EQUIVALENCE OF RENEWAL SEQUENCES, AND
ISOMORPHISM OF RANDOM WALKS.
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Let X be a Z%valued random variable (where d € IN). The random
walk with jump random variable X is a measure preserving transforma-
tion Tx of the o-finite, infinite measure space (Z?)% x Z% equipped
with the o-algebra generated by cylinder sets, and the measure f#% x
counting measure (where f,, =Prob(X = n)). It is defined by

TX((...,xl,xo,xl,...),n> = ((...,xo,xl,xQ,...),n+x1).

The random walk is conservative and ergodic in case d = 1,2, and the
jump random variable X:

has finite second moment ( E(|X|*) < o0), is centred (E(X) = 0),
and is strictly aperiodic in the sense that if ¢(s) = E(e®*™X) (s € IR?),
then |p(s)| = 1 if and only if s € 27 Z<.

Let Y@ =€ € {0,£1}¢ with probability 5. It is shown in [1] that
if d = 1,2, and X is a Z%valued random variable with E(|X|) <
0o, which is centred, and strictly aperiodic, then Tx and 7Ty are
isomorphic as measure preserving transformations.

We prove here the
Main Theorem If d = 1,2, and X is a centred, strictly aperiodic

Z‘“~valued random variable with E(\XP\/logJr |X|) < o0, then T

and Ty are isomorphic.

The method of proof, using results in [1], involves a study of the
equivalence of renewal sequences of jump random wvariables, that is,
renewal sequences of form

g | eoras= Pb(z A= 0)

where X7, Xo,... are ii.d.r.v.’s, each distributed as X.

u(n) = un(X) =
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Recall from [1] that the renewal sequences u, v’ are said to be equiv-
alent if there are positively recurrent, aperiodic renewal sequences v, v’
such that u(n)v(n) = v (n)v'(n), and that [1, theorem 3.6] conservative,
ergodic random walks whose jump random variables have equivalent
renewal sequences are isomorphic.

Let X be a Z“%valued random variable. A necessary condition for
the equivalence of the renewal sequences u(X) and u(Y @), is that X
be centred, strictly aperiodic, and with finite second moment. This is
because otherwise, lim inf,,_, % =0.

A sufficient condition for equivalence of renewal sequences is given by
[1, corollary 4.4], which says that the renewal sequences u = (u(n)),>0

and u(Y(¥) are equivalent if

(%) Zn|1og(pin) —%| < 00

Wherepn:#%forné%l:{neﬂ\f:u(k)>0Vk2n—1}.

Thus, given a centred, strictly aperiodic, Z%valued jump random
variable X, (d = 1,2), in order to prove that Tx and Ty are isomor-
phic, it is sufficient to establish that w(X) satisfies (x).

The isomorphism theorem of [1] is proved in this way by means of
[1, theorem 5.1] which establishes (*) when E(|X|") < oo and X is
centred, strictly aperiodic.

Similarly, we prove our main theorem by establishing the
Theorem Suppose that E(|X|?/log" |X]) < oo, and that X is cen-
tred, and strictly aperiodic,

then (x) holds.

Remark We do not know of any centred, strictly aperiodic ran-
dom variable X on Z? with finite second moment for which u(X) and
u(Y @) are not equivalent.

Proof of the Theorem

It follows from the local limit theorem that

3 lim n%u(n) € R,

n—o0

and hence that (x) holds if and only if

du(n)?
2n?

| < o0.

anﬂ\u(n — Du(n +1) —u(n)? —
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Set
du(n)?
52 )
and let a, ~ a,, mean that > |a, — ca]| < oo for some 0 < ¢ < co. In
particular, if a,, ~ a),, then )" |a,| < oo iff " |al| < cc.
We'll show, under the assumption FE(|X|*/log" |X|) < oo, that
D, ~ 0.
Using Taylor’s theorem for ¢ around 0, we find that,

D, := n"(u(n — Du(n + 1) —u(n)? —

1
36>0, €€ (0, 5] such that 0 < |p(z)| < e @V |z <6 (§)

where I'(z) := E((X - 2)?) (x € RY).
By aperiodicity of X, supj s [¢(t)] <1, and we have that

D, = nd+1 (u(n — Du(n+1) — u(n)2 _ dl;(n'f;)2)
= (727/7;;251 //ﬂ”d I (90($)n_190(y)n+1 —o(x)"e(y)"(1 + ﬁ)>d$dy

//N(o 52 ()" o(y)" (p(z) — @(y))dzdy = 0.

Here, N(0,0) := {x € T¢ = [-7,7|*: || < §}.
Changing variables, we have

o e e - e d
P~ a5 [ o PR 7( () T
! s oot (Bl - B2e()R2e(%)
= 27 s AR ) ( (D) g )
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n
convergence theorem,

-1 gty (IE gy Ty o T ¢ 4,
b //N(ofsf (\/_> ([ 2 ¢(\/ﬁ) 9 (b(\/ﬁ)] 5 Cb(\/ﬁ) 2>d dt.

Write
ouls) = S0 - 6()) =l =) ~ 1+ o

Using again the Taylor expansion of ¢ around 0, we obtain K € IR,
such that

Using (1), and 1—@(%) = O( |t|2), we have, by Lebesgue’s dominated
that
s

lan(s)| < KE((s - X)Q(’X—\/‘;’ A1) < KI'(s)Vse R, nelN.

To continue, we need to use the moment assumption on X.

Lemma 1 If E(|X|2(logJr |X|)11e) < 00, then

> k
PR VAR RN

n=1

where M, € IR, and hence,

o k
/ |s|e(z 2 (5)] ) s <00 YV L>0
R4 — n

proof
(o) < KE((s XP(TE 1)
< KECAID pcx) a v,
el I 1" (o vy )
and it is sufficient to show that
i B(XPIX] A V) <
Now,

E(IXP(IX| Avn)) = B(IX P xi<ym) + VRE(XPLixs ).
Therefore, by Jensen’s inequality,

(E(\XP(IX\A\/E)))k < 2 (B(XPlyxiem))

k k
_1 k
—|—2k 1712 (E(’X|21[X|2\/ﬂ)) s
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and it is now sufficient to show that

o0

1 k
Zn1+§<E<|X|31[IX§ﬂ> <o, & Z < (1x]? 1|X>ﬂ)) < 0.

n=1

Letting X, ..., X, be independent copies of X, we have

o0

1 k
> g (B0xPrem)) = (P Y i - duvizen )

n:171
1
_ 3 3
_E(\Xll | X > M)
n>| X1 2V X2
3 3
(| X1 Ve V[ XG])
k
_2(E(|X|2)) < 00,
and
S 1 2 2 2 . 1
Zg E(X Yxzym) | = EL X | X Zgl[|xl|zm-~1[|xk|z\/ﬁ1
n=1 n=1

X2 A ALX |2

ST

n=1

E

/_\

<k

VR

X2 [ Xe2log (X A - - A |Xk|2>)

< (BP0 X >i>)k<oo_

oo

> S BIXPIX AV < o0 0

n=1

Lemma 2 If E(|X]?\/log" |X]|) < oo, then

Z / |s[“[eo( )”—e‘¥(1+an(s))|ds<oo V> 0.
N(0,6y/n)

proof
Using Taylor’s theorem yet again, we have that 3 M € IR, such that

I an(s)

SE

p(—=) —e +6,(s) VseR

where |0,,(s)| < M|S|4.
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Therefore,
s re e S 5r(s) ()
@(%)”—6_ > = k_OSO(%)”_l_ke (== + Onls))
n—1
:%fxﬂ¢§§“Hv@9+é@»
where

-~ M 4 €
Ba(s)] < nl@n(s)|e—=2re < MBE —srer vy g < 5ym.
n

Proceeding further,

s L) I'(s) an(s) _(n=1-R)I(s) 5\ k&), o~
(=)= (1B a,(s))) = eI () - )46, (s).
(e ==Y (T )
Now

s o). e, S (k=v=1)1(s) , Ay, (S)
5 k . o ns _ 5 vo— —u—i s n

(P = e 5 = e R 000

and hence

. _ kI(s) _e(k=1)I'(s) |an(3)|
R — 2n I{j n —— @n .
|90<\/ﬁ> e | < ke ( —— (s))

Substituting back in the above, we obtain for |s| < §y/n, n > 4,

I'(s)

S (1t e an(s))]

n—1

— (n—1— k)F(s) (k—1)eI'(s) an\S ~
Ze ( e T :L)' +y@n<s)\)) +10n(s)]
k=

0

eF(s)

QMmemmﬁﬂmﬂ

e[‘(s

6 M 4
<e (|an( )|2—|—KME(|X|2)|%+%).

Lastly, by Taylor’s theorem, 3 M € IR, such that

M
0< e —1<— Vn>1, |s| <dvn,
n
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whence for |s| < §/n,

Pl = e (L an(s))
N (R )
and lemma 2 is established by lemma 1. <
As a corollary of lemma 2, we get that
D, ~
o e ) ) (o= T el Sy () - Jdsa

where N = N(0,0+/n). This is because
re ,, t., I's),, s I

(02~ o) ol 72)
where f is a polynomial in |s| and |¢].
Using the existence of 0 < rp < 1, (k> 1 fixed), such that

d
_5‘ < f(s>t)vn > 1, ‘3‘7 ’t‘ < (5\/57

I'(s)

s|%e =0(ry)asn — oo
|| (ry

/Jl%d\N (0,6v/n)
we obtain that D,, ~

o ] e”5’3”“<1+an<s>><1+an<t>>((@M%—@M%»@miﬂ)—g)dsdt

where here, and henceforth, we supress the domain of integration where
this is maximal.

Our next task is to simplify our expression D!, ~ D,, on the basis of
the identity

L(s)+I(t S d
//e GE ()((Fg)—Fé>)rét)—§)dsdt:(). )
Lemma 3 If E(]X|*\/log" | X]|) < oo, then

D,, ~ %/ergs) an(s) (F(3)2 —2(d+2)I"(s) +d(d + 2))ds. (2)

proof
It will be convenient to use the following notation:

s t 1 s t
ful(s,t) = gn(s,t) if —// - HF() s, t)dsdt ~ — // e )gn(s,t)dsdt.
n
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We’ll use the following consequence of lemma 1,

an(5)* = an(s)a,(t) =~ 0. (1)

Also, by symmetry,
fn<3?t) %gn(sj) = fn(tv 3) (”)

We’ll also use the following formulae

/qus(r(s))e 0 g — @/qus(ysﬁ)e'fds. (i)

s|2
/ 6_%’8|2kd8 = (2%)%7‘% where 79 = 1, ro = d, 74 = d(d+2), & 16 = d(d+2)(d+4).
R4

(i)
(L a1+ o) (0l 2) = o) o) - 5)
= (1 a1+ ) ([ = T2 (@) = Dl ~ o] - § ) =
(2 - 2 - o0 - e - a0} - (2 - YD)
Hlanlo) + a0l (557 - ST - £) =
~ a0y = T = a0 - oI + oo + o)) - ST - 5)
- (r@)? F(s)llf(t) Fét) B 2) r ot (F(j)Q B F(s)4F(t) N r;s) - g)
0N an(s)(F(j)Q + FZ)Q - F(S)QF“) _I(s)+ (1) d)
Wa an(s)(F(j)Z 0+ = ”];(S) — I(s)ro + 72 — dro)
) o (s)( L f)g 4 d<d: 2 _ C”;(S) - r(s))

_ ian(s)(F(s)Z —2Ad+2)T(s) +d(d+2). O

Remark It now follows from lemmas 1 and 3 that (*) holds if, in
addition, F(|X|*log® |X|) < oc.
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To continue, we calculate
1 s
— / e_%an(s) <F(s)2 —2(d+2)C(s)+d(d+ 2)) ds
n
more precisely using the formulae
B2 ok iyes 4 _h
e 7 [s|Te ds = (2m)2 qar(v)e” 2 (v)
R4
where go = 1, q2(7) = d — [7[*, a(7) = W' = 2(d +2)]y]* + d(d+<2))-
Vi

Lemma 4

% / e an(s) (F(s)2—2(d+2)F(s)+d(d+2))ds _ (1)

/| det Il
(3)
proof
%/B_ng)an(s) (F(s)2 —2(d+2)I(s) + d(d + 2))ds
— /e—Fés’ (F(s)2 —2(d +2)I'(s) +d(d+2)) <¢(%) —1+ F;;))ds
() . ) Ale, e
— \/W/ 2 (Jx)* = 2(d 4 2)|x]” + d(d + 2)) (¢ \/ﬁ) 1+ o )d
where ' = A*A.
Next,
=,y 9 Ay
/e Pl = 20+ 2)laf + d(d + 2))0( " o
o2 A aX 4 — 2 "
:E</e e vro (Jz|* = 2(d+ 2)|x| +d(d+2))d)
% A_I*X

) _(2n) E( (@22~ 2(a+ 20 A 1 atd+ 2)aof

i —lxx)2 A_I*X4
() Z(QW)gE(e_A e g)

n2

n2

1% —1x 4
(e

)
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/(a_lgcl’l2(|x|4 —2(d+2)|z* +d(d+2))(—1+ |:2U—|2)dx

n

[ S g 4D

2n
™ . o

We have, by (2), and (3) that

— 1% 2 —1x* 4
D, ~ E(e—A o u)
n2
To conclude the proof of the theorem,

00 ’A_l*X|4 7\A*1*X|2 ‘A 1*X|4 e
;E(Te 2n ZE - 1*X| se” 2 ds

2 A 1*X4
’ ( oz lia 1*X|<sﬂ>d

<2/ e E El AT X (2 A AT X ))
0

<2B(|AT X )/ Se T ds

0
< 00. V)
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