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DENSITY OF INTEGER POINTS ON
AFFINE HOMOGENEOUS VARIETIES

W. DUKE, Z. RUDNICK, anD P. SARNAK

Section 1. Let V be an affine variety defined over Z by integral polynomials
fi€eZLlx,, ..., x,]

(1.1) V={xeC:f(x)=0,j=1,...,v}

A basic problem of diophantine analysis is to investigate the asymptotics as T — o0
of

(1.2) N(T, V) = {me V(Z). |m| < T}

where we denote by V(A), for any ring A, the set of A-points of V. Hence || - || is some
Euclidean norm on R".

The only general method available for such problems is the Hardy-Littlewood
circle method, which however has certain limitations, requiring roughly that the
codimension of V in the ambient space A", as well as the degree of the equations
(1.1), be small relative to n. Furthermore, there are restrictions on the size of the
singular sets of the related varieties:

V,={xeC" fi(x)=p,j=1,...,v}, p=(y)eC"

We refer to [Bi] and [Sch] for a discussion of the restriction. Regardless of these
restrictions, one hopes that for many more cases N(7, V) can be given in the form
predicted by the Hardy-Littlewood method, that is, as a product of local densities:

(%) N(T, V)~ ]:L Hp(V) 1T, V),

where the “singular series” H »<w Up(V) is given by p-adic densities:

_ #V(Z'Z)
) = lim 2202

and p (T, V) is a real density—the “singular integral.” Following Schmidt [Sch],
we say that V is a Hardy-Littlewood system if the above asymptotics (*) is valid.
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144 DUKE, RUDNICK, AND SARNAK

In complete generality, the above problem (1.2) is hopeless, and so one seeks to
solve it for a special but rich family of varieties. In this paper we consider varieties
defined via actions of linear algebraic groups and, in particular, such varieties defined
by invariant theory. In a recent paper [FMT] Franke-Manin-Tschinkel consider
the problem of counting rational points of height < T on flag varieties V = P\G
where G is reductive (over Q) and P is a parabolic subgroup. In their case, the
corresponding Eisenstein series is the key tool in determining the asymptotics. In
the theory developed below, the full harmonic analysis of L?(G(Z)\G(R)) comes
into play.

We now formulate the main result. Let G be a linear algebraic semisimple group
defined over Q. Let p: G - GL(W) be a rational representation of G defined over
Q, W being a Q vector space. Let w, € W, be a vector whose orbit V = w,p(G) is
Zariski closed. Then the stabilizer H < G of wy, is reductive and V is isomorphic to
H\G. 1t is this family of varieties that we investigate in connection with the basic
problem. The reason that the problem is at all approachabile is that a fundamental
theorem of Borel-Harish-Chandra [B-HC] asserts that V(R) breaks up into finitely
many G(R)-orbits and, more surprisingly, V(Z) into finitely many G(Z)-orbits. Thus
the points of V(Z) are parametrized by cosets of G(Z).

For our purpose of studying (1.2), it suffices to fixate on one G(Z) orbit 0, say
O = wyG(Z) with w,, € V(Z). The stabilizer of wy in G(Z)is H(Z) = H n G(Z), where
H is the stabilizer of w,. The counting problem in question becomes

(1.3) N(T, 0) = |{y € H@Z)\G(Z): [woy| < T}|.

To state the main theorem we will need to make a further restriction, one which
is satisfied by many interesting examples. We say V(R) = H(R)\G(R) is symmetric
if H(R) is the fixed point set of some involution t of G(R). Note that t need not be
a Cartan involution, and so we are not assuming that V(R) is a Riemannian
symmetric space. While Vol(G(Z)\G(R)) < oo, Vol(H(Z)\H(R)) need not be finite
as H need only be reductive. For this paper we will assume that

(1.4) Vol(H(Z)\H(R)) < c0.

This assumption can be removed by a refinement of these methods. Indeed, the basic
asymptotics below change by factors of log T if (1.4) fails.

We will usually assume that G is a Q-simple, connected Q-group, with G(R)
noncompact (see however Example 1.6). This is to guarantee that nontrivial spheri-
cal constituents of L%(I'\G) have matrix coefficients which decay at infinity (see
Theorem 2.6).

We normalize dg on G(R) and dh on H(R) so that

(1.5) Vol(G(Z)\G(R)) = Vol(H(Z)\H(R)) = 1.

Note that such a normalization builds in the arithmetical constants involved in
volumes of fundamental domains.
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With this normalization we get a unique G(R) invariant measure dg on V(R) =
H(R)\G(R) satisfying

(1.6) dg=dhdg.

Let u(T) be defined by

(1.7) wT) = f dg.
Iwodll <T

Our main result is the following theorem.

THEOREM 1.2.  Assuming V(R) is (affine) symmetric, we have
(1.8) N(T, 0) ~ w(T) as T — 0.

Remarks

1.3. We will prove Theorem 1 in the case that H nI'\H is compact and G is
classical. The assumption that G is classical is imposed to avoid technical issues
in Lemma 2.7. Our proof of the general case (H n I'\ H noncompact) is very involved
as it requires a regularization of the period integrals of Eisenstein series. Since in
the meantime Eskin and McMullen have given a technically much simpler proof of
the theorem, we see no reason at this time to present our original proof of Theorem
1 in the case that H nI'\H is noncompact. Because of its possible use in other
contexts, we nevertheless state without proof the general regularization of periods
of Eisenstein series (see Theorem 1.11).

1.3'. The assumption that V(R) be symmetric cannot be dropped since Eskin
has recently found a nonsymmetric example where (1.2) fails. See example (1.8) for
a nonsymmetric example where (1.2) holds.

1.4.  Combining the asymptotics of N(T, ¢;) over the finite number of orbits gives
the asymptotics for N(7, V). The constants ¢ coming up in Proposition 1.1 via the
normalization (1.5) are of considerable interest since the corresponding weighted
sum over the orbits gives one side of a “mass formula” a la Siegel. Indeed, the other
side is supplied if V is a Hardy-Littlewood system. Theorem 1.2 may be used to give
a new proof of Siegel’s mass formula for rational quadratic forms or, what is the
same, that the Tamagawa number of an orthogonal group is 2 [ERS]. We also
find that many homogeneous affine V’s are Hardy-Littlewood systems or are not
far from being such.

We give some concrete examples of Theorem 1.2.

Example 1.5. The well-studied case of quadratic forms is included in the above.
Let

F(xla [EEE] xn) = Zﬁjxixj
L)
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be a nondegenerate integral quadratic form, whose signature over R is (p, q),
p+q=n,pqg+#0. Let

W, = {x|F(x) = k}, k+#0.
W, is a hyperboloid and is a symmetric space of the form SO(p — 1, q)\ SO(p, q).

As long as vol(H(Z)\H(R)) < co, which certainly is the case if n > 4, then by
Theorem 1.2

(1.9) N(T, W) ~ G g T" 2.

C.. r is explicitly computable and is 0 if (and only if) there are no integral points on
V.. The case of n = 3 is instructive. Let

F(x{, X3, X3) = —x? —x3 +dx3, d>0.
Let
(1.10) V="V ={x|Fkx)=—1}.
V(R) is a one-sheeted hyperboloid, and the group G(R) = SO,(1, 2) acts transitively

on V(R) with w, = (1,0, 0) and stabilizer H(R) = SO(1, 1). H is the orthogonal
group of the form

(1.11) 0(x, y) = —x* + dy?.
If for || || on R® we choose

Ixl? = x} + x3 + dx3,
then

NT V)= 3 ral +dn?)

n <
where
ra(n) = |{(x, y) € Z*|x* + y* = n}|.
In this case the asymptotics of N(7, V) may also be deduced in an elementary fashion

e, T, if d is not a square
c;Tlog T, if d is a square

N(T,V)~{
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where ¢; > 0 [Sco]. The last dichotomy corresponds to exactly the cases, vol(H(Z)\
H(R)) being finite or not. Theorem 1.2 gives the first case and the modification
mentioned after (1.4) gives the latter.

Of course, for this example (1.5) the Hardy-Littlewood method works if n > 5
while the theory of -functions can also be used to analyze this case.

Example 1.6. Let V,,={xe Mat,|detx =k}, k#0. The group G*=
SL, x SL, acts on V,, by x(g;,9,) = g1'xg,. Over C, V,, =~ A\G* where
A={(g,9)lgeSL,} = SL, is the diagonal subgroup. It is the fixed point set
of the involution (g4, g,)° = (92, ¢,)- Thus V(R) is symmetric. The Euclidean norm
on V, ;, |x]|? = tr(*xx) is invariant under K* = SO(n) x SO(n), which is a maximal
compact subgroup. Theorem 1.2 gives

(1.12) N(T, V) ~ € T

where, if k = p{'--- pf, then

7.L.nl/zk~(n—1) a;+1 __ 1),,,(p;,+n~1 _ 1)

r (p
cn,k= =1
_ J-I=11 ) — 1) (prt — 1
r("z 2"+2>1"<;)C(2)---C(n) (i =1 (p )

n2j2

- -1, ()1 “14=2... g-(n~1)
<n> <n2—n+ 2>C(2) {(n) dl“;ﬁk dytdy*®ed, .
ri;)r(——

Note that N(T, V,,,) just counts

(1.14) Y o1

yeSL,(Z)
Iyl <T

The latter, when n = 2, is a quadratic equation and so falls into the previous
example. In this case it also corresponds to a non-Euclidean lattice point problem,
and the result and indeed our method, via non-Euclidean harmonic analysis, goes
back to Delsarte [D]. For lattice points in a non-Euclidean ball in hyperbolic spaces
see [LP], and see [Ba] for non-Euclidean balls in more general symmetric spaces
when the lattice I" is cocompact.

Example 1.7. Let S, ; denote the space of symmetric n x n matrices of determi-
nant k # 0. SL, acts on S, , by A*g = ‘gAg. Then S, ;(R) is a union of symmetric
spaces SO(p, q)\SL,(R) with p + g = n, g even or odd depending on sign(k). Theo-
rem 1.2 yields

(1.14) N(T, S, ) ~ d, , T""~ 12,
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This example generalizes easily to the variety of nondegenerate skew symmetric
matrices of order 2n and of fixed Pfaffian.

Example 1.8. Let W, denote the vector space of binary forms of degree n > 3
(n = 2 is again quadratic):

(1.15) W, = {f(x,y) = apx" + a;x" 'y + -~ + a,y"}.

SL,(C) acts on W,(C) by linear substitutions and the stabilizer of a generic form is
finite. The corresponding orbits are closed and so are described by a finite number
of polynomials in the coefficients ay, a,, ..., a,, these being generators for the ring
of invariants C[W,]5%2. On W,(R) define the Euclidean norm

n n -1
(1.16) (@0, @15 --.» an)lI> = ZO <l> ai.
For an SL,(C) orbit O = W,, let as usual
(1.16) N(T, 0) = |{f e Og: IIfIl < T}

This example falls into the H\G setup with H finite; however H(R)\G(R) is not
(affine) symmetric so that Theorem 1.2 does not apply. We will prove the following
statement.

THEOREM 1.9.

N(T,0) ~C,T?" asT— o0.

_ e _ 2.2 3

For n =3 the discriminant D(ay, a,, a,, a;) = aga; + 18aya,a,a, — 4aga; —
4ala, — 27a%a? generates the ring of SL, invariants. Thus the varieties we obtain
are

(117) Vk= {(009 abaZ» a3)lD(a)= k}
and
(1.18) N(T, V) ~ C,T*3.

The constants C, above, besides involving the usual arithmetical constants, also
involve the numbers

® d
(119 &= | i

see Section 4. Interestingly, C; is invariant under SL,(R) but not SL,(C).
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In these examples of varieties defined by level sets of a homogeneous form F of
degree d in n variables, one expects heuristically ¢T"~¢ for the asymptotics. The
reasoning being that F assumes values in [—c’ T, ¢T*] as m € Z" ranges in a ball
of radius T. Furthermore, there are order T" such points and one expects each value
is assumed (roughly) equally often. This heuristic (up to factors of log T) is accurate
for Examples 1.5, 1.6, and 1.7, but (1.18) has an unexpectedly large number of points.

The method of proof of Theorem 1.2 in principal also allows us to obtain a
remainder term. We have pursued this for the varieties V, ;, of Example 1.6.

THEOREM 1.10.
N(T, V,,) = u(T) + O(T™* "~ Y+D+ny  forally > 0.

For n = 2, which is the classical case of the upper half-plane, our remainder term
of O(T>P) falls short of the best known remainder of O(T*?) due to Selberg [LP].

We now outline the contents of the rest of the paper. In Section 2 we prove
Theorem 1.2. The problem is reduced to estimating the number of y € G(Z) which
lie in a certain family of regions Ry in G(R). To do this one applies the spectral
theory of functions on G(Z)\G(R). For simplicity we assume that the Euclidean
norm on W satisfies

(1.20) [Iwk]| = |Iwl| forke K

where K = G(R) is a maximal compact subgroup!. This assumption can be re-
moved, and we will indicate how to do so at the end of Section 2. An important
issue is the study of the H-periods of G(Z)\G(R)/K eigenfunctions of the ring of
invariant differential operators 2(S)on S = G(R)/K. Precisely, if ¢ is such a function,
let

(1.21) ¢%(g) = J ¢(hg) dh
H(Z)\H(R)

If this integral converges, as will be the case if ¢ is a cusp form, then ¢ is a left H(R)
and right K-invariant eigenfunction whose asymptotics at infinity may be studied.
The corresponding integral, if ¢ is an Eisenstein series and H n I'\ H noncompact,
often diverges and requires an elaborate regularization. We state the main result
that will be needed here.

Let P = G be a Q-parabolic subgroup with Langlands decomposition P = NAM.
Let v € Cgy(A) and ¢ a cusp form on M nT'\M, I' = G(Z). Let

(1.22) E(@= X . $(m(yg))v(a(yg)).

yePnIl

! In many examples, such a norm is unique (up to scalar multiples) and is the “natural” norm for the
problem.
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Fourier inversion gives

(1.23) E,(g) = 2m)~im4 f H(AE, ¢, g)|dA]
Re(A)=1o
where
(1.24) Edd g = Y  d(m(yg))etr+riuo
yel NP\l

for A € a¥ in the region of absolute convergence of the Eisenstein series (1.24).

Denote by C,(H(R)\G(R)/K) the space of eigenfunctions of the center Z(g) of the
universal enveloping algebra of G, with infinitesimal character A € (a,)&/W (where
a, = Lie(A,), N, A, K an Iwasawa decomposition of G(R)), which are left H(R) and
right K-invariant. Let Q be the convex hull of {wp|w € W(G(R), 4,)} where p is half
the sum of the positive roots. The general regularization reads as follows:

THEOREM 1.11. There are measures dy;, j =1, ..., v on a& and meromorphic
functions E'(g, A), A € a¥ such that

Ej(g) =<E, 1> + };1 Ef'(g, )0(2) du(4)

where Ej'(g, A) € Cy ,w(HR\G(R)/K) for A e supp(y;) and Re(By(4)) Q° for Le
support ;.

The measures dy; correspond to contour integrals of varying dimensions and
may be described explicitly. They arise from regularizing (1.21). As explained follow-
ing Theorem 1.1, we will not prove this regularization in general. Of course, when
H nT'\H is compact, Theorem 1.11 is obvious by shifting contours.

In Section 3 we prove Theorem 1.10 and in Section 4, Theorem 1.9. In Appendix
1 we estimate certain integrals, and in Appendix 2 we prove a special case of Theorem
1.11.

Acknowledgement. We would like to thank E. van den Ban, M. Burger, A. Eskin,
R. Howe, H. Schlichtkrull, and J. Silverman for their comments.

Section 2. In this section we prove Theorem 1.2. We assume H(R) is symmetric
and (1.5) holds. 0 is the G(Z) orbit wyG(Z) in W.
Define the function F; on G(R) by

@1 Fr@= Y  xr(woyg)

ye H(Z)\G(Z)

where xp(w) is the characteristic function of By = {|w| < T} in W. Clearly, we
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have

22) Fr(yg) = Fr(9)
for y € G(Z); that is, Fr lives on G(Z)\G(R). Note that
23) N(T, 0) = Fr(e).

For € L*(G(Z)\G(R)) we have

r

(Fr,¥) = FT(Q)W dg
JGZ)\GR)
= ( ; xT(Wng)) ¥(g) dg
JG(Z)\G(R) \ye H(Z)\G(Z)
= xr(wog)¥ (g) dg
JHZ)\G(R)
P PR——
= xr(Wog) y(hg) dh dg.
J HR)\G(R) H(Z)\H(R)
Thus
(2.4) Fryp) = 1rwod) ¥ (g) dg
H(R)\G(R)
where
(2.5) yH(g) = f ¥ (hg) dh
H(Z)\H(R)

is the H-period of , which is plainly left H(R)-invariant.
Applying (2.4) to ¥ = 1 and using F; > 0, we have

(2.6) IF7ll e = w(T).

151

In general, this is all we can say about Fy. That is, in general, it need not be in L?
(see Appendix 2 for an example). It is this that makes the spectral analysis of Fy.

delicate. Set

~ 1

2.7) Fr =y Fr
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We may view Fy as a probability measure on G(R)\G(R), and in view of (2.3)
Theorem 1.2 will follow from the following theorem.

THEOREM 2.1.  Fp(g) = 1 for each fixed g.

We can rewrite Fy in the form

(2.8) Figg= ¥ 1= Y 1.
me ( me ¢
mgeBr meBrg~!

LeMMA 2.2. Let L = G(Z)\G(R)be compact. Then thereis k = k(L) > 1 such that
forg,,g,eLand T > 1

F-17(9,) < Fr(g,) < F.r(92).

Moreover, as L — {e}, k(L) — 1.

Proof. Since G acts linearly on W, it is clear that for L compact there is x(L)
such that

B-irg3' © Brgi' = Birgs!

and that ¥ — 1 as L — {e}. The lemma follows immediately.

LEMMA 2.3. In order to prove Theorem 2.1, it suffices to prove that Fr — 1 in the
w-star topology, that is

(29) Froydy =L, y) = ¥(g) dg
G(Z)\G(R)

for any fixed y € Co(G(Z)\G(R)).

Proof. Fix g, € G(R). Let §, > 0 be an approximation to the identity near g,.
Precisely, ¥, € Coo(G(Z)\G(R)), [6(z)\cm) Vs(9) dg = 1and ¥, = 0 outside a compact
neighborhood U, of g, where U, — {g,} as ¢ = 0. Applying Lemma 2.2, we have

-~ K, T ~
210) Frlgo) < 106D V@) Fir() dg.
WT) Jezynom
Now by Appendix 1, we have
oM T) H(x.T)
b(x,) < liminf < lim sup——~ < a(k,
) Wy SISy S Al

with a(x), b(x) = 1 as k — 1, while by assumption

<FK,T’ ¢s> g <1’ '//¢> =1,
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Thus letting T — oo in (2.10) yields

limsup Fr(go) < 1.

T -0
In a similar way, one deduces that

liminf Fr(ge) > 1,

T—o
completing the proof of Lemma 2.3.

One further remark: Since ||FT|| = 1, it clearly suffices to check (2.9) for a dense
set of functions in Cy(G(Z)\G(R)). We will do so for certain eigenfunctions of the
center of the universal enveloping algebra. At this point we assume that (1.20) holds,
and so FT(g) satisfies

(2.11) Fr(gk) = F1(g), forke K.

This assumption can easily be relaxed to K-finite functions and hence to deal with
the general || || on W.2

Thus F; € L1(G(Z)\G(R)/K), and we may stick to y’s on the same space. The ’s
we consider are eigenfunctions of the center of the universal enveloping algebra
Z(g9). The infinitesimal character of such an eigenfunction corresponds to a point
N € at/W where NAK = G(R) is an Iwasawa decomposition, a = Lie(4). Since
G(Z)\G(R) need not be compact, we need to include certain Eisenstein wave packets
in order to get a dense set. Precisely, for each Q-parabolic subgroup P of G, let

(2.12) P=NPAPMP

be a Langlands decomposition of P. For v € C§y(4p) and ¢ a cusp form [HC] on
MpnT\Mp/Mpn K, T = G(Z), let

(2.13) PEfd9)= Y $(mp(vg)v(ar(rg)).

yel nP\I'

This is a finite series and the resulting function E, € Co(G(Z)\G(R)/K). According
to standard convention, P = G is also allowed, in which case the above function is
just a cusp form on G(Z)\G(R)/K.

LemMMA 2.4.  The functions pE (9, g), as P runs over parabolics, v € C3y(A), and ¢
runs over cusp forms on Mp " I'\Mp/K N My, are dense in Co(G(Z)\G(R)/K).

Proof. Let v be a measure of finite (total) variation on G(Z)\G(R)/K. We must
show that, if v, pE(¢, *)) = O for all P, v, ¢, then v = 0.

2 Theorem 2.6 below holds for K-finite functions, while the rest of the argument can be carried out
along the lines of §4.
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Let k,(z, w) be a point pair invariant on S x S [Se] of compact support which as
¢ | 0 is an approximation to the identity. Let

(2.14) K(zw= ) k(yzw)
yeG(Z)
and
(2.15) f(2) = J K,(z, w) dv(w).
G(Z)\G(R)

Then f,(z) € C*(G(Z)\G(R)/K) and is of moderate growth. Moreover,

(2.16) CMPEXCR ase—0

for all Y € Cyo(G(Z)\G(R)/K). It is easy to see that, for each g, f, satisfies the same
hypothesis as v, i.e.

(2.17) {fe PEs(4,)> =0  forall P, v, 4.

The last implies f, = 0 by a theorem of Langlands (see [HC, Theorem 4]). Hence
in view of (2.16), v = 0 as needed.

This lemma allows us to deal with cuspidal Eisenstein series only. This is an
important technical point since we avoid the difficulties associated with residual
Eisenstein series. Indeed, those are needed for L2-decompositions, which is not
appropriate in our problem since Fy is not necessarily in L2,

Our analysis shows that it suffices to prove the following proposition.

PROPOSITION 2.5.

CFry pE(8, )> = <1, pEy(8, *)D

Jor all such E’s.

We begin by proving this when P = G, i.e. ¢ is a cusp form on G(Z)\G(R)/K. If
G(Z)\G(R) is compact, this case would be the whole story. (“Cusp form” then means
an eigenfunction.) The function ¢ (as well as the general E (¢, ‘) is rapidly
decreasing in the cusps of G(Z)\G(R) [HC], so that calculation (2.4) applies and
yields

-~ - 1
2.18 Fd)=—— NéH(g) dg.
(2.18) {Fr, $> 2D o xr(wWo )97 (9) dg

Also from (2.5) (which converges) ¢¥(g) is an eigenfunction of Z(g) and is both left
H(R) and right K-invariant. Denote by C, (H(R)\G(R)/K) the linear space of such
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eigenfunction whose infinitesimal character is /\ € a’%/W. Now we use heavily the
fact that H(R)is symmetric. This allows one to conclude [FJ] that C,(H(R)\G(R)/K)
is finite-dimensional. Let Q < a} be the convex hull of {wp|we W} and p € a} is
half the sum of the positive roots. Let Q° be its interior. We will need the following
theorem due to Rudnick and Schlichtkrull [RS].

THEOREM 2.6. If Re(/\) € Q° and Y € C ,(H(R)\G(R)/K), then y(§) = 0as g — o
in HR)\G(R).

Returning to (2.18), if ¢ is a (nonconstant) cusp form on G(Z)\G(R)/K with
eigenvalue /\, then since ¢ appears in the L? spectrum, the Howe-Moore theorem
[HM], [BW] implies that Re(/\) € Q° and hence that

(2.19) #%(g) -0, as g — oo in H(R)\G(R).

This is where we use the assumption that G is a Q-simple connected Q-group; this
ensures Howe-Moore for nontrivial spherical constituents of L?(I"\ G). In the setting
of Example 1.6, where I'\G = I';\G,; x I';\G,, and H = A = G, is the diagonal
subgroup, we further need to note that, although there are representations in
L%*(I'\G) whose matrix coefficients do not decay at infinity, the only irreducible
nontrivial representations with nonzero H-periods are of the form Il = =, ® #,,
with 7, an irreducible unitary representation of G,, and so except for the constants,
all eigenfunctions ¢ for which ¢¥ s 0 have their Langlands parameter in Q° and so
satisfy (2.19).

From (2.18) it follows that {Fy, §> — 0 = 1, #> as T — oo as needed. We note
that, if A\ € iag/W, that is ¢ belongs to the tempered spectrum (which is what is
expected for most cusp forms by the general Ramanujan conjectures; see [BLS],
[Sa]), then the result of Rudnick-Schlichtkrull mentioned earlier ensures that, for
e >0,

¢" € L***(H(R)\G(R)).
Thus
(Fr, $) = O,(u(T)"?**).

That is, these frequencies contribute at most the square-root of the leading term!

We now deal with the more general ,E, (¢, g). One cannot directly deal with the
Eisenstein series (1.24) since (2.5) may not converge. Instead, we apply (2.4) to
pE (4, g) and use the regularization Theorem 1.11. This gives

(220)
{Fr, E (8, )) = <E,(¢, "), 1)
+y f (—1— X1 oD ER (g, A) dg) 80N dy(N).
j=1 wT) H(R)\G(R)
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The integrals are all absolutely convergent, a fact which follows from 6(/\) being
rapidly decreasing in Im(A\), while Ef!(g, /\) is polynomially bounded in Im(A\).
Now for A fixed in the support of dy;,

1

J— NEH(g j —
) H\GXT(WOQ)E, (9N dg—0

as T — oo. The reason is that, by Theorem 1.11, Ef(g, \) € Cp (n(HR\G(R)/K)
with Re Bj(/\) € Q°, and so Theorem 2.6 applies. Thus the result that

(Fr, pE(@, ")) = {1, pE,(8, *)>

follows from the convergence theorem and the following lemma [Ru]:

LEMMA 2.7.  Assume G is classical. Then for C a large compact set in G(R), there
is a constant ¢ such that, for Re(\) € Q and an ¢ € C,(HR)\G(R)/K),

l#(g9)l < c sup |#(g1)I-

Section 3. In this section we prove Theorem 1.10. We do so for V, , =
{(xy)ldet x;; = 1}, G = SL,. The more general case of V, , is dealt with in a similar
way by considering each of the I' = SL,(Z) orbits on matrices of determinant k,
separately. For ¥, ; we prove the following more general theorem.

THEOREM 3.1. Letn > 3 and I = SL,(R) be any lattice. Set

NTD= ¥ 1

Iyl €T

where ||g||? = tr(‘gg). Then
N(T,T) = u(T) + O (T~ n~(e+itny - for all n > 0.

Here u(T) as in (1.7) is defined to be

w(T) = J dg.
SL,(R)

gl T

Its asymptotics are described in Appendix 1.

The above theorem is not valid for n =2 since I'\SL,(R) may have small
eigenvalues [Ra]. However, if I' = SL,(Z) or a congruence subgroup thereof, then
the result is true with the remainder term of the form O(T%3), a result due to Selberg
[LP].
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We turn to the proof of Theorem 3.1. Here G = SL,(R), K = SO,(R), and G/K is
the Riemannian symmetric space of positive definite matrices of determinant 1.
What we exploit here over and above the techniques of the last section is the
multiplicity one of zonal spherical functions. That is, for an A € a§, C,(K\G/K) is
exactly one-dimensional [Se]. In fact, its unique member ¢,(g) whichis 1 at g = e
is given by

(1) #.(0) = f e+t g
K

where p is as usual and elements of a = {trace zero diagonal matrices} are denoted
by H.
Let ky be defined on G(R) by

e 0=y s
Note that kp(k,gk,) = kr(9), ky, k, € K. Set

(33 Kr(g, h) = y;r kr(g™"vh).
So

(3.4) N(T,T) =KL 1)

and

(3.5) Kr(y1gka, v2hkz) = K1(g, b)
fory,,y, €T, ki, k, e K.

We examine the precise behavior of K7(x, y) near (I, I) in the space G/K x G/K
of positive definite matrices of determinant equal to 1.
Define || |, on G(R) by

(3:6) 15112 = Amax('bb).
Let
(3.7 B.={x="9g:llglw <1 +&lg7 o <1+¢}.

LemMMA 3.2. Forx,ye B,

Krg4g-2(%, y) < Kp(I, I) < Ky 4e2(%, Y).

This will follow from the next lemma.
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LeEMMA 3.3. For b, ce G(R)
Ibell < Iblllicl  and |lbell < [1B]] llcll -

Proof. Let0<A; <4, € <4, be the eigenvalues of ‘cc and 0 < 4} < 1) <
o § A, those of ‘(bc)bc. We first show that

(3.8) A<|IbIZA;  i=1,...,n.
Write 'bb = 'k dk where k € O,(R) and d > 0 is diagonal. Define
t="%k(|b|Z] — d)k =0
by (3.6). But
Ibll2%cc = 'c('bb + T)c = "(bc)bc + ‘ctc.

Since ‘ct¢ = 0, we deduce (3.8).

Now we can write the singular value decomposition of ¢ = k;ak, where a is
diagonal, Of course |c|| = ||a||. Further, ||a|| defines a norm on R" which depends
only on the absolute values of the components of a. Thus

bell = I(A1)"2, ..., ()2
< bl (12, ..., 22l
= [[bllollcll by (3.8).

The second inequality follows from the first together with the obvious fact that
I'6ll = |l

Note 3.4. The above proof, as well as what follows, would apply just as well to
any norm || || on G(R) satisfying

lkygkall = lligll, ki, ke K.

We turn to the proof of Theorem 3.1. Choose € CF(I'\G(R)/K) supported in B,
and such that y 2 0, [r\gryx ¥(x) dx = 1. According to Lemma 3.2,

(3.9) H(T(1 + &72) < N(T,T) < H(T(1 + ¢)?)
where
(3.10) H(T) = ” V(X)W (MKr(x, y) dx dy.

F\G(R)/K xI'\G(R)/K
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On the other hand, H(T) can be expanded in the spectrum of L%(I"\G(R)/K). In this
case it would be in terms of cusp forms, unitary Eisenstein series as well as residual
Eisenstein series [L]. However, (3.10) is a purely L2-statement, and so one can
simply appeal to the abstract spectral theorem for the selfadjoint ring 2(G(R)/K) to
get

(3.11) H(T) = f he (AN (N)I? du(N)

where ¢ < a¥% denotes the spectrum of L2(I'\G(R)/K), hr(/\) is the Selberg trans-
form

(3.12) hr(N) = ¢ (9)kr(9) dg,

G(R)

and / (/\) is the spectral transform of /(g). In particular, we have Parseval’s formula

(3.13) f ¥ (g)I* dg = f (NP du(/).
'\G o

Note that (3.11) uses the multiplicity-one theorem for zonal spherical functions. In
(3.11) we separate out the main term which comes from the constant function—that
is, from A\ = pino.

(3.14) H(T) = hy(p) + Rem(T)
where
(3.15) Rem(T) = j he(A) (N2 du(N).
A#p
Of course,
(3.16) hr(p) = f kr(g) dg = w(T).
G(R)

We know that u(T) = O(T™"); hence it follows from (3.9) and (3.14) that
(3.17) N(T,T) = u(T) + O(T™ " + Rem(T)).
To estimate Rem(T) we need to know a little about the spectrum o, which we

note is contained in the unitary spherical dual of SL,(R). From the classification due
to Vogan [V] (see also [Sca]), one can show that, for A € a¥/W, A\ # p, and ¢,(9)
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the corresponding spherical function, we have uniformly
(3.18) allr < Cp < 00

forp>2(n—1).
Thus for A € g, /\ # p, we have

1/q
(3.19) LMPAVIES ( L |kr(g)I* dy) -CP < (WT)MC,?

where 1/p + 1/q = 1 and p > 2(n — 1) is fixed. Thus from (3.15)

(3.20) Rem(T) « (u(T))”"J (N dA.

a—{p}

From (3.13)

j (N2 dA < f ¥.(9)I* dg
a—{p)} I'\G/K
= 0(81—(n+1)n/2)'

Since ¥, is an approximation to the identity on an (n(n + 1)/2 — 1)-dimensional
space, it can be chosen to be of L2-norm as above. This gives

Rem(T) <<" Tnz—(3/2)n+n81—n(n+1)/2
for any n > 0 (using p > 2(n — 1)). Hence returning to (3.17),
N(T,T) = w(T) + Oﬂ(sTnz—n + T 32mtngl=nn+1)2)
To minimize the remainder choose
g = T-Y0+D),
and we obtain Theorem 3.1.

As mentioned before, the above arguments are exactly adapted to deal with other
K-bi-invariant norms. For example,

lgli? = tr((‘99)*)

arises naturally from the action of G = SL, on positive definite symmetric matrices
sym™(n). We obtain in this way the following theorem.
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THEOREM 3.5. Let

N(T) = 1

Be symZ(n. z)
det B=k
Bl <T

where ||B||?> = tr(‘BB); then
N(T) = py(T) + Oy (T®~m2-120+1%ny - for > 0.
Here
pi(T) ~ ¢, T2
for a suitable nonzero constant c, , (assuming of course that k = 1).

Section 4. Our aim in this section is to prove Theorem 1.9 and some related
results. This case involves G = SL, and H finite. We hope the method below will
form a basis for the general case when H(Z) is finite.

We begin with some results concerning lattice points in regions in #—the
hyperbolic plane. Let I < SL,(R) be a lattice and let

(4.1) N(T, R) = [{y e T'ld(yi, i) < R}|

where d(z, w) is the non-Euclidean distance. (Of course, one could consider d(yz, w)
for z, we o as well) It is well known (Delsarte [D] in the cocompact case and
Selberg [LP] in the finite-volume case), and is also a special case of Theorem 1.2,
that

n R

(4.2) N(r, R) ~ Wé

as R — 0.

The usual argument leading to this may easily be extended to include the case of
lattice points in sectors. That is, if (r, 6) are geodesic polar coordinates about i and

4.3) N(T, R, I) = |{y e T'|d(yi, i) < R, 0(yi) € I}|
for I = [0, 2n], then

I(I)e®

(4.4) N(r, R, I) ~ E—W ’

I(I) being the length of I.
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We extend (4.4) to cover regions Ry < J# of a more complicated nature. Let p;(6),
—n £ j < n, be trigonometric polynomials. Let Ry be the region defined by

@45) 1", O)F + 1" p, 5O + -+ + TP, O) < T2
Let
(4.6) N, Ry) = |{yeT|yie Ry}l

PROPOSITION 4.1, Assume that

2n d0
s K =I TNG

0

and that (p,(0), ..., p-.(0)) # (0, ..., 0) for all 6 € [0, 2n]. Then

K 2/n
N(I",RT) WT as T — 0.

Note. If n = 3 and the zeros of p, are simple, then K < oo; this will be used in
applications. Also the assumption about the nonvanishing of (p,(0), ..., p_,(0)) is
equivalent to Ry being compact.

We will need the following general upper bound.

LEMMA 4.2. Let R be a connected region in #; then
N(T, R) « Vol(R) + length (OR).

Proof. Without loss of generality, we can assume that I" has no torsion. Let
&g = &o(I") be such that

d(8i, yi) = d(i, 6™ yi) > &,

if d #y. For y e I such that yi € R let B, ,(yi) = yB, (i) be the ball about yi of
radius &,/2. Now either B, ,,(yi) = R in which case let m(y) = Vol(B,,,(yi)), or
OR N B, (i) # @. In this latter case let C be the connected component of R N B, 1, (yi)
containing yi (see Figure 4.3).

Since R is connected, C must meet 0B, ,(yi). There are two possibilities: either
B, (i) meets 0C, in which case |0C| > &,/4 and |0R N B, ;5(yi)| » €3/4, or R >
B, 4 (yi) and VoI(R N B, ;(vi)) > £5/4. In this way we associate to each y with yi € R
either a subregion B, > R of volume m(y) » 1 or a subset of dR of length n(y) » 1.
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FIGURE 4.3

Moreover, these sets are all disjoint as we vary over y € I'. Hence

Y 1« Y m(y) + n(y) < Vol(R) + length (0R),

which proves the lemma.

LeEMMA 4.4. Let f be continuous on [a, f] < [0, 2] and f(6) # O for 0 € [a, 5]
Let Ry ; = {(r, 0)|r < v1og|T/f(0)|, « < 6 < B} where v is a positive constant. Then

T B 46
@9 N Re 1)~ svoienas) ), for - “ T~

Proof. The lemma follows from (4.3) by an obvious approximation argument.

We now prove Proposition 4.1. Clearly p,(0) # 0; so let 0, ..., 6, be its zeros. Fix
¢ >0 and define RY and S¥ by: R% consists of all (y, 6) satisfying (4.5) with
0¢l, =)' (0 —¢ 6+ e)and S = R;\RY. From Lemma 4.4 one deduces that

1 do T
49 N(T, RP) ~ <-J )
49 NV 10, 2e01, [Pa(O)|*") Vol(T\H#)

as T — o0.
We claim that

(4.10) NI, S®)<a(ET? asT—-

where a(e) = 0 as ¢ = 0.
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Granting this, we have for each fixed ¢

N(T, Ry) _ <1 j do
[

1
T = \2 Jio.2mu, |pn(0)|2/">Vo1(r\x’)

lim sup 3

T—wo

+ a(e)

and

lim inf

T-ow

N(r,RT)><1f g \ 1
2 [

T2 7 \2 Ji0,20, 1P(0)17"JVol(T\#)

Since K < o0 and a(¢) » 0 as ¢ = 0, Proposition 4.1 follows from the last two
inequalities.

We turn to (4.10). It suffices to consider each such (6, — ¢, 0, +¢) separately. Say
0, = Oisazero of p,(0) of order m. Now 'R = Rg n {0||0| < &} is contained in both

2/1

1)) r < log , |0l <e,

p:(0)

2/n

(II) r < log , 0] < &,

Pa(6)

where 1 < | < nis such that p;(0) # 0. (That such [ exists follows from the assump-
tion in Proposition 4.1.) Now we use the set II to bound 'R% in the range 6,(T) <
0 < ¢ and I in the range 0 < 0 < 6,(T) where 6,(T) is to be determined. Near 0,
pa(0) = aB™ with a # 0 (and m < n/2 since K < o0); hence

€ 2/n

6 = T, (¢)

(4.11) Vol(Il) « J

0,(T)

T
pa(0)

where a,(¢) | 0 as ¢ — 0. Also

€ 2
[0(IT)| « J \/ (j—;) + (sinh r)? df
04(T)

r(6) = log T*" — log|p,(0)*"

where

~ log T?" — log 9™/,
One checks that
4.12) |0(Il)| « —log 6,(T) + a,(e) TH"

with a,(e) > 0ase— 0.
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On the other hand,
Vol(I) « 0,(T)T*"
(4.13) and

10(I)| « 6,(T)T?".

165

So choosing 6,(T) = 1/T and applying Lemma 4.2, we establish (4.10) and hence

Proposition 4.1.

With these results on lattice points we turn to the proof of Theorem 1.9. Let W,

denote the space of binary forms of degree n

414 W,={f(x,y) =aox" + a;x"ty+ - +ax""y' + - + a,y"}.

For f e W,, disc(f) # 0, denote by Orb(f, Z) = fSL,(Z), Orb(f, R) = fSL,(R) the

orbits of f under the action of SL,. Let || || be

n -1
If1? =Y a? (") ;
i=0 i
then

(4.15) Ikl = 1 fll forall k e SO(2).

Under the above representation of SL, the matrix I:j g] takes the form

B o ﬂ" ]
ne"ty .o nprls
(4.16) <n) -
. a”—l,yl
i
L7 o" |
. cosf sinf ||t
= >1,
Hence if g [—sin(-) cos 0][ t_l]k,keK,t 1, then

(4.17) Jp(g) = (t"pa(6), t""%p,—5(6), ..., t"p_,(6))
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where
(4.18) p.(0) = f(cos 0, sin 6).
The condition | fp(g)ll < T becomes
(4.19) 1£"pu(O) + 1" 2Py 2 O)* + -+~ + [t "p_,(O)1> < T?
If we map SL, — 3 by g — gi, then (4.19) becomes
"2 p () + -+ + |72 p_,(0)1> < T?

where e"? = t and (r, 0) are polar coordinates about i. That is, we get (4.5). Hence
we see that

(4.20) N(T, Orb(f, Z)) = N(SLy(Z), Rr)

|Stab,(Z)]

with Ry as in (4.5). We are assuming n > 3 so that Stab(Z) = {y € SL,(Z)| f = fo(»)}
is finite.

Now Ry is compact; so by note (4.2) the nonvanishing condition is satisfied. Also
we are assuming disc(f) = k # 0 so that

K. = 2 de N dx <o
77 Jo 1f(cos 6, sin O)7 ), [ £(1, 0)P"
since n = 3 and the roots of f are simple. Thus Proposition 4.1 applies, and we get

3K,
2n|Stab,(Z)]

2/n

4.21) N(T, Orb(f, Z)) ~

This proves Theorem 1.9.

The constant K ; also appears in an asymptotic problem concerning binary forms
in the work of Siegel and Mahler [Ma]. We apply (4.21) to the varieties V < W,
which are given by specializing (to integers) the values of the invariants. The ¥}’s in
(1.7) are examples of such. For such a V, let fi, ..., f, be a representative set of the
h (h = class number) SL,(Z)-orbits in V(Z). Here h may be zero which happens if
V(Z) = . From (4.21) we obtain the following result.

THEOREM 4.5.

h
N(T V)~ (Z |Stab,, (Z)|) .



DENSITY OF INTEGER POINTS 167
Note that K is SL,(R)-invariant; so we may collect together the SL,(R) classes

above. For example, in the case of n = 3, there is only one SL,(R) orbit with a given
discriminant. Also if the discriminant

D = —27a%d? + 18abcd + b*c? — 4ac® — 4bd> < 0,

then Stab,(R) = 1 for any f of discriminant D. (The complex roots f(1, x) = 0 must
be pointwise fixed and hence also the real root.) We conclude that for k < 0 and

Ve=1{(a,b,c,d)ID(a, b, c,d) = k},

we have
(421) N(T, V) ~ 55

where h = h(—k) is the class number and

® dx 3 Lo dt
4. | & -y 4
#22 ks I—ao (1+x%* 2= té L J1=1

APPENDIX 1
The volume function u(T)

In this appendix, we derive some properties of the measure u(T) given in (1.7),
and show that

HxT) < lim su u<T)

(AL1) b(e) < lim inf" 7 < lim sup® o

< a(k)

with a(k), b(k) — 1 as k — 1. We also compute u(T) explicitly in the case of SL,,.

Structure theory. Let G be semisimple, ¢ an involution of G with fixed-point
group H, 6 a Cartan involution of G commuting with ¢, and K the corresponding
maximal compact subgroup of G. Let g = k @ p = h @ q be the decomposition of
the Lie algebra of G into the + 1-eigenspaces of 6 and o, respectively. Let a, be a
maximal abelian subspace of pn q, =, = Z(a,, g) the root system of a,in g, Z; a
system of positive roots, and p the corresponding half-sum of the positive roots.
Denote by g* the fixed points of the involution fg; it is a reductive subalgebra of
g with a_ as its Cartan subspace. Let Z(a,, g*) be the set of restricted roots, and
Z*(a,, g*) a set of positive roots chosen so that it is contained in Z;. Let a; be the
positive Weyl chamber determined by the choice of Z*(a,, g*). We have a “polar
decomposition” G = KA, H and, corresponding to it, an integral formula for Haar
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measure on G [FJ]:

(A1.2) jf(g)dg=fj jf(kexp(Y)h)é(Y)ddedh
G KJa; JH

where dh, dk are Haar measures on H and K, dY is Lebesgue measure on a,, and
the Jacobian factor 3(Y) is defined as follows: For eachroota € Z ,let g, = g; ® g,
be the decomposition of the corresponding root space into the + 1-eigenspaces of
6o and let m.(x) be their dimension. Then up to a constant factor, 6(Y), Y € a,, is
given by

(A1.3) 6(Y) = [] sinh™®@a(Y) cosh™@a(Y).

+
ae}:q

The asymptotics of u(T). We are given a linear representation of G on a vector
space R¥, a vector v, € RY with Stabg(vy) = H, and a K-invariant euclidean norm
II-]l on RN, For T > 0 we let

1, loogll < T
0, otherwise.

(AL4) xr(9) = {

In Lie algebra coordinates, xr is a characteristic function on a,, given by
inequalities involving linear forms 4, € a¥. More specifically, in the representation
of G on RY, one can choose an orthonormal basis consisting of eigenvectors {v; }-,
for A,

(A1.5) v; exp(Y) = e* My, Yea

q°

Thus yr(exp Y) is the characteristic function of the set
N

(AL.6) Sr=<{Yeal: } Mg Tz}.
i=1

The volume function u(T) is written as a (euclidean) integral

(A1.7) W(T) = J 5(Y)dy.
s +

T Cag

We may describe Sy in polar coordinates (r, w) on a,:

(A1.8) Sr = {(r, w): Y, 2@ < TZ} .

Let f,(r) = Y %™ Then f,,(r) is increasing for r sufficiently large (independent
of w), and so Sy is star-shaped for T large. For ¢ > 0, define r,,(¢) by f,(7,(2)) = €".
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LEMMA. There is ¢, > O such that, for all t » 0, w, and « > 0,
(A1.9) 0<ry(t+ a)—r,(t) < coa.

Proof. 1t suffices to give an upper bound for the derivative of r,, or, what is the
same, a lower bound for the derivative of f,,. For each w, let 1,,(w) = max; 4;(w) and
let A* = min, A, (w). Then A* > 0; otherwise, there would be infinite directions on
H\ G which keep the vector v, inside a compact set.

For r > 1 we have

fa)= % 2@ — 3 2|k @)|eHer

Ai(w)>0 Ai(w)<0

> 2] (w)e2 ™=@ — ¢ > 24t o _ C > Ke?helor

and so we find

1
)<CO. D

t
e
(1) = 22i()ro(1)
rw(t) - < Z € KeZ/LO(m)rw(t
i

w

The volume u(T) can be expressed in polar coordinates as

ro(t)
pe’) = f j 8(r, w)yri™t dr do = J u(e', w) dw
wJO [

whered = dim a,and p(e', w) = [ 6(r, w)r*~" dr. From (A1.3),it can be seen that

(A1.10) S(r, o)ri ' < ¢, j 8(s, w)s?t ds.

0

Therefore we have by (A1.9)
/,t(e'+°’, w) J‘rw(wa) _ er(t) _
logm—— " =1o 8(r, w)r~tdr —lo o(r, o)yr® ! dr
& @) g \ (r, w) g . (r, w)
rolt)

ro(t)+coa
< log J é(r, w)rt~' dr — log J 8(r, w)rit dr

0 0

By the mean value theorem, for some r < u < r + ¢, this equals

S(u, w)u™t
(u, w) < ca

- coa% 8(s, w)s¥lds

by (A1.10).
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Therefore if k > 1, u(kT, w) < k°u(T, w) for ¢ > 0 independent of w. Integrating
over w, we find

ukT) < x°u(T),

which proves (A1.1).

An integral on SL,,. On GL (R) use the Haar measure
dg = e**"™ dk da dn

where KAN is as usual, (¢ dk = 1, da = da, /a, -~ da,,/a,, dn =[] dn;.

2p(Hy=(m—-1)H, + (m—3)H, -+ —(m — 1)H,,.
Let

(A1.13) F(s) = f e™"C99(det g)* dg
GLy(R)

for Re(s) large. We first evaluate F(s).

J e—lr(‘n‘aan) dn
N

—a2—a2n2- —a2n? —a2—a2n2. - —a2n2 - —a2
=J' e oI TaNg T T AN T Ay T ANy T ANy, Ty dnij
N

—a}-a}--—-a2 20 -1 ., a;(m—l)nm(m—l)/lt‘

=e "y A1 *

Hence
0 o 2 2
F(s) = cen nm(m~1)/4e—(a,+---+am)al—(m—l) ces a,?,ai"“‘ ces a;(m—l)
0 0

da, da
(a,a-,""*a S cee m
( 142 m) a, ap

amm D (s g ] —
= r :
7 1 ( 2 )
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Now let dg = dg,(dt/t) where t = det g and dg,, is the corresponding Haar measure
on SL,(R). Let H(A) be defined by

HQ) = J e rta080) dg
SLyu(R)

The asymptotics of H(4) as 4 | 0 will give us the volume asymptotics.
Now setting g = t/™g,,

—tr(t, ® —t2/myp(t dt
el gg)(det g)dg = e 1mir(*gogo) dgo 5=
GL3(R) 0 \JsL.®) t

= Jw H(tz/"')t’gf = F(s).
0 t

Thus if f(t) = H(t¥™), then for ¢ large

1 gmemm DA m <s +1 —j)
t) = — r t™ds.
70 2mi fRe(sFé 2" 11;]1 2

Shifting the contour to the left, the first pole occurs when s = m — 1. Hence

m(m-1)/4 m~1 —
fo~2" - TI T <-—-—m ]> =D
2 j=1 2

ast — 0. Hence

mm—1)/4 ;-1 s
(Al1.14) H(t) ~ T . n 1-(’"2 J>.t—m(m-l)/2.

2m—1 j=1

Setting

Y(x) = f dgo
tr(*gogo) <x

we have

H() = f " e dye).

0

Thus by a standard Tauberian argument [W, p192], (A1.14) implies

7.l:m(m--l)/‘t m

(A115) Y(x) ~ l:-[l F(ﬂ—;—]> x™m-D2 a5 x 00,

2m_ll_<m2 —-m+2> j=1
2
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The passage to the asymptotics for dj, which has vol(G(Z)\G(R)) =1 is
straightforward. First, one deduces the analogue of (A1.15) for the measure (on
GL,(R))

dj = [1:.;dg;
|det g|™

which differs from dg by a factor of

2m-1 nm2/2 —m(m—1)/4

If dj, is the corresponding measure on SL,,(R), then according to Minkowski (see

(Si]),

Voly;0(SLu(Z\SL,,(R)) = {(2){(3) - {(m).
(1.12) then follows.

APPENDIX 2
Regularizing Eisenstein periods on SL,(R)\SL,(C)

Let G = SL,(C), H=SL,(R), I" = SL,(Z[i]) the Picard group, and I'y =
HnNT =8SL,(Z). Let

1 z yir2 0] }
N = :zeCyp, A= 2 |[FY>0p,
{[0 1] } {[0 ye Y

i
M= [e e_w], P=MAN, K=SUQ).

1/2

0
y = y(g) > 0. In these coordinates, Haar measure on G is given by

.. 0
Any g € G has Iwasawa decomposition g = n|: y_m:l k,neN, ke K and

dg = dn% dk.

Likewise, Haar measure on H is given by dh = dn y~2 dy dk'.



DENSITY OF INTEGER POINTS 173

Remark. This situation gives an example of F; which is not in L?:

y1/2 0 1 in )’1/2 0
FT(( 0 y_1/2 > nezz XT 0 1 0 y—1/2

=Y xr L infy »y asy-oo.
neZ 0 1

Since the measure on I'\G is y~3 dz dy dk, this estimate shows that Fy ¢ L.

Define an Eisenstein series on G by

E(g )= Y . y(yg)*

yel NP

which is absolutely convergent for Re A > 2 and has meromorphic continuation
with simple pole at 4 = 2, with residue

Vol(I' n P\N)

(A2.1) Res E(0, 1) = ~—oimg)

The constant term of E(g, A) along N is given by

E"(g, %) = J E(ng, %) dn = y(g)* + ¢(A)y(9)*~%,
' AN\N
with

_i-1

&(s) being the Dedekind zeta function of Q(,/ — 1) (with archimedean factor).

Denote by EDV the space of entire functions f(4), rapidly decreasing in vertical
strips. For f € EDV, define f € C*(N\G) by

1 N
flg) = i f(A)y(g)* da.

Re i=4io

Now for Re A = 1y > 2, let

1 R
E/(g9) = , Y " flyg) = i L - f(A)E(g, 4) di

elnP
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and define

Ef(9) = J E((hg) dh.

T nH\H

Mellin inversion shows that
(A22) J E/(g) dg = Vol(I' n P\N)f(2).
I'\G

As a special case of Theorem 1.11, we will show the following theorem.

THEOREM. If ¢ > 0 is sufficiently small, then

Vol(I'y\H
Ef(9) = Vool((lf‘!\\G))’ r\e Ea)dg
1 N N
tom J)E®H (g, 2) dA — f(1) f y(kg) dk,
Red=2-¢ KnH

where ESH(g, A) is an H-invariant eigenfunction with central character A, meromor-
phic in A.

We use the standard fundamental domain for SL(2, Z):

1 x|[y¥?
F = {|: 1][ y_m:Ik: —12<x<1/2,x2+y*>1,ke SO(2)}

Let T > 1 and decompose F as F = Fy(T) v Fp(T) where
Fuy(T)=t{he F:y(h) < T}
which is compact and
Fp(T)={he F:yh) > T}.

Then

E,(hg) dh + f E,(hg) dh.
)

Fp(T)

Ef(9) = J

Fu(T'

In the compact part, we interchange order of integration and write (for Re 4, > 2)

J E(hg) dh = —1— f {J E(hg, 4) dh} da,
Fu(T) 270 JRea=io Fa(T)
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which is meromorphic in A, with a simple pole at A = 2 with residue

Vol(I' ~ P\N)

Vol(T\G) Vol(#4(T)).

Res j E,(hg) dh =
Fy(T)

A=2

Since for Re A >2 we have E(g, ) ~ y(g9)* as y(g)— oo, in the integral
[ ;Ef(hg) dh we cannot interchange orders of integration as in the integral over
Fu(T).

Note. For he %p(T) and g in a Siegel set S relative to P, hg lies in N%;.
CoNCLUSION.  E(hg, A) — E®(hg, 2)israpidly decreasing in h as h varies in Fp(T).

This is because E(g’, ) — EF(g’, A) is rapidly decreasing as g’ — o0 in N%.
Now write

1 A 1 N
(A2.3) Eg(hg) = 3 j S(A)(E — EP)(hg) dA + i f(A)EF(hg, 2) dA.

Re A=4o 2 Re A=Jo

Then the integrand is rapidly decreasing for h € #p(T); so the integral over %p(T)
of the first integrand in (A2.3) is absolutely convergent, and we may write

(A2.4) J E,(hg) dh = i f f(z)“ (E — EP)(hg, %) dh} di
Fp(T) 27 Jge A=4o Fo(T)

+J {i f f()EP(hg, 2) di} dh.
Zp(T) 2ni Re A=1,

Since E"(g, 4) = y(9)* + ¢(1)y(9)*~*, we have

(A2.5) f(A)EP(hg, 2) dA

Re i=4g

B J _ TO{0 vl + $GIyRY~yllg ™} 2.

For Re A = 4y > 2, y(hg)*~* = y(h)*>~*- y(x(h)g)*~* is decreasing in Fp(T) and is
integrable over %p(T). Note that ¢(4) is bounded in Re 4 > 2.
We separate out the two terms in (A2.5); the second one equals

(A2.6) —:r—l f@ (¢(/1)

2ni Jge FEYN

y(hg)*~* dh) di.

Fp(T)
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Now we deal with the contribution of the first term of the integrand in (A2.5):

1 A
A2.7 - A)y(hg)* dA ¢ dh.
(A2.7) L,m {27:;‘ Lemof( )y(hg) }

We first shift the contour in this integral from Re 4 = 4, > 2 to Re 4 = 4,, with
A, < 1. This can be done since f(1) € EDV. Having done this, the integral in (A2.7)
is absolutely convergent and after interchanging order of integration equals

(A2.8) _I—J £ J y(hg)* dh di
Rei=i;<1 Fp(T)

27i
1 A
£ y *y(kg) dx—— dk dA
27‘51 Rei=i,; <1 Ix|<1/2 JT
1 . T4t J'
- ) i (kg)* dk dJ.
27i Re A=4, f( )1 -4 KnHy g)

We now shift the contour in (A2.8) back to Re A = 14 > 2 and pick up a residue
at 2 =1to get

(A2.9) L J 1y - J yikg)* dk di — f(1) y(kg) dk.
2mi Re A=A A—1 KnH KnH

Combining (A2.3), (A2.4), (A2.6), and (A2.9), we find

1 A
(A2.10) Ef(g) = 'Z'ﬁL . 2f(/l)E‘”’(g, A)di— f(1) L Hy(kg) dk

where

(A2.11) ESH(g,A) = J E(hg, 2) dh + j (E — E®)(hg, 4) dh
F(T) FuT)

A—1

T 6(0) f Yl dh+ {— f y(kg)? dk.
- KnH

Fp(T)

From this formula, we see that ES-#(g, 1) is an eigenfunction with infinitesimal
character 4, is meromorphic in 4, and holomorphic for Re A > 2 — ¢ for some ¢ > 0,
except for a simple pole at A = 2.

CLam. E®H(g, A)is H-invariant.
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Proof. Indeed, from (A2.10) we have

1

27i Jge A=4g>2

f()ESH(g, 2) dA = E¥(g) + f(1) f . y(kg) dk.

E¥(g) is H-invariant and one easily checks the following statement.
LEMMA. (g y(kg) dk is H-invariant.

Thus g, 1=1, /(A E®#(g, 4) dA is H-invariant for all f € EDV. Since E®#(g, 1) is
holomorphicin Re 1 > 2, of moderate growth in vertical strips, this forces E¢H(g, 1)
to be H-invariant.

We now shift the contour of integration in (A2.10) from Re A = A, > 2 to the left
of Re A = 2. (Just a slight shift will suffice for our purposes.) To do so, we need to
know that E®#H(g, J) is at most of polynomial growth in Re A > 2 — ¢. This follows
from (A2.11) modulo knowing this for ¢(A) and E(g, 4). From (A2.11) we see
E%H(g, 1) is holomorphic in Re 4 > 2 — ¢ except for a pole at A = 2, since the same
holds for ¢(2) and E(g, 4). Also from (A2.11) we see

(A2.12) Res ES-#(g, })
A=2

_ Vol(I' A P\N)
= W(VOI Fu(T) + Vol %#(T)) — l}fzs #(4) + 1}3" #(4)
_ Vol(I' n PAN)

Voirg)~ YOI\

Therefore

Vol(T' ~ P\N)

VoG, VT

Ef(9) =

b fE®H(g, 2) dA — f(1) f . y(kg) dk.

27 Je 2=2-¢
Upon using (A2.2), this becomes

Vol(T,\H)

(A2.13) E}’(g)=‘\7a(T\G_) re

E j‘(g) dg

+ % fYESH(g, 2y dA - f(1) J y(kg) dk.
KnH

ReA=2-¢
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Remark. (A2.13) shows that

Vol(Ty\H)

Ef(9) = Vol(T\G)

J E,(g) dg + terms decaying on H\G/K
G

since in (A2.13), both E%¥(g, 1) and [g.uy(kg)dk are eigenfunctions with
infinitesimal character having real part in the “convex hull” 0 < Re 4 < 2 and so
decay on H\G/K [RS].
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