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Lecture #25: 3/6/2010.

MULTIPLICATION OF SERIES

Motivation.

Suppose that P(z) = ¥ gax™ and Q(z) = Yo"y b,x™ are polyno-
mials (ie a, = b, = 0 V large n), then P(x)Q(x) is also a polynomial
and

P(z)Q(x) = i zn: abp_rx".

n=0 k=0
Proof
P(@)Q(z) =YY arber™ = 3" apbp k2" = Y > apbppz™.
k=0 £=0 k=0n=k n=0 k=0

Merten’s product theorem

Let ay, by e R (n>0) and let ¢, =Y garbsr (n>0).

If ¥ an = A converges absolutely and Y.~ b, = B converges, then
Yo oCn = AB converges.

Here “Y> o bn = B converges” means 22]:0 bn fend BeR.
Proof  Set
N N N
AN = Zam Bn = Z bna Cn = Z Cn,
n=0 n=0 n=0
then

N n N N
Cn = Z Z abp_ = Z Qg Z bn—k

n=0 k=0 k=0 n=k

N N-k N

=2 ar ), by =) axBny
k=0 j=0 k=0
N N

= Z ClkB + Z ak(BN,k - B)
k=0 k=0

=: ANB + UN.

It suffices to show that Uy — 0.
To this end, suppose that |B,|, |B] < M and let € > 0, then 3 Ny
so that Y. n, |ax| < € and 3 Ny so that |B, - B| <€ ¥ n > N;. For
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N>N0+N1,

N
[Un| <> lagl|By-r, — Bl
k=0

No N
= > law|Bnx = Bl+ ) |axl|By-y — B
k=0 k=No+1
No N
<62|ak|+2M Z |(lk‘
k=0 k=No+1
<€Z|ak|+2M6. ]
k=0
Examples.
Fix r, s >0 and set a, := %, by = %, then
n n 1
= b =(=)" .
e ,;)ak ek = (5) ,Z;)(k+1)7“(n—k+1)S

We claim that
(%) e > (n+ 1)1 ¥ on>1.
Proof  Set x,(k) := =% for 0 < k <n, then

(ke D=kt 1)* s 1)7(1 = an(k))* < 1.

(n+1)r+s
It follows that
n 1
len] = ,;) (k+1)r(n-Fk+1)
n 1
> -
- 1;) ('fl + 1)r+s

=(n+ 1) Ad(X)

Q1 For eg r = s = 1 that Y52 an, Yecob, converge conditionally and

¢, + 0 whence (), » and there’s no product theorem.
QForegr=2 s=1 Yrglay] <oo, Yo b, converges conditionally
and |c,| > % whence Y |c,| = oo. This shows that the conditions of

Merten’s theorem do not guarantee absolute convergence of Y.>°  ¢,.

14Note that this bit got easier.
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Abel’s theorem on multiplication of series

Let ay, b, e R (n>0) and let ¢, == ¥j_gaxbyr (n>0).

IF SN a, - A, SN b, > B and Y22, ¢, converges, then Y00 ¢y =
AB.

Proof The power series
A(z) =) apa”, B(x):=) by, C(z):=) cpa”
n=0 n=0 n=0

converge absolutely M4 |I| < 1 (else these series would diverge for z = 1). By
Mertens’ theorem C'(z) = A(z)B(z)V |z| < 1. Using Abel’s continuity
theorem,

AB «— A(z)B(zx) = C(x) — C:= k;ck. O

Exercises.
For ay, bn € C (n2>0) let ¢y := Xh g akbn-tk.
(i) State and prove Mertens product theorem for complex series.
(ii) Show that if 307 |an| < 0o and Yoo |bn| < oo, then so does Yo |cn| < oo.
(iii) Is it possible that Y5> g lan| < 00 and Y5> g |en] < 00 but Y0 o |bn| = 007

(iv) Show that Y52, 5 = yhee (20 g0 (wl 5 gy e C.

n! n!

(v) Show that exp[z] = ¥, %r V ze€C.

n=0 T

Hint: Use Euler’s formula and (iv).
CONVERSES TO ABEL’S CONTINUITY THEOREM

The converse to Abel’s continuity theorem is not true:
o >, (-=1)"x™ converges V |z| <1 and

0o 1 1
° ano(—l)"x” = Tz lei 5 but

o Tao(-D" =31+ (DY) #

Tauber’s theorem
Suppose a, € R, na, — 0 and

n—oo

Yo apx™ converges ¥V |x| < 1; and

o n
o ) LanT T SE R, then

n
Zak —> S.
s L
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Proof By assumption, whenever zy — 1—-, 372, apzf, — s and it
N-oo N—->oo

suffices to show that

N 0o
(=<1) Jay — 1- such that ) ap- Y a,zf — 0.

N=oo k=1 n=1 N—oo

We claim that (¥=<1) holds with zy :=1- . To see this:

N ) N [
Yoap - arxh =Y ap(1-2%) - > apay
k=1 k=1 k=1

k=N+1
=: AN + BN.
Now
N
[An] < ) farl(1 - 2R)
k=1
N k-1
=(1-xzyn) Z || ng\,
k=1 §=0
) N
< N Z k|ak|
k=1
N —o0
and
o0 o0
Byl < >0 awlzl = Y0 Klaw|- 3
k=N+1 k=N+1

[ee]
< osup klay| > 2k
k>N+1

k=N+1
N+1
_ 1 XN
= sup kfax|- 57 Tzy
k>N+1
< sup klag|
k>N+1
— 0.
N—>oo

end of coursenotes



