
THE POINCARÉ SERIES OF C \ Z

JON AARONSON AND MANFRED DENKER

Abstract. We show that the Poincaré series of the Fuchsian
group of deck transformations of C \ Z diverges logarithmically.
This is because C \ Z is a Z-cover of the three horned sphere,
whence its geodesic flow has a good section which behaves like a
random walk on R with Cauchy distributed jump distribution and
has logarithmic asymptotic type. ©1996

§0 Introduction

Let H := {z ∈ C : |z| < 1} denote unit disc, and let Möb(H) denote
the group of Möbius transformations (i.e. bianalytic diffeomorphisms
of H). These have the form z 7→ λ z−α

1−αz where |λ| = 1 and α ∈ H.
A Fuchsian group is a discrete subgroup of Möb(H). To any torsion

free Fuchsian group Γ, there corresponds a hyperbolic Riemann surface
which is obtained by endowing H/Γ := {Γ(x) := {γ(x) : γ ∈ Γ} : x ∈
H} with the canonical complex structure.

It is known (see [6]) that any hyperbolic Riemann surface is of this
form, the (torsion free) Fuchsian group being unique up to inner con-
jugacy in Möb(H).

The Poincaré series ([8]) of the Fuchsian group Γ ⊂ Möb(H) at the
point x ∈ H is the function

PΓ(x; s) :=
∑
γ∈Γ

(1− |γ(x)|)s ≤ ∞ (s > 0).

It is known (see §1) that PΓ(x; s) < ∞ ∀ s > 1, x ∈ H, and the
Fuchsian group Γ ⊂ Möb(H) is called of divergence type if PΓ(x; s)→
∞ as s→ 1+ for some (and hence all) x ∈ H (see [16], [27] and §1).

For divergence type groups Γ, PΓ(x; s) ∼ PΓ(0; s) := PΓ(s) as s→
1+ ∀ x ∈ H; and Pg−1Γg(s) ∼ PΓ(s) as s→ 1+ ∀ g ∈ Möb(H) (see §1).
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Since the Fuchsian groups corresponding to a hyperbolic Riemann
surface belong to one inner conjugacy class, they are either all con-
vergence type, or all of divergence type and with the same rate of
divergence of Poincaré series up to asymptotic inequality.

A Fuchsian group Γ ⊂ Möb(H) which is a lattice (in the sense that its
homogeneous space Möb(H)/Γ has finite Haar measure, equivalently
H/Γ has finite hyperbolic area) is always of divergence type and indeed
PΓ(s) ∝ 1

s−1
as s→ 1+ (i.e. ∃ lims→1+(s−1)PΓ(s) ∈ R+). This follows

from the ergodic theorem for the geodesic flow on Möb(H)/Γ ([16] and
[27], see §1).

The Fuchsian group Γ is of divergence type iff its Riemann surface
H/Γ has no Green’s function ([22] see also [27]).

There are Fuchsian groups Γ of divergence type which are not lat-
tices:

If D ⊂ S2 := C ∪ {∞} is a domain and |S2 \ D| ≥ 3, then D is
hyperbolic and has a Green’s function iff log - cap (S2 \ D) > 0 ([6]);
the hyperbolic area of D being finite iff |S2 \D| <∞ ([27]).

It follows that Γ(C \ Z) is of divergence type but is not a lattice.

In this paper we prove

Theorem

PΓ(C\Z)(s) ∝ log
1

s− 1
as s→ 1+.

The method of proof uses the ergodic theory of hyperbolic geodesic
flows.

The geodesic flow may be defined on Möb(H)/Γ by ϕtΓ(Γg) := Γgγt

where γt(z) := z+tanh(t/2)
1+tanh(t/2)z

(the equivalent geometric definition is in §1).

It evidently preserves Haar measure on Möb(H)/Γ.
It is ergodic on Möb(H)/Γ iff Γ is of divergence type (see [17] and

[27]).
It was shown in [4] that the geodesic flow is rationally ergodic with a

return sequence aΓ(t) satisfying PΓ(1 + s) ∼ s
∫∞

0
aΓ(t)e−stdt as s→ 0

(see also [1] chapter 7).
To prove the theorem, we show that aΓ(C\Z)(t) ∝ log t as t→∞.

The Riemann surface C \ Z appears as a Z-cover of the so called
three-horned sphere C\{0, 1} by means of the covering map z 7→ e2πiz,
the group of deck transformations being {z 7→ z + n : n ∈ Z}.

This means that Γ(C \ Z) is a normal subgroup of the lattice Γ(C \
{0, 1}) with quotient Γ(C \ Z)/Γ(C \ {0, 1} ∼= Z, and our theorem is



Poincaré series 3

obtained in the context of the study of normal subgroups of lattices
with Abelian quotients.

Definitions
1) Let d ≥ 1, Γ, Γ̃ be Fuchsian groups and suppose that Γ / Γ̃. We’ll
say that Γ has index d in Γ̃ if [Γ̃ : Γ] ∼= Zd.
2) We’ll say that a Fuchsian group Γ has lattice index d if it has index
d in some lattice.

The Fuchsian group Γ has index d in Γ̃ iff H/Γ is a Zd-cover of H/Γ̃.
It is shown in [25] that if Γ has index d in cocompact Γ̃ (i.e. where

H/Γ̃ is compact), then Γ is of convergence type (i.e. not of divergence
type) for d ≥ 3 and

PΓ(s) �

{ √
1
s−1

d = 1,

log 1
s−1

d = 2.

Here for a(s), b(s) ∈ R+ (s > 1), a(s) � b(s) as s→ 1+ means that

0 < lim inf
s→1+

a(s)

b(s)
, lim sup

s→1+

a(s)

b(s)
<∞.

The � was improved to ∝ in [5], [23], [19], [24].
We identify the asymptotic types of the geodesic flows on certain

Abelian covers of surfaces with finite volume.
The method (see §2) is to find a good section for the geodesic flow

and compute its asymptotic type using a local limit theorem. Good
sections have the property that the flow has the same asymptotic type
as the section .

In §3, we consider Abelian covers of compact surfaces obtaining the
results advertised above. Here the good section is as in [13], [25].

In §4 and §5 we prove the theorem by considering normal subgroups
of the lattice Γ(C \ {0, 1}) of deck transformations for the covering
map of the the 3-horned sphere. This lattice is not cocompact, the
good sections are computed explicitly.

In addition to proving the theorem, we also reprove the Lyons-
McKean result ([20] see also [21] and [26]) that the subgroup having
index 2 is of convergence type.

§1 hyperbolic geodesic flows

The Poincaré plane or hyperbolic space is H equipped with the ar-
clength
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ds(u, v) :=
2
√
du2 + dv2

1− u2 − v2
, and the area dA(u, v) :=

4dudv

(1− u2 − v2)2
.

This metric gives constant Gaussian curvature −1 (the metric used
in [4] has curvature −4). The hyperbolic distance between x, y ∈ H is
defined by

ρ(x, y) = inf {
∫
γ

ds : γ is an arc joining x and y} = 2 tanh−1 |x− y|
|1− xy|

.

Note that in particular, ρ(0, x) = 2 tanh−1 |x|, whence 1 − |x| =

1 − tanh ρ(0,x)
2
∼ 2e−ρ(0,x) as |x| → 1 and the Poincaré series of the

Fuchsian group Γ ⊂ Möb(H) satisfies PΓ(x; s) �
∑

γ∈Γ e
−sρ(0,γ(x)) as

s→ 1 in general, and

PΓ(x; s) ∼ 2
∑
γ∈Γ

e−sρ(0,γ(x)) as s→ 1

for Γ of divergence type.
Note that PΓ(x; s) � PΓ(y; s) as s→ 1 ∀ x, y ∈ H.

The isometries of (H, ρ) are precisely the Möbius transformations
Möb(H) and their complex conjugates.

If g is an isometry of H, then A ◦ g ≡ A.
The geodesics in H are arcs in H with the property that the ds-

length of any of their segments is the hyperbolic distance between the
endpoints of the segment. The geodesics turn out to be diameters of
H, and circles orthogonal to ∂H.

The space of line elements of H is H × T ∼= Möb(H) by γ 7→
(γ(0), arg γ′(0)), the measure dm(x, θ) = dA(x)dθ on H × T corre-
sponding to Haar measure on Möb(H).

The geodesic flow transformations ϕt are defined on H×T as follows.
To each line element ω there corresponds a unique directed geodesic
passing through x(ω) whose directed tangent at x(ω) makes an angle
θ(ω) with the radius (0, 1).

If t > 0, the point x(ϕtω) is the unique point on the geodesic at
distance t from x(ω) in the direction of the geodesic, and if t < 0, the
point x(ϕtω) is the unique point on the geodesic at distance −t against
the direction of the geodesic.

The angle θ(ϕtω) is the angle made by the directed tangent to the
geodesic at the point x(ϕtω) with the radius (0, 1).

There is an important involution χ : H × T → H × T, of direction
reversal: x(χω) = x(ω) and θ(χω) = θ(ω) + π.
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The isometries act on H × T (as differentiable maps) by

g(ω) = (g(x(ω)), θ(ω) + arg g′(x(ω))

and it is not hard to see that χg = gχ and ϕtg = gϕt.
Both the geodesic flow, the involution and the isometries preserve

the measure
dm(x, θ) = dA(x)dθ on H × T.

Let Γ be a Fuchsian group. The space of line elements of H/Γ is
XΓ := (H/Γ)×TT = (H×TT )/Γ and the geodesic flow transformations
on XΓ are defined by

ϕtΓΓ(ω) = Γϕt(ω).

Let πΓ : H → H/Γ, πΓ : H × T → XΓ be the projections πΓ(z) =
Γz, πΓ(ω) = Γω, and let F be a fundamental domain for Γ in H, e.g.

F o := {x ∈ H : ρ(y, x) < ρ(γ(y), x) ∀ γ ∈ Γ \ {e}}, y ∈ H,

then πΓ and πΓ are 1-1 on F and F × T, and so the measures A|F
and m|F induce measures AΓ and mΓ on H/Γ and XΓ = H/Γ × T
respectively.

Theorem (E.Hopf, M.Tsuji)
The geodesic flow ϕΓ is either totally dissipative, or conservative and

ergodic.
The geodesic flow ϕΓ is conservative iff the Fuchsian group is of

divergence type.

We consider here the asymptotic Poincaré series

aΓ(x, y; t) :=
∑

γ∈Γ, ρ(x,γy)≤t

e−ρ(x,γy) =

∫ t

0

e−sNΓ(x, y; ds)

where NΓ(x, y; t) := #{γ ∈ Γ : ρ(x, γy) ≤ t}.
It is shown in [4] that any conservative geodesic flow ϕΓ is rationally

ergodic with return sequence given by aΓ(t) := aΓ(0, 0; t); that for
bounded sets A ∈ B∫ t

0

m(A ∩ ϕ−sΓ A)ds ∼ m(A)2aΓ(t) as t→∞,

whence aΓ(x, y; t) ∼ aΓ(t) ∀ x, y ∈ H in the same fundamental domain
(see also [1] chapter 7).

For surfaces H/Γ of finite volume, aΓ(t) ∝ t as can be deduced from
the ergodic theorem.
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The Poincaré series PΓ(s) (of the divergence type group Γ) can be
considered as a Laplace transform:

PΓ(s) ∼ 2

∫ ∞
0

e−suNΓ(0, 0; du) =

∫ ∞
0

e−(s−1)uaΓ(du)

where aΓ(du) := e−uNΓ(du) (and aΓ(t) =
∫ t

0
aΓ(du)).

It follows from this that PΓ(x; s) ∼ PΓ(s) as s → 1+ ∀ x ∈ H;
and Pg−1Γg(s) ∼ PΓ(s) as s → 1+ ∀ g ∈ Möb(H) (as stated in the
introduction).

§2 asymptotic type of flows good sections and local
limit theorems

Suppose that T is a conservative, ergodic, measure preserving transformation
of the standard, σ-finite measure space (X,B,m) and suppose that
h : X → R+ is measurable. The special flow over T with height func-
tion h is defined on

Xh := {(x, y) : x ∈ X : 0 ≤ y ≤ h(x)}
by

ϕt(x, y) = (T nx, y + t− hn(x)) hn(x) ≤ y + t < hn+1(x)

where

hn(x) =


0 n = 0,∑n−1

k=0 h(T kx) n ≥ 1,

−h|n|(T−|n|x) n ≤ −1.

The special flow ϕt preserves the product measure µ defined on B(Xh)
by ∫

Xh

gdµ :=

∫
X

(∫ h(x)

0

g(x, y)dy

)
dm(x).

The conservative, ergodic, measure preserving transformation T is a
called a section of the flow ϕt. It can be seen that T is measure pre-
serving if, and only if the special flow is measure preserving; but the
finiteness of the measure preserved by the section has no connection
with the finiteness of the measure preserved by the flow.

Recall from [18] that if (X,B,m, T ) is a section for ϕt with height
function h, and A ∈ B+, then TA (the transformation induced by T on
A) is also a section for ϕt, with the height function

h̃A(x) :=

ϕTA(x)−1∑
k=1

h(T kx)
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where ϕTA : A → N is the first return time function under T , so that

TAx = Tϕ
T
A(x)x.

We’ll be interested in section transformations which visit sets of finite
measure at comparable rates to the flow.

Accordingly, we’ll consider sections for which

0 < a := lim inf
n→∞

hn
n
≤ b := lim sup

n→∞

hn
n
<∞ a.e.(∗)

We’ll call a section of type (∗) good if a = b.
If T is an ergodic probability preserving transformation, and the

product measure µ is finite, then h is integrable and hn ∼ an a.e.
by Birkhoff’s theorem where a =

∫
X
hdm. It follows that any ergodic

finite measure preserving flow has a good section. We’ll find good sec-
tions for certain infinite measure preserving flows.

The good sections concerned will be skew products. Let (X,B,m, T )
be an ergodic probability preserving transformation, let h : X → R+

be integrable, and let (Xh,B(Xh), µ, ϕ) be the special flow over T with
height function h. As above, T is a good section for (Xh,B(Xh), µ, ϕ)
and hn ∼ cn where c =

∫
X
hdm ∈ R+.

Now let G be a locally compact, second countable topological group
and let Ψ : X → G be measurable. Define the skew product
TΨ : X ×G→ X ×G by TΨ(x, a) = (Tx,Ψ(x)a)

and define h̃ : X ×G→ R+ by h̃(x, a) := h(x).

It follows that h̃n(x, a) = hn(x) ∼ cn and so TΨ is a good section for

the special flow over TΨ with height function h̃.

Recall from [12] that the measurable function A : R+ → R+ is

regularly varying at ∞ if ∀ k > 0, ∃ limt→∞
A(kt)
A(t)
∈ R+ (and regularly

varying at 0 if t 7→ A(1/t) is regularly varying at ∞).

The limits are always of form lim A(kt)
A(t)

= kα for some constant α ∈ R
called the index (of regular variation).

In this section, we prove is that if a flow ϕt has a good section which
is rationally ergodic with regularly varying return sequence, then the
flow is also rationally ergodic, and has proportional asymptotic type
(see proposition 2.2 below).

For f : Xh → R and t > 0, set

St(f) :=

∫ t

0

f ◦ ϕsds,



8 Jon. Aaronson & Manfred Denker

and for g : X → R and n ≥ 1, set

STn (g) :=
n−1∑
k=0

g ◦ T k.

Lemma 2.1 Suppose that h ≥ c > 0 and let A = B × I where I =
[a, b] ⊂ [0, c], and B ∈ B satisfies m(B) = 1 and hn

n
→ κ ∈ R+

uniformly on B;
then

for each ε > 0, ∃ tε such that for a.e. (x, y) ∈ A and ∀ t > tε,

|I|ST[(1−ε)t](1B)(x)− 2c ≤ Sκt(1A)(x, y) ≤ |I|ST[(1+ε)t](1B)(x) + 2c.

Proof For x ∈ B and t > 0, let kt(x) ∈ Z+ be such that

hkt(x)(x) ≤ t < hkt(x)+1(x).

For x ∈ B:

Shn(x)(1A)(x, 0) =

∫ hn(x)

0

1A ◦ ϕs(x, 0)ds

=
n−1∑
k=0

∫ hk+1(x)

hk(x)

1A ◦ ϕs(x, 0)ds

=
n−1∑
k=0

∫ hk+1(x)

hk(x)

1A(T kx, s− hk(x))ds

=
n−1∑
k=0

∫ h(Tkx)

0

1A(T kx, s)ds

= |I|STn (1B)(x).

If (x, y) ∈ A then x ∈ B and 0 ≤ y ≤ c, so

St(1A)(x, y) :=

∫ t

0

1A ◦ ϕs(x, 0)ds± c

= Shkt(x)(1A)(x, 0)± 2c

= |I|STkt(x)(1B)(x)± 2c.

By assumption,
hn
n
→ κ

uniformly on B, whence
kt
t
→ 1

κ
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uniformly on B, and

∀ ε > 0 ∃ tε 3 kκt(x) = (1± ε)t ∀ t > tε, x ∈ B.

Thus, for t > tε, (x, y) ∈ A,

Sκt(1A)(x, y) = |I|STkκt(x)(1B)(x)± 2c = |I|ST[(1±ε)t](1B)(x)± 2c

uniformly on A. �

Proposition 2.2 Suppose that
T is a good section for ϕ and is rationally ergodic with
α-regularly varying return sequence an(T ),
then ϕ is rationally ergodic, and

an(ϕ) ∼ κ−αan(T )

where hn
n
→ κ ∈ R+ a.e.

Proof
Let B(T ) denote
the collection of sets A ∈ B of positive finite measure with the prop-

erty that ∃ M > 1 such that

∫
A

(
STn (1A)

)2

dm ≤M

(∫
A

STn (1A)dm

)2

,

and recall
that there is a return sequence an(T ) such that

n−1∑
k=0

m(B ∩ T−kC) ∼ m(B)m(C)an(T ) ∀ A ∈ B(T ), B, C ∈ B ∩ A.

It follows that if A ∈ B(T ), then (B∩A)+ ⊂ B(T ). Also, if A ∈ B(T ),
then

⋃n
k=0 T

−kA ∈ B(T ) ∀ n ≥ 1.
By Egorov’s theorem, ∃ B ∈ B(T ) such that m(B) = 1 and hn

n
→

κ ∈ R+ uniformly on B. Setting A = B × [0, c], and using lemma 2.1
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and regular variation of an(T ),

∫
A

Sκt(1A)2dµ =

∫
B

∫ c

0

Sκt(1A)2(x, y)dydm(x)

≤
∫
B

∫ c

0

(cST(1+ε)t(1B)(x, 0) + 2c)2dydm(x)

= c3

∫
B

ST(1+ε)t(1B)(x, 0)2dm(x) +O(a(1+ε)t(T ))

≤Mc3m(B)2a(1+ε)t(T )2 +O(a(1+ε)t(T ))

≤M ′a(1−ε)t(T )2

≤M”

(∫
B

∫ c

0

(cST(1−ε)t(1B)(x, 0)− 2c)dydm(x)

)2

≤M”

(∫
B

∫ c

0

Sκt(1A)(x, y)

)2

dydm(x)

proving rational ergodicity of ϕ. To get the asymptotic type of ϕ,

µ(A)2aκt(ϕ) ∼
∫
A

Sκt(1A)dµ =

∫
B

∫ c

0

Sκt(1A)(x, y)dydm(x)

=

∫
B

∫ c

0

(cST(1±ε)t(1B)(x, 0)± 2c)dydm(x)

= c2m(B)2a(1±ε)t(T )(1 + o(1))

= µ(A)2

(
1± ε
κ

)α
aκt(T )(1 + o(1)).

�

As mentioned above, the good sections concerning us will be skew
products. The base transformations of these will be Gibbs-Markov
maps (see below).

The rest of this section is a description of the method used in the
sequel to identify asymptotic types of such skew products. Full proofs
can be found in [2].

A nonsingular transformation (X,B,m, T ) of a standard probability
space is called a Markov map if there is a generating measurable par-
tition α such that Ta ∈ σ(α) mod m ∀ a ∈ α, and T : a → Ta is
invertible, nonsingular for a ∈ α.
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Write α = {as : s ∈ S} and endow SN with its canonical (Polish)
product topology. Let

Σ = {s = (s1, s2, . . . ) ∈ SN : m(
n⋂
k=1

T−kask) > 0 ∀ n ≥ 1},

then Σ is a closed, shift invariant subset of SN, and there is a measurable
map φ : Σ → X defined by {φ(s1, s2, . . . )} :=

⋂∞
k=1 T

−(k−1)ask . If
m′ = m ◦ φ−1 ∈ P(SN) then Σ is the closed support of m′, and φ is a
conjugacy of (X,B,m, T ) with (Σ,B(Σ),m′, shift). Thus we may, and
sometimes do, assume that X = Σ, T is the shift, and α = {[s] : s ∈ S}.

Given r ∈ (0, 1), we define a metric on X by dr(x, y) = rt(x,y) where
t(x, y) = min{n ≥ 1 : xn 6= yn} ≤ ∞, then (X, dr) is a Polish space
and T : X → X is Lipschitz continuous on each a ∈ α.

For n ≥ 1, there are m-nonsingular inverse branches of T denoted
va : T na→ a (a ∈ αn−1

0 ) with Radon Nikodym derivatives

v′a :=
dm ◦ va
dm

.

Since Tα ⊂ σ(α), T nαn−1
0 = Tα, and ∃ a (finite or countable )

partition β � α so that σ(Tα) = σ(β). The Frobenius-Perron operators
PTn : L1(m)→ L1(m) defined by∫

X

PTnf · gdm =

∫
X

f · g ◦ T ndm

have the form

PTnf =
∑
b∈β

1b
∑

a∈αn−1
0 , Tna⊃b

va · f ◦ va.

A Markov map (X,B,m, T, α) is Gibbs-Markov if

inf
a∈α

m(Ta) > 0

(we call this the big image property), and ∃ r ∈ (0, 1) such that

∃ M > 0 3 |v
′
a(x)

v′a(y)
− 1| ≤Mdr(x, y) ∀ n ≥ 1, a ∈ αn−1

0 , x, y ∈ T na.

The examples of Gibbs-Markov maps considered here include:
topological Markov shifts equipped with Gibbs measures ([9],[10]) and
uniformly expanding C2 Markov interval maps T : [0, 1]→ [0, 1] satis-
fying

Adler’s condition supx∈[0,1]
|T ′′(x)|
T ′(x)2

<∞.

A Gibbs-Markov map T which is mixing in the sense that

∀ a, b ∈ α, ∃ na,b 3 T na ⊃ b ∀ n ≥ na,b
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has the property that ∃ M > 0, θ ∈ (0, 1) and h : X → R+ bounded,
Lipschitz continuous such that

‖PTnf − h
∫
X

fdm‖L ≤Mθn‖f‖L ∀ f ∈ L

where ‖f‖L := supx∈X |f(x)| + supx,y∈X
|f(x)−f(y)|
dr(x,y)

and L := {f : X →
C : ‖f‖L <∞}.
In case T is measure preserving (m ◦ T−1 = m) we have h ≡ 1.

The good sections which we’ll see will be Zd-extensions of mixing,
measure preserving Gibbs-Markov maps of form

Tφ(x, y) = (Tx, y + φ(x)), (Tφ : X × Zd → X × Zd)

where (X,B,m, T, α) is a mixing, measure preserving Gibbs-Markov
map and φ : X → Zd is Lipschitz continuous on each a ∈ α such that

Dαφ := sup
a∈α

sup
x,y∈a

|φ(x)− φ(y)|
dr(x, y)

<∞.

Let φ : X → Zd be Lipschitz continuous on each a ∈ α such that
Dαφ <∞ and let

Q(φ) := {t ∈ Rd : ei〈t,φ〉 is cohomologous to a constant}.

By §3 of [2], Q is closed and:
either Q is a discrete subgroup of Rd, or
∃ a vector subspace V ⊂ Q, v ∈ V , and Lipschitz continuous functions
g : X → V, ψ : X → V ⊥, Lipschitz continuous on each a ∈ α, such
that φ = g ◦ T − g + v + ψ and such that Q(ψ) ∩ V ⊥ is a discrete
subgroup of V ⊥.

Let Pt(f) = PT (ei〈t,ψ〉f) (t ∈ Td). By theorem 4.1 of [2]
there are constants ε > 0, K > 0 and θ ∈ (0, 1); and functions λ :
B(0, ε)→ BC(0, 1), g : B(0, ε)→ L such that

‖P n
t h− λ(t)ng(t)

∫
X

hdm‖L ≤ Kθn‖h‖L ∀ |t| < ε, n ≥ 1, h ∈ L

and

‖g(t)− 1‖L ≤ K(|t|+ E(|eitφ − 1|)).
Assume that Q is discrete and either that E(φ2) <∞ and E(φ) = 0,

or that m-distφ is in the strict domain of attraction of a nondegenerate
symmetric p-stable distribution for some 0 < p < 2.

It turns out that ∃ ε > 0 such that |λ(t)| < 1 ∀ 0 < |t| < ε. Set for
0 < η < ε: un(η) :=

∫
B(0,η)

λ(t)ndt.

The expansion of λ(t) around 0 is similar to that of E(ei〈t,φ〉):
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in case E(φ2) < ∞ and E(φ) = 0 we have by [14] that λ(x) =
1 − xtAx + o(‖x‖2) as x → 0 for some A ∈ GL(d,R); whence ∃c > 0
such that for η > 0 small enough, un(η) ∼ c

n
d
2

:= un;

and
in case m-distφ is in the domain of attraction of a nondegenerate

symmetric p-stable distribution for some 0 < p < 2 we have by §5
of [2] that the asyptotic expansion of λ(t) around 0 is identical to
that of E(ei〈t,φ〉). Thus, if m-distφ is in the domain of attraction of
a nondegenerate symmetric p-stable distribution for some 0 < p < 2
with normalising constants Bn, then by theorem 6.5 of [2], ∃c > 0 such
that for η > 0 small enough, un(η) ∼ 1

Bdn
:= un.

By theorem 7.3 of [2]:
1) Tφ is either totally dissipative or conservative according to whether∑∞
n=0 un converges or diverges (respectively);
2) if Tφ is conservative then each of its ergodic components is

pointwise dual ergodic with return sequence an(Tφ) ∝
∑n

k=1 uk.

§3 geodesic flows on compact hyperbolic surfaces and
their Abelian covers

In this section, we reprove

Theorem 3.1 ([5], [23], [19], [24])
If Γ has index d in cocompact Γ̃ then Γ is of convergence type for

d ≥ 3 and

aΓ(t) ∝

{ √
t d = 1,

log t d = 2.

We shall use Bowen’s theorem ([9], see also [10]) on the special rep-
resentation of the geodesic flow on a compact, hyperbolic surface by a
special flow over a subshift of finite type as refined by Rees (theorem
1.3 of [25]).

Let M be a compact, hyperbolic surface, let ϕM : TM → TM denote
the geodesic flow on TM and let χ : TM → TM be the involution of
direction reversal.

By Bowen’s theorem, there is a subshift of finite type (Σ, T ), a Gibbs
measure m ∈ P(Σ), and a Hölder continuous function h : Σ→ R+ such
that (Σh,Φ), the special flow of (Σ, T,m) under h ”represents” ϕM in
the sense that
∃ π : Σh → TM a Hölder continuous measure theoretic isomorphism

such that πΦ = ϕMπ.
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By Rees’ refinement, (Σ, T,m) and π can be chosen so that χ(πΣ) =
πΣ.

Now, as in [25] and [13] suppose that for some d ≥ 1, V is a Zd-
cover of M that is V is a complete hyperbolic surface equipped with
a covering map p : V → M so that ∃ γ : Zd → Möb(V ) such that if
y ∈ V and p(y) = x ∈M then p−1{x} = {γny : n ∈ Zd}.

Since πΣ is a section for ϕM with height function h ◦ π−1, we have
that p−1πΣ ∼= Σ×Zd is a section for ϕV with height function h◦π−1◦p.
The section transformation T̃ : p−1πΣ→ p−1πΣ satisfies p ◦ T̃ = T ◦ p
and T̃ ◦γn = γn ◦ T̃ (n ∈ Zd), whence ∃ ψ : Σ→ Zd Hölder continuous
such that Φ̃ is the special flow over (Σ × Zd, Tψ) with height function

h̃(x, n) = h(x) and π̃ : (Σ × Zd)h̃ → V is defined by π̃(x, n, t) :=

ϕtV γnπ(x), then π̃ ◦ Φ̃ = ϕV ◦ π̃.

It is important to note that ψχ = −ψ whence the distribution of ψ
is symmetric about 0.

Evidently Tψ is a good section for ϕM and so to prove theorem 3.1,
it suffices by proposition 1.2 to establish

Proposition 3.2
For d ≥ 3 Tψ is totally dissipative, and Tψ is rationally ergodic for

d = 1, 2 with return sequence given by

an(Tψ) ∝

{ √
n d = 1,

log n d = 2.

Proof
As in [14], we may assume that T is a unilateral subshift of finite

type and ψ is Hölder continuous. By symmetry
∫
X
ψdm = 0. Let PT be

the Frobenius-Perron operator of T , let Pt(f) = PT (ei〈t,ψ〉f) (t ∈ Td)
and let λ(t) be the maximal eigenvalue of Pt for |t| small.

As in §3 of [2] let

Q := {t ∈ Rd : ei〈t,ψ〉 is cohomologous to a constant},
then Q is a closed subgroup of Rd (proposition 3.8 in [2]).

We claim first that it is sufficient to show that Q is discrete. Indeed
if this is the case, then for small enough |t| > 0 (t ∈ Rd), ei〈t,ψ〉 is not
cohomologous to a constant whence by proposition 3.7 of [2] |λ(t)| < 1.
It follows (as in [14]) that λ(x) = 1−xtAx+o(‖x‖2) as x→ 0 for some
A ∈ GL(d,R); whence for ε > 0 small enough,∫

B(0,ε)

λ(t)ndt =
1

n
d
2

∫
B(0,ε

√
n)

λ
( x√

n

)n
dx ∼ 1

n
d
2

∫
Rd
e−x

tAxdx
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and by theorem 7.3 of [2], Tψ is totally dissipative if d ≥ 3 and rationally
ergodic with the advertised return sequence if d = 1, 2.

When d = 1, Tψ is conservative (see [7]). The geodesic flow is also
conservative (since Tψ is a section) whence ergodic by the Hopf-Tsuji
theorem and so Tψ is ergodic. It follows that ψ is not cohomologous to
a constant, whence Q is discrete.

To prove in case d = 2 that Q is discrete, it is necessary to eliminate
the other possibilities for Q.

If Q = R2 then by proposition 3.8 in [2], ∃ c ∈ R2 such that ei〈t,ψ−c〉

is a coboundary ∀ t ∈ R2. By [15] ψ− c is a coboundary. By symmetry
of ψ, c = 0 and ψ is a coboundary. It follows that Tψ is conservative.
So is the geodesic flow, which is ergodic (as before by the Hopf-Tsuji
theorem) whence Tψ is ergodic contradicting ψ being a coboundary.
Thus Q 6= R2.

If Q 6= R2 is not discrete, then (again using symmetry of ψ) by
proposition 3.9 of [2], ∃ a, b ∈ R2 \{0} such that 〈a, b〉 = 0, and Hölder
continuous functions g, φ : X → R such that ψ = (g ◦ T − g)a+ φb. It
follows that

∫
X
φdm = 0 whence (again by [7]) Tφ is conservative hence

(by conservativity and hence ergodicity of the geodesic flow) ergodic,
contradicting ψ = (g ◦ T − g)a+ φb. Thus Q is discrete.

Now let d ≥ 3 and suppose that Tψ is not totally dissipative. This
implies (by the Hopf-Tsuji theorem for the geodesic flow) that Tψ is
conservative and ergodic. It follows that Q is discrete. �

§4 a section for the geodesic flow on the 3-horned
sphere

Let R2+ := {z ∈ C : Im z > 0} denote the upper half plane which
is conformal to H by z 7→ z−i

z+i
. The group of Möbius transformations

is given by Möb(R2+) = PSL(2,R) with the action z 7→ az+b
cz+d

where

( a bc d ) ∈ SL(2,R).
The 3-horned sphere C \ {0, 1} is conformal to the Riemann surface

R2+/Γ(2) where

Γ(2) := {( a bc d ) ∈ SL(2,Z) : ( a bc d ) = ( 1 0
0 1 ) mod 2}.

A fundamental domain for the action of Γ(2) is given by

F := {z ∈ H : |Re z| < 1, |z ± 1

2
| > 1

2
}.

The 3-horned sphere is F under the boundary identifications:
{Re z = 1} = φ({Re z = −1}) where φ(z) = z + 2, and
{|z − 1

2
| = 1

2
} = ψ({|z + 1

2
| = 1

2
}) where ψ(z) = z

2z+1
.
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As the fundamental group for the 3-horned sphere is the free group
on two generators, it follows from the nature of the identifications that

Γ(2) = F (ϕ, ψ).

The geodesic flow is defined on F × T. The set

X := {(z, θ) ∈ ∂F × TT : z + εe2πiθ ∈ F ∀ ε > 0 small}

is a Poincaré section for the geodesic flow on F × T.
The section map τ : X → X is given by

τ(ω) =


(φ(x), θ) π+(ω) < −1,

(ψ(x), θ) − 1 < π+(ω) < 0,

(ψ−1(x), θ) 0 < π+(ω) < 1,

(φ−1(x), θ) π+(ω) > 1,

where (x, θ) = ϕtω(ω) and tω = inf{t > 0 : ϕt(ω) ∈ ∂F}. Here,
ϕt : H×T→ H×T is the geodesic flow, and π+(ω) := limt→∞ x(ϕtω) ∈
R ∪ {∞}.

We note that this section is infinite measure preserving, and cannot
be a section of type (∗) for the geodesic flow on the 3-horned sphere,
which has finite area. A good section will be obtained in the sequel by
inducing on a set of finite measure.

We’ll be interested in the factor τ0 : R→ R defined by

τ0(x) =


φ(x) = x+ 2 x < −1,

ψ(x) = x
2x+1

−1 < x < 0,

ψ−1(x) = x
1−2x

0 < x < 1,

φ−1(x) = x− 2 x > 1

and satisfying τ0 ◦ π+ = π+ ◦ τ .
This is the Markov map associated with the Fuchsian group by

Bowen and Series in [11].
Note that τ0 is an even function, and that τ0(−1/x) = −1/τ0(x). We

use these relations to get some simplifications.

Define η : (0, 1)× {−1,+1}2 → R by

η(x, δ, ε) := εxδ,

and define T : (0, 1)× {−1,+1}2 → (0, 1)× {−1,+1}2 by

T := η−1 ◦ τ0 ◦ η.
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Defining π+ : X → (0, 1)×{−1,+1}2 by π+ = η−1 ◦π+ we have that
π+ ◦ τ = T ◦ π+.

Proposition 4.1

T (x, δ, ε) = (R(x), δL(x), K(x)ε),

where

R(x) =


x

1−2x
0 < x < 1

3
,

1
x
− 2 1

3
< x < 1

2
,

2− 1
x

1
2
< x < 1,

and

L(x) = 1− 2 · 1( 1
3
,1)(x), & K(x) = 1(0, 1

2
)(x)− 1( 1

2
,1)(x).

The proof of proposition 4.1 is a routine calculation which is left for
the reader.

We’ll induce later on [1
5
, 2

3
] × {−1,+1}2 since τπ−1

+ [ 1
5
, 2
3

]×{−1,+1}2 has

an absolutely continuous invariant probability and is therefore a good
section for the geodesic flow in the 3-horned sphere.

§5 the Zd-covers of the 3-horned sphere and their
sections

Since Γ(2) = F (ϕ, ψ), any γ ∈ Γ(2) is of form

γ = ϕa1ψb1 . . . ϕanψbn

for some n ∈ N and a1, . . . , an.b1, . . . , bn ∈ Z.
Thus we can define a homomorphism Υ = (Υa,Υb) : Γ(2)→ Z2 by

Υ(ϕa1ψb1 . . . ϕanψbn) =

( n∑
k=1

ak,
n∑
k=1

bk

)
.

The Fuchsian group of the Z-cover of the 3-horned sphere will be
Ka :=Ker Υa, and the Fuchsian group of the Z2-cover of the 3-horned
sphere will be

Ka,b :=Ker Υ.
Indeed, a fundamental domain for the action of Ka is

F̂a :=

(⋃
n∈Z

ϕnF

)o
,

and a fundamental domain for the action of Ka,b
is

F̂ :=

( ⋃
m,n∈Z

ψmϕnF

)o
,
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Let Ψ = (Ψa,Ψb) : R→ Z2

be defined by

Ψ(x) =


(−1, 0) x < −1,

(0,−1) − 1 < x < 0,

(0, 1) 0 < x < 1,

(1, 0) x > 1.

The set X ×Z2 is a Poincaré section for the geodesic flow on F̂ ×T,
and the section map τΨ : X × Z2 → X × Z2 is given by

τΨ(ω, n) = (τω, n+ Ψ(π+(ω)).

Similarly, the set X × Z is a Poincaré section for the geodesic flow on

F̂ a × T, with section map τΨa
: X × Z→ X × Z given by

τΨa
(ω, n) = (τω, n+ Ψa(π+(ω)).

As mentioned above, these are not sections of type (∗). We’ll obtain a
good section of form

(τΨa
)A×Z resp. (τΨ)A×Z2

for some set A ∈ B with positive finite measure.

We’ll be interested in simpler factors of
τΨa

and τΨ.

Define π̃+
d : X × Zd → (0, 1) × {−1,+1}2 × Zd by π̃+

d (x, n) :=
(π+(x), n), and define Ψ = (Ψa,Ψb) : (0, 1)× {−1,+1}2 → Z2 by

Ψa(x, δ, ε) := ε
1− δ

2
, & Ψb(x, δ, ε) := ε

1 + δ

2
.

Proposition 5.1
π̃+

1 ◦ τΨa
= TΨa ◦ π̃+

1 .

π̃+
2 ◦ τΨ = TΨ ◦ π̃+

2 .

The proof of proposition 5.1 is a routine calculation which is left for
the reader.

In order to facilitate production of good section, we now consider
R : (0, 1)→ (0, 1) as a shift.

Write (0, 1) ∼= {A,B,C}N where A = (0, 1/3), B = (1/3, 1/2), C =
(1/2, 1), then R ∼= shift, and

L(x) = 2δx1,A − 1, & K(x) = 1− 2δx1,C .
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We have

T n(x, δ, ε) = (Rnx, δLn(x), εKn(x))

where L0 = K0 = 1, and for n ≥ 1,

Ln(x) =
n−1∏
j=0

L(Rjx) = (−1)# {1≤k≤n:xk 6=A},

and

Kn(x) =
n−1∏
j=0

K(Rjx) = (−1)# {1≤k≤n:xk=C}.

We’ll use the notation

[A1, . . . , An] =
n⋂
k=1

R
−(k−1)
I Ak

where A1, . . . , An ⊂ (0, 1).
We have that

U := (
1

5
,
1

3
) = [A,Ac], & W := (

1

2
,
2

3
) = [C,Cc],

whence

J := (
1

5
,
2

3
) = [A,Ac] ∪B ∪ [C,Cc].

Define, for n ≥ 1,

Un := [U, C, . . . , C︸ ︷︷ ︸
(n−1)-times

, B ∪W ], Wn := [W, A, . . . , A︸ ︷︷ ︸
(n−1)-times

, U ∪B],

B1 := [B, J ],

and for n ≥ 2,

B−n := [B, A, . . . , A︸ ︷︷ ︸
(n−1)-times

, U ∪B], B+
n := [B, C, . . . , C︸ ︷︷ ︸

(n−1)-times

, B ∪W ].

It can be checked that:-

1) α := {Un, Wn, B1, B
−
n+1, B

+
n+1 : n ≥ 1} is a partition of J ;

that

ϕRJ = n on sn :=

{
Un ∪Wn ∪B−n ∪B+

n if n ≥ 2

U1 ∪W1 ∪B1 if n ≥ 1,
(2)

where ϕRJ : J → N is the first return time function under R, so that

RJx = RϕRJ (x)x;
that

RJUn = B ∪W, RJWn = U ∪B (n ≥ 1); (3)
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and

RJB1 = J, RJB
+
n = B ∪W, RJB

−
n = U ∪B (n ≥ 2) (4)

showing that α is indeed a Markov partition for RJ , and
RJα = {U ∪B,B ∪W,J}.

Lemma 5.2 (RJ , α) is a mixing Gibbs-Markov map, and is almost
onto in the sense that ∀ b, c ∈ α, ∃ n ≥ 1, b = a0, a1, . . . , an = c ∈ α
such that RJak ∩RJak+1 6= ∅ (0 ≤ k ≤ n− 1).

Proof
As checked above, (RJ , α) is a Markov map which evidently is almost

onto. The Gibbs-Markov property follows in the standard manner from

infJ |R′J | > 1 and supJ
|R′′J |
R′2J

<∞.

�

Next, we consider TJ×{−1,1}2 given by

TJ×{−1,1}2(x, δ, ε) = Tϕ
R
J (x)(x, δ, ε) = (RJx, λ(x)δ, κ(x)ε)

where λ(x) := LϕRJ (x)(x), and κ(x) := KϕRJ (x)(x).

We have that for 2 ≤ k ≤ n = ϕRJ ,

Lk =


(−1)k−1 on Un,

(−1)k on B+
n ,

−1 on Wn ∪B−n ,
, & Kk =


(−1)k−1 on Un ∪B+

n ,

−1 on Wn,

1 on B−n ,

In particular,

κ =


1 on U1 ∪B1, and B−n ,

−1 on Wn,

(−1)n−1 on Un ∪B+
n (n ≥ 2);

, & λ =


−1 on Wn ∪B−n ,
(−1)n on B+

n ,

(−1)n−1 on Un.

To get a Markov partition for TJ×{−1,1}2 , let

β := {A× {(δ, ε)} : A ∈ α, (δ, ε) ∈ {−1, 1}2},

then (as can be checked)

TJ×{−1,1}2β = {A× {(δ, ε)} : A ∈ RJα, (δ, ε) ∈ {−1, 1}2}

whence

Lemma 5.3 (TJ×{−1,1}2 , β) is a mixing Gibbs-Markov map.
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Finally, to get our good sections, we investigate (TΨ)J×{−1,1}2×Z2

given by

(TΨ)J×{−1,1}2×Z2(x, δ, ε, n) = (RJx, λ(x)δ, κ(x)ε, n+ Φ(x, δ, ε))

where

Φ(x, δ, ε) :=

ϕJ (x)−1∑
j=0

Ψ ◦ T j(x, δ, ε), Ψ(x, δ, ε) :=
ε

2
(1− δ, 1 + δ).

We have

Φ(x, δ, ε) =

ϕJ (x)−1∑
k=0

Ψ ◦ T k(x, δ, ε)

=

ϕJ (x)−1∑
k=0

Ψ(Rkx, δLk(x), εKk(x))

=
1

2

ϕJ (x)−1∑
k=0

εKk(x)(1− δLk(x), 1 + δLk(x)).

For
x ∈ U1 ∪B1 ∪W1 = [ϕRJ = 1],

Φ(x, δ, ε) = Ψ(x, δ, ε) =
ε

2
(1− δ, 1 + δ).

For
ϕRJ (x) = n ≥ 2,

Φ(x, δ, ε) =
1

2

n−1∑
k=0

εKk(x)(1− δLk(x), 1 + δLk(x))

=
ε

2

(
(1− δ, 1 + δ) +

n−1∑
k=1

Kk(x)(1− δLk(x), 1 + δLk(x))

)
Now,
we calculate

n−1∑
k=1

Kk(x)(1− δLk(x), 1 + δLk(x)).
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Lemma 5.4

n−1∑
k=1

Kk(x)(1−δLk(x), 1+δLk(x)) =


δ(−an−2(−δ), an−2(δ)) x ∈ Un,
(n− 1)(1 + δ, 1− δ) x ∈ B−n ,
δ(an−2(δ),−an−2(−δ)) x ∈ B+

n ,

−(n− 1)(1 + δ, 1− δ) x ∈ Wn

where

an(δ) :=
n∑
k=0

(1 + δ(−1)k) =

{
n+ 2 n odd,

n+ 1 + δ n even

Proof It’s not hard to show that

n∑
k=0

(−1)k(1 + δ(−1)k) = δan(δ)

and that

an(δ) =

{
n+ 1 n odd,

n+ 1 + δ n even.

It follows that

n−1∑
k=1

Kk(x)(1 + δLk(x))

=


∑n−1

k=1(−1)k−1(1 + (−1)k−1δ) x ∈ Un,
(n− 1)(1− δ) x ∈ B−n ,∑n−1

k=1(−1)k−1(1 + (−1)kδ) x ∈ B+
n ,

−(n− 1)(1− δ) x ∈ Wn

=


δan−2(δ) x ∈ Un,
(n− 1)(1− δ) x ∈ B−n ,
−δan−2(−δ) x ∈ B+

n ,

−(n− 1)(1− δ) x ∈ Wn.

The lemma follows from this. �

It follows that for
ϕRJ (x) = n ≥ 2,
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Φ(x, δ, ε) =



ε
2

(
1− δ(1 + an−2(−δ)), 1 + δ(1 + an−2(δ))

)
x ∈ Un,

ε
2
(n+ (n− 2)δ, n− (n− 2)δ) x ∈ B−n ,
ε
2

(
1 + δ(an−2(δ)− 1), 1− δ(an−2(−δ)− 1)

)
x ∈ B+

n ,

ε
2
(−n+ 2− nδ,−n+ 2 + nδ) x ∈ Wn

whence

E(ei(sΦa+tΦb))

≈ E(1U×{−1,1}2e
i(t−s) εδ

2
ϕRJ ) + E(1B−×{−1,1}2e

i
s+t+δ(s−t)

2
εϕRJ )

+ E(1B+×{−1,1}2e
i(s−t) εδ

2
ϕRJ ) + E(1W×{−1,1}2e

−i s+t+δ(s−t)
2

εϕRJ )

as s, t→ 0
and ∃ a, b, c > 0 such that ∀ (u, v) ∈ R2 \ {0},

− logE(eit(uΦa+vΦb)) = (a|u− v|+ b|u|+ c|v|)|t|(1 + o(1))

as t→ 0.
As in §3, let PT be the
Frobenius-Perron
operator of T , let

Pt(f) = PT (ei〈t,Φ〉f) (t ∈ T2) and let λ(t) be the maximal eigenvalue
of Pt for |t| small.

By theorem 5.1 of [2],

− log λ(t) = (a|u− v|+ b|u|+ c|v|)|t|(1 + o(1))

as t→ 0.
As in §3, it follows that

Q := {t ∈ R2 : ei〈t,ψ〉 is cohomologous to a constant},

is discrete.
Theorem 7.3 in [2] now shows that TΦ is totally dissipative and that

TΦa is rationally ergodic with return sequence an(TΦa) ∝ log n.
Since these were good sections for the flows concerned, we have that

the geodesic flow on the Z2 cover of the thrice punctured sphere is
totally dissipative (confirming [20]); and that on the Z cover of the
thrice punctured sphere is conservative, and rationally ergodic with
return sequence ∝ log n.

This completes the proof of our theorem.
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