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5 Pushforward, pullback,
and change of variables

5a  Pushforward and pullback: introduction . ... [82
5b  Vector fields: three facets of one notion . . . . . 88
5¢ Not just one-to-one . . ............... 93]
5d  From smooth to singular . ... ... ....... 100!

Change of variables need not be one-to-one, which is surprisingly useful
for the integral of Jacobian, divergence, and even topology.

5a Pushforward and pullback: introduction

5al Definition. (a) Let M C RY be a manifold (of some dimension n).
A mapping ¢ : M — R™, p(z) = (p1(2),...,0n(2)), is continuously
differentiable, in symbols ¢ € CY(M — R™?), if py,...,pN, € CH(M).!

(b) Let M; C RN M, C R™? be manifolds (of some dimensions ny,ns).
A mapping ¢ : My — M, is continuously differentiable, in symbols ¢ €
CH(M, — M), if o is continuously differentiable as a mapping M; — R,
If, in addition, ¢ is invertible and p=! € C'(My — M), then ¢ is a diffeo-
morphism M, — M,.?

5a2 Exercise. If (G,v) is a chart of an n-dimensional manifold M C RY,
then 1 is a diffeomorphism between the n-dimensional manifold G C R" and
the n-dimensional manifold ¢(G) Cc M C RY.

Prove it.?

5a3 Exercise. Let U,V C RY be open sets, ¢ : U — V a diffeomorphism,
and M C U a manifold. Then the set (M) C V is a manifold, and ¢y :
M — (M) is a diffeomorphism.

Prove it.

The set C'(M) is an algebra (recall 2b11); the set C'(M — R™M) is a
vector space; C1(M; — My) is not.

'Recall 2b10.

2If a diffeomorphism exists, M; and M, are called diffeomorphic. The condition n; =
ng is necessary and not sufficient.

3Hint: recall 2a9, 2b11.
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5a4 Exercise. If ¢ € C*(M; — M) and ¢ € C*(My — Ms), then v o ¢ €
Cl(Ml — Mg)

Prove it.!

We’ll see soon that some mathematical objects related to M; may be
transferred to M, via a given ¢ € C'(M; — My); this is “pushforward”,
denoted by ¢.. Some objects may be transferred from M, to M;; this is
“pullback”, denoted by ¢*. Sometimes ¢ is required to be of class C%. And
some objects may be transferred by diffeomorphisms only (in both directions,
since o~ ! is also a diffeomorphism). Remarkably, the following universal
relations hold in all cases:

(5a5) (Vop)=tv.0p,, (Yop) =p oy”.

PoinTs: pushforward. A point z € M; leads to the point p(z) € Mo.
That is, p.(z) = ¢(x) for x € M;. But a point y € My does not lead to a
point of M; (unless ¢ is invertible); the inverse image {z : ¢(x) = y} may
contain more than one point, and may be empty.

FUNCTIONS: pullback. A function f € C'(M>) leads to the function
foe e CYM,). That is, *(f) = fop for f € C*(M,). But a function
f € CY(M;) does not lead to a function on M, (unless ¢ is invertible).

Note that ¢* is linear on C'(M,). A preserved relation:

fleu(@) = (¢"() (@) w1 @y, fi i f
for z€M ,fECT(M>). fl(xl) = fg(.IQ)

PaTHS: pushforward. A path v € C([to,t;] — M;) leads to the path
p oy € CH([to, 1a] — My). That is, .(7) = por.

A preserved relation:

(2 (1) (1) = @u (v(1)) S Yo, T S 2y
for te[to,t1],v€C ([to,t1]—>M). 71(t) =T = 72(75) = T2

Universal relations (5a5)) hold evidently in the three cases treated above.

TANGENT VECTORS: pushforward. It is easy to guess that a vector
h € T, M, leads to the vector ¢.(h) € T,,M,; where zo = p(z1), and a
preserved relation holds:

P (7,(?5)) = (@*(7))/(75) 71 RS Y2, h1 o ha
for t€[a,b], yeC([a,b]— M) . 71 (t) = h1 £ 'yé(t) — hQ

'Hint: M, is locally a graph.
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But note that the chain rule (from Analysis-3) does not apply to ¢ o, since
¢ is defined on M;, and M; is not open (unless ny = Ny), thus, Dy is
undefined. Note also that the notation ¢.(h) € T,, M, is flawed; rather, it
should be ¢, (z1, h1) = (w9, hy), where x5 = p(x1) and hy € T, M.

5a6 Definition. The tangent bundle TM of an n-manifold M C RY is the
set
TM = {(x,h):x € M, h € T,M} C R*N.

5a7 Example. Let M = {(t, f(t)) : t € R} be the graph of a function
f € CY(R); then (recall 2b20)

TM = {(t, f(£), \,\Af'(t)) : t, A € R} C R*.

If in addition f € C?(R), then T'M is a 2-manifold covered by a single chart
R? 5 (t,A) — (¢, f(t),\,Af(t)). Otherwise this mapping is a homeomor-
phism (think, why) but not a diffeomorphism.

5a8 Exercise. If (G,1)) is a chart of M, then the mapping
(u,0) = (b(u), (DY)yv)

is a homeomorphism from G x R™ onto a relatively open subset of T'M.
Prove it.!

5a9 Lemma. Let M; C RM, M, C RM be manifolds (of some dimensions

ni1,ms), and ¢ € C'(M; — M>). Then there exists one and only one mapping
Dy € C(TM, — TMs,) such that

(e o). (o) (1) = (Dp)(1(t).' (1))
whenever v € C*([tg, t1] — M) is a path, and ¢ € [tg, t;].

Proof. Given x; € M;, we consider a chart (G,v) of M; around z;, and
the corresponding C'!' mapping (not just chart) £ = p ot : G — M,. Let
71 be a path in M; such that ~;(0) = x1, and 72 = ¢ o y; the corresponding
path in My; clearly, 12(0) = x9 = ¢(x1). Assuming that v, does not escape
(G) (otherwise restrict 71 to a smaller interval of t) we introduce the path
B =1y lory in G and note that 74 = o B, 72 = £o B (since 1, =
poy = poroff =¢of). It follows that vi(0) = (Dv)s0)F'(0) and
75(0) = (DE) 05’ (0), therefore

75(0) = (DE) gy (DY) p(y) 71 (0) .

"Hint: [(DY)uyhe = (D)u, ha| = (DY), (he — h1)| = [(DY)uy — (DY)u, |l - |ha], and
[(D9)uy (he — h)| > |ha — hal/|[(D)u,) M.
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Uniqueness of Dy follows: it must be

(5a10) (D) (x1,hy) = (22, hs)
where 5 = ¢(z1) and hy = (DE)y-1(4,) (DY) y=1(ay)) "1,

since for every hy € T, M; there exists a path 7, in M; such that v,(0) = z;
and v1(0) = h; (recall 2b19 and try a linear path ).

Locally, existence of Dy is ensured by ; continuity follows via
from continuity of the mapping (u,v) — (£(u), (D€),v). For two charts, the
corresponding local mappings agree on the intersection (by the uniqueness).
Glued together, these local mappings give De. O]

It is tempting to say that ¢ = £otp™! and therefore Dy = (DE)o(D(¢1)).
Really, it is; but this fact does not follow from the chain rule (of Analysis-3).

It is convenient to write hy = (Dp)zhy or hy = (Dp, ), instead of
(o(x), ha) = (D) (2, ha).

Note that the mapping (D), : To My — Ty Mo is linear.

So, ¢. = Dy on TM: g,(x.h) = (Dp)(,h) = (plx), (Dp),h). The
relevant universal relation (¢ o @), = 1, o ¢, (recall (Ha5)) holds for tan-
gent bundles, which follows from the corresponding relation for paths (think,
why). It means that

(5all) Do @)oh = (DY) y@)(De)h,

the chain rule of Analysis-4!

Every f € CY(M) may be treated as a C!' mapping from M to the
1-dimensional manifold R; in this case (Df), : T,M — R, thus, Df is a
1-form on M.

DIFFERENTIAL 1-FORMS: pullback. A 1-form w on M, leads to the
1-form ¢*(w) on M; defined by

(0" (@) (@, h) = w(p(@), u(h)) = w(p(), (Dp):h) -

In order to get ¢*(w) € C* one needs not only w € C'! but also ¢ € C2.
Note that ¢* is linear on the vector space of 1-forms on M.
Preserved relations:

(5al2) ¢ (fw) = ¢ (fle"(w) fi & fo, wi ¢ wo
for feC(Mz) and 1-form w on M> . f1W1 (gO_*| f2w2
(5al3) D(¢"f) = ¢"(Df) S & J2, w1 & )

for feCl(Ms). Df2 =wy = Dfl = w;
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Relation (hal2)) follows immediately from the definition of ¢*(w). Relation

follows from the chain rule (Balll): (D(¢*f))(z,h) = D(f o ¢).h =
(Df>go(x)<D90)xh = (90*(Df)) (ZL’, h)

Treating a path v in M as a C! mapping from the 1-dimensional manifold
(to,t1) € R to M, we introduce the 1-form 7*(w) on (¢y,t;) and observe
that v*(w) is equal to the volume form on (¢, ;) multiplied by the function
t = w(y(t),7(t)), whence

f&mh)wﬁ(w)::Lljlw(v(ﬂ,w/@))dt.

We see that a pullback lurks in the definition (1¢10) of fv w:

(5a14) / w = /( )

We get another preserved relation:

v e (7) W= fw W2

whenever 7 is a path in M;, w is a 1-form on My, and ¢ € C*(M; — M,).
Proof: by (5aTd), [, @*(w) = f;, ) 7" (¢ ()); and, using (55),

[o=f o=f o= v

SINGULAR BOXES: pushforward. Similarly to paths, p.(I') = oI for a
singular box I' : B — Mj.

DIFFERENTIAL n-FORMS: pullback. Similarly to 1-forms,

(go*(w))(x, hi, ... hy) = w(gp*(x), ou(h1),. .., w*(hn)) =
= W(QO(ZE)J (Dg0)$h1, R (D90>;chn) .

In order to get ¢*(w) € C* one needs not only w € C'! but also ¢ € C2.
Note that ¢* is linear on the vector space of n-forms on M.
A preserved relation: similarly to (bal2]),

P*(fw) = o*(f)¢" (W) fr & oy wr Sy

for feC(Mz) and n-form w on My . flwl " f2w2

(5a16)
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Similarly to (bald)), now (1el2) becomes (think, why)

(5a17) /Fw _ /OF*(w).

A preserved relation: similarly to (balb|),

P P~
(5&18) /90*(w) _ / w [y —= T, wy ¢ wo
r @u(I) frl Wy = fFQ Wo

whenever I' is a singular n-box in M;, w is an n-form on M,, and ¢ €
CH( My — My).

Also, if ¢ : My — M, is an orientation preserving diffeomorphism between
oriented n-dimensional manifolds (M7, Oy), (M, O2), and w is an n-form on
M, then we have another preserved relation: ¢*w is integrable if and only if
w is integrable, and in this case

% M1 < MQ, W1 <> Wo
(5al9) p'w = w.
(M1,01) (M2,02) fMl w1 = sz W2

5a20 Exercise. Prove (bal9))
(a) for a single-chart w;
(b) for a compactly supported w;
(c) in general.!

What do you think about the relation | P =1 My f for compactly
supported f € C(Ms)?
VECTOR FIELDS: this is another story; see Sect. [pb]

When ¢ : My — M, is a diffeomorphism, it is convenient to define both
pushforward and pullback in all cases; namely, when pushforward is already
defined, we define pullback by ¢* = (¢7!),; and when pullback is already
defined, we define pushforward by ¢, = (¢~1)*. Two more relations (¢,) ! =
©*, (p*)7! = ¢, follow from and the universal relations (id), = id,
(id)* = id that hold evidently in all cases. Here is how they follow: p~lop =
id = pop ™!, therefore (¢!),00, = id = @.o(p1),, thatis, (v.) ™t = (¢ 7).
Similarly, (p*)™' = (¢71)*.

For example: a path 7 in M; leads to the path vo = @.(71) = povy; in Ms;

and a path ~, in M, leads to the path 71 = ¢*(72) = (0 1)u(72) = 0 Lo

in M; and ¢ (pu(11)) =¢ "o (pom) = (¢ op)om =
We'll often write p*f, p*h, ¢*w etc. instead of ©*(f), ¢*(h), p*(w) etc.

'Hints: (a) similar to (5al7), use (2¢2); (b) recall (2d4); (c) recall the paragraph before
2d7.
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5b Vector fields: three facets of one notion

By a vector field on a manifold M C RY one means (by default) a tangent
vector field, that is, a mapping F : M — R" such that

Vee M F(x)e T, M.
........................ Facet 1: velocity field —........................

Given two n-manifolds M; C RM, M, C R, a diffeomorphism ¢ :
M, — M, and a vector field F of class C° on M;, one may define the vector
field ¢, F of class C° on M, by

(5b1) (@ F)(y) = %(Fso y) ) s0( v '(y)) =
= (Do) (F ) = x(F x)) where 7 = ¢~ (y)

for y € M.

5b2 Exercise. If a path v, in M; conforms to a vector field F; on M; in the
sense that

vt € [to, t1] 71(t) = Fi(v(t))
then the path 75 = ¢.(71) in My conforms (in the same sense) to the vector

field F2 QO*(Fl) on MQ.
Prove it.

We see that the transfer (5bl)) is appropriate when vector fields are in-
terpreted as velocity fields.

5b3 Exercise (polar coordinates). Let M; = (0,00) x (—m,7), My = R?\
(—00,0] x {0} (treated as 2-dimensional manifolds in R?), ¢ : M; — My,
90(5) = (:gﬁfg) Then the relation Fy = ¢, F; (or equivalently F} = ¢*F5)
between vector fields F; on M; and F5 on M, becomes

r cos sin @ rcosf
£ (9) - (—% sin 6 %cos 0) £ (T sin 8) ’
Prove it.

In particular, a radial vector field F5(§y) = g(y/2? + y2) () corresponds
to Fi(p) = ("4"). Taking g(r) = 1/r? we have div Fy = 0 (recall (4a7)),
and Fy(5) = ('), div F1 #0.

If puzzled, recall the footnote on page 66: divergence 0 means preservation
of volume, not mass. The diffeomorphism ¢ does not preserve the area (the
2-dimensional volume).
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In contrast to numerous good news in Sect. [al, now we face bad news:
the relation div F' = f is not equivalent to div(¢*F') = ¢* f. Also, the flux of
F through a boundary is not preserved by diffeomorphisms.

Vector fields are nice to visualize, but not nice to transform.

.............. Facet 2: gradient; visualization of 1-forms —..............

Recall the gradient Vf € C°(U — R") of a function f € C'(U) on an
open set U C R™; V f is a vector field, generally not interpreted as a velocity
field. It is related to the 1-form Df : (z,h) — (Df).h by Df(x,h) =
(Vf(x),h). More generally, every 1-form w on U corresponds to a vector
field F' on U such that w(z, h) = (F(x), h).

What about the gradient of a function f € C*(M) on an n-dimensional
manifold M C RY? We may define it by (f o7)'(t) = (Vf(7(t)),~'(t)) for
all paths v in M and all t € [tg, t;] and prove existence and uniqueness. But
we already have the 1-form Df on M. We may define Vf by Df(z,h) =
(Vf(x),h) for all z € M, h € T,M. For each x the vector Vf(z) € T,M
is thus well-defined, but is it continuous in 7 And can we express it via a
chart? Yes; in fact,

(5b4) V() = (DY) (DY), (DY)u) "V (f 0 9)(u)

here (Dv)t, (D), is the matrix (((D;¥)u, (Dj)u))s,; seen before (in Sect. 2¢;
the root from its determinant was denoted by Jy(u)). The same approach

may be used for representing a given 1-form w by a vector field F' such that
w(z,h) = (F(z),h).

5b5 Exercise (polar coordinates). Let M, M, and ¢ be as in m

(a) Prove, without using (5b4), that V(f o) = (%50, s ) ((Vf) o)
for all f € C'(My);

(b) check that (D¢)'(Dy) = (¢ %). Does hold in this case (for
b =)?

Denoting Fy = V(fop), F» = Vf wehave Fy () = (%9, S5m0 ) Fy(resl),
which is not the same as [5b3| (but for radial vector fields they are the same).
We see that the transfer (bblf) is inappropriate when vector fields are

interpreted as gradients (or, more generally, visualize 1-forms).
............. Facet 3: visualization of (n — 1)-forms; flur —.............

Recall the linear one-to-one correspondence (4e6) between (N — 1)-forms
on RY and (continuous) vector fields on RY. More generally, we may in-
troduce a linear one-to-one correspondence between (n — 1)-forms w on an
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n-dimensional oriented manifold (M, ) in RY and (tangent, continuous)
vector fields F' on M by

w(z,hy,y ... hyq) = p(x, F(x),hy, ... hyq)

whenever hy, ..., h, 1 € T, M; here p is the volume form on (M, ©O). But for
now we remain in the framework of (4e6); n = N — 1.
Recall also the adjugate matrix (Sect. 0f).

5b6 Lemma. Let Uy, Us C RY be open sets; ¢ € CH(U; — Uy); and F; €
C(U, — RY), F, € C(Uy — RY) the vector fields that correspond to n-forms
wy, we such that wy = p*we. Then F| = (adj Dy)(F» o ), that is,

%}
w1 <=—1w2

Fi(z) = adj(Dy).Fa(p(x)) for all x € Uy . } !
F1 <L|F2

Proof. Denote for convenience A = (Dy),, B = adj A, v; = Fi(z), vy =
Fy(p(x)); we have to prove that v; = Bus.
The relation w; = ¢*wy at x, in terms of vy, v9, becomes

Vhi, ..., hy € RY det(vy, hy, ..., hy) = det(vy, Ahy, ..., Ahy,).

It is sufficient to prove that det(wvy, hq,...,h,) = det(Buvs, hq, ..., h,), that
is,

det(vy, Ahy, ..., Ah,) = det(Buvs, hy, ..., hy),

just an algebraic equality.

For fixed vy, vy and hq, ..., h, we treat both sides as functions of a matrix
A. These functions being continuous (and moreover, polynomial, of degree
< n), we may restrict ourselves to invertible matrices A. Introducing hy =
A v, we have

det(ve, Ahy, ..., Ah,) = det(Ahg, Ahy, ..., Ah,) =
= (det A) det(ho, hl, ce 7hn) s
since the product of A by the matrix with the columns hy,...,h, is the

matrix with the columns Ahy, ..., Ah, (think, why). Finally, (det A)hy =
(det A)A~1vy = Buy. O

Still another transfer (different from and even for radial vector
fields, see the next exercise).
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5b7 Exercise (polar coordinates). Let Mj, My and ¢ be as in ,

Check that
T rcosf rsinf rcosf
£ (9> - (— sin 6 cos@) Fy (rsin@) '
5b8 Exercise (rotation). Let ¢ = L : RY — RY be a linear transformation

such that Vz € RY |Lz| = |z|, and det L = +1. Then the relation F; =
(adj D) (F3 o ) becomes

Fi=L'oFolL.
Prove it.

5b9 Proposition. For the constant vector field Fy(x) = (1,0,...,0) and
arbitrary mapping ¢ : x — (gpl(x), . ,gpN(a:)) of class C!, the corresponding
vector field Fy = (adj Dp)(Fy 0 ) is Vg X -+ X Vipy; that is,

Fi(z) = Vipo(z) X -+ x Voy ().

5b10 Lemma. For every N x N matrix A, the first column of the matrix
adj A is as x -+ x ay where ay,...,ay € RV are the rows of A.!

Proof. Denote the first column of the matrix adj A by b;. By the Laplace
expansion (recall Sect. 0f), (a1,b;) = det A. On the other hand, (a;,as X
-+ xay) = det A. Also, b; does not depend on a; (mind the minors). Thus,
(a1,b1) = (ay,as X - -+ X ay) for all a;, which implies by = ag X -+ x ay. O

Proof of Prop.[5b9. The rows of the matrix A = (D), are Vi (z), ..., Voy(x).
The vector (adj A)(1,0,...,0) is the first column of adj A; by Lemma [5b10
it is Vg x -+ X Vop. O

5b11 Corollary (ofpb9)). For the vector field Fy(zy,...,zx) = (21,0,...,0)
and arbitrary mapping ¢ : @ — (¢1(2),...,on(2)) of class C*, the corre-
sponding vector field F; = (adj Dp)(Fz 0 ) is ¢1Vga X -+ X Vy; that
is,

Fi(z) = p1(x)Vpa(z) x -+ x Von(z) .

5b12 Corollary (of [5b6| [pal9| and [5a3). Let U;,Us C RY be open sets,
@ : Uy — Uy a diffeomorphism, det Dy > 0, F, a continuous vector field on
U,, and V5 a smooth set such that Vy C Us. Then V; = ¢~ 1(V3) is a smooth
set such that V, C Uy, F} : o + adj(Dy),Fa(p(r)) is a continuous vector

field on Uy, and
[ mn) = [ ().
8V1 aV2

!Similarly, the i-th column of adj A is (—1)""ta; X --- X a;_1 X @j11 X -+ X ay.
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5b13 Remark. But if det Dy < 0, then fav Fi,ny) = fav (Fy, ny); think,
why. In general, U; decomposes in two disjoint open sets. .

5b14 Remark. Keeping in mind possible applications to the piecewise smooth
case, consider a bounded regular open (not necessarily smooth) set V5 such
that V, C Us, and a closed set Z, C OV, such that OV5 \ Z5 is an n-manifold
of finite n-dimensional volume. Then V; = ¢ 1(14) is a bounded regular
open set such that V; C Uy, Z; = ¢~ *(Z,) C 9V} is a closed set such that
OVi\ Z, = ¢ 10V, \ Z,) is an n-manifold of finite n-dimensional volume,

and
/ <F17111> :/ <F2,n2>
3V1\Z1 OVa\Z2

for every continuous vector field F; on Us; here Fy = (adj Dy)(Fz o ). This
is similar to BbI2l

5b15 Example. Find the flux of the radial vector field F'(z) = z, = € R?,
through the cardioid (22 + y? — 2x)? = 4(2* + y?).

We turn to polar coordinates.

The curve: (r? —2rcosf)? = 4r%; r2 — 2rcos = +2r; r = 2(&1 + cos );
r=2(1+cosf) for —m < 0 < 7.

The vector field: Fy(j) = (75§ e ) (reosd) = (7).

The flux, via (4e6): [™ det(F ("), ("?))do = [ |"O 7O ]do =

ST 4(1 4 cos0)? d9 = 12m.

o3

Here is an important preserved relation, in two versions.

5b16 Corollary (of [5b12| and Sect. Oc). Let U;,Us C RY be open sets,
¢ : Uy — U a diffeomorphism, F, a continuous vector field on U, and
fo e C(Uy). If

/ fo= / (Fy,ny) for all smooth sets V5 such that V, C U,,
Vo oV
then

/ fi = / (Fy,n;) for all smooth sets V; such that V; C Uy,
V1 BVI

where F; = (adj Dy)(Fy 0 ) and f; = (det Dp)(f2 0 ).

5b17 Remark. No need to require det Dy > 0, since the negative det Dy
leads to — [i. fi = — [, (F1, ).
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5b18 Corollary (of[5b16|and 4a3). Let Uy, Us, ¢, F1, F, f1, fo be as in[5b16
and in addition, ¢ € C?, Fy € C'; then also Fy € C!, and

fi=divFE; if and only if fo=div F}. FieFy, fie fo

divFi=f1 <= divI=fs

5b19 Exercise. Let Uy, Us, ¢ be as in [5b18] ¢ : 2 +— (gpl(x),...,goN(x)).
Then

(a) div(Vps x -+ x Vipn) = 0;
(b) div(¢1 Ve x -+ x Vi) = det(Dy) (the Jacobian of ¢).
Prove it.!

5b20 Exercise. Let U;,U; C RY be open sets, and ¢ : U — U, a dif-
feomorphism of class C2. Let Vi be a bounded regular open set, V; C Uy,
and Z; C 0V; a closed set such that the divergence theorem holds for V)
and 0V, \ Z; (as defined by 4b4). Then the same holds for Vo = ¢(1]) and
Zy = p(Zy).

Prove it.

5b21 Exercise. (a) Consider the truncated cone (conical frustum) V =
{(z,y,2) :a < z<b, 2*>+1y*> < cz?} C R for given a,b,c > 0, a < b. Prove
that the divergence theorem holds for V' and 0V \ Z where Z = {(z,y,a) :
2+ y? = ca’} U {(z,y,b) : * + y* = cb?*}.

(b) Consider the cone V = {(z,y,2): 0 < 2 < b, 22 + y* < cz?} C R? for
given b,c > 0. Prove that the divergence theorem holds for V' and oV \ Z
where Z = {(z,y,b) : 22 + y* = ¢b*} U {(0,0,0)}.2

5c Not just one-to-one?

Interestingly, [Fb16] and [Fb18| can be generalized to mappings ¢ that are not
one-to-one. This generalization leads to divergence theorem for singular
cubes, and ultimately, to Stokes’ theorem. Surprisingly, main ideas may
be demonstrated without vector fields (and differential forms), proving (3a3)
and in addition, some famous topological results!

v Fo o
2(b) take @ — 0 in

3Based on: J. Milnor (1978) ‘Analytic proofs of the “Hairy ball theorem” and the
Brouwer fixed point theorem’, Amer. Math. Monthly 85 521-524;
C.A. Rogers (1980) “A less strange version of Milnor’s proof...”, Amer. Math. Monthly
87 525-527;
K. Groger (1981) “A simple proof of the Brouwer fixed point theorem”, Math. Nachr. 102
293-295.
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The first idea is, to connect a given mapping with a diffeomorphism. We
restrict ourselves to the simplest diffeomorphism id : x — z on a box or a
smooth set.

5c1 Assumption. (a) U C R" is either an open box or a smooth set;
(b) ¢ € CHU — R"), that is, Dy extends to U by continuity (and
therefore ¢ also extends to U by continuity).

5c2 Exercise. Prove that ¢ satisfies the Lipschitz condition:! there exists
L € [0, 00) such that

(@) —e)| < Llz —y| forallz,yeU.
We introduce
(5¢3) ¢i(x) =z +t(p(x) —z) = (1—t)z+tp(z) forxzeUandt e [0,1].

Clearly, ¢, € C1(U — R") for each t € [0, 1]. It appears that ¢, must be
a diffeomorphism for ¢ small enough.

5c4 Lemma. There exists € € (0, 1] such that for every ¢ € [0, €] the mapping
¢¢ is a homeomorphism U — ¢,(U), and ¢;|y is an orientation-preserving
diffeomorphism U — ¢,(U).

Proof. First, using[pe2] |y (x) — @u(y)] = [(L—t)(z —y) +t(e(z) —o(y ))\ >
(I=t)fz—yl=tlo(z) —p(y)| = (1 t)!x yl—tLlz—y| = (1= (L+1)t)]a—

for t < 1/(L + 1), ¢; is one-to-one and ¢, ' is continuous on ¢;(U), that 1s,
¢4 1s @ homeomorphism.

Second, sup,.i7 [[(Dy)z|| = C < 00; Doy = (1 —t)I +tDy; || Doy — I|| =
| =t +tDy| < (C+1)t; for t < 1/(C + 1), det Dy; > 0. By the inverse
function theorem, ¢, is a local diffeomorphism. Being also a homeomorphism,
it is a diffeomorphism. O

5c5 Exercise. Let U C R™ be a bounded open set, 1 : U — R” continuous.
If 4(U) is open, then 0(¢(U)) C ¢(9U).

Prove it.

5c6 Assumption. (c) U and R™\ U are connected (for a box this holds, of
course);

(d) p(z) =« for all x € OU.

'Hint: for a box U use convexity; for smooth U assume the contrary, choose z, — z,
yn — y such that |p(x) — p(y)|/|x — y| — oo and note that = y; in the case x € U do
similarly to the proof of 3b6.
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5¢7 Lemma. ¢, (U) = U for all ¢t small enough.

Proof. Denote V =R"\ U and U; = ,(U). For t small enough, by |5cd] U,
is open; by [5ch], AU, C ¢(AU); also, :(OU) = U, and we get OU, C 9U.
We see that U, NU = ) and OU; NV = (). By connectedness, U; N U is
either ) or U, and U, NV is either ® or V. But U, is bounded, while V is
not. Thus, U, NV = 0, that is, U, C U; by regularity, U, C U; and finally,
U, =U. O

The second idea is that

(5¢8) the function ¢~ / det Dy; is a polynomial,
U

since for every x € U the function ¢ — det(Dy;), = det((1 — t)I + ¢(Dyp).)
is a polynomial (of degree < m). And if a polynomial is constant on some
interval, then it is constant everywhere! Assuming [bcl] and [5c6] we have
Jiy det Doy = v(pe(U)) = v(U) for all ¢ small enough, therefore

(5¢9) / det Doy =v(U) forallt € R
U

(but generally not equal to v(¢:(U))).
Now we are in position to prove (3a3).

5c10 Proposition.
/ det Df =0 if f € C*(R" — R"™) has a bounded support.

Proof. We take p(x) = x + f(x), that is, ¢(x) = x + tf(x). We also take
a “nice” U (say, a ball or a cube) such that f is compactly supported within
U. Assumptions , are satisfied. By (5c9), Ji; det Dy = v(U) for all
t; [y det(I +tDf) = v(U); [,det(31 + Df) = zv(U); take the limit as
t — oo. O

....................... A digression to topology — ......... ... .. .. ...

We can also prove some famous topological results. First, a retraction
theorem.

5c11 Proposition. For the unit ball U = {z : [z| < 1} C R" there does not
exist a mapping ¢ of class C! from U to OU such that Vo € OU ¢(z) = z.
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Proof. Such ¢ satisfies and . By (5c9), [,; det Do, = v(U) for all ¢.

In particular, for t = 1 we get fU det Dy = v(U), which cannot happen, since
©(U) C 0U has empty interior, and therefore det Dy = 0 everywhere. [

Second, Brouwer fixed point theorem.

5c12 Proposition. For the unit ball U = {z : |z[ < 1} C R", every mapping
¢ : U — U of class C! has a fixed point (that is, 3z € U p(x) = z).

Proof. Otherwise, we define 1) : U — 90U by (x) = ¢(z) + \o(7 — (2))
where A, > 1 is such that [¢(z)| = 1, and apply to 1. O

5c13 Remark. In topology, these facts are proved for continuous (rather
than C') mappings. This is not our goal here, but anyway, a continuous ¢ :
U — U may be approximated by ¢y : U — U of class C*, then ¢ (x;,) = xy,
x — x (a subsequence. .. ), and finally ¢(z) = .

Now, generalized implies generalized [5cIT} if ¢ is a retraction, then
(—¢) has no fixed point.

Back to vector fields, pullbacks and differential forms.
In the rest of Sect. 5 we define the pullback of vector fields according to
“facet 37 of that is,

(5cl4) ©'F = (adjDp)(F o).
We also redefine the pullback of functions (“scalar fields”) as
(5¢15) " f = (det D) (f o).

That is, we treat F' as a visualization of an (N — 1)-form, and f as a visual-
ization of an N-form f - det. Now becomes preserved relation

[f=divF <<= o' f=div(p'F), h /2
div div
that is, ©*(div F) = div(p*F) fll -~ ]*12

provided that ¢ is a diffeomorphism of class C?.
The notion of a polynomial RY — R generalizes readily to the notion of
a polynomial RY — RM or even RY — V where V is a finite-dimensional

vector space. In particular, we may speak about polynomial vector fields
RY — RN !

'For instance, F(j) = (z1°—5z87+11 ).

—T
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On the other hand, we may speak about a polynomial family (¢;)ier of
mappings ¢; : U — RY; in particular, (5c3)) is such a family (of degree 1).
Of course, ¢;(x) is required to be polynomial in ¢, not in x.

5c16 Exercise. Let (¢;)qer be a polynomial family of mappings ¢, € CH(U —
RY). Then:

(a) For every polynomial f : RY — R, the family (¢} f); of functions on
U is polynomial.

(b) For every polynomial vector fields F' : RN — RY | the family (o} F);
of vector fields on U is polynomial.
Prove it.

5c17 Proposition. Let U C RY be an open set; ¢ € C3(U — RY); F, :
RY — R a polynomial vector field; f, = div Fy; f1 = ©* fo, and F} = ¢*F;.
Then F; € CY(U — RY), and

*

P [y
1 = . iv iv
A 1 d 1 " 1«1

F1<—|F2

Proof. We introduce a polynomial family of mappings ¢; € C?(U — RY)
by ¢i(z) = 2+ (2—1t)(p(z) — ) and note that ¢1(z) = p(z), pa(z) = z. By
[GcI6], functions f, = ¢ fo are a polynomial family. The notation is consistent:
f1, f2 are as before. The same holds for vector fields F;, = ¢j F5.

Clearly, F, € C! for all t; we'll prove that div F, = f, for all t. By the
divergence theorem, [, div F; = [, (Fi,n) for every open ball' V such that
V C U. 1t is sufficient to prove that [, f; = [, (F;,n) for all such V' (since
two continuous functions with equal integrals over all balls must be equal).
Let such ball V' be given.

The function ¢ — [i, f; — [, (Fi,n) being a polynomial, we may restrict
ourselves to ¢ close to 2. By [pcd] ¢, is an orientation-preserving diffeomor-
phism on a neighborhood of V. The set V; = (V) is smooth (since V
is). By [5b12, [, (Fi,n) = [, (F2,n). By the change of variable theorem,
Jv fi = v, f2- The needed equality becomes th fo = fth<Fg,n>; the latter
holds by the divergence theorem. O]

5c¢18 Exercise. The formulas of div(Vg02 X +ee X VgoN) = 0 and
div(<p1Vg02 X eee X V@N) = det(Dy), hold for arbitrary ¢4, ..., pn of class
C? (that is, » need not be a diffeomorphism).

Prove it.?

! And moreover, for every smooth set V, of course.

2Hint: F5 of are polynomial; use
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A wonder: on one hand, ¢ is required to be of class C?, since otherwise
F need not be of class C! and div F; need not exist; and on the other hand,
second derivatives of ¢ do not occur in the formula f; = (det Dp)(f20 ) for
div F; !

We generalize Definition 3d3.

5¢19 Definition. Let U C RY be an open set, ' € C(U — RY) a vector
field, and f € C(U) a function.! We say that f is the generalized divergence
of F' and write f = div F, if

[ [

for all smooth sets V such that V c U.

5c20 Remark. (a) The generalized divergence is unique (that is, f; = div F
and fy = div F' imply fi = fa);
(b) Def. extends Def. 3d3; that is, if FF € C! then tr(DF) is the

generalized divergence of F'.

5c21 Example. In one dimension, a smooth set is a finite union of (sep-
arated) intervals (think, why); the relation f[i, f = [, (F,n) becomes just
f: f = F(b) — F(a); this equality (for all a,b such that a < b and [a,b] C U)
is necessary and sufficient for f to be the generalized divergence of F. If
F € C" then f exists and is the derivative, f = F’; and if F ¢ C' then f
does not exist.

We generalize Proposition

5c22 Proposition. Let U C RY be an open set; ¢ € CH(U — RY); F, :
RY — RY a polynomial vector field; fo = div Fy; fi = ¢* fo, and F} = ©*F).
Then

*

. fi - 2
Ji=div . divI 1div
F1 'L| F2
Note that “f, = div F,” may be interpreted classically, as fo = tr(DF3),

but “f; = div F}” is interpreted according to [bc19}, since F} need not be of
class C' (for a counterexample see below).

5c23 Exercise. Prove Prop. |5c22?

1Still more generally, one may consider an equivalence class of (locally) improperly
integrable functions f.
2Hint: take the proof of Prop. and throw away all unnecessary.
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5c24 Exercise. Generalize to ©1,. ..,y of class C*.

Prop. is not yet a generalization of (the “if” part of) [5b18 since F;
is required to be polynomial; but the next result is such generalization.

5c25 Proposition. Let U,V C R¥ be open sets,

QO*
¢ : U — V a mapping'of class C*, F' : V — RV h f2
a vector field of class C'. Then the generalized diVI o Idiv
divergence of ¢* F" exists and is equal to ¢*(div F). By < Fy

Proof. First, assume in addition that F' = ¥ Vs x - x Viyy for some
Y1, ...,y € CH(V). In this case we introduce the mapping ¢ : V — RY,
U(x) = (U1(x),...,¥n(z)). By pbll, F = ¢*G where G : (21,...,25)
(1,0,...,0) is polynomial. Prop. applies
both to ¢ and 1 o ¢, giving ¥*(div G) = div(y*G) <<y
and (¢ o )" (divG) = diV(W’ © @)*G)- Taking divI Idiv Idiv
into account that (¢ o p)* = ¢* o ¥* we get al L
Y*(div @) = div F' and ¢*(div F') = div(¢*F).

Second, if this claim holds for two vector fields, then it holds for their sum.
It remains to prove that arbitrary F' is the sum of some vector fields of the
form ¢ Vipy X - x Vipr. We note that F': z — (Fl(x), e FN(x)) is the sum
of N “parallel” vector fields, the first being = (Fl(x), 0,... ,O), the last
T (O, ..., 0, FN(SU)) The first “parallel” vector field is 1; Vg X - X Vb
where 11 = F; and ¢y (xq,...,x5) =z for k = 2,..., N. Other “parallel”
fields are treated similarly. O

5c26 Example. Consider ¢ € C'(R? — R?) of the form ¢(§j) = (9*)) for
g € C'(R), and the constant vector field Fa(-) = (9). We have adj Dy =

(04):
5 () =em )= 6 ) ()= ()

By Prop.[5¢25| such F} has the generalized divergence equal 0 (since div F =
0). Every f € C(R) is ¢ for some g € C*(R), therefore

T 0
divF =0 for F: — , e C(R).
(1)~ (stn) - reem
We may rotate the plane (recall [5b8)), getting

FlﬁFQHG

—sinf

divF =0 for F: (y) — f(xcosf + ysinf) < cos f

), feCR).

'Note that ¢(U) need not be open.
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The same holds for arbitrary linear combination of such vector fields (with
different 6 and f). Clearly, D1 F; and DoF, are generally ill-defined, and
nevertheless, D1 F} + Dy F5 = 0 in some reasonable sense.

5d From smooth to singular

Recall the diffeomorphism invariance of the notion “divergence theorem
holds for V' and 0V \ Z”7 defined by 4b4; there, the equality fv div ' =
/. 8V\Z(F ,n) is required only for F' continuously differentiable on V. Now,
what about the generalized divergence?

5d1 Proposition. Let U,V C RY be open sets, V C U, and Z C 9V. If the
divergence theorem holds for V' and 0V \ Z, and a vector field F € C(U —
RY) has the generalized divergence, then

/divF:/ (F.m).
1% aV\Z

The proof needs some preparations.
Given f € C(RY) and a box B C R¥, we introduce fp: RY — R by

1
U(B) B+x

that is, fp(x) is the mean value of f on the shifted box B+xz = {b+z : b € B}.

fB(z) =

I

5d2 Exercise. (a) Let N = 1 and B = [s,t]. Prove that fp € C!'(R) and

f@) = (fla+t) = flz+3)).
(b) Let N =2 and B = [s1,t1] X [s9,ts]. Prove that fz € C*(R?) and

0 1 1
_ = +t +y)— + +y)) dy.
D7, fB(71,72) ty — 59 LQM = 5 (f(% 1, T2+Y) J@1+s1, T2 y)) Y

(c) Prove that fz € C*(RY) in general.

5d3 Exercise. (a) For every f € C(RY) there exist fi, fo, -+ € CY(RY)
such that fy, — f (as k& — oo) uniformly on bounded sets.

(b) Let U C RY be an open set, and f € C(U). Then there exist open
sets U, 1 U and functions f, € C'(Uy) such that f — f uniformly on
compact subsets of U.

(¢) The same holds for vector fields.

Prove it.!

Hint: (a) consider fp for a small B close to 0.
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5d4 Exercise. Let a vector field FF € C(RY — R") have the generalized
divergence div F' = f € C(RY).

(a) For arbitrary a € RY, the shifted vector field F, : z — F(x + a) and
function f, : x — f(z + a) satisfy div F, = f,. )

(b) For arbitrary a € RN and k = 1,2, ... the vector field F = + S Fi,
and function f = %Zle f%a satisty div F' = f.

(¢) For arbitrary a € RY the vector field F' = fol F,,dt and function
f= fol f1a dt satisfy div F = f.

(d) For arbitrary box B C RY the vector field Fp : z ﬁ S5, Fand
the function fp:xz ﬁ [y, [ satisfy tr(DFg) = div Fg = fp.
Prove it.

5d5 Corollary (of. Let U C RY be an open set, and F € C(U —
RY) a vector field that has the generalized divergence. Then there exist open
sets Uy T U and vector fields F, € C1(U, — RY) such that F, — F and
div F}, — div F' uniformly on compact subsets of U.

Proof of Prop.[5d]. Corollary gives us Fj. By the divergence theorem
for V and 0V \ Z we have' [, div Fy = [, ,(Fk,m), since Fy € C*. On the

other hand, fz)V\Z(Fk’ n) — faV\Z<F, n), since Fj, — F uniformly on V, and
v, (0V '\ Z) < oo by 4d4. Also, [, divFy — [, div F, since div F}, — div F

uniformly on V. Thus, Jo f= fav\Z(F, n).? ]
We generalize Prop. [hc25

5d6 Theorem. Let U,V C RN beopensets, p : U — V o*

a mapping of class C', F': V — RY a vector field that h f2

has the generalized divergence. Then the generalized diVI o Idiv

divergence of ¢*F exists and is equal to ¢*(div F). Fy—1F,

5d7 Exercise. Prove Theorem [Fd6l3

Let B C RY be an open box; we know that the divergence theorem holds
for B and 0B \ Z; here OB\ Z is the union of the 2N hyperfaces of B (and
Z is the union of boxes of dimensions smaller than N — 1), see 4b3 and the
text after it.

IFor k large enough.

2The fact that f; are of class C' was not used; accordingly, we do not really need
continuity of div F'; see the footnote to

3Hint: similar to the proof of Prop. pullback preserves the convergence uniform
on compacta.
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5d8 Theorem. Let a vector field F € C(U — R"Y) on an open set U C RY
have the generalized divergence, and I' € C'(B — R"), I'(B) C U. Then

/B I*(div F) = / (T*(F),n) .

8B\Z

Here I'* is interpreted according to (bcl4)), (bclb)). B

If I' extends to a diffeomorphism on a neighborhood of B, then
faB\Z<F*(F>’n> = fF(aB\Z)<F’n> by [5b14] and [, T*(div F) = fF(B) div F
by the change of variable theorem.

In general, I' need not be one-to-one. Treating I' as a singular box, one
says that [, ,(0*(F),n) is the flux of F' through JI', and [, I'*(div F) is
the integral of div F’ over I'. Now becomes the divergence theorem for a
singular box.

Proof of Theorem[5d§. By Theorem [5d6] div([*F) = I'*(div F) on B (gen-
eralized divergence). We exhaust B by smaller boxes: By C By C ..
B, C B, UyB, = B. By Prop. |5d1} faBk\Zk<F*F,n> = ka div(I™F)

[ T*(div F); the limit as k& — oo completes the proof. O
k
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