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Let X be a ZZd-valued random variable (where d ∈ IN). The random
walk with jump random variable X is a measure preserving transforma-
tion TX of the σ-finite, infinite measure space (ZZd)ZZ × ZZd equipped
with the σ-algebra generated by cylinder sets, and the measure fZZ×
counting measure (where fn =Prob(X = n)). It is defined by

TX

(
(. . . , x−1, x0, x1, . . . ), n

)
=

(
(. . . , x0, x1, x2, . . . ), n+ x1

)
.

The random walk is conservative and ergodic in case d = 1, 2, and the
jump random variable X:

has finite second moment ( E(|X|2) < ∞), is centred (E(X) = 0),
and is strictly aperiodic in the sense that if ϕ(s) = E(eis·X) (s ∈ IRd),
then |ϕ(s)| = 1 if and only if s ∈ 2πZZd.

Let Y (d) = ε ∈ {0,±1}d with probability 1
3d

. It is shown in [1] that

if d = 1, 2, and X is a ZZd-valued random variable with E(|X|7) <
∞, which is centred, and strictly aperiodic, then TX and TY (d) are
isomorphic as measure preserving transformations.

We prove here the
Main Theorem If d = 1, 2, and X is a centred, strictly aperiodic

ZZd-valued random variable with E

(
|X|2

√
log+ |X|

)
< ∞, then TX

and TY (d) are isomorphic.

The method of proof, using results in [1], involves a study of the
equivalence of renewal sequences of jump random variables, that is,
renewal sequences of form

u(n) = un(X) =
1

(2π)d

∫ π

−π
· · ·
∫ π

−π
ϕ(s)nds = Prob

( n∑
k=1

Xk = 0

)
where X1, X2, . . . are i.i.d.r.v.’s, each distributed as X.
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Recall from [1] that the renewal sequences u, u′ are said to be equiv-
alent if there are positively recurrent, aperiodic renewal sequences v, v′

such that u(n)v(n) = u′(n)v′(n), and that [1, theorem 3.6] conservative,
ergodic random walks whose jump random variables have equivalent
renewal sequences are isomorphic.

Let X be a ZZd-valued random variable. A necessary condition for
the equivalence of the renewal sequences u(X) and u(Y (d)), is that X
be centred, strictly aperiodic, and with finite second moment. This is

because otherwise, lim infn→∞
un(X)

un(Y (d))
= 0.

A sufficient condition for equivalence of renewal sequences is given by
[1, corollary 4.4], which says that the renewal sequences u = (u(n))n≥0
and u(Y (d)) are equivalent if∑

n∈A

n| log

(
1

pn

)
− d

2n2
| <∞(∗)

where pn = u(n)2

u(n−1)u(n+1)
for n ∈ A = {n ∈ IN : u(k) > 0 ∀ k ≥ n−1}.

Thus, given a centred, strictly aperiodic, ZZd-valued jump random
variable X, (d = 1, 2), in order to prove that TX and TY (d) are isomor-
phic, it is sufficient to establish that u(X) satisfies (∗).

The isomorphism theorem of [1] is proved in this way by means of
[1, theorem 5.1] which establishes (∗) when E(|X|7) < ∞ and X is
centred, strictly aperiodic.

Similarly, we prove our main theorem by establishing the

Theorem Suppose that E(|X|2
√

log+ |X|) < ∞, and that X is cen-
tred, and strictly aperiodic,

then (∗) holds.
Remark We do not know of any centred, strictly aperiodic ran-
dom variable X on ZZd with finite second moment for which u(X) and
u(Y (d)) are not equivalent.

Proof of the Theorem

It follows from the local limit theorem that

∃ lim
n→∞

n
d
2u(n) ∈ IR+,

and hence that (∗) holds if and only if

∞∑
n=1

nd+1|u(n− 1)u(n+ 1)− u(n)2 − du(n)2

2n2
| <∞.
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Set

Dn := nd+1(u(n− 1)u(n+ 1)− u(n)2 − du(n)2

2n2
),

and let an ∼ a′n mean that
∑

n |an− ca′n| <∞ for some 0 < c <∞. In
particular, if an ∼ a′n, then

∑
n |an| <∞ iff

∑
n |a′n| <∞.

We’ll show, under the assumption E(|X|2
√

log+ |X|) < ∞, that
Dn ∼ 0.

Using Taylor’s theorem for ϕ around 0, we find that,

∃ δ > 0, ε ∈ (0,
1

2
] such that 0 < |ϕ(x)| ≤ e−εΓ (x) ∀ |x| ≤ δ (‡)

where Γ (x) := E((X · x)2) (x ∈ IRd).
By aperiodicity of X, sup|t|≥δ |ϕ(t)| < 1, and we have that

Dn := nd+1(u(n− 1)u(n+ 1)− u(n)2 − du(n)2

2n2
)

=
nd+1

(2π)2d

∫∫
TT d×TT d

(
ϕ(x)n−1ϕ(y)n+1 − ϕ(x)nϕ(y)n(1 +

d

2n2
)

)
dxdy

∼ nd+1

(2π)2d

∫∫
N(0,δ)2

(
ϕ(x)n−1ϕ(y)n+1 − ϕ(x)nϕ(y)n(1 +

d

2n2
)

)
dxdy

=
nd+1

(2π)2d

∫∫
N(0,δ)2

ϕ(x)nϕ(y)n
(
ϕ(x)− ϕ(y)

ϕ(y)
− d

2n2

)
dxdy

=
nd+1

(2π)2d

∫∫
N(0,δ)2

ϕ(x)nϕ(y)n
(
ϕ(x)− ϕ(y)

ϕ(y)
− (ϕ(x)− ϕ(y))− d

2n2

)
dxdy

since ∫∫
N(0,δ)2

ϕ(x)nϕ(y)n(ϕ(x)− ϕ(y))dxdy = 0.

Here, N(0, δ) := {x ∈ TT d = [−π, π]d : |x| < δ}.
Changing variables, we have

Dn ∼
n

(2π)2d

∫∫
N(0,δ

√
n)2
ϕ(

s√
n

)nϕ(
t√
n

)n
(

[ϕ( s√
n
)− ϕ( t√

n
)](1− ϕ( t√

n
))

ϕ( t√
n
)

− d

2n2

)
dsdt

=
1

n(2π)2d

∫∫
N(0,δ

√
n)2
ϕ(

s√
n

)nϕ(
t√
n

)n
(

(Γ (t)
2
φ( t√

n
)− Γ (s)

2
φ( s√

n
))Γ (t)

2
φ( t√

n
)

ϕ( t√
n
)

− d

2

)
dsdt.

where Γ (x) := E((X ·x)2) = x∗Γx (x ∈ IRd), and 1−ϕ(s) = Γ (s)
2
φ(s).
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Using (‡), and 1−ϕ( t√
n
) = O( |t|

2

n
), we have, by Lebesgue’s dominated

convergence theorem, that

Dn ∼
1

n

∫∫
N(0,δ

√
n)2
ϕ(

s√
n

)nϕ(
t√
n

)n
(

[
Γ (t)

2
φ(

t√
n

)−Γ (s)

2
φ(

s√
n

)]
Γ (t)

2
φ(

t√
n

)−d
2

)
dsdt.

Write

an(s) =
Γ (s)

2
(1− φ(

s√
n

)) = n(ϕ(
s√
n

)− 1 +
Γ (s)

2n
).

Using again the Taylor expansion of ϕ around 0, we obtain K ∈ IR+

such that

|an(s)| ≤ KE((s ·X)2(
|X||s|√

n
∧ 1)) ≤ KΓ (s) ∀ s ∈ IRd, n ∈ IN.

To continue, we need to use the moment assumption on X.

Lemma 1 If E

(
|X|2(log+ |X|) 1

k

)
<∞, then

∞∑
n=1

|an(s)|k

n
≤Mk|s|2k(1 + |s|)k

where Mk ∈ IR+, and hence,∫
IRd
|s|`
( ∞∑
n=1

|an(s)|k

n

)
e−εΓ (s)ds <∞ ∀ ` ≥ 0

proof

|an(s)| ≤ KE((s ·X)2(
|X||s|√

n
∧ 1))

≤ K|s|2(1 + |s|)√
n

E(|X|2(|X| ∧
√
n)),

∴
|an(s)|k

n
≤ Kk|s|2k(1 + |s|)k

n1+ k
2

(
E(|X|2(|X| ∧

√
n))

)k
and it is sufficient to show that

∞∑
n=1

1

n1+ k
2

(E(|X|2(|X| ∧
√
n)))k <∞.

Now,

E(|X|2(|X| ∧
√
n)) = E(|X|31[|X|≤

√
n]) +

√
nE(|X|21[|X|≥

√
n]).

Therefore, by Jensen’s inequality,(
E(|X|2(|X|∧

√
n))

)k
≤ 2k−1

(
E(|X|31[|X|≤

√
n])

)k
+2k−1n

k
2

(
E(|X|21[|X|≥

√
n])

)k
,
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and it is now sufficient to show that
∞∑
n=1

1

n1+ k
2

(E(|X|31[|X|≤
√
n])

)k
<∞, &

∞∑
n=1

1

n

(
E(|X|21[|X|≥

√
n])

)k
<∞.

Letting X1, . . . , Xk be independent copies of X, we have
∞∑
n=1

1

n1+ k
2

(
E(|X|31[|X|≤

√
n])

)k
= E

(
|X1|3 . . . |Xk|3

∞∑
n=1

1

n1+ k
2

1[|X1|≤
√
n] . . . 1[|Xk|≤

√
n]

)
= E

(
|X1|3 . . . |Xk|3

∑
n≥|X1|2∨···∨|Xk|2

1

n1+ k
2

)

≤ 2E

(
|X1|3 . . . |Xk|3

(|X1| ∨ · · · ∨ |Xk|)k

)
≤ 2

(
E(|X|2)

)k
<∞,

and
∞∑
n=1

1

n

(
E(|X|21[|X|≥

√
n])

)k
= E

(
|X1|2 . . . |Xk|2

∞∑
n=1

1

n
1[|X1|≥

√
n] . . . 1[|Xk|≥

√
n]

)

= E

(
|X1|2 . . . |Xk|2

|X1|2∧···∧|Xk|2∑
n=1

1

n

)
≤ E

(
|X1|2 . . . |Xk|2 log+(|X1|2 ∧ · · · ∧ |Xk|2)

)
≤
(
E(|X|2(log+ |X|2)

1
k )

)k
<∞.

∴
∞∑
n=1

1

n1+ k
2

(E(|X|2(|X| ∧
√
n)))k <∞. ♦

Lemma 2 If E(|X|2
√

log+ |X|) <∞, then
∞∑
n=1

1

n

∫
N(0,δ

√
n)

|s|`|ϕ(
s√
n

)n − e−
Γ (s)
2 (1 + an(s))|ds <∞ ∀ ` ≥ 0.

proof
Using Taylor’s theorem yet again, we have that ∃M ∈ IR+ such that

ϕ(
s√
n

)− e−
Γ (s)
2n =

an(s)

n
+Θn(s) ∀ s ∈ IR

where |Θn(s)| ≤ M |s|4
n2 .
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Therefore,

ϕ(
s√
n

)n − e−
Γ (s)
2 =

n−1∑
k=0

ϕ(
s√
n

)n−1−ke−
kΓ (s)
2n (

an(s)

n
+Θn(s))

=
an(s)

n

n−1∑
k=0

ϕ(
s√
n

)n−1−ke−
kΓ (s)
2n + Θ̃n(s),

where

|Θ̃n(s)| ≤ n|Θn(s)|e−ε(1−
1
n
)Γ (s) ≤ M |s|4

n
e−

ε
2
Γ (s) ∀ |s| ≤ δ

√
n.

Proceeding further,

(ϕ(
s√
n

)n−e−
Γ (s)
2 (1+e

Γ (s)
2n an(s))) =

an(s)

n

n−1∑
k=0

e−
(n−1−k)Γ (s)

2n (ϕ(
s√
n

)k−e−
kΓ (s)
2n )+Θ̃n(s).

Now

(ϕ(
s√
n

)k − e−
kΓ (s)
2n ) =

k−1∑
ν=0

ϕ(
s√
n

)νe−
(k−ν−1)Γ (s)

2n (
an(s)

n
+Θn(s)),

and hence

|ϕ(
s√
n

)k − e−
kΓ (s)
2n | ≤ ke−

ε(k−1)Γ (s)
n (

|an(s)|
n

+Θn(s)).

Substituting back in the above, we obtain for |s| ≤ δ
√
n, n ≥ 4,

|ϕ(
s√
n

)n − e−
Γ (s)
2 (1 + e

Γ (s)
2n an(s))|

≤ |an(s)|
n

n−1∑
k=0

e−
(n−1−k)Γ (s)

2n

(
ke−

(k−1)εΓ (s)
n (

|an(s)|
n

+ |Θn(s)|)
)

+ |Θ̃n(s)|

≤ e−
εΓ (s)

2

(
|an(s)|2 + n|an(s)||Θn(s)|

)
+ |Θ̃n(s)|

≤ e−
εΓ (s)

2

(
|an(s)|2 +KME(|X|2)| |s|

6

n
+
M |s|4

n

)
.

Lastly, by Taylor’s theorem, ∃ M ∈ IR+ such that

0 < e
Γ (s)
2n − 1 ≤ M

n
∀ n ≥ 1, |s| < δ

√
n,
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whence for |s| < δ
√
n,∣∣∣∣ϕ(

s√
n

)n − e−
Γ (s)
2 (1 + an(s))

∣∣∣∣
≤ e−

εΓ (s)
2

(
|an(s)|2 +KME(|X|2)| |s|

6

n
+
M |s|4

n
+MK

Γ (s)

n

)
,

and lemma 2 is established by lemma 1. ♦

As a corollary of lemma 2, we get that
Dn ∼

n−1
∫∫

N2

e−
Γ (s)+Γ (t)

2 (1+an(s))(1+an(t))

(
(
Γ (t)

2
φ(

t√
n

)−Γ (s)

2
φ(

s√
n

))
Γ (t)

2
φ(

t√
n

)−d
2

)
dsdt

where N = N(0, δ
√
n). This is because

|(Γ (t)

2
φ(

t√
n

)−Γ (s)

2
φ(

s√
n

))
Γ (t)

2
φ(

t√
n

)−d
2
| ≤ f(s, t) ∀ n ≥ 1, |s|, |t| < δ

√
n,

where f is a polynomial in |s| and |t|.
Using the existence of 0 < rk < 1, (k ≥ 1 fixed), such that∫

IRd\N(0,δ
√
n)

|s|ke−
Γ (s)
2 = O(rnk ) as n→∞

we obtain that Dn ∼

n−1
∫∫

e−
Γ (s)+Γ (t)

2 (1+an(s))(1+an(t))

(
(
Γ (t)

2
φ(

t√
n

)−Γ (s)

2
φ(

s√
n

))
Γ (t)

2
φ(

t√
n

)−d
2

)
dsdt

where here, and henceforth, we supress the domain of integration where
this is maximal.

Our next task is to simplify our expression D′n ∼ Dn on the basis of
the identity∫∫

e−
Γ (s)+Γ (t)

2

(
(
Γ (t)

2
− Γ (s)

2
)
Γ (t)

2
− d

2

)
dsdt = 0. (†)

Lemma 3 If E(|X|2
√

log+ |X|) <∞, then

Dn ∼
1

n

∫
e−

Γ (s)
2 an(s)

(
Γ (s)2 − 2(d+ 2)Γ (s) + d(d+ 2)

)
ds. (2)

proof
It will be convenient to use the following notation:

fn(s, t) ≈ gn(s, t) if
1

n

∫∫
e−

Γ (s)+Γ (t)
2 fn(s, t)dsdt ∼ 1

n

∫∫
e−

Γ (s)+Γ (t)
2 gn(s, t)dsdt.
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We’ll use the following consequence of lemma 1,

an(s)2 ≈ an(s)an(t) ≈ 0. (i)

Also, by symmetry,

fn(s, t) ≈ gn(s, t) := fn(t, s) (ii)

We’ll also use the following formulae∫
IRd
Φ(Γ (s))e−

Γ (s)
2 ds =

1√
detΓ

∫
IRd
Φ(|s|2)e−

|s|2
2 ds. (iii)∫

IRd
e−
|s|2
2 |s|2kds = (2π)

d
2 r2k where r0 = 1, r2 = d, r4 = d(d+2), & r6 = d(d+2)(d+4).

(iv)

(1 + an(s))(1 + an(t))

(
(
Γ (t)

2
φ(

t√
n

)− Γ (s)

2
φ(

s√
n

))
Γ (t)

2
φ(

t√
n

)− d

2

)
= (1 + an(s))(1 + an(t))

(
[
Γ (t)

2
− Γ (s)

2
− (an(t)− an(s))][

Γ (t)

2
− an(t)]− d

2

)
†→≈(

{Γ (t)

2
− Γ (s)

2
− [an(t)− an(s)]}{Γ (t)

2
− an(t)} − {Γ (t)

2
− Γ (s)

2
}Γ (t)

2

)
+ [an(s) + an(t)]

(
(
Γ (t)

2
− Γ (s)

2
)
Γ (t)

2
− d

2

)
(i)→≈

− an(t)(
Γ (t)

2
− Γ (s)

2
)− [an(t)− an(s)]

Γ (t)

2
+ [an(s) + an(t)]

(
(
Γ (t)

2
− Γ (s)

2
)
Γ (t)

2
− d

2

)
= an(s)

(
Γ (t)2

4
− Γ (s)Γ (t)

4
+
Γ (t)

2
− d

2

)
+ an(t)

(
Γ (t)2

4
− Γ (s)Γ (t)

4
+
Γ (s)

2
− Γ (t)− d

2

)
(ii)→≈ an(s)(

Γ (s)2

4
+
Γ (t)2

4
− Γ (s)Γ (t)

2
− Γ (s) + Γ (t)− d

)
(iii)→≈ an(s)(

Γ (s)2

4
r0 +

r4
4
− r2Γ (s)

2
− Γ (s)r0 + r2 − dr0

)
(iv)→ =an(s)(

Γ (s)2

4
+
d(d+ 2)

4
− dΓ (s)

2
− Γ (s)

)
=

1

4
an(s)(Γ (s)2 − 2(d+ 2)Γ (s) + d(d+ 2)). ♦

Remark It now follows from lemmas 1 and 3 that (*) holds if, in
addition, E(|X|2 log+ |X|) <∞.
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To continue, we calculate

1

n

∫
e−

Γ (s)
2 an(s)

(
Γ (s)2 − 2(d+ 2)Γ (s) + d(d+ 2)

)
ds

more precisely using the formulae∫
IRd
e−
|s|2
2 |s|2keiγ·sds = (2π)

d
2 q2k(γ)e−

|γ|2
2 (v)

where q0 = 1, q2(γ) = d− |γ|2, q4(γ) = |γ|4 − 2(d+ 2)|γ|2 + d(d+ 2).
(vi)

Lemma 4

1

n

∫
e−

Γ (s)
2 an(s)

(
Γ (s)2−2(d+2)Γ (s)+d(d+2)

)
ds =

(2π)
d
2√

| detΓ |
E

(
e−
|A−1∗X|2

2n
|A−1∗X|4

n2

)
(3)

proof

1

n

∫
e−

Γ (s)
2 an(s)

(
Γ (s)2 − 2(d+ 2)Γ (s) + d(d+ 2)

)
ds

=

∫
e−

Γ (s)
2

(
Γ (s)2 − 2(d+ 2)Γ (s) + d(d+ 2)

)(
ϕ(

s√
n

)− 1 +
Γ (s)

2n

)
ds

(iii)→ =
1√
| detΓ |

∫
e−
|x|2
2 (|x|4 − 2(d+ 2)|x|2 + d(d+ 2))(ϕ(

A−1x√
n

)− 1 +
|x|2

2n
)dx

where Γ = A∗A.
Next,∫
e−
|x|2
2 (|x|4 − 2(d+ 2)|x|2 + d(d+ 2))ϕ(

A−1x√
n

)dx

= E

(∫
e−
|x|2
2 e

iA
−1x·X√
n (|x|4 − 2(d+ 2)|x|2 + d(d+ 2))dx

)
(v)→ =(2π)

d
2E

(
e−
|A−1∗X|2

2n (q4(
A−1∗X√

n
)− 2(d+ 2)q2(

A−1∗X√
n

) + d(d+ 2)q0(
A−1∗X√

n
))

)
(vi)→ =(2π)

d
2E

(
e−
|A−1∗X|2

2n
|A−1∗X|4

n2

)
.
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e−
|x|2
2 (|x|4 − 2(d+ 2)|x|2 + d(d+ 2))(−1 +

|x|2

2n
)dx

=

∫
e−
|x|2
2

[
|x|6

2n
− (1 +

d+ 2

n
)|x|4 + (2(d+ 2) +

d(d+ 2)

2n
)|x|2 − d(d+ 2)

]
dx

(iv)→ =0. ♦

We have, by (2), and (3) that

Dn ∼ E

(
e−
|A−1∗X|2

2n
|A−1∗X|4

n2

)
.

To conclude the proof of the theorem,
∞∑
n=1

E

(
|A−1∗X|4

n2
e−
|A−1∗X|2

2n

)
=
∞∑
n=1

E

(
|A−1∗X|4

n2

∫ ∞
|A−1∗X|√

n

se−
s2

2 ds

)

=

∫ ∞
0

se−
s2

2 E

( ∞∑
n=1

|A−1∗X|4

n2
1[|A−1∗X|≤s

√
n]

)
ds

≤ 2

∫ ∞
0

se−
s2

2 E

(
|A−1∗X|2(s2 ∧ |A−1∗X|2)

)
ds

≤ 2E(|A−1∗X|2)
∫ ∞
0

s3e−
s2

2 ds

<∞. ♥
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