­ê�å5ÚÛÖðÞâÔNçfÚØêwçP×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå	ò
~­Ý~ß1Þ<ìôÓtÝSèqÖ÷ê�ÚÛå©ÞÂñªÝTî;ÔNÖØÖÛÔ3ÓvÚÛçfé

dt1 ≤ length(γ) = length{graph(γ)} = length{graph(α)} = length{α} = dt0 .Òºçf×fÝqÝH×�ìGê­ãäÞâáÂê�ÚÛéNñ²Þâî;ÔNáäÓÊê�áâ×�èqÔNå5àªÕªÞ½êwÞâÚØÔNç�æ>ÚÛÝHÖÛ×fãmÞÂñôêÍÞ8ÞâñfÝÊÝHåÙó$ÝH×ª×fÚØçfé
f 7→ graph(f)

àfáäÝHãäÝHáäëNÝqã
ö­Ôwî;ÝHá�% ãjÖØÝqçfé�Þâñ�ì�ê�çf×�î;áâÔNå ï
Ýqå5å5ê c ò b ò a ì

length{graph(α)} = length{graph(γ)}
ò�� ÝÙñôê3ëNÝ

ãâñªÔDÓvç	ÞÂñôêwÞiî;ÔNáiÝqëNÝqáäæ
t0
ÞÂñfÝqáâÝSÝ~ßªÚÛãäÞâã

ε > 0
ãâÕfè½ñ�ÞâñôêwÞyÚðî

|t− t0| ≤ ε
ÞâñfÝHç

dt ≤ dt0
ò � ÚØçªèHÝ

dtÚØãyê-èqÔNçGÞâÚØçGÕfÔNÕfãvî;ÕfçªèqÞÂÚÛÔNç�ìfÓÊÝ�èqÔNçfèqÖØÕf×fÝ�ÞÂñôêÍÞ
dt
ÚÛã­êPèHÔNçfãÁÞ½ê�ç²Þ­î;ÕªçfèqÞâÚØÔNç�ò � ç	ÞâñfÝ�ÔwÞÂñfÝqáyñôê�çf×�ì

óGæ*üiñªÝHÔNáäÝHå c ò a ò a ì
dt = d(1l, ϕt)→∞

ê�ã
t→∞

ò`öyÝHçfèqÝ�ÞÂñfÝqáâÝ�ÚØãvêPèqÔNçGÞâáÂê�×fÚÛèqÞâÚØÔNçOò

�G��� ¹ÄDE'�'%&Á'%&Q¹ÄDE'���'y+:�s�¯��'y$ �G�?>��e×G�

� Ý�ÚØç²ëNÝHãÁÞÂÚÛé²êwÞÂÝTÞÂñªÝ�ÝÌß>àfáäÝHãäãâÚØÔNç
A(ϕt, z)

î;ÔNáyãäÔNå-Ý�õªß>ÝH×
t
ò � ÚØçfèqÝSÞâñfÝ êwèqÞÂÚÛÔNç%î;ÕfçfèÌÞÂÚØÔ�çôê�Ö
×fÔ1Ýqã

çfÔ�Þ ×fÝHà$Ýqçf×�Ô�çøÞÂñfÝJè½ñfÔNÚÛèHÝJÔ�î{ÞÂñfÝ�ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç àôêwÞâñxéNÝHçªÝHáÂêÍÞÂÚØçªé�ÞâñfÝ5ÞÂÚÛå5Ý~ý a ý å-ê�ài�4ãâÝqÝ*ÿyÝ~ý



¨ þ �utwvyx
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å5ê�áâÜ c ò b ò c ¡ÌìªÓÊÝ�èHÔNçªãâÚØ×ªÝHáiÞÂñªÝ�î;Ô�ÖØÖÛÔ3ÓvÚÛçféCàfêwÞÂñ	éNÝqçfÝqáÂêwÞâÚØçfé
ϕt
ò

γ(s) =

{
f2st , s ∈

£ � ì 1
2

¤
h2s−1ft , s ∈

� 1
2

ì a+¤ ò
~­ÔwÞÂÝTÞÂñôêwÞvãâÚØçªèHÝ

h(B) ∩ B = ∅
êwçf×

ft
ÚÛãvãäÕfàfà$ÔNáÁÞÂÝH×�ÚØç

B
ìôÞâñfÝHç	î;ÔNá

z ∈
�
ix◦(ϕt) =

�
ix◦(h)ÞÂñªÝCàôêÍÞÂñ

{γs(z)}, s ∈ [0, 1]
èHÔ�ÚØçfèqÚØ×fÝqã�ÓvÚÛÞâñEÞÂñªÝCàôêÍÞÂñ

{hs(z)}, s ∈ [0, 1]
òSþ�ÝqçfÔ�ÞÂÝCó²æ

α
ÞâñfÝ

ÖØÔ1Ô�à
{γs(z)}, s ∈ [0, 1]

êwçf×ÙÖØÝÌÞ
Σ
ó$Ý{ê�çGæ b ýº×ªÚØãâèoÓvÚÛÞâñ

∂Σ = α
ò/üiñfÝ{×fÝÌÞ½êwÚØÖØãmÔ�îfÞÂñªÝÊè<ê�ÖÛèHÕfÖØêwÞÂÚÛÔ�ç

Ô�î
A(ϕt, z)

ê�áäÝSê�ãiî;Ô�ÖØÖÛÔDÓvã+¥
A(ϕt, z) =

∫

Σ

ω −

∫ 1

0

tF (s, z)ds−

∫ 1

0

H(s, hs(z))ds,

ÓvñfÝqáâÝ
F
ê�çª×

H
ê�áâÝ�ÞâñfÝnö­ê�å5ÚÛÖðÞâÔNçfÚÛê�çùî;ÕfçfèÌÞÂÚÛÔNçfãJéNÝqçfÝHáâêwÞÂÚÛçfé

{ht}
êwçf×
{ft}
áäÝHãâà$ÝqèqÞâÚÛëNÝqÖÛæNò

ÿvÝHè<êwÖØÖOÞâñôêwÞvóGæ*×fÝÌõôçfÚðÞÂÚØÔ�ç�ì
F
ÚØãiÝ��GÕôêwÖ
ÞÂÔ-êCèHÔNçfãÁÞ½ê�ç²Þ

c0
ÚØç
M \B

òoüiñfÚÛãvÚØå-àfÖÛÚðÝHãÊÞÂñôêÍÞ
A(ϕt, z) =

∫

Σ

ω −

∫ 1

0

H(s, hs(z))ds− tc0.

üiñfÝSáäÚØéNñ²Þiñôê�çf×	ãâÚÛ×fÝ�ÚÛãiÝÌßªê�èÌÞÂÖÛæ
A(h, z)− tc0

òoö­ÝqçfèHÝwìôÞÂñfÝ�àfáäÔ1Ô�î8ÚÛãièHÔNå-àfÖÛÝqÞÂÝwò

�G�?Ö ÎÁÏ`� ��$�)
��$
B �¯���º��#�� ���s� 'y$
��#%$ ¬-+:'�� '����

Òºç5ÞÂñfÚÛã`ãâÝHèÌÞÂÚÛÔNç5ÓÊÝ­àfáâÔ3ëNÝjí¶áäÔNà$ÔNãâÚðÞÂÚÛÔNç c ò b ò b ò¶ï
ÝqÞÊÕªãtõôáäãäÞÊáâÝqè<ê�ÖÛÖQãâÔ�å5ÝyáâÝqÖØÝqëÍê�çGÞtçfÔ�Þ½êÍÞÂÚØÔ�çfãHò]ï
ÝqÞ
{ϕt}, t ∈ [0,∞)

ÞÂñªÝ�î4ê�å-ÚØÖ´æ Ô�î­ö�ê�å-ÚØÖðÞâÔNçªÚØê�çø×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ã ×fÝÌõôçfÝq×�ÚÛç�
8ßªê�å-àfÖØÝ c ò a ò b ò
�ÊÔNçfãäÚØ×fÝqájÞâñfÝ î;ÔNÖØÖÛÔ3ÓvÚÛçféJÝ~ßfêwèqÞ�ÚØãäÔ�ÞÂÔ�àGæ�Ô�îtïMê�é�áÂê�çfé�Ú÷ê�ç�ÝqåCó$Ýq×f×fÚÛçféNã

Ψ : 4× [0,∞) → M ×

M, Ψ(x, t) = (x, ϕt(x)).
� Ý ×ªÝHçfÔ�ÞâÝ ó²æ

Lt = Ψ(4 × {t})
ÞÂñfÝ¥éNáâê�àfñdÔwî

ϕt = hft
ÚÛç

M ×M
ìªêwçf×�óGæ

4
ÞâñfÝ�×fÚØê�éNÔNçôêwÖQÚØç

M ×M
ò¶Ò Þtî;ÔNÖÛÖØÔ3Óvãoî;áâÔNå"ÞÂñfÝ�èqÔNçfãäÞâáâÕfèÌÞÂÚØÔ�ç�Ô�î�ÞÂñfÝ­î4êwå5ÚÛÖðæ

{ϕt}
ì�ÞÂñôêwÞTî;ÔNájÝqëNÝqáäæ

t
ì
Fix(ϕt) = Fix(h)

òPöyÝHçªèHÝ�ì
Lt
ÚÛçGÞÂÝqáâãäÝHèqÞâã�ÞâñfÝP×fÚ÷êwéNÔNçôêwÖ]êwÞTÞâñfÝPãÂê�å-Ý

ãâÝÌÞÙÔwîià$Ô�ÚØçGÞâã�î;ÔNáSÝÌëNÝHáäæ
t
ò���Ô�áâÝHÔ3ëNÝHáqì8ÓtÝ�ê�ãäãâÕfå-ÝH× ÞÂñfêwÞÙêwÖØÖ]ÞÂñªÝ-õªß>ÝH×xà$ÔNÚÛçGÞâã�Ôwî

h
ê�áäÝ5çªÔNç>ý

×fÝqéNÝHçfÝqáÂêÍÞÂÝ�ì>ÞÂñfÝqáâÝqî;Ô�áâÝ­î;ÔNátÝqëNÝqáäæ
t
ì
Lt
ÞâáÂê�çªãäëNÝHáäãâÝqÖÛæJÚÛçGÞÂÝqáâãäÝHèqÞÊÞÂñªÝj×ªÚ÷ê�é�ÔNçôê�ÖVò/Òºç�ÔNáâ×fÝqátÞÂÔ àfáäÔDëNÝ

í¶áâÔNà$Ô�ãâÚÛÞâÚØÔNç c ò b ò b ìªÓtÝ�õôáâãÁÞyçfÝHÝq×	ÞÂñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçféÙÖØÝqå5å5ê>ò
¿³LUO�O�Q InHÆÅnH J H�P [�K x, y ∈ Fix◦(ϕt) = Fix◦(h) fVã g [ g f�ãbT3KY[Ùè*âS[]L�KNãÊçJT!éoçzãbT1KFâÒçYV�KFê1[CV+á&å�ãSð¢Z
{Lt}

áUT-WËKSê1[IW&ãPáSR�ç(Tuá�ð ãbT M × M g � áJîi[�á¢âÙå0ç<çJKSê/LÙàUèsrU[ α : [0, 1] → M cÍãbKSê α(0) =

x áUT-W α(1) = y áUT-W¦ð\[�K Σ : [0, 1] × [0, 1] → M, Σ(t, s) = ϕt(α(s)) ò�[Òá è ä�W&ã§âSLIcÍãbKSê
∂Σ([0, t]×[0, 1]) = ϕtα−ϕ0α = ϕtα−hα g � ê1[�T�KSê1[
â�ZRå(éGð\[]L�KPãMLÈá&è][�á�çYV Σt = Σ([0, t]×[0, 1])rzáUToã§âîê1[îâ_Vfçzè�á&ðSð t g
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K ;z=n=ur*ÏÈ�tæ%êP×ªÚØáâÝqèqÞvèHÔ�å5àfÕ>Þ½êwÞâÚØÔNç*Ô�îmÞÂñfÝ�ãÁæ>å-àfÖÛÝHèÌÞÂÚØè�ê�áäÝ<êCÔ�î
Σt

ìªÓÊÝSÔ�óªÞ½ê�ÚÛç*ÞâñôêwÞ
∫

Σt

ω =

∫

[0,t]×[0,1]

Σ∗
tω = −

∫ t

0

dt

∫ 1

0

dF̂t(
∂

∂s
ϕtα(s)) ds =

∫ t

0

F̂t(ϕt(x))dt−

∫ t

0

F̂t(ϕt(y))dt,

ÓvñfÝqáâÝ
F̂
ÚØãoÞâñfÝ�ö�ê�å-ÚØÖ´ÞÂÔNçªÚØê�çCî;ÕfçfèqÞâÚØÔ�çJéNÝqçfÝqáÂêwÞâÚØçféSÞÂñªÝ��ôÔDÓ

{ϕt}
ò� uãäÞâáÂê�ÚÛéNñGÞäî;ÔNáäÓÊê�áâ×-èHÔNå-àfÕ>ý

Þ½êÍÞÂÚØÔ�ç�ãâñfÔ3ÓvãjÞÂñfêwÞ
F̂ (t, x) = F (t, h−1x)

ì(ÓvñfÝHáäÝ
F
ÚÛã­ÞÂñfÝÙö�ê�å-ÚØÖðÞâÔNçªÚØê�ç	î;ÕfçfèÌÞÂÚÛÔNçEéNÝqçfÝHáâêwÞÂÚÛçfé

ÞÂñªÝI�ôÔ3Ó
{ft}
òdÿvÝHèHê�ÖØÖiÞâñôêwÞJó²æù×fÝqõôçªÚÛÞÂÚÛÔNç�ì

F (x, t)
ÚÛã5Ý+�1Õfê�ÖyÞÂÔøê èHÔ�çfãäÞÂê�çGÞ

c0
ÔNÕ>ÞÂãâÚÛ×fÝ	ÞÂñªÝ

óôê�ÖÛÖ
B
òÕ��ÔNáâÝqÔDëNÝqáHìoãäÚØçfèqÝ

x
ì
y ∈ Fix◦(h)

êwçf×
h(B) ∩ B = ∅

ì8ÞÂñfÝqç
x, y /∈

��ò8üiñªÝHáâÝÌî;ÔNáäÝ�ì
F̂t(ϕt(x)) = F̂t(ϕt(y)) = c0

î;Ô�á`ÝqëNÝqáäæ
t
ò]üiñ1Õfãqì>ÓÊÝ­èHÔ�çfèHÖÛÕf×fÝyÞÂñfêwÞ`î;ÔNá`ÝÌëNÝHáäæ

t
ìGÞâñfÝ­ãäæ1å-àfÖØÝqèqÞÂÚÛè

ê�áäÝ<êPÔwî
Σt

ëwêwçfÚØãäñfÝHã­êwãváâÝ+�1ÕªÚØáâÝq×�ò
K ;z=n=urd=Gr K ;>=G[Í=GTfES9>EF=G8 InH ` H ` Ï�� ÝJãäñôê�ÖØÖoàfáäÔ1èHÝqÝH×§ê�ÖØÔ�çfé	ÞâñfÝ-î;ÔNÖØÖÛÔ3ÓvÚÛçfé	ÖÛÚØçfÝqãHò��tæ¥ÞÂñªÝ�ïMêÍý
éNáâê�çféNÚØê�çCÞÂÕfófÕªÖ÷ê�á¶çfÝHÚÛéNñ1ó$ÔNáäñfÔ1Ô1×PÞÂñfÝqÔNáâÝqåô�;ãâÝqÝd£ g&}z¤ ¡ÌìGÞâñfÝHáäÝ­Ý~ßªÚÛãäÞâãÊêSãÁæ>å-àfÖÛÝHèÌÞÂÚØèvÚØ×ªÝHç²ÞÂÚÛõfè<êwÞâÚØÔNç
ó$ÝqÞºÓÊÝqÝHç ê�ãäåJê�ÖÛÖMÞÂÕfóªÕfÖ÷ê�á�çªÝHÚÛéNñ1ó$ÔNáäñfÔ1Ô1×

Us
Ô�î
Ls
ÚÛç
M ×M

ê�çª× ê5ÞÂÕfófÕªÖ÷ê�á�çªÝHÚØé�ñ1ó$ÔNáäñfÔ1Ô1×
Vs
Ô�îOÞÂñfÝt�HÝqáâÔ ãâÝqèqÞâÚØÔNçJÚÛç-ÞÂñªÝ�èqÔ�ÞÂê�çféNÝqçGÞÊófÕªçf×fÖØÝ

T ∗Ls
ò
�	ÔNáâÝqÔDëNÝqáHì>ÚÛÞoî;ÔNÖØÖÛÔ3Óvãoî;áäÔNåÑêSãäÞÂê�çf×ôê�áä×

èHÔ�å5àôêwèqÞâçfÝHãäã�ê�áäéNÕfå-ÝHç²ÞvÞâñôêwÞvÞÂñªÝHáâÝSÝ~ß>ÚØãäÞâã
δs = δ(s, Us) > 0

ãâÕªè~ñ	ÞÂñôêwÞ
Ls′ ⊂ Us

î;Ô�ávÝqë�ÝHáäæ
s′ÓvÚÛÞâñ

|s′ − s| ≤ δs
ò�~­Ý~ß>ÞHì�×fÝqçfÔ�ÞÂÝ

Is = (s − δs, s + δs) ∩ [0, t]
ì�êwçf×EèHÔNçfãäÚØ×fÝqájê�çEÔNà$ÝHçEèHÔDëNÝqá

Ô�î/ÞÂñªÝSÚØç²ÞÂÝqáäëwê�Ö
[0, t]
ó²æ*ÞÂñªÝ�î4ê�å-ÚØÖ´æ

{Is}
ìfÞÂñôêwÞvÚØã

[0, t] =
⋃
s∈[0,t] Is

ò��`æ%èqÔNå5àfê�èqÞâçfÝHãäãyÓÊÝSèHê�ç
è½ñfÔ1ÔNãâÝSêÙõôçfÚðÞÂÝTçGÕfåÙó$ÝHáiÔ�î/à$ÔNÚÛçGÞÂã

S = {s1 < . . . < sn}
ãâÕfè½ñ	ÞâñôêwÞ

[0, t] =
⋃n
i=1 Isi

ò���ÚÛÞâñfÔNÕªÞ
ÖØÔ�ãâãCÔ�î�éNÝqçfÝHáâê�ÖØÚðÞAæ ÓtÝ	å5ê3æ§êwãâãâÕfå-Ý*ÞÂñôêÍÞ

Isj
∩ Isj+2

= ∅
ò�~­Ô3Ó�ìtî;Ô�áCÝqëNÝqáäæ

s ∈
� ì]ÓtÝ%ÓvÚØÖÛÖ

èHÔ�çfãäÞâáâÕfèÌÞjê-ö�ê�å-ÚØÖðÞâÔNçªÚØê�ç�î;ÕfçfèÌÞÂÚÛÔNç
H̃s : Us → R

ãâÕfè½ñ�ÞÂñôêÍÞyÞâñfÝSèqÔNáâáäÝHãâà$ÔNçª×fÚØçªéJö�ê�å-ÚØÖðÞâÔNçªÚØê�ç
�ôÔ3Ó ãäÝHçf×ªã

Ls
ÞÂÔ

Ls′
î;Ô�á

s′ ∈ Is
ìÊêwçf×ùÖØÝHê3ëNÝ�ÞÂñªÝ%×fÚ÷ê�é�ÔNçôê�ÖtÚØç²ëwê�áâÚØê�ç²Þ<ò¦~­Ý~ß1Þ<ìtóGæ§ãäå5Ô1ÔwÞÂñfÖðæ

àôêwÞâè~ñªÚØçféTÞÂÔNéNÝÌÞÂñfÝqáoÞâñfÔNãâÝ­ö­ê�å-ÚØÖðÞâÔNçfÚÛê�çq�ôÔDÓvã`ÔNçPÞÂñfÝvÚØç²ÞÂÝHáäãâÝqèqÞÂÚÛÔNçfã
Usi
∩Usi+1

ì²ÓÊÝvÓvÚØÖÛÖôê�è½ñfÚØÝÌëNÝ
ÞÂñªÝSáäÝ��GÕfÚÛáâÝH×�ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç*ÚÛãâÔ�ÞâÔNàGæ

Φ
ò

� ÝÊõªß
s0 ∈

� òNï
ÝÌÞ
(p, q)

ó$Ý{è<ê�çfÔ�çfÚØèHê�Ö>ÖÛÔ1è<ê�Ö1èqÔ1ÔNáâ×ªÚØçôêÍÞÂÝHã8ÔNç
T ∗Ls0

�}ÓvñfÝqáâÝ
q
ÚÛã/ÞâñfÝ{èHÔ1Ô�áâ×fÚÛçôêwÞÂÝ

ÔNç
Ls0
ê�çf×

p
ÚÛãjÞÂñªÝPèHÔ1Ô�áâ×fÚÛçôêwÞÂÝÙÔNçnÞÂñfÝÙõôó$ÝHá*¡Ìò)��ÔNáäÝHÔ3ëNÝHáHì
ÓÊÝCõªß ê%ÿvÚØÝqåJêwçfçfÚØê�çEå-ÝqÞÂáäÚØèÙÔNç

Ls0
ìôêwçf×*×fÝHçfÔwÞÂÝTó²æ

‖ · ‖s0
ÞÂñfÝjÚØçª×fÕfèHÝq×*õôó$ÝqáiçfÔNáäå ÔNç

T ∗Ls0
ò
�ÊÔ�çfãâÚÛ×fÝHáÊÞÂñfÝTêwî;ÔNáäÝHå-ÝHç²ÞÂÚØÔ�çfÝH×

ÞÂÕªófÕfÖ÷êwáiçfÝqÚØéNñGó$ÔNáâñfÔ1Ô1×
Us0
Ô�î
Ls0
ÚØç
M ×M

ò³�QÔ�áiÝqëNÝqáäæ
x ∈ Ls0 ∩4

×ªÝHçfÔ�ÞâÝSó²æ
σs0(x)

ÞâñfÝ
èHÔ�å5à$ÔNçªÝHç²Þ�Ô�îtÞâñfÝ-ÚØç²ÞÂÝqáâãâÝqèqÞâÚØÔNç Ô�î

Us0
êwçf×
4
èqÔNçGÞÂê�ÚØçfÚÛçfé*ÞâñfÝ-à$ÔNÚÛçGÞ

x
ò0~­ÔwÞÂÝPÞâñôêwÞ�ÓÊÝ-å5ê3æ

è½ñfÔ1ÔNãâÝ
Us0
ãâå5ê�ÖØÖ(ÝHçªÔNÕféNñ	ãäÕfè½ñ	ÞÂñôêÍÞiÞÂñfÝTãâÝÌÞÂã

{σs0(x)}, x ∈ Ls0 ∩4
ìôê�áäÝTåCÕ>ÞÂÕôê�ÖÛÖðæ5×fÚÛãF�äÔNÚÛçGÞ<ò

ÒºçÙÓvñôêwÞ8î;ÔNÖØÖÛÔ3ÓvãmÓÊÝ{ãâñôê�ÖÛÖ>×fÝqçfÔ�ÞâÝ{ÞâñfÝ{ÚØå5ê�é�ÝtÔ�î
σs0(x)

Õfçf×fÝqá8ÞÂñfÝiê�ó$Ô3ëNÝ{ÚØ×fÝqçGÞâÚÛõôèHêwÞÂÚÛÔNç�ó$ÝqÞºÓÊÝHÝqç
Us0
ê�çf×

Vs0
ìfóGæ

σs0(x)
ê�ãiÓÊÝqÖØÖVò

� ÝÙõôáäãäÞTèHÖØê�ÚØå�ÞâñôêwÞjÞâñfÝHáäÝCÝÌß>ÚÛãäÞÂãTê*ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç�ãäæ1å5àªÖØÝHèÌÞÂÔNå-ÔNáäàfñfÚØãäå
ϕ̃ : Vs0 → Vs0

ÓvñªÚØè½ñ
î;ÔNá�ÝÌëNÝHáäæÐÚÛçGÞâÝHáâãäÝHèÌÞÂÚØÔ�ç�à$ÔNÚÛçGÞ

x ∈ Ls0 ∩ 4
ãâÝHçª×fã

σs0(x)
ÞÂÔ§ÞâñfÝEõôó$Ýqá%Ô3ëNÝHá

x
êwçf×ÐÓvñfÚØè½ñ
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ÖØÝHê3ëNÝqã
Ls0
ÚØç²ëwê�áäÚ÷ê�ç²Þ<ò Òºçª×fÝHÝq×�ì­ãâÚÛçfèHÝ

Ls0
ÞÂáÂêwçfãäëNÝqáâãâÝqÖÛæ�ÚØç²ÞÂÝqáâãâÝqèqÞÂãJÞÂñªÝE×fÚ÷êwéNÔNçôê�ÖVìiêwçf×ÐãäÚØçfèqÝ

σs0(x)
ÚÛã�ê	ïMê�é�áÂê�çfé�Ú÷ê�çEãâÕfófå5ê�çfÚðî;ÔNÖÛ×�ì

σs0(x)
ÚÛãjÞÂñfÝPéNáâê�àfñ¥Ô�î{ê*èHÖÛÔNãâÝq× a ý î;ÔNáäå Ô�î

p
ý ëwêwáâÚ÷êwófÖÛÝ

Ú ò Ý�ì
σs0(x) = {(p, α(p))}

ÓvñfÝqáâÝ
α(p)
ÚÛãjÖØÔ1è<êwÖØÖðæ	×fÝÌõôçfÝq× çfÝHê�ájÞÂñªÝCÚØçGÞâÝHáäãâÝHèÌÞÂÚÛÔNçnà$ÔNÚØç²Þ

x
ìMê�çf×

α(0) = 0
ò`þ�ÝÌõôçfÝ�êCî4êwå5ÚÛÖðæ5Ô�î/ÖØÔ1èHê�ÖO×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå-ã{ó²æ

ϕt(p, q) = (p, q − tα(p))
ò � ÚÛçfèHÝjÞÂñfÝ

a ý î;ÔNáâå
α(p)
ÚØã�èHÖØÔ�ãâÝH×Oì

{ϕt}
ÚØãÙêEö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçÂ�fÔDÓ�ò¥þ�ÝHçªÔ�ÞÂÝ�óGæ

K(p, q)
ÞâñfÝ*ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç

î;ÕfçfèÌÞÂÚÛÔNçPéNÝqçfÝHáâêwÞÂÚÛçfé
{ϕt}
ò� ÐãäÚØå-àfÖØÝÊèHÔ�å5àfÕ>Þ½êwÞâÚØÔNçÙãâñfÔ3ÓvãoÞÂñfêwÞ

K(p, q) = −
∫
α(p)dp

ò]ö­ÝqçfèHÝ
K(p, q)

ÚØãmÚÛçf×fÝqà$ÝHçf×ªÝHçGÞ8ÔNçSÞÂñªÝ
q
ý ëÍê�áâÚØê�ófÖÛÝ¶Ú ò Ý�ì

K(p, q) = K(p)
ò��ôÕfáäÞâñfÝHáäå5ÔNáäÝ�ìDÓÊÝtå5ê3æ�êwãâãâÕªå5Ý

ÞÂñfêwÞ
K(0) = 0

òt~yÝÌß1Þ<ì$ÓÊÝ�èHÕªÞ�Ô&�¥ÞÂñªÝÙö­ê�å5ÚÛÖðÞâÔNçfÚØêwç%î;ÕfçfèÌÞÂÚÛÔNç
K(p)

ÔNÕªÞâãâÚØ×ªÝ ê5çfÝqÚØéNñGó$ÔNáâñªÔ1Ô1×
Ô�î(ÞÂñfÝyÚØç²ÞÂÝqáâãâÝqèqÞÂÚÛÔNç-à$ÔNÚØç²Þ

x
ò¶ï
ÝÌÞ

β(r)
ó$Ý­êSãâå-Ô1Ô�ÞÂñ-èqÕªÞäý Ô&�*î;ÕfçfèÌÞÂÚØÔ�ç-ÞâñôêwÞ`ëÍê�çfÚÛãâñfÝqã`î;ÔNá

r ≥ 2εê�çf×	Ý+�GÕôê�Ö�ÞÂÔ a ÓvñfÝqç
r ≤ ε
ìªî;ÔNáiãâÕU25èqÚØÝqçGÞâÖÛæ*ãäåJê�ÖÛÖ

ε
òoþ�ÝqõfçfÝ

K̃(p, q) = β(‖p‖) · β(‖q‖) ·K(p).

 ãÁÞÂáÂêwÚØéNñ²Þâî;ÔNáÁÓ{ê�áâ× èHÔ�å5àfÕ>Þ½êwÞâÚØÔNç ãâñªÔDÓvã�ÞÂñôêÍÞ<ì ∂ eK
∂q

(0, ·) = ∂ eK
∂p

(0, ·) = 0
ò	ö­ÝqçfèHÝ5ÞÂñfÝ-ÞâÚØå-ÝÌý a ý

å5ê�à�Ô�îfÞÂñfÝÊö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwçC�ôÔDÓ�èqÔNáâáäÝHãäà(Ô�çf×fÚÛçfé�ÞâÔ
K̃(p, q)

ÚÛãmÞÂñªÝÊáäÝ��GÕfÚØáäÝH×ÙãÁæ1å5àfÖÛÝHèÌÞÂÔNå-ÔNáäàfñfÚØãäå�ò
üiñfÝqáâÝqî;Ô�áâÝ�ìfÓÊÝSçªÔDÓ�èHê�ç�ê�ãâãäÕfå-ÝTÞÂñôêwÞ

σs0(x)
èqÔNÚØçªèHÚÛ×fÝjÓvÚÛÞâñ%ÞâñfÝTõôó$ÝHávÔDëNÝqáiÞÂñfÝ�à$ÔNÚÛçGÞ

x
ò

~­Ý~ß1Þ<ì1ãâÚÛçfèHÝ
Ψ
ÚØã`êwç-ÝÌßªê�èqÞÊïMê�é�áÂê�çfé�Ú÷ê�çCÚÛãâÔ�ÞâÔNàGæ�ì²ÓÊÝvñôê3ëNÝvÞâñôêwÞoî;Ô�áoÝÌëNÝHáäæ

s ∈ Is0
ì
Ls
ÚÛã`ê�éNáâê�àfñ

Ô�î8ê�ç	Ý~ßfêwèqÞ a ý î;ÔNáäå
dGs

ÚÛç*ÞÂñfÝ�ãäæ1å-àfÖØÝqèqÞâÚØèjÞÂÕfóªÕfÖ÷êwáiçfÝHÚÛéNñGó(Ô�áâñfÔ1Ô1×
Vs0
Ô�î
Ls0
ò`ö­ÝqçfèHÝwìQÚØç*ÞÂñªÝ

ê�ó$Ô3ëNÝ5ÖÛÔ1è<ê�Ö]èHÔ1ÔNáä×fÚØçfêwÞÂÝqã
(p, q)

ÔNç
T ∗Ls0

ì
Ls
Þ½ê�Ü�ÝqãSÞÂñfÝPî;ÔNáäå

Ls = (dGs(q), q)
ò$��Ô�áâÝHÔ3ëNÝHáqì

çfÔ�ÞâÝTÞÂñôêÍÞ
dGs(0) = 0

ò
þ�ÝÌõôçfÝ

H̃s0(p, q) = β(‖p‖) ·Gs(q).

�ÊÔNçfãäÚØ×fÝqáiÞÂñfÝSö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwç�ëNÝqèqÞÂÔ�ávõôÝqÖØ×%èHÔNáäáâÝHãäà$ÔNçf×fÚÛçféPÞÂÔ
H̃s0

ì

ξ̃ =

{
ṗ = −∂ eH

∂q
= −β(‖p‖) · ∂Gs(q)

∂q

q̇ = ∂ eH
∂p

= ∂
∂p
{β(‖p‖)} ·Gs(q)

Ò Þjî;ÔNÖÛÖÛÔDÓvãyÞÂñôêÍÞjî;ÔNá�ÝÌëNÝHáäæ
s ∈ Is0

ãäÕfè½ñ¥ÞâñôêwÞ
Ls ⊂ {(p, q) | ‖p‖ < ε}

ìOÞâñfÝCö�ê�å-ÚØÖðÞâÔNçªÚØê�ç­�ôÔDÓ
ÚØãié�ÚÛëNÝHç%óGæ

(p, q)→

(
p+

∂Gs(q)

∂q
, q

)

ö­ÝqçfèHÝwìÊÖÛÔ1è<ê�ÖÛÖðæ�ì]ÞÂñfÝ	ö­ê�å-ÚØÖðÞâÔNçfÚÛê�çA�ôÔ3ÓûãâÝqçf×fã
Ls0
ÞÂÔ

Ls
ê�ãCáâÝ+�GÕfÚØáäÝH×�ò§Ò ÞPáäÝHå5ê�ÚØçªãÙÞâÔ¥àfáäÔDëNÝ

ÞÂñfêwÞ
ξ̃
ëwê�çfÚÛãâñfÝqãÙÔNç ÞÂñfÝJ×ªÚ÷ê�éNÔ�çôê�ÖVò��8ÚÛáâãäÞHì8ãäÚØçfèqÝ

dGs(0) = 0
ì]ÚðÞ�î;Ô�ÖØÖÛÔDÓvã�ÞâñôêwÞ

ṗ = 0
òl~­Ý~ß>ÞHì

èHÔ�çfãâÚÛ×fÝHá
x
ê�çf×

y
ìôÞAÓtÔJÚÛçGÞÂÝqáâãäÝHèqÞâÚØÔNç	à$ÔNÚØç²ÞÂãvÔ�î8ÞÂñªÝSî4ê�å-ÚÛÖðæ

{Ls}
ê�çf×	ÞÂñfÝS×fÚ÷êwéNÔNçôê�ÖVò`Ò Þyî;ÔNÖÛÖØÔ3Óvã
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î;áâÔ�å ï
ÝHå-å5ê c ò b ò b ÞÂñôêÍÞiÞÂñfÝTãäæ1å5àªÖØÝqèqÞÂÚÛè�ê�áäÝ<êCó$ÝqÞºÓÊÝqÝHç
Ls0
ê�çf×

Ls
ÚÛç
Vs0
ëwê�çªÚØãâñªÝHãiî;ÔNáiÝÌëNÝHáÁæ

s ∈ Is0
òoö­ÝqçfèHÝwìQóGæ�ÞÂñªÝ�ãÂê�å-ÝSêwáâéNÕfå-ÝHç²Þyê�ãvÚÛç	ï
ÝHå-åJê c ò g ò a ìªî;ÔNáiÝqë�ÝHáäæ%ãäÕfè½ñ

s
ÓÊÝ�ñôê<ëNÝ

0 =

∫

Σs

ω =

∫

[0,s]×[0,1]

Σ∗
sω =

∫ s

0

(
Gs(x)−Gs(y)

)
ds

üiñ1ÕªãHì/ÓÊÝ-éNÝqÞSÞâñôêwÞ
Gs(x) − Gs(y) = 0

ò$~yÔ�ÞÂÝPÞâñôêwÞSóGæ¥è½ñôê�çfé�ÚØçfé%ÞÂñªÝ-î;ÕfçªèqÞÂÚÛÔNçfã
{Gs}

óGæ ê
ãâÕªå5å5ê�çf×�×fÝqà$ÝHçf×ªÚØçfé�ÔNçfÖðæ	ÔNç�ãHì(ÓÊÝ è<êwç¥êwãâãâÕªå5Ý�ÞÂñfêwÞ­î;ÔNá­ÝqëNÝqáäæ

s
ì
Gs

ëwêwçfÚØãäñfÝHãjÔ�ç
Ls ∩ 4

ò
ö­ÝqçfèHÝwì
ÓÊÝCÔNó>Þ½ê�ÚÛç�ÞÂñôêwÞ

ξ̃|4 = 0
òSüiñfÝqáâÝÌî;ÔNáâÝwì
ÓÊÝCñôê<ëNÝÙÞÂñôêÍÞjÞÂñfÝÙ×fÚ÷ê�é�ÔNçôê�ÖmÚØã�ÚØç²ëwê�áâÚØê�ç²ÞjÕfçª×fÝHá

ÞÂñªÝPö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç­�ôÔDÓ�ò��8ÚÛçôê�ÖÛÖ´æNì(ó²æ�ãâå-Ô1Ô�ÞÂñªÖÛæ	àôêwÞâè~ñªÚØçféJÞâÔNéNÝqÞâñfÝHájê�ÖØÖMÞÂñªÝPö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç­�ôÔDÓvã
èHÔ�áâáâÝqãâà$ÔNçª×fÚØçféPÞÂÔPÞÂñfÝ�ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç�î;ÕfçfèqÞâÚØÔNçªã

H̃si

ìôî;ÔNá
i = 1, . . . , n

ìfÓÊÝSèHÔNçfèqÖØÕª×fÝ�ÞÂñôêwÞvÞâñfÝHáäÝ
ÝÌß>ÚÛãäÞÂãjê�ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç�ÚÛãâÔ�ÞâÔNàGæ

Φ
ãäÕfè~ñEÞâñôêwÞ

Φs(L0) = Ls
ê�çª×

Φs(4) = 4
ò�üiñªÚØã�èqÔNå5àªÖØÝÌÞÂÝHã

ÞÂñªÝSàªáâÔ1Ô�î/Ô�îmÞÂñfÝ�àfáäÔNà$ÔNãâÚðÞÂÚÛÔNç�ò
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ï
ÝqÞ
(M,ω)

ó$ÝÙêJèqÖØÔNãäÝH×EèHÔNçfçªÝHèÌÞÂÝH×¥ãÁæ>å-àfÖÛÝHèqÞâÚØè�å5ê�çfÚÛî;Ô�ÖÛ×�Ôwîo×fÚØå-ÝHçªãâÚØÔ�ç
2n
òjïMÝÌÞTö�ê�å

(M,ω)×fÝqçfÔ�ÞÂÝ�ÞÂñfÝ*éNáâÔ�Õfà�Ô�î­ö�ê�å-ÚØÖðÞâÔNçªÚØê�çx×ªÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå-ã Ô�î
(M,ω)

ê�çf×�ÖØÝÌÞ
H̃am(M,ω)

ó$Ý%ÚðÞÂã
ÕfçfÚðëNÝHáäãÂê�ÖtèqÔDëNÝqáHò, èHÝqÖØÝHóªáÂêwÞâÝH×xáâÝHãäÕfÖÛÞ óGæ��{êwçGæ²ê�éNê¦£ e&¤ ãäÞ½êÍÞÂÝHã�ÞÂñôêÍÞ î;ÔNá ê�èHÖÛÔNãâÝq×xãäæ1å5àªÖØÝHèÌÞÂÚÛè
å5ê�çfÚÛî;Ô�ÖÛ×Oì1ö�êwå

(M,ω)
êwçf×

H̃am(M,ω)
ê�áâÝ­ãäÚØå-àfÖØÝvéNáäÔNÕfàfãÊê�çª×JÞâñfÝHáäÝqî;ÔNáäÝ­ÞÂñªÝqæ5×ªÔ çfÔ�Þ{ê�×ªå5ÚðÞ

ê�ç²æ¥çªÔNç>ý ÞâáâÚðë>ÚØê�Ö8ñªÔNå5Ô�å5Ô�áâàfñfÚÛãäå ÞâÔ
R
òJöyÔDÓÊÝÌëNÝHáqì8ÚÛç ãâÔ�å5ÝPèHê�ãâÝqãHìmÞÂñfÝqãâÝ5é�áâÔNÕfàªã�ê�×få-ÚÛÞTçfÔ�ç>ý

ÞÂáäÚÛë1Ú÷êwÖ/ñfÔNå-ÔNéNÝqçfÝHÔNÕªã �GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå-ã­ÞÂÔ
R
òPÿvÝqè<ê�ÖÛÖ8ÞâñôêwÞSêÕ�4áäÝ<ê�Ö´ý ëwêwÖØÕfÝq×u¡t�GÕôêwãâÚ´ýºå-ÔNáâàfñªÚØãâå

Ô�î�êSéNáäÔNÕfà
G
ÚÛãtê�å5ê�à

r : G→ R
ãÂêwÞâÚØãÁî}æ>ÚÛçfé�ÞâñfÝyñfÔNå-ÔNå-ÔNáâàªñfÚÛãâå�Ý+�GÕôêwÞâÚØÔNç-Õfà5ÞâÔ ê�ó$ÔNÕfçf×ªÝH×

ÝHáäáâÔNáqìôÚVò ÝwòÛìªÞâñfÝHáäÝSÝ~ß>ÚØãäÞâã­êCèHÔNçfãÁÞ½ê�ç²Þ
C ≥ 0

ãâÕfè½ñ	ÞÂñôêwÞ
|r(g1g2)− r(g1)− r(g2)| ≤ C, for every g1, g2 ∈ G.

 Þ�GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå
r
ÚØãtè<êwÖØÖÛÝH×JñfÔ�å5ÔNé�ÝHçfÝqÔNÕfãÊÚðî

r(gn) = nr(g)
î;Ô�á{êwÖØÖ

g ∈ G
ê�çf×

n ∈ Z
ò¶üiñfÝ

ÝÌß>ÚÛãäÞÂÝqçfèHÝ�Ôwî�ñfÔNå-ÔNéNÝqçfÝHÔNÕªã �GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå-ã¶ÔNç5ÞâñfÝ­é�áâÔNÕfà5Ô�î
ö­ê�å-ÚØÖðÞâÔNçfÚÛê�çP×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãâå-ã
ê�çf×oìwÔNáTÚðÞÂãjÕfçfÚðëNÝHáâãâê�Ö¶èqÔDëNÝqá�ÚØãTÜGçfÔ3Óvç î;Ô�áTãäÔNå5ÝCèqÖ÷êwãâãâÝqãSÔwîtèHÖØÔ�ãâÝH×¥ãäæ1å-àfÖØÝqèqÞÂÚÛèCå5ê�çfÚðî;ÔNÖð×fã	�;ãâÝHÝ
Ý�ò éfò £ g>¤ ì £ afeR¤ ì £ a<}R¤ ì]ê�çf×-£ a<�z¤ ¡Ìò	Òºç§ê�áâÝHèqÝHç²ÞÙÓÊÔ�áâÜ�£ a>g>¤ ìÍ
¶çGÞâÔDë ê�çf×§í/Ô�ÖÛÞâÝHáâÔ3ë1ÚØè½ñøãâñªÔDÓÊÝq×øýjó²æ
ÕfãäÚØçfé,�8ÖØÔ1Ýqá êwçf×��TÕfê�çGÞâÕfå�ñfÔNå-ÔNÖÛÔNéwæEý�ÞÂñôêÍÞ î;ÔNáSÞÂñªÝ�èqÖ÷ê�ãäã Ô�îvãÁæ>å-àfÖÛÝHèÌÞÂÚØè5å5ê�çfÚðî;ÔNÖÛ×ªãSÓvñªÚØè½ñ
ê�áäÝyå-ÔNçfÔ�ÞâÔNçfÝyê�çª×-ÓvñfÔNãâÝt�GÕôêwçGÞÂÕªåÑñfÔNå-ÔNÖÛÔNéwæCê�ÖÛéNÝHóªáÂê�ÚÛãoãâÝqå5Ú´ýºãâÚÛå-àfÖÛÝwì

H̃am(M,ω)
ê�×få-ÚÛÞâãoê

ñfÔNå-ÔNé�ÝHçfÝqÔNÕfãt�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãäå ÞâÔ
R
òyÒºçnê�×f×ªÚÛÞÂÚÛÔNç%ÞÂÔJèqÔNçfãÁÞÂáâÕfèÌÞÂÚÛçfé�ãäÕfè½ñ¥ê��GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå	ì


¶çGÞâÔDëÙêwçf×Pí/Ô�ÖÛÞÂÝqáâÔ3ë>ÚÛè½ñÙãâñªÔDÓÊÝq×CÞÂñôêwÞ]ÚðÞÂãmëwê�ÖÛÕfÝÊÔNçCê�çGæ�×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãäå ãäÕfàfà$ÔNáÁÞÂÝH×CÚØçÙêTö­ê�å-ÚØÖ´ý
ÞÂÔ�çfÚ÷ê�çªÖÛæ¥×fÚÛãâàfÖØê�èHÝHê�ófÖÛÝ5ÔNà$ÝHç§ãäÕfófãäÝqÞPÝ+�1Õfê�ÖØã�ÞÂÔ�ÞÂñªÝ��{ê�ÖØê�ófÚ`ÚØç²ëwê�áäÚ÷ê�ç²Þ�Ô�îiÞÂñfÝJ×fÚ3�(ÝHÔ�å5ÔNáäàfñfÚÛãâå

e�e
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�4ãäÝHÝ � ÝHèÌÞÂÚØÔ�ç e ò b ó$ÝHÖÛÔDÓ�î;Ô�á�àfáâÝqèHÚÛãâÝJ×fÝÌõôçfÚÛÞâÚØÔNçªãî¡Ìò� �GÕôê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå ÓvÚðÞÂñ ÞÂñfÚÛã�àfáäÔNà$ÝHáäÞºæ ÚÛã
è<êwÖØÖÛÝH×	ê)�{ê�ÖØê�ófÚn�GÕôê�ãäÚðý å5Ô�áâàfñfÚÛãâå	ò
üiñfÝ�çfÔ�ÞÂÚÛÔNç�Ô½�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãäå,É{õfáâãäÞiêwàfà$Ý<ê�áäÝH×�ÚØç5ÞâñfÝ­ÓÊÔNáäÜGã{Ô�î4�ÊáâÔ1ÔNÜGã�£ a<�z¤ êwçf×�#TáâÔNå-ÔDë�£ bUa+¤
ÔNç�ó$ÔNÕªçf×fÝH×�èHÔ�ñfÔNå-ÔNÖØÔ�é�æxÔ�î�éNáâÔNÕªàfãHò � ÚØçfèqÝ	ÞâñfÝHçOìÈ�1Õfê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå5ãCñfê3ëNÝ�ó$ÝqèHÔNå-Ý�ê�ç�ÚØåCý
à$ÔNáÁÞ½ê�ç²ÞjÞâÔ1ÔNÖ/ÚÛç�ÞÂñfÝÙãäÞâÕf×ªæ�Ô�î`é�áâÔNÕfàªãHò��ôÔNá­ÝÌßªê�å-àfÖØÝwì(ÞÂñfÝÙå-ÝHáäÝÙÝ~ßªÚÛãäÞâÝHçfèqÝPÔ�î`ê�ñªÔNå-ÔNéNÝHçªÝHÔNÕfã
�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå�ÔNçJêSéNáäÔNÕfà

G
ÓvñfÚØè½ñ5×fÔ1ÝHãtçªÔ�Þ`ëwêwçfÚØãäñJÔNç-ÞâñfÝyèHÔNå-åÙÕªÞ½êwÞâÔNá¶ãäÕfóféNáäÔNÕfà

G′ ÚØåCýàfÖÛÚØÝHã8ÞâñôêwÞ]ÞÂñfÝièHÔNå-åÙÕªÞ½êÍÞÂÔNá8ãäÕfóféNáäÔNÕfà-ñfê�ãoÚÛçªõôçfÚðÞÂÝ{×ªÚ÷ê�å-ÝqÞâÝHá8ÓvÚðÞÂñCáâÝHãäà$ÝHèÌÞ`ÞÂÔTÞâñfÝvèqÔNå-åÙÕªÞ½êwÞâÔNá
çfÔNáäå �;ãâÝHÝ�Ý�ò éfòD£ |z¤ ¡~òvüMÓÊÔJÓÊÝqÖØÖMÜGçfÔDÓvçEÝ~ßfêwå5àfÖÛÝHã­ÔwîÍ�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå-ãyê�áäÝSÞÂñfÝV��êwãâÖØÔ3ë��1Õfê�ãâÚ´ý
å-ÔNáâàfñªÚØãâåûÔNç	ÞÂñfÝSÕfçfÚÛëNÝqáâãâê�ÖmèqÔDëNÝqá�Ôwî8ÞÂñfÝ�é�áâÔNÕªà�Ôwî]ÖØÚØçªÝ<ê�áiãäæ1å-àfÖØÝqèqÞâÔNå5Ô�áâàfñfÚÛãâå-ãvÔwî

R2n ì(ê�çª×ÞÂñªÝ-áâÔwÞ½êwÞâÚØÔNçÒ�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå ×fÝÌõôçfÝH×øÔ�ç ÞâñfÝPÕfçfÚÛëNÝqáâãâê�ÖoèqÔDëNÝqáSÔ�îtÞÂñªÝ-éNáäÔNÕfà Ô�îÊÔ�áâÚØÝqçGÞÂêwÞÂÚÛÔNç>ý
àfáäÝHãâÝqáäë1ÚØçªéÙñfÔNå-ÝqÔNå5Ô�áâàfñfÚÛãâå-ãoÔwî

S1 ò�� Ý�áäÝqî;Ýqá`ÞÂñfÝ­áäÝ<ê�×fÝqáâã`ÞÂÔ0£ |R¤ ê�çª×,£ b&|z¤ ê�çf×5ÞÂñªÝ­áâÝqî;ÝqáâÝqçfèHÝqãèHÚðÞÂÝq×SÞâñfÝHáäÝHÚØç�î;ÔNá
î;ÕªáäÞÂñªÝHám×ªÝqÞ½êwÚØÖØã
Ô�çSÞÂñªÚØãMãäÕfó��äÝHèqÞHò¶ÿvÝHèqÝHç²ÞÂÖðæNì&�ÊÚÛáÂê�ç�ìz
¶çGÞâÔDëSêwçf× í/ÔNÖðÞÂÝqáâÔDë1ÚÛè~ñ)£ }z¤ ì
ê�çf×Ò
¶ç²ÞÂÔ3ëEêwçf×ní/ÔNÖðÞÂÝHáäÔDë1ÚØè½ñ¦£ a<|z¤ ÝHãÁÞ½ê�óªÖØÚØãäñfÝH×�ãâÝqëNÝqáÂê�Ö8ÔwÞÂñfÝqájê�àfàfÖÛÚØèHêwÞÂÚÛÔ�çfãyÔ�î¶ÞâñfÝ ÝÌß>ÚÛãäÞÂÝqçfèHÝÙÔ�î
ê$�{ê�ÖØê�ófÚB�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå�áäÝHé²êwáâ×fÚÛçféJáâÚÛéNÚÛ×fÚðÞºæ%Ô�î¶ÚØçGÞâÝHáäãâÝHèÌÞÂÚÛÔNçfã�ÚÛçEãÁæ1å5àfÖÛÝHèÌÞÂÚÛè å5ê�çfÚðî;ÔNÖÛ×ªãHòt ­ç
ÝÌßªê�å-àfÖÛÝTÔ�î/ÞâñfÚØã{Þºæ1à(Ý�ÚØãiéNÚðëNÝHç	ÚÛç%üiñfÝqÔNáâÝqå e ò a ò g êwçf×l�ÊÔNáâÔ�ÖØÖ÷êwáäæ e ò a ò | ó$ÝqÖØÔ3Ó�ò
Òºç¥ë1ÚØÝqÓ�Ô�îtÞâñfÝCÓÊÔNáäÜEóGæ¢
¶çGÞâÔDë¥ê�çª×øímÔNÖÛÞâÝHáâÔ3ë1ÚØè½ñ�£ a>g>¤ ìmÚðÞ�ÚÛãTçôêwÞÂÕªáÂê�Ö8ÞÂÔ	ê�ãäÜEÓvñªÚØè½ñ èHÖ÷êwãâãâÝqãSÔ�î
ãäæ1å-àfÖØÝqèqÞâÚØèvåJê�çªÚÛî;ÔNÖð×fãoê�×få-ÚÛÞ`êd�{ê�ÖØê�ófÚo�GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå	ò/ÒºçJê�ëNÝHáÁæ-áâÝHèqÝHç²ÞÊÓtÔNáâÜQìªí]æ�£ gUa+¤ èqÔNç>ý
ãäÞâáâÕfèÌÞÂÝq×�ê	ñfÔNå-ÔNéNÝqçfÝHÔ�ÕfãV�{ê�ÖØê�ófÚ³�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå î;ÔNáSèHÖÛÔNãâÝq×øÔNáâÚÛÝHçGÞâÝH× ãâÕfáÁî4ê�èHÝqã�ÓvÚÛÞÂñ éNÝqç1Õfã
éNáäÝ<êwÞâÝHáoÞÂñôêwç

1
ò]Òºç5ÞÂñªÚØã`çªÔ�ÞÂÝvÓÊÝ­èHÔ�çfèHÝqçGÞÂáâêwÞÂÝ­ÔNç-ÞÂñªÝ­è<êwãâÝ­Ô�î�çfÔNç1ýºå-ÔNçfÔ�ÞâÔNçfÝvãÁæ>å-àfÖÛÝHèÌÞÂÚØèvåJêwç>ý

ÚÛî;Ô�ÖØ×ªãHòD� Ý­ÓvÚØÖØÖôàfáâÔ3ë1ÚØ×fÝ­ãâÔNå-Ý­ÝÌßªê�å-àfÖØÝqãÊÔ�î
çfÔNç1ýºå-ÔNçfÔ�ÞâÔNçfÝyáÂêwÞâÚØÔNçfê�ÖQáäÕfÖØÝq×�ãäÕfáäî4ê�èqÝHãiê�×ªå5ÚðÞâÞÂÚðçfé
ê��{êwÖ÷ê�óªÚn�GÕôê�ãäÚðýºå-ÔNáäàfñfÚØãäå	òÍ��ÔNáâÝ�àfáäÝHèqÚØãäÝHÖÛæ�ìôÖØÝÌÞ

Xλ = (S2 × S2, ωλ = ω ⊕ λω), 1 ≤ λ ∈ R,

ÓvñfÝqáâÝ
ω
ÚØã{ÞâñfÝ�ãäÞ½êwçf×ôê�áä×�êwáâÝ<êÙî;ÔNáâåûÔ�ç%ÞÂñfÝTÞºÓÊÔwý ãâàfñªÝHáâÝ

S2 ÓvÚðÞÂñ	ê�áâÝHê 1
ìQê�çf×	ÖÛÝqÞ

Yµ = (CP 2#CP 2, ωµ), 0 < µ < 1,

ó$Ý-ÞâñfÝ5ãäæ1å-àfÖÛÝHèqÞâÚØèPófÖØÔ3Ó{ýºÕfà Ô�î
CP 2 êwÞ�Ô�çfÝ5à$ÔNÚÛçGÞ0�;ãâÝHÝ5Ý�ò éfò
£ c&cR¤ ì
£ e_�z¤ ¡ÌìmÓvñªÝHáâÝ ωµ ÞÂê�Ü�ÝHãSÞÂñªÝëwêwÖØÕfÝ

µ
ÔNç*ÞÂñfÝTÝÌß>èqÝHàªÞâÚØÔNçfê�Ö
×ªÚÛë1ÚØãäÔNáHìfêwçf×

1
ÔNç*ÞÂñªÝ�èqÖ÷ê�ãäãvÔwîmÞÂñfÝTÖÛÚØçfÝ

[CP 1]
ò¶üiñfÝ�å5ê�çfÚðî;ÔNÖÛ×

YµÚØã{ÞâñfÝ�áâÝqéNÚØÔNç
{
(z1, z2) ∈ C2 | µ ≤ |z1|

2 + |z2|
2 ≤ 1

}

ÓvÚÛÞâñPÞâñfÝvó(Ô�Õfçf×fÚÛçféSãäàfñfÝqáâÝHãtèqÔNÖØÖØê�àfãäÝH×-ê�ÖÛÔNçféjÞÂñfÝyö­Ô�àªî��ôÔDÓ�ò]Ò Þ`ÚÛãoÜGçfÔ3Óvç-ÞÂñôêwÞ`ê�ç²æCãäæ1å5àªÖØÝHèÌÞÂÚÛè
î;ÔNáäå¦ÔNçxÞâñfÝHãäÝ%å5ê�çfÚÛî;Ô�ÖÛ×fã�ÚØãqì¶Õfà§ÞâÔ¥êEãâèHê�ÖØÚÛçféEóGæxêEèHÔ�çfãäÞÂê�çGÞHì`×ªÚ3�(ÝHÔNå-ÔNáâàªñfÚÛè5ÞâÔnÔNçfÝ�Ô�îvÞÂñªÝ
ê�ó$Ô3ëNÝSãÁæ1å5àfÖÛÝHèÌÞÂÚÛèTî;Ô�áâå-ã��4ãäÝHÝ�£ c��z¤ ¡~ò
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Òºç-ÞÂñªÝyå5Ô�çfÔ�ÞÂÔ�çfÝvèHê�ãâÝvÓvñfÝHáäÝ
λ = 1

ê�çf×
µ = 1

3

ì�
¶çGÞâÔDë-ê�çª×Jí/ÔNÖðÞÂÝHáäÔDë1ÚØè½ñ]£ a>g>¤ àfáâÔ3ëNÝH×5ÞâñfÝyÝÌß>ÚÛãÁý
ÞÂÝqçfèHÝSÔ�î]êPñfÔNå-ÔNéNÝHçªÝHÔNÕªã(�{ê�ÖØê�ófÚn�GÕôê�ãâÚ´ýºå-ÔNáâàªñfÚØãäåûÔ�ç	ÞÂñªÝSÕfçfÚðëNÝHáâãâê�ÖMèqÔDëNÝqáâã­Ô�î]ö­ê�å

(Xλ)
ê�çª×

ö�êwå
(Yµ)
òÍ��Ô�áâÝHÔ3ëNÝHáqìGÞâñfÝqæÙãâñfÔ3Óvã¶ÞÂñôêwÞ]ÞÂñfÝqãâÝ/�1Õfê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå-ã¶êwáâÝvï
ÚØàªãâè½ñfÚÛÞ��{ÓvÚðÞÂñPáäÝHãäà$ÝHèqÞoÞÂÔ

ö­Ôwî;ÝHá�% ã­å5ÝÌÞÂáäÚØèwò.�ôÔNávÞÂñªÝ�àfáâÝqèHÚØãäÝ ×ªÝqõôçfÚðÞÂÚÛÔNç�Ôwî]ÞâñfÝ ï
ÚØàfãäè~ñfÚðÞ*�SàfáäÔNà$ÝHáÁÞAæ	Ôwîoê)�GÕôê�ãâÚ´ýºå-ÔNáäàfñfÚØãäå	ì
ãâÝqÝ � ÝHèÌÞÂÚÛÔNç e ò b ó$ÝHÖØÔ3Ó�ò`öyÝHáäÝ�ÓtÝSàfáäÔDëNÝTÞÂñfÝTî;ÔNÖÛÖØÔ3ÓvÚÛçfé�¥
Ñ j4L^=u;zL�O �4H J H J H�P [�K (M,ω) ò�[VçJT5[VçYVCKSê1[�VfçzðSð§çJcÍãbT=R�â�Zzå(éGð\[]L�KNãML å)áUToã VfçzðXWzâ�æ
j"ãÔk Xλ = (S2 × S2, ωλ)

f c�ê1[Ùè][ 1 < λ ∈ Q g
j"ãSãÔk Yµ = (CP 2#CP 2, ωµ)

f c�ê1[Ùè?[ 1
3
6= µ ∈ Q ∩ (0, 1) g

� ê1[�TÃKSê1[Ùè][�[e^�ã§â�KSâÅá�êoçzåÅçhR=[�T5[îçzà_â ï á&ðwá_ò�ã�ß�à�ázâÙãSäæå0çzè"éoê�ã§âÙå r̃ : H̃am(M,ω) → R fuc�ê�ãMLîêÕã§âP ã²éoâSLîê�ãbK÷ö%cÍãbKSê�è?[îâæé1[]L�K{Kæçd¡�ç�V*[Ùè Õ â å`[�KNèqãML g
Ò ÞÊè<êwç�ó$Ý�ãäñfÔDÓvç�ÚÛç5ÞâñfÝ�å-ÔNçfÔwÞÂÔNçfÝyèHê�ãâÝ­ÞâñôêwÞÊê�çGæ-ñfÔ�å5ÔNé�ÝHçfÝqÔNÕfã �GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå"ÔNç5ÞÂñªÝ�ÕfçªÚðý
ëNÝHáäãÂê�Ö>èHÔ3ëNÝHá8Ô�î$ö­ê�å

(X1)
×ªÝHãâèqÝHçf×fã]ÞÂÔjêt�1Õfê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå�ÔNçÙö�ê�å

(X1)
ÚðÞÂãâÝqÖÛî@£ a>gz¤ ò8üiñªÚØã8ÚÛã/×fÕfÝ

ÞÂÔJÞÂñfÝ õôçfÚðÞÂÝHçªÝHãâãTÔ�î¶ÞÂñfÝ î;Õfçf×ôêwå5ÝqçGÞ½êwÖ8é�áâÔNÕfà
π1

(
Ham(X1)

) ìOÓvñfÚØè½ñEÓ{ê�ãTàªáâÔ3ëNÝH×¥óGæÒ#TáâÔNå-ÔDë
ÚØçl£ b&�z¤ òoö­ÝjêwÖØãâÔ�à$ÔNÚØç²ÞÂÝq×�ÔNÕ>ÞÊÞâñôêwÞtÞÂñfÝ�ñfÔ�å5ÔwÞÂÔNà²æPÞºæ1à$ÝjÔ�î�ÞÂñfÝ�éNáäÔNÕfàJÔ�î
ãäæ1å5àªÖØÝHèÌÞÂÔ�å5ÔNáäàfñfÚÛãâå-ã
Ô�î
S2 × S2 è½ñôêwçféNÝHãTÓvñfÝqç ÞÂñfÝCãâàfñfÝqáâÝqã�ñôê<ëNÝP×fÚw�OÝqáâÝHç²ÞSê�áâÝHê�ãHò	��èHþ�Õ��¿£ c_b>¤ ìmê�çf×¢ �óªáâÝHÕ ê�çª×��èHþ�Õ��-£ a�¤ ì(ãâñfÔ3ÓÊÝq×nÞâñôêwÞ­ÞÂñªÝ�î;Õfçf×ôê�å-ÝHç²Þ½êwÖméNáâÔNÕªàfãHì

π1

(
Ham(Xλ)

) êwçf×
π1

(
Ham(Yµ)

) ì(èqÔNç>ý
Þ½êwÚØç	ÝHÖÛÝHå-ÝHç²ÞÂã­Ôwî]ÚØçªõôçªÚÛÞÂÝ�ÔNáä×fÝHávî;ÔNávÝqëNÝHáÁæ

0 < µ < 1
ê�çf×�î;Ô�áyÝqëNÝqáäæ

λ > 1
òiüiñ1ÕªãHì$ÞÂñfÝ�ê�ó$ÔDëNÝ

ê�áäéNÕfå-ÝHç²ÞiÓvÚØÖØÖ(çfÔ-ÖØÔ�çféNÝqáiñfÔNÖÛ×%ÚØç*ÞâñfÝHãäÝSè<ê�ãäÝHãHò �ôÕfáÁÞÂñfÝqáâå-ÔNáâÝjÓtÝSèHÖØê�ÚÛå�¥
Ñ j4L^=u;zL�O �4H J H ` HqP [�K M ò�[¦çJT5[¦çYV�KSê1[¢å)áUToã VfçzðXWzâÒð ã§â�K�[hW�ãbT � ê1[îçzè?[Ùå¸ø g ç g ç g � ê1[�TùKFê1[
è?[îâ�KNèqãML�KPãÊçJTlçYV�KFê1[(á_òÙçJrU[/å`[�T1KNãÊçJT5[hW ï á&ðwá_ò�ã4ß�à�ázâÙãSäæå0çzè"éoêUã§âqå r̃ : H̃am(M,ω)→ R Kæç%KSê1[ Vqà�Toä
W_á&å`[�T1KÊá�ð=R&è*çzà>é π1

(
Ham(M,ω)

)
⊂ H̃am(M,ω) R&ãbrU[îâtèqã§âS[wKæç�ádTZçJToä�KPèqãbr<ãPá&ð�êoçzå0çzå0çzè"éoê�ã§âÙå g

üiñfÚÛãj×fÚ3�(ÝHáäã�î;áäÔNå«ÞâñfÝÙãâÚðÞÂÕôêwÞâÚØÔNç�×fÝHãäèHáâÚÛó$ÝH×¥ÚÛç�£ a<gz¤ ÓvñfÝHáäÝCÚÛÞ­Ó{ê�ãjàfáäÔDëNÝHçEÞÂñôêwÞ�î;ÔNá
M = CP nÝHçª×fÔDÓtÝH×nÓvÚÛÞâñ�ÞÂñfÝV�ôÕfófÚØçªÚðý � ÞÂÕf×>æ%î;ÔNáäå�ì$ÔNá­î;Ô�á

M = S2 × S2 Ý��GÕfÚÛàfà$ÝH×EÓvÚÛÞÂñ�ÞâñfÝÙãäàfÖØÚðÞ�ãäæ1åCýàfÖÛÝHèqÞâÚØètî;ÔNáâå
ω⊕ω
ì�ÞÂñfÝiáâÝqãäÞâáâÚØèÌÞÂÚÛÔNçCÔwî$ÞâñfÝ��{ê�ÖØê�ófÚ��GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå�ÞÂÔjÞÂñfÝ{î;Õªçf×ôê�å-ÝHç²Þ½ê�Öªé�áâÔNÕfà

π1

(
Ham(M)

) ëwêwçfÚØãäñfÝHãyÚÛ×fÝHç²ÞÂÚÛè<ê�ÖÛÖðæ�ò
�ôÔNáoÞâÝHè½ñfçfÚÛè<ê�ÖQáâÝHê�ãâÔNçªãHì1ÓÊÝ�ãäñôê�ÖÛÖ$ê�ãâãäÕfå-Ý­ÚØç-ÓvñôêÍÞtî;ÔNÖØÖÛÔ3Óvã¶ÞÂñôêwÞ

M
ÚØãtêSáÂêwÞâÚØÔNçfê�ÖôãÁÞÂáâÔNçªéNÖÛæCãâÝqå5Ú´ý

à$ÔNãäÚÛÞÂÚðëNÝ ãäæ1å-àfÖØÝqèqÞâÚØè åJêwçfÚÛî;Ô�ÖÛ×�òTÿvÝqè<ê�ÖÛÖmÞÂñôêwÞTê�ãÁæ1å5àfÖÛÝHèÌÞÂÚØè å5ê�çfÚðî;ÔNÖÛ×
M
ÚØã�áÂêÍÞÂÚØÔ�çôê�ÖmÚðî¶ÞÂñªÝCãäÝqÞ

{ω(A) | A ∈ π2(M)}
ÚÛã5ê ×fÚÛãâèHáäÝqÞâÝ�ãâÕªófãâÝÌÞ*Ô�î

R
ê�çª×rãÁÞÂáâÔ�çféNÖðæ�ãâÝHå-Ú´ýºà$ÔNãäÚÛÞÂÚ´ëNÝ	Úðî�î;ÔNá-ÝqëNÝqáäæ



¨ ,Sý ©pªU«<¬"­@®4¯o°&«f±²­4ª 0 ªo® z �=;z¯59 «s; ¨:×

A ∈ π2(M)
ÔNçfÝ�ñfê�ã

2− n ≤ c1(A) < 0 =⇒ ω(A) ≤ 0,

ÓvñfÝqáâÝ
c1 ∈ H2(M,Z)

×fÝHçªÔ�ÞÂÝqã-ÞâñfÝ%õfáâãäÞ0�ÊñfÝqáâç�èqÖ÷êwãâãPÔ�î
M
ò�üiñfÝ�ê�ãäãâÕfå-àªÞÂÚÛÔNç§ÞÂñôêwÞ

M
ÚØã

ãäÞâáâÔNçªéNÖÛæJãâÝHå-Úðý à$ÔNãâÚðÞÂÚ´ëNÝTÚÛãvêCãäÞ½êwçf×ôê�áä×	ÞâÝHè½ñfçfÚÛè<ê�Ö
ê�ãâãäÕfå5à>ÞÂÚØÔ�ç!�4ãäÝHÝSÝwò éfò@£ gR�R¤ ì4£ g&|z¤ ¡tÓvñfÚÛè~ñ	éNÕfê�áÁý
ê�ç²ÞÂÝHÝqãHìNáâÔ�ÕféNñfÖðæ�ãâà$ÝHê�ÜGÚØçféfìwÞÂñªÝÊéNÔ1Ô1×>ý ó$ÝHñôê<ë1ÚØÔNáMÔ�îôãâÔNå-Ýtå-Ô1×fÕfÖØÚ²ãäàôê�èHÝqã]Ô�îôàfãäÝHÕf×fÔÍýºñfÔ�ÖØÔNå-ÔNáâàªñfÚØè
èHÕªáäëNÝHãqò
~yÔ�ÞÂÝ{ÞâñôêwÞoÝÌëNÝHáÁæPãÁæ>å-àfÖÛÝHèÌÞÂÚØè{åJêwçfÚÛî;Ô�ÖÛ×ÙÔ�î(×ªÚØå-ÝHçfãäÚØÔNç

4
ÔNá]ÖØÝHãäãHìGÚÛçCàôê�áäÞâÚØèqÕfÖ÷êwá/ÞÂñfÝiåJêwç>ý

ÚÛî;Ô�ÖØ×ªã/ÖØÚÛãäÞÂÝq×ÙÚØç üiñfÝHÔ�áâÝHå e ò a ò a ìNÚØã/ãäÞÂáäÔNçféNÖðæ�ãâÝqå-Úðýºà$Ô�ãâÚÛÞâÚðëNÝwò/üiñfÝ{áÂêwÞâÚØÔNçfê�ÖÛÚðÞºæSê�ãâãäÕfå5à>ÞÂÚØÔ�çÙÚØã]êwÖØãâÔ
ê�ÞâÝHè½ñfçfÚÛè<ê�ÖÊêwãâãâÕfå-àªÞâÚØÔNçOò�Ò Þ àfÖ÷ê<æ>ã ê�áâÔ�ÖØÝwì/î;ÔNá�ÝÌßªê�å-àfÖØÝwì]ÚÛçxï
ÝHå-åJê e ò g ò a ó$ÝqÖØÔDÓ�ì/ÓvñfÝHáäÝ�î;Ô�á
çfÔNç1ýºáÂêÍÞÂÚØÔ�çôê�Ö�ãäæ1å-àfÖØÝqèqÞâÚØèSåJêwçfÚÛî;Ô�ÖÛ×fãiÞâñfÝ ê�èÌÞÂÚØÔ�ç�ãâà$ÝqèqÞÂáäÕfå ÚØã­ê-çfÔNç>ý ×fÚØãäèHáäÝqÞÂÝSãâÕfófãäÝqÞjÔ�î

R
ê�çª×

ÔNÕfáiå-ÝqÞÂñªÔ1×	Ô�î/àfáâÔ1Ôwî/î4ê�ÚÛÖÛãHò
Òºç î4ê�èqÞHìMÞÂñªÝ5Ý~ßªê�å-àfÖØÝqãSÚØç¥üiñfÝHÔNáäÝHå e ò a ò a ê�áäÝ-ãâà$ÝqèHÚØê�ÖoèHê�ãâÝqã Ôwîiê%å-ÔNáâÝPé�ÝHçfÝqáÂê�ÖoèqáâÚðÞÂÝHáäÚØÔNçnî;Ô�á
ÞÂñªÝPÝÌß>ÚØãÁÞÂÝHçªèHÝ-Ô�îÊê]�{êwÖ÷ê�óªÚ��GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå	ò Òºç�£ a>g>¤ ì
ãâÕfè½ñøê%èqáâÚðÞÂÝHáäÚØÔNç�Ó{ê�ã�éNÚÛë�ÝHç¥î;Ô�áTèHÖÛÔNãâÝq×
å-ÔNçfÔ�ÞâÔNçfÝÙãäæ1å-àfÖØÝqèqÞâÚØèCå5ê�çfÚðî;ÔNÖð×fãHò�üiñfÚÛã�èqáâÚðÞÂÝHáäÚØÔNçEÚØãjóôê�ãâÝq× ÔNç¥ãâÔNå-ÝPê�ÖÛéNÝHófáâê�ÚØè àªáâÔNà$ÝqáäÞÂÚÛÝHãTÔ�î
ÞÂñªÝ$�GÕôê�ç²ÞÂÕfå¦ñfÔNå-ÔNÖÛÔNé�æ ê�ÖØéNÝqófáÂê�Ô�î

(M,ω)
ò���Ô�áâÝ�àfáâÝqèHÚÛãâÝHÖðæNì¶áâÝHèHê�ÖÛÖtÞâñôêwÞPêwãCêEå5Ô1×ªÕfÖØÝ-ÞÂñfÝ

�GÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖÛÔNé�æ*Ô�î
M
ÚØã­×ªÝqõôçfÝq× ê�ã

QH∗(M) = H∗(M) ⊗ Λ
ì$ÓvñfÝHáäÝ

Λ
ÚØãyÞÂñfÝ ãÁÞ½ê�çf×fê�áâ×

~­Ô3ë1ÚØÜ�Ô3ë*áäÚØçfé
Λ =

{∑

A∈Γ

λAq
A | λA ∈ Q, #{A ∈ Γ | λA 6= 0, ω(A) > c} <∞, ∀ c ∈ R

}
.

ö­ÝqáâÝ
Γ = π2(M) / (ker c1 ∩ kerω)

ì
ÓvñfÝqáâÝ
c1
ÚØã�ÞÂñfÝÙõôáâãäÞ��ÊñfÝHáäç èqÖ÷ê�ãäãHòV Ñé�áÂê�×fÚÛçfé*ÔNç

Λ
ÚÛã

éNÚðëNÝHçÙó²æ
deg(qA) = 2c1(A)

òD� ÝÊãâñôê�ÖÛÖ1×fÝHçªÔ�ÞÂÝÊóGæ
Λk
ê�ÖÛÖGÞâñfÝÊÝHÖÛÝHå-ÝHç²ÞÂã8ÚÛç

Λ
ÓvÚðÞÂñ ×fÝHé�áâÝHÝ

k
òD� Ý

áâÝÌî;ÝHáÊÞâñfÝjáâÝHê�×fÝHáäã{ÞÂÔ$£ c_gz¤ ê�çf×JÞÂÔ � ÕfófãâÝqèqÞâÚØÔNç e ò c ò a ó$ÝqÖØÔ3Ó�î;ÔNá{êÙå-ÔNáäÝ�×fÝÌÞ½ê�ÚÛÖØÝH×JÝÌß>à$ÔNãäÚÛÞâÚØÔNç*ê�çª×
î;ÔNá`ÞÂñfÝ�àfáäÝHèHÚÛãâÝj×fÝÌõôçfÚðÞÂÚÛÔNçJÔ�î
ÞâñfÝ��GÕôêwçGÞÂÕªå àfáâÔ1×ªÕfèqÞ{ÔNç

QH∗(M)
ò¶ÒºçJÞÂñfÝ�å-ÔNçfÔ�ÞâÔNçfÝ­è<êwãâÝjÚ ò Ý�òðì

ÓvñfÝqáâÝ�ÞÂñfÝqáâÝ Ý~ßªÚÛãäÞâã
κ > 0

ãäÕfè½ñEÞâñôêwÞ
ω = κ · c1

ìQÞÂñfÝd~­Ô3ë1ÚØÜ�Ô3ë	áâÚÛçfé
Λ
èHê�ç�ó(Ý�ÚØ×ªÝHçGÞâÚÛõôÝq×�ÓvÚðÞÂñ

ÞÂñªÝ�õôÝHÖÛ×EÔ�îoïMê�ÕfáäÝHçGÞ�ãâÝHáäÚØÝqã ∑
αjx

j ì(ÓvÚðÞÂñ�èHÔ1ÝÙ2-èHÚØÝqçGÞâãjÚØç Q
ì�êwçf×nê�ÖÛÖ

αj
ëÍê�çfÚØãäñ�î;ÔNá

j
éNáäÝ<êwÞâÝHá

ÞÂñfê�ç�ãäÔNå-Ý*ÖØê�áäéNÝJÝHçfÔ�ÕféNñ
j0
ò Òºç§ÞÂñªÚØãÙèHê�ãâÝ�ÓÊÝ*ãÂê<æøÞÂñfêwÞÙÞÂñfÝÅ�1Õfê�çGÞâÕfå ñfÔNå-ÔNÖÛÔNé�æ

QH∗(M)ÚØã âS[Ùå�ãSäÊâÙãSå(éGð\[ Úðî¶ÚÛÞ�ãäàfÖØÚðÞÂãyÓvÚðÞÂñ�áâÝHãäà$ÝHèÌÞTÞÂÔJåCÕªÖÛÞÂÚÛàªÖÛÚÛèHêwÞÂÚðÔNç�ÚÛçGÞâÔ�êJ×fÚÛáâÝqèqÞjãäÕfå Ôwî¶õôÝqÖØ×fãqì�ê�ÖØÖMÔ�îÓvñfÚÛè~ñnê�áâÝSõôçfÚÛÞâÝ ×fÚÛå5ÝqçfãâÚÛÔNç�ÖØÚØçªÝ<ê�áyãäàôê�èHÝqãTÔ3ëNÝHá
Λ
ò�Ò Þ�Ó{ê�ã�ãâñfÔ3Óvç¥ÚÛç¦£ a>g>¤ ÞâñôêwÞ�î;Ô�á�å-ÔNçfÔwÞÂÔNçfÝ

ãäæ1å-àfÖØÝqèqÞâÚØèÊå5ê�çfÚðî;ÔNÖð×fãmÓvÚðÞÂñÙãâÝqå5Ú´ýºãäÚØå-àfÖðÝ �GÕôêwçGÞÂÕªå�ñfÔNå-ÔNÖØÔ�é�æSê�ÖÛéNÝHóªáÂêyÞÂñfÝqáâÝ{Ý~ßªÚÛãäÞÂã¶êjï
ÚØàªãâè½ñfÚÛÞ��
ñfÔNå-ÔNé�ÝHçfÔNÕªã��{ê�ÖØê�ófÚ��GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå Ô�çnÞÂñfÝCÕfçfÚðëNÝHáäãÂê�Ö]èqÔDëNÝHáTÔ�î`ÞâñfÝCéNáâÔNÕªà¥Ô�îÊö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç
×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHò
Òºç5ÞâñfÝ­çfÔNç1ýºå-ÔNçfÔ�ÞâÔNçfÝvèHê�ãâÝyÞÂñªÝ�ê�ó$ÔDëNÝy×fÝqõôçªÚÛÞÂÚÛÔNç-Ô�î�ãâÝqå5Ú´ýºãäÚØå-àfÖðÚÛèqÚðÞAæ ÓvÚÛÖØÖfçfÔ�ÖØÔNçfé�ÝHáoñfÔNÖÛ×5ãäÚØçfèqÝ
Λ
ÚØã/çfÔTÖÛÔNçféNÝqá]ê­õôÝHÖÛ×�ò]öyÔDÓtÝqëNÝqáHìGÚðÞ8ÞâÕfáâçfã]ÔNÕ>Þ]ÞâñôêwÞ¶ê�ãâÚØå-ÚÛÖØê�áMèHáâÚðÞÂÝqáâÚØÔ�ç�ÞÂÔ�ÞÂñfÝiêwó(Ô3ëNÝ{ãäÞâÚØÖØÖGÝÌß>ÚØãÁÞÂã
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ÚØç�ÞÂñfÚÛã8è<ê�ãäÝ�ò³��ÔNáäÝ{àfáâÝqèHÚÛãâÝqÖÛæNì�ÓÊÝÊî;Ô1èHÕªã¶Õªà(Ô�çÙÞÂñfÝ{ãäÕfó>ýAêwÖØéNÝqófáÂê
QH2n(M) ⊂ QH∗(M)

Ô3ëNÝHá8ÞâñfÝ
ãâÕªó>ýºáäÚØçfé

Λ0 ⊂ Λ
òjüiñfÚÛãjãäÕfó>ýºê�ÖØéNÝqófáÂê5ÚØãyÞÂñfÝ ×fÝHéNáäÝHÝÙèHÔ�å5à$ÔNçªÝHçGÞjÔ�î¶ÞâñfÝÙÚÛ×fÝHç²ÞÂÚÛÞºæ	ÚÛç

QH∗(M)
ò

�­ãäÚØçfé-ÞÂñªÝSî4ê�èqÞyÞÂñôêÍÞ�ÚÛç	ÞÂñfÝ�çªÔNç>ýºå-ÔNçfÔwÞÂÔNçfÝ�èHê�ãâÝSÞÂñfÝ�ãâÕªó>ýºáâÚÛçfé
Λ0

è<ê�ç�ó$Ý�ÚØ×ªÝHç²ÞÂÚÛõfÝH×	ÓvÚÛÞÂñ	ÞÂñªÝ
õôÝqÖØ×�Ô�î¶ïMê�ÕfáâÝqçGÞ�ãäÝHáâÚÛÝHãqì(ÓtÝ ãÂê<æ�ê�ã­ó$Ýqî;ÔNáäÝSÞÂñôêwÞ

QH2n(M)
ÚØãyãâÝqå5Ú´ýºãâÚÛå-àfÖÛÝTÔDëNÝqá

Λ0
Úðî]ÚÛÞ­ãäàfÖØÚðÞÂã

ÚØç²ÞÂÔnêE×fÚØáäÝHèqÞCãäÕfå Ô�îvõôÝHÖÛ×fãÙÓvÚðÞÂñ§áâÝqãâà$ÝHèÌÞ-ÞâÔnåÙÕfÖÛÞâÚÛàfÖÛÚÛèHêwÞâÚÛÔNçOò þ�ÝHçªÔ�ÞÂÝ*óGæ
NM

ÞÂñªÝ*å5ÚÛçfÚÛå5êwÖ
�ÊñfÝqáâç%ç1ÕfåÙó$Ýqá{Ô�î

M
×fÝqõfçfÝH×	ê�ãÊÞÂñfÝjà$ÔNãäÚÛÞâÚÛëNÝ�éNÝqçfÝHáâêwÞÂÔ�á{Ô�î
ÞÂñfÝjÚØå5ê�é�Ý

c1 (π2(M)) ⊆ Z
Ô�î
ÞÂñfÝ

õôáäãäÞ �ÊñfÝqáâçnèHÖØê�ãâã
c1
ò­üiñfÝ î;ÔNÖÛÖÛÔDÓvÚÛçªé5èqáâÚÛÞâÝHáäÚØÔNç�ÚÛã�êJéNÝqçfÝHáâê�ÖØÚ3�<êÍÞÂÚÛÔNç	Ô�îoüiñªÝHÔNáäÝHå

1.5
î;áâÔ�å £ a<gz¤

ÞÂÔCÞÂñªÝSáâêwÞÂÚÛÔNçôê�Ö(ãäÞâáâÔNçfé�ÖÛæ�ãäÝHå-Úðý à(Ô�ãâÚðÞÂÚðëNÝjè<êwãâÝ�ò
Ñ j4L^=u;zL�O �4H J H3InH�P [�K (M,ω) ò�[.áqLÙð§ç<âS[hWyLîçJT1T5[]L�K�[hW5è áUKPãÊçJTGá&ð^âsKNè*çJT=R&ð¢ZtâS[Ùå�ãSä§éoç>âqãbKNãbrU[³â�Zzå(éGð\[]LÙäKPãMLÈå)áUToã VfçzðXW�ç�VoW&ãSå`[�T�âÙãÊçJT 2n g ßuà<é_éoç<âS[°KFê�áUKêKFê1[.ß�à�áUT1KPàUå�êoçzå0çzð§çhRUZ�âÙà�òîá&ðúR=[�ò�è á QH2n(M) ⊂

QH∗(M) ã§â�á�âS[Ùå�ãSäÊâÙãSå(éGð\[)á&ðúR=[�ò�è á¢çJrU[ÙèdKFê1[��o[ÙðÌW Λ0
áµTnWåKSê�áUK NM

W&ãbr<ã~W�[îâ n g � ê1[�TÜKSê1[Ùè][
[e^�ã§â�KSâdá P ã²éoâSLîê�ãbK÷ö êoçzå0çhR=[�T5[îçzà_â ï á&ðwá_ò�ã³ß�à�ázâÙãSäæå0çzè"éoê�ã§âÙå r̃ : H̃am(M,ω)→ R.

�ôÔNá`ÞâñfÝ�åJêwçfÚÛî;Ô�ÖÛ×fã
Xλ

ê�çf×
Yµ
ÖÛÚØãäÞâÝH×JÚÛçJüiñfÝqÔNáâÝqå e ò a ò a ÞÂñªÝ�å5ÚÛçfÚÛå5êwÖ:�ÊñªÝHáâç*çGÕfåÙó$ÝHá

NM

ÚØã
2ê�çf×

1
áäÝHãâà$ÝqèqÞâÚÛëNÝqÖÛæ�òTüiñ1Õfãqì
Ô�çfÝ Ô�îoÔNÕfá­åJê�ÚÛç	Þ½ê�ãäÜ1ãjÚÛã­ÞâÔ�àfáâÔ3ëNÝ ÞâñôêwÞ�î;Ô�á­ÞâñfÝHãäÝCå5ê�çfÚðî;ÔNÖÛ×ªãyÞâñfÝ

ÞÂÔ�à>ýº×fÚÛå-ÝHçfãäÚØÔNçÅ�1Õfê�çGÞâÕfå ñfÔNå-ÔNÖØÔ�é�æ5ãâÕfóôêwÖØéNÝqófáÂê
QH4(M)

ÚÛãiãâÝHå-Úðý ãâÚÛå-àfÖÛÝ�ÔDëNÝHáiÞâñfÝTõôÝHÖÛ×
Λ0
ò

 �ã]ê�óGæ²ýºàfáäÔ1×fÕfèÌÞ¶Ô�îQüiñfÝqÔNáâÝqå e ò a ò a ìwÓtÝié�ÝHçfÝqáÂê�ÖÛÚ§�qÝ{ê�áäÝHãäÕfÖÛÞ]áäÝHé²ê�áä×fÚØçªé�áâÚØé�ÚØ×fÚ´ÞAæTÔ�îQÚØç²ÞÂÝHáäãâÝqèqÞÂÚÛÔNçfã
ÔNóªÞÂê�ÚØçªÝH×�óGæ�
¶çGÞÂÔ3ë�êwçf×rí/ÔNÖÛÞâÝHáâÔ3ë1ÚØè½ñ�ÚÛçÞ£ a<|z¤ òdümÔø×fÝHãäèHáâÚÛó$Ý�ÞÂñfÝ�áâÝqãâÕfÖðÞ<ìÊÓÊÝ�áâÝqè<ê�ÖÛÖiõôáâãÁÞJÞÂñªÝ
î;ÔNÖÛÖØÔ3ÓvÚÛçféC×ªÝqõôçfÚðÞÂÚÛÔNçfãHò
�ôÔNávêPãäæ1å-àfÖØÝqèqÞâÚØè�å5ê�çfÚðî;ÔNÖð×

M
×fÝqçfÔ�ÞâÝSóGæ

{·, ·}
ÞâñfÝSãÁÞ½ê�çf×fê�áâ×�í/Ô�ÚØãâãäÔNç

ófáâê�è~ÜwÝqÞÂãjÔNç
C∞(M)

ò( �ÖØÚÛçfÝ<êwáyãâÕfófãäàôê�èqÝ
A ⊂ C∞(M)

ÚÛã�ãâê�ÚØ×�ÞÂÔJó$ÝCí/ÔNÚÛãâãâÔ�ç>ýºèqÔNå-åCÕ>Þ½êwÞâÚðëNÝ
ÚÛî
{F,G} = 0

î;Ô�á{ê�ÖÛÖ
F,G ∈ A

ò�� ÝTê�ãâãäÔ1èHÚØêwÞÂÝ­ÞÂÔCê�õôçfÚðÞÂÝ~ýº×fÚÛå5ÝqçfãâÚÛÔNçôêwÖ$í/ÔNÚÛãâãâÔ�ç>ýºèqÔNå5åÙÕªÞÂêwÞÂÚ´ëNÝ
ãâÕªófãâàôêwèHÝ

A ⊂ C∞(M)
ÚðÞÂã{å-ÔNå-ÝHç²Þiå5ê�à

ΦA : M → A∗ ìf×fÝqõfçfÝH×�ó²æ 〈ΦA(x), F 〉 = F (x)
òÍ 

çfÔNç1ýºÝHå-àªÞºæ�ãäÕfófãäÝqÞ�Ô�î¶ÞâñfÝ î;Ô�áâå
Φ−1

A (p), p ∈ A∗ ìOÚØã­è<ê�ÖÛÖØÝq×Eê5õôó$ÝHá�Ô�î A ò( �õfó$ÝHá X ⊂ M
ÚÛã

ãÂêwÚØ×EÞÂÔ*ó$ÝC×fÚØãäàfÖ÷êwèHÝ<êwófÖØÝ ÚÛî¶ÞÂñfÝqáâÝCÝÌß>ÚØãÁÞÂã�ê%ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç�×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå
ϕ ∈ Ham(M)

ãâÕªè~ñ
ÞÂñfêwÞ

ϕ(X) ∩X = ∅
ò¶üiñfÝ�î;ÔNÖÛÖØÔ3ÓvÚÛçféÙ×fÝÌõôçfÚÛÞâÚØÔNç�Ó{ê�ãvÚØç²ÞÂáâÔ1×ªÕfèHÝq×	ÚØçÕ£ a<|z¤ ¥

ú$L_û�8BEF9>EF=G8 �4H J Hñ�4H%N LÙð§ç<âS[hW¦âÙà�òÙâS[�K X ⊂ M ã§âAL�á�ðpð\[hWiá�â�K�[ÙåyfÅã V�KSê1[Ùè?[Ü[e^�ã§â�KSâ!á���ToãbKY[Ùä
W&ãSå`[�T�âÙãÊçJTGá&ð�û/çzã§âîâ<çJToähLqçzå�åVà�KÊáUKNãbrU[.âÙà�òÙâæé�á=L][ A ⊂ C∞(M) fDâÙà1Lîê`KFê�áUK X ã§â áo� ò�[Ùè�çYV A áUT-W
[�á=Lîêm� ò�[ÙèdçYV A f.çJKSê1[ÙèCKFê�áUT X f³ã§âyW&ã§âæéGðwá=L][�á_ò�ð\[ g
ÒºçÙüiñfÝHÔ�áâÝHå

2.4
Ô�î4£ a<|z¤ ì_
¶çGÞâÔDë ê�çª×Cí/ÔNÖÛÞâÝHáâÔ3ë1ÚØè½ñ ãâñfÔ3ÓÊÝH×ÙÞÂñôêÍÞ8î;ÔNá8ê­èHÝqáäÞ½êwÚØç èHÖ÷êwãâã8Ô�îôãäæ1å-àfÖØÝqèqÞÂÚÛè

å5ê�çfÚÛî;Ô�ÖÛ×ªãHìMê�ç²æEÞAÓÊÔ	ãäÞâÝHå-ãSñôê<ëNÝ5ê%çfÔ�ç>ýºÝqå5àªÞºæEÚØç²ÞÂÝHáäãâÝHèÌÞÂÚÛÔNç�ò���ñôêwÞ�ÞâñfÝqæ¥ÕªãâÝH×Oì/ÚØçnî4ê�èÌÞ<ìMÓÊê�ã
ÔNçfÖðæTÞâñfÝtÝÌß>ÚÛãäÞÂÝqçfèqÝ{Ô�îôê­ï
ÚØàfãäè~ñªÚÛÞ*�oñfÔNå-ÔNéNÝHçªÝHÔNÕªã��{ê�ÖØê�ófÚ_�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãäå î;ÔNámå5ê�çfÚðî;ÔNÖð×fãMÚÛçSÞÂñfÚÛã



¨ ,ñ�/x ¬M�n9ñ±Æ6l±§ª 0 ¬ ±Ô�ä;d­@ª �o0 9 0 4G±:ü4¯ 0 ;>±8õ�6$­G¬hí�½:±Ô;J6 ¨:ö

èHÖØê�ãâãqò��yãâÚØçªévÞÂñªÝ`Ý~ßfêwèqÞ/ãâê�å5Ý¶ÖØÚÛçfÝ]Ô�îªàfáäÔ1Ô�îAì3ÞÂñfÝ¶î;ÔNÖÛÖØÔ3ÓvÚÛçféÊÞÂñfÝqÔNáâÝqå�î;Ô�ÖØÖÛÔDÓvãOî;áâÔ�å�üiñªÝHÔNáäÝHå e ò a ò a
ê�ó$Ô3ëNÝ�ò
Ñ j4L^=u;zL�O �4H J HÆÅnHlP [�K M ò�[	çJT5[	çYV�KFê1[�å)áUToã VfçzðXWzâ�ð ã§âsKY[hWÅãbT � ê1[îçzè?[Ùåýø g ç g ç g � ê1[�TÕáUT1Z`K±c�çâ�K�[Ùådâ�ãbT M ãbT1K�[Ùè*âS[]L�K g
 �çnÝ~ßªê�å5àªÖØÝ Ô�î`êJãäÞÂÝqå ÚÛç�ÞÂñfÝ è<ê�ãäÝÙÓvñfÝqáâÝ

M = Xλ
ÚØã­ÞâñfÝÙàfáäÔ1×fÕfèqÞTÔ�î¶ÞºÓÊÔ*Ý+�1ÕfêwÞÂÔNáäãHò���ÔNáäÝ

àfáäÝHèHÚÛãâÝqÖÛæ�ì/ÓÊÝ5ÚÛ×fÝHç²ÞÂÚðî}æ
Xλ

ÓvÚÛÞÂñ
CP 1 × CP 1 ÚØç ÞâñfÝ5Ô�óGë1ÚØÔNÕªãSÓÊê3æ�ò	þ­ÝHçfÔ�ÞâÝJó²æ L ⊂ Xλ

ÞÂñªÝ
ïMê�éNáâê�çféNÚØê�ç�ÞâÔNáâÕfãv×ªÝqõôçªÝH×�ó²æ

L =
{

([z0 : z1], [w0 : w1]) ∈ CP 1 × CP 1 | |z0| = |z1|, |w0| = |w1|
}

üiñfÝ-àªáâÔ1Ô�î`ÞÂñôêÍÞ
L
ÚØã�ê*ãäÞÂÝqå éNÔ1ÝHãSê�ÖÛÔNçfé�ÞÂñªÝPãÂê�å-ÝPÖÛÚØçfÝCêwã��ÊÔNáâÔ�ÖØÖ÷êwáäæ

2.5
Ôwî�£ a<|z¤ ò � ÚÛçfèHÝCÞâñfÝ

ÚØå5ê�é�ÝjÔ�î8êPãäÞâÝHå Õfçf×fÝqá­êwçGæ*ãÁæ>å-àfÖÛÝHèÌÞÂÔNå-ÔNáâàªñfÚØãäåûÔwî
M
ÚÛãvê�é²ê�ÚÛç%êPãäÞâÝHåûÓÊÝSé�ÝqÞ�¥

��=u;z=GMPMPQ�;<Yi�BH J H { H�P [�K Xλ
ò�[	çJT5[�çYVCKFê1[�å)áUToã VfçzðXWzâ ãbT�KSê1[{�³è*â�K�LÙðwázâîâ�çYV å)áUToã VfçzðXWzâ ð ã§â�K�[?W0ãbT

� ê1[îçzè?[Ùåpø g ç g ç á_òÙç(rU[ g � ê1[�TyVfçzè�áµT3Z	â�Zzå(éGð\[]L�K½çzå0çzè"éoê�ã§âÙå ϕ çYV Xλ
c°[5ê�áUrU[ L ∩ ϕ(L) 6= 0 g

�
�?> ¹ÄDE������� ��$­#mDE����+�'%$ Úþ#C��#CH�� ÿ�F�#%+:� � � 'CDE�­�
��+¯�

ÒºçJÞÂñfÚÛãÊãäÝHèqÞâÚØÔNçJÓtÝjáâÝqè<ê�ÖÛÖQÞÂñfÝ�×fÝqõfçfÚÛÞâÚØÔNç5Ô�îmê��{êwÖ÷ê�óªÚG�GÕôê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå�ÚØç²ÞÂáâÔ1×ªÕfèHÝq×*ÚÛç,£ a<gz¤ ò�� Ý
ãäÞÂê�áäÞÊÓvÚÛÞÂñJÞÂñfÝj×fÝÌõôçfÚÛÞâÚØÔNç�ÔwîMÞÂñªÝTèqÖ÷ê�ãäãâÚØèHê�Ön�{ê�ÖØê�ófÚ(ÚÛçGëwêwáâÚ÷êwçGÞ5�4ãäÝHÝ	£ e&¤ êwçf×Õ£ a�a+¤ ¡~òoï
ÝqÞ

(M,ω)
ó$Ý

ê�èHÖÛÔNãâÝq×�èHÔ�çfçfÝHèÌÞÂÝq×%ãÁæ>å-àfÖÛÝHèqÞâÚØè­å5ê�çªÚÛî;ÔNÖð×�ò�#�ÚðëNÝHç�ê ö­ê�å5ÚÛÖðÞÂÔ�çfÚØêwçPî;ÕfçfèqÞâÚØÔNç
H : S1×M → R

ì
ãâÝÌÞ

Ht := H(t, ·)
êwçf×ø×fÝqçfÔ�ÞâÝJó²æ

ϕ
ÞÂñfÝ-ÞâÚØå-ÝÌý a ý å5êwà Ô�îÊÞâñfÝJö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç��ôÔ3Ó

{ϕtH}
ò*üiñfÝ

éNáäÔNÕfà�Ô�îoö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç	×fÚw�OÝqÔNå-ÔNáâàªñfÚØãäå-ã
Ham(M,ω)

èHÔ�çfãâÚÛãäÞÂã­Ô�îoê�ÖÛÖMãâÕªè~ñ�ÞÂÚÛå5Ý~ý a ý å-ê�àfãqòvï
ÝqÞ
H̃am(M,ω)

ó$Ý%ÞÂñfÝ	ÕfçªÚÛëNÝHáäãÂê�ÖvèqÔDëNÝqá5Ô�îjö�êwå
(M,ω)

òi�ôÔ�á-ê çªÔNç>ýºÝqå-àªÞAæ§Ô�à(Ýqç�ãâÕfófãäÝqÞ
U
Ô�î

M
ì`ÓÊÝ	×fÝqçfÔ�ÞÂÝ	ó²æ

H̃amU(M,ω)
ÞÂñªÝ	ãâÕfóªéNáâÔNÕªà�Ôwî

H̃am(M,ω)
ìÊèqÔNçfãäÚØãÁÞÂÚØçªé Ô�îjê�ÖÛÖ{ÝHÖÛÝHå-ÝHçGÞâã

ÞÂñfêwÞSè<ê�ç ó$Ý-áâÝqàfáâÝqãâÝHç²ÞÂÝq×xóGæ ê%àôêÍÞÂñ
{ϕtH}t∈[0,1]

ãäÞÂê�áäÞÂÚÛçfé	êwÞ�ÞâñfÝ-ÚØ×ªÝHç²ÞÂÚÛÞºænê�çf× éNÝqçfÝHáâêwÞÂÝq×øó²æ
ê ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç�î;ÕfçªèqÞÂÚÛÔNç

Ht

ãâÕfàªà$ÔNáäÞâÝH×rÚÛç
U
î;Ô�á5ê�ÖØÖ

t
ò-�ôÔNá

ϕ ∈ H̃amU(M,ω)
ÓÊÝ�×fÝÌõôçfÝ

CalU : H̃amU(M,ω)→ R
óGæ

ϕ 7→

∫ 1

0

dt

∫

M

Ht ω
n.

üiñfÚÛãJå5ê�à�ÚÛã-ÓÊÝqÖØÖy×ªÝqõôçfÝq×�ìvÚ ò Ý�òðì{ÚÛÞ5ÚÛã5ÚÛçf×fÝqà$ÝHçf×fÝqçGÞ�Ô�îjÞâñfÝ�ãäà$ÝHèqÚÛõôè�è½ñfÔNÚÛèHÝ�Ô�îjÞâñfÝEö­ê�å-ÚØÖðÞâÔwý
çfÚØê�ç�î;ÕfçªèqÞÂÚÛÔNçùéNÝqçfÝHáâêwÞÂÚÛçfé

ϕ
òÇ�	ÔNáâÝqÔDëNÝqáHì{ÚðÞ-ÚÛã-ê¥éNáâÔNÕªà�ñfÔ�å5ÔNå-ÔNáäàfñfÚÛãäå è<êwÖØÖØÝq×§ÞÂñfÝl�{êwÖ÷ê�ófÚ

ñfÔNå-ÔNå-ÔNáäàfñfÚÛãâå	ò
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ÿvÝHè<êwÖØÖ>ÞâñôêwÞoêTçªÔNç>ýºÝqå-àªÞAæ ãäÕfófãäÝqÞ
U
Ô�î
M
ÚØã]èHê�ÖØÖÛÝH×Cö�ê�å-ÚÛÖðÞÂÔ�çfÚØêwçfÖðæS×fÚØãäàfÖ÷êwèHÝ<êwófÖØÝÊÚÛîôÞÂñfÝqáâÝiÝÌß>ÚØãÁÞÂã

ê�ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç ×fÚ3�(ÝHÔNå-ÔNáäàfñfÚÛãâå
ϕ ∈ Ham(M,ω)

ãâÕfè½ñxÞâñôêwÞ
ϕ(U) ∩ Closure(U) = ∅.

üiñªÝ
î;ÔNÖÛÖØÔ3ÓvÚÛçfé ÞºÓÊÔ-×fÝqõfçfÚÛÞâÚØÔNçfã{ÓtÝHáäÝSÚØç²ÞÂáâÔ1×fÕªèHÝq×�ÚÛçÕ£ a>gz¤ ò
ú$L_û�8BEF9>EF=G8 �4H ` H J HuN ß�à�ázâÙãSäæå0çzè"éoê�ã§âÙå�çJT H̃am(M,ω) LîçzãbT5LÙã~W&ãbT=R cÍãbKSêÜKSê1[ ï á&ðwá_ò�ã.êoçzå0çzä
å0çzè"éoê�ã§âÙå CalU : H̃amU(M,ω)→ R çJT,áUT1Z�çîé1[�TláUT-Wq¡5á&å�ãSð¢K½çJToãPáUToð¢Z�W&ã§âæéGðwá=L][�á_ò�ð\[.âS[�K U ã§â
L�á&ðSð\[hWÅá ï á&ðwá_ò�ã³ß�à�ázâÙãSäæå0çzèæéoê�ã§âÙå g
ú$L_û�8BEF9>EF=G8ë�4H ` H ` HuN ß�à�ázâÙãSäæå0çzè"éoê�ã§âÙå r : H̃am(M,ω) → R ã§â0â�á&ã~WËKæç!ò�[ P ã²éoâSLîê�ãbK÷ö�cÍãbKFê
è?[îâæé1[]L�K{Kæçd¡�çYV*[Ùè Õ â å�[�KPèqãML ã VCKSên[Ùè?[q[e^�ã§â�KFâ�á­LîçJT�â�KÊáUT1K K > 0 â<ç�KSê�áµK

|r(ϕH)− r(ϕF )| ≤ K · ‖H − F‖C0

�ôÔNátÞâñfÝTáäÝHÖØêwÞÂÚÛÔNçJÔ�î
‖H − F‖C0

ÞÂÔÙÞâñfÝTö­Ô�î;Ýqá{×fÚÛãäÞ½ê�çªèHÝjó$ÝqÞºÓÊÝqÝHç%ÞÂñªÝTèqÔNáâáäÝHãâà$Ô�çf×fÚØçªé-ö­ê�å-ÚØÖðÞâÔwý
çfÚØê�ç%×fÚw�OÝqÔNå5Ô�áâàfñfÚÛãâå-ã

ϕH
ê�çª×

ϕH
ãäÝHÝSÝwò éfò@£ a>g>¤ ò

�
�e� ���
� ��F�#�$��¯F�� �
'y� '���'�B�� '%&Á'%F�DÙ� #C��$ �°Ï�#%� ������+

�������
	 � �(µ
�o�tÆ���¹��(· �t¶ ·¸¶ Û ¶ Ü�� Æ ÛÁÜ µnÝtº�Æ
Òºç%ÞâñfÚØã{ãâÝHèÌÞÂÚÛÔNç%ÓtÝ�ófáâÚÛÝ��fæ�áäÝHè<êwÖØÖ(ÞÂñfÝT×fÝqõôçªÚÛÞÂÚÛÔNç*Ô�îmÞâñfÝ �GÕôê�ç²ÞÂÕfå ñªÔNå5Ô�ÖØÔNéwæ5áâÚÛçféCÔ�î

(M2n, ω)
ò

� Ý�áâÝqî;ÝqáyÞÂñfÝ�áäÝ<êw×fÝHáäã­ÞÂÔl£ c�gz¤ î;ÔNá­ê-×fÝqÞÂê�ÚÛÖØÝH×	ÝÌß>à$ÔNãäÚÛÞÂÚÛÔNç�ÔNç	ÞÂñfÚÛãyãâÕfó��äÝHèÌÞ<òyïMÝÌÞ
M
ó$Ý ê-èHÖÛÔNãâÝq×

áÂêÍÞÂÚØÔ�çôê�Ö�ãäÞÂáäÔNçfé�ÖÛæjãâÝHå-Úðý à$ÔNãâÚðÞÂÚ´ëNÝ¶ãäæ1å5àªÖØÝHèÌÞÂÚÛèoå5ê�çfÚÛî;Ô�ÖÛ×TÔ�îª×fÚÛå5ÝqçfãâÚÛÔNç
2n
ò��tæ�ê�ófÕfãäÝtÔ�îªçfÔwÞ½êwÞâÚØÔNç�ì

ÓÊÝ�ãâñfê�ÖØÖôÓváâÚÛÞâÝ
ω(A)

êwçf×
c1(A)

î;ÔNá`ÞâñfÝ�ÚØç²ÞÂÝqéNáÂêwÖØã`Ôwî
ω
êwçf×

c1
Ô3ëNÝHá

A ∈ π2(M)
ò¶ïMÝÌÞ

Γ
ó$Ý­ÞâñfÝ

ê�ó$ÝqÖØÚ÷êwç*éNáâÔNÕªà
Γ = π2(M) / (ker c1 ∩ kerω).

� e ò a ¡
� ÝS×ªÝHçfÔwÞÂÝSó²æ

Λ
ÞÂñfÝ�~yÔDë1ÚØÜ�Ô3ë*áäÚØçfé

Λ =
{∑

A∈Γ

λAq
A | λA ∈ Q, #{A ∈ Γ | λA 6= 0, ω(A) > c} <∞, ∀ c ∈ R

}
.

� e ò b ¡

üiñfÚÛã{áâÚÛçféÙèqÔNå-ÝHãÊÓvÚðÞÂñ*êÙçôêÍÞÂÕfáÂêwÖ(éNáÂê�×ªÚØçfé ×fÝÌõôçfÝH×%óGæ
deg(qA) = 2c1(A)

ò��øÝjãäñôê�ÖØÖ(×ªÝHçfÔwÞÂÝTó²æ
Λk

ê�ÖÛÖ
ÞâñfÝ ÝqÖØÝHå-ÝHç²ÞÂã­Ô�î
Λ
ÓvÚÛÞâñ�×fÝHé�áâÝqÝ

k
òt~­Ô�ÞâÝ�ÞâñôêwÞ

Λk = ∅
ÚÛî
k
ÚÛã­çfÔ�Þjêwç�ÚØçGÞâÝHéNÝqá­åÙÕfÖðÞÂÚÛàfÖðÝ

Ô�î
2NM

ìfÓvñfÝqáâÝ
NM

ÚÛã{ÞÂñfÝ�å-ÚØçfÚÛå-ê�Ön�ÊñfÝqáâç�ç1ÕªåÙó(ÝqávÔ�î
M
×fÝÌõôçfÝq×�óGæ

c1 (π2(M)) = NMZ
ò
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 �ãyêCå5Ô1×fÕªÖØÝ�ì>ÞâñfÝ �1Õfê�çGÞâÕfå ñfÔNå-ÔNÖØÔ�é�æ5áâÚØçªéPÔ�î
(M,ω)

ÚÛãi×fÝqõôçªÝH×Eêwã
QH∗(M) = QH∗(M,Λ) = H∗(M,Q)⊗ Λ.

 ©éNáâê�×fÚÛçfé%ÔNç
QH∗(M)

ÚØã�éNÚðëNÝHç ó²æ
deg(a ⊗ qA) = deg(a) + 2c1(A),

ÓvñfÝqáâÝ
deg(a)

ÚÛãTÞÂñfÝ
ãäÞÂê�çf×ôêwáâ×u×fÝHé�áâÝHÝ Ô�î ÞâñfÝ èHÖØê�ãâã

a
ÚØçÐÞÂñfÝ ãâÚÛçféNÕfÖØê�á*ñfÔ�å5ÔNÖÛÔNéwærÔwî

M
ò ~­Ý~ß>ÞHìTÓtÝ ×fÝÌõôçfÝ ÞÂñªÝ

�GÕôê�ç²ÞÂÕfå àfáäÔ1×fÕfèqÞTÔNç
QH∗(M)

�;èqîAò�£ c�gz¤ ìÍ£ g�b>¤ ¡~ò �ôÔNá
a ∈ Hi(M)

ê�çf×
b ∈ Hj(M)

ÓÊÝÙ×fÝqõfçfÝ
a ∗ b ∈ QHi+j−2n(M)

êwã
a ∗ b =

∑

A∈Γ

(a ∗ b)A ⊗ q
−A,

ÓvñfÝqáâÝ
(a ∗ b)A ∈ Hi+j−2n+2c1(A)(M)

ÚØãi×fÝÌÞÂÝqáâå-ÚØçfÝq×	óGæ�ÞâñfÝ�áâÝ+�1ÕªÚØáâÝqå-ÝHçGÞiÞÂñôêÍÞ
(a ∗ b)A ◦ c = ΦA(a, b, c) for all c ∈ H∗(M).

ö­ÝqáâÝ
◦
ÚØãvÞâñfÝ�ÕfãäÕôê�ÖmÚÛçGÞâÝHáäãâÝHèÌÞÂÚÛÔNç�àfáâÔ1×ªÕfèqÞ�Ô�ç

H∗(M)
ì$ê�çf×

ΦA(a, b, c)
×fÝHçfÔwÞÂÝHãyÞÂñfÝd#�áâÔ�å5Ô3ë²ý

��ÚÛÞäÞÂÝqç�ÚÛçGëwêwáâÚ÷êwçGÞvÞâñôêwÞ­èHÔNÕfç²ÞÂã­ÞâñfÝ�ç1ÕªåCó$Ýqá­Ô�î]àfãâÝqÕf×fÔwý ñfÔNÖØÔ�å5Ô�áâàfñfÚÛè�èqÕfáäëNÝqãjáâÝqàfáâÝqãâÝHç²ÞÂÚÛçféJÞÂñªÝ
èHÖØê�ãâã

A
ê�çf×§ÚØç²ÞÂÝqáâãâÝqèqÞâÚØçfé�ÓvÚÛÞâñ�êEé�ÝHçfÝqáâÚØèJáâÝHàªáâÝHãäÝHç²Þ½êwÞâÚÛëNÝ*Ô�îyÝHê�è½ñ�Ô�î

a, b, c ∈ H∗(M)
ò¥üiñªÝ

àfáäÔ1×fÕfèqÞ
∗
ÚØã8ÝÌß1ÞâÝHçf×fÝq×-ÞâÔ

QH∗(M)
óGæ ÖÛÚØçfÝHê�áâÚðÞºæSÔ3ëNÝHá8ÞÂñfÝ{áâÚÛçfé

Λ
ò�~­ÔwÞÂÝÊÞÂñôêÍÞ]ÞÂñfÝÊî;Õfçf×fê�å-ÝHçGÞÂê�Ö

èHÖØê�ãâã
[M ]
ÚØã{ÞâñfÝ�ÕfçfÚðÞAæJÓvÚðÞÂñ%áâÝHãäà$ÝHèÌÞ­ÞâÔPÞÂñªÝ �1Õfê�çGÞâÕfå�åÙÕfÖðÞÂÚÛàfÖðÚÛèHêwÞÂÚðÔNç�ò

Ò Þiî;ÔNÖØÖÛÔ3ÓvãÊî;áâÔNå ÞâñfÝ�×fÝÌõôçfÚðÞÂÚØÔ�çfã{ÞâñôêwÞiÞÂñfÝ5�HÝHáäÔwýº×ªÝHéNáäÝHÝ�èHÔNå-à$ÔNçfÝqçGÞvÔ�î
a ∗ b
èqÔNÚØçfèqÚØ×fÝqã{ÓvÚÛÞÂñ*ÞâñfÝ

èHÖØê�ãâãäÚØèHê�ÖÊè<ê�à1ýºàfáäÔ1×fÕfèqÞ
a ∩ b

ÚÛç§ÞâñfÝ%ãäÚØçfé�ÕfÖ÷ê�á ñfÔ�å5Ô�ÖØÔNéwæNò���ÔNáâÝqÔDëNÝqáHì`ÞâñfÝHáäÝ%ÝÌß>ÚØãÁÞÂã-ênçfêwÞÂÕfáâê�Ö
àôê�ÚÛáâÚÛçfé

∆: QHk(M)×QH2n−k(M)→ Λ0
×fÝqõôçªÝH×�ó²æ

∆
(∑

aA ⊗ q
A,
∑

bB ⊗ q
B
)

=
∑

c1(A)=0

(∑

B

(a−B ◦ bB+A)
)
qA.

üiñfÝJî4ê�èÌÞ ÞÂñôêÍÞ ÞÂñªÝ�ÚØçªçfÝHá�ãâÕfå-ãÙÔ�çxÞâñfÝ�áäÚØéNñ²Þ ñôêwçf×§ãäÚØ×fÝ�ê�áäÝ�ê�ÖÛÓÊê3æ1ã�õôçfÚðÞÂÝ5î;Ô�ÖØÖÛÔ3ÓvãSî;áâÔNå�ÞÂñªÝ
õôçfÚðÞÂÝqçfÝHãäã8èqÔNçf×ªÚÛÞÂÚÛÔNç�ÚØç

(4.2)
ò���ÔNáäÝHÔ3ëNÝHáqìwÞÂñfÝ`àôê�ÚÛáâÚÛçfé

∆
×fÝqõôçªÝHã]ê��ôáâÔNó$ÝqçfÚØÕfãmê�ÖÛéNÝHófáâêvãÁÞÂáâÕªèqÞÂÕªáâÝ

Ú ò Ý�òðìiÚÛÞJÚÛãJçfÔNç1ýº×fÝqéNÝHçªÝHáÂêÍÞÂÝEÚØç�ÞÂñfÝ�ãâÝqçfãâÝEÞÂñfêwÞ
∆(α, β) = 0

î;ÔNá�ê�ÖÛÖ
β
ÚÛå5àfÖÛÚðÝHã

α = 0
ìyê�çf×

∆(α, β) = ∆(α ∗ β, [M ])
òl~­Ô�ÞâÚØèqÝ-ÞÂñôêwÞ

∆
êwãâãâÔ1èqÚ÷êwÞâÝHã�ÞÂÔ�Ý<êwè~ñxàôê�ÚÛá�Ô�î.�GÕôê�ç²ÞÂÕfå�ñfÔNå-ÔNÖÛÔNé�æ

èHÖØê�ãâãäÝHã
α, β ∈ QH∗(M)

ÞâñfÝ�èHÔ1Ý+2-èqÚØÝHç²Þ­Ô�îmÞÂñfÝ�èHÖØê�ãâã
P = [point]

ÚØç*ÞÂñªÝHÚØá.�GÕôê�ç²ÞÂÕfå àfáâÔ1×ªÕfèqÞHò
� Ý�êwÖØãäÔP×fÝqõfçfÝ�êPçfÔ�ç>ýº×fÝqéNÝHçªÝHáÂêÍÞÂÝ

Q
ý ëwê�ÖÛÕfÝH×%àôêwÚØáâÚÛçfé

Π
ÞÂÔPó$ÝTÞÂñfÝ �HÝqáâÔ-ÔNáä×fÝHáiÞâÝHáäå Ô�î

∆
ìôÚVò Ý�òðì

Π
(∑

aA ⊗ q
A,
∑

bB ⊗ q
B
)

=
∑

B

(a−B ◦ bB).
� e ò c ¡

~­ÔwÞÂÝSÞÂñfêwÞ
Π(α, β) = Π(α ∗ β, [M ])

î;ÔNáyÝÌëNÝHáÁæ�àfê�ÚØávÔ�îÍ�GÕôê�ç²ÞÂÕfå«ñfÔNå-ÔNÖÛÔNéwæ*èHÖØê�ãâãäÝHã
α
ê�çf×

β
ò

�ôÕfáÁÞÂñfÝqáâå-ÔNáâÝwì$ÞÂñªÝ õfçfÚÛÞâÝHçfÝqãâãjèqÔNçf×fÚðÞÂÚØÔ�ç�ÚÛç�ÞÂñªÝ ×fÝqõôçªÚÛÞÂÚÛÔNç�Ôwî¶ÞâñfÝV~­Ô3ë>ÚÛÜ�ÔDë	áâÚÛçfé
(4.2)
ÖÛÝ<ê�×fãyÞÂÔ

êPçfêwÞÂÕfáâê�ÖOëwê�ÖÛÕôêwÞâÚØÔNç�î;ÕªçfèqÞâÚØÔNç
val : QH∗(M)→ R

×fÝÌõôçfÝH×�óGæ



Ì � �utwvyx
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val
(∑

A∈Γ

aA ⊗ q
A
)

= max{ω(A) | aA 6= 0}, and val(0) = −∞.
� e ò e ¡

��������� � �(µ ¼:Æ
Â�µÞ¶
Ã
S2 × S2

ï
ÝqÞ
Xλ = S2 × S2 ó$Ý�Ý��GÕfÚÛàfà$ÝH×rÓvÚðÞÂñ�ÞÂñªÝ�ãâàfÖÛÚÛÞ5ãäæ1å-àfÖÛÝHèqÞâÚØè	î;ÔNáäå ωλ = ω ⊕ λω

ì{ÓvñfÝqáâÝ
λ > 1

òuÒºçrÞâñfÚØã5ãäÕfófãäÝHèÌÞÂÚØÔ�çrÓÊÝ�×fÚØãäèHÕfãäã�ãâÝÌëNÝHáÂêwÖ�ÚØãäãâÕfÝqã�áâÝqé²ê�áâ×ªÚØçfé ÞÂñfÝ]�1Õfê�çGÞâÕfå ñfÔNå-ÔNÖØÔ�é�æ
Ô�îvÞâñfÝ�åJê�çªÚÛî;ÔNÖð×

Xλ
ê�çª×�ÚÛç§àfê�áäÞâÚØèHÕªÖ÷ê�á�ÓÊÝ*ãâñfÔ3Ó©ÞÂñôêwÞ ÞÂñfÝÅ�GÕôê�ç²ÞÂÕfå¦ñfÔNå-ÔNÖØÔ�é�æ ãäÕfóôê�ÖÛéNÝHóªáÂê

QH4(Xλ) ⊂ QH∗(Xλ)
ÚÛãvêCõôÝqÖØ×*î;ÔNáiÝqëNÝqáäæ

λ > 1
ò

þ�ÝqçfÔ�ÞÂÝ�ÞÂñfÝjãäÞÂê�çf×ôêwáâ×*óôê�ãâÚÛã{Ôwî
H∗(Xλ)

ó²æ
P = [point], A = [S2× point], B = [point× S2]ê�çf× ÞâñfÝPî;Õfçf×fê�å5ÝqçGÞÂê�Ö¶èHÖØê�ãâã

M = [Xλ]
ò5üiñfÝ��GÕôêwçGÞÂÕªå)ñfÔ�å5Ô�ÖØÔNéwæEÔwî

Xλ

ÚØã�éNÝqçfÝHáâêwÞÂÝq×øÔDëNÝqá
ÞÂñªÝ�~­ÔDë1ÚÛÜ�ÔDë-áâÚÛçfé

Λ
ó²æ-ÞÂñfÝqãâÝjÝqÖØÝqå5ÝqçGÞâãHò � ÚØçfèqÝ

λ > 1
ì>ÚÛÞ`î;ÔNÖÛÖØÔ3ÓvãoÞÂñôêÍÞ

Γ = π2(Xλ)
ì1ÓvñfÝqáâÝ�ÞâñfÝ

Ö÷êwãäÞ�ÚÛã�ÚÛãâÔNå-ÔNáäàfñfÚÛè ÞÂÔ*ÞÂñfÝCî;áäÝHÝ-ê�ó$ÝqÖØÚ÷êwç¥é�áâÔNÕfà¥éNÝHçªÝHáÂêÍÞÂÝH× ó²æ
A
ê�çª×

B
ò)�ôáâÔNå ÞÂñfÝCî;ÔNÖÛÖØÔ3ÓvÚÛçfé

#TáâÔNå-ÔDë²ý"�ÐÚÛÞäÞÂÝqç*ÚØç²ëwê�áäÚ÷ê�ç²ÞÂã �4ãâÝqÝSÝ�ò éfò4£ a>g>¤ ì@£ c�gz¤ ¡Ù¥

ΦA+B(P, P, P ) = 1, Φ0(A,B,M) = 1, ΦA(P,B,B) = 1, ΦB(P,A,A) = 1,

ÔNçfÝTõfçf×fãvÞâñfÝ �1Õfê�çGÞâÕfå�ÚÛ×fÝqçGÞÂÚðÞÂÚÛÝHã+¥

A ∗B = P, A2 = M ⊗ q−B, B2 = M ⊗ q−A.
� e ò g ¡

~­Ý~ß1Þ<ìmÚØçfãÁÞÂÝHê�× Ô�î`ÞÂñfÝPãäÞÂê�çf×ôêwáâ× óôê�ãâÚÛã
{A,B}

Ô�î
Γ
ì
ÓÊÝPèHÔ�çfãâÚÛ×fÝHáTÞÂñªÝ-ófê�ãâÚÛã

{e1, e2} = {B −

A,A}
ò � ÝqÞ

x = qe1
ê�çf×

y = qe2
òtÒºç%ÞÂñfÚÛãvçfÔ�ÞÂêwÞÂÚÛÔNç�ì>ÞÂñfÝ �1Õfê�çGÞâÕfå�àfáäÔ1×fÕfèÌÞ­Ô�î/ÞÂñfÝ�éNÝqçfÝHáâêwÞÂÔNáäã

Ô�î
QH∗(Xλ)

ó$ÝqèHÔNå-ÝHã

A ∗B = P, A2 = M ⊗ x−1y−1, B2 = M ⊗ y−1.
� e ò | ¡

Ò Þvî;Ô�ÖØÖÛÔDÓvãÊî;áâÔ�å ÞÂñfÝ�×fÝÌõôçfÚðÞÂÚØÔ�ç%Ô�îmÞÂñfÝ�~yÔDë1ÚØÜ�Ô3ë*áäÚØçfé
(4.2)
ÞâñôêwÞ

Λ =
{∑

λα,β · x
αyβ

∣∣ λα,β ∈ Q
}
,

ÓvñfÝqáâÝSÝ<êwè~ñ	ãâÕfå ãÂêwÞâÚØãÁõôÝHãiÞÂñfÝTî;ÔNÖÛÖÛÔDÓvÚÛçªéÙõôçªÚÛÞÂÝqçfÝHãäãyèHÔNçª×fÚÛÞâÚØÔNçn¥

# {(α, β) | λα,β 6= 0, α(λ− 1) + β > c} <∞, ∀ c ∈ R.
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ü/ê�ÜGÚØçféPÚØç²ÞÂÔPê�èHèqÔNÕfç²ÞyÞâñfÝSê�ó$ÔDëNÝ�å-ÝHç²ÞÂÚØÔ�çfÝH×%éNáâê�×fÚÛçféCÔ�î
Λ
ÓÊÝ�éNÝqÞ

Λ4k =
{∑

λα,β · x
αyβ ∈ Λ

∣∣ 4β = 2c1(αe1 + βe2) = 4k
}

=
{∑

λα · x
αyk

∣∣ #{α | λα 6= 0, α(λ− 1) > d} <∞, ∀ d ∈ R
}
.

üiñfÝ�õfçfÚÛÞâÝHçfÝqãâãyèHÔ�çf×fÚðÞÂÚØÔ�ç	êwó$ÔDëNÝ�ÚØå-àfÖÛÚÛÝqã{ÞâñôêwÞ
λα
ëÍê�çfÚØãäñfÝHãiî;ÔNáiÖ÷ê�áäéNÝjÝHçfÔ�ÕféNñ

α
% ãHò

¿³LUO�O�Q¢�BH3InH J H�¾ çzè�áUT1Z λ > 1 f{KFê1[�âÙà�òîá&ðúR=[�ò�è á QH4(Xλ) ⊂ QH∗(Xλ)
ã§âdá��o[ÙðXW g

K ;z=n=ur�=ur�¿³LUO�O�Q�ïMÝÌÞ
0 6= γ ∈ QH4(Xλ)

ò � ÚÛçfèHÝ
QH4(Xλ) = H4(Xλ)⊗Λ0+H0(Xλ)⊗Λ4

ì
ÚÛÞ{î;ÔNÖÛÖØÔ3ÓvãÊÞÂñôêÍÞ

γ = M ⊗
∑

λα1 x
α1 + P ⊗ y

∑
λα2 x

α2 ,ÓvñfÝqáâÝ
λα1

ê�çf×
λα2

ëwê�çªÚØãâñ î;Ô�á/Ö÷ê�áäéNÝtÝqçfÔNÕªéNñ
α1

ê�çf×
α2

áäÝHãâà$ÝqèqÞâÚÛëNÝHÖðæNò�~­ÝÌß1ÞHì²ÖÛÝqÞ
β = P⊗y

ó$Ýiê
î;ÔNáäåJê�Öªëwê�áäÚ÷ê�óªÖØÝ�ò��ôáâÔNå�ÞÂñfÝ�ê�ó$Ô3ëNÝ­åÙÕfÖÛÞâÚÛàfÖÛÚðè<êwÞâÚðëNÝváâÝqÖ÷êwÞâÚØÔ�çfã

(4.6)
ì1ÓtÝ�ãäÝHÝ­ÞÂñfêwÞ

β2 = M ⊗x−1 òö­ÝqçfèHÝwìôÓÊÝSèHê�ç	èHÔ�çfãâÚÛ×fÝHáiÞÂñªÝ�î;Ô�ÖØÖÛÔ3ÓvÚÛçféCáäÚØçféCÚØ×fÝqçGÞâÚÛõôèHêwÞÂÚÛÔNçn¥
QH4(Xλ) ' R[β] / I,

ÓvñfÝqáâÝ
I
ÚÛãjÞÂñªÝPÚØ×fÝHê�Ö]éNÝqçfÝHáâêwÞÂÝq× ó²æ

β2 − x−1 ê�çª× R = Q[[x]
ÚØã�ÞÂñfÝPáäÚØçfé*Ô�îÊïMê�ÕfáâÝqçGÞ�ãâÝHáäÚØÝqã

∑
αjx

j ì>ÓvÚðÞÂñ�èHÔ1ÝÙ2-èHÚØÝqçGÞâãiÚØç Q
ìfê�çf×%ê�ÖÛÖ

αj
ëwê�çfÚÛãâñ�î;ÔNá

j
é�áâÝ<êÍÞÂÝHátÞÂñôêwç*ãâÔ�å5Ý�Ö÷ê�áäéNÝ­ÝHçfÔ�ÕféNñ

j0
ò

~­ÔwÞÂÝPÞâñôêwÞ�î;ÔNáSê�ç²æ ïMê�ÕfáäÝHç²Þ�ãâÝqáâÚØÝqã
Φ(x) ∈ R

ìMÞÂñªÝ-åJêÍß>ÚÛåJêwÖ8×fÝHé�áâÝHÝ-Ô�î
Φ2(x)

ÚØã�ÝqÚÛÞâñfÝHá �HÝqáâÔ
ÔNá�ÝqëNÝqç�ò*üiñfÝqáâÝqî;Ô�áâÝ

R
×fÔ1Ýqã�çfÔ�ÞSèHÔNç²Þ½ê�ÚÛç ê	ã��GÕôê�áäÝ5áâÔ1Ô�ÞSÔ�î

x−1 êwçf× ñfÝHçªèHÝ I ÚÛã�ê%åJêÍß>ÚÛåJêwÖÚØ×ªÝ<ê�ÖVò­üiñ1ÕªãHìOÓÊÝÙèqÔNçfèqÖØÕf×fÝ�ÞÂñfêwÞ
QH4(Xλ)

ÚÛãjê-ÞAÓÊÔÍýº×fÚÛå5ÝqçfãâÚÛÔNçôê�Ö
ÝÌß1ÞÂÝqçfãâÚÛÔNçEõôÝqÖØ×EÔ�î
R
ò�üiñfÚÛã

èHÔ�å5àfÖÛÝqÞâÝHã{ÞÂñfÝ�àfáäÔ1Ô�î/Ô�î/ÞâñfÝ�ÖØÝqå5å5êªò
¤ÅL�O�Q�;¦¥ �4H3InH ` H(~­ÔwÞÂÝ�ÞÂñôêÍÞCÞÂñªÝ	ê�ó$Ô3ëNÝ%ãÁÞ½êwÞâÝHå-ÝHç²ÞPçfÔ¥ÖØÔNçªéNÝHáÙñªÔNÖØ×fãÙÚØçxÞÂñªÝ%å-ÔNçfÔwÞÂÔNçfÝ�èHê�ãâÝ
ÓvñfÝqáâÝ

λ = 1
ìôãäÚØçfèqÝ

QH4(X1)
èHÔ�çGÞ½êwÚØçfã.�HÝqáâÔ-×fÚÛë1ÚÛãâÔNáäã��4ãâÝqÝSÝ�ò éfò4£ a>g>¤ ì@£ c�gz¤ ¡Ìò

��������� � �(µ ¼:Æ
Â�µÞ¶
Ã
CP 2#CP 2

ö­ÝqáâÝ	ÓÊÝ�ãäÞâÕf×ªæùÞâñfÝ]�GÕôê�çGÞâÕfå ñªÔNå-ÔNÖØÔ�é�æ�êwÖØéNÝqófáÂê¥Ô�î
Yµ = (CP 2#CP 2, ωµ)

ìÊÓvñfÚÛè~ñ�ÚØãPÞâñfÝ
ãäæ1å-àfÖØÝqèqÞâÚØèPÔNçªÝÌýºà$Ô�ÚØçGÞ�ófÖÛÔDÓ{ý Õfà Ô�î

CP 2 ÚØç²ÞÂáâÔ1×fÕªèHÝq× ÚØç � ÝHèqÞâÚØÔNç e ò a ò	�øÝPÓvÚÛÖØÖ]ãäñfÔDÓ"ÞâñôêwÞ�ÞÂñªÝ�GÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖÛÔNéwæ%ãäÕfóôê�ÖÛéNÝHóªáÂê
QH4(Yµ)

ì$ÓvñfÚØè½ñEàfÖØê3æ1ãjê5èHÝqçGÞâáÂê�Ö/áâÔ�ÖØÝSÚØç�ÞâñfÝ àfáâÔ1ÔwîoÔwîoüiñfÝ~ý
ÔNáäÝHå e ò a ò a ìtÚØãPãâÝqå5Ú´ýºãäÚØå-àfÖðÝ�òùÒ Þ5ÚÛãPÓtÔNáäÞâñ�å-ÝHç²ÞÂÚÛÔNçfÚÛçfé��;ãâÝHÝ�ÿvÝHå5ê�áäÜ e ò c ò e ó$ÝHÖÛÔDÓt¡ ÞÂñôêÍÞ-ÞÂñªÝ
ê�ÖÛéNÝHóªáÂê�ÚÛèjãäÞâáâÕfèÌÞÂÕfáäÝSÔ�î

QH4(Yµ)
ÞâÕfáâçªãyÔNÕ>ÞvÞâÔ-ó$Ý�×fÝHà$Ýqçf×fÝqçGÞ�ÔNç

µ
ò
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� ÝT×fÝHçfÔwÞÂÝTóGæ
E
ÞÂñfÝTÝ~ß>èHÝHà>ÞÂÚØÔ�çôê�Ö�×fÚðë>ÚÛãâÔNá{ê�çf×*óGæ

L
ÞÂñfÝTèqÖ÷ê�ãäãiÔ�îMÞÂñfÝTÖÛÚØçfÝ

[CP 1]
òoÿyÝqè<êwÖØÖ(ÞâñôêwÞ

î;ÔNá
0 < µ < 1

ì
ωµ
ÚØã�ê%ãäæ1å-àfÖØÝqèqÞâÚØèÙî;ÔNáâå ÔNç

Yµ
ÓvÚÛÞÂñ

ωµ(E) = µ
ê�çf×

ωµ(L) = 1
ò5þ­ÝHçfÔ�ÞâÝ

ÞÂñªÝ-èHÖØê�ãâã�Ô�î{ê%à$ÔNÚÛçGÞ�óGæ
P = [point]

ê�çf× ãâÝÌÞ
F = L − E

ò-üiñfÝ5ÝqÖØÝqå5ÝqçGÞâã
P,E, F

ê�çf×¥ÞÂñfÝ
î;Õfçf×fê�å5ÝqçGÞÂê�Ö�èHÖØê�ãâã

M = [Yµ]
î;Ô�áâå êCóôê�ãâÚÛãvÔ�î

H∗(Yµ)
ò

üiñfÝ*î;ÔNÖÛÖÛÔDÓvÚÛçfé�×fÝHãäèHáäÚØàªÞâÚØÔNç§Ô�îyÞâñfÝ*åCÕªÖÛÞÂÚÛàªÖÛÚÛèHêwÞÂÚ´ëNÝ�áäÝHÖØêwÞÂÚÛÔNçfã�î;ÔNá ÞÂñfÝ*éNÝqçfÝHáâêwÞÂÔNáäãPÔwî
QH∗(Yλ)è<êwç�ó$ÝTî;ÔNÕªçf×	ÚØçÕ£ c�cz¤ ò

P ∗ P = (E + F )⊗ q−E−F ì E ∗ P = F ⊗ q−F
ì

P ∗ F = M ⊗ q−E−F ì E ∗ E = −P + E ⊗ q−E +M ⊗ q−F
ì

E ∗ F = P − E ⊗ q−E, F ∗ F = E ⊗ q−E
ò

�ÊÔNçfãäÚØ×fÝqá`ÞâñfÝ­áÂêÍÞÂÚØÔ�çôê�ÖfçfÔNç1ýºå-ÔNçfÔ�ÞâÔNçfÝvèHê�ãâÝyÓvñfÝHáäÝ 1
3
6= µ ∈ Q∩ (0, 1)

ò³~yÔ�ÞÂÝvÞÂñfêwÞtÚØçPÞÂñªÚØã`èHê�ãâÝ
Γ ' Z ⊗ Z

ò$ �ã ÚÛç ÞÂñfÝ5àfáäÝqë1ÚØÔ�Õfã Ý~ßªê�å5àªÖØÝ-Ô�î
S2 × S2 ìmÓÊÝ�ê�àfàªÖÛæ ê�ÕªçfÚØå-Ô1×fÕfÖØê�áTè½ñôê�çféNÝ5Ô�îèHÔ1Ô�áâ×fÚÛçôêwÞÂÝqãyêwçf×	èHÔ�çfãâÚÛ×fÝHáiÞÂñªÝ�î;Ô�ÖØÖÛÔ3ÓvÚÛçféCófê�ãâÚÛãvÔ�î

Γ

Γ '





Span
Z
{F − 2E, E}, 0 < µ < 1

3

Span
Z
{2E − F, E}, 1

3
< µ < 1

þ�ÝqçfÔ�ÞÂÝ
e1 = F − 2E

ì
e2 = E

ÓvñfÝqç
0 < µ < 1

3

ê�çf×
e1 = 2E − F

ì
e2 = E

ÓvñfÝHç 1
3
< µ < 1

ò
� ÝÌÞ

x = qe1
êwçf×

y = qe2
ò³�ôáâÔNå ÞâñfÝ�×fÝÌõôçfÚÛÞâÚØÔNç*Ô�î/ÞâñfÝ�~­Ô3ë1ÚØÜ�Ô3ë*áâÚÛçfé

(4.2)
ÓÊÝ�ñôê<ëNÝ

Λ =
{∑

λα,βx
αyβ

∣∣ λα,β ∈ Q
}
,

ÓvñfÝqáâÝSÝ<êwè~ñ	ãâÕfå ãÂêwÞâÚØãÁõôÝHãiÞÂñfÝTî;ÔNÖÛÖÛÔDÓvÚÛçªéÙõôçªÚÛÞÂÝqçfÝHãäãyèHÔNçª×fÚÛÞâÚØÔNçn¥
# {(α, β) | λα,β 6= 0, α|3µ− 1|+ βµ > c} <∞, ∀ c ∈ R.

üiñfÝSé�áÂê�×fÝq×]~­Ô3ë1ÚØÜ�ÔDë�áâÚÛçféPñfê�ãiÞÂñfÝTî;ÔNáäå
Λ2i =

{∑
λα,β · x

αyβ ∈ Λ
∣∣ 2β = 2c1(αe1 + βe2) = 2i

}

=
{∑

λα · x
αyi

∣∣ #{α | λα 6= 0, α|3µ− 1| > d} <∞, ∀ d ∈ R
}
.

~­Ý~ß1ÞyÓÊÝ�àfáâÝqãâÝHç²ÞyÞÂñfÝ �GÕôê�ç²ÞÂÕfå àfáäÔ1×fÕfèqÞyÔ�î
QH∗(Yµ)

ÓvÚÛÞâñ	áäÝHãäà$ÝHèqÞyÞÂÔCÞÂñfÝSêwó(Ô3ëNÝ�óôê�ãäÚØãvÔwî
Γ
ò
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P ∗ P = (E + F )⊗ xκy−3 ì E ∗ P = F ⊗ xκy−2 ì
P ∗ F = M ⊗ xκy−3 ì E ∗ E = −P + E ⊗ y−1 +M ⊗ xκy−2 ì
E ∗ F = P − E ⊗ y−1, F ∗ F = E ⊗ y−1 ì

ÓvñfÝqáâÝ
κ = sgn(3µ− 1)

ÚVò ÝwòÛì
κ = 1

î;ÔNá 1
3
< µ < 1

ìQê�çf×
κ = −1

î;Ô�á
0 < µ < 1

3

ò
¿³LUO�O�Q¢�BH3InH3InHG� ê1[�âÙà�òîá&ðúR=[�ò�è�á QH4(Yµ) ⊂ QH∗(Yµ)

ã§â5âS[Ùå�ãSäÊâÙãSå(éGð\[ g
K ;z=n=urt=uru¿
L�O¦O!Q��4H3I@H3InÏ � ÚØçfèqÝ

QH4(Yµ) = H4(Yµ)⊗ Λ0 +H2(Yµ)⊗ Λ2 +H0(Yµ)⊗ Λ4

ì
ÚÛÞ{î;ÔNÖÛÖØÔ3ÓvãÊÞÂñôêÍÞvî;ÔNáiÝÌëNÝHáÁæ

0 6= δ ∈ QH4(Yµ)

δ = M ⊗
∑

λα1x
α1 + E ⊗ y

∑
λα2x

α2

+ F ⊗ y
∑

λα3x
α3 + P ⊗ y2

∑
λα4x

α4 ,

ÓvñfÝqáâÝ
λαi

ëwê�çªÚØãâñ%î;ÔNávÖ÷êwáâéNÝTÝHçªÔNÕféNñ
αi
î;ÔNá

i = 1, 2, 3, 4
ò�~yÝÌß1Þ<ìQàfÕªÞ

β1 = E ⊗ y
ì
β2 = F ⊗ yê�çf×

β3 = P ⊗ y2 ò
�ôáäÔNå ÞâñfÝSê�ó$ÔDë�ÝSåÙÕfÖðÞÂÚÛàfÖðÚÛè<êÍÞÂÚÛÔ�ç�ÞÂê�ófÖØÝwìªÓÊÝ�ãâÝqÝ�ÞÂñôêwÞ




β2
1 = −β3 + β1 + xκ,

β2
2 = β1,

β2
3 = xκ(β1 + β2)

β1 · β2 = β3 − β1,

β2 · β3 = xκ,

β1 · β3 = xκβ2.

üiñ1ÕªãHìôÓÊÝ�ñôê3ëNÝTÞÂñfÝTî;Ô�ÖØÖÛÔDÓiÚØçªéCáäÚØçféCÚØ×fÝqçGÞÂÚðõôèHêwÞÂÚÛÔNçn¥
QH4(Yµ) ' R[β1, β2, β3] / I,

ÓvñfÝqáâÝ
R = Q[[x]

ÚØãÊÞÂñªÝ�áäÚØçféÙÔ�î8ïMêwÕfáâÝqçGÞvãâÝqáâÚÛÝHã ∑
αjx

j ê�çª× I ÚØãÊÞÂñªÝ�ÚÛ×fÝHê�ÖOéNÝHçªÝHáÂêÍÞÂÝq×	óGæJÞÂñªÝê�ó$Ô3ëNÝSáâÝqÖ÷êwÞâÚØÔNçªãHòoÒ ÞyÚØãvÝHê�ãäæ*ÞâÔ-è~ñfÝqè½Ü*ÞÂñôêwÞvÞâñfÝSãäÚðß1ÞÂñ	Ý��GÕôêwÞâÚØÔNç%î;ÔNÖÛÖØÔ3ÓvãiÚÛå5å-Ýq×fÚØêwÞâÝHÖðæ5î;áâÔ�åûÞÂñªÝ
ãâÝqèHÔNçª×	ê�çf×�ÞâñfÝ�õfî}Þâñ*Ý+�1ÕfêwÞÂÚÛÔNçfãiêwçf×*ñªÝHçfèqÝ�ìfÚÛÞÊè<êwç*ó$ÝjÝHÖÛÚØå-ÚÛçfêwÞÂÝq×�òÍ��ÔNáäÝHÔ3ëNÝHáHìªóGæJÚÛãâÔNÖØêwÞÂÚðçfé

β3ê�çf×
β1

î;áâÔ�å«ÞâñfÝ�õôáâãÁÞTê�çf×�ÞÂñªÝÙãäÝHèqÔNçf×nÝ��GÕôêwÞâÚØÔNçfã�áäÝHãäà$ÝHèqÞâÚÛëNÝqÖÛæ�ìOÓÊÝ èHÔNçfèqÖØÕª×fÝ ÞâñôêwÞ­ÞÂñfÝÙê�ó$Ô3ëNÝ
ãäæ1ãÁÞÂÝHå�ÚØãiÝ+�1ÕªÚÛëwêwÖØÝHç²ÞvÞâÔPÞâñfÝTî;ÔNÖØÖÛÔ3ÓvÚÛçféÙÔNçfÝ&¥





(β2
2 − β

4
2 + xκ)2 = xκ(β2

2 + β2)

β3
2 = −β4

2 + xκ,

β2 · (β
2
2 − β

4
2 + xκ) = xκ,

� e ò � ¡



Ì Ö �utwvyx
�)��z ¨ , �ovq.nvqò ©�ó�ô v5� ©Ôõ¦} ��z�x�t © � } �

��ÔNáäÝHÔ3ëNÝHáqìôÓÊÝ�èHÖ÷êwÚØåÑÞÂñôêwÞvÚØç*î4êwèqÞ
QH4(Yµ) ' R[β1, β2, β3] / I ' R[β2] / J

ÓvñfÝqáâÝ
J
ÚØã�ÞÂñªÝ*ÚØ×ªÝ<ê�ÖtéNÝqçfÝHáâêwÞÂÝq×�óGæ

β4
2 + β3

2 − xκ
ò Òºçf×fÝqÝH×�ìoÞÂñªÝ�õôáäãäÞPÝ+�GÕôêwÞâÚØÔNç§ÚÛç

(4.7)
ÚØã

ÔNóªÞÂê�ÚØçªÝH×5óGæ-åÙÕfÖðÞÂÚÛàfÖ´æ>ÚÛçféTÞÂñªÝyÞÂñfÚÛáâ×5Ý��GÕôêÍÞÂÚØÔ�çJóGæ
β2

2 +β2

ê�çf×�ê�ãäãâÚÛéNçfÚÛçféSÞâñfÝ­ãâÝqèHÔNçf×�Ý��GÕôêÍÞÂÚØÔ�ç�ò
üiñfÝ�ÞâñfÚØáä×JÝ��GÕôêÍÞÂÚØÔ�ç�ÚÛãÊÔ�óªÞ½ê�ÚÛçfÝq×Jî;áäÔNå�ÞÂñªÝ�ãâÝHèqÔNçf×%êwî}ÞÂÝqátåCÕªÖÛÞÂÚÛàªÖðæ1ÚÛçfé�ÚðÞÊó²æ

β2− 1
òÍ~­Ý~ß1Þ<ìªçfÔ�ÞÂÝ

ÞÂñfêwÞiÞâñfÝTà$ÔNÖðæ>çªÔNå5ÚØê�Ö
β4

2 + β3
2 − x

κ ×fÔ1ÝqãvçªÔ�Þvãäñôê�áâÝ�êÙèHÔNå-å-ÔNç�áâÔ1Ô�Þ{ÓvÚðÞÂñ*ÚÛÞâã{×fÝHáäÚÛëwêÍÞÂÚÛëNÝjãäÚØçfèqÝÞÂñªÝ­áâÔ1Ô�ÞâãtÔ�îOÞÂñfÝ­×ªÝHáâÚðëwêwÞâÚÛëNÝ­ê�áäÝ
0
ê�çf×
−3/4
ò]üiñ1ÕfãqìªÚÛÞ`ñôê�ãtçªÔ åÙÕfÖÛÞâÚÛàfÖÛÝiáâÔ1Ô�ÞÂã`ÚÛç

R
êwçf×JñfÝqçfèHÝ

ÞÂñªÝ��GÕôêwçGÞÂÕªå�ñªÔNå5Ô�ÖØÔNéwæJãäÕfóôê�ÖÛéNÝHóªáÂê
QH4(Yµ)

ÚØãiãâÝqå-ÚðýºãäÚØå-àªÖÛÝTê�ãváäÝ��GÕfÚÛáâÝH×Oò
¤ÅL�O�Q�;¦¥ �4H3I@Hñ�4H � ÞâáÂê�çfé�ÝHÖðæ ÝHçfÔ�ÕféNñ�ì]ÚðÞ�î;Ô�ÖØÖÛÔDÓvã�î;áäÔNå�ÞâñfÝ�ê�ó$ÔDëNÝJÖÛÝHå-åJê*ÞâñôêwÞ�ÞÂñªÝ�ê�ÖØé�ÝHófáâê�ÚØè
ãäÞâáâÕfèÌÞÂÕfáäÝPÔ�îoÞÂñfÝ��GÕôê�ç²ÞÂÕfå ñfÔ�å5ÔNÖÛÔNéwæ�ãäÕfóôê�ÖÛéNÝHóªáÂê

QH4(Yµ)
×fÝHà$Ýqçf×fãSÔ�ç

µ
òV��Ô�áâÝCàfáäÝHèHÚÛãâÝqÖÛæ�ì

ÚÛÞ�è<ê�çnó$ÝCãäñfÔDÓvçnÞâñôêwÞjÞâñfÝÙà$ÔNÖÛæ1çfÔNå-ÚØê�Ö
β4

2 + β3
2 − x

κ ÚÛãjÚÛáâáâÝq×fÕfèqÚØófÖÛÝ Ô3ëNÝHá R î;Ô�á κ = 1
ÓvñªÚØÖÛÝ

áâÝq×fÕfèqÚØófÖÛÝSî;ÔNá
κ = −1

òvüiñ1Õfãqì
QH4(Yµ)

ÚÛã�êPõôÝHÖÛ×�ÓvñfÝHç 1
3
< µ < 1

ìQÓvñfÚÛÖØÝ�î;ÔNá
0 < µ < 1

3

ì$ÚÛÞ
ÚØãiêÙ×fÚÛáâÝHèÌÞvãäÕfåûÔ�îMõôÝHÖÛ×fãHò��øÝTÔNå-ÚÛÞÊñfÝqáâÝjÞÂñfÝjÞâÝHè½ñfçfÚØèHê�Ö�×fÝÌÞ½êwÚØÖØãÊó$Ýqè<ê�ÕfãäÝ�î;ÔNá{Ô�ÕfáiàªÕfáâà$ÔNãäÝ�ìôÚðÞiÚÛã
ãâÕU25èqÚØÝqçGÞyÞâñôêwÞ

QH4(Yµ)
ÚØãiãäÝHå-Úðý ãâÚØåPàfÖÛÝwò

�
��� ¹ÄDE������� ��$­#mDE����+�'%$ ØÓ��'��oD|�
'y� '���'%BC�

Òºç¥ÞÂñªÚØãTãâÝqèqÞâÚØÔNçnÓÊÝPéNÚÛëNÝPê*ófáäÚØÝÌîtáâÝqë1ÚÛÝqÓ�Ô�î��8ÖØÔ1ÝqájñfÔNå-ÔNÖØÔ�é�æ�ò Òºç àôê�áÁÞÂÚØèqÕfÖØê�á­ÓÊÝPàfáâÝqãâÝHç²Þ�ãâÔNå-Ý
×fÝÌõôçfÚÛÞâÚØÔNçªãyêwçf×	çfÔ�ÞÂÚÛÔNçfã{ÓvñfÚÛè~ñ%ÓvÚØÖÛÖOó$ÝSáäÝHÖØÝÌëwê�ç²Þvî;ÔNá{ÞÂñfÝ�àfáâÔ1Ôwî8Ô�î/ÔNÕfávå5ê�ÚØç*áäÝHãâÕªÖÛÞÂãqò³� ÝSáäÝqî;Ýqá
ÞÂñªÝSáäÝ<ê�×ªÝHáâãiÞÂÔ�£ gReR¤ ÔNá £ c_g>¤ î;Ô�ávêPå-ÔNáâÝj×fÝqÞÂê�ÚØÖÛÝH×%×ªÝHãâèqáâÚÛàªÞÂÚÛÔNç�ò
ï
ÝqÞ

(M,ω)
ó$ÝJê�èHÖÛÔNãâÝq×�ì8èHÔ�çfçfÝqèqÞÂÝq×�ê�çf×øãäÞâáâÔNçfé�ÖÛæ¥ãâÝqå5Ú´ýºà$ÔNãäÚÛÞâÚðëNÝPãäæ1å5àªÖØÝHèÌÞÂÚÛè5å5ê�çfÚðî;ÔNÖð×�ò*ïMÝÌÞ

J = {Jt}0≤t≤1

ó(Ý{ê�à$ÝHáâÚÛÔ1×fÚØèoî4ê�å5ÚÛÖðæ�Ôwî
ω
ýºèHÔ�å5àôêÍÞÂÚÛófÖÛÝtê�ÖÛå5Ô�ãäÞ/èHÔNå-àfÖÛÝÌß�ãäÞâáâÕfèÌÞÂÕfáäÝHãHò��øÝÊ×fÝHçªÔ�ÞÂÝ

óGæ
L
ÞÂñfÝ�ãäàôê�èHÝSÔwî]ê�ÖÛÖ�ãäå5Ô1Ô�Þâñ%èHÔNç²ÞÂáÂêwèqÞÂÚÛófÖÛÝTÖØÔ1Ô�àfã

x : S1 = R/Z→M
ò �tÔNçfãâÚÛ×fÝHáyêPèqÔDëNÝqáâÚÛçfé

L̃
Ô�î
L
ÓvñfÔNãäÝ-ÝqÖØÝqå5ÝqçGÞâã�ê�áâÝCÝ+�1ÕªÚÛëwêwÖØÝHçªèHÝPèqÖ÷ê�ãäãâÝHã

[x, u]
Ô�îtàôêwÚØáâã

(x, u)
ì�ÓvñfÝHáäÝ

x ∈ L
ì
u
ÚÛã�ê

×fÚÛãâÜJãâàôê�çªçfÚØçfé
x
ÚÛç
M
ìQêwçf×%ÓvñfÝqáâÝ

(x1, u1) ∼ (x2, u2) if and only if x1 = x2 and ω(u1#u2) = c1(u1#u2) = 0.

üiñfÝyéNáâÔ�Õfà5ÔwîO×fÝHè½ÜCÞâáÂê�çªãäî;ÔNáâå5êwÞâÚØÔ�çfã¶Ôwî
L̃
ÚÛãoçôêÍÞÂÕfáÂêwÖØÖðæ ÚØ×fÝqçGÞÂÚðõôÝq×PÓvÚÛÞÂñPÞâñfÝyéNáäÔNÕfà

Γ (4.1)
ì1ê�çf×

ÓÊÝ�×fÝHçªÔ�ÞÂÝ�óGæ
[x, u] 7→ [x, u#A], A ∈ Γ
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ÞÂñªÝ�ê�èÌÞÂÚØÔ�ç	Ôwî
Γ
ÔNç
L̃
ò���ÔNáäÝHÔ3ëNÝHáHìôÓÊÝS×ªÝHçfÔ�ÞâÝSóGæ

H
ÞâñfÝSãäÝqÞ­Ô�î8ê�ÖØÖOÞâñfÝ��qÝHáäÔwýºå-Ý<êwç	çfÔNáäåJêwÖØÚ3�qÝH×

ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç�î;ÕfçfèÌÞÂÚÛÔNçfãiÚ ò Ý�òðì
H =

{
H ∈ C∞(S1 ×M)

∣∣
∫

M

Ht ω
n = 0, for all t ∈ [0, 1]

}
.

�ôÔNá
H ∈ H

ìªÞÂñfÝ�ãäæ1å-àfÖÛÝHèqÞâÚØè�ê�èÌÞÂÚØÔ�ç*î;ÕfçfèÌÞÂÚÛÔNçôê�Ö
AH : L̃ → R

ÚØãi×fÝÌõôçfÝq×Eê�ã
AH([x, u]) := −

∫

u

ω +

∫

S1

H(x(t), t)dt.

~­ÔwÞÂÝTÞâñôêwÞ
AH([x, u#A]) = AH([x, u])− ω(A).

ï
ÝqÞ
PH
ó$ÝSÞÂñªÝ�ãäÝqÞ�Ô�î]ê�ÖØÖ�èHÔNç²ÞÂáÂêwèqÞÂÚÛófÖØÝ

1
ý à$ÝHáâÚÛÔ1×fÚÛè�Ô�áâófÚðÞÂãvÔ�î8ÞÂñªÝ ö­ê�å-ÚØÖðÞâÔNçfÚØêwç
�ôÔ3Ó�éNÝHçªÝHáÂêÍÞÂÝH×

óGæ
H
òøþ�ÝqçfÔ�ÞâÝ%óGæ

P̃H
ÞâñfÝ*ãâÕªófãâÝÌÞ5Ôwîyàôê�ÚØáäã

[x, u] ∈ L̃
ÓvñfÝqáâÝ

x ∈ PH
ò Ò ÞCÚØãÙçªÔ�ÞC×fÚ32-èqÕfÖÛÞ

ÞÂÔ	ëNÝqáâÚÛî}ænÞâñôêwÞ
P̃H
èHÔ�ÚØçfèqÚØ×fÝqãSÓvÚðÞÂñ ÞÂñªÝ5ãâÝqÞ Ô�î{èHáäÚÛÞÂÚÛè<êwÖ¶à$ÔNÚÛçGÞÂãSÔwî

AH
òÅ� Ý5×fÝqõfçfÝ5ÞÂñfÝ á=L�KPãÊçJT

âæé1[]L�KNèqà�å Ôwî H ìô×ªÝHçfÔ�ÞâÝH×�ó²æ Spec(H)
ìôê�ã

Spec(H) :=
{
AH(x, u) ∈ R | [x, u] ∈ P̃H

}
.

ÿvÝHè<êwÖØÖ$ÞâñôêwÞÊÞÂñfÝTêwèqÞÂÚÛÔNç�ãäà$ÝHèqÞâáâÕfåûÚÛãÊÝHÚðÞÂñfÝqáiê ×fÚØãäèHáâÝÌÞÂÝjÔNá{êÙèqÔNÕfç²Þ½ê�óªÖØÝ�×fÝHçfãäÝ�ãäÕfófãäÝqÞvÔ�î
R
£ c�}z¤ ò

� Ý-çfÔDÓ�ÞâÕfáâç ÞâÔ	éNÚÛëNÝCÞâñfÝ-×fÝÌõôçfÚðÞÂÚØÔ�ç Ô�îtÞâñfÝPõôÖðÞÂÝHáäÝH×!�8ÖØÔ1ÝqáTñfÔNå-ÔNÖØÔ�é�æ�éNáäÔNÕfà�ò��ôÔNáSê%éNÝqçfÝqáâÚØè
H ∈ H

ê�çf×
α ∈ {R \ Spec(H)} ∪ {∞}

×fÝÌõôçfÝ�ÞÂñªÝ�ëNÝqèqÞâÔNáyãäàôê�èqÝ
CF α

k (H)
ÞÂÔPó$Ý

CF α
k (H) =

{ ∑

[x,u]∈ eP(H)

β[x,u][x, u] | β[x,u] ∈ Q, µ([x, u]) = k, AH([x, u]) < α
}
,

� e ò } ¡

ÓvñfÝqáâÝSÝ<êwè~ñ	ãâÕfå ãÂêwÞâÚØãÁõôÝHãiÞÂñfÝTî;ÔNÖÛÖÛÔDÓvÚÛçªéÙõôçªÚÛÞÂÝqçfÝHãäãyèHÔNçª×fÚÛÞâÚØÔNçn¥
#
{

[x, u] ∈ P̃H | β[x,u] 6= 0 and AH([x, u]) > δ
}
<∞, for every δ ∈ R.

� e ò � ¡
ö­ÝqáâÝ

µ([x, u])
×fÝHçªÔ�ÞÂÝqã ÞÂñfÝ$�ÊÔNçfÖÛÝqæ²ý
�OÝqñfçf×fÝqáÙÚÛçf×fÝÌß

µ : P̃H → Z
�;ãâÝHÝ�Ýwò éªò�£ gReR¤ ¡�ÓvñfÚÛè~ñxãÂêÍÞäý

ÚØãÁõôÝHã
µ([x, u#A]) − µ([x, u]) = 2c1(A)

ò�Òºçùàôê�áäÞâÚØèqÕfÖ÷êwáHì¶ÞâñfÝ]�ÊÔNçfÖÛÝqæ²ý
�OÝqñfçf×fÝqá-ÚÛçf×fÝÌß§Ô�îjêwç
ÝHÖÛÝHå-ÝHç²Þ

x ∈ PH
ÚØãTÓÊÝqÖØÖ´ýº×fÝÌõôçfÝH× å-Ô1×fÕfÖÛÔ

2NM
ìmÓvñfÝqáâÝ

NM
ÚØãTÞÂñªÝ5å-ÚØçfÚÛå-ê�ÖÍ�ÊñfÝHáäçxçGÕfåÙó$ÝHá

Ô�î
(M,ω)

òTüiñfÝÙèHÔ�å5àfÖÛÝÌß
CF∞

k (H)
ÚØãjêJå-Ô1×fÕfÖÛÝ�ÔDëNÝqá�ÞÂñfÝ�~yÔDë1ÚÛÜ�ÔDë�áâÚÛçfé

Λ (4.2)
ì(ÓvñfÝHáäÝÙÞÂñfÝ

ãâèHê�Ö÷êwáiåÙÕfÖÛÞâÚÛàfÖÛÚðè<êwÞâÚÛÔNç�Ô�î
ξ ∈ CF∞

k (H)
ÓvÚðÞÂñ

λ ∈ Λ
ÚÛãiéNÚÛëNÝqç	ó²æ

∑

A

∑

[x,u]

aA · α[x,u][x, u#A].
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�ôÔNá Ý<ê�è½ñùé�ÚÛëNÝHç
[x,w]

êwçf×
[y, v]

ÚØç
P̃H
ìoÖØÝÌÞ

M(H, J, [x, u], [y, v])
ó$Ý*ÞâñfÝ*å-Ô1×fÕfÖÛÚtãâàôêwèHÝ%Ô�î

�8ÖÛÔ1ÝHájèqÔNçfçfÝqèqÞâÚØçfé%ÔNáâóªÚÛÞÂã�î;áäÔNå
[x,w]

ÞâÔ
[y, v]

ÚVò ÝwòÛì�ÞâñfÝPãäÝqÞSÔwîtãâÔNÖÛÕªÞÂÚÛÔNçfã
u : R × S1 → M

Ô�î
ÞÂñªÝSãÁæ1ãäÞÂÝqå





∂su+ Jt(u)(∂tu−XHt
(u)) = 0,

lims→−∞ u(s, t) = x(t), lims→∞ u(s, t) = y(t),

w#u#v represent the trivial class in Γ.





Ò Þmî;ÔNÖÛÖØÔ3Óvã
î;áäÔNå ÞÂñfÝtê�ãâãäÕfå5à>ÞÂÚØÔ�ç�Ô�îfãÁÞÂáäÔNçféNÖðæTãâÝHå-Úðý à$ÔNãâÚðÞÂÚ´ë>ÚðÞºæTê�çª×�î;áäÔNå�#�áâÔ�å5Ô3ëG% ãMèHÔ�å5àfê�èqÞâçfÝHãäã
ÞÂñªÝHÔNáäÝHåø£ b&�R¤ ÞÂñfêwÞMî;ÔNámêvéNÝHçfÝqáâÚÛè`è½ñfÔNÚÛèHÝ`Ôwî

J
ÞÂñfÝ`å-Ô1×fÕfÖÛÚNãâàfê�èHÝqã

M([x, u], [y, v])
ìÍî;Ô�á

µ([x, u])−

µ([y, v]) = 1
ìQê�áäÝ�èHÔ�å5àôêwèqÞHò

üiñfÝ��/ÖØÔ1Ýqáió$ÔNÕªçf×ôê�áÁæ*ÔNà$ÝHáâêwÞÂÔNá
∂ : CF α

k (H)→ CF α
k−1(H)

ÚØãi×fÝÌõôçfÝq×�óGæ
∂([x,w]) =

∑
n
(
[x,w], [y, v]

)
[y, v],

ÓvñfÝqáâÝEÞÂñfÝEãäÕfå áâÕfçfã�ÔDëNÝqá%êwÖØÖvÞÂñfÝEÝqÖØÝqå5ÝqçGÞÂã
[y, v] ∈ P̃H

ãäÕfè½ñ�ÞâñôêwÞ
µ[y, v] = k − 1

ê�çf×
n
(
[x,w], [y, v]

) ×fÝqçfÔ�ÞÂÝqã�èqÔNÕfç²ÞÂÚØçªé�ÞâñfÝ��;õfçfÚÛÞâÝHÖðæ�å5ê�çGæ�¡­Õªç>ýºàôêwáÂê�å-ÝqÞâÝHáâÚ3�HÝq×¢�8ÖÛÔ1ÝHáyÞÂáÂê>�äÝqèqÞÂÔ�áâÚØÝqã
ÓvÚÛÞâñ êvãâÚÛéNçS×fÝqÞâÝHáâå-ÚØçªÝH×�ó²æSêyèqÔNñfÝqáâÝHç²Þ8ÔNáäÚØÝHç²Þ½êwÞâÚØÔ�ç�ò4 ­ã/àfáäÔDëNÝq× óGæ��/ÖØÔ1ÝHá
ÚÛç�£ a>�>¤ ìÍÞÂñfÝ`ó$ÔNÕªçf×ôê�áÁæ
ÔNà$ÝqáÂêwÞâÔNá

∂
ÚÛã]ÓÊÝHÖÛÖô×fÝÌõôçfÝq×�ì>ãâêwÞÂÚÛãäõôÝqã

∂2 = 0
ê�çf×-àfáäÝHãäÝHáäëNÝqãtÞâñfÝvãâÕfófãäàôê�èqÝHã

CF α
∗ (H)

�4ãâÝqÝ�£ b&cR¤ ¡Ìò
üiñfÝqáâÝqî;Ô�áâÝ�ìô×fÝqõôçªÚØçféCÞÂñfÝ �GÕfÔ�ÞâÚØÝHç²Þyé�áâÔNÕfà%óGæ

CF [a,b)
∗ (H, J) = CF b

∗ (H, J) / CF a
∗ (H, J) (−∞ < a ≤ b ≤ ∞),

ÞÂñªÝvó$Ô�Õfçf×ôê�áÁæÙåJê�àCÚÛçf×fÕfèqÝHãoêTó$ÔNÕfçª×ôê�áäæÙÔNà$ÝqáÂêwÞâÔNá
∂ : CF

(a,b]
∗ (H)→ CF

(a,b]
∗ (H)

ì²ê�çf×CÓÊÝvèHê�ç
×fÝÌõôçfÝ�ÞÂñfÝ��/ÖØÔ1ÝHá{ñfÔ�å5ÔNÖÛÔNéwæJé�áâÔNÕfà%óGæ

HF (a,b]
∗ (J,H) = (CF (a,b]

∗ (H), ∂).

� ÝCÓvÚØÖÛÖ8ÕfãäÝPÞâñfÝPèHÔ�çGëNÝqçGÞÂÚÛÔNç
HF∗(H, J) = HF

(−∞,∞]
∗ (H, J)

êwçf×
HF a

∗ (H, J) = HF
(−∞,a]
∗

ò
üiñfÝ�éNáâê�×fÝq×�ñfÔNå-ÔNÖÛÔNéwæ

HF∗(H, J)
ÚÛã­ê-å-Ô1×fÕfÖÛÝ�Ô3ëNÝHávÞÂñfÝ�~­ÔDë1ÚÛÜ�ÔDë%áäÚØçfé

Λ
ìQãâÚÛçfèHÝ�ÞÂñfÝSó$ÔNÕfçª×>ý

ê�áÁæøÔNà$ÝHáâêwÞÂÔ�áÙÚØã ÖØÚÛçfÝ<ê�á�Ô3ëNÝHá
Λ
ò!~yÔ�ÞÂÝJÞÂñfêwÞÙÞÂñfÝqãâÝ*ñfÔNå-ÔNÖØÔ�é�æ é�áâÔNÕfàªãCñôê<ëNÝ*ó$ÝHÝqçù×fÝÌõôçfÝq×ùî;Ô�á

éNÝqçfÝHáäÚØè�ö�ê�å-ÚØÖðÞâÔNçªÚØê�çªãPÔNçfÖðæNòÐö­Ô3ÓÊÝÌëNÝHáHìiÔNçfÝ	è<ê�ç�Ý~ß>ÞâÝHçf×�ÞâñfÝ�×fÝqõfçfÚÛÞâÚØÔNç�ÞÂÔøê�ÖÛÖ
H ∈ H

ÕfãAý
ÚØçªé�ê%èqÔNçGÞâÚØçGÕôêwÞâÚØÔNçnàfáâÔ1èqÝH×fÕªáâÝ,�;ãâÝHÝ-Ý�ò é!£ a>g>¤ ¡Ìò) ÑÜ�Ýqæ¥ÔNófãäÝHáäëÍêwÞÂÚÛÔNç ÚØãjÞÂñôêwÞ�ÞâñfÝ��/ÖØÔ1ÝHájñfÔNå-ÔNÖðý
ÔNé�æEéNáâÔNÕªàfã�ê�áäÝ-ÚÛçf×fÝqà$ÝHçf×ªÝHçGÞ�Ô�îtÞÂñfÝ5êwÖØå-ÔNãäÞTèqÔNå5àªÖØÝÌßnãäÞâáâÕfèÌÞÂÕfáäÝ

J
ê�çf×¥ÞÂñfÝ5ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç

HÕfãäÝH×øÞÂÔ�×fÝÌõôçfÝ5ÞÂñfÝqå	ò���ÔNáâÝqÔDëNÝqáHì8ÚÛîÊÞºÓÊÔ�ö�ê�å-ÚØÖðÞâÔNçªÚØê�çnî;ÕfçfèÌÞÂÚØÔ�çfã
H1, H2 ∈ H

é�ÝHçfÝqáÂêwÞâÝ5ÞâñfÝ
ãÂêwå5ÝJÝHÖØÝqå-ÝHçGÞ

ϕ ∈ H̃am(M,ω)
ì¶ÞâñfÝHç

Spec(H1) = Spec(H2)
�4ãâÝqÝ¢£ e_�z¤ êwçf×X£ g�g>¤ ¡ ê�çf×xÞâñfÝ

ãâàfê�èHÝqã
HF

(a,b]
∗ (J,H1)

êwçf×
HF

(a,b]
∗ (J,H2)

è<ê�çdó$Ý èHê�çfÔNçfÚÛè<ê�ÖÛÖðæ�ÚØ×fÝqçGÞâÚÛõôÝq×�ò©üiñªÝHáâÝÌî;ÔNáâÝwìjÓÊÝ
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ãâñfê�ÖØÖ/×fáâÔ�ànÞâñfÝCçªÔ�Þ½êwÞâÚØÔNç
J
ê�çf×

H
ÚØç
HF∗(H, J)

ê�çf×n×fÝHçfÔwÞÂÝ
HF∗(ϕ) = HF∗(J,H)

ÓvñfÝqáâÝ
ϕ ∈ H̃am(M,ω)

ÚØãié�ÝHçfÝqáÂêwÞâÝH×�ó²æ
H
ò

� ÝJ×fÝqçfÔ�ÞâÝJóGæ
πα : HF∗(ϕ) → HF (α,∞](ϕ)

ÞÂñªÝJñfÔ�å5ÔNå-ÔNáäàfñfÚÛãâå-ã�ÚÛçf×fÕfèqÝH×xó²æ ÞâñfÝJçfêwÞÂÕfáâê�Ö
àfáäÔR�äÝqèqÞâÚØÔNç

CF∞(H) → CF∞(H)/CFα(H)
Ô�î��8ÖÛÔ1ÝHáJèqÔNå-àfÖØÝ~ßªÝqã%ê�çf×ÐóGæ

iα : HFα(ϕ) →

HF∗(ϕ)
ÞâñfÝEñfÔNå-ÔNå-ÔNáâàfñªÚÛãâå ÚÛçf×fÕfèqÝH×ÐóGæ�ÞâñfÝEÚØçfèqÖØÕfãäÚØÔNç�å5ê�à

iα : CF α
∗ (H) → CF∞

∗ (H)
ò

~­ÔwÞÂÝ ÞÂñôêÍÞjÞÂñfÝÙñfÔNå-ÔNÖÛÔNé�æ%ÖØÔNçféJÝÌßªê�èqÞ�ãäÝ��GÕfÝqçfèHÝPæ1ÚØÝHÖÛ×fã
Kernel πα = Image iα

òSüiñfÝqáâÝCÝÌß>ÚØãÁÞÂã
ê-çfêwÞÂÕfáâê�Ö
áâÚÛçfé-ãÁÞÂáâÕfèÌÞÂÕfáäÝ�ÔNç	ÞâñfÝ��8ÖØÔ1ÝqávñªÔNå-ÔNÖØÔ�é�æ�é�áâÔNÕªàfãyçôê�å-ÝH× û.á&ãSèqä�çYVqä§é�áUT1KSâ.éGè*ç�W&à1L�K �;ãâÝHÝÝ�ò éfò4£ g&�z¤ ¡

∗pp : HFα(ϕ)×HFβ(ψ)→ HFα+β(ϕψ).

Òºç £ gR�R¤ ìCí¶ÚÛÕfçfÚÛÜ1ñªÚØç�ì � êwÖ÷ê�å-ÔNç�ê�çf× � è½ñGÓÊê�á���èqÔNçfãäÞâáâÕfèÌÞÂÝq×�êÐñªÔNå5Ô�å5ÔNáäàfñfÚÛãäå ó$ÝqÞºÓÊÝqÝHç ÞÂñªÝ
�jÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖØÔ�é�æJéNáâÔNÕªàfã

QH∗(M)
ê�çf×	ÞâñfÝ��8ÖÛÔ1ÝHáiñfÔNå-ÔNÖØÔ�é�æJéNáâÔNÕªàfã

HF∗(M)
òÈ�ôÕfáÁÞÂñfÝqáÁý

å-ÔNáâÝwì$ÞÂñªÝqæ�ãäñfÔ3ÓÊÝH×EÞÂñôêwÞ­ÞÂñfÝ ñfÔ�å5ÔNå-ÔNáäàfñfÚÛãäå
Φ: QH∗(M) → HF∗(H)

ÚÛã�ê�çEÚØãäÔNå-ÔNáâàfñªÚØãäå
ÓvñfÚÛè~ñ�àfáâÝqãâÝqáäëNÝHãjÞâñfÝ é�áÂê�×fÚÛçféJêwçf×EÚÛçGÞâÝHáäÞºÓvÚØçªÝHãyÞâñfÝd�GÕôê�ç²ÞÂÕfå«àfáâÔ1×fÕªèqÞjÔ�ç

QH∗(M)
ÓvÚðÞÂñ�ÞâñfÝ

àôê�ÚÛáÁý Ô�î÷ý àôê�ç²ÞÂã­àfáâÔ1×ªÕfèqÞTÔNç
HF∗(H)

Ú ò Ý�òðì
Φ (iα+β(ξ ∗pp η)) = Φ (iα(ξ)) ∗ Φ (iβ(η))

ìOî;ÔNá�ÝqëNÝqáäæ
ξ ∈ HFα(ϕ), η ∈ HFβ(ψ)

ò5Òºç ÓvñfêwÞSî;ÔNÖÛÖØÔ3ÓvãHì�ÓÊÝ-ÓvÚÛÖØÖ]áäÝqî;Ýqá�ÞÂÔ%ÞÂñfÝ-ÚÛãâÔNå-ÔNáäàfñfÚÛãâå
Φ
ê�ãTÞÂñfÝ

í ��� ÚÛãâÔNå-ÔNáäàfñfÚÛãâå	òÍ� ÝSáâÝqî;ÝqávÞÂñfÝSáäÝ<ê�×fÝqávÞÂÔ]£ g&�z¤ ê�çf×�£ c_g>¤ î;ÔNáiÞâñfÝSàfáâÝqèHÚÛãâÝ�×ªÝqõôçªÚÛÞÂÚÛÔNç�êwçf×	î;ÕfáÁý
ÞÂñªÝHá­×fÝÌÞ½ê�ÚÛÖØãvÔNç	ÞÂñfÝ�ÚÛãâÔNå-ÔNáäàfñfÚÛãâå

Φ
òiÒºç�ÓvñôêwÞyî;ÔNÖØÖÛÔ3ÓvãvÓtÝ ÚÛçfèHÖÛÕf×fÝ�ê-ãâñªÔNáäÞ­×fÚØãäèHÕfãäãâÚØÔ�ç�ÔNç�ÞâñfÝ

í ��� ÚÛãâÔNå-ÔNáâàªñfÚÛãâåÑÚØçJÞâñfÝjè<ê�ãäÝTå5Ô�ãäÞ{áâÝqÖØÝÌëwê�çGÞÊÞÂÔÙÞâñfÚØãtÓÊÔ�áâÜ5Ú ò Ý�òðì>ÞâñfÝTèHê�ãäÝTÔ�î/êÙèqÖØÔ�ãâÝH×*ãäÞâáâÔNçªéNÖÛæ
ãâÝqå5Ú´ýºà$ÔNãäÚÛÞâÚðëNÝjãäæ1å-àfÖØÝqèqÞÂÚÛèTåJêwçfÚÛî;Ô�ÖÛ×

(M2n, ω)
ÓvñfÚØè½ñ	ÚØãvê�ÖÛãâÔPáâêwÞÂÚÛÔNçôê�ÖOê�çf×	çfÔ�ç>ýºå-ÔNçfÔ�ÞâÔNçfÝwò

ï
ÝqÞ
f : M → R

ó$ÝTê���ÔNáäãâÝ�î;ÕfçfèqÞâÚØÔNç�ãäÕfè~ñ*ÞâñôêwÞÊÞÂñfÝjçªÝHé²êÍÞÂÚÛëNÝ�éNáÂêw×fÚØÝqçGÞ��ôÔDÓdÔ�î
f
ÚÛã{ê	�	ÔNáâãäÝÌý

� å5ê�ÖØÝ ÓvÚðÞÂñ¥áâÝqãâà$ÝHèÌÞ�ÞâÔ%ÞâñfÝPå5ÝÌÞÂáäÚØè
g = ω(·, J ·)

ì�ÓvñfÝHáäÝ
J
ÚØã�ê*èHÔNå-àôêwÞâÚØófÖÛÝCêwÖØå-ÔNãäÞjèHÔNå-àfÖÛÝÌß

ãäÞâáâÕfèÌÞÂÕfáäÝ�ò³� Ý�×ªÝHçfÔwÞÂÝ�óGæ
HM∗(f,Λ) = HM ∗(f,Q)⊗ Λ

ÞâñfÝ���Ô�áâãâÝ~ý"��ÚðÞâÞÂÝqç%ñfÔNå-ÔNÖØÔ�é�æ5Ôwî
fÓvÚÛÞâñ%èHÔ1ÝÙ25èqÚØÝqçGÞâãyÚØç�ÞÂñfÝ�~yÔDë1ÚÛÜ�ÔDë�áâÚÛçfé

Λ (4.2)
�4ãäÝHÝ�Ý�ò éfò4£ c_g>¤ î;ÔNá{ÞâñfÝ�àfáäÝHèqÚØãâÝ�×fÝÌõôçfÚðÞÂÚØÔ�çu¡Ìò]Ò ÞvÚØã

ÜGçfÔDÓiçJÞÂñôêÍÞ`ÞÂñfÝqáâÝ­ÚÛãtêSçôêwÞâÕfáÂê�ÖôÚØãâÔ�å5ÔNáäàfñfÚÛãâå�ó$ÝqÞºÓÊÝqÝHçJÞÂñfÝt�GÕôêwçGÞâÕfåÑñfÔNå-ÔNÖÛÔNé�æÙÔwî
M
ê�çª×5ÞÂñªÝ

��ÔNáäãâÝ~ý"��ÚÛÞäÞÂÝqç	ñfÔNå-ÔNÖØÔ�é�æ
QH∗(M,Λ) ' HM ∗(M,Λ)

�;ãâÝHÝ)£ c_g>¤ ê�çf×%ÞÂñªÝSáäÝqî;ÝqáâÝHçªèHÝqã­ÓvÚðÞÂñfÚÛçu¡Ìò
~­Ý~ß1Þ<ìfÓÊÝTèHÔNçªãâÚØ×ªÝHá{ÞÂñfÝTå-Ô1×fÕfÖØÚ(ãäàôê�èqÝ�Ô�î/ãâàªÚØÜ�Ýq×	×fÚØãäèHã��4ÔNá{å-Úðß>ÝH×�ÞÂáâêz�äÝqèqÞâÔNáâÚÛÝHãî¡

MPSS(x, ỹ) =

MPSS(x, ỹ, J,H, f, g)
Ô�î/ê�ÖØÖ$ÞâñfÝTàôêwÚØáâã

(γ, u)
ÓvñfÝqáâÝ

γ : (−∞, 0]→M
ê�çª×

u : R× S1 →MÓvñfÚÛè~ñ	ãÂêÍÞÂÚÛãäî}æ




∂su+ J(u)(∂tu− β(s)XHt
(u)) = 0, γ̇ +∇gf ◦ γ = 0

lims→−∞ γ(s) = x, lims→−∞ u(s, t) = γ(0), lims→∞ u(s, t) = y(t)
∫

R

∫
S1 |us|

2dsdt <∞,




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ÓvñfÝqáâÝ
x ∈ Crit(f)

ÚÛãÙêEèqáâÚÛÞâÚØèHê�Ö`à$ÔNÚÛçGÞÙÔwî
f
ì
H
ÚØãÙêEé�ÝHçfÝqáâÚØè5ÞÂÚÛå5Ý~ýº×fÝqà$ÝHçf×fÝqçGÞPö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç

î;ÕfçfèÌÞÂÚÛÔNç�ì
ỹ = [y, uy] ∈ P̃H

ì`ê�çf×
β : R → [0; 1]

ÚØãCênãäå5Ô1ÔwÞÂñ§èHÕªÞÁýºÔ&��î;ÕªçfèqÞâÚØÔNç§ãâÕfè½ñ�ÞÂñôêÍÞ
β(s) = 0

î;ÔNá
s ≤ 1

2
, β′(s) ≥ 0

î;ÔNá
s ∈ R

ìQê�çf×
β(s) = 1

î;ÔNá
s ≥ 1
ò

�ôÔNáÊê éNÝHçªÝHáâÚÛè�è~ñªÔNÚØèqÝjÔwî
H, J, f

ìfêwçf×
g
ì1ÞÂñfÝjå-Ô1×fÕfÖÛÚQãâàôê�èqÝ

MPSS(x, ỹ)
ÚØã{ê ãäå5Ô1ÔwÞÂñ�å5ê�çfÚðî;ÔNÖð×

Ô�îQ×fÚÛå5ÝqçfãâÚÛÔNç
µCZ(ỹ)+µMorse(x)−n

ìwÓvñfÝHáäÝ
µCZ
ÚÛã/ÞÂñfÝ.�ÊÔNçfÖÛÝqæ²ý
�OÝqñfçf×fÝqá¶ÚÛçf×fÝ~ßCêwçf×

µMorse

ÚÛã
ÞÂñªÝ`ãäÞ½êwçf×ôê�áä×���Ô�áâãâÝ`ÚØçª×fÝÌß(ò/ÒºçSÞÂñfÝ`ãÁÞÂáâÔ�çféNÖÛæjãâÝqå5Ú´ýºà$ÔNãäÚÛÞÂÚ´ëNÝ¶è<ê�ãäÝ`ÞÂñªÝ

0
ýº×ªÚØå-ÝHçfãäÚØÔNçfê�Ö�èHÔNå-à$ÔNçfÝqçGÞ

Ô�î
MPSS(x, ỹ)

ÚÛã¶èHÔNå-àôê�èÌÞtê�çª×-ÓtÝyãâñôêwÖØÖf×fÝHçªÔ�ÞÂÝyó²æ
n(x, ỹ)

ÚÛÞÂã¶èHê�áâ×ªÚØçôê�ÖÛÚðÞºæNò��ôÔ�ÖØÖÛÔ3ÓvÚØçªé	£ g&�z¤ ÓÊÝ
×fÝÌõôçfÝPê�è½ñôê�ÚÛçnå5ê�à

Φ : CF∗(H) → CM∗(f,Λ)
ó$ÝqÞºÓÊÝHÝqç¥ÞÂñfÝ��8ÖÛÔ1ÝHá�ê�çf×EÞÂñªÝ)��Ô�áâãâÝ~ý"��ÚðÞâÞÂÝqç

èHÔ�å5àfÖÛÝÌß>Ýqãyó²æ
Φ(ỹ ⊗ qA) =

∑

µMorse(x)=n−µCZ(ey)

n(x, ỹ) · x⊗ qA#uy .

 �ÕfçfÚðëNÝHáâãâê�Ö²ÝHçfÝqáâé�æ�ó$ÔNÕªçf×�ÝHçªãâÕfáâÝqã/ÞâñôêwÞMÞâñfÚØã
åJêwàSÚÛãmêiÓÊÝqÖØÖ²×fÝÌõôçfÝq×
Λ
ý å5Ô1×ªÕfÖØÝ]ñfÔNå-ÔNå-ÔNáäàfñfÚÛãâå

ÓvñfÚÛè~ñ%áäÝHãäà$ÝHèqÞâãvÞâñfÝTéNáÂêw×fÚØçªéfò³��Ô�áâÝHÔ3ëNÝHáqìôãÁÞ½ê�çf×fê�áâ×	ê�áäéNÕfå-ÝHç²ÞÂãÊî;áâÔ�å �8ÖÛÔ1ÝHátÞâñfÝHÔNáÁæ�ÚÛå5àfÖðæPÞÂñfêwÞ
ÚÛÞT×fÝqãâèqÝHçf×fãSÞÂÔ	ê

Λ
ýºå-Ô1×fÕfÖÛÝÙñªÔNå5Ô�å5Ô�áâàfñfÚÛãäå

Φ : HF∗(H) → HM∗(f,Λ)
Ô�ç¥ÞâñfÝPñfÔNå-ÔNÖÛÔNéwæ

ÖØÝÌëNÝHÖMêwãiÓÊÝHÖÛÖ
�;ãâÝqÝ�£ gR�R¤ ì4£ c_g>¤ î;ÔNá{ÞâñfÝ�àfáâÝqèHÚÛãâÝS×ªÝqÞ½êwÚØÖÛãî¡Ìò
¤ÅL�O�Q�;¦¥ �4Hñ�BH J HTüiñfáäÔNÕféNñfÔ�ÕªÞ*ÓÊÝnãäñôê�ÖÛÖ�ÕfãäÝnÞÂñªÝnãÂêwå5ÝEçfÔ�ÞÂêwÞÂÚÛÔNç�î;ÔNáJåJêwàfã�ó$ÝqÞºÓÊÝqÝHçuè½ñôê�ÚÛç
èHÔ�å5àfÖÛÝÌß>Ýqã­êwçf×	å5ê�àfãiÔNç%ÞÂñªÝ�èHÔNáäáâÝHãäà$ÔNçf×fÚÛçfé-ñfÔNå-ÔNÖÛÔNé�æ5ÖØÝÌëNÝHÖVò
Òºçl£ g&�R¤ ÚðÞ¶Ó{ê�ã`ãâñªÔDÓvç5ÞâñôêwÞ

Φ
ÚØãoÚÛçPî4ê�èÌÞtê�ç5ÚÛãâÔNå-ÔNáäàfñfÚÛãâå	òmüiñfÚØã¶Ó{ê�ã`ãäñfÔDÓvçJó²æPèqÔNçfãäÞâáâÕfèÌÞÂÚÛçfé ê�ç

ÝÌß>àfÖÛÚØèqÚÛÞ
ÚØçGëNÝqáâãäÝ
Ψ : HM∗(f,Λ)→ HF∗(H)

ÓvñfÚÛè~ñ�ÚÛãmê�ÖÛãâÔyê
Λ
ý å5Ô1×ªÕfÖØÝ]ñfÔNå-ÔNå-ÔNáâàªñfÚÛãâådÓvñfÚØè½ñ

áâÝqãâà$ÝqèqÞ8ÞâñfÝ`éNáÂêw×fÚØçféyê�çª×�ÞâñfÝHç�ãâñfÔ3ÓvÚØçªéyÞÂñôêÍÞmÞâñfÝ`åJê�àªã
Φ◦Ψ
ê�çf×

Ψ◦Φ
êwáâÝ`è½ñôê�ÚÛç�ñªÔNå-Ô�ÞÂÔNàªÚØè]ÞâÔ

ÞÂñªÝ�ÚØ×fÝqçGÞâÚÛÞºæNò8üiñfÝjàªáâÝHèqÚØãäÝj×fÝÌõôçfÚðÞÂÚÛÔNçJÔwî
Ψ
ê�çf×JÞâñfÝ�àfáäÔ1Ô�î
Ô�î�ÞÂñfÝjê�ó$Ô3ëNÝ�å5ÝqçGÞâÚØÔNçªÝH×�ê�áäéNÕfå-ÝHç²ÞÂã

è<êwç�ó$ÝTî;ÔNÕªçf×	ÚØçÕ£ g&�z¤ �;ãâÝHÝ�êwÖØãâÔ�£ b>¤ ìôê�çf×!£ c_g>¤ ¡Ìò¶Òºç	àôê�áäÞâÚØèqÕfÖ÷êwáHìªó$ÔwÞÂñ	ÚÛçÕ£ g&�z¤ �Ví8ê�éNÝqã
189− 192

¡
ê�çf×øÚÛçi£ c_gz¤ �N�8ÚÛéNÕfáäÝHã

2
ê�çf×

3
ÔNçxí8ê�é�Ý

462
¡jÞÂñfÝqáâÝJê�áâÝ-ãâÝqë�ÝHáÂêwÖÊàªÚØèqÞâÕfáâÝqãSÞÂñôêwÞ�ÚÛÖØÖÛÕfãÁÞÂáâêwÞÂÝCÞâñfÝ

ÚØ×ªÝ<ê�ã�ó$ÝqñfÚØçf×�ÞÂñfÝÙê�áâé�Õfå5ÝqçGÞâã­ÞÂñôêÍÞ�ÞÂñfÝ åJêwàfã
Φ ◦ Ψ

êwçf×
Ψ ◦ Φ

ê�áâÝ è½ñôê�ÚÛçEñfÔNå-Ô�ÞâÔNàfÚØè�ÞâÔJÞÂñfÝ
ÚØ×ªÝHç²ÞÂÚÛÞºæNò�� Ý�ÓvÚØãâñ�ÞÂÔÙÝHå-àfñôê�ãäÚ§�qÝjÞâñôêwÞÊÓvñfÚØÖÛÝ­ÞÂñfÝjàfáâÔ1Ô�î
ÞÂñôêÍÞ

Φ ◦Ψ = 1l
ÚÛã{ófê�ãâÝq×	Ô�ç%ãÁÞ½ê�çª×ôê�áâ×

ÞÂÝqè~ñªçfÚ§�GÕfÝqã î;áâÔNå �8ÖÛÔ1ÝHá�ÞâñfÝHÔ�áäæ¥ÞÂñfÝJÔwÞÂñfÝqá ×ªÚØáâÝqèqÞâÚØÔNç ÚÛã�ãäÖØÚØé�ñGÞÂÖðæEå5ÔNáäÝ5×ªÝHÖÛÚØè<êÍÞÂÝ�ò%ö­ÔDÓtÝqëNÝqáHì¶ÚÛç
ÞÂñªÝSáâêwÞÂÚÛÔNçôê�ÖOçfÔ�ç>ýºå-ÔNçfÔ�ÞâÔNçfÝjè<ê�ãäÝ�ìQÕfãâÚÛçfé5êwófãäÞÂáâê�èÌÞ­×fÚÛå5ÝqçfãâÚÛÔNç*áâÝ<êwãâÔNçfãyÚðÞvÚØãiãâÕ�2-èqÚØÝHç²ÞyÞÂÔPãâñfÔ3Ó
ÞÂñfêwÞ

Φ ◦Ψ = 1l
ÚVò Ý�òðì

�dMPQ�ENO �4Hñ�BH ` HCP [�K (M,ω) ò�[�áÒè áUKNãÊçJTGá&ð{TZçJToäæå0çJTZçJKæçJT5[�â�KNè*çJT=R&ð¢Z]âS[Ùå�ãSä§éoç<âÙãbKNãbrU[�â�ZRå(éGð\[]L�KPãMLå)áUToã VfçzðXW g � ê1[�T
Φ ◦Ψ = 1lHM∗(f,Λ) ⇒ Ψ ◦ Φ = 1lHF∗(H)
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K ;z=n=ur(=ur��dMPQoEPO �4Hw�4H ` ÏTþ�ÝHçfÔwÞÂÝÙó²æ
Φk : HFk(H) → HMk(f,Λ)

êwçf×
Ψk : HMk(f,Λ) →

HFk(H)
ÞâñfÝ�áäÝHãÁÞÂáâÚÛèqÞâÚØÔNçfãvÔ�î8ÞâñfÝ�å5ê�àfã

Φ
ê�çf×

Ψ
ÞâÔ-ÞÂñªÝ�èHÔ�áâáâÝqãâà$ÔNçª×fÚØçfé5éNáÂêw×fÝH×�èHÔ�å5à$ÔNçªÝHçGÞâãHò

Ò Þ{î;ÔNÖÛÖØÔ3Óvãtî;áäÔNåÑÞÂñfÝTê�ãâãäÕfå-àªÞÂÚÛÔNç*ÔwîMÞÂñfÝjèHÖØê�ÚØå©êwçf×�î;áâÔNåÑÞÂñfÝ�î4ê�èÌÞ{ÞÂñôêÍÞió$Ô�Þâñ
Ψ
ê�çf×

Φ
áäÝHãâà$ÝqèqÞ

ÞÂñªÝCéNáÂêw×fÚØçféJÞâñôêwÞ
Φk ◦ Ψk = 1lHFk(M,Λ)

òd��ÔNáâÝqÔDëNÝqáHì
ÚØç�ÞÂñfÝCáâêwÞÂÚÛÔNçôê�ÖmçfÔNç1ýºå-ÔNçfÔ�ÞâÔNçfÝ èHê�ãâÝÙÓÊÝ
ñôê<ëNÝ ÞÂñfêwÞ�ó(ÔwÞÂñ

HFk(H)
ê�çf×

HMk(f,Λ)
ê�áäÝ�û�8DES9<L*×fÚØå-ÝHçªãâÚØÔ�çôê�Ö
ëNÝqèqÞâÔNájãäàôê�èHÝqãTÔ3ëNÝHá

Λ0

Ô�î
ÞÂñªÝtT�Q�O�LÙ×fÚÛå5ÝqçfãâÚÛÔNç�ò�~yÔ�ÞÂÝiÞâñôêwÞoÚØçCÞÂñfÝváÂêÍÞÂÚØÔ�çôê�ÖªçfÔ�ç>ýºå-ÔNçfÔwÞÂÔNçfÝ{è<êwãâÝ

Λ0

èHê�ç5ó$ÝvÚØ×fÝqçGÞâÚÛõôÝq×5ê�ã
ÞÂñªÝTõôÝqÖØ×%Ô�î8ïMêwÕfáâÝqçGÞvãâÝHáäÚØÝqãiÓvÚÛÞâñ%èHÔ1ÝÙ2-èHÚØÝqçGÞâãyÚÛç

Q
ò¶Òºç	Ô�áâ×fÝqá{ÞÂÔPè½ñfÝHè½Ü�ÞâñôêwÞvó$ÔwÞÂñ%ãâàôêwèHÝHãyñfê3ëNÝ

ÞÂñªÝ�ãÂêwå5Ýy×fÚØå-ÝHçfãäÚØÔNç-ÔDëNÝqá
Λ0

ÔNçªÝ�ãäñfÔNÕfÖÛ×5Þ½ê�Ü�Ý
H = εf

ÓvñfÝqáâÝ
ε > 0

ÚØãtãäÕ�2-èHÚÛÝHç²ÞÂÖÛæ-ãäåJêwÖØÖB�4ãäÝHÝ
Ý�ò éfòD£ c_g>¤ ¡~òyüiñGÕfã­ÓÊÝ èHÔ�çfèHÖÛÕf×fÝSÞÂñôêwÞ

Ψk ÚÛã�ê-å5ÔNçªÔNå5Ô�áâàfñfÚðãâå ÔDëNÝqá Λ0
ó$ÝÌÞAÓtÝHÝqçnÞºÓÊÔJãâàfê�èHÝqãjÔ�î

ÞÂñªÝÙãÂêwå5Ý�×fÚØå-ÝHçfãäÚØÔNç�ÔDëNÝqá
Λ0

ì(ÓvñfÚÛÖØÝ
Φk ÚØã�ê�çEÝHàfÚÛå5Ô�áâàfñfÚÛãâå�ó$ÝÌÞAÓÊÝqÝHçnÞÂñfÝqå�ò�üiñGÕfãTó$ÔwÞÂñnê�áâÝÚØãäÔNå-ÔNáâàfñªÚØãäå-ãHì8ÚØç²ëNÝHáâãäÝ*ÔNçfÝJÞâÔ¥ê�çªÔ�ÞÂñfÝqáHò � ÚÛçfèHÝ

HF∗(H)
ê�çª×

HM∗(f,Λ)
ê�áäÝ�ó$Ô�ÞÂñxõfçfÚÛÞâÝHÖÛæ

éNÝqçfÝHáâêwÞÂÝq×
Λ
ýºå-Ô1×fÕfÖÛÝHãvÚÛÞvî;ÔNÖÛÖØÔ3ÓvãiÞÂñfêwÞ

Ψ
ê�çf×

Φ
ê�áäÝ�ÚÛãâÔNå-ÔNáäàfñfÚÛãâå-ãiÓvñfÚÛè½ñEê�áâÝSÚØç²ëNÝHáâãäÝ Ô�çfÝSÞÂÔ

ê�çfÔwÞÂñfÝqáyê�ãiÓÊÝqÖØÖVò¶üiñªÝSàfáâÔ1Ôwî8Ô�îmÞÂñªÝSèqÖ÷ê�ÚÛå ÚÛãiçfÔDÓ èHÔNå-àfÖÛÝqÞâÝ�ò

�
�?Ö ���
�ºÎÁÏ`��+ê� ��$��°�"'%&Q# Úþ#���#CH­����F�#%+:� � � 'CDE�­�
��+ �

ï
ÝqÞ
(M2n, ω)

ó$ÝPê*èqÖØÔNãäÝH×¥èHÔ�çfçfÝHèÌÞÂÝq× áÂêwÞâÚØÔNçfê�Ö/ãäÞâáâÔNçfé�ÖÛæ�ãäÝHå-Úðý à$ÔNãâÚðÞÂÚðëNÝ ãäæ1å-àfÖØÝqèqÞâÚØèÙåJêwçfÚÛî;Ô�ÖÛ×�ò
�ôÔNÖÛÖØÔ3ÓvÚÛçfé*ÞâñfÝ-ÓÊÔ�áâÜGã Ôwî��jÚÛÞâÝHáäó$Ô�£ g&�z¤ ì � è½ñGÓ{êwá��,£ g�g>¤ ì8ê�çª× � ñi£ c��z¤ ì/ÓtÝ5áâÝHèHê�ÖØÖ]ÞÂñfÝ-×fÝqõfçfÚÛÞâÚØÔNç
Ô�îyêEãäà$ÝHèqÞâáÂê�ÖÊÚØç²ëwê�áâÚØê�ç²Þ

c
ÓvñfÚØè½ñ§àfÖ÷ê<æ1ãCê�èHÝHç²ÞÂáâê�ÖÊáâÔNÖÛÝJÚÛçøÞÂñfÝ�àfáäÔ1Ô�îvÔ�îyüiñªÝHÔNáäÝHå e ò a ò c ò,� Ý

áâÝÌî;ÝHáoÞÂñªÝ­áäÝ<ê�×fÝqáâã`ÞâÔ0£ c��z¤ ê�çf×l£ c_gz¤ î;ÔNáoèHÔNå-àfÖÛÝqÞâÝv×fÝqÞÂê�ÚØÖÛãoÔ�î(ÞÂñfÝyèHÔNçªãäÞÂáäÕfèqÞâÚØÔNçJêwçf×5àfáâÔ1Ô�î;ãoÔ�îOÞÂñªÝ
éNÝqçfÝHáâê�ÖoàªáâÔNà$ÝqáäÞÂÚÛÝHã�Ô�îtÞâñfÚØã�ãäà$ÝHèÌÞÂáÂêwÖoÚØçGëÍê�áâÚØê�çGÞHò� ©óªáâÚØÝÌîÊ×fÝqãâèqáâÚØà>ÞÂÚØÔ�ç Ô�îÈ�8ÖÛÔ1ÝHájñfÔNå-ÔNÖØÔ�é�æEê�çª×
ÞÂñªÝ�í ��� ÚØãäÔNå5Ô�áâàfñfÚÛãäå©Ó{ê�ãyê�ÖØãäÔPéNÚðëNÝHç%ÚØç*ÞÂñªÝ�êwó$ÔDëNÝ � ÝHèÌÞÂÚÛÔNç e ò e ò
� Ýn×fÝÌõôçfÝnÞâñfÝnãâà$ÝqèqÞâáÂê�ÖjÚØç²ëwê�áäÚ÷ê�ç²Þ

c : QH∗(M) × H̃am(M,ω) → R
ê�ãJî;ÔNÖØÖÛÔ3ÓvãHò �ôÔNá5ÞÂñfÝ

ÝHÖÛÝHå-ÝHç²ÞÂã
0 6= a ∈ QH∗(M)

êwçf×
ϕ ∈ H̃am(M,ω)

ìfÓÊÝ�ãâÝÌÞ
c(a, ϕ) = inf {α ∈ R | Φ(a) ∈ Image iα} ,ÓvñfÝqáâÝ

Φ: QH∗(M) → HF∗(ϕ)
ÚØãyÞÂñfÝÙí ��� ÚÛãâÔNå-ÔNáâàªñfÚØãäå�ó$ÝqÞºÓÊÝqÝHçnÞÂñfÝd�GÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖØÔ�é�æ

ê�çf×ÐÞÂñfÝÕ�/ÖØÔ1ÝHá�ñªÔNå5Ô�ÖØÔNéwæNì­êwçf×
iα : HFα(ϕ) → HF∗(ϕ)

ÚØãJÞÂñfÝ¥çôêÍÞÂÕfáâê�ÖjÚØçfèqÖØÕfãäÚØÔNçrÚØçÐÞâñfÝ
õôÖðÞÂÝHáäÝH×Õ�/ÖØÔ1ÝqájñªÔNå5Ô�ÖØÔNéwæNò�üiñfÝPçfÔ�ç>ý ÞâáâÚÛë1ÚØê�ÖMî4ê�èqÞjÞÂñfêwÞ

−∞ < c(a, ϕ) < ∞
ÚØãjàfáâÔ3ëNÝH×¥ÚØç�£ c��z¤ ò

��ÔNáäÝHÔ3ëNÝHáqì
c(a, ϕ)

ñôêwã�ÞÂñfÝ-î;ÔNÖØÖÛÔ3ÓvÚÛçfé	àfáäÔNà$ÝHáÁÞÂÚØÝqãÅ£ c��z¤ ì £ c_g>¤ ¥��ôÔNá�ÝÌëNÝHáÁæ
a, b ∈ QH∗(M)

êwçf×
ÝqëNÝqáäæ

ϕ, ψ ∈ H̃am(M)

�Ví a ¡
c(a ∗ b, ϕψ) ≤ c(a, ϕ) + c(b, ψ)

ì



Öu� �utwvyx
�)��z ¨ , �ovq.nvqò ©�ó�ô v5� ©Ôõ¦} ��z�x�t © � } �

�Ví b ¡
c(a, 1l) = val(a)

ì
�Ví c ¡

c(a, ϕ) = sup
m

c(a[m], ϕ)
ì

�Ví e ¡
c(aqA, ϕ) = c(a, ϕ) + ω(A)

ì%î;ÔNáiÝÌëNÝHáäæ
qA ∈ Λ

ì
ÓvñfÝqáâÝ

a[m] ÚØã�ÞÂñfÝCéNáÂê�×ªÝÌý m ý èHÔNå-à$ÔNçfÝqçGÞTÔ�î a ì 1l ÚØã�ÞÂñfÝCÚØ×fÝqçGÞâÚÛÞºæ�ÚÛç H̃am(M,ω)
êwçf×

val(·)
ÚÛã

ÞÂñªÝ�ëÍê�ÖØÕfêwÞÂÚÛÔNç�î;ÕfçfèÌÞÂÚÛÔNç
(4.4)
×ªÝqõôçfÝq×�ÚÛç � ÕfófãäÝHèÌÞÂÚØÔ�ç e ò c ò a ò

üiñfÝyî;ÔNÖØÖÛÔ3ÓvÚÛçfé�ÖØÝHå-å5êªìNÓvñfÚÛè½ñJè<ê�çJó$Ý­èHÔ�çfãâÚÛ×fÝHáäÝH×*ê�ãtê í/ÔNÚÛçfèHê�á��y×fÕôê�ÖÛÚÛÞºæÙÞºæ1à$Ý�ÖÛÝHå-åJê>ì²ÝHçôêwófÖØÝqã
Õfã`ÞÂÔ�èHÔNå-àôêwáâÝvÞÂñfÝ­ãâà$ÝqèqÞâáÂê�Ö$ÚØçGëÍê�áâÚØê�çGÞâãoÔ�î

ϕ
ê�çf×

ϕ−1 ò]Ò ÞÊÚÛãoÞÂñfÝ�ê�çôêwÖØÔNé�ÕfÝyÔwîMï
ÝHå-å5ê b ò b î;áâÔNå£ a>gz¤ ÚØç*ÞâñfÝ�áÂêwÞâÚØÔNçfê�ÖOçfÔ�ç>ýºå-ÔNçfÔwÞÂÔNçfÝjè<êwãâÝ-ò
¿³LUO�O�Q¢�BHÆÅnH J H�¾ çzèy[�rU[ÙèsZ 0 6= γ ∈ QH∗(M) áUT-W�[�rU[Ùè�Z ϕ ∈ H̃am(M,ω)

c(γ, ϕ) = − inf
{
c(δ, ϕ−1) | Π(δ, γ) 6= 0

}
,

c�ê1[Ùè?[ Π(·, ·) ã§â�KSê1[ Q ä�rzá&ð à1[hW é�á&ãSèqãbT=R (4.3) W=[���T5[hW)ãbT ßuà�òÙâS[]L�KNãÊçJT�ø g ì g ç g
üiñfÝPàfáäÔ1Ô�îtÔ�î`ÞâñfÝPÖÛÝHå-å5êJÚØãjéNÚÛëNÝqç¥ÚØç � ÝHèÌÞÂÚÛÔNç e ò } ó$ÝHÖÛÔDÓ�ò Òºç ÔNáâ×ªÝHájÞÂÔ%àªáâÔ3ëNÝPüiñfÝHÔ�áâÝHå e ò a ò c
ÓÊÝ*ÓvÚÛÖØÖ{ê�ÖÛãâÔnçfÝHÝq×ùÞÂñªÝ*î;ÔNÖØÖÛÔ3ÓvÚÛçféEàfáäÔNà$ÔNãâÚðÞÂÚÛÔNç�ò� ­ãâãâÕªå5Ý*ÞÂñôêÍÞCÞÂñfÝ%ãäÕfóôê�ÖÛéNÝHóªáÂê

QH2n(M) ⊂

QH∗(M)
ÚÛãvãâÝHå-Ú´ýºãâÚÛå-àfÖÛÝjÔDëNÝqáyÞâñfÝ�õôÝHÖÛ×

Λ0

ê�çª×�ÖØÝÌÞ
QH2n(M) = QH1

2n(M)⊕ · · · ⊕Qk
2n(M)ó$ÝSêP×fÝqèHÔNå-à$ÔNãäÚÛÞÂÚÛÔNç*Ô�î

QH2n(M)
ÚØç²ÞÂÔ-êC×fÚÛáâÝHèÌÞyãäÕfå Ô�î/õfÝHÖØ×ªãHòoüiñfÝqç	ÓÊÝSñôê<ëNÝ

K ;z=u[Í=GTfEF9<EF=G8Ç�4HÆÅnH ` HG� ê1[Ùè?[�[e^�ã§â�KSâ�á�éoç<âÙãbKPãbrU[�LîçJT�â�KÊáUT1K C ∈ R âÙànLîêIKSê�áUK5Vfçzèd[�rU[ÙèsZ 0 6= γ ∈

QH1
2n(M)

val(γ) + val(γ−1) ≤ C.

í/ÔNãÁÞÂà$ÔNçfÚÛçféSÞÂñªÝ­àfáäÔ1Ô�î�Ô�îOÞÂñªÝ�ê�ó$Ô3ëNÝ­àfáâÔNà$Ô�ãâÚÛÞâÚØÔ�çPÓÊÝyõôáäãäÞÊàªáâÝHãäÝHç²ÞÊÞÂñªÝ­àfáâÔ1Ôwî�Ô�î�üiñfÝHÔ�áâÝqå e ò a ò c
ê�çf×xüiñfÝqÔNáâÝqå e ò a ò a òEÒºçøÞÂñfÝJàfáâÔ1Ô�îvÔwîvüiñfÝHÔNáäÝHå e ò a ò c ÓÊÝJî;ÔNÖÛÖØÔ3Ó"ÞâñfÝ�ãÁÞÂáÂêÍÞÂÝHéwæøÔ�îiÞâñfÝ�àfáäÔ1Ô�î
ÕfãäÝH×�óGæ�
¶çGÞâÔDë%ê�çª×�í/ÔNÖÛÞâÝHáäÔDë1ÚØè½ñ%ÚØçÕ£ a>g>¤ ò
K ;z=n=ur4=ur Ñ jBL^=u;>LUO �4H J H3I@Ïoï
ÝqÞ

QH2n(M) = QH1
2n(M)⊕· · ·⊕Qk

2n(M)
ó$ÝÊêy×fÝqèHÔNå-à$ÔNãâÚðÞÂÚÛÔNç

Ô�î
QH2n(M)

ÚØç²ÞÂÔ-êC×fÚÛáâÝHèÌÞyãäÕfå Ô�î/õôÝqÖØ×ªãHò �ÊÔNçªãâÚØ×ªÝHáiÞÂñfÝ�å5ê�à
r̃ : H̃am(M)→ R

×fÝÌõôçfÝH×�óGæG¥
r̃(ϕ) = −vol(M) · lim

n→∞

c(e1, ϕ
n)

n
,

ÓvñfÝqáâÝ
e1
ÚØãPÞÂñfÝ�ÕfçfÚÛÞ5ÝqÖØÝHå-ÝqçGÞJÔwî

QH1
2n(M)

òdüiñfÚÛã5ÚØã5ê ãäÞ½êwçf×ôê�áä×rñfÔ�å5ÔNé�ÝHçfÚ3�<êwÞâÚÛÔNçùÔ�îjÞâñfÝ
å5ê�à

c(e1, ·) : H̃am(M) → R
ò	� Ý-èqÖ÷ê�ÚÛå ÞÂñôêwÞ

r̃
ÚÛãSê	ï
ÚØàfãäè~ñªÚÛÞ*�CñfÔNå-ÔNéNÝqçfÔNÕfã��{êwÖ÷ê�ófÚ��GÕôê�ãäÚðý

å-ÔNáâàfñªÚØãâå	òvüiñfÝÙàfáäÔ1Ô�îoÔwî¶ÞâñfÝ��{ê�Ö÷êwófÚmàfáäÔNà$ÝHáÁÞAæ�ê�çª×�ÞÂñfÝÙï
ÚØàfãäè~ñªÚÛÞ*��àfáäÔNà$ÝHáÁÞAæ�Ôwî
r̃
éNÔ1Ýqãjê�ÖØÔ�çfé
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ÞÂñªÝjãÂê�å-Ý�ÖØÚÛçfÝqã{ê�ãtÞÂñfÝ�àfáâÔ1Ô�îMÔwîmíoáäÔNà$ÔNãäÚÛÞÂÚÛÔNçfã
3.3
ê�çª×

3.5
ÚØç,£ a<gz¤ ÓvÚðÞÂñJÞÂñªÝjçfÔ�ÞÂêwÞÂÚÛÔNçfãtãâÕªÚÛÞ½êwófÖÛæ

ê�×ôêwàªÞÂÝq×�òvüiñ1Õfãqì(ÓÊÝSÓvÚØÖÛÖ
ÔNå5ÚðÞvÞâñfÝ�×fÝqÞÂê�ÚØÖÛãyÔwî]ÞÂñªÝ�àfáâÔ1Ô�î]Ô�î8ÞÂñfÝqãâÝ àfáâÔ�à(ÝqáäÞâÚØÝqã�ê�çf×�èHÔ�çfèHÝqçGÞâáÂêwÞÂÝ
ÔNç àfáäÔDë1ÚÛçfé%ÞâñôêwÞ

r̃
ÚØã�ê��GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå	òd� ÝPÓiÚØÖØÖ8ãäñfÔDÓ�ÞâñôêwÞ

c(e1, ·)
ÚØã�ê��GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå	ì

ÞÂñªÚØãiÚØå-å-ÝH×ªÚ÷êÍÞÂÝqÖðæJÚÛå5àªÖØÚðÝHãÊÞÂñfêwÞvÚÛÞÂãiñªÔNå5Ô�éNÝHçªÚ§�<êÍÞÂÚÛÔNç
r̃
ÚØãvê�ÖÛãâÔ-ê��GÕôê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå	ò

~­ÔwÞÂÚØèqÝjÞÂñôêÍÞvÞÂñªÝ�Õfàfà$ÝHávó$ÔNÕfçf×%î;ÔNÖÛÖØÔ3Óvã{Ý<ê�ãäÚØÖÛæ5î;áâÔ�å ÞÂñfÝTÞâáâÚ÷êwçféNÖÛÝjÚÛçfÝ��GÕôê�ÖÛÚÛÞºæÒ�4í
1)
¥

c (e1, ϕψ) = c (e1 ∗ e1, ϕψ) ≤ c (e1, ϕ) + c (e1, ψ) .

~­Ý~ß1Þ<ìQÚðÞiî;Ô�ÖØÖÛÔ3Óvã{î;áäÔNå �Ví
1)
ê�çf×�ï
ÝHå-å5ê e ò g ò a ÞÂñôêÍÞ

c (e1, ϕ) ≤ c (e1, ϕψ) + c(e1, ψ
−1) = c (e1, ϕψ)− inf

a:Π(a,e1)6=0
c (a, ψ) .

�ôáâÔ�å ÞÂñfÝ�×fÝÌõôçfÚðÞÂÚØÔ�ç%Ô�îmÞÂñfÝ�ÚÛçGÞÂÝqáâãäÝHèÌÞÂÚØÔ�ç	àôêwÚØáâÚÛçfé
Π (4.3)

ÓÊÝSñfê3ëNÝTÞÂñôêwÞ
{a | Π(a, e1) 6= 0} = {a | Π(a[0], e1) 6= 0} = {a | Π(a[0] ∗ e1,M) 6= 0}

�ÊÔNåÙófÚÛçfÚØçªéÙÞÂñªÚØã{ÓvÚÛÞâñ%ÞâñfÝSê�ó$ÔDëNÝ�àfáäÔNà$ÝHáÁÞAæÕ�4í
3
¡ÊÓÊÝ�åJê<æJî;ÕfáÁÞÂñfÝqávÝHãÁÞÂÚØå5êwÞâÝ

c(e1, ϕ) ≤ c(e1, ϕψ)− inf
a:Π(a[0]∗e1,M)6=0

c(a[0], ψ).
� e ò a<� ¡

� Õfá%çfÝ~ß1Þ�ãäÞÂÝqàuÚØã�ÞÂÔ§õôçf× ê�ÖÛÔDÓtÝHá*ó$ÔNÕfçf×�î;ÔNá�ÞÂñfÝnÞÂÝqáâå
c(a[0], ψ)

àfáâÔ3ë1ÚØ×fÝq×�ÞÂñôêwÞ
Π(a[0] ∗

e1,M) 6= 0
òy�ôÔNá5ÞâñfÚØãqìiÓÊÝEãäñôê�ÖØÖvõôáâãÁÞ�ÔºãâñfÚðî}Þ>É�ê�çf×�ÞÂñfÝqç�ÔAàfáäÔR�äÝqèqÞ�ã½ìiáâÔNÕªéNñfÖÛæùãäà$Ý<ê�ÜGÚØçªéfìvÞâñfÝ

ÝHÖÛÝHå-ÝHç²Þ
a[0] ∈ QH0(M)

ÞÂÔ�ÞÂñfÝ�õfÝHÖÛ×
QH1

2n(M)
ò
�	ÔNáâÝ�àfáâÝqèHÚÛãâÝHÖðæNìªãäÚØçfèqÝ�ÓÊÝTêwãâãâÕªå5Ýq×*ÞâñôêwÞÊÞâñfÝ

å-ÚØçfÚÛå-ê�ÖB�ÊñfÝHáäç¥çGÕfåÙó$ÝHá
NM

×fÚÛë1ÚÛ×fÝHã
n
ì(ÞâñfÝHáäÝÙÝ~ßªÚÛãäÞâãTê�çEÝqÖØÝHå-ÝHç²Þ

qA
ÚØç�ÞâñfÝ�~yÔDë1ÚÛÜ�ÔDë	áâÚØçªé

ΛãâÕªè~ñ	ÞÂñfêwÞ
a[0]qA ∈ QH2n(M)

òoüiñGÕfãHìQÚðÞiî;Ô�ÖØÖÛÔ3Óvã{î;áâÔ�åûàfáâÔ�à$ÝHáäÞâÚØÝqã��Ví
1)
ê�çf×��4í

4)
ÞÂñfêwÞ

c(a[0], ψ) = c(a[0]qA, ψ)− ω(A) ≥ c(e1 ∗ a
[0]qA, ψ)− c(e1, 1l)− ω(A).

� e ò a�a ¡
��ÔNáäÝHÔ3ëNÝHáqìGÚÛÞ8î;ÔNÖØÖÛÔ3Óvã8î;áäÔNå ÞâñfÝvê�ãâãäÕfå-àªÞÂÚÛÔNç

Π(a[0]∗e1,M) 6= 0
ê�çf×Cî;áäÔNå ÞâñfÝi×fÝqõfçfÚÛÞâÚØÔNçÙÔ�î$ÞâñfÝ

ÝHÖÛÝHå-ÝHç²Þ
e1
ì>ÞÂñfêwÞ

e1 ∗ a
[0]qA ∈ QH1

2n(M) \ {0}
òoöyÝHçfèqÝ�ìfãâÚÛçfèHÝ

QH1
2n(M)

ÚØã{ê�õfÝHÖÛ×�ì
e1 ∗ a

[0]qAÚØãvêwç	ÚØç²ëNÝHáäÞâÚØófÖÛÝjÝHÖÛÝHå-ÝHç²ÞvÚØçfãäÚØ×fÝTÚðÞ<òÍ�­ãâÚÛçféCÞÂñfÝTÞâáâÚ÷êwçféNÖÛÝjÚÛçfÝ��GÕôê�ÖÛÚÛÞºæÒ�4í
1)
ÔNçªèHÝSê�é²ê�ÚÛç*ÓtÝSéNÝÌÞ

c(e1, ψ) ≤ c(e1 ∗ a
[0]qA, ψ) + c

(
(e1 ∗ a

[0]qA)−1, 1l
)
.

ö­ÝqáâÝ
(e1 ∗ a

[0]qA)−1 ÚÛãÊÞÂñfÝTÚØç²ëNÝHáäãâÝ�Ô�î e1 ∗ a[0]qA
ÚØçªãâÚØ×ªÝ

QH1
2n

ò³~­Ý~ß1Þ<ìôóGæ�ãäÕfófãäÞâÚÛÞÂÕ>ÞÂÚØçªéÙÞÂñfÚÛãiÚÛç
ÞÂñªÝ�êwó$ÔDëNÝ�ÚØçfÝ+�GÕôê�ÖÛÚÛÞºæ

(4.11)
ê�çª×�ê�àfàfÖðæ1ÚØçfé��Ví

2)
ÓÊÝSèHê�ç	èHÔ�çfèHÖÛÕf×fÝ

c(a[0], ψ) ≥ c(e1, ψ)− val
(
(e1 ∗ a

[0]qA)−1
)
− val(e1)− ω(A).
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�tæ%êwãâãâÚÛéNçfÚÛçféCÞâñfÚØãiÖÛÔDÓÊÝqáió$ÔNÕfçf×	Ô�î
c(a[0], ψ)

ÚØç²ÞÂÔ
(4.10)

ÓÊÝ�î;ÕªáäÞÂñfÝqávèHÔ�çfèHÖÛÕf×fÝ
c(e1, ϕ) ≤ c(e1, ϕψ)− c(e1, ψ) + sup

a:Π(a[0]∗e1,M)6=0

val
(
(e1 ∗ a

[0]qA)−1
)

+ C ′,

ÓvñfÝqáâÝ
C ′ ÚØã/ÞÂñfÝÊëwê�ÖÛÕfÝ val(e1)+ω(A)

ò/üiñfÝiÖ÷ê�ãÁÞ¶ãÁÞÂÝqà-Ô�îQÞâñfÝiàªáâÔ1Ô�î$ÚÛã8ÞâÔjõôçf×-êjÕfçªÚÛëNÝqáâãÂêwÖfÕfàfà$Ýqá
ó$ÔNÕfçª×�î;Ô�á

val
(
(e1 ∗ a

[0]qA)−1
) àªáâÔDë1ÚÛ×fÝH×%ÞÂñôêwÞ

Π(a[0] ∗ e1,M) 6= 0
ò�~­Ô�ÞâÝ�ÞâñôêwÞvÞÂñfÝ�èHÔNçf×ªÚÛÞÂÚÛÔNç

Π(a[0] ∗ e1,M) 6= 0
ÚØå-àfÖÛÚÛÝqãjÞâñôêwÞ

val
(
e1 ∗ a

[0]
)
≥ 0
ê�çf× ñfÝqçfèHÝ

val
(
e1 ∗ a

[0]qA
)
≥ −ω(A)

ò
üiñfÝqáâÝqî;Ô�áâÝ�ìGÚÛÞ]î;ÔNÖÛÖØÔ3Óvã8î;áâÔ�å"í¶áâÔNà$Ô�ãâÚÛÞâÚØÔNç e ò g ò b ÞâñôêwÞ

val
(
(e1 ∗a

[0]qA)−1
)
< C+ω(A)

ò�� Ývñôê<ëNÝ
ãâñªÔDÓvç	ÞÂñfêwÞ

c(e1, ·)
ÚØãvê��GÕôê�ãâÚ´ýºå-ÔNáäàfñfÚØãäå	ì1ÞÂñfÝ�àfáäÔ1Ô�î8Ôwî/ÞâñfÝTÞÂñfÝqÔNáâÝqå�ÚÛã{ÞÂñGÕfãyèqÔNå-àfÖØÝÌÞÂÝ�ò

K ;z=n=ur�=ur Ñ j4L^=G;>L�O �4H J H J Ï	ï
ÝqÞ
M
ó$Ý�ÔNçªÝ�Ô�îiÞÂñªÝ�å5ê�çfÚÛî;Ô�ÖÛ×fã

(Xλ, ωλ)
ÔNá

(Yµ, ωµ)
ÖÛÚØãÁÞÂÝH×

ÚØç�ÞâñfÝ¥ÞÂñfÝqÔNáâÝqå	òûÒ Þ	î;Ô�ÖØÖÛÔ3Óvã*î;áäÔNå ï
ÝHå-åJê e ò c ò a êwçf× ï
ÝHå-åJê e ò c ò c ÞâñôêwÞ%ÞÂñªÝ ãäÕfóôê�ÖÛéNÝHóªáÂê
QH4(M)

ÚØã�ãäÝHå-Úðý ãâÚØåPàfÖÛÝ�ò���ÔNáâÝqÔDëNÝqáHìOÞÂñfÝ å5ÚÛçfÚÛå5êwÖD�ÊñfÝHáäç¥ç1ÕfåÙó$ÝqájÔ�î
(Xλ, ωλ)

ê�çª×
(Yµ, ωµ)ÚØã

2
ê�çf×

1
áâÝqãâà$ÝqèqÞÂÚðëNÝHÖðæNòtüiñGÕfãHìQÚÛÞiî;ÔNÖÛÖÛÔDÓvãÊî;áâÔNåûüiñfÝqÔNáâÝqå e ò a ò c ÞâñôêwÞvÞâñfÝHáäÝSÝÌß>ÚØãÁÞÂã­ê-ï
ÚÛàfãâè½ñfÚÛÞ��

ñfÔNå-ÔNé�ÝHçfÝqÔNÕfãt�{ê�ÖØê�ófÚZ�1Õfê�ãâÚ´ýºå-ÔNáâàfñªÚØãâå
r : H̃am(M,ω)→ R

ê�ãváäÝ��GÕfÚØáäÝH×�ò
¤ÅL�O�Q�;¦¥í�4HÆÅnH§InH  �ã	å-ÝHçGÞâÚØÔ�çfÝH×dÚØçuÿvÝHå5ê�áäÜ e ò c ò e ê�ó$Ô3ëNÝ�ìTÚÛç�ÞÂñfÝ è<êwãâÝ Ô�î

(Yµ, ωµ)
ÓvñfÝHáäÝ

0 < µ < 1
3

ì`ÞâñfÝ%ãâÕfófê�ÖØéNÝqófáÂê
QH4(Yµ)

ãäàfÖØÚðÞÂãCÚÛçGÞâÔ¥×fÚÛáâÝHèÌÞ-ãäÕfåbÔ�î­ÞºÓÊÔ¥õôÝqÖØ×ªãHò�üiñ1ÕªãHìÊÕfãâÚÛçfé
ÞÂñªÝ*ÕfçfÚðÞÂãÙÔ�îvÞâñfÝHãäÝ*õôÝqÖØ×fãCê�ÖÛÞâÝHáâçfêwÞÂÝqÖÛæ�ì¶üiñfÝqÔNáâÝqå e ò a ò c ÚÛå5àªÖØÚðÝHã�ÞâñfÝ*Ý~ß>ÚØãäÞâÝHçfèqÝ%Ô�îvÞAÓtÔ!�{ê�ÖØê�ófÚ
�GÕôê�ãäÚðýºå-ÔNáäàfñfÚÛãâå-ãHòD�øÝ�×fÔ-çªÔ�ÞyÜGçfÔ3Ó ÓvñfÝqÞâñfÝHávÞâñfÝqæ%ê�áäÝ�Ý��GÕfÚðëwê�ÖÛÝHçGÞvÔNáiçfÔ�ÞHò
� ÝváâÝÌÞÂÕfáäç-çfÔDÓ�ÞâÔTÞÂñfÝiàfáâÔ1Ô�î(Ôwî�í¶áäÔNà$ÔNãâÚðÞÂÚÛÔNç e ò g ò b òD� ÝiÓvÚÛÖØÖ>î;Ô�ÖØÖÛÔ3ÓùèHÖÛÔNãâÝqÖÛæÙï
ÝHå-åJê c ò b ÚÛç�£ a>g>¤ ò
K ;z=n=ur�=ur K ;>=G[Í=GTfES9>EF=G8i�4HÆÅnH ` Ït�ôáäÔNåûÞÂñfÝS×fÝÌõôçfÚðÞÂÚØÔ�ç	Ô�î8ÞâñfÝSéNáÂê�×ªÝH×l~­Ô3ë1ÚØÜ�ÔDë*áâÚÛçfé-ÚÛÞiî;ÔNÖØÖÛÔ3Óvã
ÞÂñfêwÞ

Λ0

è<ê�çSó$ÝoÚØ×fÝqçGÞâÚÛõôÝq×�ÓvÚðÞÂñTÞÂñfÝ¶õôÝqÖØ×
R = Q[[x]

Ô�îªïMê�ÕfáâÝqçGÞmãäÝHáâÚÛÝHã ∑
αjx

j ÓiÚÛÞÂñ�èHÔ1ÝÙ2-èHÚØÝqçGÞâãÚØç
Q
ê�çf×

αj = 0
î;ÔNávÖ÷ê�áäéNÝ�ÝqçfÔNÕféNñ

j
% ãqò��	ÔNáâÝqÔDëNÝqáHì$ÚÛÞyÚÛãyçfÔwÞ­ñôê�áä×�ÞâÔ5è½ñfÝHè½Ü%ÞâñôêwÞ

QHk(M)
ÚÛã

êÙõôçfÚÛÞâÝT×fÚØå-ÝHçfãäÚØÔNçfê�ÖOå-Ô1×fÕfÖÛÝjÔDëNÝqá
Λ0

òÍ� Ý�×fÝHçªÔ�ÞÂÝ�óGæ
σ : R → Z

ÞÂñfÝ�å5ê�à*ÓvñfÚÛè~ñ�êwãâãâÔ1èqÚ÷êwÞâÝHã
ÞÂÔ5êPçfÔ�ç��HÝqáâÔ5ÝHÖÛÝHå-ÝHç²Þ ∑

αjx
j ∈ R

ÞÂñªÝSå5êÍß>ÚØå5ê�Ö
j
ìôãâÕªè~ñ�ÞâñôêwÞ

αj 6= 0
ò
� ÝSãâÝÌÞ

σ(0) = −∞
ò

�ôÔNá
κ ∈ R

ì�àfÕªÞ
|κ|1 = exp σ(κ)

òSüiñGÕfãHì
| · |1
ÚØãTê�çfÔ�ç>ýæ ­áâè½ñfÚØå-ÝH×ªÝ<ê�çnê�ófãâÔ�ÖØÕªÞâÝ ëwê�ÖÛÕfÝÙÔNç

Rê�çf×�å-ÔNáâÝqÔDëNÝqáHì
R
ÚÛãÊèqÔNå-àfÖØÝÌÞÂÝyÓvÚÛÞâñ�áâÝqãâà$ÝqèqÞiÞâÔ

| · |1
ò³�ôÔNátàfáäÝHÖÛÚØå-ÚÛçfê�áâÚðÝHã`ÔNç�çfÔNç>ý" �áäè~ñfÚÛå-ÝH×fÝHê�ç

éNÝqÔNå-ÝqÞÂáÁæ ÓtÝ*áâÝÌî;ÝHá ÞÂñªÝ*áäÝ<ê�×fÝqáâãÙÞâÔ�£ cR¤ ò � ÚØçfèqÝJÞÂñfÝJõôÝqÖØ×
QH1

2n(M)
èHê�ç§ó$Ý*èqÔNçfãâÚÛ×fÝHáäÝH×ùê�ãCê

õôçfÚðÞÂÝJ×fÚØå-ÝHçfãäÚØÔ�çôê�ÖoëNÝHèÌÞÂÔNáCãäàôê�èqÝ%Ô3ëNÝHá
R
ì]ÞÂñfÝ*ê�ófãäÔNÖØÕ>ÞÂÝJëÍê�ÖØÕfÝ

| · |1
è<êwç�ó$Ý*Ý~ß>ÞâÝHçf×ªÝH×ùÞâÔ¥ê�ç

ê�ófãäÔNÖØÕ>ÞÂÝSëÍê�ÖØÕfÝ
| · |2
ÔNç

QH1
2n(M)

�4ãâÝqÝ$£ cR¤ ¡Ìò�~­Ô�ÞâÝ�ÞâñôêwÞ
| · |2
ÚØçf×fÕªèHÝHãjê5åÙÕªÖÛÞÂÚÛàªÖÛÚÛèHêwÞÂÚ´ëNÝSçfÔ�áâå

‖ · ‖2
ÔNç

QH1
2n(M)

ò � çnÞÂñfÝCÔ�ÞâñfÝHáTñfê�çf×�ì�ÓÊÝCè<ê�ç¥èqÔNçfãâÚÛ×fÝHá�ê�×fÚ3�(ÝqáâÝHç²Þ�çfÔ�áâå ÔNç
QH1

2n(M)×fÝÌõôçfÝH× óGæ
‖γ‖3 = exp val(γ)

ò � ÚØçªèHÝ-ê�ÖÛÖ/ÞÂñfÝPçªÔNáâå-ãTÔNç ê�õôçfÚðÞÂÝC×fÚÛå5ÝqçfãâÚÛÔNçôê�ÖmëNÝHèÌÞÂÔNá�ãâàôêwèHÝ
ê�áäÝ�Ý��GÕfÚðëwê�ÖÛÝHç²Þ<ìªÞÂñfÝqáâÝSÚÛãvêPèqÔNçfãäÞÂê�çGÞ

C1 > 0
ãäÕfè½ñ�ÞâñôêwÞ

‖γ‖3 ≤ C1 · ‖γ‖2, for every 0 6= γ ∈ QH1
2n(M).
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Ham(M)
Ö Ì

ö­ÝqçfèHÝwìôî;ÔNá
0 6= γ ∈ QH1

2n(M)
ìfÓÊÝ�ñôê3ëNÝ

‖γ‖3 · ‖γ
−1‖3 ≤ C2

1 · ‖γ‖2 · ‖γ
−1‖2 = C2

1 .

üiñfÝqáâÝqî;Ô�áâÝ�ì
val(γ) + val(γ−1) ≤ C

ÓvñªÝHáâÝ
C = 2 logC1

ò-üiñªÚØã�èHÔNå-àfÖÛÝqÞÂÝqãTÞÂñfÝPàfáâÔ1ÔwîÊÔ�îtÞÂñªÝ
àfáäÔNà$ÔNãâÚðÞÂÚÛÔNç�ò

�
�e× ®���+ê�:DE����� ��$
B
r̃
� ' �¯�
�"&UF�$�)�#%� ��$d�¯#C�ÃBCDE'%F�� '�&

Ham(M)

Òºç�ÞâñfÚØãyãâÝqèqÞâÚØÔNç�ÓÊÝ ×fÚÛãâèqÕfãâã­ÞÂñfÝ�áâÝqãäÞâáâÚØèÌÞÂÚÛÔNç�Ô�î]ÞâñfÝÙêwó$ÔDëNÝ å-ÝqçGÞÂÚÛÔNçfÝq×Ò�{ê�ÖØê�ófÚ4�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå
r̃ : H̃am(M)→ R

ìNÓvñªÝHáâÝ
M
ÚØã8ÔNçfÝiÔ�îQÞâñfÝiåJêwçfÚÛî;Ô�ÖÛ×fã/ÖØÚØãÁÞÂÝq×CÚÛçCüiñfÝHÔ�áâÝqå e ò a ò a ì�ÞÂÔjÞÂñfÝiê�ó$ÝHÖÛÚ÷ê�ç

ãâÕªóféNáâÔ�Õfà
π1

(
Ham(M)

)
⊂ H̃am(M)

òV�ôÔ�á�ÞÂñfÚÛãTàfÕªáâà$ÔNãäÝ�ì
ÓÊÝCî;ÔNÖÛÖÛÔDÓ £ a>g>¤ ê�çf×¥ÕfãäÝCÞÂñfÝ � ÝqÚØ×fÝqÖ
áâÝqàfáâÝqãâÝqçGÞ½êÍÞÂÚØÔ�ç

Ψ: π1

(
Ham(M)

)
→ QH×

ev(M,R)
�4ãäÝHÝ-Ý�ò éfò³£ g&|R¤ ì
£ b��>¤ ¡Ìì
ÓvñfÝHáäÝ

QH×
ev(M,R)×fÝqçfÔ�ÞÂÝqãvÞÂñfÝ�éNáäÔNÕfà%Ô�î8ÕfçªÚÛÞÂãiÚØç*ÞâñfÝ�ÝqëNÝqç�àfê�áäÞvÔ�î/ÞâñfÝ �GÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖØÔ�é�æJê�ÖØé�ÝHófáâêCÔ�î
M
ÓvÚðÞÂñ

èHÔ1ÝÙ2-èHÚÛÝHçGÞâãyÚØç	êCáâÝ<êwÖ4~­Ô3ë1ÚØÜ�Ô3ë*áäÚØçféfò�� Ý�ãäÞ½êwáäÞvÓvÚðÞÂñ*ÞÂñfÝTî;ÔNÖÛÖÛÔDÓvÚÛçªéCàfáäÝHàôêwáÂêwÞâÚØÔNç�ò

�������
	 ÄÞÆ
·¸» Û ¹U¶��t»½Æ����(Ýtº�Æ�¹U»Á¶��tÂ�¶��³µnº�¹��(µ ¹��!¶¸Â^Àu�(µnº�µ
üiñfÝqáâÝ¥ÚØã*ê§ÔNçfÝ~ý ÞâÔwýºÔ�çfÝEèHÔNáäáâÝqãâà$ÔNçf×fÝqçfèHÝ ó$ÝqÞºÓÊÝqÝHçuñfÔNå-Ô�ÞÂÔ�àGæ�èqÖ÷ê�ãäãâÝqã%Ô�î�ÖÛÔ1ÔNàfã�ÚØç�ö­ê�å

(M)ê�çf× ÚØãäÔNå5Ô�áâàfñfÚÛãäå èqÖ÷ê�ãäãâÝqã Ô�îiö­ê�å-ÚØÖðÞâÔNçfÚÛê�çnõôófáâêwÞÂÚÛÔNçfã�ÔDëNÝqáSÞÂñfÝPÞAÓÊÔÍýºãâàªñfÝHáäÝ
S2 é�ÚÛëNÝqçøó²æ¥ÞÂñªÝî;ÔNÖÛÖØÔ3ÓvÚÛçfé�ÔAèqÖØÕªÞâè~ñªÚØçféoÉvèHÔNçfãÁÞÂáäÕfèqÞâÚØÔNç¢�;ãâÝHÝ�Ý�ò éfòZ£ g&|z¤ ì:£ b��>¤ ¡Ìò��øÝjê�ãäãâÚÛéNçJÞâÔÙÝHê�è½ñ*ÖÛÔ1ÔNà

ϕ = {ϕt} ∈

Ham(M)
ÞÂñfÝ%ófÕªçf×fÖØÝ

(M,ω) → Pϕ → S2 ÔNóªÞÂê�ÚÛçfÝH×�óGæ§é�ÖØÕfÚÛçféEÞâÔNéNÝÌÞÂñfÝqáCÞÂñfÝ*ÞâáâÚÛë1ÚØê�Ötõfó$ÝHáófÕfçª×fÖØÝqã
D± ×M

ê�ÖØÔ�çfé	ÞÂñfÝqÚØá�ó$ÔNÕfçª×ôê�áäæ ë1Ú÷ê
(t, x) 7→ (t, ϕt(x))

òEöyÝHáäÝJÓÊÝJèHÔNçªãâÚØ×ªÝHá
S2 ê�ã

D+ ∪ D− ì
ÓvñªÝHáâÝ D± ê�áâÝCèHÖÛÔNãâÝq× ×fÚÛãâèHãjÓvÚÛÞÂñ¥ó$ÔNÕªçf×ôê�áäÚØÝqã�ÚÛ×fÝHç²ÞÂÚÛõfÝH×nÓvÚÛÞâñ S1 ò	��ÔNáäÝHÔ3ëNÝHáqìMÓÊÝÔNáäÚØÝHç²ÞyÞÂñfÝ�Ý��GÕôêwÞâÔNá
D+ ∩D− ê�ãyÞÂñfÝ�ó$ÔNÕfçf×ôêwáäæ�Ôwî D+ òt~yÔ�ÞÂÝSÞÂñfêwÞ­ÞÂñªÚØã­èqÔNáâáäÝHãâà$Ô�çf×fÝHçªèHÝCèHê�çó$Ý�áâÝÌëNÝHáâãäÝH×�ò

 �ã�çªÔ�ÞÂÝq× ÚØçÎ£ gR|R¤ ìjÞÂñfÝqáâÝøê�áäÝ ÞºÓÊÔ�è<ê�çªÔNçfÚÛè<ê�ÖTèHÔNñªÔNå5Ô�ÖØÔNéwærèHÖØê�ãâãäÝHã�ê�ãâãäÔ1èHÚ÷êÍÞÂÝH×dÓvÚÛÞâñuãâÕfè½ñ�ê
õôófáâêwÞÂÚÛÔNç�ò � çªÝ�ÚÛãPÞâñfÝ Lîçzà>éGð ãbT=RÃLÙðwázâîâ uϕ ∈ H2(Pϕ,R)

ÓvñfÚÛè~ñ�ÚØãPÕfçªÚ§�GÕfÝHÖðæ�×ªÝqõôçfÝq×ró²æ�ÞâñfÝ
î;ÔNÖÛÖØÔ3ÓvÚÛçfé­ÞAÓtÔ�èHÔNçª×fÚÛÞâÚØÔNçªã�¥MÞÂñªÝiõfáâãäÞoÚÛã8ÞÂñôêwÞ¶ÚÛÞ]èHÔ�ÚØçfèqÚØ×fÝqã]ÓvÚðÞÂñÙÞÂñfÝièqÖ÷ê�ãäã¶Ô�î$ÞâñfÝiãäæ1å-àfÖØÝqèqÞâÚØèÊî;ÔNáâå
ÔNç%Ý<êwè~ñ%õôó$ÝqáHìQê�çª×%ÞÂñªÝ�ãâÝqèHÔNçª×�ÚØã{ÞâñôêwÞvÚðÞÂãÊÞÂÔNà%à$ÔDÓtÝHá

un+1
ϕ

ëÍê�çfÚØãäñfÝHãqò`üiñfÝ�Ô�ÞâñfÝHáièHÔ�ñfÔNå-ÔNÖØÔ�é�æ
èHÖØê�ãâãyÚØãvÞâñfÝSõôáâãÁÞ5�ÊñfÝHáäçEèHÖØê�ãâãyÔ�î8ÞÂñfÝSëNÝqáäÞÂÚÛè<ê�Ö
ÞÂê�çféNÝqçGÞ�óªÕfçf×fÖÛÝ

cϕ = c1(TP
vert
ϕ ) ∈ H2(Pϕ,R).� Ý�×fÝqõfçfÝ%ê�çxÝ��GÕfÚðëwê�ÖÛÝHçGÞÙáâÝqÖ÷êÍÞÂÚØÔ�çøÔNçxãâÝqèqÞâÚØÔNçfãÙÔwîvÞâñfÝJõôóªáÂêwÞâÚØÔNç

Pϕ → S2 ÚÛçøÞÂñªÝJî;ÔNÖØÖÛÔ3ÓvÚÛçféÓ{ê<æG¥³�8ÚÛáâãäÞHì1Ý+�GÕfÚØà
S2 ÓvÚÛÞâñ�ê�à$ÔNãäÚÛÞÂÚðëNÝyÔNáâÚÛÝHç²ÞÂÝH×JèqÔNå-àfÖØÝ~ß-ãäÞÂáäÕfèqÞâÕfáâÝ j ìªê�çª× Pϕ ÓvÚðÞÂñ�ê�ç�êwÖØå-ÔNãäÞ
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èHÔ�å5àfÖÛÝÌßnãÁÞÂáäÕfèqÞâÕfáâÝ
J
ãâÕfè½ñ ÞÂñôêÍÞ�ÞÂñfÝPáäÝHãäÞâáâÚÛèqÞÂÚÛÔNç¥Ô�î

J
ÔNç Ý<êwè~ñ õfó$ÝHáSÚÛã�èqÔNå-àôêwÞÂÚÛófÖÛÝ ÓvÚÛÞâñ¥ÞâñfÝ

ãäæ1å-àfÖØÝqèqÞâÚØèvî;ÔNáäå�ÔNç5ÚÛÞHì1ê�çf×5ÞâñfÝ­àfáäÔz�äÝHèqÞâÚØÔNç
π : Pϕ → S2 ÚØãtê (J, j)

ýºñªÔNÖØÔ�å-ÔNáäàfñfÚÛèiåJê�àOòÍ~yÝÌß1Þ<ì
ÞºÓÊÔ

(J, j)
ýºãäÝHèÌÞÂÚØÔ�çfãHì

ν1

ê�çf×
ν2

ìfÔ�î
π : Pϕ → S2 ê�áäÝ�ãâê�ÚØ×*ÞÂÔPó$Ý Γ

ý [�ß�àUãbrzá&ð\[�T1K Úðî
uϕ[ν1(S

2)] = uϕ[ν2(S
2)], cϕ[ν1(S

2)] = cϕ[ν2(S
2)].

Ò Þ�ñôê�ã�ó$ÝqÝHçnãäñfÔDÓvçEÚØç�£ g&|z¤ ÞÂñôêÍÞ­ÞÂñfÝ ãäÝqÞ
Sϕ
Ô�îoê�ÖÛÖMãâÕfè½ñnÝ+�1ÕªÚÛëwêwÖØÝHç²Þ�èHÖØê�ãâãâÝqã�ÚØã�ê�çEêR2-çfÝ ãäàôê�èqÝ

å-Ô1×fÝHÖÛÝH×%ÔNç*ÞÂñfÝ�éNáäÔNÕfà
Γ (4.1)

ò

��������� � �(µÎÿÈµ@»
�tµ Û º�µnÀ(º�µ@Â�µ � ¹UÆÍ¹U»½¶��
üiñfÝ-î;ÔNÖÛÖÛÔDÓvÚÛçfé*×fÝHãäèHáâÚÛàªÞÂÚÛÔNç Ô�îÊÞÂñªÝ � ÝqÚØ×fÝqÖoáâÝHàªáâÝHãäÝHç²Þ½êwÞâÚØÔNç�ìmÓvñªÚØè½ñøÚÛãSãäÔNå5ÝqñfÔ3Ó�×fÚw�OÝqáâÝHç²ÞSî;áâÔNå
� ÝqÚØ×fÝqÖÊ% ãSÔNáäÚØéNÚÛçôêwÖ8ÓtÔNáâÜQì/è<êwçøó$ÝPî;ÔNÕfçª× ÚØç�£ b��>¤ òÅ�ôÔ�áTÞÂÝHè½ñfçfÚÛè<êwÖoáâÝ<êwãâÔNçfãqì8ÚðÞ�ÓvÚÛÖØÖ]ó$Ý-å5Ô�áâÝPèqÔNç>ý
ëNÝHçªÚØÝqçGÞ�ÞâÔ*ÓÊÔ�áâÜ�ÚØçEÓvñôêwÞTî;ÔNÖÛÖØÔ3Óvã�ÓvÚðÞÂñ ê�ãâÖØÚÛéNñGÞâÖðæ�Ö÷êwáâéNÝqá5~yÔDë1ÚØÜ�Ô3ëEáâÚÛçfé�ÞÂñfê�ç¥ÚØç

(4.2)
ò	��Ô�áâÝ

àfáäÝHèHÚÛãâÝqÖÛæ�ìfãäÝqÞ
HR := HS

2 (M,R) / (ker c1 ∩ kerω)
ì1ÓvñfÝHáäÝ

HS
2 (M,R)

ÚØãtÞÂñªÝjÚØå5ê�éNÝyÔ�î
π2(M)ÚØç

H2(M,R)
òÍ� Ý�×fÝqõôçªÝSÞâñfÝ è?[�á�ð"!�çJr<ã\î_çJrVèqãbT=R ê�ã

ΛR =
{∑

A∈HR

λAq
A | λA ∈ Q, #{A ∈ Γ | λA 6= 0, ω(A) > c} <∞, ∀c ∈ R

}
,

ê�çf×JãäÝqÞ
QH∗(M) := QH∗(M,ΛR) = H∗(M)⊗ΛR

ÞâÔ ó$ÝyÞÂñªÝ­áâÝ<êwÖG�GÕôê�ç²ÞÂÕfåÑñfÔNå-ÔNÖÛÔNéwæCÔ�î
M
ò

~­Ý~ß1Þ<ì/ÖØÝÌÞ
ϕ
ó$Ý5ê%ÖØÔ1ÔNà¥Ô�î{ö�êwå5ÚÛÖðÞÂÔ�çfÚØêwç¥×fÚw�OÝqÔNå-ÔNáâàªñfÚÛãâå-ã�ê�çª×

ν
ó$Ý5ê�ç Ý+�GÕfÚÛëÍê�ÖØÝqçfèHÝ-èHÖØê�ãâã�Ô�î

ãâÝqèqÞâÚØÔNçfã{Ôwî
Pϕ
ò � ÝÌÞ

d = 2cϕ(ν)
ò��øÝj×fÝÌõôçfÝTê

ΛR

ý ÖØÚÛçfÝHê�átå5ê�à
Ψϕ,ν : QH∗(M)→ QH∗+d(M)ê�ãPî;ÔNÖÛÖØÔ3Óvã�¥%î;Ô�á

a ∈ H∗(M,Z)
ì

Ψϕ,ν

ÚØãCÞÂñfÝ	èHÖØê�ãâã-ÚØç
QH∗+d(M)

ÓvñfÔNãâÝ�ÚØç²ÞÂÝHáäãâÝqèqÞÂÚÛÔNçùÓvÚðÞÂñ
b ∈ H∗(M,Z)

ÚØãiéNÚðëNÝHç%óGæ
Ψϕ,ν(a) ·M b =

∑

B∈H

nPϕ
(i(a), i(b); ν + i(B))q−B,

ÓvñfÝqáâÝ
i
ÚÛã
ÞÂñªÝ`ñfÔNå-ÔNå-ÔNáäàfñfÚÛãâå

H∗(M)→ H∗(Pϕ)
ìDÞÂñfÝoÚØç²ÞÂÝqáâãâÝqèqÞâÚØÔNç

·M
ÚØã�ÞÂñfÝoÖØÚØçªÝ<ê�á�Ý~ß>ÞâÝHçfãäÚØÔNç

ÞÂÔ
QH∗(M)

Ô�îjÞâñfÝ�ãäÞ½ê�çª×ôê�áâ×�ÚØç²ÞÂÝqáâãâÝqèqÞâÚØÔNç�àôê�ÚØáäÚØçfé¥ÔNç
H∗(M,Q)

ìiê�çf×
nPϕ

(v, w;µ)
ÚØãPÞÂñfÝ

#TáâÔNå-ÔDë²ý"�ÐÚÛÞäÞÂÝqçÐÚÛçGëwêwáâÚ÷êwçGÞJÓvñfÚØè½ñdèqÔNÕfç²ÞÂã%ÚØãäÔNÖ÷êwÞâÝH×
J
ýºñfÔNÖÛÔNå-Ô�áâàfñªÚÛèEãÁÞ½ê�óªÖØÝnèHÕªáäëNÝqã�ÚÛç

Pϕ
Ô�î

éNÝqç1Õfã
0
ê�çf×EÞºÓÊÔ*å5ê�áâÜ�Ýq×nà$ÔNÚØç²ÞÂãHìOãäÕfè~ñnÞâñôêwÞTÝHê�è½ñ¥èHÕªáäëNÝCáâÝqàfáâÝqãâÝHç²ÞÂãTÞÂñªÝCÝ+�GÕfÚÛëwêwÖØÝqçfèHÝÙèHÖ÷êwãâã

µê�çf× ÓvñfÔNãâÝ5åJêwáâÜ�ÝH× à$ÔNÚØç²ÞÂãSé�Ô	ÞÂñfáâÔ�ÕféNñ éNÚÛëNÝqçøé�ÝHçfÝqáâÚØè-áâÝqàfáâÝqãâÝqçGÞ½êÍÞÂÚÛëNÝqãÙÔwî{ÞâñfÝ5èqÖ÷ê�ãäãâÝHã
v
ê�çª×

w
ÚÛç
H∗(Pϕ,Z)

òÇ��ñfÝqç�ÞÂñfÝ�å5ê�çfÚðî;ÔNÖð×
M
ÚÛã-ãäÞâáâÔNçfé�ÖÛæ§ãâÝHå-Úðý à$ÔNãâÚðÞÂÚðë�Ý�ìtÞâñfÝHãäÝ�ÚØç²ëwê�áäÚ÷ê�ç²ÞÂã-ê�áäÝ

ÓÊÝqÖØÖ(×ªÝqõôçfÝq×�ò ��ÔNáâÝqÔDëNÝqáHìªÚÛÞtî;Ô�ÖØÖÛÔDÓvãoî;áâÔNå #TáâÔNå-ÔDëG% ãtèHÔNå-àôê�èÌÞÂçfÝqãâãÊÞÂñfÝqÔNáâÝqå �;ãâÝHÝ�£ b&�z¤ ¡oÞâñôêwÞÊî;Ô�á
Ý<êwè~ñ�éNÚÛëNÝqç�ÝqçfÝHáäé�æ�ÖÛÝqëNÝqÖ

k
ìQÞÂñªÝHáâÝ ê�áäÝ�ÔNçfÖðæ*õôçªÚÛÞÂÝqÖÛæ*åJêwçGæ%ãäÝHèqÞâÚØÔNç1ýºèqÖ÷ê�ãäãâÝHã

µ = ν + i(B)
ÓvÚÛÞâñ
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Ham(M)
Ö ×

ω(B) ≤ k
ÞÂñfêwÞjêwáâÝ�áâÝqàfáâÝqãâÝqçGÞÂÝq×¥ó²æ�ê

J
ýºñfÔ�ÖØÔNå-Ô�áâàªñfÚÛè�èHÕfáÁëNÝÙÚÛç

Pϕ
òvüiñGÕfãHì

Ψϕ,ν

ãâêwÞÂÚÛãäõôÝqã­ÞÂñªÝ
õôçfÚðÞÂÝqçfÝHãäãyèHÔNçf×ªÚÛÞÂÚÛÔNç�î;ÔNáiÝqÖØÝHå-ÝHç²ÞÂãiÚØç

QH∗(M)
ò

�ôÔNáiáäÝ<ê�ãäÔNçfãvÔ�î8×fÚÛå-ÝHçfãäÚØÔNç�ì
nPϕ

(v, w;µ) = 0
ÕfçfÖÛÝHãäã

2cϕ(µ) + dim(v) + dim(w) = 2n
òoüiñ1ÕªãHì

Ψϕ,ν(a) =
∑

aν,B q
−B, aν,B ∈ H∗(M),

ÓvñfÝqáâÝ
aν,B ·M b = nPϕ

(i(a), i(b); ν + i(B))
ìôê�çf×

dim(aν,B) = dim(a) + 2cϕ(ν + i(B)) = dim(a) + 2cϕ(ν) + 2c1(B).

~­ÔwÞÂÝ ê�ÖÛãâÔPÞÂñôêwÞ
Ψϕ,ν+A = Ψϕ,ν ⊗ q

A òiÒ Þ�ñôêwã­ó$ÝHÝHçEãäñfÔDÓvçEó²æ � ÝqÚØ×fÝqÖ £ g&|R¤ �4ãäÝHÝÙêwÖØãâÔ]£ b��>¤ ¡iÞÂñfêwÞ
Ψϕ,ν

ÚÛãvê�ç	ÚÛãâÔNå-ÔNáâàªñfÚÛãâå©î;ÔNávêwÖØÖOÖØÔ1ÔNàªã
ϕ
ê�çª×	ãâÝHèÌÞÂÚÛÔNçfã

ν
ò

~­Ý~ß1Þ<ìôÓtÝSÕfãâÝ
Ψϕ,ν

ÞÂÔP×fÝqõfçfÝ�ÞÂñfÝ � ÝHÚÛ×fÝqÖ
áâÝHàªáâÝHãäÝHç²Þ½êwÞâÚØÔNç
Ψ: π1(Ham(M))→ QH∗(M,ΛR)×.ÒºçPÔNáä×fÝHá8ÞÂÔj×fÔ�ãäÔfìNÓÊÝ{ÞÂê�Ü�ÝvêjèHê�çfÔNçfÚÛè<êwÖªãâÝqèqÞâÚØÔNçCèHÖØê�ãâã

νϕ
ÞâñôêwÞ��4ÕªàCÞÂÔTÝ+�GÕfÚÛëÍê�ÖØÝqçfèHÝf¡8ãÂêwÞâÚØãäõfÝHã]ÞÂñªÝ

èHÔ�å5à$ÔNãäÚÛÞâÚØÔ�ç�áâÕfÖÛÝ
νϕψ = νψ#νϕ

ì(ÓvñfÝHáäÝ
νϕψ
×fÝHçªÔ�ÞÂÝqãTÞâñfÝCÔ�óGë1ÚØÔ�ÕfãjÕfçfÚÛÔNçEÔ�îoÞÂñªÝCãäÝHèÌÞÂÚØÔ�çfãTÚÛç

ÞÂñªÝ�õôó$Ýqá�ãâÕfå
Pψϕ = Pψ#Pϕ

òvüiñfÝ ãâÝqèqÞÂÚÛÔNç
νϕ
ÚÛã­ÕfçªÚ§�GÕfÝHÖðæ	×fÝÌÞÂÝqáâå-ÚØçfÝq×�óGæ%ÞÂñfÝ�áâÝ+�1ÕªÚØáâÝqå5ÝqçGÞ

ÞÂñfêwÞ
uϕ(νϕ) = 0 and cϕ(νϕ) = 0.

��ÔNáäÝHÔ3ëNÝHáqìmÚÛÞTãÂêwÞâÚØãäõfÝHãTÞÂñfÝ-ê�ó$Ô3ëNÝPå5ÝqçGÞâÚØÔNçfÝq×¥èHÔNå-à$ÔNãäÚÛÞÂÚÛÔNçEáâÕfÖÛÝ�òÙüiñfÝHáäÝqî;ÔNáäÝ�ìMÓÊÝPéNÝqÞSê%éNáäÔNÕfà
ñfÔNå-ÔNå-ÔNáäàfñfÚÛãâå

ρ : π1(Ham(M))→ HomΛR
(QH∗(M,ΛR)).

Ò Þmñfê�ãMó$ÝHÝqç�ãâñfÔ3Óvç�ÚÛç)£ gR|R¤ ÞÂñôêÍÞ
î;ÔNáMê�ÖÛÖ
ϕ ∈ π1(Ham(M))

ÓÊÝoñôê<ëNÝ
ρ(ϕ)(a) = Ψϕ, νϕ([M ])∗Ma.üiñfÝ � ÝHÚØ×ªÝHÖ
áäÝHàfáäÝHãâÝqçGÞÂêwÞÂÚÛÔNç	ÚØãi×fÝÌõôçfÝH×	ÞÂÔPó$ÝTÞÂñfÝ�çôêwÞâÕfáÂêwÖ
ñªÔNå5Ô�å5Ô�áâàfñfÚÛãäå

Ψ: π1(Ham(M))→ QH∗(M,ΛR)×,

éNÚðëNÝHç	ó²æ
ϕ 7→ ρ(ϕ)([M ])

��������� # µ Û Æ�¹U»½¶�����»"¹��ù¹��tµ Â^À�µ@¼G¹�º�Æ Û »$�%�DÆÍº�»½Æ�� ¹
üiñfáäÔNÕféNñfÔ�ÕªÞ<ì

π1(Ham(M))
ÚØã�èqÔNçfãäÚØ×fÝqáâÝH×§ê�ã�ÞâñfÝJéNáäÔNÕfàøÔ�îvê�ÖØÖoÖÛÔ1ÔNàfã�ÚÛç

Ham(M)
óôêwãâÝH×§êwÞ

ÞÂñªÝÙÚÛ×fÝHç²ÞÂÚðÞAæ
1l ∈ Ham(M)

òjï
ÝqÞ
L
ó(Ý�ÞÂñªÝÙãäàôê�èHÝÙÔ�îoê�ÖØÖMãâå-Ô1Ô�ÞâñEèqÔNçGÞâáÂê�èÌÞÂÚÛófÖØÝSÖØÔ1ÔNàfã

x : S1 =

R/Z → M
êwçf×
L̃
ÚðÞÂãTèHÔ3ëNÝHáSÚÛçGÞÂáäÔ1×fÕfèqÝH× ÚØç � ÝqèqÞÂÚÛÔNç e ò e ò-ïMÝÌÞ

ϕ
ó$Ý5ê%ÖÛÔ1ÔNà¥Ô�îÊö�ê�å-ÚØÖðÞâÔNçªÚØê�ç

×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ãHòmÒ ÞoÚØã8Ü1çªÔDÓvçl�;ãâÝHÝiÝ�ò éfò�£ g&|z¤ ¡/ÞâñôêwÞ]ÞÂñfÝiÔ�áâófÚðÞÂã
ϕt(x)

Ô�î
ϕ
ê�áâÝ{èHÔ�çGÞÂáâê�èqÞâÚØófÖÛÝ�òB� Ý
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èHÔ�çfãâÚÛ×fÝHá`ÞâñfÝ­å5ê�à
Tϕ : L → L

ÓvñfÚØè½ñ5Þ½êwÜ�ÝHã`ÞÂñfÝ­ÖÛÔ1ÔNà
x(t)
ÞâÔ
ϕt(x(t)).

Òºç,£ g&|z¤ ì � ÝqÚØ×fÝqÖ$ãâñªÔDÓÊÝq×
ÞÂñfêwÞ¶ÞâñfÚØã¶ê�èqÞâÚØÔNçCèHê�ç-ó$ÝiÖØÚÛî÷ÞÂÝH×��4çªÔ�ÞoÕfçfÚ3�GÕfÝHÖðæ�¡/ÞÂÔ

L̃
ò8ÒºçPî4ê�èÌÞoÚÛÞ¶ÚÛã¶çªÔ�Þoñôê�áä×CÞÂÔ�è½ñfÝqè~Ü ÞÂñôêwÞ]ÞÂñfÝqáâÝ

ÚØã`ê�ÔNçfÝ~ý ÞâÔwýºÔNçªÝvèHÔNáäáâÝqãâà$ÔNçf×ªÝHçfèqÝjó$ÝÌÞAÓtÝHÝHçJãâÕfè½ñJÖØÚÛî}Þâã¶Ô�î
Tϕ
ê�çª×5Ý��GÕfÚðëwê�ÖÛÝHçfèqÝ­èqÖ÷ê�ãäãâÝHã`Ô�î�ãäÝHèÌÞÂÚØÔ�çfã

ν ∈ Sϕ
òÈ� Ý�×fÝqçfÔ�ÞâÝ�óGæ

T̃ϕ,ν
ÞÂñfÝSÖØÚÛî}ÞièHÔNáäáâÝqãâà$ÔNçf×fÚÛçfé-ÞÂÔ

ν ∈ Sϕ
ò.~yÝÌß1Þ<ì$ÖØÝÌÞ

ϕ ∈ π1(Ham(M))ó$ÝÙêJéNÚðëNÝHçEÖÛÔ1ÔNà�é�ÝHçfÝqáÂêwÞâÝH×nó²æ�êJçfÔNáäåJêwÖØÚw�HÝH×�ö�ê�å-ÚØÖ´ÞÂÔ�çfÚØêwç
K ∈ H

ò�üiñªÝ î;ÔNÖØÖÛÔ3ÓvÚÛçfé-î;Ô�áâåÙÕfÖØêªì
ÓvñfÚÛè~ñ è<ê�ç ó$ÝPî;ÔNÕfçf× ÚØç�£ g&|R¤ êwçf×i£ b��>¤ ìmÝqçôê�óªÖØÝHã�Õfã�ÞÂÔ%áâÝHÖØêwÞÂÝÙÞÂñfÝ � ÝqÚØ×fÝqÖoáäÝHàfáäÝHãâÝqçGÞÂêwÞÂÚÛÔNç ÓvÚðÞÂñ
ÞÂñªÝSãäà$ÝHèÌÞÂáÂêwÖMÚØç²ëwê�áäÚ÷ê�ç²Þ

c
ÕfãâÝq×�ÞâÔ-×ªÝqõôçfÝ�ÞâñfÝ��{ê�ÖØê�ófÚn�GÕôê�ãäÚðý å5ÔNáäàfñfÚÛãâå

r̃
¥

(T̃ ∗
ϕ,ν)

−1AH −AK]H = −uϕ(ν), for every H ∈ H.
� e ò a>b ¡

Ò Þmñôê�ãmó$ÝqÝHç�ãâñfÔ3Óvç ÚØç)£ g&|R¤ ÞâñôêwÞMÞâñfÝ`ÚÛãâÔNå-ÔNáâàªñfÚÛãâåuÚØçTÞÂñfÝ
�GÕôêwçGÞÂÕªå�ñfÔNå-ÔNÖØÔ�é�æ�ÖÛÝqëNÝqÖG×fÝqãâèqáâÚØó$Ýq× ÚÛç
� ÕfóªãâÝHèÌÞÂÚÛÔNç e ò | ò b ìwÓvñfÚÛè~ñÙÚÛã8Ô�óªÞ½ê�ÚÛçfÝH× ó²æ�åCÕªÖÛÞÂÚÛàªÖÛÚÛèHêwÞÂÚðÔNçSÓiÚÛÞÂñ

Ψϕ, νϕ([M ])
èHÔNáäáâÝHãäà$ÔNçf×fãqì²Õfçf×fÝqá

ÞÂñªÝ ÚÛ×fÝqçGÞÂÚðõôè<êÍÞÂÚØÔ�çÐó$ÝqÞºÓÊÝqÝHçuÞâñfÝÕ�8ÖØÔ1Ýqá%êwçf×�ÞÂñfÝ¢�GÕôêwçGÞÂÕªå ñfÔ�å5Ô�ÖØÔNéwæNìvÞÂÔ§ÞÂñªÝ¥ÚØãâÔ�å5ÔNáäàfñfÚÛãâå
i : HFα(H) → HFα+uϕ(ν)(K#H)

ÚØçf×ªÕfèHÝq×�óGæ ÞÂñªÝ%ê�èÌÞÂÚÛÔNçxÔ�î
(T̃ ∗

ϕ,ν)
Ô�ç
L̃
ò¥üiñfÝ�î;ÔNÖØÖÛÔ3ÓvÚÛçfé

àfáäÔNà$ÔNãâÚðÞÂÚÛÔNç*è<êwç�ó$ÝTî;ÔNÕªçf×	ÚØçÕ£ e�a+¤ ÔNá £ a>g>¤ ò
K ;z=u[Í=GTfEF9<EF=G8õ�4H { H J H�¾ çRèÃ[�rU[Ùè�Zið§ç<çîé [ϕ] ∈ π1(Ham(M)) ⊂ H̃am(M) áUT-W [�rU[Ùè�Z a ∈
QH∗(M) c°[5ê�áUrU[

c(a, [ϕ]) = val(a ∗Ψ([ϕ])−1).

K ;z=n=ur/=ur K ;z=u[Í=GTfEF9<EF=G8��BH { H J Ï
ï
ÝqÞ

K ∈ H
ó$Ý�ÞâñfÝEçªÔNáâå5ê�ÖÛÚ3�HÝq×rö�êwå5ÚÛÖðÞÂÔ�çfÚØêwçùî;ÕfçfèÌÞÂÚØÔ�çréNÝqçfÝqáÂêwÞâÚØçfé ÞÂñfÝ�ÖØÔ1Ô�à

[ϕ]
ìyê�çf×rÖÛÝqÞ

H ∈ H
ó$Ý5ÞÂñfÝ0�qÝHáäÔ¥ö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç éNÝHçªÝHáÂêÍÞÂÚØçªé�ÞÂñfÝJÚÛ×fÝHç²ÞÂÚÛÞºæ�ò	üiñfÝ�àfáäÔNà$ÔNãäÚÛÞÂÚÛÔNç ÚÛå5å-Ýq×fÚØêwÞâÝHÖðæ

î;ÔNÖÛÖØÔ3ÓvãÊî;áâÔNå
(4.12)

ê�àfàfÖÛÚØÝq×*ÞÂÔ
H
ê�çf×

K
ò

�
�'& ¹ÄDE'�'%&Á'%&Ð���
��'CDE��� �����%�h>

ÿvÝHè<êwÖØÖ]ÞÂñôêwÞ ê	ñfÔNå-ÔNéNÝqçfÝHÔ�Õfã��GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå ÔNçxêwçxê�ó$ÝqÖØÚØê�ç éNáäÔNÕfà ÚØã�êwÖÛÓ{ê<æ>ã�ê	ñfÔNå-ÔNå-ÔNáÁý
àfñfÚÛãâå �4ãâÝqÝ�Ý�ò éfòt£ a<gz¤ ¡Ìòdö­ÝqçfèqÝ�ìvÚØç�ÔNáä×fÝHá-ÞâÔøàfáäÔDëNÝ�üiñfÝHÔ�áâÝHå e ò a ò b ìÊÓtÝ�çfÝqÝH×�ÞÂÔøãäñfÔDÓ�ÞÂñfêwÞ
î;ÔNáJÞâñfÝnåJêwçfÚÛî;ÔNÖð×fãJÖÛÚØãäÞâÝH×ÐÚÛçrÞÂñfÝEÞâñfÝHÔNáäÝHå	ìyÞâñfÝnáâÝqãäÞÂáäÚØèqÞâÚØÔ�çÐÔ�î�ÞÂñfÝÕ�{ê�ÖØê�ófÚ(�GÕôêwãâÚðý å5Ô�áâàfñfÚÛãâå
r̃ : H̃am(M) → R

ÔNç ÞÂñfÝPî;Õfçf×ôêwå5ÝqçGÞ½êwÖoéNáäÔNÕfà Ô�î
Ham(M)

ÚÛãSçfÔNç>ý ÞÂáäÚÛë1Ú÷êwÖVò)� Ý-ÓvÚØÖÛÖ¶×ªÚÛë1ÚØ×fÝ
ÞÂñªÝSàªáâÔ1Ô�î/ÚØç²ÞÂÔÙÞAÓÊÔ-àfê�áäÞâãHò



¨ , × x ¬Ê­n­n7t­17 � ½��^­:¬M�n6 ¨ ,Sý�,ñ� Ö ö

���)(%�
	 � �tµ ¼ZÆ³Â�µ ¶³Ã
S2 × S2

�

ï
ÝqÞ
Xλ = S2×S2 ó$ÝjÝ+�GÕfÚØàªà$ÝH×�ÓvÚðÞÂñ5ÞÂñfÝ­ãâàfÖÛÚÛÞtãäæ1å-àfÖØÝqèqÞâÚØèyî;Ô�áâå ωλ = ω⊕λω

ìGÓvñfÝHáäÝ
1 < λ

ò
 �ãyå5ÝqçGÞÂÚÛÔNçfÝq×�ÚÛç � ÝqèqÞâÚØÔNç e ò a ìôÞÂñªÝHáâÝ�ÚÛã­ê�ç�ÝHÖÛÝHå-ÝHç²Þ

[ϕ]
Ô�î]ÚÛçªõôçfÚðÞÂÝ�ÔNáä×fÝHáyÚÛç	ÞÂñªÝSî;Õfçf×fê�å5ÝqçGÞÂê�Ö

éNáäÔNÕfà¥Ô�î
Ham(Xλ)

�;ãâÝHÝ�£ c_b>¤ ¡ÌòCüiñfÚÛã�ÝHÖÛÝHå-ÝHç²Þ�è<ê�ç ó$ÝPáâÝqàfáâÝqãâÝqçGÞÂÝq×xó²æEÞÂñªÝCî;ÔNÖØÖÛÔ3ÓvÚÛçfé�ÖØÔ1ÔNànÔ�î
×fÚw�OÝqÔNå-ÔNáâàfñªÚØãäå-ã

ϕt(z, w) =
(
z,Υz,t(w)

)
,ÓvñfÝqáâÝ

Υz,t

×fÝHçfÔwÞÂÝHã ÞâñfÝ
2πt
ý áâÔ�Þ½êÍÞÂÚÛÔNç ÔwîiÞÂñfÝJÕfçfÚðÞ ãâàfñªÝHáâÝ

S2 ê�áäÔNÕfçf×øÞâñfÝ�êÍß>ÚØã�ÞâñfáâÔ�ÕféNñøÞÂñªÝà$ÔNÚÛçGÞÂã
z, −z

ò � ÝqÚØ×fÝqÖ
ãäñfÔDÓÊÝq×�ÚÛçÕ£ gR|R¤ �4ãâÝqÝ�ê�ÖÛãâÔ�£ c�|z¤ ¡~ìôó²æ*×fÚØáäÝHèÌÞyèHê�ÖØèqÕfÖ÷êÍÞÂÚÛÔNç�ì1ÞÂñfêwÞ
Ψ([ϕ])−1 = (A−B)⊗ qαA+βB

( ∞∑

j=0

qj(A−B)
)
,

ÓvñfÝqáâÝ
A
êwçf×

B
ÚÛç
H∗(Xλ)

ê�áâÝCÞÂñfÝ-èqÖ÷ê�ãäãâÝqã�Ô�î
[S2 × point]

ê�çf×
[point × S2]

áäÝHãâà$ÝqèqÞâÚÛëNÝqÖÛæNì
ê�çf×

α, β ∈ R
ÓÊÝqáâÝSè½ñfÔNãäÝHç�ãâÕfè½ñ	ÞÂñôêÍÞ

2c1(αA+ βB) = 1
êwçf×

ωλ(αA+ βB) = 1
2

+ 1
6λ

ò
¿³LUO�O�Q¢�BHp�:H J H�¾ çzèy[�rU[ÙèsZ n ∈ N c°[5ê�áUrU[

val(Ψ([ϕ])−2n) = 1 +
n

3λ
.

K ;z=n=urÅ�8ÚØáäãäÞ�çfÔwÞÂÝ ÞÂñôêÍÞ
val
(
(A − B)2n

)
= max{val(AkB2n−k)}

ì�ÓvñfÝHáäÝ
0 ≤ k ≤ 2n

ò
~­Ý~ß1Þ<ì�ãâÝÌÞ

αk = AkB2n−k ò"Ò Þ*î;ÔNÖÛÖØÔ3ÓvãJî;áäÔNå ÞÂñfÝÒ�1Õfê�çGÞâÕfå åÙÕfÖðÞÂÚÛàfÖÛÚðè<êÍÞÂÚÛÔ�çráâÝqÖ÷êwÞâÚØÔNçªã (4.5)ÞÂñfêwÞ
val(αk+2) = val(αk) + (λ− 1)

î;ÔNáiÝÌëNÝHáÁæ
0 ≤ k ≤ 2n− 2

òoüiñGÕfãHì
val
(
(A−B)2n

)
= max{val(A2n), val(A2n−1B)} = −n+ 1.

� ÝÌÞ
∆ = qαA+βB

(∑∞
j=0 q

j(A−B)
) ò¶Ò Þvî;ÔNÖÛÖÛÔDÓdÚÛå5å-Ýq×fÚØêwÞâÝHÖðæ-ÞÂñôêwÞ

val(∆2n) = val
(
q2n(αA+βB)

)
= 2n

(1

2
+

1

6λ

)
= n+

n

3λ
.

üiñfÚÛãvèHÔNå-àfÖÛÝqÞâÝHãiÞâñfÝ�àfáâÔ1Ôwî8Ôwî/ÞÂñªÝ�ï
Ýqå5å5êªò
Ò Þ�î;ÔNÖÛÖØÔ3ÓvãTî;áâÔNå)ï
ÝHå-å5ê e ò c ò a ÞÂñôêwÞSÞÂñfÝ5ãâÕªóôê�ÖÛéNÝHófáâê

QH4(Xλ)
ÚÛã�ê	õôÝHÖÛ×�ò%üiñGÕfãHì]èqÔNåÙófÚØçfÚÛçfé

í¶áâÔNà$Ô�ãâÚÛÞâÚØÔNç e ò | ò a ê�çf×�ï
ÝHå-å5ê e ò � ò a ìªÓtÝSèHÔ�çfèHÖÛÕf×fÝTÞÂñôêÍÞ
r̃([ϕ]) = −vol(Xλ) · lim

n→∞

val (Ψ([ϕ])−2n)

2n
= −

1 + λ

6λ
6= 0.

� ÝEñôê<ëNÝEãäñfÔDÓvçrÞÂñôêÍÞJÞÂñªÝEáäÝHãäÞâáâÚÛèqÞÂÚÛÔNç�Ô�îjÞÂñfÝl�GÕôê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå
r̃ : H̃am(Xλ) → R

ÔNç�ÞâñfÝ
î;Õfçf×fê�å5ÝÌÞ½ê�Ö
éNáäÔNÕfà�Ô�î

Ham(Xλ)
ÚØãvçfÔNç>ý ÞÂáâÚðë1Ú÷ê�Ö4òtüiñfÚÛã­èqÔNçfèHÖÛÕf×fÝqã­ÞâñfÝ�àfáäÔ1Ô�î]Ô�î]üiñfÝqÔNáâÝqå e ò a ò b

î;ÔNá{ÞâñfÝSê�ó$ÔDëNÝ�è<êwãâÝ�ò



× þ �utwvyx
�)��z ¨ , �ovq.nvqò ©�ó�ô v5� ©Ôõ¦} ��z�x�t © � } �

���)(%��� � �tµ ¼ZÆ³Â�µ ¶³Ã
CP 2#CP 2

ï
ÝqÞ
Yµ = CP 2#CP 2

ó$Ý�ÞâñfÝEãäæ1å-àfÖØÝqèqÞâÚØè�ÔNçªÝÌýºà$Ô�ÚØçGÞJófÖÛÔDÓ{ý ÕfàrÔ�î
CP 2 ÚØç²ÞÂáäÔ1×fÕfèHÝq×ÐÚØç � ÝHè~ýÞÂÚÛÔNç e ò a ìOÝ+�GÕfÚØàfà$Ýq×nÓvÚÛÞâñEÞâñfÝÙãäæ1å5àªÖØÝHèÌÞÂÚÛè î;Ô�áâå

ωµ
ì(ÓvñfÝHáäÝ 1

3
6= µ ∈ (0, 1)

ò��øÝ ÓvÚÛÖØÖmÕfãäÝCñfÝHáäÝ
ÞÂñªÝ�ãÂêwå5Ý	çfÔwÞ½êwÞÂÚÛÔNç�êwã5ÚÛç � ÕªófãâÝqèqÞÂÚÛÔNç e ò c ò c òrÒ Þ5ñôê�ã5ó$ÝqÝHç�ãâñfÔ3ÓvçróGæ� �óªáâÝHÕ1ýÁ��èHþ�Õ�� ÚÛçÞ£ a�¤
ÞÂñfêwÞÊÞâñfÝ­î;Õfçf×fê�å5ÝqçGÞÂê�Ö$éNáâÔ�Õfà�Ô�î

Ham(Yµ)
ÚÛãtÚØãâÔ�å5ÔNáäàfñfÚÛèvÞâÔ

Z
ÓvÚÛÞÂñ�ê�éNÝHçfÝqáÂêwÞâÔNáÊé�ÚÛëNÝqç�óGæ-ÞâñfÝ

áâÔwÞ½êwÞâÚØÔNç
ϕ : (z1, z2)→ (e−2πitz1, z2), 0 ≤ t ≤ 1.

üiñfÝ � ÝHÚØ×ªÝHÖ
áäÝHàfáäÝHãâÝqçGÞÂêwÞÂÚÛÔNç	Ô�î
ϕ
Ó{ê�ãvèHÔ�å5àfÕ>ÞÂÝH×	ÚÛçÕ£ c�cz¤ ì4£ c�|R¤ ÞÂÔPó$Ý

Ψ([ϕ])−1 = P ⊗ qE/2+3F/4−δ(F−2E), where δ =
(1− µ)2

12(1 + µ)(1− 3µ)
.

� e ò a<c ¡
üiñfÝÊî;ÔNÖØÖÛÔ3ÓvÚÛçfé­ÖØÝqå5å5êyè<êwçCó(Ý{ÚÛå5åPÝH×fÚØêwÞâÝHÖðæ�×fÝq×fÕfèqÝH×Pî;áäÔNå�ï
ÝHå-å5ê

5.1
ê�çf×PÿvÝHå5ê�áâÜ

5.5
ÓvñfÚØè½ñ

ó$Ô�Þâñ�ê�àfà$ÝHê�ávÚØçÕ£ c�cz¤ ò
¿³LUO�O�Q¢�BHp�:H ` H�P [�K 1

3
6= µ ∈ (0, 1) g � ê1[�T

lim
k→∞

val(Ψ([ϕ])−k)

k
=





−δ ω(F − 2E), 1
3
< µ < 1

12−δ
12

ω(F − 2E), 0 < µ < 1
3
.

� e ò afe ¡

K ;z=n=ur*ÏÊþ�ÝHçªÔ�ÞÂÝTó²æ
Q
ÞÂñfÝjÝqÖØÝqå5ÝqçGÞ

P ⊗ qE/2+3F/4 ê�çf×�èHÔNçªãâÚØ×ªÝHá{ÚðÞÂãÊà$Ô3ÓÊÝHáäã Qk ÓvñªÝHáâÝ k ∈ N
ò

Ò ÞÙî;ÔNÖÛÖØÔ3Óvã�î;áäÔNå)ÞÂñfÝÅ�GÕôê�çGÞâÕfå åÙÕfÖðÞÂÚÛàfÖðÚÛèHêwÞÂÚ´ëNÝJáâÝqÖ÷êÍÞÂÚØÔ�çfã ×ªÚØãâèqÕfãâãäÝH×ùÚØç � ÕªófãâÝqèqÞÂÚÛÔNç e ò c ò b ÞÂñfêwÞ
ÞÂñªÝSÔ�çfÖÛæ5ÞAÓtÔ-à$ÔNãâãäÚØófÖÛÝ�èÌæ1èHÖØÝqãyÔNóªÞÂê�ÚØçªÝH×%óGæ*åÙÕfÖðÞÂÚÛàfÖÛÚðè<êÍÞÂÚÛÔ�ç*ó²æ

Q
ê�áäÝ

P ⊗ qE/2+3F/4 → E ⊗ qF/2 → F ⊗ qE/2+F/4 →M → P ⊗ qE/2+3F/4,

ê�çf×
P ⊗ qE/2+3F/4 → F ⊗ qF/2 →M ⊗ qF/4−E/2 → P ⊗ qF .üiñ1ÕªãHì�ãâÚØçªèHÝoÞÂñfÝoõôáâãÁÞ8èÌæ1èHÖØÝ`×fÔ1ÝHãmçfÔ�Þ/è½ñôê�çfé�Ý`ÞÂñªÝ`ëÍê�ÖØÕôêÍÞÂÚØÔ�ç�ì3ÓvñfÚÛÖØÝ¶ÞâñfÝtãäÝHèqÔNçf×ÙèÌæ1èHÖØÝ`ÚØçfèqáâÝHê�ãâÝqã/ÚÛÞ

óGæ
ω(F/4−E/2)

ìwÓÊÝÊñfê3ëNÝtÞâñôêwÞ
val(Qk)

ÚØãmÝHÚðÞÂñfÝqá/ó$ÔNÕfçf×ªÝH×Cê�ã
k →∞

ÓvñfÝqç
ω(F/4−E/2) <

0
Ô�ávÖÛÚØçªÝ<ê�áäÖðæJéNáäÔDÓvãvÔ�ÞâñfÝHáÁÓvÚØãäÝ�ò`ö­ÝqçfèHÝwìôÓÊÝSéNÝÌÞvÞÂñfêwÞ

val(Ψ([ϕ])−k) =





C − δ k ω(F − 2E), 1
3
< µ < 1

C + k
3
ω(F/4− E/2)− ω(δ(F − 2E)), 0 < µ < 1

3
,



¨ ,ñ1/x ¬Ê­n­n7t­17�«S½3� x ­n±§ª�° 0 ¬+*l®B¯ 0 9ñ±²«eïË98�16 6 0 × ý

ÓvñfÝqáâÝ
C
ÚØãiãâÔ�å5ÝTÕfçfÚðëNÝHáâãâê�Ö
èHÔ�çfãäÞÂê�çGÞHò`üiñªÚØãvèqÔNå5àªÖØÝÌÞÂÝHã{ÞÂñªÝSàªáâÔ1Ô�îAò

 �ãäÞÂáâê�ÚØé�ñGÞâî;Ô�áäÓ{êwáâ×�è<êwÖØèqÕfÖ÷êwÞâÚÛÔNç	ãâñfÔ3Óvã�ÞÂñfêwÞ­ÞÂñfÝ ê�ó$ÔDëNÝ�ÝÌß>àfáâÝqãâãâÚÛÔNç
(4.14)

ÚØãyãäÞÂáäÚØèÌÞÂÖðæ%çfÝHé²êÍÞÂÚðëNÝ
î;ÔNá`ÝÌëNÝHáÁæ

0 < µ < 1
ò]üiñ1ÕfãqìªÚðÞoî;ÔNÖØÖÛÔ3Óvã¶î;áâÔNåÑí¶áäÔNà$ÔNãâÚðÞÂÚÛÔNç e ò | ò a ê�çf×-ÞÂñfÝyî4êwèqÞ`ÞÂñôêÍÞ

val(a∗ b) ≤

val(a) + val(b)
ÞÂñôêÍÞ

r̃([ϕ]) = −vol(Yµ) lim
k→∞

val
(
e1 ∗Ψ([ϕ])−k

)

k
≥ −vol(Yµ) lim

k→∞

val
(
Ψ([ϕ])−k

)

k
> 0

ö­ÝqçfèHÝwì1ÞâñfÝyáäÝHãäÞâáâÚÛèqÞÂÚÛÔNçPÔ�î(ÞâñfÝ/�1Õfê�ãâÚ´ýºå-ÔNáâàªñfÚØãäå
r̃ : H̃am(Yµ)→ R

ÔNçPÞÂñfÝiî;Õfçf×fê�å5ÝqçGÞÂê�Öôé�áâÔNÕfà
Ô�î

Ham(Yµ)
ÚÛãvçªÔNç>ý ÞâáâÚðë>ÚØê�Ö4ò]ü{ñfÝSàfáâÔ1Ôwî8Ôwî8üiñfÝqÔNáâÝqå e ò a ò b ÚÛãiçfÔDÓ èHÔNå-àfÖÛÝqÞâÝ�ò

�
�-, ¹ÄDE'�'%&Á'%&/�¯�
�¸¹´'���$­�°#CD/. )­F�#C���s�-� ����� � #

ï
ÝqÞ
(M,ω)

ó$Ý�ê�èqÖØÔ�ãâÝH×Oì>áÂêÍÞÂÚØÔ�çôê�ÖQêwçf×JãäÞâáâÔNçªéNÖÛæCãâÝHå-Úðý à$ÔNãâÚðÞÂÚ´ëNÝyãÁæ1å5àfÖÛÝHèÌÞÂÚÛèyåJê�çªÚÛî;ÔNÖð×-Ôwî
×fÚÛå5Ýqç>ý
ãâÚÛÔNç

2n
òÕ~­Ô�ÞâÝJÞÂñôêÍÞÙî;ÔNá áÂêwÞâÚØÔNçfê�Ö`ãäæ1å-àfÖØÝqèqÞÂÚÛèJåJê�çªÚÛî;ÔNÖð×fãSÞÂñfÝ*ê�èÌÞÂÚØÔ�ç§ãäà$ÝHèÌÞÂáâÕªåbÚÛãCêE×ªÚØãâèqáâÝÌÞÂÝ

ãâÕªófãâÝÌÞjÔwî
R
ìQê�çf×	Þâñ1ÕfãvÞâñfÝHáäÝ êwáâÝ�ÔNçfÖðæ%êCõôçfÚðÞÂÝ�çGÕfåÙó$ÝHávÔ�î8èHáâÚðÞÂÚÛè<ê�Ö(ëwê�ÖÛÕfÝHãvÔ�î/ÞÂñfÝ�êwèqÞÂÚÛÔNç*î;ÕfçfèÌý

ÞÂÚÛÔNçôê�Ö
AH
ÚÛç ê�ç²æEõfçfÚÛÞâÝCãâÝqéNå5ÝqçGÞ

[a, b] ⊂ R
òPï
ÝÌÞ

H(t, x) ∈ H
ó$Ý-ê%ö�ê�å-ÚØÖðÞâÔ�çfÚØê�ç�î;ÕfçªèqÞÂÚÛÔNç

éNÝqçfÝHáâêwÞÂÚÛçfé
ϕ ∈ H̃am(M)

ì�êwçf×E×fÝHçfÔwÞÂÝÙó²æ
H̃(t, x) = −H(−t, x)

ÞÂñªÝCö­ê�å-ÚØÖðÞâÔNçfÚÛê�ç	î;ÕfçªèqÞÂÚÛÔNç
éNÝqçfÝHáâêwÞÂÚÛçfé	ÞâñfÝ5ÚÛçGëNÝHáäãâÝ5ãäæ1å-àfÖØÝqèqÞâÔNå-ÔNáâàfñªÚØãâå

ϕ−1 ò�üiñfÝJãäÝqÞ PH Ô�î{èHáäÚÛÞÂÚÛè<ê�Ö]à$ÔNÚÛçGÞâãSÔ�î AH ÚÛãÚØãäÔNå-ÔNáâàfñªÚØè­ÞÂÔ
P eH
ë1Ú÷ê

x̃(t) = x(−t)
ìQêwçf×

[x, u] ∈ P̃H
èqÔNáâáäÝHãâà$Ô�çf×fãyÞâÔ

[x̃, ũ] ∈ P̃ eH
ÓvñfÝqáâÝ

ũ(s, t) = u(−s,−t), µ([x̃, ũ]) = 2n− µ([x, u]) and AH([x, u]) = −AH̄([x̃, ũ]).

� ÝS×ªÝqõôçªÝ êCàôê�ÚÛáâÚÛçfé
L : CFk(H)× CF2n−k(H̃)→ Λ0

óGæ
L
(∑

α[x,u] · [x, u],
∑

β[ey,ev] · [ỹ, ṽ]
)

=
∑

A

(∑

[x,u]

α[x,u] · β[x,u]−A]

)
qA,

� e ò a>g ¡

ÓvñfÝqáâÝyÞÂñfÝyÚØçfçfÝqá`ãäÕfåÑáâÕªçfãtÔDëNÝqáÊê�ÖÛÖôàôêwÚØáäã
[x, u] ∈ P̃H

ê�çª×5ÞâñfÝ­Ô�ÕªÞÂÝqátãäÕfåÑáäÕfçfãtÔ3ëNÝHáÊêwÖØÖ
A ∈ ΓÓvÚÛÞâñ

c1(A) = 0
òjüiñfÝÙàôê�ÚÛáâÚÛçfé

L
ÚØã­ÓÊÝqÖØÖ/×fÝÌõôçfÝq×�ò�Òºçf×fÝqÝH×�ì
èqÔNçfãäÚØ×fÝqá�õôáäãäÞjÞâñfÝÙÚØçªçfÝHá�ãäÕfå	ì(ÞÂñfÝ

õôçfÚðÞÂÝqçfÝHãäã`èqÔNçf×fÚðÞÂÚÛÔNçCÚÛçCÞâñfÝv×ªÝqõôçªÚÛÞÂÚÛÔNçCÔ�î
CF∗(H)

ÚØå-àfÖÛÚÛÝqã8ÞÂñfêwÞoÚÛÞ]èHÔNç²Þ½ê�ÚÛçfã¶Ô�çfÖÛæ�õôçªÚÛÞÂÝqÖÛæ å5ê�ç²æ
ÝHÖÛÝHå-ÝHç²ÞÂãqò � ÝHèqÔNçf×fÖðæNì]ÚÛÞSî;ÔNÖÛÖØÔ3Óvã�î;áâÔ�å�ÞÂñªÝJãÂê�å-Ý5áâÝ<êwãâÔNçøÞÂñfêwÞ�ÞÂñfÝJà$Ô3ÓÊÝHá ãäÝHáâÚÛÝHã ÔNç ÞÂñfÝJáäÚØéNñ²Þ
ñôê�çª×�ãâÚÛ×fÝ�Ô�î

(4.15)
ãÂêwÞâÚØãÁõôÝHãÙÞâñfÝ�õôçªÚÛÞÂÝqçfÝHãäãPèqÔNçf×fÚðÞÂÚÛÔNçøî;áâÔ�å�ÞâñfÝ*×fÝÌõôçfÚðÞÂÚØÔ�çxÔ�îvÞÂñfÝ$~­Ô3ë1ÚØÜ�ÔDë

áâÚÛçfé
(4.2)
ò`Ò Þ­ÚÛãvçfÔwÞyñôê�áâ×%ÞÂÔ-è½ñfÝqè~Ü�ÞÂñôêwÞiÞÂñfÝSàfê�ÚØáäÚØçfé

L
ÚÛãvÖØÚÛçfÝ<êwáiÔ3ëNÝHá

Λ0

ê�çf×%ÞÂñfêwÞyÚÛÞvÚÛãvçfÔ�ç>ý
×fÝqéNÝHçfÝqáÂêÍÞÂÝ�ÚØç�ÞÂñfÝTãäÞÂê�çf×ôêwáâ×%ãâÝHçªãâÝ�ò`üiñ1ÕªãHìôãâÚØçªèHÝjÞÂñfÝjëNÝHèÌÞÂÔNávãäàôê�èqÝHã

CFk(H)
ê�çf×

CF2n−k(H̃)



× � �utwvyx
�)��z ¨ , �ovq.nvqò ©�ó�ô v5� ©Ôõ¦} ��z�x�t © � } �

ê�áäÝÙõôçfÚðÞÂÝC×ªÚØå-ÝHçfãäÚØÔNçfê�Ö/ÔDë�ÝHá
Λ0

ì�ÓvñfÚÛè~ñ¥ÚØãjÚÛç¥Ô�ÕfáTèHê�ãâÝ-êJõôÝHÖÛ×�ì�ÞÂñªÝPàôêwÚØáâÚÛçfé
L
×fÝqÞâÝHáâå-ÚÛçfÝHã�ê�ç

ÚØãäÔNå-ÔNáâàfñªÚØãäå
CFk(H) ' HomΛ0

(
CF2n−k(H̃),Λ0

)
.�ôáâÔ�å ÞÂñfÝ�ÕfçªÚÛëNÝqáâãÂêwÖ
èHÔ1Ý+2-èqÚØÝHç²ÞyÞâñfÝHÔ�áâÝHåûÓÊÝ�ÔNóªÞÂê�ÚØç%ê-í/Ô�ÚØçfèHê�á��T×fÕôê�ÖÛÚÛÞºæJÚÛãâÔNå-ÔNáâàªñfÚÛãâå

HFk(H) ' HomΛ0

(
HF2n−k(H̃),Λ0

)
.

ÒºçÞ£ g&�R¤ ÚÛÞPñôêwã-ó$ÝHÝqç�ãâñfÔ3Óvç�ÞÂñôêÍÞ-ÞâñfÝ	àôê�ÚÛáâÚÛçfén×fÝqÞâÝHáâå-ÚØçªÝH×ùóGæ§ÞâñfÚØãPÚÛãâÔNå-ÔNáäàfñfÚÛãâå	ì¶ÓvñfÚØè½ñ�ó²æ
ê�ófÕªãâÝ�Ô�î/çfÔ�ÞÂêwÞÂÚÛÔNç�ÓÊÝSê�ÖÛãâÔC×fÝHçªÔ�ÞÂÝ�óGæ

L
ìôê�éNáäÝHÝqãiÓvÚÛÞÂñ�ÞÂñfÝ�ÚÛçGÞâÝHáâãäÝHèÌÞÂÚØÔ�ç%àôê�ÚØáäÚØçfé

∆(·, ·)
ÔNç*ÞÂñfÝ

�jÕôê�ç²ÞÂÕfå ñfÔNå-ÔNÖØÔ�é�æ
QH∗(M)

òÅ��ÔNáâÝ-àfáäÝHèqÚØãâÝqÖÛæ�ì/ÖÛÝqÞ
Φ: QH∗(M) → HF∗(H)

ó$ÝPÞÂñªÝ5í ���
ÚØãäÔNå-ÔNáâàfñªÚØãäåû×ªÝHãâèqáâÚÛó$ÝH×�ÚÛç � ÝHèqÞâÚØÔNç e ò e òoüiñfÝHç�ìôî;ÔNávÝÌëNÝHáÁæ

a ∈ HFk(H)
ê�çf×

b ∈ QH2n−k(M)ÓÊÝ�ñôê3ëNÝ
∆(Φ−1(a), b) = L (a,Φ(b)) .

� e ò a<| ¡
~­Ý~ß1Þ<ì1ÓÊÝ­èqÔNçfãäÚØ×fÝqá`ÞâñfÝyõfÖÛÞÂÝqáâÝq×Å�/ÖØÔ1ÝHá¶ñfÔNå-ÔNÖØÔ�é�æÙèqÔNå-àfÖØÝ~ß>ÝHã

CF
(−∞,α]
k (H)

ê�çf×
CF

(−α,∞]
2n−k (H̃)

ò
~­ÔwÞÂÝ�ÞÂñfêwÞ�ÞÂñªÝHãâÝnãâàfê�èHÝqã	ê�áâÝ�çfÔ§ÖØÔNçªéNÝHá5ëNÝqèqÞÂÔ�á*ãâàôêwèHÝHã*ÔDëNÝqá

Λ0

ãäÚØçfèqÝEÞâñfÝqærê�áâÝEçfÔwÞ*èHÖÛÔNãâÝq×
ÓvÚÛÞâñ*áâÝHãäà$ÝHèÌÞyÞâÔCÞâñfÝTÔNà$ÝqáÂêwÞâÚØÔNç�Ô�îmåÙÕfÖÛÞâÚÛàfÖÛÚðè<êwÞâÚÛÔNçJóGæ�êCãäè<ê�ÖØê�áHò�� ÝT×fÝqõôçªÝSê

Q
ý ëwê�ÖÛÕfÝH×*àôêwÚØáäÚØçfé

L′ : CF
[−∞,α]
k (H)× CF

(α,∞]
2n−k (H̃)→ Q

ó²æ
L′
(∑

α[x,u] · [x, u],
∑

β[ey,ev] · [ỹ, ṽ]
)

=
∑

[x,u]

(α[x,u] · β[x,u]).

üiñfÚÛã	àfê�ÚØáäÚØçfé§ÚÛã*ÓÊÝqÖØÖT×ªÝqõôçªÝH× ãâÚÛçfèHÝ ê�çGæÐÝqÖØÝqå5ÝqçGÞ	ÚÛç
CF

(−α,∞]
2n−k (H̃)

ÚØã%ê§õôçfÚÛÞâÝ¥ãâÕªå�òÑÒ Þ�ÚÛã
ãäÞâáÂê�ÚÛéNñGÞäî;ÔNáäÓÊê�áâ×*ÞâÔ5è½ñfÝqè~Ü*ÞâñôêwÞvÞÂñfÝ�àôê�ÚØáäÚØçfé

L′ ÚØãvçªÔNç>ýº×ªÝHéNÝqçfÝHáâêwÞÂÝSÚØç*ÞÂñfÝSãÁÞ½ê�çf×fê�áâ×�ãäÝHçfãäÝÙê�çª×ÞÂñfêwÞiÚÛÞ{èqÔNÚØçfèqÚØ×fÝqãÊÓvÚÛÞâñ*ÞâñfÝ5�qÝHáäÔCÞÂÝHáäåûÔwî
L
ò¶Òºç%Ô�ÞâñfÝHáÊÓÊÔNáâ×ªãHìf×fÝHçªÔ�ÞÂÝTóGæ

τ : Λ0 → Q
ÞÂñªÝTåJêwà

ãâÝqçf×fÚÛçfé ∑
aAq

A ÞâÔ a0

ìªÞÂñfÝqç	î;ÔNávêwçGæ
a ∈ CF

(−∞,α]
k (H)

ê�çf×
b ∈ CF2n−k(H̃)

ÓÊÝSñfê3ëNÝ
τL (iα,H(a), b) = L′(a, π−α, eH(b)).

� e ò a<� ¡
�tæøêwófÕfãâÝJÔ�îvçªÔ�Þ½êwÞâÚØÔNçOì/ÓtÝ*ê�ÖÛãâÔ�×fÝHçfÔwÞÂÝ�ó²æ

L′ ÞâñfÝJÚØçf×ªÕfèHÝq×§àôêwÚØáâÚÛçfé	ÚØç ÞÂñªÝ�ñªÔNå-ÔNÖØÔ�é�ænÖØÝÌëNÝHÖÊ¥
L′ : HF

(−∞,α]
k (H)×HF

(−α,∞]
2n−k (H̃)→ Q

ò³~­Ý~ß>ÞHìQèqÔNçfãâÚÛ×fÝHáiÞâñfÝTî;ÔNÖØÖÛÔ3ÓvÚÛçféÙ×fÚ÷êwéNáÂê�å�¥
QHk(M)

Φ−1

←−−− HFk(H)
iα,H
←−−− HF

(−∞,α]
k (H)

×Π ×τL ×L′

QH2n−k(M)
Φ
−−−→ HF2n−k(H̃)

π
−α, eH
−−−→ HF

(−α,∞]
2n−k (H̃)y

y
y

Q Q Q
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�ÊÔNåÙófÚÛçfÚØçªé5Ý��GÕôêwÞâÚØÔNçfã
(4.16)

êwçf×
(4.17)

ÞÂÔ�éNÝqÞâñfÝHá­ÓÊÝÙèHÔNçªèHÖØÕª×fÝ ÞÂñfêwÞ�î;ÔNá�ÝÌëNÝHáÁæEÝHÖÛÝHå-ÝHç²Þ
a ∈

HF
(−∞,α]
k (H)

ê�çf×
b ∈ QH2n−k(M)

ÓÊÝ�ñôê3ëNÝ
Π(Φ−1 ◦ iα,H(a), b) = τL(iα,H(a),Φ(b)) = L′(a, π−α, eH ◦ Φ(b))

� e ò af} ¡
� Ý�êwáâÝ�çªÔDÓ ÚØç	êCà$ÔNãâÚðÞÂÚØÔ�ç�ÞÂÔPàfáâÔ3ëNÝ�ï
ÝHå-å5ê e ò g ò a ò
K ;z=n=ur/=url¿³LUO�O�Q¢�BHÆÅnH J � Ý�×fÚÛë1ÚØ×ªÝjÞÂñfÝ�àfáäÔ1Ô�î/ÚØçGÞâÔCÞºÓÊÔ-ãÁÞÂÝHàªãHò
a ò��/ÚðßJê�ç*ê�áäófÚÛÞâáÂê�áÁæ

ε > 0
ê�çf×�àfÕªÞ

α = ε− c(γ, ϕ)
ò¶Ò ÞÊî;ÔNÖØÖÛÔ3Óvã`î;áâÔNå�ÞÂñfÝ�×fÝqõôçªÚÛÞÂÚÛÔNçJÔ�î
ÞÂñªÝ

ãäà$ÝHèÌÞÂáÂê�Ö(ÚØç²ëwê�áäÚ÷ê�ç²Þ
c
ÞÂñôêÍÞ

Φ(γ) /∈ Image i−α,ϕ
ò³~yÔ�ÞÂÝyÞÂñôêwÞ

Image i−α,ϕ = Kernel π−α,ϕêwçf×	ÞÂñGÕfã
ξ := π−α,ϕ ◦ Φ(γ) 6= 0

ò � ÚÛçfèHÝTÞÂñfÝSàôê�ÚÛáâÚÛçfé
L′ ÚÛãvçfÔNç>ý ×fÝHéNÝqçfÝHáâêwÞÂÝ�ÞÂñfÝqáâÝSÝÌß>ÚØãÁÞÂã

η ∈ HF (−∞,α]
2n−∗ (ϕ−1)

ãâÕfè½ñEÞâñôêwÞ
L′(η, ξ) 6= 0

ò��ôáâÔNå
(4.18)

ÓÊÝ ñôê<ëNÝ�ÞÂñôêÍÞ
Π(δ0, γ) 6= 0

ì
ÓvñªÝHáâÝ

δ0 = Φ−1 ◦ iα,ϕ−1(η)
òCÒ Þ�î;ÔNÖÛÖÛÔDÓvã�î;áâÔ�å ÞÂñfÝP×fÝÌõôçfÚðÞÂÚØÔ�çnÞÂñôêÍÞ

c(δ0, ϕ
−1) ≤ α

êwçf×
ñªÝHçfèqÝ

inf
δ:Π(δ,γ)6=0

c(δ, ϕ−1) ≤ c(δ0, ϕ
−1) ≤ α = ε− c(γ, ϕ)

üiñªÚØãvÚÛçfÝ��GÕôê�ÖÛÚÛÞºæJñfÔ�ÖØ×fã{î;ÔNáiÝÌëNÝHáäæ
ε > 0
ìôñfÝqçfèqÝSÓÊÝ�èHÔ�çfèHÖÛÕf×fÝTÞÂñôêÍÞ

inf
δ:Π(δ,γ)6=0

c(δ, ϕ−1) ≤ −c(γ, ϕ).

b ò��/Úðß§ê�çùê�áâófÚðÞÂáÂêwáäæ
ε > 0

ê�çf×ùàªÕªÞ
α = −ε − c(γ, ϕ)

ò��ôáäÔNå¦ÞâñfÝ%×fÝÌõôçfÚÛÞâÚØÔNç§Ô�î
c(·, ·)ÚðÞ î;ÔNÖØÖÛÔ3Óvã�ÞÂñôêwÞ

Φ(γ) ∈ Image i−α,ϕ = Kernel π−α,ϕ
òøöyÝHçfèqÝ�ì

ξ := π−α,ϕ ◦ Φ(γ) =

0
òi �ãâãäÕfå-Ý�óGæ�èHÔ�çGÞÂáâê�×fÚÛèqÞÂÚÛÔNç§ÞÂñôêÍÞ-ÞÂñªÝHáâÝ	ÝÌß>ÚØãÁÞÂã

δ
ãÂêwÞâÚØãÁî}æ>ÚÛçfé

Π(δ, γ) 6= 0
ãâÕªè~ñ�ÞÂñôêÍÞ

c(δ, ϕ−1) < α
ò�� ÝJÔNóªãâÝHáÁëNÝJÞÂñfêwÞ

Φ(δ) ∈ Image iα,ϕ−1

ò�ï
ÝqÞ
η ∈ HF

(−∞,α]
2n−∗ (ϕ−1)

ó$Ý
ãäÕfè½ñ	ÞÂñôêwÞ

Φ(δ) = iα,ϕ−1(η)
ò¶ÒºÞiî;ÔNÖÛÖØÔ3ÓvãÊî;áâÔNå

(4.18)
ÞÂñfêwÞ

Π(δ, γ) = L′(η, ξ) = 0
òoüiñªÚØã

èqÔNçGÞâáÂê�×ªÚØèqÞâã
ÞÂñªÝtêwó$ÔDëNÝ`ê�ãâãäÕfå-àªÞÂÚÛÔNçTÞÂñôêwÞ
Π(δ, γ) 6= 0

òmüiñ1ÕfãMÓÊÝoåCÕªãäÞmñfê3ëNÝ
c(δ, ϕ−1) ≥ αî;Ô�áiÝqëNÝHáÁæ

δ
ãâêwÞÂÚÛãäî}æ1ÚØçªé

Π(δ, γ) 6= 0
òoö­ÝqçfèHÝwì

inf
δ:Π(δ,γ)6=0

c(δ, ϕ−1) ≥ α = −ε− c(γ, ϕ).

 ­é²ê�ÚÛç�ìªãâÚØçªèHÝTÞÂñfÚÛãiÚØçfÝ+�1Õfê�ÖØÚðÞAæ5ñfÔNÖÛ×fãiî;Ô�áiÝqëNÝqáäæ
ε > 0

ÓÊÝ�èHÔ�çfèHÖÛÕf×fÝTÞÂñôêÍÞ
inf

δ:Π(δ,γ)6=0

c(δ, ϕ−1) ≥ −c(γ, ϕ).

üiñfÝSàªáâÔ1Ô�î/ÚØãiçfÔ3Ó�èqÔNå-àfÖØÝÌÞÂÝwò
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