CHARACTERISTIC FUNCTIONS OF RANDOM
VARIABLES ATTRACTED TO 1-STABLE LAWS

JON. AARONSON AND MANFRED DENKER

ABSTRACT. The domain of attraction of a 1-stable law on R? is characterised by the
expansions of the characteristic functions of its elements.

80 INTRODUCTION

Let X1, X,... be R%valued, independent, identically distributed random vari-

ables. The distributional limits of S”B_ Ao where A,, € R%, B, > 0 are constants,
and S, = >_7_, X}, are given by the well known stable laws. ([Le], [G-K], [I-L]).
A probability distribution function F on R? is called stable if for all a,b > 0

there are ¢ > 0 and v € R? such that

F,x Fy(z) = F.(x —v) (z €R%

where F,(x) = F(x/s) (x € R% s > 0), and strictly stable if this is true with v = 0.

In this case ([Le]) necessarily a” 4+ bP = ¢P for some 0 < p < 2, and p is called
the order of the stable law F'.

A distribution G on R? belongs to the domain of attraction of the stable law
F if there are constants A4,, € R% and B,, > 0 such that the distributions S"B;A"
converge weakly to F' where S, = X; + ... + X,, and Xy, X5, ... are i.i.d. with
distribution G.

For p € (0,2] and d € N we let DA(p, d) be the collection of distribution functions
in the domain of attraction of some stable law on R? of order p.

In this paper, we obtain expansions of the characteristic functions of distributions
on R? which are in the domain of attraction of a stable law.

In §1 we deal with the case d = 1. The first partial results are in [G-Kor|. The
expansions are given fully in [I-L] in case p # 1 (see theorem 1 below).

Our main result is theorem 2 (below) giving the expansions in case p = 1.

In §2 we obtain as corollaries expansions in case d > 2. Other results in this case
are to be found in [R], [Me], [K-M], [A-G1] and [A-G2].
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A stable law of order p on R has a characteristic function 1) of form
_ Pl _; pr
log (1) = ity — c[t|’[L —ifsgn(t) tan(-)] - (p# 1),

and

20¢

Relogu(t) = —cld,  mlogv(®) =t(7+ 2 log(1/1) ) (=1

where ¢ > 0, 3,7 € R are constants ([Le]).

The form of the characteristic functions of stable laws on R? was obtained by
Feldheim (see [Fe], [Le| and theorem 2.3.1 in [S-T]):

To each stable law of order p on R? there corresponds a finite measure v on
S4=1 (called the spectral measure) and pu € R (called the translate) so that the
characteristic function ¢ has the form

(1) logw(u) = ilu) — [ [{u )P0 isgn((s, ) tan(TT)w(ds

gd—1

for p # 1 and

(1) logw() = ilu) ~ [

o)1 (1 425l ) ol (0.5)) ) ()

Sd—1 s
for p = 1. Evidently a stable law on R? has a density if and only if the support of
its spectral measure is not contained in a proper subspace of R%, and in this case
we say that both the stable law, and the spectral measure are nondegenerate.

Clearly, the stability of a R%valued random variable Z implies that of its inner
products (Z,u), (u € R?).

An example of Marcus ([Ma]) shows that the converse of this is false without
additional assumptions.

According to theorems 2.1.2 and 2.1.5 in [S-T], the R%-valued random variable
Z is strictly stable (stable with index > 1) if its inner products (Z,u), (u € R%)
are strictly stable on R (stable on R with index > 1).

The first characterisations of domains of attraction were in terms of the tails of
the distributions concerned.

In the unidimensional case ([G-K]), for p < 2, the (right continuous) distribution
function G €DA(p, 1) iff there is a function L : Ry — Ry, slowly varying at oo (see
[F]), and constants c¢1,ce > 0, ¢1 4+ ¢o > 0 such that

Li(2) i= 27(1 = G(x)) = e1 + o(1)) L{x)
(2) Lo(z) := 2PG(—x) = (c2 + o(1))L(x) as T — +00.

The results of [G-K] were generalised to R? in [R] (see also [Me]), to Hilbert
space in [K-M], and to Banach space in [A-G1].
The authors would like to thank I.A. Ibragimov for a helpful conversation.
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§1 UNIDIMENSIONAL CHARACTERISATION

The characteristic function ¢ of G €DA(p, 1) is considered in [G-Kor] and [I-L].

In [G-Kor], DA(p, 1) is characterised in terms of ().

In [I-L], the asymptotic expansion of log(t) around 0 is established with error
small when compared to

Prob. (|Z| > 1/t]) = [¢["(L1(1/[¢]) + L2((1/[t])+) = [t["(c1 + c2 + (1)) L(1/[t])

as t — 0. Here, Z is a G-distributed random variable, and G €DA(p,1) (p # 1)
satisfies (2) with the slowly varying functions L, L1, Lo and constants ¢;,co > 0,
c1 + ¢ > 0. Specifically:

Theorem 1 (theorem 2.6.5 in [I-L]).
Suppose that G satisfies (2) with p # 1, then

log 1) (t) = ity — c|t|"L([t|~")[1 — iBsgn(t) tan(%)] +o([tPL(Jt| ™))

where

Cc1 — C2 pT 0 0< p < 1
= , =1'(1 — + —), =
P c1 + o ¢ =T(1=p)ler +cz) cos( 2 ) { [2G(dz) 1<p<2

The expansion of the characteristic function when p = 1 is also treated in [I-L]
for a limited class of slowly varying functions L, namely those where

A
/o % = L(A\)(log A + o(1))

as A — oo (c.f. theorem 2 here, theorem 2.6.5 there, and formula (2.6.34) there).
As can be easily checked, the functions L(z) ~ (logx)® (a € R), and L(z) ~
e(1°82)" (0 < a < 1) are slowly varying functions not in this class.

Theorem 2.
Suppose that G satisfies (2) with p =1, then

Relog(t) = —c|t|L(Jt| ™) + o(|t|L(|t| 1)),

Imlog(t) =ty + 27560151'1(1/!1%) +t(H1(1/[t]) = Ha(1/t])) + o[t L(t] 7)),

ast — 0, where

A i\x)ax
moy = [ TR =)

> 1 dy
C':/ <cosy— )—,
0 1+y* )y

and the constants ¢ > 0, B,y € R are defined by

C1 —C2 . (Cl + 02)71'

C]_+CQ7 2

Y
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Remark 1. Note that Hi()\) = f())‘ W_%)dw, whence

Hy(\)—Hy(\) = E([|Z|/\)\—tan_1(\2]/\)\)}sgn (Z)) = E((|Z|AN)sgn (Z2))+0(1)

as A = oo where Z is G-distributed and Hy, H, are as in theorem 2.

Remark 2.

From this representation of the characteristic function of distributions in DA(p, 1)
one deduces existence of a p-stable random variable Y, and constants A,,, B, €
R, B, > 0 so that S"B;HA" — Y in distribution. These constants (unique up to
o(B,) as n — o0) are given by

0 O0<p<1,
nL(B,)=Bf, A, = yn 1 <p<2
yn+n(Hi(Bn) — H2(Bn)) p=1.

To see this in case p = 1 write

log B 5)) = — 2% o () 1= aa(0) + 6 0),
then
an(t) = —C%L(%) + o(%jﬁ"/“')) S—dt|  asn - oo,
and
ity = L) I (Bu)) _ () (5
OB | (LB

Now for j = 1,2 and k > 1 (see (5) in lemma 3 below),
Hj(k})\) — HJ()\) = C]L()\) logk: + O(L()\)) as A — oo.
Thus with k& = 1/|t|

1 2B8cCt  2fct 1
Bn(t)—>t(cl—c2)logm—|— peCt _ 20c <logm+0> as n — oo.
s 7r

Thus, the above representation is a characterization of DA(p, 1).

Remark 5.
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We note that the expansion of ¢(¢) around 0 up to o(|t|’L(1/]¢])) is determined
entirely by the asymptotic equivalence class of the slowly varying function L and
the constants c1,cy > 0 for G satisfying (2) with p # 1.
This is not the case when p = 1 as shown by the following examples.
There is a distribution G so that

Ly(z) :=2(1 — G(z)) = (log ) + (logz)> + O(1)
Ly(z) := 2G(—z) = (logz)? + O(1) as T — +00.

Here, L(A\) = (log\)2, p = ¢; = co = 1, and one calculates from theorem 2 that

Tm log 1 (t) = %L(%) +0(|t|L(’ O) as t — 0.

On the other hand, there is a symmetric distribution satisfying
Li(z) = Ly(z) = (logz)> + O(1)  as z — +o0
for which also L(\) = (log \)?, and p = ¢; = ¢ = 1; but here (owing to symmetry)
Imlog(t) =0

Proof of theorem 2. Assume that G is represented in the form (2).
For z > 0 define distribution functions G; (j = 1,2) on R4 by

Gi(z) = G(z) — G(0), and Ga(z) = G(0) — G(—x).

We have that

x x
Write
itx it
/(1—6 +1+m2)G(da:)
°° , itx o itx
— 1— itx d 1— _ fzt:r d
|-t ) Guan + [ (1= o) Gatan)
and let

[ 227 50) — (e — °° 2zL;(x)dx
= | e G — Gy = [ S

Integration by parts gives

/ﬂhv+wm—ewim>ew>
0

1+ 22

) o0 P 1—=x
(1)t (Vite _
it | ( 1+ﬁ)

= |t\/ sin \t\x / cos(tx) 12" Lj(sc)dx.
(14 22)2 x
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Changing variables, we obtain that

< o L@ %L/l
| sinile) | sintay =0

T

/OOO (cos(ta:) - 1@0)2) Lj(z)dx _ /O°° (COS(:E) - +1562) Lj(mgﬂ)da;.

By lemma 1 (below) we see that

[ sintik) SO — (o)

e 72

b

Now

— /0 (COS(m) T 1+ 1t:c)2 -
— /0 (COS(W) T 1+ itx)2

By lemma 2 (below)

I (ot~ ) 25 = o) +o (o))

. o0 L.
500 ::/ xLj(x)dx .
o (I+2?)(1+5)
By lemma 3 (below), H;(\) = H;(\) + o(L()\)) as A — oo.
Putting everything together we obtain

/ (14— —e“"”)Gl(dm)Jr/ (1— T =ity (da)
0 0

(x)dz * z(1—t*)L;(z)dz °° 2xL;(z)dx
)22 Cmnaem ), e
L;(x)dx * z(1—t*)L;(z)dz
) z +/0 T+ 221+ (tw)?) 7

Set

1+ z2 1+ z2
- L(ﬁwcl + ea)m/2 — iL(L/[t])(e1 — e2)C
it (L (1)) — Ha(U/]H]) — it(n — 72) + o(mu%))

= L(%)W(Cl +co)m/2 —itL(1/[t])(c1 — c2)C

—it(Hi(1/]t]) — Ha(1/]t])) —it(y —72) + 0(!%(%))
and hence theorem 2. O

We conclude this section by collecting the lemmas on slowly varying functions
needed for theorem 2.

Assume that h : Ry — R, is locally integrable, slowly varying at infinity, and
such that u — # is a non-increasing function. Recall that h has a representation
h(z) = n(x)exp [/ @ds}

1S
for some functions 7(s) - K € R and €(s) — 0 as s — oo (see [F]).
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Lemma 1.

| Sy = @+ o))

Proof. As the proof of lemma 2.6.1 in [I-L]. O

Lemma 2.

| eosu= | Sy = o) [ feosy = 5| Saw

1+ 92

Proof. We first split the region of integration into four parts: I; = [Aq,00), Io =

[0, A1), I3 = [tAs,6) and Iy = [0,tAs) where § <1< A; = (N — 3)m (N €N).

: h(y/t)dy :
Since ‘ f[A1+nﬂ',A1+(’n+1)ﬂ] cosy—~ ] decreases in n,

[ oy 0] T _ 711
L Y Yy VAN Aq

Also,

T~ .

/ 1 h(y/t)dy<h(A1/t) wh(1/t)
nl+y? vy T A Aq

Since for z € [Aqt, d)

1/t ¢(s
= (1+ 0(1))exp[/ st] = explo(—log z)] < 2172

z/t S

h(z/t)
h(1/t)

for ¢ small enough and A, large enough,

e R

0, (h(l /t)63/2).

— Ccosy

15,2 y_3/2dy>

Since the function h is locally integrable, it follows that for ¢ small enough

1 dy Az 1 dz
- hy/t) 2| = costz |h(z)=
/14(1+y2 COSy) (w/1) y ' /0 <1 T2 Z) @)

_ O(t2A2 /f |h(z)|dz) — O(2) = o(h(1/4))

For § < a < A; we have (uniformly in z) by the slow variation property of h

h/t)
0 h(1/1)
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It follows that

(e <o) Bt~ /o) 2,
h(x

(1 >) 1H /f%

Applying the estimates for I, I3, and I, with h = 1 it follows that

/Ooo( . - COSy) h(y/t) — h(1/t) dy = o(h(1/t)) + 0<h(1/t)(53/2 + Afl))

< 2h(1/t) [ sup

6<ZE<A1

= o(h(1/t)).

14y Y

Letting Ay — oo and § — 0 as t — 0, the lemma follows. [J

_— :_/O ch(z)dz

14+ 22 ’

Lemma 3. Let

then H is slowly varying at infinity,

h(\)

(3) a0 —0 as A — o0,

= [T xh(x)dx B o us ~
W A= [ ey S O ) e,
and
(5) H(kN) — HQ\) ~ h()) -logk  as A — oo,

Remark. Slow variation of H, (3), and (5) are established in lemma 1 of [Par].

Proof.
We first show (5):

B B kA:ch(:z:)d:vN FA h(x)da
H (k) H()\)—/ —_— //\ —

A 1—|—ZE2 x
k
:/ hAD)T o n().
1 xXr

Next, we see that (3) follows from (5) as V M > 1,

H(\) H(eMe=M)) - HeMe=M)\) — H(e=™M)\)  hleMANM
h(A\) h(\) - h(\) h(\)

It follows from (3) and (5) that H is slowly varying at oco.
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To continue, we claim that

=y A xh(x)dx log 2
(6) H()\)_/O Tr s M) s o

To see this, note that
/OO xh(x)dx B /OO xh(Ax)dx
v 421+ 4%) L (el +a?)

- o0 vde > h(Az) zdx
= h()\)/l (L + )1+ 27) —f—h()\)/l ( ROV 1)<% + 22)(1 + 2?)

_ log2
2

h(X) + o(h(/\))

as A — oo by the dominated convergence theorem since ]hh((A /\x)) -1 - 0as A —

ooV >1and |M — 1] <z V x large enough. This establishes (6).

36
To finish the proof of (4), we note that
xh(z) RS (a:h(x) _ wh(x) )
Q+a22)1+2) M2 -1\z2+1 224+22)

whence in view of (6),

. A2 [ zh(z)de A2 A zh(z)dz  log?2
H(\) = - h(\ h(\
() )\2—1/0 22 41 A2—1/0 2z T g A Foh(Y)

)\2)\_ 1 /0 xgg(of:cix =H(\) + O(H)\(;\)) = H(\) + o(h(N)) as A — 00

because both h and H are slowly varying at oo; and

A2 A xh(x)dx A xh(x)dx 1 zh(Az)dx  log2
>\2—1/O x2+)\2N/0 x2+)\2:/0 21 h(\) as \ — 0o.

Thus
H(X) = H(\) + o(h(N)) as A — 0o

which is (4). O

§2 MULTIDIMENSIONAL CHARACTERISATION

Corollary 1. Let 0 < p <2, p# 1 and G be a distribution function on R%. The
following are equivalent:

(A) G belongs to the domain of attraction of the nondegenerate stable law of
order p, spectral measure v and translate .

(B) The characteristic function ¥ of G has the form

—tPL(3)®(u) + it{u, u) + o(tPL(7)) ifp>1

log (fu) = { —tpLé)(I)(u) +o(tPL(1)) ifp<1
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ast — 0F, Vu e SS9, where p € RY, L is slowly varying at infinity, v is a
nondegenerate finite measure on S and

O(u) = /S lws)P(1 — isgn(s,u) tan(%))y(ds).

Proof of corollary 1. (A)=(B).
Let X1, X5,... be i.i.d. with distribution G and A4,, € R¢, B, > 0 such that
% — Z weakly where Z is p-stable. Let v € R?. It follows from Feldheim’s

theorem that (u, Z) has a 1-dimensional p-stable distribution with parameters v/, =
(u, py, b, = fsdfl |{u, s)|Pv(ds) and

— u, s)|Psgn({(u, s))v(ds
8= [, lws)lsen((u)u(ds)

Cy,

The characteristic function ¥ (tu) of (u, X;) has a form

log ¢ (tu) = ityu — [¢[" Lo (1/[t]) (1 — iBusgn(t) tan(%))

as in theorem 1 with some slowly varying function L, and parameters v, and [,
(we normalize L, so that ¢, = 1). Hence

u JA’I'L B’I’L .
it(n;n _ <“Bn >) _ |t|pBi£Lu (W) (1 — iBusgn(t) tan(fg»

— ity — c, [t (1 — i3!sgn(t) tan(%)).

— (u,pu) and
Bin — 00. In case p < 1, 7, can be arbitrary since Bin — 0. Moreover, BﬂgLu(Bn)
converges to ¢}, and 3, = 3]. Setting L(t) = - Ly(t) for some fixed u we obtain

for v € IRY

The parameter v, must be linear in u if p > 1, since %}W

LLBY L (0/BRL(B,)
n—00 LU(Bn) n—00 c&(n/Bﬁ)LU(Bn)

hence L, (\) ~ ¢, L(\) as A — oo.

=1/c,,

(B)=(A).

Conversely, if the characteristic function ¢ of G is as in (B), then for every u € R%
the characteristic functions of Y, = B, S ((u, Xi)—(Ap, u)) converges, where
X1, Xo, ... are i.i.d. with distribution G, where B, is defined by nL(B,,) = B and
where A, =0ifp<1and A, =nu if p > 1.

It follows that the characteristic functions of S”B;:‘" converge (necessarily to a
characteristic function), such that the limit variable Z has all distributions (u, Z)
(u € IR?) p-stable. Thus Z is stable itself if p > 1. In case p < 1 we note that Z
has a characteristic function of the form (1a) with u = 0 and is strictly stable. O

If G is a distribution function on R¢ we define G,(-) to be the distribution
function of (u,Z) where Z is a random variable with distribution G.
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Corollary 2. (A) If a distribution function G on R¢ belongs to the domain of at-
traction of the nondegenerate stable law of order 1, spectral measure v and translate
W, then its characteristic function ¢ has the form

Relogv(tu) = ~4L(7) [ I slo(ds) +o(1L(7)).

1 1.2C

(7)  Imloge(tu) = tHu(g) + tL(;)? /Sd1<u, syv(ds) + ty, + O(tL(

| =

)

ast — 0T V u € S, where : L is slowly varying at infinity, C = fooo(cosy —
1 )dy

Thg2) 7y and where

_ [T (= Gu(v) = Gu(=0))
H,(z) = /0 02 dv

has a representation

2L(\)

™

®)  Hu(A) = (u,Tx) -

/sdl (u, s)log(|(u, s)|)v(ds) — vu + o(L(N))

for some T'y € RY and satisfies

() Hoy(k\) — Ho(A) ~ 2 L(A) /S {u,s)u(ds)log k

™

as A — o0.

(B) Let the characteristic function v of a distribution G on R? satisfy (7) for
some v, € R, some finite measure v on S, some slowly varying function L and
some functions H, with representation (8) and satisfying (9). Then G belongs to
the domain of attraction of a nondegenerate stable law of order 1.

Proof of corollary 2. (A) As before, let X1, X5, ... be i.i.d. with distribution G
and 4, € R? B, > 0 such that S"B;A" — Z weakly where Z is 1-stable. Let

u € Re. Tt follows from Feldheim’s theorem that (u,Z) has a 1-dimensional 1-
stable distribution with parameters

o= i) = = [ s lox(lfw, )

™

b= [ Nwstds). s= 5 [ wsils).
S u JS

By theorem 2, the characteristic function ¥ (tu) of (u, X;7) has a form

log ¥ (tu) = —|t| Ly (%) +

Y + z‘t2”6“CLu (i) +it (Hlu(1/|ty) - qu(l/lt\)> + o(!t!Lu(l/!t|)>

™ iz
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where
1+ 22

z(1 — Gyu(x)) if j=1
xGy(—x) if j =2

Hju(A) = /0A o) gy
Lj,(z) = {

for some parameters 7, (3, and slowly varying functions L, (normalised so that
cu = 1), Lj,. Also note that by theorem 2 Lj,(x) = (c¢ju + o(1))L,(z) with
Cly + Coy = 2/7‘(’ Set Hu = Hlu — ng.

From the assumed convergence of characteristic functions, we have that

t L,(B,)|t
Renlog%/)(B—u) ~ % — c,|t].

As in the proof of corollary 1, there exists a function L so that ¢, L ~ L, for all
v € R4 Moreover, using (5) ¥V t € R, as n — oo,

tu t nL, (B, 1
Imnlogw(B—n) - <A"’U>B_n = #(Clu Cu)tlog — |t|
Y  (An,u)  nHy(B,) 2CnB,L.(By)
— 1
t( T T +o(1)
, 2 ;c;t 1

Equating coefficients of £, and tlog ﬁ, we see that

nL,(By) 28! ¢

- uBn (Clu - CQu) — 71:_ v
and e
o <Hu<Bn) Ly R p— An/n>) S,
as n — 0.

Hence ¢, (c1y — cou) = ¢, 5u2/m = 28], /7 and B, = B.,.
To conclude, we determine the conditions for H, and +,. Since ¢, L ~ L, and
since L, is slowly varying,

(B + 2O 1(B) + 3 — (1, An )
- <u, / (u, s) log([{u, s)|)v(ds)
- o<%>,

or (because !¢/, is linear in u and nL(B,) ~ B;,)

2L(B,)

™

Hu(Ba) = (w,T5,) - [t o)) (ds) = 3+ ol LB
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where
A, 2CL(B,,
I'p, = — + uL(B,) — A/ (-, s)v(ds).
n v gd—1

We obtain the expansion for H,(\) (B, < A < Bj41) from
Hu()‘) - Hu(Bn) = HIU()‘) - HIU(Bn) - [H2u<>‘) - H2u(Bn>]

105 ) (B0 = L2 () ) + (L) = o(L0V)

and
Hu()‘> = Hu(Bn) + Hu(/\) - Hu(Bn) = Hu(Bn) + O(L()‘))
= (wTn,) = 22 [ ) lo(l (a5} D) — 3 + o LOY)
e A Bn 1 (n—l— I)L(Bn 1)
l=3, = B: ~ nL(Bn)+ L

(8) follows setting I'y =T'p if B, < A < Bj4+1. Finally, (9) holds because
H,(kX) — Hy(X) ~ log(k) (Llu()\) — Lgu()\)) ~ log(k)(c1u — cou)Lu(N)
2
~ log(k)(c1u — c2u)c, L(N) = =c;, 8, log(k) L(A).
T

(B) Conversely, if the characteristic function i of G is as in (B), then for every
u € R? the characteristic functions of

Y = B (0, Xa) — (A, )
k=1

converges, where X1, X, ... are i.i.d. with distribution G, where B,, is defined by
nL(B,) = B,, and where

A, =nlpg, + 2CL(BH)/ (-, s)v(ds).
™ gd—1

Let ¢}, = [gu_1 |{u, s)|v(ds) be defined as before. We have that

_ it{u,An)

n _it(uAn) 2
10g(¢(;—u) e” " Bn ) — —|t|c,, —it; /Sd_l<u,s> log |(tu, s)|v(ds).
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Example. Let 0 < p < 2, v € P(S%!) be nondegenerate, and let L be slowly
varying at oo.

If Y € DA(p,1), Y > 0 with tails given by P(Y > X) = 22 and 7 is a
v-distributed random variable on S%~! independent of Y, then X := Y Z is in the
domain of attraction of a nondegenerate stable law of order p on R¢, and with
spectral measure v.

This follows from (and illustrates) corollaries 1 and 2. Indeed, using the notation
Yy (u) := —log (E(eiw’m), we have that for u € S9! and ¢t > 0

Ux (tu) = E(¢Y(<Z, tu)) + Oy ((Z, tU>)2)) = E(y ({(Z,tu))) + o(t"L(1/1)),
as t — 0, whence by [I-L] for p # 1

¥x (tu) = ity (u, E(Z))—t"L(1/1) /Sd1 [(u, 8)!”(1—ng11(<8,U>)taﬂ(%))V(dS)JrO(tpL(l/t))

ast — 0,
and by theorem 2 for p =1

Revix () = —tL(1/0) [ |(s.ldv(s) +o(tL(1/1)),

Imyx (tu) = ty(u, E(Z)) + t(H(1/t) + %L(l/t}) /Sd—l (s,u)dv(s)

+z&L(1/t)z /Sd_1<8’u> log dv(s) + o(tL(1/t))

™

1
(s, )]

as t — 0, where H(\) := fo/\ 2;532?; and where v := E(H% + fOY %du)

If, in the example Y was not chosen positive, but satisfying (2) with constants
¢, c1, c9, then the spectral measure of X is given by

v*(A) = c1v(A) + cov(—A) (A € B(ST),
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