MULTIPLE RECURRENCE OF MARKOV SHIFTS AND
OTHER INFINITE MEASURE PRESERVING
TRANSFORMATIONS

JON. AARONSON & HITOSHI NAKADA

ABSTRACT. We discuss the concept of multiple recurrence, consid-
ering an ergodic version of a conjecture of Erdos. This conjecture
applies to infinite measure preserving transformations. We prove a
result stronger than the ergodic conjecture for the class of Markov
shifts and show by example that our stronger result is not true for
all measure preserving transformations.

ARITHMETIC PROGRESSIONS AND A CONJECTURE OF ERDOS

An arithmetic progression of length d in N is a d-tuple
(21,29,...,74) e NY such that o, =21+ (k- 1)y (2<k<d).

The gap of the arithmetic progression x + (k—-1)y (2 <k <d) is
y. Analogous definitions can be made in an arbitrary commutative
semigroup.

Evidently (z1,9,...,24) € N? is an arithmetic progression iff x; +
Thyo = 2041 ¥V 1 <k <d-2. One of the longstanding problems in the
subject is to give ”size” conditions on a subset K c N which ensure
existence of arithmetic progressions in K. For example, Szemerédi’s
theorem (see [17]) states that a subset of positive density contains
arithmetic progressions of all lengths; and Roth’s theorem (see [16]))
states that a subset K ¢ N with |[K'n[1,n][ > - contains arithmetic
progressions of length 3.

Recall that Szemerédi’s theorem came as a partial answer to a con-
jecture of Erdds ([6]):

1
K cN, Z — =00 = K contains arithmetic progressions of all lengths.
nek T
It is not at present known whether K c N, . K% = oo implies K o
arithmetic progressions of length 3. In the sequel, we shall consider an
ergodic version of Erdos’ conjecture.
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The first methods of constructing progression-free subsets of N were
the so-called d-greedy algorithms (d € N). The d-greedy algorithm
constructs a subset Gy ¢ N without arithmetic progressions of length
d by successively including every number, except for those which com-
plete an arithmetic progression of length d.

For d € N prime, Gg = Kq:={Yroard® ar €{0,1,...,d-2}, ar - 0}.
This is because a) each n ¢ K, completes an arithmetic progression
of length d in K;n[0,n]u{n}, and b) for d prime, K, contains no
arithmetic progressions of length d.

Remarks
1) Let B, := (1k,(0),...,1x,(d* - 1)), then

Blzl, Bn+1:Bn7-'-7Bn O,...,O.
———— ~—
d — 1-timesd™-times

This concatenation also defines a cutting and stacking construction of
a measure preserving transformation (see [7]) to which we shall return.

2) The d-greedy algorithms do not provide large progression-free sets:
log(d-1)
|Ggn [L,n]| = n ioe2 | whereas Behrend (see |3]) has constructed a

progression-free subset B ¢ N with [Bn[1,n]| >> —ie for some ¢> 0.

cy/logn

3) It is possible that some kind of a random greedy algorithm may
provide larger progression-free sets.

d-RECURRENCE

Let (X,B,m,T) be a non-singular transformation and let B € B,
(here and throughout for A c B we denote A, := {A e A: m(A) > 0}).
For x € X consider the collection of visit times to B Vg, = {n >
1: Trx € B} and for d € N let

By = By(T)
:={z € X: Vg, contains an arithmetic progression of length d + 1}
= J{zeB: Vgo{kk+n,. .. k+dn}

k,n>1

oo oo d
=Jr*ynNr’"s.

k=1 n=13=0

Evidently B; = @ iff B € B is a d-wandering set in the sense that
BnT*Bn---nT-%B=g mod mV k>1.

Using the non-singular property of T, we see easily that m(B;) > 0
if and only if m(BnT"Bn---nT-9B) >0 for some n > 1.
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Accordingly, we call the non-singular transformation (X, B, m,T") d-
recurrent if for every B e B,, 3 n > 1 such that

m(BnT™"Bn---nT™"B) > 0.

Note that conservativity (Poincaré recurrence) is 1-recurrence.

If the non-singular transformation (X,B,m,T) is not d-recurrent,
then 3 a d-wandering set of positive measure, and indeed (see the Hopf
d-decomposition below), if T is conservative and ergodic, then X is a
union of such sets mod m.

We call (X, B, m,T) multiply recurrent if it is d-recurrent V d > 1.

If (X,B,m,T) is an ergodic probability preserving transformation
and B € B,, then by Birkhoft’s ergodic theorem, V3, has positive den-
sity in N for a.e. x € X and therefore by Szemerédi’s theorem contains
arithmetic progressions of all lengths. This shows that m(By) =1V d >
1 and that (X, B, m,T) is multiply recurrent. Furstenberg has given an
ergodic proof that probability preserving transformations are multiply
recurrent and deduced Szemerédi’s theorem from this (see [10] and [8]).

The question now arises as to which infinite measure preserving
transformations are multiply recurrent.

Roth’s theorem has an ergodic version: if (X, B, m,T) is a conserva-
tive, ergodic measure preserving transformation such that

log'1 n—1
lims.upM Z LyoT*>0
n—>oo ’I’L k’=0

a.e. for some (and hence all) AeB 0<m(A) < oo,

then 7' is 2-recurrent. This is proved by applying Roth’s theorem to
a.e. Vag.

We now return to the measure preserving transformation defined by
the cutting and stacking (see [7]) specified by the d-greedy algorithm”
(d prime) mentioned in remark 1 (above). This is a piecewise transla-
tion T:R — R defined in stages starting with the oth stage where we
have the unit interval F;(0) = I. At the nth stage, we have a ” column”
of disjoint intervals C' = (Ey(n),..., Eq(n)), each of length ﬁ and
a piecewise translation T: Ex(n) - Fra1(n) (1 <k <d*-1). At the
next stage, we extend the definition of T by cutting the column into
d -1 columns Cj:= (Efj)(n),...,EC(l,{)(n)) (1 <j<d-1) where each
E,gj)(n) is an interval of length W and T E,gj)(n) - E,gi)l (n) (0<
k<dr1, 1<j<d).

The (n +1)St column is

C' = (01702, .. ‘aOd—laDn) = (El(n+ 1), - ,Edn+1(n+ ]_))
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where D,, = (D1(n),...,Dg(n)) is a column of disjoint intervals, dis—
joint from each of the Ek(n) (1 <k <dm) and each of length W
The definition of T" is extended by defining T: Ex(n + 1) > Eg,1(n +
1) (1 <k <dv!-1) as a translation where it was not already
defined at stage n: ie. for Ex(n+1) = E((ifl)(n) (1 <j<d) and
Er(n+1)=D;(n) (1<j<d*-1). The union of all the intervals used
has infinite length and can be assumed to be R. The resulting piece-
wise translation 7:R — R is a conservative, ergodic, measure preserving
transformation.

The construction of 7' is given by the concatenation in remark 1
above. Each interval in each tower is either a subset of, or disjoint
from the unit interval I, and for each n > 0,

(m(Ci(n)|1),...,m(Can(n)|I)) = B

where B,, is as in remark 1.

It follows that (for d prime), m(InT*In---nT-(@DE[)=(0 V k> 1
(else K4 would contain an arithmetic progressions of length d) and T
is not (d - 1)-recurrent.

We claim however that T' is (d — 2)-recurrent.

To see this, note first that if Ae B(R)and I N >1, K c{1,2,...,d"}
such that A = Upex Ex(N), then m(AnT-4"An ... nT-(d=2)d" 4) =
”;(T’?) ¥V n > N+1. Since any B € B with m(B) < oo can be approximated
arbitrarily well by such sets, we have that

m(BnT4" Bn---nT~ (24" B) m( ) asn - o0 ¥ BeB, m(B) < oo

and that T is (d — 2)-recurrent. This construction and generalisations
thereof are considered in [5] where they are represented as odometers
(see §2).

Let ¢, . Recall from [14] that a conservative, ergodic, measure
preserving transformation T is {c, }-conservative if ¥,°, ¢, foT" = oo
a.e. for some, and hence V f e L1. Note that {1}-conservativity is the
same as conservativity.

The ergodic version of the Erdos question is that {%}—conservative,
ergodic measure preserving transformations are multiply recurrent. It
is not hard to show that the Erdos conjecture implies the ergodic ver-
sion. We do not know whether the converse is true.

In §1 we prove the Erdds conjecture for Markov shifts. Indeed for
Markov shifts, slightly more is true:

{-L }-conservativity ¥ 0 < a <1 implies multiple recurrence.
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The proof is accomplished by showing that a Markov shift 7" is d-

recurrent iff T'x ... x T is conservative, and then showing that for a
| —

d-times
{5 }-conservative Markov shift, this is the case V d < 1.

In §2, we see that the general situation is different, exhibiting some
examples of ”infinite odometers”.

One such exhibit is a conservative, ergodic measure preserving trans-
formation which is {- }-conservative V 0 < a < 1 but not 2-recurrent.
This is constructed using Behrend’s sequences ([3]).

We conclude this introduction with a ”d-analogue” of the basic Hopf
decomposition, proving a ”Hopf d-decomposition”. Recall from [8] that
an IP-set is a set of form {Y . png: F c N|F| < oo} whereny <ng<...
is a prescribed sequence.

Proposition ”Hopf d-decomposition”

If (X, B,m,T) is a conservative, aperiodic, non-singular transforma-
tion and d € N;
then

1) X =€4,uD, mod m where :

Cq=Cy(T) and D4=24(T) € B are disjoint, T-invariant sets,

D4 15 a countable union of d-wandering sets,

Te, is d-recurrent and

> m(BnT#*Bn---nT%*B)=00 V BeB,, Bc,.
k=1
2)If Ae B, Ac €yT) and m(A) > 0, then the collection of d-
recurrence times of A: {n>1: m(AnT"An---nT-"A) >0} contains
an IP-set.
3) Cu(TP) = C4(T) ¥ p2 1.

Proof Suppose first that B € B, and that
Y m(BnT"Bn---nT"%B) < oo,

k=1
We show that B has a d-wandering subset of positive measure.

Indeed, for some subset B; € B, n B, 3 N > 1 such that

m(31 ﬂT_kBl ﬂ"'ﬂT_dkBl) =0V k>N.
By Rokhlin’s tower theorem (see e.g. [7]), 3 E € B such that
E, T'E,..., T-NFE are disjoint, and
N
m(X “U T"“E) < m(QBl).

k=0
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It follows that 3 0 <7< N such that
By:=B, nTE eB,.
Clearly V k> N:
m(BynT*Byn--nT *By)<m(BinT*Bin---nT"%*B;) =0,
and for 1<k <N,
m(BynT*Byn---nT % By)<m(EnT*E)=0.

The collection Wy = Wy(T') of d-wandering sets (under T') is a T-
invariant, hereditary subcollection of B. A classical exhaustion argu-
ment shows that 3 ®, € B, a countable union of d-wandering sets, such
that any W e W, satisfies W ¢ ®4 mod m. Since T-'W,; = W,, we have
that T-'9,; c ®, whence by conservativity 7719, = D, mod m.

By the first part of the proof, if B € B and Y,o;m(BnT*Bn
~-NT"9%B) < oo, then B c D4 mod m, whence €, := X \ D, satisfies
statement 1).

To show 2), fix Ae B, m(A) >0, Ac €y(T). Choose n; > 1 such that
m(AnT™An---nT-A)>0and set Aj:= AnT "™ An---nT-9m A,
Since Ay ¢ €4(T), 3 ny > ny such that m(ANnT"2Ain---nT~42 A1) > 0.
Set Ay = AynT ™A n---nT-92A; and continue, finding ny < nz <
ng <... and As, Ay,--- € B such that

Ak = Ak—l N T_nkAk_l N« N T_dnkAk_l, m(Ak) >0 (/{3 > 2)

If F c Nis finite, write F' = {ky < ko <--- <kp1 <ks}, Np:= Y pep M-
We have that AnT"rAn---nT-4NrA> A; whence m(AnTNrAn
N T=4Nr A) > m(Ag,) >0 and N is a d-recurrence times of A.

Finally we turn to the proof of 3). Let p > 1. Evidently €4(7P) c
Q:d(T) To show Q:d(Tp) o) Q:d(T) let A€ B, m(A) > 0, Ac Q:d(T) It
suffices to show that 3 n > 1 divisible by p such that m(AnT"An---n
T-4"A) > 0.

To do this, let ny <ny < ... beasin2). Weclaim 3 F c {1,2,...,p+1}
such that Ny is divisible by p (else p > |[{¥;., 7, mod p: 1< J < p+1}|=
p+1). Thus, Ng = pv and we have that m(AnT-"An...nTPA) =
m(ANTNeAn---nT-4NrA) > 0. O

Remark

In [9], it is shown that if S is a probability preserving transforma-
tion, then the set of d-recurrence times for any set of positive measure
intersects with any IP-set.

Thus, if (X,B,m,T) is d-recurrent, ({2, A,p,S) is a probability pre-
serving transformation and A € B,, B € A,, then 3 n > 1 such that
both m(AnT"An---nT-"A)>0and p(BNnS™Bn---nS™"B) > 0.
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It is therefore natural to ask whether 7" x S is d-recurrent; and more
generally whether any extension of 7" is d-recurrent.

§1 MARKOV SHIFTS

The (two-sided) Markov shift (X, B, m,T) of the stochastic matrix
P:S xS - [0,1] with invariant distribution {us: s € S} is defined by
X = SZ, T = the shift, B the o-algebra of generated by cylinders of
form
(S0, -y Snlki={r e Ximy;=5; YO<j<n},
and

m([So, -+ Snlk) = soDso.s1 - - - Psprm-
It follows that (X, B, m,T) is a measure preserving transformation. It
is well-known that T is conservative and ergodic iff P is irreducible and
recurrent (see [4], and [1]). We'll call T mixing if the corresponding
stochastic matrix P is irreducible, recurrent and aperiodic.
Let (X,B,m,T) be the conservative, ergodic Markov shift of the
stochastic matrix P. For d > 1, the Cartesian product transformation

T x...xT is either conservative or totally dissipative (see [1], [12]). I
—_————

d-times
is the Markov shift of the stochastic matrix ¢P: S9x S¢ — [0, 1] defined
by
dp(sl,...,sd),(tl,...,td) = pshtl .. -psd,td

and therefore T x ... x T is conservative iff ¢P is recurrent, i.e.
| —

d-times
Z pg@d = oo for some, and hence all s € S.

Our main result in this section is

Theorem 1.1
Let d > 2. A conservative, ergodic Markov shift T is d-recurrent <

T x...xT 1is conservative.
| ——

d-times
The = direction is easy. By the d-decomposition, the d-recurrence
of T implies that

p{? = Zm [s] - nT ™ [s]) =00 V s€8,

nl Hs n=1

whence conservativity of T'x ... xT.
| —

d-times
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The < direction is established using a weak, local d-ergodic theorem
on states (below).

Let (X,B,m,T) be the Markov shift of the stochastic matrix P:S x
S - [0,1]. Fixd>1, seS, and let A = [s]p. Normalise so that
m(A) = ps =1 and write

w(n) = m(AnTAY = p. qu(n) - éu(n)d.

Theorem 1.2 Suppose that T is mizing, and that ¥ ;o u(n)? = oo,
then ¥ BQ,...BdEBﬂA,

1 n
Y m(BonT*BinT *Byn---nT"%B;) — m(By)...m(By).

aa(n) i3
(*)

Corollary 1.3

If0<a<1 and T is {=}-conservative, then T is d-recurrent ¥V d <

1

E.
Proof (assuming theorem 1.1)

Fixing s € S and setting u(n) = pﬁf?, it suffices to show that ¥.°2; u(n)? =
ooV d< ﬁ

To this end, suppose that d < - and Y77, u(n)? < oo, then 24 > 1
and by Holder’s inequality,

1 d-1
=) ) d [ oo 1 a4
ZMS(Zu(n)d) (Z ud) < o0
O n=1 n=1nd-1
whence Y77, -140T™ < 00 a.e. on A contradicting {-; }-conservativity
of T O

Proof of theorem 1.1 assuming theorem 1.2

Fix B € B, m(B) > 0, then 3 s € S such that C' := Bn [s] has
positive measure. Let the period of s be v, then T”\U;o:OTfnu[s] is a
{-}-conservative, mixing Markov shift.

By conservativity of T'x ... x T, ¥>, u(n)? = co where u(n) := pgg”>,
[ —

d-times
and by theorem 1.2,
1 n
Ym(CnT™™CnT?Cn---nT"*C) — m(C)*".
aq(n) i
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The rest of this section is a proof of theorem 1.2.
Let

C:{[Satlv"'7tn78]0: nZO, tl:"'atnes}

and

N
A= {U Bki Bl,. . .,BN eC dlSJOlIlt}
k=1

It follows from the conservativity of T" that A generates Bn A in the
sense that

VBeBnA, ¢>0, 3B €A m(BAB') <e.
Lemma 1.4 (%) holds for By,... By € A.

Proof It is sufficient to show that (*) holds for By, ... By € C. Suppose
that

By=1[s,t9,.. 19 sl (0<j<d),
and that k>n; V 0<j<d, then

m(BonT*B;n---nT%*B,) =
(k-no) (k-n1)  (k-n4-1)
Pyy( - Py Psis Py 1) - Py (Psis Ds,s Pyy(r Py

=m(By)...m(Bg)u(k-ng) ... u(k-ng1).

To complete the proof of the lemma, we must show that

n

Y u(k—ng)...u(k—ng1) ~aq(n) ¥ ng,...,nq1 €N
k=1
By Holder’s inequality,

n

Y u(k—ng)...u(k-na1) S aq(n).
k=1
We now establish the reverse asymptotic inequality.

The Cartesian product transformation S :=7T x...xT is a measure
|y ———
d-times
preserving transformation of the Cartesian product space (X%, By, 1)
where By :==B®---®B and p:=mx...xm. It is also a Markov shift
—_— —_—
d-times d-times

of an irreducible, aperiodic transition matrix.

The condition Yoo u(n)? = oo implies that S is conservative and
ergodic (its stochastic matrix being irreducible and recurrent), whence

rationally ergodic with return sequence aq(n) (see |1]). Since A? :=
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Ax...x A is the event of being in a certain state at time 0, we have
| ——

d-times
([1]) that

n-1
> 1(BnS™C) 2 w(B)u(C)aa(n) ¥ B,C eBy.
k=0

Choosing C'= A2 and B=T A xT ™ Ax ... T1A gives

n

Y u(k—ng) ... u(k—ng1) ~ :z_[:),u(B nS™*C) 2 aq(n).

k=1
O
Next, for 0 <v <d, let
n v d-v
W =S [[laeT* T 1ao T
k=1 i=1 j=1
Note that
/ Odm =Y m(T" An--nT*An AT An---n T~k A) = a4(n).
A

k=1
Lemma 1.5

L(¢(V))2dm = O(ad(n)Q) asn—-oo ¥V 0<v<d.

The proof of lemma 1.5 is given after the proof of theorem 1.2.

Proof of theorem 1.2 Our first claim is

91 (*) holds for the sets By, ..., Bq whenever By,...,Bg€ A and By €
BnA. Fix By,...,B;€ A, and let

n d
¢n = Z H 1B]~ OTjk-

k=1 j=1
It is sufficient to show that
0 (By)...m(By) weakly in L2(A).
aq(n)
By lemma 1.4,
1
f dndm - m(BYm(B)...m(Ba) ¥ B e A.
aq(n) JB
By lemma 1.5,

S [ w0 am =0 )
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whence for every subsequence nj, — oo there is a subsequence (also

denoted) ny — oo and g € L?(A) such that
1

—— ¢, — q weakly in L?(A).

ad(nk)cb L4 y (A)

It follows that
/ gdm =m(B)m(By)...m(By) Y Be A,
B
whence g =m(By)...m(By), and
1
—¢p, > m(B1)...m(B kly in L?(A).
ad(n)gb m(By)...m(By) weakly in L“(A)
O

Our next claim is:
92 for each 0 < v < d, (%) holds for the sets By, ..., B; whenever
B,1,...,Bse Aand By...,B, € BnA. For each v, call the claim
”Claim v”. We prove the claims by induction on v.

Claim 0 is €1, and established. Assume Claim v-1, and let B,,1,..., By €
Aand By...,B,.; e BnA. Set

n v d-v
$ni= ) [[1n, 0 T[] 1p,, o T’
j=1

k=1 i=1
It is sufficient to show that

Oy (Bo)...m(Byy)m(Bysy) ... m(By) weakly in L(A).
aa(n)
By Claim v -1,
1 f Sndm — m(BYm(Bo) ... m(By1)m(By.1) ... m(Ba) ¥ B e A
aq(n) JB
By lemma 1.5,

S [ wan =0 wnr)

whence for every subsequence n, — oo there is a subsequence (also
denoted) ny — oo and g € L?(A) such that

1

————,, — q weakly in L*(A).
) O y in L*(A)

It follows that
[9 gdm = m(BYm(By) ... m(By1)m(Bus) ...m(By) ¥ B e A,
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whence g = m(By)...m(B,_1)m(Bys1) ...m(By), and
1

an(n) bn = m(By)...m(B,_1)m(B,,1)...m(By) weakly in L?(A)

OEvidently, theorem 1.2 follows from 92 when v = d. O

Proof of lemma 1.5. Throughout, we use the Markov property for
{TnA}nezi
if b(1),...,b(k) € Z and b(1) < b(2)

<---<b(k) then
m(ﬂlT—b(r)A) = m(mlTb(r)A) - H m(An T—(b(r)—b(r—l))A)‘
r= r= r=2

Set
ex(v) := I 10Tk,

-v<j<d-v, j#0

then

1(11/) = Zn: ex(v),and /:4(2/)7({’))26177@ <2 Zn: zn: /Aek(y)eg(y)dm.

k=1 k=1/¢=k

The form of [, ex(v)e,(v)dm depends on the orders of the sets {ik, j¢: 1 <
i,j<v}and {ik,jl: 1<i,j<d-v}.
To simplify matters, set

i (v) =[] 1aoT*,

j=1
then e, (v) = €, (v)e;(d-v), and

[ ex@edwyam = [ (@) ) (e(d=v)ei (d=v)dm

and it follows from the Markov property that
[ (GG )(ed - v)e; (d=v))dm -
/; e (v)et (v)dm /A et (d—v)et (d—v)dm.

Accordingly, set
Q(k, 0) = 2q(k, 0) = {ik, jl: 1<i,j <d} c Ny,
Define Ny y:Ng x {0,1} = 24(k,€) by Nio(j,€) = (1 -€)jk + €jl.
Definition
A bijection w:Nyx{0,1} - Ny, which satisfies w(,€) <w(i+1,€) (i<
d-1, e=0,1) is called admissible.

Let by denote the collection of admissible bijections w:Ny x {0,1} -
Ngd.
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An admissible bijection w € by orders (2,(k,¢) if ik < 50 iff w(7,0) <
w(j,1).
For w € by, set

D(w) = {(k,0) e N* k<{, w orders 24(k,0)}.

To describe D(w), let Fy:={2: 0<p<g< d} be the Farey sequence

of order d. Write F,; = {0 := r(()d) < ng) - < r](\?) = 1}. We claim first
that

) k
3 < Na. D(w) = {(k.0) €N € (rj, 5]} (1)
To see this let
j
alw max —>O & b(w) = min
( ) 1,j€Ng, w(4,0)>w(4,1) 2 ( ) ( ) 1,5€Ng, w(4,0)<w(4,1) i

Evidently, a(w) < b(w) are neighbouring elements of Fy, and by defini-
tion,

D(w)
(k0 eN%: k<, %«1 ‘v’w(z 0) <w(j 1), >l v w(i,0) > w(j1)}
(b 0) eN%: k<0, a(w) <Z <b(w)).

]

Suppose that 1 < d" < d. It follows from (1) that ¥ we by, 3 w' € by
such that D(w) c D(w').
Given w € by, (k,¢) € D(w), define 7t

1

:Nog = 24(k,0) by 7 =

(k é) (k,£)

N(kyg) ow™
Setting w‘l(j) = (kj,€j), we have
(k e)(]) Ny ow™(5) = ’fj[(l —e)k+ Ejf]'
Next, for 1 <7 < 2d,

(W) _ (W) (w) ¢
(k e)(]) W(k g)(]) _W(k,g)(] - 1)

= /‘ijl:(l - Ej)kf + Ejg] - /‘fj—ll:(l - Ej_l)k + Ej—lg]
= (aja(k7€)>
where 7T(k 12)(0) =0, a1 = (k1(1 —€1),k1€61) and

aj=a;(w) = (kj(1-¢€) =K1 (1 —€o1), k€5 — Kjo1€j-1)  (J22).
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Our next claim is
2d

fAe;g(d)eZ(d)dm = Eu((aj, (k,0))) ¥V (k,0) e D(w), webyg. (2)
To see this
fA e (d)e; (d)dm = m(A N ﬁT_WE:»)@(j)A)

= [Im(AnT “Pant)A)
j=1

2d

= [ Tu(a;, (&, 0))).

j=1

O

The vectors {a; (w) ¢, are non-zero. Indeed, if a; =0 then¢e; =1=0,
and if a;(w) = 0 for some J > 2 then it follows from the definition of a;
that w=1(j) =w™1(j - 1) contradicting the bijectivity of w.

If a; and a; are linearly dependent, then a; o< a; in the sense that
a; = qa; for some g € Q.

We need to know that

V jo € Nog, [{j € Nog: aj o< ajp}| <d. (3)

Indeed, the vectors occuring as a; are of form (1,0), (0,1), (r,-s)
and (-r,s) where 1 <r, s <d, and we have

aj =(1,0) when W(kﬁ)(]) kk, W((;;)(j +1)=(k+1)k;

aj =(0,1) when W((Z}’)Z)(j) = Kl W((Zi)z)(j +1)=(k+1)¢;
aj = (r,—s) when W((]:J’)Z)(j) = s, 7T((Z)£)(j +1) =rk;

a; = (-r,s) when W((:’)Z)(j) =rk, W((:’)Z)(j +1) = st.
In case e.g. aj,,aj,,...,a;, o< (r,—s) then
Ip,p2-- 21, pau#py (nu#v')
(S}lCh that
(:g) (Jv) = pust, W(k 0 (v +1) =prk
whence Nr, Ns <d and N < 33 0
Consequently, for each w € by,

{aj(w): 1<j<2d} = {a"(w),alP(w): 1<j<d)

where a§1)(w) and a§.2)(w) are linearly independent V 1< j < d}.
We have now established the necessary machinery to complete the
proof of lemma 1.5.
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Assume that v > d — v. For each w € b,, let w’ € by, be such that
D(w) c D(w").
Since {(k,0) e N2 k <} = U ep, D(w) (a disjoint union), we have:

f(wg”>)2dm 5 f ex (V) e (v)dm

k=1/¢=k

2y ¥ [A ex()eo(v)dm.

weby (k)eD(w), k,l<n

For each w e b,,

> /Aek(y)eg(u)dm

(k,)eD(w)NNZ
- ¥ fek(u)eg(y)dmfek(d V)e: (d - v)dm
(k,0)eD(w)nN2

2(d-v)

= ) HU((%(M) (k,0)) H u({a;(w), (K, 0)))

(k,0)eD(w)NNZ j=1
d

= Y TTu(a, (k,0)u((al®, (k,0)))
(k,0)eD(w)nNNZ j=1

where

2 1 2 2), \2(d-v
(1) a() 2d {a()(w),a()(w)} lu{a(l)( ) ()(w)}( ).

J’]

Consider B;j:R? — R? defined by (Bjz); := (x,ag.l)) (i =1,2) which
is injective. Let K >0 be such that |B;z]e < K|z|e ¥ , 7.
By Holder’s inequality,

Z [Aek(y)q(y)dm

(k,£)eD(w)NNZ

sl‘[( S au((a®, (k0D u((a <2>,(k,e)>>d)

=1 \(k,0)eD(w)nN2

(> u(@du(@d);

(k,0)eBj(D(w)nN2)
< > u(k)u(e)
(kf)eNKn
ZCLd(Kn)Z.

1
d

To complete the proof of the lemma, we must show that ays(Kn) =
O(ag(n)) as n — oo.
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To see this, note first that v, = uf is a recurrent renewal sequence

and so 3 1=c¢y>cy >--->¢, | 0such that ¥ jvrcpp =1V n>0. It
can be shown that

1 < M < 62 V n> 1
n
where L(n) = Y72 . It follows that for K > 1,
Ke?n  Ke2n
Kn) < < < Ke? .
aa(Kn) € Teny < Tmy < F7aa(n)

§2 INFINITE ODOMETERS
Definition: (by,bs,...)-adic odometer For b, > 1 define
(2= Q(bl,bQ,...) = H{O,l,,bk—l}
k=1

Define addition on 2 by
(WHw )y =wyp+w, +€, mod by,

where
e = { 0 n=1orw,1+w, ;+€-1<by1,
1 n>2and wy 1 +w),_| + €1 2 by,
It follows (see [11]) that {2 equipped with the product topology is a
compact topological group.
It is called the (group of) (by,bs,...)-adic integers since

Zi 22y ={we 2 w, >0} by we Y B(n)w,
n=1

where B(1) =1, B(n) =bby...b,.1 (n>2),
1o (hh-1,b-1,...)
and
-Nz{we2: b,-1-w, >0} =(by—1,b0-1,...) = (2.
The symmetric product probability measure is a Haar measure on
2

The (by,bo,...)-adic adding machine (or odometer) 7:(2 — (2 is
o =2+ 1 where 1:= (1,0).

Now let 1 <b, (n>1) and let T be the (by,bs,...)-adic odometer
on 2(by,bs,...). Suppose that 0 € K,, c Z, n[0,b, —1] (n>1) and let
W = {l‘GQ(bl,bg,...)Z ZL’nEKn \ TZZ]_}
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Our first result in this section is that all points of W excepting
possibly one return to W under positive iterations of T', and that the
first return transformation on W is itself isomorphic to an odometer.

Let a, = |K,| and write:

K, ={0=to(n) <--- <ty 1(n)},

tiri(n) —tp(n)  k<a,-1,
by —te,-1(n)  k=a,-1.

a(n, k) = {

Note that £2(ay, as,...) 2 Wby x = (z1,22,...) < t(x) = (t,(1),t,,(2),...).

Accordingly, define A(n) (n>1)by A(1) =1, A(n) =a1ay...ap,-1 (n 2
2).
Proposition 2.1

Suppose that x € 2(ay,as,...) and that ¢(z) = min{n > 1: =z, <
a, -1} < oo, then

e(t(z)) =min{n > 1: T"(t(x)) e W} = o(l(x), Te())

where
o) - '§B<z’>a<z’,az- “1)+ B(k)a(k.j)

and
Tw (t(x)) := T*C Dt (2) = t(z)
where T is the (a1, az, ... )-adic odometer on §2(ay,as,...).

Thus, the adding machine 7" with digits by, b, ... equipped with the
o-finite invariant measure m with m(W) = 1 is isomorphic to a tower
over 7 (equipped with Haar measure on {2) with height function ¢ as
above (see [13]).

We call the measure preserving transformation (£2(by,bo,...),B8,m,T)
the infinite odometer with digits 01,09, ... and base sets K, Ko, . ...

Remarks

1) The measure preserving transformation ”defined by the d-greedy
algorithm” is isomorphic to an infinite odometer with digits b,, = d and
base sets K, ={0,1,...,d-2} Yn>1.

2) The infinite odometer with digits by, by, ... and base sets K1, Ko, ...
is isomorphic to the cutting and stacking construction defined by

Bo:=1, Bni1=B,(1k,(0)), B,(1x,(1)),..., B,(1k, (b, — 1))

where B, (1) := B,, and B, (0) := 0lB~l,
3) It can be shown that an infinite odometer is of positive type in
the sense that limsup, ., m(AnNT"A) >0 V AeB m(A) >0 (see
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[15]) iff

) 1
lim sup sup

re K, x+te K,}|>0.
m SUp SUL IKnI‘{ i

This is evidently the case when liminf, . |K,| < co, in which case it
can be shown that the infinite odometer enjoys the stronger property
of partial rigidity in the sense of [2].

By corollary 1.4 of 2], all Cartesian products T'x...xT (d>1) of
| S ——

d-times
a partially rigid measure preserving transformation 7" are conservative.

The next proposition generalises this.

Proposition 2.2
Suppose that (X, B,m,T) is an invertible, conservative, ergodic mea-
sure preserving transformation of positive type, then T x...xT 1is of

d-times
positive type (and hence conservative) ¥ d > 1.

Proof
Fix d>1 and let S :=T x...xT- a measure preserving transforma-
| ——
d-times
tion of the Cartesian product space (X% By, i) where B;:=B®---® B
S——
d-times

and p:=mx...xm.
——————

d-times
Let

Zy={AeBy pu(A)<oo, u(AnS™A)—>0asn—> oo}

A classical exhaustion argument shows that 3 Z; € B, a countable
union of sets in Z;, such that any A € Z,; satisfies A ¢ Z; mod pu. It
follows that

w(BNnS™C)—0 V B,CeBynZy u(B),u(C) < o0

whence {AeB: Ac Z; u(A) < oo} = Z,.
Since T™ x ... xTnaZ;=Z; ¥ (nq,...,nq) € Z%, we have that

T x ... xT'Z;=Z; mod pu ¥ (ny,...,ng)eZ"

The ergodicity of this Z¢ action shows that either Z; = X¢ mod u or
1(Za) = 0.

Since sets of form A% (A€ B, 0 <m(A) < o) are not in Z;, we must
have that ©(Z;) = 0. Thus S is of positive type. O
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Thus, all Cartesian products of positive-type infinite odometers are
conservative. The next proposition (2.3) shows however, that this does
not imply their {¢, }-conservativity for any {c,}.

Proposition 2.3
For any ¢, | 0, 3 a positive-type infinite odometer which is {c,}-
dissipative.

Proof

Choose b, > 2 such that cp(,) < 77 (where B(n+1) :=b;...b,), and
let T' be the infinite odometer with digits b,, and base sets K, = {0,1};
which is of positive-type by remark 3 above.

On W, we have
oo oo oo 2k+1_7 oo
chlw o™ = Zc% = Z Z Cop < Zch%k
n=1 n=1 k=0 n=2Fk k=0
where ,, == Y120 @ o T
Now,
1 l(z)=1,

p) = o) 2o = { OB (be-1) + B(O) () else,

so p(x) =2B((z)) - 1> B({(x)) and

e (1) > > B(((e) = Y 2*B(k) > B(n),

(€1,..yen)e{0,1}~{1} k=1
whence
Z Cn1W o™ < Z 2kCB(k) < 00.
n=1 k=0

O

Proposition 2.4

Suppose that d > 2 and for each n > 1, K, c [0, (b, —1)/2] and K,
has no arithmetic progressions of length d+1 in N,

then
W has no arithmetic progressions of length d+1 in 2(by,bs,...) and
W e Wd(T)

Proof

Suppose first that x,y,z € W and that z -y =y —x in 2(by,ba,...),
equivalently = + z = 2y. Since w, < (b, —1)/2 ¥ n > 1, we have that
(r+2)p=xp+2z, and (Y+y)n =2y, V0> 1. Thus z,+2, =2y, Vn>1.
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Next, suppose that N > 1 and z € N{_,T*NW. Set z(k) = TNz =
x+ kN eW. We have that z(k+2) —x(k+1)=x(k+1)-2(k) =N in
2(by, by, ...), equivalently:

(k) +x(k+2)=22x(k+1) (0<k<d-2).

By the above, V n > 1,0 < k <d-2: z,(k) +x,(k+2) =2z,(k+1),
equivalently: z,,(k+2)-z,(k+1) = z,(k+1)-z,(k) and z,(0), ..., z,(d)
are in arithmetic progression. It follows from the assumption that
zp(0) = -+ = 2,(d) V n > 1, whence z(0) = --- = z(d) and N = 0
contradicting N > 1. 0

The rest of the section is devoted to the advertised construction of

an infinite odometer which is {-}-conservative V 0 < a < 1, but not
2-recurrent.

Lemma 2.5
Suppose that sup K, xb, and that b, > 2a,, then

5 elhd) < B(E). 1)
Fn)= A 3 s S o07) % B, )
F(n) == r(n)f"g o(n+1,k) % Bn+1). 3)
w.p.1-A
Qams1) = L'(n)+e(ai=1,... ap,=1,2p41,...) " =I(n)+p(n+1, Tp41).
(4)
Proof
(1): We have
ap—2 ap—2 (k-1
22) o(k,j) = 2} (Z B(i-1)a(i,a;— 1)+ B(k - 1)a(k,j))
=(ar-1) Z B(i-1)a(i,a; — 1)+ B(k - 1)%2(:) a(k,j)
whence

;) o(k,j)>2B(k-1) ;} alk,j)=B(k—-1)t,, -1 =< B(k),
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and
akZQso(k j) < ay Z B(i)+ B(k)
= B(k) + axB(k - 1)2%
< B(k)+a,B(k-1) kzj zk_lz-_l

< B(k) +2axB(k - 1) ~ B(k).

(2) is seen thus:

ap— 2

I'(n) = A( n)ZA(k) Z o(k,7)

B(k)
(n) Z < A(k)

. B(n)(l .S M)

i1t B(n)A(k)
< B(n)

A(n)B(k) 1
since B(n) A(K) < k-

(3) is established using (1):

An+1—2

I'(n):=I'(n)+ kz_; e(n+1,k)xB(n)+B(n+1)x B(n+1).

To see (4), for n > 1 write £2, = [T;_,{0, 1,

.,a,—1}, then V we 2
and n > 1,

{((T"w)1, ... (TFw)) s 0<k<A(n+1) -1} =12,.

Moreover if 0 < k< A(n+1) -1 and (7*w); =a; -1 (1<j<n) then
(Thw)j =w; ¥ j >n+ 1. It follows that

PA(n+1) =
(W1 yeewn)e2n {(a1-1,...,an-1)}

()O(g(W), wﬁ(w))

+olar-1,... a0, —1,wpe1,-.. ),
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whence

> o(U(w), wewy)

(wlv 7"‘}71)60’”\{(a1_17"'7a’ﬂ_1)}

H(wlv . 7wn) € {2y, f(w) = k}kp(kawk)

ak—2

Q41 ---0Ap Z(:) So(k:7]) =F(7’L)

MS I M3

T
i

O

Proposition 2.6

3 ¢ >0 and a conservative, ergodic measure preserving transforma-
tion which is
{@} conservative and not 2-recurrent.

Remark In particular, this conservative, ergodic measure preserving
transformation is {-- }-conservative V 0 < a < 1.

Proof
By Behrend’s theorem (see [3]), 3 ¢> 0 and

Vn>1, 3 KcNn[0,n], |[K|=

L

without arithmetic progressions of length 3 where L.(z) := 2¢Vio827,
We use this as follows to define a suitable infinite odometer T'.

The infinite odometer will have digits (by,bs,...) and base set W =
Ky x Ky x ... where |K,| = a, b";l. By proposition 2.4
it will not be 2-recurrent.

Set bop1 =4 and Ko,iq = {0, 1}.

Next, we define K5, and by,. For n > 1 set «,, := 2"2, then %= 1 oo
and Y af ~as Vs> 0. Set az, = € and by, = asnLc(a2,). Us-
ing Behrend’s theorem as above, choose sets Ky, ¢ N (n > 1) with-
out arithmetic progressions of length of length 3 such that |Ky,| =

Qon, Max Ko, < bZT"
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We claim that T is {#}—conservative YV s> ¢, indeed,

5 LST(Zn)lw T Ls;son)

n=1

Ls(or)
1 A(2n)<k<A(2n+1) Pk

\Y
s 2

n

M3

(A(2n+1) - A(2n)) 2 (PaCwD)

>
n=l PA(2n+1)
© A(2n+1)Ls .
>3 (2n+1)Ls(pac +1))'
n=1 20 A(2n41)
Now, by (4) of lemma 2.5,
= 1 1
m([@a@niy < (2n+1)])>1- P— = 3-
n+

By the Borel-Cantelli lemma, for a.e. x € W, 3 nj = ng(z) - oo such
that QDA(an_,_l)(.CE) < F(QTLk + 1) vV k.
It follows that

AQng + 1) Lo(acnn) | A2+ D L,(I'(2n; + 1))

20 A(2n41) 2T (2ny, + 1)
A(2ny + 1) Ls(B(2ny +2))
X by (3) of 1 2.5
B(2ny +2) y (3) of lemma
= B(an + 1) V k since by, 41 = 4.

Now B(2n +1) = A(2n + 1)2"eXka1 V| whence as n — oo:
B(@2n+1) O eC Ty AT _ e/ (L40(1)
A(2n+1)
and
Ly(B(2n +1)) = esVon(1te(1))
since log B(2n+ 1) = a,, (1 + 0(1)).
It follows that
A2n+1)L,(B(2n+1))

— (s—c)vay, (1+0(1))
B(2n+1) ‘ e

o0

whence Y, LST(")lw o™ =00 a.e. and T is {@}—conserv&tive. U

Remark
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The interested reader may generalise proposition 2.6 (with anal-
ogous proof) to show that given an increasing slowly varying func-
tion z ~ L(x), a sequence k, - oo and sets K, c [0,k,] with |K, n
[0,k ]|kn/L(k,), but without arithmetic progressions of length d + 1,
then for every e > 0 there is an odometer which is {W}—conservative
but has d-wandering sets.

REFERENCES

[1] Jon Aaronson, An introduction to infinite ergodic theory, Mathematical Sur-
veys and Monographs, vol. 50, American Mathematical Society, Providence,
RI, 1997. MR1450400 (99d:28025)

[2] Terrence Adams, Nathaniel Friedman, and Cesar E. Silva, Rank-one weak
mizing for nonsingular transformations, Israel J. Math. 102 (1997), 269-281.
MR1489108

[3] F. A. Behrend, On sets of integers which contain no three terms in arithmetical
progression, Proc. Nat. Acad. Sci. U. S. A. 32 (1946), 331-332. MR0018694

[4] Kai Lai Chung, Markov chains with stationary transition probabilities, Sec-
ond edition. Die Grundlehren der mathematischen Wissenschaften, Band 104,
Springer-Verlag New York, Inc., New York, 1967. MR0217872 (36 #961)

[5] Stanley Eigen, Arshag Hajian, and Kim Halverson, Multiple recurrence and
infinite measure preserving odometers, Israel J. Math. 108 (1998), 37-44.
MR1669329

[6] Paul Erd” os, Problems and results on combinatorial number theory. III (1977),
43-72. Lecture Notes in Math., Vol. 626. MR0472752

[7] Nathaniel A. Friedman, Introduction to ergodic theory, Van Nostrand Reinhold
Co., New York-Toronto, Ont.-London, 1970. Van Nostrand Reinhold Mathe-
matical Studies, No. 29. MR0435350

[8] H. Furstenberg, Recurrence in ergodic theory and combinatorial number the-
ory, Princeton University Press, Princeton, N.J., 1981. M. B. Porter Lectures.
MR603625

[9] H. Furstenberg and Y. Katznelson, An ergodic Szemerédi theorem for IP-
systems and combinatorial theory, J. Analyse Math. 45 (1985), 117-168.
MR833409

[10] Harry Furstenberg, Ergodic behavior of diagonal measures and a theorem of
Szemerédi on arithmetic progressions, J. Analyse Math. 31 (1977), 204-256.
MR0498471

[11] Edwin Hewitt and Kenneth A. Ross, Abstract harmonic analysis. Vol. I, Sec-
ond, Grundlehren der Mathematischen Wissenschaften [Fundamental Princi-
ples of Mathematical Sciences], vol. 115, Springer-Verlag, Berlin-New York,
1979. Structure of topological groups, integration theory, group representa-
tions. MR551496

[12] S. Kakutani and W. Parry, Infinite measure preserving transformations with
“mizing”, Bull. Amer. Math. Soc. 69 (1963), 752-756. MR0153815

[13] Shizuo Kakutani, Induced measure preserving transformations, Proc. Imp.

Acad. Tokyo 19 (1943), 635-641. MR0014222



multiple recurrence 25

[14] Ulrich Krengel, Classification of states for operators, Proc. Fifth Berkeley Sym-
pos. Math. Statist. and Probability (Berkeley, Calif., 1965/66), Vol. II: Con-
tributions to Probability Theory, Part 2, 1967, pp. 415-429. MR0241601

[15] Motosige Osikawa and Toshihiro Hamachi, On zero type and positive type trans-
formations with infinite invariant measures, Mem. Fac. Sci. Kyushu Univ. Ser.
A 25 (1971), 280-295. MR0306454

[16] K. F. Roth, On certain sets of integers. II, J. London Math. Soc. 29 (1954),
20-26. MR0057894

[17] E. Szemerédi, On sets of integers containing no k elements in arithmetic pro-
gression, Acta Arith. 27 (1975), 199-245. Collection of articles in memory of
Jurii Vladimirovic Linnik. MR0369312

Email address, Aaronson: aaromath.tau.ac.il

(aaronson) SCHOOL OF MATH. SCIENCES, TEL Aviv UNIVERSITY, 69978
TEL Aviv, ISRAEL.

Webpage : http://www.math.tau.ac.il/~aaro

Email address: aaro@post.tau.ac.il

Email address, Nakada: nakadamath.keio.ac. jp

(Nakada) DEPT. MATH., KEIO UNIVERSITY,HI1YOSHI 3-14-1 KOHOKU, YOKO-
HAMA 223, JAPAN



	arithmetic progressions and a conjecture of Erdös
	d-recurrence
	§1 Markov shifts
	 Proof of lemma 1.5

	§2 infinite odometers 
	References

