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§0 Introduction.

We study locally compact group extensions of Kronecker transfor-
mations.

Let X be a compact monothetic group with Haar probability mea-
sure m=my, and G a locally compact metric group with Haar mea-
sure mg. Let T be an ergodic translation on X, (called a Kronecker
transformation) and set p =m x mg.

For ¢ : X — G measurable (called a cocycle), consider the skew

product (or G-extension) which is the measure preserving transforma-
tion T, : (X x G, ) — (X x G, i) defined by

Ty(x,9) = (T, p(x)g).

Recall from |Aar81] that a measure preserving transformation 7 :
(Y,v) — (Y, v) is called squashableif 3Q > Q7 =70 and vQ'=cv
for certain ¢ # 1. It follows from [Aar83, Th3.4] that if the group G
is countable, and has no arbitrarily large finite normal subgroups (e.g.
G = Z* x Q') then no ergodic G-extension is squashable.

Most of the results in this paper are for the case G = IR. It is an
open problem to decide if there is a conservative, ergodic, squashable
IR-extension of a Kronecker transformation. Almost all of our results
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are in the other direction, showing that certain IR-extensions are non-
squashable.

We consider product-type cocycles for odometers in §1, obtaining
conditions for ergodicity, nonsquashability, and coalescence (q.v.) Es-
sentially the same ideas can be used in the context of [KLR94| to ob-
tain analytic cylinder flows (i.e. IR-extensions of rotations of the circle)
which are ergodic, nonsquashable, and coalescent (see §4). We show
in §5 that if ¢ : ' — IR is C'*° then for a residual set of irrational
rotations 7', the cocycle is conservative and ergodic. We improve some
recent results by D. Pask (in §6) [Pas90|, [Pas91| on the ergodicity of
cylinder flows also proving the non-squashability in this case.

One of our tools is a new Koksma-type inequality in L2(7") for
functions whose Fourier coefficients are of order O(1/n) (see §2) with
possible speeds of convergence for smooth functions and irrational ro-
tations admitting a speed of approximations by rationals (see §3).

The authors would like to thank E. Lesigne for a discussion on the
proof of Theorem 5.1.

§1 Coalescence of group extensions, and ergodicity
of product type cocycles

A non-singular transformation is called coalescent if all nonsingular
commuting with it transformations are invertible. To begin this section,
we study the form of nonsingular transformations commuting with an
ergodic, group extension of a Kronecker transformation.

Suppose that T is an ergodic measure-preserving transformation of
the probability space (X, B,m); let (G,7T) be an abelian, locally com-
pact, second countable, topological group (7 =7 (G) denotes the fam-
ily of open sets in the topological space G), and let ¢ : X - G be a
cocycle.

Let T,: (X xG,u) — (X xG, p),

To(x,9) = (T, 9(x)g)

be ergodic (this implies that G has to be amenable [Zim78]), where
T is a Kronecker transformation on X, and ¢: X — G is a cocycle.

Proposition 1.1 Suppose that Q) : X xG — X xG is non-singular and
QT, = T,Q). Then there exist a translation S of X, and a continuous
group homomorphism w : G — G which is non-singular in the sense
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that mg ow™' ~mg and a measurable map f: X — G such that

Q(z,h) = (Sx, f(x)w(h)) for each ve X, hed.

Proof Write @ = (S, F), where S: XxG — X and F: XxG — G.
We have

SoT,=ToS & FoT,=(poS)-F.
Let U: X xG — X be defined by U(z,h) = 271S(z,h), then UoT, =
U, hence by ergodicity of T,, U(x,h) =z, and S(z,9) = Sz =22, =
z12z. Therefore
FT,(x,h) = p(Sz)F(x,h).

Denote o4(x,h) = (z,hg) and note that for each g€ G, 0,1, =T, 0,.
Hence

(F_1 (P ag>) o T, (. h) = (T, (. 1)) F(T, (. hg))
- (w(Sx)F(x,m)_ o(ST)F (x,hy)

= (F‘lF o ag)(x, h),

whence there exists w: G — G such that F~'(Foo,) =w(g) for
each g e G. It follows that w is a measurable homomorphism (and
hence continuous).

Set ¢(x,h) = F(z,h)w(h)!. By the above, ¢poo, = ¢ foreach geG
whence there exists a measurable f: X — G such that ¢(x,h) = f(x)
a.e., and

Q(z,9) = (Sz, f(z)w(g)).

To see that w: G - G is non-singular, note that o S}l = u, and since
QT,=T,Q, 3 ¢ >0 such that o Q! = cu. Moreover

wi=Idxw=_S;"0Q

-1 _

whence pow™ = cu, and mow™ = cm. U

Remarks

If T is an invertible, ergodic probability preserving transformation
and ¢ an ergodic cocycle, and Q(x,g) = (Sz, F(x,g)) is non-singular,
and commutes with T, then ) has the above form.

If w:G — G is non-singular and measurable, then w is continuous,
and onto. To see this, note that w(G) is a mg-measurable subgroup
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of G, whence
dzé¢w(G@) = z2w(G)cGNw(G)
= m(w(G)) =m(zw(G)) <m(G~w(G)) =0.

If G is such that any continuous group non-singular homomorphism
is 1-1 (e.g. G = Z* x Q' x IR™) then any ergodic G-extension of a
Kronecker transformation is coalescent. For coalescence of other group
extensions, see theorem 1.5 below.

In case G = IR a skew product T}, is squashable iff it commutes with a

Q of form Q(x,t) = (Sxz,ct +(x)), where |¢| # 1, or, in other words,
cp — o S is a coboundary for some |¢| # 1 and S a translation of X.

Next, we turn to methods of proving ergodicity of group extensions.

As in [Sch77|, the essential values of ¢ are defined as those group
elements a € G with the property that

VAeB, UeT(G) withaeU; In>1 > m(AnT"An[e™ e U]) >0

where (™ (x) = (T 'z) ... - p(z), n> 1.

The collection of essential values of ¢ is denoted by E(¢). It is shown
in [Sch77) that E(¢p) is a closed subgroup of G, and is the collection of
periods for T,-invariant functions:

E(p)={aeG: f(z,y+a)=f(z,y) a.e. ¥V foT, = f measurable}.
In particular, T, is ergodic iff E(y) = G. Also,

Lemma 1.2 [Sch77] For any compact set K which is disjoint from
E(p) there is a Borel set B, u(B) > 0, such that for each integer
m >0 we have

W(BnT™Bn[eM™ e K])=0.

Definition A sequence ¢, € IN (n>1), g, 1 oo is called a rigidity time

U(L%(m
for the probability preserving transformation 7" if T e, Id.
Here U(L?(m) denotes the collection of unitary operators on L?(m).
Note that if T" is a translation on the compact group X with Haar

2 m
measure m then T U(L—g ))—> Id iff T X 1d.

Lemma 1.3 Suppose that K c IR is compact, and that {q,} is a rigidity
time for T such that

V AeB,, liminfm(An[pl) e K])>0,
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then
KnE(p)+@.
Proof Follows immediately from Lemma 1.2. O
Let
U(L?(m))

D(p)={aeG:3g,»o00, T 5""— I3V ny > 00, ae{p®)}} ) ael.
See also proofs of ergodicity in |Aar83, §4].

Proposition 1.4
D(p) c E().

Proof Suppose that y € D, and T —Id, y € {©@) : k > 1}’ a.e.
V ny — oo, then

VAeB,yeUeT(G), 36>0 3 liminfm(An[pl®) e U]) >4,

because if there were no such ¢ >0 we could choose y € U € T(G), and

a subsequence q,,, (k > 1) satisfying m(A n [¢l) € U]) < 1/2" and

use the Borel-Cantelli lemma to get a contradiction to the definition of

y € D(p). Hence, since T9 —Id, liminf, . m(AnT-"An [plr) €

U]) > ¢ V¥ n large, and therefore y € E(¢). O
Set

2 m
W HEL) Id, & ) - g a.e.}.

D(p)={aeG:3¢q, > T4
Clearly D(p) c D(yp).

Theorem 1.5 Assume that T is an ergodic translation. If Gp(D(¢))
is dense in G, then T, is ergodic, and

Q: XxG - XxG nonsingular, QT, =T,0Q) = Q(x,g9) = (Sz,g+f(x))
where ST =TS and f: X — G is measurable.

In particular, such a T, is coalescent, and non-squashable.
Proof By the previous proposition, T, is ergodic. We know from
proposition 1.1 that
Q : XxG - XxG nonsingular, QT, =T,Q = Q(z,g) = (Sz,w(g)+f(z))

where ST =TS, f: X - (G is measurable, and w : G - G is a continu-
ous nonsingular homomorphism. It follows that

U}(QO)—(,OOS=f—fOT,
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whence B
D(w(p) - e S) ={0}.
However, if a € D(yp), and

an U(Ligm))

Gn — 00, T —1Id, & ¢4 > qgae.,

then
w(l)) = o) 0 § = w(a) - a ae.
whence w(a) —a € D(w(p)-¢o0S)={0} and w(a)=a ¥ a € D(y) and

hence VY a e G. O
Set
C(p)={acG: lim inf lp(p D) =1aeV aeclUeT(G)}.

2 m
7P LT, g20

It is not hard to show that (for 7" Kronecker)

E(p) < Cp) < Ep)
where E(p) :=
{aeG:VIeT(X),acUeT(G)In21 3 m(InTIn[e™ eU])>0}.

A popular misconception in the subject for the case G = IR ( [Con80,
proposition 1] [HL86|, lemma 3] ) seems to have been that C'(¢) c E(p).

This latter claim is wrong. A counterexample for a Kronecker trans-
formation is given in example 1.7 (below). An analogous example for
the case G = 1" was given in [Fur61]. See [Ore83, proposition 1] for a
related method of proving ergodicity not based on the above.

The rest of this section is devoted to
Cocycles of product type for an odometer

For a, € IN, (ne IN), set Q:=T11-"41{0,...,a, - 1} equipped with the
addition

(W+W)y =w, +w), +€, mod a,

where €; =0 and

0 w,+w) +e€,<ay
€n+l =
1 wy+w, +€,2a,

Clearly, €2 equipped with the product discrete topology, is a com-
pact Abelian topological group (called an odometer group), with Haar
measure

m:H(—,...,i).
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Also if 7 = (1,0,...) then Q = {n7}, ., whence x » Tz(:= 7 + )
(called an odometer transformation) is ergodic.

A cocycle of product type is a measurable function ¢ : Q@ - G (where
G is an Abelian topological group) of form

o) = 3 (n(Tw) = b))
n=1
where b, (w) = 8, (wy), where 3, :{0,...,¢,— 1} — G (notice that Tw
differs from w only in finitely many places whenever w # —7, so ¢ is

well-defined except for one point).

Set q1 =1, qns1 = [~y ax, then

1 k=n,
(QnT)k - { 0 k+ n,
whence
T%w = (wi,. .. ,Wn1,Tn + (Wny---))
where
T.=(1,0,...) € H{O,...,ak—l}.
k=n
Note that
k-1 ) | )
e®(w) = Y p(TIw) - = Y [bp(T w) = bp(w)],
§=0 n=1
whence
Pl (W) = Y [bn (T%w) = by (w)]
n=1
L (w)-1
= Z [6k+n(0) - 5k+n(ak+n - 1)]
n=0
+ Bt (o) (Whatr (@) + 1) = Brrty () (Whety (@)
where

l(w) =min{n > 0 : Wiy < Qg — 1}
We begin by considering cocycles of form
Bn(k) =kA(=Ap+--+\,), for0<k<a,—-1, where \, €G.
| ——
k times

Proposition 1.6 Ifr, € IN and ¥, & < oo, then
{(kApin>1, 1<k<r,} c D(p).
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Proof ;From the condition on {7}, for a.e. weQ

AN,eIN 5> w,<a,-r,-1Vn>N,,

whence Vn>N,, 0<k<r,,

k
gp(k‘qn) (w) — Z SO(Qn) (T(j_l)an)

<

- Z;(ﬁn(wwj +1) —5n(wn+j)) (o k<)
=k,

e
_

and if k,\,, — a, then for a.e. w e (),

evan) kN, - a ae,

and a € D(p). O

Theorem 1.5, and Proposition 1.6 facilitate easy constructions of con-
servative, ergodic, coalescent, non-squashable G-extensions of odome-
ters.

Example 1.7 There is a continuous IR-valued cocycle of product type
which is a coboundary, and satisfies

Gp(C(y)) = IR.

Proof Assume that ;7 i < +00, ay, > 3. Let
p(w) = 3 (ba(Tw) = bu(w))
n=1

where, as before, b,(w) = B,(wn). Set Bany1 =0, and

1 k=1
n k)= " ’
Pan (k) { 0 else.
By Borel-Cantelli lemma, since p{w : wo, = 1} = %, @ =1oT —1) with

b=3b,.

n=1
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Note that ¢(-7) =0 (where -7 = (a;—1,a2—1,...)). Forw # -7, {(w) <

o0

L(w)-1

p(w)= Y, [8u(0) = Bu(an-1)]

n=0
+ Be(wy (Wew) +1) = Bew) (Wew))
= Bow) (We) + 1) = Buw) (Wew ),
since ,(0) - B, (a, — 1) =0, whence
2

< —m—
lo(w)] < @)

and the continuity of ¢ is ensured.

For a.e. we 2, 3 n, such that 2<w, <a, -2V n>n,. Set
"in(w) = Qop — Wan

Q
for n > % Clearly &, (w)ge,m >— 0.
Moreover, for n > %,

won +7 0<j<hp(w)-1

(T79200))g,, = { 0 = rn(w)

(T9%000) 9041 = { wans1  0<j<kp(w) -1,
Wans1 + 1 j = rn(w)

and
(Tj‘”"w)k:wk v OSjS"in(w)a k¢2n72n+1;
whence

@((ﬁn(w)+l)qzn)(w) - Z(bk(T(nn(w)ﬂ)qznw) - bk(w))
k=1

3

(ﬁk«T(W“mw)w _ ﬁkwk))
k=1
= B2n((T(Hn(UJ)+1)Qan)2n) - BQn(WZn)

= BZn(l) = %

We use the fact that

ad 1
Vy>0, N>1, IN<ng(N)too > Z

R y
k=1 ng(N)
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Now, for fixed w, y, and N > % choose my such that

1
| Z nk(N) I
and set

(N)(w) Z(“m@(N) + 1) (W) @an, vy, & Qn =Qn(w) = Q(N)(w)

It follows that QT 8 0 whence TQv HUZm)_ Id. On the other
hand,
1
= n(N)
Thus C(p) > IR,. With some minor adjustments, C(¢) = IR can be
arranged. O

§2 Homogeneous Banach spaces and Koksma inequalities.

Definition By a pseudo-homogeneous Banach space on 1" we mean a
Banach space (B, |- | g) satisfying

B LN(T), and |- |5 > |- |1,

if feBandte Tl then f, € B, and | f;|p = |fllz, where fi(x) =
flx=t),x € . A pseudo-homogeneous Banach space on 1" is called
homogeneous if t = f; is continuous II' — B, V f € B.

The following properties of pseudo-homogeneous Banach spaces are
either contained in, or can be easily deduced from [Kat68, chapter 1]:

there exists the largest homogeneous Banach subspace Bj, contained in
B defined by

By ={feB:tw~ f;is continuous 7" - B};

the space By, is the closure of trigonometric polynomials belonging to B
(this is because By, is homogeneous and hence if f € By, and g € C (1)
then the convolution of these two functions is an element of By,);
if fe B then f e By iff for cach n € Z such that f(n) # 0 there exists
g € By, such that g(n) # 0.

Suppose now that B is a Banach space and T is an isometry on
it. Assume also that zero is the only fixed point of T. We say that for
an x € B the ergodic theorem holds if

n—1
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The set of all elements of B for which the ergodic theorem holds
is denoted by ET(B,T). An element x € B is said to be a (B-
Jeoboundary if x=y-Ty for some ye B (called a transfer element).
The following theorem is a version of the Mean Ergodic Theorem:

Theorem 2.1 (von Neumann) An element v € ET(B,T) iff =
belongs to the closure of the subspace of B-coboundaries.

Suppose now that B is a pseudo-homogeneous Banach space on
1I' (only functions with zero mean are considered). Let T denote
an irrational translation by «, then T acts as an isometry on B.
Note that if P is a trigonometric polynomial from B then P is
a coboundary, in fact we have P = @ — Qo T, where () is another
trigonometric polynomial, hence P, € Bj. This proves

Corollary 2.2
B, c ET(B,T).

Let
a=[0;a,as,...]
be the continued fraction expansion of «. The positive integers a,
are called the partial quotients of «a. Put
G =1, q1=a1, qni1=An1Gn+qu-1 Po =0, P1=1, Ppi1 = Gps1Pn+Pn-1.
The rationals p,/q, are called the convergents of o and the inequality
n 1
o= 22 <
qn nfGn+1

holds. A denominator ¢, 1is said to be a Legendre denominator if
o= 2] < #. We’ll sometimes denote the set of Legendre denominators

of a by L(«).
Note that if ¢ e L(«) is a Legendre denominator then

1
(2.1) Hjoz—j’oz”>2— whenever 0<j#j <qg-1
q

Here, for t € IR,
1 = (1, 22) = i I~ 1}

We recall that one of any two consecutive denominators of an irra-
tional a must be a Legendre denominatori.e. (V a¢Q, n>1), {¢n, ¢ui1}n

L(a) +@.

Let B be a pseudo-homogeneous Banach space on 1I'. We say that
Koksma’s inequality holds for the pair (B, T') provided that there exists
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a positive sequence Dy = Dy(a), N > 1, satisfying D,, = O(1/g,)
where {q,} is the sequence of denominators of « and

22) /O [ F@d < IflsDx(e) ¥ feB,

where f(N)(z) = YN0 f(TVx), x € T. For the classical cases where
Koksma inequality is satisfied for functions with bounded variation or
Lipschitz continuous functions we refer to [KN74|, chapter 2.

The proposition below (essentially due to M. Herman, [Her79], p.189)
will play a role in the proofs of ergodicity of certain cylinder flows.

Proposition 2.3 If Koksma’s inequality is satisfied for the pair (B,T)
then for each f € By with [01 f(t)dt =0 we have

lim f) =0 in LY(I).

n—-»oo

Proof Denote by By the subspace of B consisting of functions with
zero mean. Then define a map S: By — [> by

Sg = (1911 )ns1.

Note that by the Koksma inequality, S is well-defined and continuous.
Hence, the set S~1(cg) is closed as ¢q is a closed subspace of [*. Each
coboundary f =h-hT, he B isin S7!(¢g) since for each function
we LY (') we have

(2.3) uT™ — v in L'Y(T).
It follows from this, theorem 2.1 and corollary 2.2, that
B,cET(B,T)={h-hoT:heB}cS(c).

D

We will now pass to a proof of Koksma’s inequality in the space B =
O(1/n) (of functions whose Fourier coefficients are of order O(1/n)),
where the norm is defined as | f|5 = | f| 1 +sup,.o [nf (n)]. If {z1, ..., zxn}
is a finite set of points from [0,1) then by discrepancy Dy = Dy(z1,...,2N)
we mean
Dy - Sup{|#{1 <j< f;fv% clv,y)} ().

<y

Lemma 2.4

1
sup#{lSjSije[a:,x+ﬁ)}§NDN+1.
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Proof For an arbitrary z€[0,1),

|#{1 <j<Nuzjelz,z++)}
N
whence the assertions follows immediately. U

1
(x+ﬁ—x)|§DN,

Lemma 2.5 There exists C'>0 such that
(Vm>1)(Va>1)(Vay,...,xpm 1 €[0,1)) if in each interval of length
: there are at most a points of the form x; then ;. wie(se o210 ) ”%”2 <
Cam?.

Proof Denote by [ the set of those 1 <i<m-1 so that x; €
(5,1~ 5-). Then define a map 2"—>j(z') iel,1<j(1)<m-1, by

(@)

(2.4) jwi = =] <
Since |z;] > 5,

1 =i
2.5 —<———X
) 27
Note that if £ is in the image of the function j then

#j7H (k) <a
by our assumption and (2.4). Hence by (2.5)

1 1 m—1
<2a — < = Cam?.
SEEs T e e L Gy

ke Im

Combining this with Lemma 2.4, we obtain

Corollary 2.6 Under the conditions of lemma 2.5,

1
> 5 SC(mDy, +1)m?,
o |z

where I 1s the same as in the proof of Lemma 2.5.

Now, suppose that fe O(2),

We have

R e27rzkmo¢ _

(@) = z f(a+ia)= f(z) = z e
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Theorem 2.7 (Koksma’s Inequality in O(L)) There is a constant
K >0 such that if we denote

D, - J K(Y ;2 + (mDyy, + 1)([mal? + _))

keAm

then V fe O(2),

1m1

1 ~
s 2 fCvia) = [ F@dtl: <11 g s Do

where
Dy, = Dy (0,0, 2x, ..., (m=1)a), and A, ={0<j<m-1:0<|jof <
3}. Moreover,

D,, = 0(1/q,).

Proof Without loss of generality we will assume that fol f(t)dt =0
and it is enough to prove that

(2.6)
[F0Ze < Call Py (M 3 k2+0(mD +1)m? [ma[?+C3(mD,,+1)),
n keAm
where Cy,C,C3 are some absolute constants. Since f is real,
0 a o |[kmal?
£z 2200 3 A - (5,4 5),
il | kel
where
" | fl2 [ kma? [ful?[kmal?
Sy = — Sy = :
2 kal? DR
Now,
" |kl [ kmal? & kmo|?

=) < | f|? = | £]? S+ S
Si k; /{:2Hk‘oz||2 —”f” O(%)kz::lk;QHkaHg ||f|| O(%)( 1+t 12),

wllere
k’ma 2 k’ma 2

1 = .
keAm k2 || ko‘”Q’ k¢Am k2 || k:a||2

We have, S11 <m2Ypea,, 1, and Sio < [ma|? Tpea,, Hk}lIl?'
By Corollary 2.6,

Sio < |ma|*C(mD,, + 1)m?
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We pass now to estimate S5. We have

Z ful?[kmal? imzl [ Fomar 2 Gom + ryma?

S kP E & [emr)al?
= 1S e+ rymal?
o &5 & G +r)al? <
p=1 =0
WP, % 3 minG,
O )4 = lpma +raf?”
Denote = = pma. In the interval (-3, 5-) = [0,5-) U [1 - 5-,1)

(mod 1) we have at most mD,, +1 points of the form z+ra because
D,, = Dm(a: r+a,...,x+(m-1)a). By Corollary 2.6 we thus have

> 1
HfHQO( )Z ((mD,,+1)m*+C(mD,, +1)m2)<03HfH2O(l)(mDm+1).

To complete the proof we have to show that the sequence {g,D,,}
is bounded. But classically, D, O(1/g,) and also g, ||qna|| is

n

bounded. Now, note that in the interval M, = [0 ,21 Yull- ,1) we
can have at most one pomt of the form ja, Where j=1,. ..,qn - 1.
Moreover, [jo—jE| < —I— soif ja e M, then we must have P
ﬁ. In partlcular j> qn/Q 50 Lkea,, 72 = O(1/¢2).

0

Now, proceeding as in the proof of Proposition 2.3, we obtain the
following extension of the main result from |[LM94]

Corollary 2.8 If fe o(1), fol f@)dt=0 and {q,} is the sequence
of all denominators of « then

| £ g2 — 0.

§3 Speed of approximation in Koksma’s Inequality for
spaces O(1/a(n)).

Assume that a:IN — IR" satisfies
(3.1) a(k) >k,
(3.2) a(pm+r) >a(p)a(m), for arbitrary p,m>1,r=0,...,m—-1.

We will now concentrate on a pseudo-homogeneous Banach space B =
O(1/a(n)) of functions

f@)= S fuermie,
k=—oc0
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with fr = O(1/a(k)). The norm is defined as
£l O@/a(n)) = I fller + Slig)m(n)fnl‘

Notice that in this case By = o(1/a(n)) the subspace of functions
whose Fourier coefficients are of order o(1/a(n)). Keeping the nota-
tion from the proof of Theorem 2.7 and proceeding as before we obtain
that

S1 < HfHQO(l/a(n))(Sn +S12),
where .
9
St 2 S
and by (3.1)
S < Imal? ¥ - < jmalfm3(Dm + 1) - C.
& a(k)? ka2

In view of (3.2),

0o m-1

SQ < HfHQO(l/a(n)) Z 2 Z

a(p =0 a m) [(pm+r)al? ™
2 m2 S 2
For a function a(-) satisfying (3.1) and (3.2) denote
I(a) ={a€e[0,1)\Q: liminf a(q)|qa| < oo}.
q—>o00, qeL(a)

| (prn + r)ymaf?

Lemma 3.1 If f=9¢9T-g, g O(1/a(n)), acl(a) and q,, € L(a)
with a(qn, ) |gn, || = O(1), then

n
[flam )2 = o).

a(qn,)

Proof All we need to show is that Y50 |gs]?|qn, s|? = o((aq;nk 7)%)-
We have

Iny 5] Zl\ansaH?)
a(s)? L, als)? T

. - '
32105 lan, s1” < 191764y 2;

[ee]

1
9 2
G @2 + g, Y ) =
”gH O(l/a(n))(q qu ka” q kp71 (a(p)a(an))Q)

dn,,

2 2, dny._ \2
Hg” O(l/a(n))(a( ) (an) ||an05|| (an)g Z a(p (an)) )
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U
Corollary 3.2 If fe O(1/a(n)), [, f(t)dt =0 and « e I(a) and
o € £(0) with a(an,)lamal = O(1), then

qn
172 5 const I oy
ng

Moreover, if in addition f € o(ﬁ) then

@), = Gn_y
(33) (A 7 O(a(an))

Proof Since (3.3) is satisfied for all coboundaries by Lemma 3.1, the
mechanism described in the proof of Proposition 2.3 works well. The

map S is defined as Sf = (%]\f(an)\!L2)k21- O

Suppose now that a(n) = # for certain natural number ¢ > 1. Hence
I(a) =: I(t) is the set of those irrationals a for which (g, |qn,|)
is bounded for certain subsequence of Legendre denominators of «.

Corollary 3.3 If fe 0(#), fol fd\ =0 then for an arbitrary o € I1(t)
and Qny, € ﬁ(Oé) with qqt% HanOéH = 0(1), we have

(i) 1505 = (o),

(i) the sequence (q.,) is a rigidity time for o and

lim ) =0 in L*(T).

k—o00

Proof It is enough to notice that (@) = (49" and that ||f(q”kq;7cl) Iz2 <
o PRSI 172 0

§4 Constructions of ergodic analytic cylinder flows.

Constructions which are known of ergodic cylinder flows are rather
based on some irregularities in the smoothness of the cocycle (e.g.
[HL86], [HL8Y|, [Pas90], [Pas91|, [BM9I2], [BMI1]). Below, we will show
a new method coming from [KLR94]| for constructing analytic cylinder
flows which are ergodic.

Assume that Tz = z+a, where « = [0;aq, as, .. .]. From the continued

fraction expansion of o we obtain, for each n, two Rokhlin towers &,,&,,
whose union coincides with the whole circle. For n even

gn = {[07 {Qna})a T[07 {Qna})’ s 7T(an+1(Zn+Qn—1)_1[O’ {Qna})}a
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En = {[{QH+1O4}7 1)7 s ,an*l[{qnﬂoz}, 1)}

Given a subsequence {n} of natural numbers we will denote

I, = [0, {agn, 1Gan,0}), Jf = T2 (0, {gon, a}],
t=1,...,a2,,+1. Notice that

a2nk+1
L= U J
t=1
and
k 1
(4.1) |75 < .
A2, +1G2n,

We will recall here a notion of an a.a.c.c.p. (almost analytic cocycle
construction procedure) from [KLR94] which is to construct a real 1-
periodic cocycle ¢ : IR — IR such that in its IR—cohomology class (for
certain «) there is an analytic cocycle.

An a.a.c.c.p. is given by a collection of parameters as follows. We are
given a sequence { M} } of natural numbers and an array {(d.1,...,dg )}y dii €
IR satisfying for each k

My,
Z dkﬂ' = 0
i=1

Denote Dy = maxjcnr, |dri|. Choose a sequence {e;} of positive real
numbers satisfying

o0
Z \/aMk < +oo,
k=1

[ee)
Z €k < 1,
k=1

€k k=1,2,....

<=3
Dy
Finally, we are given A > 1 completing the parameters of the a.a.c.c.p.
We say that this a.a.c.c.p. is realized over an irrational number «
with continued fraction expansion [0; ay, as, . . .] and convergents p,, /¢, n >
1 if there exists a strictly increasing sequence {n;} of natural numbers
such that

ny DeMi| Pl 1

20 +192n,, 2k

A

and
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/
Dy | P oo
——— < \/Ek,
204, +1G2n,,

where {P,} is a sequence of "bump” real trigonometric polynomials,
1.€.

() [ A=
(i) Pyp>0,
(iti) Py(t) <ep for eachte (np/2,1),

where the 7,’s are chosen in such a way that

(4.2) AMymy, < =X
Q2n,,
and Ny is the degree of Py. Finally, as,, 1 > 1 and
1 1
(4.3) — <=M

211 +1G2n, 2
Using the above parameters define a cocycle

w=gﬂm

as follows. In view of (4.2),(4.3) (and (4.1)), in the interval [ =
[0, {a2n,+1q2n, }) We can choose wy, 1, . . ., wy a1, t0 be consecutive pair-
wise disjoint intervals of the same length contained between 7, and 27y
such that each wy,; consists of say e, consecutive subintervals JF, where
e, is an odd number. Let Jfki be the central subinterval in wy; and
now define 7

dp; if et

— Sk,i’

o(k)(2) { 0 otherwise.
Note that the ¢(k)’s have disjoint supports so ¢ is well defined.

As proved in [KLR94]
(A) The set of a’s over which an a.a.c.c.p. is realized is a G5 and
dense subset of the circle.
(B) If an a.a.c.c.p. is realized over a then there exists an analytic
cocycle f:1I' — IR which is a—cohomologous to ¢.

We will need an additional property of an a.a.c.c.p. which is not
explicitly formulated in [KLLR94]. Namely,

q2n;,—1

(4.4)  @|psg, is constant for s=1,...,qe,, — 1, & Z ©
s=1

71, = 0
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which is Lemma 3 from [KLR92].
Example 4.1 There is an a.a.c.c.p. with Gp(D(p)) = E(p) = Z\.

Proof Assume that \e€ IR is given. We will assume that an a.a.c.c.p.
satisfies the following additional requirements:

Aoy +1 = Myry + Ny,

with 0 < Np < rp and both M, r, tending to infinity. We put
dk71 = O,dkﬂ' =\ for i= 2, ce ,Mk -1 and dk?ka = _(Mlc - 1))\ In the
definition of ) we require that gpk|Jﬁk+1 =dy,; for 1=0,...,M; -1
and zero for all others subintervals JF, k> 1.

Notice that E(¢) c ZX because the values of ¢ are from the group

Z\. Tt is then enough to show that A € D(y). Define

q2ny, -1 (Mi-1)ry

By our definition of ¢ and a basic property of an a.a.c.c.p. (see (4.4))
we have o(Mik) () = X for all z € X. It is clear also that My is a

rigidity time for 7. Therefore A € D(). O

Example 4.2 An a.a.c.c.p. with Gp(D(¢)) = IR.

This is an obvious modification of the previous construction. We di-
vide the sequence {n;} into two disjoint subsequences say {ni}x (i =
1,2) and repeat the previous construction for rationally independent
A1, Az € IR, with the sequences {n}, i = 1,2. From the previous argu-
ments we find A, Ay € D(¢). The group generated by i, Ay is dense
in IR and the advertised condition is attained.

Remark It follows from proposition 1.5 that the cocycles of example
4.2 are ergodic, coalescent, and nonsquashable.

§5 Ergodicity of smooth cylinder flows. Generic point of
view.

Suppose that f : 1" - IR is smooth. We shall prove that under
certain assumptions, the set of those irrational translations for which
the corresponding cylinder flow is ergodic is residual. For similar results
see [Kry74], [Kat03].

Assume that f(x) = Yo7 b,e?™™® with zero mean is in A(T),
that is its Fourier transform is absolutely summable. Put f,(z) =
f@)+flz+D)+ o+ fla+ ) =m ¥ e m=1,....

m
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Theorem 5.1 Suppose that there exist an infinite subsequence {q,}
and a constant C >0 such that

Gn 1ooo |blqn| < C”fqn |22, n=1,2,...,
0 < |fs. |2 = 0, then there exists a dense Gs set of irrational numbers
a such that the corresponding cylinder flow Ty, Tx = x+o is ergodic.

Proof We will need the following

Lemma 5.2 Given C > 0 there exist positive numbers K, L, M
such that 0 < K <1< L, 0< M <1 and for each h e L*(T) if
|h|s < C|h]2, then

pfz e K|h[z <[h(z)] < L|h]2} > M
We will prove the lemma later. Denote

gn(x) =g, Z blqne%rilx.

l=—00

In view of (1) we have that

(5‘1) gn(an):an(x)v rell

and

Ignlze < @n 32 lbig,| < Clignlle,

in particular, ||g,[4 < C|gn|2- Hence by Lemma 5.2
pfz €T : Klgnl2 <lgn(x)] < Llgnl2} > M.
By (2) we have |gnl2 = /. ]2 = 0.

Let {D,} be a family of pairwise disjoint closed intervals, D,, =
[cn,dy,], with
L
dy/cn = 100? and d, — 0.

Assume that {D/} is a sequence of the above intervals with the prop-
erty that each D, repeats infinitely many times in {D!}.

Now, fix n, that is we have the interval D!. Choose a natural
number k, so that for some natural s,

[$n K| gk, | 22, S0 L Gk, [ 2] € [);w

where [)7’1 is a strict subinterval of D). This gives us a subsequence
{k,}. For it we have that

p{z €T |spgp, (x) € DI} > M.
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. From this and (5.1) we obtain that for each interval I of length being
a multiple of ﬁ

(5.2) ula € T+ Isufy, ()] € DL} > M]I|

We will also use the following lemma whose proof is contained in
[KLR94].

Lemma 5.3 Given an infinite set {Q,} of natural numbers and a pos-
itive real valued function 6 =0(Q,) the set

A={ae[0,1):#{n:3 P, > g a convergent of o, & |a—g| <0(Q,)} =00}

n

18 a dense Gs.

Let us fix 7. So we have infinitely many n =n(r) with D! = D,.

Consider now those « which are approximated by q:”& so well to
n(r)
have
HSH(T)qkn(r)aH -0
and
s M
(5.3) plo e s |fO 0% (@) e D)y} 2 I
for each interval I with |I|= ,t=1,...,,,, (remember that we
n(r)
know the modulus of continuity of f and that
s—1 g-1
Z(Zf(a:+ Zf(:v+zqa+k:a))—
=0 7=0
s—1 g-1 s=1q-1
Z(Zf :L‘+k? ) f(x+iga + ka)) < ZZw(fzqa+k(a——))
=0 k=0 i=0 k=0

where ged(p, q) = 1, P = Dhpiyr 4 = Gk, and w(f,h) stands for the
modulus of the continuity of f; now given s,q the size of the above
quantity depends on the distance between « and g.)
In view of Lemma 5.3 we have a Gs and dense subset of «, say
Y, for which (5.3) holds true for an infinite subsequence of {qx,,}
Finally take
Y=Y,
r=1
which is Gs and dense. If we take €Y then for each r we have an
infinite subsequence n(a) such that

Sn(a 14 M
ple s O™ (@) € Doy} 2 1
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for each interval I with |I|= QkL and D] v =D;.
n(r)

It remains to prove that if Tz = x + «, where « € Y then the
cylinder flow T} is ergodic. Suppose that E(f) = AZ. Choose r so
big to have that the compact set K, := D, u(-D,) is disjoint with
AZ. By Lemma 1.2 there exists a Borel set B, with u(B) >0 such
that for all m > 1

(5.4) W(BAT™Bn{zeTl: f™(z)eK,})=0.

If m = suqr,, n =n(a), then u(B A T% B) - 0 since $,qx, Iis a
rigidity time for 7. If y is a density point of B then for an interval
I of length t/qy, containing y we will have u(BnI)> (1-2)1].
Hence a subset A, of B of measure at least %M(B) has the property

that fGna) () € K, whenever x € A,. This contradicts (5.4). [

Proof of Lemma 5.2 It is enough to consider the case |k, =1. Take
two real numbers K, L satisfying 0 < K <1 < L. From Tchebycheff
inequality we have

p{lhl < L} > p{|h*-1| < L*-1} > 1- Var(|h|*)(L*-1)2 > 1-(C*-1)(L*-1)2
On the other hand, from Cauchy-Schwartz inequality

12/ h2+/ h? < /h41/2 hl> K 1/2+K2;
{lh|>K} {|h<K} ( ) (M{| | })

whence p{|h|> K} > (1-K?)2/C* Now to have the conclusion of the
lemma it is enough to choose ¢ > 0, put M = 1/C* - 2¢, then find
K small enough to have (1-K?2)2/C*> M +¢ and finally select L
sufficiently big to have (C*-1)(L2-1)2<e. O

Remarks.

As shown in [KLR94|, the assumptions of Theorem 5.1 are satisfied
for each zero mean function f e C'*9(I"), 6 >0 which is not a trigono-
metric polynomial. Recall that a subset E c Z is called of type A(2) if
for every ¢ >2 there exists a constant C' = C'(q, F') such that for every
function h e LI(T) we have ||h|, < C|hl, whenever supp(h)c E.
For instance, each lacunary subset is of that type ( |[Kat68], Chap-
ter 5.). Now, if f e L?2(1") with the absolutely summable Fourier
transform has the property that the support of its Fourier transform
is an infinite A(2) type set and moreover that f(n)= o(1/n) then
the assumptions of Theorem 5.1 are also satisfied.

§6 Ergodicity of a class of cylinder flows.

This section will be devoted to a generalization of a result of Pask
[Pas90].
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A function f:T" - IR is called piecewise linear (piecewise absolutely
continuous) if there are points x; < zy < ... < g such that f
restricted to [z;,2,.1) is linear (absolutely continuous), j = 1,2,...
(mod K). Denote by d; the jump of the values of f at ;. It is
clear that if f is piecewise absolutely continuous then

/01 F(t)dt = idj.

Lemma 6.1 Suppose that f : 1" - IR, folf(t) dt = 0 s piecewise
linear, and Zszl d; # 0, then for each irrational number o the corre-
sponding cylinder flow Ty s ergodic.

Proof There is no loss of generality in assuming that Zjlil d; > 0. Since
f’ is Riemann integrable, the ergodic theorem holds uniformly, so
19

! - ! A
Ejz_(:]f(m+ja)—>[0 f(t)dt>0

uniformly in x. Hence, we can find two constants 0 < C; < Cy such
that for all ¢ sufficiently large,

(6.1) Cig < fD'(2) <Coq ¥V weT.

On the other hand, f(@ is still piecewise linear with the discontinuity
points of the form x; + ja, with the jump at it equal to d;, where
1=1,...,K, j=0,...,q-1. Substitute from now on ¢ = ¢, a Legendre
denominator of «a. Take the division of the circle given by the points
of the form z;+ja. It may happen that for ¢ # ¢’ we will have for some
7 # " that x; + ja = xy + 7'a. This gives rise to a partition, say ¢&,,
of the circle into closed-open subintervals. Consequently the number
of atoms in &, is not bigger than K¢,. Note that no subinterval in &,
can be longer than 1/g,, so &, is tending to the point partition. Let us
call a subinterval in &, long if its length is at least m. Hence there
must exist a constant D = D(K') > 0 such that for all n > 1 the number
of long subintervals is at least Dg,. Finally, by the classical Koksma
inequality, we have

|flan)(z) = fla)(y)| < Var(f) for all z,yeTl.

Suppose now that E(f) = Z\. Choose a very small ¢ = (A, Var(f),C;,Cy, D) >
0 and let

K ={re[-2 Var(f),2 Var(f)]: dist(r, Z\) > ¢}.

It is clear that K is compact. If ¢ is small enough, in view of (6.1) and
(6.2), there exists a constant F' >0 such that for each long subinterval
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of &, there exists a subset with measure at least F such that for

each z from this subset we have f()(z)e K. It is now sufficient to
apply Lemma 1.3 to obtain an obvious contradiction to K n E(f) = @.
O

It is clear that the arguments from the above proof persist if instead
of a piecewise continuous function we consider a function ¢ = f + h,
where [ is piecewise linear with fol f'(t)dt + 0, h is integrable,
[ fdt = ['hdt =0 and h(®) is tending to zero in measure along
the sequence of Legendre denominators of «. In particular, because of
Proposition 2.3, we have proved the following

Theorem 6.2 Let B be a homogeneous Banach space on T and T
an irrational translation. If for the pair (B,T) the Koksma inequality
holds true then for each cocycle g = f+h, where f is piecewise linear
with fol fl(t)dt + 0, h € By, fol fdt = fol hdt = 0 the corresponding
cylinder flow Ty is ergodic.

In particular (see Corollary 2.8)

Corollary 6.3 Suppose that g = f + h where f is piecewise linear
with [} f/(t)dt 0, and h(n)= o(1/n), [, fdt= [, hdt=0 then for
each irrational translation T the corresponding cylinder flow Ty is
ergodic.

Remarks 1. Assume as in [Pas90| that ¢ : 1" - IR is piecewise
absolutely continuous, with fol g'(t)dt +0 and [01 g(t) dt = 0. Denote
by @1,...,2x the discontinuity points and let d; be the jump at
x;. Take any piecewise linear function f with the same discontinuity

points and the same jumps as g¢; in particular fol f'(t)dt # 0. By

adding a constant if necessary we can assume that /01 f(t)dt =0. Define
h =g-f. We have that h has zero mean and is absolutely continuous.
Now, the result from [Pas90| directly follows from Corollary 6.3.

2. Notice that if ¢ is of the form as in Corollary 6.3 then for
each S e, c+1 the cocycle g(-+/3)—cg(:) is still of the same form,
hence ergodic. We have proved that all ergodic cocycles from Corollary
6.3 are not squashable. In particular, piecewise absolutely continuous
cocycles with a nonzero sum of the jumps are not squashable.

3. Using our result on the speed in Koksma’s inequality (see Corol-
lary 3.3) and the technique from [Pas91|, we can slightly improve the
main result of that paper by requiring that the functions from this
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paper can be modified by those whose Fourier coefficients are of or-

der o(=

) with an additionally remark that all those cocycles are not

squashable.
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