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Abstract

In this paper, we address the problem of packing large trees in Gy, ,,. In particular, we prove the
following result. Suppose that T7,...,TxN are n-vertex trees, each of which has maximum degree
at most (np)'/®/(logn)®. Then with high probability, one can find edge-disjoint copies of all the
T; in the random graph G, ,, provided that p > (logn)3/n and N < (1 — €)np/2 for a positive
constant e. Moreover, if each T; has at most (1 — a)n vertices, for some positive a, then the same
result holds under the much weaker assumptions that p > (logn)?/(en) and A(T;) < enp/logn
for some ¢ that depends only on o and . Our assumptions on maximum degrees of the trees are
significantly weaker than those in all previously known approximate packing results.

1 Introduction

A collection of graphs Gi,...,G; is said to pack into a graph G if there exist edge-disjoint
subgraphs Hi,..., H; of G such that H; is isomorphic to G; for every i. The case when all the
G; are trees has attracted particular interest in the last few decades. The following conjecture,
known as the Tree Packing Conjecture, appears in a paper of Gyarfas and Lehel from 1976.

Conjecture 1.1 ([14]). Any collection Ty, ..., T, of trees with v(T;) =i for each i packs into K,.
A closely related conjecture had been posed by Ringel in 1963.

Conjecture 1.2 (|21, Problem 25]). For every tree T with n + 1 vertices, 2n + 1 copies of T pack
mnto K2n+1.

If true, both conjectures would be tight. Indeed, in both cases the hypothetical embedding of the
trees would have to use all the edges of the host graph. Several cases of both conjectures have been
established, see, e.g., [8, 9, 10, 14, 15, 22], but they all assume special structure of the trees. Perhaps
the first attempt to resolve Conjecture 1.1 for arbitrary trees is due to Bollobés [5], who showed that
one can pack the |n/v/2] smallest trees. He also remarked that this could be improved to |v/3n/2],
provided that the notoriously difficult Erd6s—Sés conjecture on embedding trees in graphs with large
average degree is true (a solution of the conjecture was announced by Ajtai, Komlds, Simonovits,
and Szemerédi in the early 1990s). At the other end of the spectrum, Balogh and Palmer [3] have
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recently proved that one can pack the Lnl/ 4/10] largest trees into K41, that is, if one is allowed to
use an extra vertex. Moreover, they have shown that if one bounds the maximum degree of the trees
by 2n2/3, then one can pack the Lnl/ 3/4| largest trees into K,,. It thus appears that packing large
trees is a much harder task than packing small ones. On the other hand, it seems that imposing
bounds on the maximum degrees of the trees makes the problem more tractable.

Following this direction, Bottcher, Hladky, Piguet, and Taraz [6] showed that if T3,..., Ty are
trees with at most n vertices and maximum degree bounded by a constant, then they pack into
K[(1+)n], provided that e(T1) + ...+ e(Tn) < (1 —¢)(3). Generalising this result, Messuti, Rodl,
and Schacht [19] proved that the same conclusion holds under the weaker assumption that all the
T; belong to some fixed minor-closed family. Recently, Ferber, Lee, and Mousset [11] improved this
result by showing that these graphs can be packed into K,,. Even more recently, Kim, Kithn, Osthus,
and Tyomkyn [17] extended the result of [11] to arbitrary graphs with bounded maximum degree.
These developments imply the following approximate versions of Conjectures 1.1 and 1.2.

Corollary 1.3. For all positive € and A, if n is sufficiently large, then:
(1) Ewvery collection Tipy, ..., Ty of trees with v(T;) =i and A(T;) < A packs into K.
(i) At least (2 — e)n copies of each tree T with v(T) =n+ 1 and A(T) < A pack into Kopi.

While we were writing these lines, Joos, Kim, Kiihn, and Osthus [16] announced a proof of a
general result about decompositions of dense quasi-random graphs into graphs with bounded degree
which implies both the Tree Packing Conjecture and Conjecture 1.2 for all bounded degree trees.
Moreover, at about the same time, Adamaszek, Allen, Grosu and Hladky [1] proved an approximate
version of Conjecture 1.2 for the case that A(T) = O(n/logn).

In this paper, we strengthen the result of [6] in a somewhat different direction. We address the
problem of packing trees with unbounded maximum degree into a random host graph. We work with
the usual binomial random graph G, p, that is, the graph obtained from the complete graph K,, by
keeping each edge with probability p, independently at random.

Our first result addresses the problem of packing a collection of spanning trees. We show that
a.a.s. (asymptotically almost surely) one can pack into G, a given collection of n-vertex trees,
provided that the total number of edges of these trees does not exceed (1 — ¢)-proportion of the
(expected) number of edges of the host graph and the maximum degree of each tree in the collection
is bounded by a small power of the (expected) average degree of the host graph.

Theorem 1.4. Let ¢ be a positive constant and suppose that p > (logn)3¢/n and N < (1 — &)np/2.
If Ty, ..., TN are n-vertex trees with mazimum degree at most (np)l/ﬁ/(log n)8, then a.a.s. Ty, ..., Tn
pack into Gy p.

Note that unlike in some of the previously mentioned results, in Theorem 1.4 we assume that
all the trees have the same size. Even though it might seem somewhat restrictive, one may always
“cut and paste” the trees together. For example, in the setting of Conjecture 1.1, one may merge
T;+1 with T,,_; by identifying two arbitrarily chosen leaves to obtain a tree with n vertices, whose
maximum degree does not exceed max{A(T;11), A(T,—;)}. Therefore, it seems natural to determine
conditions guaranteeing that a large collection of n-vertex trees packs into K,, or perhaps into
K(14¢)n- In our setting, as the host graph is G, p, which typically has about (72”) p edges, one cannot
expect to pack more than np/2 spanning trees. Moreover, as G, is a.a.s. not connected unless
p = (logn + w(1))/n, one can see that our Theorem 1.4 is approximately optimal with respect to



both the number of trees N (up to a 1 — o(1) multiplicative factor) and the edge probability p (up
to a polylogarithmic factor). It is worth mentioning that our bound on the maximum degree of the
trees is not optimal; we shall discuss it in more detail in Section 6.

Our second result addresses the problem of packing a collection of almost spanning trees. In this
case, we can pack trees with much larger maximum degrees.

Theorem 1.5. Let € be a positive constant and suppose that p > (logn)?/n and N < (1 — )np/2.
If Th,...,Tn are trees, each of which has at most (1 — e)n vertices and mazimum degree at most
(e/8)%np/logn, then a.a.s. Ty,. .., Tn pack into Gy p.

At the heart of the proof of both Theorems 1.4 and 1.5 lies the following technical generalisation
of the latter, which is the main result of this paper. While the derivation of Theorem 1.5 from
this result is fairly straightforward, our proof of Theorem 1.4 requires several additional ingredients.
Therefore, we postpone both arguments to Section 4.

Theorem 1.6. Suppose that a,e,p € (0,1/2) and integers A and n satisfy
150(log n)? eat ) € ENp
— <SPS 7.5 d A< ) : . 1
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Suppose that Ty, ..., Ty, where N < (1 — €)np/2, is a collection of trees, each of which has at most
(1 — a)n vertices and mazimum degree at most A. Then with probability at least 1 —n~7, the trees
Ty,..., TN pack into Gy p.

Moreover, denote the edge-disjoint embeddings of Th, ..., Tn by ©1,..., 0N, respectively. For each
s € [N], let vs be an arbitrary vertex of Ts and let Wy be the set of vertices of Gy, not covered by
©0s(Ts) plus the verter os(vs). If we additionally assume that p > 30logn/(a?n), then with probability
at least 1 —n™", for every pair of distinct vertices u and w,
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The proof of Theorem 1.6 utilises and extends the “online sprinkling” technique introduced by
the first author and Vu [13]. Roughly speaking, we embed our trees and expose G, together, edge
by edge, making sure that the trees are embedded disjointly and each discovered edge of G, is used
in the embedding.

The proof of Theorem 1.4 relies heavily on ideas from an elegant short paper of Krivelevich [18]
and a beautiful recent paper of Montgomery [20], which essentially resolves the problem of embedding
a given n-vertex tree into G, ,. We shall actually require a slight generalisation of the main results
of [18, 20], Theorem 1.7 below. It determines a sufficient condition for the edge probability that
ensures that with high probability a given n-vertex tree can be embedded into a random subgraph
of an n-vertex graph that is almost complete. Even though one may derive Theorem 1.7 by carefully
following the arguments of [18, 20], with some obvious modifications, we shall do it in full detail
in Section 3 for the convenience of the reader. Following standard practice, given a graph G and
a p € [0,1], we shall denote by G, the random subgraph of G obtained by keeping each edge with
probability p, independently of other edges, which we shall refer to as the p-random subgraph of G.

Theorem 1.7. Let T be a tree with n vertices and mazximum degree A and let v be an arbitrary
vertex of T. Let G be an n-vertex graph with §(G) = n — n/(A(logn)®) and let x € V(G). If
p = A(logn)®/n and n > ng for some absolute constant ng, then with probability at least 1 —n=3,
there is an embedding of T' into G, that maps v to x.



1.1 Outline of our paper

Our paper is organised as follows. In Section 2, we describe several auxiliary results which we
shall later use in our arguments. In particular, in Section 2.1, we present the main concentration
inequality that is used in our proofs. In Section 2.2, we prove a useful lemma about partitioning a
tree into two subtrees. In Sections 2.3, we relate the number of leaves in a tree to the number of its
so-called long bare paths. In Section 2.4, we describe an ordering of the vertices of a tree related
to the Breadth First Search algorithm. In Section 2.5, we establish basic expansion properties of a
typical G, p. In Section 3, we show how to modify the main results of [18, 20] in order to obtain
Theorem 1.7. In Section 4, we derive Theorems 1.4 and 1.5 from Theorems 1.6 and Theorem 1.7.
Finally, in Section 5, we prove our main result, Theorem 1.6. To this end, we describe a randomised
algorithm that tries to embed a given collection of trees randomly while generating Gy, ;, at the same
time. Our main goal is to show that each tree in the collection is embedded in a somewhat uniform
fashion. The precise statement is given by Lemma 5.4, which is the heart of our argument (and
the most technical part of this paper). We close the paper with several concluding comments and
remarks, in Section 6.

2 Preliminaries

2.1 A concentration result

In our proofs, we shall make use of the following straightforward generalisation of Bennett’s
inequality [4] (see also [7, Chapter 2]) to sums of weakly dependent random variables. Since this
generalisation can be proved using the ideas of [4] and a standard Azuma-type estimate, we postpone
the proof to Appendix A.

Lemma 2.1. Let Xi,..., Xy be real-valued random variables such that
0<X; <M, E[X; | X1,..., Xi1] < p, and  E[X?|X1,...,X; 4] <o?

for every i € [N] and some M, p, and o. Then for every positive t,

N 2

t
p X;> Nu+t)| <exp (- .
r<; i ‘“L) eXp( 2(Na2+Mt/3)>

2.2 Partitioning trees

In the proof of Theorem 1.4, we shall require the following folklore result about partitioning trees
with bounded degree into subtrees.

Lemma 2.2. Let T be a tree with n vertices and maximum degree A. For every 0 < a < 1,
there are subtrees S and L of T sharing exactly one vertex such that E(T) = E(L) U E(S) and
lan] +1 < |V(S)] < 2|an].

Proof. Root T at an arbitrary vertex r. For every vertex u of T, denote by T'(u) the subtree of T’
rooted at u and let |T'(u)| denote the number of vertices of T'(u). (In other words, T'(u) is the subtree
of T induced by all vertices w for which the unique path from r to w contains u, including w itself.)
Let v be a vertex of maximum distance from r among all vertices satisfying |7'(v)| > [an|. Note that



such a vertex exists as by the assumption o < 1 we have that the root r satisfies |T'(r)| > |an]|. Let
u1,...,uq be the children of v in T'. Observe that for every j € {1,...,d} we have |T'(u;)| < |an]
and that, since [T'(v)| > [an], also 3, [T'(u;)| > [an]. Let 1 < i < d be the smallest index for which

§:= Z}Zl |T(u;)] > |an]. Clearly, s < 2|an| — 1, and therefore, we may let S be the subtree of T
induced by the set {v} U U;-ZI V(T(uj)) and L=T —T(u1) —... = T(w;) =T — (V(S)\ {v}). O
2.3 Bare paths versus leaves

In the proof of Theorem 1.7, we shall use the following lemma due to Krivelevich [18], which
relates the number of leaves in a tree to the number of its long bare paths. A bare path in a tree T
is a path whose all inner vertices are of degree exactly two in 7.

Lemma 2.3 ([18]). Let k, £, and n be postive integers and let T be a tree with n vertices. If T has
at most ¢ leaves, then it contains a collection of at least n/(k+1) — (2¢ —2) vertez-disjoint bare paths
of length k each.

We shall only invoke the above lemma in the following form, setting ¢ = n/4k.

Corollary 2.4. Let n and k be positive integers. A tree with n vertices has either at least n/4k
leaves or a collection of at least n/Ak vertez-disjoint bare paths of length k each.

2.4 Breadth First Search ordering

In two of our proofs, we shall be considering the ordering of the vertices of an m-vertex tree T,
rooted at an arbitrary vertex vg, as vy, . . ., Um—1, according to the time of the first visit of the Breadth
First Search algorithm (BFS for short) executed on T, rooted at vy. For more details on the BFS
algorithm, we refer the reader to [24, Page 99]. In the sequel, we shall call this ordering the BFS
ordering of T'. We now note the following two simple properties of this ordering;:

(O1) The children of each vertex v; are assigned consecutive labels larger than 1.
(02) If i1 < ig, then the children of v;, appear before the children of v;, in the ordering.

Finally, let J C {0,...,m — 1} be the set of indices of all non-leaf vertices (including the root vy,
even if vg has degree one in T'). Moreover, for each i € J:

e Let d; be the number of children of v;; that is, dy = degyvg and d; = degpv; — 1 for ¢ > 0.
e Let i | be the smallest label of a child of v;; the children of v; are v;|, ..., v;j4+q,—1.

e Let i~ and i be the largest label in J that is smaller than i (the predecessor of i in J) and
the smallest label in J that is larger than 4 (the successor of 7 in J), respectively.

Observe that for each i € J \ {0},

U (v} uNr(v) = {vo, ..., vi—1}.

j<i,j€J



2.5 Expansion in random graphs

In the proof of Theorem 1.7, we shall rely on some basic facts about expansion properties of
random graphs, stated in Proposition 2.6 below. Since we shall be working with random subgraphs
of almost complete graphs rather than the usual Gy, , model, we include a (standard) proof of these
facts.

Definition 2.5. Given a graph G and a set W C V(G), we say that G d-expands into W if
(E1) |Ng(X,W)| = d|X| for all X C V(G) with 1 < |X| < 2] and
(E2) eq(X,Y) > 0 for all disjoint X,Y C V(G) with |X|,|Y| > 2.

Proposition 2.6. Let n and w be positive integers, let G be an n-vertex graph, and let W be a set
of w vertices of G. Let d > 1 and suppose that 6(G) > n —w/(8d). If p > 500dlogn/w, then with
probability at least 1 —n~", the random graph Gy d-expands into W.

Proof. Let G, W, d, p, and w be as in the statement of the proposition. Note first that every vertex
of G has at least Tw/8 neighbours in the set W. Therefore, standard estimates on tail probabilities
of binomial random variables (such as Lemma 2.1) imply that for every v € V(G),

Pr (degGP (v,W) < 2wp/3> < exp (—wp/50) < n?.
In particular, with probability at least 1 — n~®, each vertex of G)p has at least 2wp/3 neighbours
in W. Assuming that this event holds, if (E1) fails, then there are sets X,Y C V(G) such that

X|w
E[eGP(X,Y)]—F' ép.

2wp
3d

By standard estimates on tail probabilities of binomial random variables (such as Lemma 2.1) and
the union bound, the probability P of this event satisfies

P < Z (Z) (é;) exp (—Z—?) < Z exp (da: . (2 logn — %)) <n8.

x>2wp/(2d) x>2wp/(2d)

w

7 2| X |wp <
2d

3 =

< |X| < V| <d|X|, and eq,(X,Y)>

Finally, the probability @ that (E2) fails may be bounded from above as follows:

0% (1yfap) -9 <o (- (e 57)) <o

This completes the proof of the proposition. O

3 Embedding spanning trees into random graphs

In this section, we consider the problem of embedding an n-vertex tree 7' into a random subgraph
of an n-vertex graph that is nearly complete and prove Theorem 1.7. As in many previous works
on embedding trees in random graphs, we shall distinguish two cases, depending on the number of
leaves of T. First, we deal with the easier case when T contains at least n/(logn)® many leaves,
which was resolved several years ago by Krivelevich [18]. Our argument here closely follows that
of [18], with a few minor modifications.



Theorem 3.1. Let T be a tree with n vertices and mazimum degree A. Suppose that T has at
least n/(logn)® many leaves and let v be an arbitrary vertex of T. Let G be an n-vertex graph with
§5(G) = n —n/(A(logn)®) and let = € V(G). If p > A(logn)®/n and n > ng for some absolute
constant ng, then with probability at least 1 —n~*, there is an embedding of T into G, that maps v
to x.

Before proving the theorem, we would like to remind the reader that, as defined in Section 2.4,
our non-standard notation ¢ | stands for the smallest label of a child of v; in the giving ordering of
the tree.

Proof. Given a tree T and a v € V(T) as in the statement of the theorem, let L denote a set of
exactly n/(2(logn)?3) leaves of T such that v ¢ L and let M denote the set of parents of the leaves
in L. Let 7" =T — L and let m =n — |L|. Let vg,...,v,—1 be the BFS ordering of 7" with vy = v
and let J and (d;);cs be as in Section 2.4. Suppose that p > A(logn)®/n and let G be an n-vertex
graph with minimum degree at least n —n/(A(logn)?). We shall show that with probability at least
1 —n~?, there is an embedding ¢ of T' into G) satisfying p(v) = z, provided that n > ng for some
absolute constant ng, which we shall from now on tacitly assume. Let g be the unique positive real
defined by 1 —p = (1 — ¢)? and note that ¢ > p/2. As G, has the same distribution as the union of
two independent copies of G4, we may construct the embedding in two stages. First, we show that
with probability at least 1 — n~>, there is an embedding ¢ of 7" into the first copy of G satisfying
©(v) = x. Second, we show that with probability at least 1 — n~>, we can embed all the leaves in
L using the edges between the sets (M) and V(G) \ ¢(V(T")) in the second copy of G,. This is
equivalent to finding an appropriate generalised matching in the g-random subgraph of the bipartite
subgraph of G induced by some two sets of sizes |M| and |L|, respectively.

Stage 1. This stage consists of |J| rounds, indexed by the elements of J; in round i € J, we wish
to embed the children of v;. We start with ¢ being the empty map and set ¢(vg) = x. Suppose
that we are at the beginning of round 4 and vp, ..., v;;—1 are already embedded. We wish to embed
Uiy - -+, Vi|+d;—1, the children of v;. To this end, let U; = V(G) \ ¢({vo,...,viy—1}) and expose all
edges of G4 between ¢(v;) and U;. (Note that each of these edges is being exposed for the first
time.) Denote their number by X;. If X; > d;, we may map v;, ..., v;+q4,—1 to arbitrarily chosen d;
neighbours of ¢(v;) in U; and proceed to the next round. Since X; ~ Bin(|U;], q) and

Uil 2 8(G) —i > 8(G) —m = |L| = (n = §(G)) > n/(2(logn)*) — n/(A(logn)®),
standard estimates on tail probabilities of binomial random variables (such as Lemma 2.1) yield
Pr(X; < d;) < Pr(X; < A) < Pr(X; < q|U;|/2) = exp(—q|U;|/10) < n 5.

In particular, the probability that we fail to embed T” into G, is at most |J|n 5.

Stage 2. Let M’ = (M) and L' = V(G) \ ¢(V(T")). Our goal in this stage is to complete the
embedding by finding images for the leaves in L in the set L’. Let B denote the bipartite subgraph
of G induced by the sets M’ and L'. The embedding ¢ can be completed if and only if the graph B,
contains a generalised matching, where each vertex y € M’ has d,, := degp(p~'(y), L) neighbours in
L'. Construct an auxiliary graph B’ by blowing up each vertex y € M’ into a set A, of d, vertices,
replacing each edge yz of B with the complete bipartite graph between A, and z. Let r = ¢/A and
note that 1 — ¢ < (1 — r)dy for each y € M’, as d;, < A by our assumption on 7. In particular, if we
let B* be the random subgraph of B such that yz € B* if and only if 'z € B,. for some 3’ € A,, then

7



there is an obvious coupling of B* and B, such that B* C B,,. It follows that B, contains the required
generalised matching if and only if the graph B, contains a perfect matching. By construction,

2
S(BY> L -An—-06(GQ) > (1—-—= ) |L]
(B) > |2 - A= 8(6) > (1 o2 )
Asr =p/(2A) = (logn)?/(4|L]), a standard argument (see, e.g., [12, Claim 3.6] or [23, Theorem 2.3])
combined with Proposition 2.6 (applied twice, once with W < L and once with W + V(B’) \ L, to
the graph obtained from B’ by adding to it all 2(% ‘) edges contained in either L or V(B’)\ L) shows
that with probability at least 1 —n~°, the graph B satisfies Hall’s condition. ]

Second, we deal with trees T which contain fewer than n/(logn)? leaves. Our argument here
closely follows that of Montgomery [20], with a few minor modifications.

Theorem 3.2. Let T be a tree with n vertices and mazrimum degree A. Suppose that T has at
most n/(logn)3 many leaves and let v be an arbitrary vertex of T. Let G be an n-vertex graph with
§(G) = n —n/(A(logn)®) and let x € V(G). If p = A(logn)®/n and n = ng for some absolute
constant ng, then with probability at least 1 — n=3, there is an embedding of T into Gy, that maps v
to x.

The main ingredient in the proof of Theorem 3.2 is the following theorem due to Montgomery [20],
which enables one to find vertex-disjoint paths connecting given pairs of vertices in a graph with
good expansion properties.

Theorem 3.3 (|20, Theorem 4.3]). Let n be a sufficiently large integer and suppose that ¢ is a divisor
of n satisfying £ > 103(logn)?. Let G be an n-vertex graph, let {(z;,y;): 1 <i < n/l} be a collection
of pairwise disjoint vertex pairs, and let W =V (G)\ U,{z,vi}. Let d =10"(logn)*/(loglogn) and
suppose that G d-expands into W. Then one can cover the vertex set of G with n/l vertez-disjoint
paths Py, ..., Py of length £ — 1 each, so that each P; has endpoints x; and y;.

Proof of Theorem 3.2. Let T and v be as in the statement of the theorem and assume that n > ng
for some absolute constant ng. Since T has at most n/(logn)® many leaves, Corollary 2.4 implies
that it must contain at least 5n/(4(logn)?) vertex-disjoint bare paths of length £ := (logn)3/5 each.
In particular, there is a collection {P;: 1 < i < n/(logn)3} of such paths, none of which contains v.
Replace each such path with an edge (by removing all the interior vertices) to obtain a tree T" with
at most 5n/6 vertices.

Let ¢ be the unique positive real defined by 1 —p = (1 —¢)? and note that ¢ > p/2. As G, has the
same distribution as the union of two independent copies of G, we may construct an embedding of
T into G, in two stages. First, we show that with probability at least 1 — n~?, there is an embedding
¢ of T” into the first copy of G, satisfying ¢(v) = z. Second, we show that with probability at
least 1 —n~%, using the edges of the second copy of G4, we may connect the endpoints of all the F;
by vertex-disjoint paths (of length ¢ each) covering the set V(G) \ o(V(T")), which completes the
embedding.

Stage 1. We proceed exactly as in Stage 1 of the proof of Theorem 3.1, obtaining the required
embedding ¢ of T” into the first copy of G, with probability at least 1 —n™>,

Stage 2. Let W =V (H) \ ¢(V(T")) and let {(x;,y:)}: be the collection of endpoints of all the P;.
Let U = W UU;{zi,y:} and let G = G[U]. Since |W| > n/6 and

§(G") =|U| = (n = 8(G)) = |U] = n/(A(logn)*),



Proposition 2.6 invoked with d = 10'°(log n)*/(log log n) implies that with probability at least 1—n =9,
the graph G; d-expands into the set W. It now follows from Theorem 3.3 that with such high
probability, we may complete the embedding ¢ using the edges of the second copy of Gy. O

4 Derivation of Theorems 1.4 and 1.5

Deriwation of Theorem 1.5. First, we may assume that n is sufficiently large and that ¢ < 1 or
otherwise there is nothing to prove. Suppose that p > (logn)?/n and N < (1 — ¢)np/2 and let
Ti,..., Ty be trees satisfying the assumptions of the theorem. If p < £°/2!2, then the assertion of
the theorem follows directly from Theorem 1.6 invoked with € < ¢/2 and « <+ ¢/2. Therefore, we
shall assume that p > €°/2!2. Let K be the smallest integer for which p/K < £5/2'2, and observe
that K < 2'2/(e%). Let ¢: E(K,) — [K] be a random colouring of the edges of K, obtained by
assigning to each edge a uniformly chosen element of [K], independently of other edges.

Now, for each ¢ € [K], let G; denote the random subgraph of G,, ), comprising all edges that the
random map c assigned the color i. Observe that each G; is distributed as G, 4, where ¢ = p/K.
Let us partition the collection T7,...,Txy into K disjoint batches, denoted 71, ..., Tk, each of which
contains | N/K | or [N/K] trees.

Finally, invoke Theorem 1.6 with p <— ¢, € < £/2, a < /2, and the collection T1, ..., Ty replaced
by 7; for each i € [K] to conclude that with probability at least 1 —n~", all trees in 7; pack into G;.
By the union bound,

Pr (7} cannot be packed into G; for some z) < KnT<nS.
As Gy, ...,Gg are edge-disjoint subgraphs of Gy, ;, this completes the proof. O

An argument analogous to the one given above can be used to derive Theorem 1.4 from the
following, seemingly weaker, statement.

Theorem 4.1. Let ¢ be a positive constant and suppose that (logn)'?/n < p < n=2/3 and N <
(1—&)np/2. IfT1,..., T are n-vertex trees with mazimum degree at most (np)*/?/(logn)®, then
with probability at least 1 — 2n~2, the trees T}, ..., Tn pack into G p, provided that n > ng for some
absolute constant nyg.

Proof. Fix a positive e, suppose that p and N satisfy the assumptions of the theorem, let A =
(np)'/2/(logn)®, and let T1, ..., Ty be n-vertex trees with maximum degree at most A. Furthermore,
suppose that n > ng for some sufficiently large absolute constant ng. Let o = /(8A(logn)®) and for
each s € [N], invoke Lemma 2.2 to find a partition of the edges of T into two subtrees Ly and S
that share precisely one vertex, denoted vy, and satisfy |V (Ls)| < (1 —a)n and an < [V(Ss)| < 2an.

Let ¢ = ep/2, let p’ be the unique positive real satisfying 1 —p = (1 — ¢)(1 — p’), and note that
p > (1 —¢/2)p. As G, has the same distribution as the union of independent copies of G,
and G, 4, we may construct the edge-disjoint embeddings 1, ..., N of T1,..., TN into Gy, p in two
stages. First, using Theorem 1.6, we show that with probability at least 1 —n =5, the trees L1, ..., Ly
pack into G,y in a certain uniform fashion which we specify below. Second, using Theorem 1.7, we
show that with probability at least 1 — n =2, the edges of G,q that were not covered by the packing
of the Ly can be used to extend this packing to a packing of the Ts by appropriately embedding the
Ss.



Stage 1. Since each L is a tree with at most (1 — a)n vertices and maximum degree at most A and
N < (1—¢)np/2 < (1 —¢/2)np'/2, we may invoke Theorem 1.6 with € + £/2 to conclude that with
probability at least 1 — n~7, there exist pairwise edge-disjoint embeddings ¢, ..., N of the trees
Ly,..., Ly, respectively, into the graph G, ,». Denote by W the set of vertices of G, ,y not covered
by ¢s(Ls) plus the vertex ¢s(vs) and observe that

n < Wy = [V(Ss)| < 2an. 2)

As p > 30logn/(a®n), by Theorem 1.6 we may additionally assume that the sets W, are somewhat
uniformly distributed, that is,

N

1 2
ZIL[{J: y} C Wy - Wi S < —p max|W| dap. (3)
i=1

Last but not least, let H; denote the union of all ¢s(Ls). Since clearly Hy C Gy, ,y and p'n > logn,
standard estimates on the tail probabilities of binomial random variables (such as Lemma 2.1) imply
that with probability at least 1 — n~", the maximum degree of H; is at most 2np.

Stage 2. We shall describe an algorithm that with probability at least 1 —n~2 finds for each s € [N]
an embedding ¢, of S into the subgraph of G,, ; induced by the set Wy such that:

e the vertex vg is mapped to ¢(vs), which was defined in Stage 1, and
o all pi(L1),...,pon(Ly) and ¢} (S1),...,¢y(Sn) are pairwise edge-disjoint.

Clearly, this will complete the proof of the theorem.

Algorithm. Let Hy be the empty graph with the same vertex set as Gy, 4 and for each s € [N], do
the following:

1. If the maximum degree of Hs exceeds np, we abort the algorithm.
2. Let G® be the subgraph of K, \ (H; U Hz) induced by the set W and note that by (2),
8(G¥) > [W,| — A(H) — A(Hz) — 13 [Wy| = 3np > (1 — 3p/a)[W,].
Moreover, observe that G* is disjoint from ¢1(L1),...,on(Ly) and ¢} (S1), ..., ¢k 1(Ss—1).

3. Let g5 = A(logn)®/|Wg|. If there is an embedding ¢ of the |Ws|-vertex tree Ss into an
independent copy of the graph G such that o (vs) = ¢s(vs), then continue. Otherwise, abort
the algorithm.

4. Add to H all the edges of ¢ (Ss).

We first claim that the union G* of all Gy is a subgraph of G, 4. Indeed, since the graphs
Gé\jfv were independent, then for every pair of distinct vertices x and y, recalling (3),

Gl

qirc

N N
Pr({z,y} ¢ G*) = [[ (1 — g5 - 1[{z,y} S W) > 1= 1[{z,y} S W] - g,
s=1 s=1

N
A(logn)?
=) 1f{x,y} C W] - W >1—4ap-A(logn)’ =1—gq.
s=1 $
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independently of all other pairs. Second, we claim that the algorithm fails with probability at most
n~2. As at all times, Hy C G* C G, 4 and ¢ = ep/2 > (logn)/n, standard estimates on the tail
probabilities of binomial random variables (such as Lemma 2.1) imply that with probability at least
1 — n~3, the maximum degree of Hj is at most np. Moreover, as 3p/a < 1/(A(logn)?) by our
assumptions on p and A, Theorem 1.7 implies that the probability that the algorithm is aborted in
step 3 of a given iteration of the main loop is at most n~3. It follows that the algorithm succeeds
with probability at least 1 —n~2. ]

5 Proof of Theorem 1.6

Suppose that «, e, A, p, and n satisfy

150(log n)? 4
e <1/2, Mgpéﬂ, and A < min{ a, c . Enp .
aen 126 log(1/a) ) 1600logn
Let N < (1 —¢)% and let m = (1 — a)n. Suppose that T1,...,Ty is a collection of trees, each of
which has at most m vertices and maximum degree at most A.

Our goal is to pack all the T; into Gy, . In order to do so, we shall describe a randomised algorithm
that tries to greedily construct a packing of T1, ..., Tn into the complete graph K, whose edges are
labeled with elements of the interval [0,1]. We shall then prove that if the labels are independent
uniform [0, 1]-valued random variables, then with probability at least 1—n~7 our algorithm constructs
a packing of T7,...,Ty with the additional property that the labels of all the edges used by this
packing do not exceed p. Denote the above event by S. As the subgraph comprising all edges whose
labels fall into [0, p] has the same distribution as Gy, p, we will be able to conclude that

Pr(Ty, ..., Ty pack into Gy, ) > Pr(S) >1—n"".

Our embedding algorithm will try to embed the trees 11, ..., TN one-by-one in N consecutive rounds.
During each round, it embeds the given tree T vertex-by-vertex, while considering the vertices in
the BF'S ordering described in Section 2.4.

We find it illustrative to think that each edge e of the complete graph is equipped with an alarm
clock that will ring at (random) time t.. The clock associated with e shows time ¢, € [0,1]. At the
beginning of the algorithm ¢, = 0 for each e. The clocks will normally be stopped, but in each step
of the algorithm, we will run a collection of them simultaneously until some number of them ring,
that is, when ¢, reaches t. for a number of different e. All the edges whose clocks have just rung will
be used in the embedding. We shall accomplish this by only running the clocks whose edges can be
immediately used. Moreover, a clock that has rung permanently stops at c. = te.

Let us fix an s € [N], let T = Ty, and let m denote the number of vertices of T'. (For the sake of
brevity, we shall suppress the implicit index s from our notation.) We let vy be an arbitrary vertex
of T and we root T" at vg. We label the remaining vertices of T" as vy, ..., vy,—1 according to the BFS
ordering of T, which we defined in Section 2.4; we also let J and (d;);cs be as in Section 2.4.

We may now describe the embedding algorithm. Suppose that we have already embedded
Ti,...,Ts_1. For each edge e of K, the clock associated with it shows some time c. € [0,].
Moreover, ¢, = t. if and only if e € p1(T1) U... U ps_1(Ts—1). Let vg,...,vm—_1 be the ordering of
the vertices of T specified above. We map the root vy of Ts to a uniformly chosen random vertex
of K,. Let i € J and suppose that vy, ...,v;—1 have already been embedded. In particular, v; is

11



already mapped to some vertex u. We now try to embed the children of v;, that is, vi|, ..., v +q,—1-
To this end, we shall run the clocks associated with all the edges uw such that (i) w has not yet been
used in the embedding of T and (ii) the clock associated with uw still has not rung (i.e., cyw < tuw
or, equivalently, the edge uw does not belong to ¢1(77) U ... U ws—1(Ts—1)) until some d; of them
ring. We map v;,...,v;j+4,—1 to those w for which the clock associated with uw has just rung (in
the exact same order as the d; clocks have just rung). We remark here that the clocks will be run at
marginally different rates in order to assure that each of them has an equal chance of ringing.

We now give a formal description of the embedding algorithm. Denote the set of vertices of the
host graph K, by V.
Algorithm. For each edge e of K,,, define a new variable ¢, and set it to 0. Moreover, let t. € [0, 1]
be the (random) label of e. In each round s = 1,..., N, do the following:

1. Let T =T, and let vy, . . ., v, —1 be the BFS ordering of the vertices of T' (rooted at an arbitrary
vertex); let J = Jg and (d;);cs be as in Section 2.4.

2. Map vg to a uniformly chosen random vertex v € V. In other words, let ¢ = @5 be the empty
map and set p(vg) = u.

3. For each i € J do the following:

(a) Let u € V be the vertex where we have already mapped v;, that is, u = ¢(v;).
(b) Let U; = U? C V be the set of vertices not yet used in the partial embedding of T}, that
is, Uy = V' \ ¢({vo,...,vi;—1}) and observe that |U;| =n —i .
(¢) Define, for each 7 > 0,
NZ(T) = NZS(T) = {w € Uz Cuw < tuw < Cyw + (1 - Cuw)T}

and note that N;(0) = 0 and N;(1) = {w € U;: cuw < tuw}-
(d) Let us say that w € U; enters N; at time 7 if w € N;(7) but w &€ N;(7') for all 7/ < 7.
(Observe that with probability one, no two vertices enter N; at the same time.)

(e) Let 1; = 75, be the earliest time when d; vertices have entered N;, that is,
7; = min{r > 0: |N;(7)| > d;}.

(Observe that with probability one, |N;(7;)| = d;, provided that |N;(1)| > d;.)
(f) Denote the d; vertices that have entered N; until 7; by uy,...,uq, (in this exact order).
Map v;y, ..., V;+d;,—1, which are the d; children of v; in T', to w1, ..., uq,, respectively.

(g) For every w € U, update ¢y < min{tyy, Cuw + (1 — cuw)7i }-
4. If the maximum degree of p1(T1) U. ..U @4(Ts) exceeds 2np, we terminate the algorithm.

For every s € {0,..., N}, denote by D; the event that the maximum degree of the graph ¢;(77)U
... U ps(Ts) does not exceed 2np, so that Dy holds always and for every s € [N], our algorithm
terminates at the end of round s if and only if D, does not hold.

Claim 5.1. For every s € [N], if Ds—1 holds, then in the sth round of the algorithm,
INJ(1)| Z2n—il—2np>=an—2np

for each i € Js. In particular, N7 (1)| =2 A > A(Ts) > d;.

12



Proof. Fix an s € [N], let H = p1(T1) U ... Ups_1(Ts—1), fix an i € Js, and let u = @4(v;). Observe
that for every w € U;, we have ty,,, < ¢y (actually, tyy = cuw) precisely when ww € H. In particular,
N;(1) contains precisely those vertices w € U; for which ww ¢ H. Therefore,

[Ni(1)| = |Us] = A(H) =n—i ] —A(H).
The claimed inequality follows as on the event D,_1, the maximum degree of H is at most 2np. [

Claim 5.2. If the algorithm has not terminated, it has constructed a packing of 11, ..., Tn into K,.
Moreover, the labels of the edges used in the packing do not exceed maxe ce.

Proof. The description of the algorithm guarantees that each ¢, is an injection, see 3b. In particular,
s is an embedding of T into K,,. More importantly, an edge uv of K, is used in the embedding if
and only if t,,, belongs to one of the intervals (cuw, Cuw + (1 — cuw)n]. This can happen only once
during the entire execution of the algorithm as at the end of each round where uw was considered,
Cuw 18 increased to either ¢y, or cyy + (1 — cyw)7i. The second assertion follows as at the end of the
execution of the algorithm, ¢, = t. for every edge e used in the embedding. O

Therefore, it will be sufficient to show that
Pr (DN V max ce > p) <, (4)
e

which we shall do in the remainder of this section. For each e € K, and s € [N], let 7. 5 denote the
total time that the clock associated with e was running during round s of the algorithm, disregarding
the rate at which the clock was running. As the rate is never more than one, one easily sees that
Ce < Te,1 +...+ T N for each e at the end of the algorithm. With view of this, we shall be interested
in bounding the probability that max, 7.1 + ... + 7. v exceeds p. Eventually, a sufficiently strong
bound on this probability will follow from Lemma 2.1. Unfortunately, as the distributions of the
random variables 7. s seem difficult to describe explicitly, we shall first need some preparations.
Given an s € [N] and i € J,, we shall refer to the execution of 3a—3g during round s for this
particular i as step (s,7). For every pair of distinct u,w € V, every s and i as above, let
Eivw=E,.,= {gps(vi) =y and w € Nf(l)}.

7,U,W

In particular, one of £, and E} , , holds if and only if the clock associated with ww is running

when we are trying to embed the children of v; in round s. It is now easy to convince oneself that

Tuw,s = Z(]]-[Ezs,u,w] + ]]-[Ezs,w,u]) " Tsie (5)
ic€Js

s s e
Moreover, as the events ;e ; {E7 ., Ei .} are pairwise disjoint, we also have

Tzw,s - Z(R[Ezs,u,w] + H[Eiw,u]) : T52,7L' (6)
e
Given an s € [N], let Fs denote the o-algebra generated by what happened in the algorithm by
the start of round s. Moroever, given an 7 € J,, let Fs; denote the o-algebra generated by what
happened in the algorithm by the start of step (s,4), that is, right before the children of the vertex
v; are embedded. The following two key lemmas will allow us to use the representations (5) and (6)
to bound the (conditional) expectations of 7. s and 7'2 ; for all s and e.
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Lemma 5.3. For every s and i € Js and every positive integer k, letting d = d; and r = |[NF(1)],

k

d+j—1
k
Blrsi | Foil = H r+j
Jj=1
provided that d < r. Moreover, conditioned on Fs;, the sequence (ui,...,uq) defined in Sf of step

(s,1) is a uniform random d-element ordered subset of N7(1).

Proof. Observe first that conditioned on the clock at e not having rung until ¢., the random vari-
able t. is uniformly distributed on the interval (ce,1]. Therefore, conditioned on Fj;, the variable
Ts; has the same distribution as the dth smallest value among r independent uniform [0, 1}-valued
random variables'. Denote this random variable by 7. The probability density function of 7 is
t+—d(})t% (1 —t)" and hence

E[rF] = d(Z) /01 pAth=1(1 — gyr—d gy = d(Z)B(d + k41— d)

B rl (d+k—1)!(r—d)!_ﬁd+j—1

T d-Dr—d)! (r+k)! T4

Y

j=1
where B: Zi — R is the Euler beta function, which is defined by

(- iy — 1)
(x+y—1)

1
B(z,y) = / 7l -ty tar =
0
The second part of the lemma follows by symmetry. O

The second lemma, which is really the heart of the argument, provides upper bounds on the
(conditional) probabilities of the events £, that appear in (5) and (6). Let § = 21p/ o* and note
that

S >1+05>1+21p> % and 2 <1+430<1+63p/at<1+e/2. (7)

Lemma 5.4. For every pair of distinct u,w € V and all s € [N] and i € Jg, the following holds.

Pr (Efy A Dot | F) <2y L (8)

The proof of Lemma 5.4 is quite technical and therefore we postpone it to the end of the section.
Before proceeding with our proof, it would be useful to understand the intuition behind (8). By the
description of our embedding algorithm, ¢(vp) is a uniformly chosen random vertex in V. Moreover,
by Lemma 5.3, for every j € J, conditioned on ¢(vp), ..., ps(vjj—1), the images of the d; children
of v; form a uniform random dj-element ordered subset of N7(1). It follows that if N7 (1) = U7

for every j € J, then ¢s(vo), ..., ¢s(vm-1) would form a uniform random m-element ordered subset
of V. In particular, Pr (Eil’u,w \ ]—"1) = n’(l?;lil) < n;;i ed.

Unfortunately, this is true only if s = 1, as in reality IV ]s(l) contains only those vertices w of U7
for which the edge {¢s(v;), w} has not already appeared in H = ¢1(T1) U ... U ps_1(Ts—1). Clearly,
|U;7 \ N;(1)] < A(H) for every j and hence one would expect that if A(H) is not too large, then

I This is often referred to as the dth order statistic.
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the distribution of ¢s(vp),. .., ¥s(vm—1) is not very far from uniform. The content of (8) is that the
above intuition is indeed true (in some precise quantitative sense).

For every s € [N] and every e € E(K,), let ¢; denote the value of c. at the end of the sth round
of the algorithm (so that c. = ¢ N). Similarly as before, one easily sees that o< Te1+ ...+ Tes. As
Dy holds always, our main probabilistic estimate, inequality (4), will easily follow from the following
statement.

Lemma 5.5. For every s’ € [N], the following holds:
Pr (Dsl_l and (max ¢ >por Z)) <3n7 8. 9)

Indeed, as the event Dy holds trivially, we have Dy = Uivzl D, NDs_; and hence by Lemma 5.5,
N
Dy) <Y Pr(Do1nD;) < N-3n7° (10)

Since Dy clearly implies Dy_1 and ¢, = ¢, then again by Lemma 5.5,
Pr (DN A max ce > p) Pr (DN 1A maxc > p) < 3n78. (11)
e
Finally, (10) and (11) immediately give (4).

Proof of Lemma 5.5. Fix an s’ € [N] and an e € F(K,) and recall that czl STei+ ...+ Tey. As
a preparation to invoke Lemma 2.1, we first estimate, for each s € [s'] and each pair uvw € E(K,,),
the conditional expectations of 7, s and rngs given Fs (on the event Dy_; O Dy_q). To this end,
recall first that (i) the events £, ., E7, ,, and Ds_; are all in F;; and (ii) on the event D,_1, the

set N7(1) has at least n —¢ | — 2np elements, see Claim 5.1. It now follows from (5) and Lemmas 5.3
and 5.4 that

E[TU”MS' [ s—1 |‘7: ZE zuw +]1[Efwu])'7_8,i']l[DS—1] "FS]
’LGJ.S

_ZE zuw +H[Ezswu])‘E[TS7i"’T_‘Syi]'ﬂ[ps—l]|‘FS]

’Ler

d; s
\Z_Mp (P (B A Dot | F) + P (Efy A Docs | )

d; n—t} s 26‘s
< 22e’ < — d;
Z n—il—2np n2 ¢ n2 an— 2np Z
’LGJS ZEJS

2¢9 o
2

2 2 2 2
NB(T)| < S W 2TE
n

— . .e a2p<f e ,
n® a—2p n n

where the final inequality is (7). In a similar fashion, it follows from (6) that

di(d; +1) n—il 4¢f d? a )2
2 i\Usg 5
E[Tuw,s'ﬂ[ps—l]u:s}<2( ' 22 ST Zn—zi a—2p

1€ Js net \L B 2np) 1€Js
4% d? 5 d; 5Alog(1/a)
< . — A Ts : . < )
n? le]n—zi, n? (T:) gn—zi n?
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where the final inequality is (30). Furthermore, let
Ep

7= S0logn and 7y, o = min{7yuus 7} - 1[Ds1].
Observe that for each pair uw € E(K,,), the random variables 7,,, 1, ..., T,,, » satisfy the assumptions
of Lemma 2.1 with
2 5Alog(1
M T, Ho$= +€, and JQHM.
" n

In particular, letting ¢t = ep/4, we see that

2 1—¢)(2 — g2
p—S'M?p—Nu}p—(l—g)@. TEe_ 1_( £)(2+¢) ng Ep}t
and also
5Alog(1l/c)  BpAlog(l/c) £2p? Mt £2p?
250" < 2No™ <mp- = < d < .
so o np n2 n 3201og n an 3 3201087

Therefore, it follows from Lemma 2.1 that

2

/ / —10

Pr (7)1 + -+ Tiy > P) < €Xp (—2(8/02 n Mt/3)> <n . (12)
Now, observe that if 7. = 7, ; for all s € [s'] and e € E(K},), then ¢ < To1+ ...+ 7., Since

each 7. s equals either zero or 7,; for some i € Jy, the former event holds precisely when 7,; < 7 for

all s € [¢'] and i € Js. In particular, it follows from (5), (5), and the union bound that

S/
Pr (Ds’—l Amaxc > p) <n P+ > Pr(Dyi ATy > 7). (13)
[
s=1 ’iEJs

In order to estimate the right-hand side of (13), note that Dy_; C Ds_; for every s € [¢'] and hence
by Claim 5.1, on Dy_1, the set N7(1) has at least an — 2np elements. Therefore, by Lemma 5.3, for
every s and 7 as above and every positive integer k, using Markov’s inequality,

Pr(Dy_1 ATs; > 7) < Pr (Ds_l ATE > %’“) <7 PR [sz . ﬂ[Ds_l]}

koo k
jzlom—an—l—j T (a—2p)n (14)
k k
< <120(A—|—/~c)logn> < (1+ klogn) '
ganp 4 eanp
Substituting & = [10logy n]| < canp/(4logn) into (14) yields
Pr (DS/,1 NTsi > 7_') < n_lo,
which together with (13) gives
Pr (Ds’—l Amaxcd > p) <n8+s-n-n19<m 8 (15)
e
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Finally, we estimate the probability of Dy_1 A max, cgl < p A Dy. To this end, note that the
graph ¢1(T1) U... Uy (Ty) is contained in the graph comprising all edges f with ¢y < max, S
particular,

Pr (@/\ max ¢ < p) < Pr(A(Grp) > 2np) < n-exp(—np/4), (16)

where the last inequality is a standard estimate for the upper tail of the binomial distribution that
can be easily derived using Lemma 2.1. As np/4 > 9logn, inequalities (15) and (16) immediately
yield (9). O

In order to complete the proof we shall now prove Lemma 5.4.

Proof of Lemma 5.4. We first handle the easy case i = 0. Since conditioned on Fj, the vertex ¢s(vp)
is chosen uniformly at random from V', then
Pr(E] 0 | o) < Prlipa(oo) =u| Fo) = - < "L ef,
where the last inequality follows form (7). Therefore, for the remainder of the proof, we shall
assume that ¢ > 0. Let j; be the index of the parent of v; in T, so that j; | < ¢ < j; L + d;j,.
Next, let H = ¢1(Th) U ... U ps_1(Ts-1), let B = Ng(u) U Ng(w), and note that |B| < 2A(H).
Without loss of generality, we may assume that (i) u,w ¢ B, as otherwise uw € H and consequently
Pr(E;, , | Fs) = 0, and that (ii) A(H) < D = 2np holds always, as otherwise the left-hand side
of (8) is zero.
Let A_q denote the event that ¢,(vg) € {u, w} and for every j € J\ {ji}, let A; denote the event
that u, w € {¢s(vjy), -, ps(vjl+a;—1)}, that is, u and w are not among the images of the d; children
of v; in T;. Finally, denote by A;, the event that ¢(v;) = u and w & {ps(vj,1), - -, @s(Vji1+a;,—1)}-

Observe that the event E7 ,  can be expressed as an intersection of a sequence of events A;, namely

Ejyw=Aan (] 4. (17)
jed, i<t

With foresight, for every j € J, define

1 d; \? T
T on—jl) 17 < Jis
L — 2D /(an) d; e .

Fj= en—j¢ ' (1 - n—]ji) , if g =i, (18)
d; P .

A good way to digest (18) is to observe the following. If ¢g(vg),...,vs(vm—1) formed a uniform
random m-element ordered subset of V', then Pj would be (approximately) equal to the conditional
probability of the event Aj occurring, conditioned on (,_, A; occurring. In particular, we have the
following identity:

i<k

P — 2D/(an) ML (19)
jEI;J[<i ’ (n—1)"
To see (19), note first that j | +d; = j* | for every j € J (recall that jT is the successor of j in J)
and hence for every k € J,

d; B n—jtl n-kl n-k]
H <1_n—]j¢>_ H n—jL mn—-0, n-—-1"

jedj<k jedj<k
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Denoting the left-hand side of (19) by P, we now see that

e2D/(an) d: d; n—1J
P = . 1— J . 1 J _ 2D/(am) | —_y
i Al ( n—j¢> 11 < n—u) ‘ (n—1)2

JEeJ<7i jeJj<i

Therefore, in order to bound Pr(E;, , | Fs), it will be enough to bound the “conditional probability
Pr(Ag [ (Nj<x A4;)” from above by Py (times a small error term) for each k < 7 and then use the chain
rule for conditional probabilities.

We now formalise the above discussion. If j € J\ {j;}, then by Lemma 5.3,

d] ]l[uGN;(l)] d] ]l[wEN;(l)]
Pr(A; | Foj) = (1 — = l — =T
1 753) ( \NKDQ ( \NﬂD\WH)

J

1[ueN; (1)]+1[weN; (1)]
d;
< (1 - ) '

U5

where the inequality holds as N7(1) C Us. Recall (e.g., from the proof of Claim 5.1) that an z € V/
belongs to N7 (1) if and only if x € U; and ¢s(vj) € Nu(z) and hence,

1w e N;(1)] + Lw € N7(1)] =2 Lu € U] + Lw € U7] — 2 - 1[ps(v;) € BJ. (21)

Putting (20) and (21) together yields, recalling that |UJ‘9| =n—7l,

(22)

d )]1[ueU;]+]1[weU;}—2.]1[¢s(vj)eB}
n—ji

PI"(AJ' | f&j) < <1 —

As dj < A <an/1600 and n — j | > n —m > an, we can estimate

() <o)

Substituting (23) into (22), we obtain

dj HueUs |+ 1{wely] dj
Pr(A; | Fsi) < [1— - cexp | 3- 1fps(v;) € BJ - - ) 24
17 < (12 p(3 1l e Bl ). )

In the remaining case j = j;, Lemma 5.3 implies that

N g e Nea
Pd&”}“”:<y‘w%n0 W§ﬂufﬁﬁ' (25)
Similarly as above, the first term in the right-hand side of (25) may be estimated as follows:
(1 o, >1[weNJi-(1)} _ <1 B d]> 1[weUs |1 [ips (v;,)EB]
V5, (D] - n—jil (26)

d'. ]l[weUJi'} d
< 1—%) - ex (3-]1 s(vj, GB-%).
< n—7jil P ls(vi) ] n—Jid
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To estimate the second term, we may use Claim 5.1 and the inequality n—j; | 2 n—m+1> an+1:
1lu e N3 (1 2D/(an)

[ jz( )]< . 1 gom—i—l. 1. <e -
IN:(D\{w}] "n—jil=-D—-1"an—-D n—jl n-jl

where the last inequality holds as D = 2np < an/63. Putting (25), (26), and (27) together yields

02D /(an) dj, 1[weU5 ] dj,
n—jil <1 - ¢> " €Xp (3 1eps(vj;) € B - w) . (28)

n—=27

(27)

Pr(Aji ’ ]:S,ji) <

If the set B was empty, the somewhat annoying exponential error terms involving 1[ps(v;) € B]
would disappear from both (24) and (28) and one could easily derive the claimed upper bound on
the probability of E7, , arguing similarly as in the proof of (19). Unfortunately this is true only
if s = 1 and the treatment of the general case (B # (), which is the main business of this lemma,
requires considerable effort.

First, let us define, for every I C J,

X7 =exp (32 1[ps(v) € B] - - ilkk, i) ;

kel

so that the exponential terms in the right-hand sides of (24) and (28) are simply X;; and Xy,
respectively. The following estimate is key.

Claim 5.6. For every j € J and I C{j|,...,j L +d; — 1}, the followings holds.

(i) If j # ji, then

dj 1ueUs |+ 1{wely]
E|1[A;] - X7 | Fsil < [1- -
[ [ J] I‘ ’J] < n ]\L)

8D d
'X{f}'exp<a3‘zm_2w>'

kel

(i) If j = ji, then

¢2D/(am) d;, O\ el 8D d
E[R[Aji]'Xllfs,j]<w'<1_ 3 > Xy exp ?Zm '

n—Jid el
In order to prove Claim 5.6, we first argue that for all I C J,
d

X140 Stlaw) € 8] 2 (29)

Indeed, (29) follows from the fact that e < 1+ e® -z for all x € [0, a] and the inequality

dk 1 m—1

1
g k4 Z ¢ ;J % ; n—d (30)
= dpn—-1 — Hn—m < IOg _ < log 57

where Hy = Zle é is the dth harmonic number and we used the well-known fact that d — Hg—logd
is monotonically decreasing.
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Fix a j € J and assume that I C {j |,...,j | +d; —1}. By Lemma 5.3, conditioned on F; ;, each
¢s(v) with k € I is a uniformly chosen random element of the set N7(1) and hence (29) yields

o3 |B\ dy,
E[X; — 1] Fs, ] < Z‘ TR
= d 4D d (31)
_3 Z k <= Z k
27
wer ji D n—k{ kel(n_ki)

where in the second and the third inequalities we used Claim 5.1 and the inequalities k£ | > j | and
n—jl—D2>=(n—jl)/2 (which follows as 2D < an < n — j |), respectively.

Now, given a j € J\ {j;} and an I as above, we estimate the conditional expectation of 1[A;]- X7,
conditioned on F; ;. To this end, note first that X; > 1 and hence 1[A4;] - X; < 1[4;]+ X; —1. In
particular, we may invoke (24) and (31) directly to obtain

0 1[u€Us]+1[weUs) 4D d;
E[1[A;]- X7 | Fej] < (1 - —L > ' L (n—k1)*
[1[A;] - X7 | Fij) ( n—jl Z(

Now, item (7) of Claim 5.6 is a straightforward consequence of (32), the simple estimate

dj 1uelU;]+1{wely] dj 2 A 2 1
_ _ >(1-2) 2
(1-+257) o> (1-72) 2 (1-0) 2p @)

and the inequality 1+ z < e*

We now estimate the conditional expectation of 1[A;,] - X;. Unfortunately, a bound akin to (33)
does not hold for Pr(4;, | F ;) and hence in order to obtain a suitable upper bound for E[1[A;,]- X/],
we need to argue somewhat differently, reiterating some of the above computations. As Aj;, implies
that ps(vi) = u, it follows from (29) that

dy,
n—kl

1[A;]- (Xr=1) <a™- > 1pg(vi) = un ps(vy) € B - (34)

kel

By Lemma 5.3, conditioned on Fj j,, for each k € I\ {i}, the pair (ps(v;), ¢s(vx)) is a uniformly
chosen random 2-element ordered subset of N7 (1). In particular, by (27),

1 |B‘ _ 62D/(o¢n) |B|

INF ] ING D) =17 n—ji b IN; ]

Pr (‘PS(W) =u A ps(vg) € B | ]:SJi) <

(35)

holds for each k. Indeed, when k = 4, then (35) holds trivially, as we assumed that u ¢ B and hence
the left-hand side of (35) is zero. Substituting (35) into (34) and using (31), we obtain

€2D/(om) 4D d,
E1[A;]- (X —1) | Fsj| € ————  — - —_—. 36
M) i =D 1 F] < S 5 D g (36)
Finally, as 1[A;,] - X7 = 1[A;,] - (X7 — 1) + 1[A},], combining (28) with (36) with yields
¢2D/(em) < d;, O\ weU 4D dy
E[1[A4;,]- X1 | Fsj] < ——- 1-%) X+ —) ——— |- (37
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Now, item (7) of Claim 5.6 is a simple consequence of (37), the simple estimate
d:. ﬂ[wEUi_] 1
(1 - ”-) "Xy g
n—Jjil 2
cf. (33), and the inequality 1 + = < e®. This completes the proof of Claim 5.6.
With Claim 5.6 now in place, define for every k € J and every I C J,
Zyr=1[A4]- [] 14 Xr
jed i<k

and note that if I C {0,...,k ] — 1}, then Zj ; is F;p-measurable. We shall prove the following
estimate using induction on k.

Claim 5.7. For every k € J and every I C JN{k,..., k| —1},
8D d;
ElZii | F)< [ Prexp|=5- > —L . (38)
ad (n—7)
jeJj<k je(Jn{0,....k—1})UI

As the statement of Claim 5.7 might look somewhat mysterious at first sight, let us now show
how it implies the bound on Pr(E;, , | Fs) claimed in the statement of Lemma 5.4. To this end,

observe that
dj . _m 1
D D D) D DT
jEJ,j<i je] ]eJd 0 d= (39)
= 1 111
dzl(n—d)(n—d—l)_n—m n—1" an

Now, as Z; g = 1[E7,, ], then Claim 5.7, (19), and (39) yield (recalling that D = 2np),

7,u,w

8D d n—il 2D 8D
Pt 70 < TT peow |55 2 s < e (00 00)

JEJj<i jedj<i

n—1ld 4p  16p 2 n—1itl
S T .X< T tL TS T e

Therefore, in order to complete the proof, it suffices to prove Claim 5.7.

We prove the claim using induction on k. For the base case k = 0, note that 0 | = 1 and fix some
I C {0}. Clearly, Zp; < X and hence (38) follows directly from (31) and the inequality 1+ z < e*.
Assume now that £ > 0 and fix an I as above. Let £ = k= be the predecessor of k£ in J in the BFS
ordering (so that £ | +dy =k |)and let I'=1N{¢],...,¢ ] +dy— 1}. Note that

Zyg = Zonr - 1Ad - Xp
and that I\ I' C {k,...,£] —1}. In particular, Z, p\ s is Fs¢-measurable and consequently,

E[Zy1 | Fs] = E[E[Zy 1 | Foul | Fsl = ElZg np - E[1[Ag] - X1 | Foe] | Fil- (40)

21



Let AL, =A_ 1N ﬂj<£ Aj;. Observe that if £ < j;, then A%, implies that v € U;. Similarly, if £ <1,
then A%, implies that w € U}. In particular if £ < i, then on A%, we have 1[u € U] + 1w € U] =
1+ 1[¢ < j;]. Recalling (18) and considering separately the three cases: ¢ < j;, £ = j;, and £ > j;,

one can easily see that Claim 5.6 implies that

8D d:
E[]l[AZ] . XI’ ‘ f&g] < Pe . X{[} cexp | — - Z (7j

3 — i 1)2
@ 2]
Substituting the above into (40), we obtain
8D d;
E[Zis | Fo) < Preexp | —5 - Y ——— | “E[Zynruge | Fol.
ab e (n=jl)

As I\I'U{¢} C Jn{¥, ..., ¢ |—1}, we may use the inductive assumption with k < £ and I < I\I'U{¢}
to obtain

8D d;
E[Zk,llfs]g H Pj'PZ‘eXP ? Z m )
jed i<t FEIN]0,....0— 1)U\ )U{L}UT” J
which is exactly the claimed inequality, as £ € J and ¢ = k™. O

Finally, we establish the second assertion of Theorem 1.6. We first argue that a fairly straight-
forward modification of the proof of Lemma 5.4 gives the following estimate.

Lemma 5.8. For every s € [N] and every pair of distinct u,w € V, the following holds:

n— |V(Ts)|)2 . 66. (41)

Pr (u,w ¢ 0o(V(To)) ADsor | Fo) < ( n—1

Proof sketch. We argue almost exactly as in the proof of Lemma 5.4 with just a few minor modifi-
cations. Let E® denote the event u,w & @4(V(Ts)). We define A_1 to be the event ¢4(vg) & {u,w}
and for every j € J, we let A; denote the event that u,w & {©s(vj]),. .., 0s(Vjj+a,—1)}, that is, u
and w are not among the images of the d; children of v; in Ts. One immediately sees that

E? :&A,1FW(W<AJ.
JjeJ
Item (i) of Claim 5.6 is still valid and hence a straightforward modification of Claim 5.7 and of the
argument following it gives the estimate

s 8D d;
e ) < Lo (08 %)

jeJ jeJ

N2
where now P; = (1 — nijﬂ) for each 7 € J. We conclude as in the proof of Lemma 5.4, noting
additionally that with our new definition of P;, we have the identity

gpj _ (n _n’Y(lTS)‘f-

This completes the proof. ]
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We also observe that for every s € [N], every v € V(T;), and every pair of distinct u,w € V,

Pr (ps(v) € {u,w} ADsy | F) < % (42)

Indeed, this is clear when v = vy, as ps(vp) is a uniformly chosen random element of V' and hence the
left-hand side of (42) is at most 2/n. Otherwise, v is the child of some v; with j € J and therefore
by Claim 5.1,

Pr ((ps(v) € {u,w} AN Dy_1 | .7:3) =Pr (cps(v) € {u,w} AN Ds_1 | ]:SJ)
lue ;W) +1we ;] _ 2 _ 3

IN3(1)] San—2np  an’

Let W5 be the set defined in Theorem 1.6 and observe that |Ws| = n—|V (Ts)|+1 > an. Combining
Lemma 5.8 and (42), we obtain

W, - 1\? 3 Wi\
Pr ({u,w} C Wy ADs_1 | F) < <||> e+ =<2 <||> . (43)

n—1 an n

Finally, for each s € [N] and all pairs of distinct u,w € V, we define

1
Yiw,s = 1{u,w} C Wy ADs_q] - ]W §
As Y. s is clearly Fsii-measurable, inequalities (43) and |Ws| > an readily imply that the random
variables Yy 1, .., Yyw,n satisfy the assumptions of Lemma 2.1 with
1 2 %% 2
M+ —, — maxi‘;""’l, and 0%+ .
an n

Furthermore, letting ¢t = p - max, |Ws|/n, we see that

2 1
—p-max]WSI—NMZﬂ-malesl >t
n s n s

and also Mt Wl 2 Wi
_ P max, 5 _mp p _ p-max,

DL A sl and Notg P L o P PG
3 S 3an? T2 n2 S an?

Therefore, it follows from Lemma 2.1 that

2 2
Pr (Yuw,1+ A Yow, N > £ - max [W |> eXp< (N02+Mt/3)>

- max, |W. 2
< exp (_mm3X||> < exp (_PM> <n 10

provided that p > 30logn/(a?n). In particular, with probability at least 1 —n~%, on the event Dy,
every pair of distinct vertices u,w € V satisfies (recall that Ds_; C Dy for every s € [N]),

1 2
3 1{u,w} C W] £ max |W|.
s=1 |W|

Finally, as the event Dy holds with probability at least 1 — 3n~8, see (10), the second assertion of
Theorem 1.6 follows.
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6 Concluding remarks

e The main contribution of this work is the description and the analysis of a randomised algorithm
that packs a collection of at most (1 —e)np/2 trees, each of which has at most (1 —a)n vertices
and maximum degree at most A into the binomial random graph G, ,,. It is natural to ask how
well our algorithm performs and how tight our analysis is. In the case when both « and ¢ are
constant, we manage to find a packing under the rather weak assumption that A < enp/logn
for some positive ¢ that depends only on « and e. In fact, this is the natural limit of our
method (and very likely, also the limit of many other randomised packing strategies), as we
shall now argue.

Suppose that we run our randomised packing algorithm (described in Section 5) on a family of
|np/4] trees, each of which has between n/2 and 3n/4 vertices, whose all degrees are either 1
or A := [np/w] for some w = w(n) > 4; clearly, such trees exist. We argue that our algorithm
will fail to pack these trees into Gy, , unless w(n) > clogn for some positive constant c. To
see this, note that each tree in the collection contains at least w/(3p) vertices of degree A. In
particular, in any packing of the trees into an n-vertex graph, an w/(3pn)-proportion of the
vertices of the host graph will have degree A in the image of any given tree. Now, observe that
our randomised packing algorithm has the following nice property. In each of the rounds, a
given vertex of the currently embedded tree is mapped to a given vertex of the host graph with
probability at most around 1/n, independently of the earlier rounds; this is an easy consequence
of Lemma 5.4. It follows that in each of the rounds, most vertices of the host graph are the
images of a vertex of degree A with probability at least w/(4np). Therefore, for a typical vertex
v in the host graph, the probability that v serves as a vertex of degree A more than 2w times
is at least e~“ for some absolute constant C'. Hence, if w < logn, then some vertices in the
host graph will accumulate total degree of at least 2w - A > 2np, which clearly does not usually
happen in Gy, .

e While writing the proof of Theorem 1.6, we were much less concerned with the optimality of
the assumptions listed in (1) with respect to a and ¢, settling for a polynomial dependence on
both these parameters, which then results in an upper bound of the form (np)¢/(logn)® on the
maximum degree of the trees in Theorem 1.4. The current value ¢ = 1/6 could be improved
to any constant smaller than 1/5 if one replaced the 3/2 in the estimate (23) by a smaller
constant larger than 1. We decided not to do this for the sake of clarity of the presentation.
One could most likely improve the estimate (30) by using the inequality |I| < d;j < A. Again,
we decided not to pursue this direction, as this could only really affect the case A < /n. It
would be extremely interesting to relax the assumption A <« (np)l/ 2 of Theorem 4.1, even for
small values of p, as this would most likely require far-reaching improvements of our packing
strategy.

e [t is plausible that one could improve our algorithm to produce a packing of trees with maximum
degree as large as ©(np) in Gy, . For example, one can try, in each time step, to map vertices of
“high” degrees in the tree to vertices of “small” degrees in the current embedding. This would
prevent vertices from becoming images of high degree vertices too often, and could potentially
remove the 1/logn factor from the current upper bound on A. Having said that, the analysis
of such an algorithm would most likely differ significantly from our current analysis (and would
probably be much more complicated). Since anyway we do not believe that such a naive random
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procedure will resolve Conjecture 1.1, we did not try to continue this argument. Still, it would
be very interesting to see a clean analysis of an algorithm of a similar type.

Our embedding scheme relies very strongly on the fact that we embed only graphs that are 1-
degenerate (recall that a graph H is d-degenerate if and only if there exists a labeling v1, ..., vy,
of V(H) for which every v; has at most d neighbours among vy,...,v;_1). Indeed, following
such an ordering, in each time step we try to embed a new vertex by exposing exactly one
new edge, and therefore the algorithm is not “wasteful” and leaves us a lot of “randomness”
for later steps. It would be very interesting to find random embedding schemes employing the
“online sprinkling” idea for general graphs or, at the very least, for almost-spanning graphs
with bounded maximum degree.

Acknowledgment. We would like to thank Choongbum Lee for many stimulating discussions and
suggestions about an earlier version of this paper.
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A  Proof of Lemma 2.1

In the proof of Lemma 2.1, we shall use the following (conditional version of the) estimate on the
moment generating function of a bounded random variable with bounded second moment.

Lemma A.1 ([4]; see also [7, Theorem 2.9]). Let X be a random variable satisfying
0<X<M, EX|F<u and  E[X?|F] < o?
for some o-field F and reals M, i, and o. Then, for all A € R,
AX o
E [e | f} < exp (M n M2¢(MA)> .
where ¢(x) = e* —x — 1.
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Proof of Lemma 2.1. Suppose that Xy,..., Xy and M, u, and o satisfy the assumptions of the
lemma. We prove the claimed upper tail estimate using a standard Azuma-type argument. We
first derive an upper bound on the moment generating function of Zf\il X;. As in the statement of
Lemma A.1, let ¢(z) = e* —x — 1.

Claim A.2. For all A\ >0 andi € {0,...,N}, we have

% 0_2 %
E |exp )\ZXJ- < exp (,u/\ + WQS(M)\)) . (44)
j=1

We prove the claim by induction on ¢. For ¢ = 0, there is nothing to prove, so assume that ¢ > 1
and that (44) holds with ¢ replaced by ¢ — 1. Note that

7 i—1
Elexp [AS X5 || =E [exp [ A X; -E{e’\XWXl,...,XZ-,l} . (45)
j=1 j=1

Using Lemma A.1 to bound the conditional expectation in the right-hand side of (45), we obtain

7 i—1 2
Elexp [ AS X || <E|exp [AS X | -exp (NAJFquﬁ(M)\)) ,
j=1 j=1

which together with our inductive assumption immediately gives (44).

With the upper bound (45) in place, we use the Cramér—Chernoff method to obtain the claimed
estimate for the upper tail. Indeed, for all positive A and ¢, by Markov’s inequality,
N N
Pr ZXjkNu—i—t =Pr | exp )\ZX]- > M Vutt)
j=1 j=1

N
N 2
< e MVEE fexp [ A" X5 | | < exp <]WUQ¢(M/\) - At) ,
j=1

where the last inequality is (44) with i = N. Letting u = Mt/(No?) and A\ = log(1 + u)/M, we

obtain

No?

2 . ((1 + u) log(l + u) - u)) . (46)

N
Pr ZXj >Nu+t <exp<
j=1

Finally, the claimed estimate follows from the following easy-to-prove inequality:

’LL2
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