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Introduction
Microscopic 

Newtonian dynamics 
Mesoscopic 

Boltzmann equation Kinetic 
limit

Deterministic description  
• Hamiltonian dynamics 
• Reversible

Stochastic description  
• Dissipative equation 
• Irreversible

Finer scales beyond the Boltzmann equation ?  

Irreversibility & microscopic correlations 



Outline.

• Deterministic microscopic dynamics  

• Convergence to the Boltzmann equation 

• Fluctuations and cumulants  

• Large deviations



Dilute gas of hard spheres 

Gas of N hard spheres with 
deterministic Newtonian dynamics 
(elastic collisions). 

Dimension : d ≥ 2 
Periodic domain: Td = [0,1]d 

Sphere radius = ε 

Strongly unstable dynamics
"

Td

Microscopic scale :

ZN (t) = (xi(t), vi(t))iN

Boltzmann-Grad scaling Nεd−1 = 1
[0, 1]d
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tv

"d�1

• Volume covered by a particle 
• N particles per unit volume

Boltzmann-Grad scaling

On average, a particle has 1 collision per unit of time

Nεd−1 = 1
t = 1
v = 1

= tvεd−1

Dilute gas



Hard sphere dynamics

vi

vj
xj v0j

v0i

xi

in the phase space

with specular reflection on the boundary @DN
" .

DN
" :=

�
ZN 2 TdN ⇥ RdN / 8i 6= j , |xi � xj | > "

 

Liouville equation for the particle density WN(t, ZN)
∂tWN +

N

∑
i=1

vi ⋅ ∇xi
WN = 0

dxi

dt
= vi,

dvi

dt
= 0

ZN = {(xi(t), vi(t)}i≤NGas of hard spheres

as long as |xi(t) − xj(t) | > ε

|xi(t) − xj(t) | = εand elastic collisions if 

{
v′ i + v′ j = vi + vj

|v′ i |
2 + |v′ j |

2 = |vi |
2 + |vj |

2

Deterministic



Initial density.

WN(0, ZN) =
N

∏
i=1

f 0(zi) × 1
(N ∏

i≠j
1|xi−xj|>ε

Dilute gas :  
almost product  

measure

Typical density of a particle at time t : Fε
1(t, z1)

Question.   Convergence Fε
1(t, z1) ε → 0

με εd−1 = 1

f(t, z1)

Grand canonical  formalism :
 random :      with    N με = +(N) μεεd−1 = 1

Boltzmann-Grad 
scaling

Typical density of  particles at time t : k Fε
k(t, Zk)



Evolution of the !rst marginal

Collision operator

x1
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• N-1 possible particles

• the collision occurs on  
a surface of area "d�1
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v1

v2

v′ 1

v′ 2

(∂t + v1 ⋅ ∇x1
)Fε

1(t, z1) = (C1,2 Fε
2)(t, z1)

(C1,2Fε
2)(z1) := ∫Sd−1×ℝd

Fε
2(x1, v′ 1, x1 + εν, v′ 2)((v2 − v1) ⋅ ν)+

dνdv2

−∫Sd−1×ℝd
Fε

2(x1, v1, x1 + εν, v2)((v2 − v1) ⋅ ν)−
dνdv2

εν



Evolution of the !rst marginal

Collision operator

(∂t + v1 ⋅ ∇x1
)Fε

1(t, z1) = (C1,2Fε
2)(t, z1)

(C1,2Fε
2)(z1) := ∫Sd−1×ℝd

Fε
2(x1, v′ 1, x1 + εν, v′ 2)((v2 − v1) ⋅ ν)+

dνdv2

−∫Sd−1×ℝd
Fε

2(x1, v1, x1 + εν, v2)((v2 − v1) ⋅ ν)−
dνdv2

vi

vj
xj v0j

v0i

xi

CLAIM : microscopic chaos assumption
Fε

2(x1, v1, x1 + εν, v2) ≃ Fε
1(x1, v1)Fε

1(x1 + εν, v2)

Consequence: Boltzmann equation

∂t f + v ⋅ ∇x f = ∬ [ f(x, v′ )f(x, v′ 2) − f(x, v)f(x, v2)] ((v − v2) ⋅ ν)+ dv2dν



The reversibility paradox

Propagation of chaos

Newtonian  
dynamics 

Reversible  

Boltzmann 
equation 

Irreversible 
H-theorem

Boltzmann-Grad 
limit

• Boltzmann equation (1872)  
• Loschmidt : reversibility paradox 
• Zermelo : Poincaré recurrence Theorem

Molecular chaos

Singular set

Fε
2(x1, v1, x1 + εν, v2) ≃ Fε

1(x1, v1)Fε
1(x1 + εν, v2)
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<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

v2
<latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit><latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit><latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit><latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit>

v1
<latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit><latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit><latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit><latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit>

Factorization if two 
particles didn’t 
meet in the past

Fε
2(x1, v1, x2, v2) ≃ Fε

1(x1, v1)Fε
1(x2, v2)



x1
<latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit><latexit sha1_base64="9Ebez7AsyXnUS7K0KmzSc78bSSE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9T3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e4uK/XrPI4inMApnIMHNajDLTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwALsI2g</latexit>

x2
<latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit><latexit sha1_base64="sU5hbPAK+kK9DlSNNuLNHNxer84=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0/9Sv9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmnVqp5b9e4uKvXrPI4inMApnIMHl1CHW2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gANNI2h</latexit>

v2
<latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit><latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit><latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit><latexit sha1_base64="UQ8RRPt2NN02WZInLZUJLciw6fw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0m/1i9X3Kq7AFknXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJZ6VeanhC2ZgOeddSRSNu/Gxx6oxcWGVAwljbUkgW6u+JjEbGTKPAdkYUR2bVm4v/ed0Uwxs/EypJkSu2XBSmkmBM5n+TgdCcoZxaQpkW9lbCRlRThjadkg3BW315nbRqVc+teg9XlfptHkcRzuAcLsGDa6jDPTSgCQyG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAKKI2f</latexit>

v1
<latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit><latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit><latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit><latexit sha1_base64="iwb6UOVPBQMaW/UYkl1KcM9pxNQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6K4Y2fCZWkyBVbLgpTSTAm87/JQGjOUE4toUwLeythI6opQ5tOyYbgrb68TlpXVc+teg/XlfptHkcRzuAcLsGDGtThHhrQBAZDeIZXeHOk8+K8Ox/L1oKTz5zCHzifPwikjZ4=</latexit>

Memory e#ect 

No factorization

Fε
2(x1, v1, x2, v2) ≃ Fε

1(x1, v1)Fε
1(x2, v2)



Excluded con!gurations

Bk
" =

n
Zk; 9u 2 [0, T ⇤], 9i 6= j  k,

|(xi � uvi)� (xj � uvj)|  "a
o

Given T ⇤ > 0 and a 2 (0, 1)x1x2

v2
v1

"a 2 particles were close to 
each other in the past

The measure of       tends to 0 when   Bk
" " ! 0



Theorem (Convergence to the Boltzmann equation)

Initial distribution 

with     smooth and bounded                   .f0 kf0k1  C

There exists            such that the marginals of the 
particle system converge to the solution of the 
Boltzmann equation in the time interval 

T ⇤ > 0

[0, T ⇤]

with initial data 

  The Boltzmann equation :

WN(0, ZN) =
N

∏
i=1

f 0(zi) × exclusion

μεεd−1 = 1

t ≤ T*, ∥Fε
1(t) − f(t)∥∞ = γ(ε)

ε→0
0

f(0,z) = f 0(z)

∂t f + v ⋅ ∇x f = ∬ [ f(x, v′ )f(x, v′ 2) − f(x, v)f(x, v2)] ((v − v2) ⋅ ν)+ dv2dν



Theorem (Convergence to the Boltzmann equation)

Initial distribution 

with     smooth and bounded                   .f0 kf0k1  C

There exists            such that the marginals of the 
particle system converge to the solution of the 
Boltzmann equation in the time interval 

T ⇤ > 0

[0, T ⇤]

WN(0, ZN) =
N

∏
i=1

f 0(zi) × exclusion

μεεd−1 = 1

t ≤ T*, ∥Fε
1(t) − f(t)∥∞ = γ(ε)

ε→0
0

(one sided) Propagation of chaos

∀t ∈ [0,T*], (Fε
k(t, Zk) −

k

∏
i=1

f(t, zi))1{Zk∉ℬkε} ≤ ckγ(ε)



Derivation of the convergence:
Lanford; King; Alexander;  
van Beijeren, Lanford, Lebowitz, Spohn;  
Uchiyama; Cercignani, Illner, Pulvirenti; Simonella … 

Quantitative convergence :  
Gallagher, Saint-Raymond, Texier; Pulvirenti, Sa$rio, 
Simonella; Denlinger; Pulvirenti, Simonella

Remarks: 
• Short time convergence 
• One-sided propagation of chaos

Loss of the reversibility



Test function h(z) = h(x, v)

+ [( 1
N

N

∑
i=1

h(zi(t)) − ∫ f(t, z)h(z)dz)
2

]

Convergence as a law of large numbers

ε→0
0

= N
N2 + [(h(z1(t)) − ∫ f(t)hdz)

2]
+ 2N(N − 1)

N2 + [(h(z1(t)) − ∫ f(t)hdz)(h(z2(t)) − ∫ f(t)hdz)]
correlations

≃ ∫ F(2)
N (t, z1, z2)h(z1)h(z2) − (∫ f(t)hdz)

2

ε→0
0

ε→0
0

chaos property

Assuming  
 constantN



Test function h(z) = h(x, v)

+ [( 1
N

N

∑
i=1

(h(zi(t)) − ∫ f(t, z)h(z)dz))
2

]

Central limit theorem

= N
N

+ [(h(z1(t)) − ∫ f(t)hdz)
2]

+ 2N(N − 1)
N

+ [(h(z1(t)) − ∫ f(t)hdz)(h(z2(t)) − ∫ f(t)hdz)]
the decay needs to be quanti%ed   [Spohn]

For &uctuations the correlations matter

Assuming  
 constantN



Test function h(z) = h(x, v)

+ [( 1
με

N

∑
i=1

(h(zi(t)) − ∫ f(t, z)h(z)dz))
2

]

Central limit theorem

= + [(h(z1(t)) − ∫ f(t)hdz)
2]

+2με + [(h(z1(t)) − ∫ f(t)hdz)(h(z2(t)) − ∫ f(t)hdz)]
the decay needs to be quanti%ed   [Spohn]

For &uctuations the correlations matter

Grand canonical 
formalism



Fluctuating Boltzmann equation

Fluctuation !eld. ζε
t (h) = 1

με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z) f(t, z))

Question: 
Time evolution of the &uctuations



Fluctuating Boltzmann equation

Fluctuation !eld. ζε
t (h) = 1

με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z) f(t, z))

Conjecture. [Spohn] 

Model with stochastic collisions : [Rezakhanlou]

[0, T ⇤]

 Theorem. [B., Gallagher, Saint-Raymond, Simonella] 

ζε
t

ε→0
ζt dζt = ℒt ζt + dηtwith

Grand canonical distribution WN(0, ZN) =
N

∏
i=1

f 0(zi) × exclusion

Convergence to a generalised Ornstein-Uhlenbeck process 
in the time interval

SPDE

[0,T*]



dζt = ℒt ζt + dηt

Noise
Linearised  

Boltzmann operator

ζε
t (h) = 1

με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)f(t, z)) (law)
ε→0

ζt(h)

ζt(h) is a random variable (but    is a distribution)ζt

dζt(h) = ζt(ℒ*t h) + dB(h)
t

Brownian motion with  
variance depending on  
 and h f(t)

weak formulation

= ∫ dzζt(z)h(z)“ ”

Holley-Stroock method 
at equilibrium



dζt = ℒt ζt + dηt

Linearised  
Boltzmann operator

• Dissipation • Creates entropy 
•  Variance given by 
the recollisions 
[Spohn]

Analogy with the 1D Ornstein-Uhlenbeck process

dxt = − xt + dBt

Noise



dζt = ℒt ζt + dηt

Example : initial data at equilibrium

WN(0, ZN) =
N

∏
i=1

M(vi) × 1
(N ∏

i≠j
1|xi−xj|>ε

invariant under the dynamics

Fluctuation !eld :  ζε
t (h) = 1

με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)M(v))

M(v) = 1
cd

exp( − v2

2 )



dζt = ℒt ζt + dηt

Example : initial data at equilibrium

WN(0, ZN) =
N

∏
i=1

M(vi) × 1
(N ∏

i≠j
1|xi−xj|>ε

invariant under the dynamics

ζε
t (h) = 1

με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)M(v))Fluctuation !eld :

lim
ε→0

+(ζε
0(h)ζε

0(g)) = ∫ dzh(z)g(z)M(v)

lim
ε→0

+(ζε
0(h)ζε

t (g)) = +(ζ0(h)ζt(g)) t→∞ 0

• Time correlations decay 

• Noise preserves the 
invariant measure

M(v) = 1
cd

exp( − v2

2 )



Cumulants

f ε
2(t, z1, z2) = Fε

2(t, z1, z2) − Fε
1(t, z1) Fε

1(t, z2)

ε→0
0 except on the bad sets

x1x2

v2
v1

"a

Theorem (grand canonical formalism)

There exists            such thatT ⇤ > 0

∀t ∈ [0,T*], f ε
2(t)

1
≤ Cε(d−1)

f ε
3(z1, z2, z3) = Fε

3(z1, z2, z3) − Fε
1(z1) Fε

2(z2, z3) − Fε
1(z2) Fε

2(z1, z3)
−Fε

1(z3) Fε
2(z1, z2) + 2 Fε

1(z1) Fε
1(z2) Fε

1(z3)

a = 1



Cumulants

ε→0
0 except on the bad sets

Theorem (grand canonical formalism)

There exists            such thatT ⇤ > 0

∀t ∈ [0,T*], f ε
n(t)

1
≤ Cn ε(d−1)(n−1) n!

n ≥ 2
singular support

x1x2

v2
v1

"a

f ε
2(t, z1, z2) = Fε

2(t, z1, z2) − Fε
1(t, z1) Fε

1(t, z2)

The cumulant    encodes  recollisionsf ε
n n − 1

f ε
3(z1, z2, z3) = Fε

3(z1, z2, z3) − Fε
1(z1) Fε

2(z2, z3) − Fε
1(z2) Fε

2(z1, z3)
−Fε

1(z3) Fε
2(z1, z2) + 2 Fε

1(z1) Fε
1(z2) Fε

1(z3)



Cumulants record the recollisions

Theorem (grand canonical formalism)

There exists  such that T* > 0 n ≥ 2
∀t ∈ [0,T*], f ε

n(t)
1

≤ Cn n!
μ(n−1)

ε

A similar decomposition holds for sample paths

x1x2

v2
v1

"a

Proof.  based on a dynamical cluster expansion 
• Interactions more complicated than at equilibrium 
• Consequence : precise controls on the measure

1
με

log +ε(exp(
N

∑
i=1

h(zi(t))) =
∞

∑
n=1

μn−1
ε

n! ∫ dZn f ε
n(t, Zn)

n

∏
ℓ=1

(eh(zℓ) − 1)



Convergence to the Ornstein-Uhlenbeck process

1/ Convergence in law of the process : 
• Control of the characteristic function by the cumulants

λ ↦ +ε (exp( iλ
με

N

∑
i=1

(h(zi(t)) − ∫ dz h(z)M(v))))

2/ Tightness of the process.

• Estimates on the size of the cumulants imply that only 
      is relevant f ε

2
• Identi%cation of the variance by controlling  the  time 

evolution of      [Spohn]f2 = lim
ε→0

f ε
2

No stochastic process at the microscopic level



Large deviations

ℙε(observing φ) ≃
ε→0

exp( − με ̂ℱ [0,T*](φ))
Let    be an atypical evolution on φ ≠ f [0,T*]

̂ℱ [0,T*](φ) := sup
p

{∫
T*

0
ds[∫[0,1]d

dx ∫ℝd
dv p(s, x, v) Dsφ(s, x, v) − ℋ(φ(s), p(s))]}

ℋ(φ, p) := 1
2 ∫ φ(x, v1)φ(x, v2)(exp(Δp) − 1)((v1 − v2) ⋅ ω)+dωdv1dv2dx

Model with stochastic collisions : [Rezakhanlou]
Conjecture : [Bouchet]

with

Does this extends to the deterministic dynamics ?

The empirical measure concentrates on φ



Theorem. There exists , a functional  and   
a restricted set of functions  such that 

T* > 0 ℱ[0,T*]
ℛ

∀φ ∈ ℛ, ℙε(observing φ) ≃
ε→0

exp( − μεℱ[0,T*](φ))
For functions  in a subset  then φ ℛ̂ ⊂ ℛ

ℱ[0,T*](φ) = ̂ℱ [0,T*](φ)

Standard methods for stochastic processes don’t apply : 
• The randomness is only in the initial data 
• No obvious way to tilt the dynamics directly



Fun facts.
1
με

log +ε(exp(
N

∑
i=1

h(zi(t))) =
∞

∑
n=1

μn−1
ε

n! ∫ dZn f ε
n(t, Zn)

n

∏
ℓ=1

(eh(zℓ) − 1)

Let  be a function on the trajectoriesH(z([0,T*]))
1
με

log +ε(exp(
N

∑
i=1

H(zi([0,T*]))) =
∞

∑
n=1

μn−1
ε

n! f ε
n,[0,T*]((eH − 1)⊗n)

Laplace transform  
is linked to large 
deviations

involves a control 
of recollisions 

Question. Can this be related to a stochastic structure ? 

control of the series 



Hamilton-Jacobi equation

ℋ(φ, h) := 1
2 ∫ φ(x1, v1)φ(x1, v2)(exp(Δh) − 1)((v1 − v2) ⋅ ω)+dωdv1dv2dx1

∂t?(t, h) = ℋ( ∂?(t, h)
∂h

, h) + ∫ v ⋅ ∇xh(z) ∂?(t, h)
∂h

(z) dz

Claim. 
1
με

log +ε(exp(
N

∑
i=1

h(zi(t))) ε→0
?(t, h)

There exists  such that for “suitable” T ⇤ > 0 h

The limit satis%es an Hamilton-Jacobi equation:

Proof. (for a modi!ed HJ equation) 
The cumulants have a limiting structure  satisfying  
a hierarchy of (singular) equations.

fn(t)

same structure as the stochastic model



Conclusion

Deterministic dynamics of a diluted gas of  hard spheres : 
• Microscopic correlations & reversibility 
• Cumulants and singular correlation structure  
• Stochastic description holds also at very small scales : 

• Fluctuations around Boltzmann equation 
• Large deviations

Open problems. 
•  Local equilibrium vs memory e#ects ? 
•  Understanding the entropy cascade in the microscopic 
dynamics 

•  Long time dynamics


