LOCAL LIMIT THEOREMS FOR GIBBS-MARKOV
MAPS

JON AARONSON AND MANFRED DENKER

ABSTRACT. We prove conditional local limit theorems for Gibbs-
Markov processes whose marginals are in the domain of attraction
of a stable law with order in (0, 2).

INTRODUCTION

Given a R-valued stationary stochastic sequence Xi, Xs, ... defined
on a probability space (€2, F, P), we consider local limits of the partial
sums S, := X7 + --- + X,,, that is the existence of constants A,, B, €
R, B, — +oo such that V x € R and I C R ( an interval),

k, — A,
B,P(S, —k, €1)—|Ilg(r) as —g5 Tk (LL)
where ¢ is a continuous probability density on R.
These local limits are connected to distributional limits where

S”B;A”AY (DL)

for some limit random variable Y. Indeed it can be shown that if
the convergence in (LL) is uniform in x € compact subsets of R and
g = fy (the density of V') then (DL) is satisfied with the same constants
A,, B,. This is essentially the De Moivre- Laplace proof of the classical
central limit theorem (see [16], [17]).

In the case where X, Xy, ... are independent, (identically distributed)
the forms of the possible limit random variables Y are known ([30], [1§],
[23]) and are distributed according to the well known stable laws which
have smooth densities.

The local limits for independent random variables satisfying (DL)
can be found in [23] (see also references therein and [11]).

2000 Mathematics Subject Classification. 28D05, 58F11, 58F15, 58F19, 58F 30,
60F05.
This research was supported by a grant from G.L.F., the German-Israel Foun-
dation for Scientific Research and Development.
1



2 @J. Aaronson and M. Denker

The distributional limits (DL) have been established for wide classes
of non-independent stationary stochastic sequences (see [9] and [23]
and references therein).

In contrast, the local limits (LL) are only known for various classes
of stationary stochastic sequences which are close to Markov chains
(see below).

Using methods developed by Markov ([31]) and Doeblin ([13]) to
prove (DL) for certain Markov chains, Kolmogorov (]26], see also [17])
obtained the local limits (LL) for Markov chains with finite state space.

Nagaev ([35]) considered a wide class of stationary Markov chains
with infinite state space, obtaining local limits in the normal case, and
distributional limits in the stable case. Aleshkyavichene ([8]) obtained
local limits for certain stationary Markov chains in the non-normal,
stable case.

In general, a stationary stochastic sequence (X7, Xo, ... ) is generated
by a dynamical system and a measurable function:
X,, = foT™ where T is a probability preserving transformation of some
probability space €2, and f : €2 — R is measurable.

Local limits were obtained in the normal case for stationary se-
quences generated by Lasota-Yorke maps of the interval and functions
of bounded variation by Rousseau-Egele ([38], see also [33], [34]), and
for Lipschitz continuous functions of mixing finite state topological
Markov shifts under Gibbs measures (]|20], see also [19]; and [12] for
multidimensional extensions).

One feature of the results of Aleshkyavichene and Nagaev which
interested us, is that the constants A, and B, appearing in (DL) and
(LL) are completely determined by the marginal distributions of the
X,, in case the limit stable random variable Y is not normal.

We show here that this phenomenon persists for stationary sequences
generated by mixing Gibbs-Markov maps (see §1) together with aperi-
odic (see §3), Lipschitz continuous functions. The limit theorems are
given in §6.

In fact, the results of §6 are established with respect to the sequence
of conditional measures on the fibres of T™ given by the Frobenius-
Perron operators (defined in §1). This enables an application to infinite
ergodic theory in §7 where we establish pointwise dual ergodicity of
certain skew products, including certain interval maps. The results are
also applied in [5].
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The methods of this paper closely follow those of [35] (as do those
of [20], 33|, [34] and [38]) working through the spectral theory of
Frobenius-Perron operators satisfying the Doeblin-Fortet inequality (see
below) and relying on perturbation theory (see |25]). As far as we know
this is the first application of such to establish (LL) in the non-normal,
stable case.

The main underlying idea is that a stationary sequence (X7, X, ...)
generated by a mixing Gibbs-Markov map together with a Lipschitz
continuous function has the property that
30 <r <1, e>0and a function A : (—¢,€) = B¢(0, 1) such that

sup ess-sup,cq| B¢ [T() = ) — A)"pe(y)] = O(™) as n — oo

t|<e
(NV)
where p; — 1 uniformly as ¢ — 0.
This property is established in §4 using the spectral theory of char-
acteristic function (or perturbation) operators (see §2) which are per-
turbations of the Frobenius-Perron operator (see §1).

The asymptotic expansion of the function A : (—¢,e) — Bc(0,1) is
obtained in §5 when the distribution of X; is in the domain of attraction
of a p-stable law (0 < p < 2). It is the same as that of the characteristic
function of X; (see remark 1 after theorem 5.1). The convergence
(LL) (and (DL)) is then established as in the independent case and
the constants A,, and B,, appearing in (LL) and (DL) are completely
determined by the marginal distributions of the X,, as remarked above.

The classical case where the distribution of X; is in the normal do-
main of attraction of the Gaussian law (i.e. F(X?) < oo) can be
obtained by straightforward modification of [20] or [38] and is only
included in the discussion in §7.

There is some discussion of stationary sequences generated by mixing
Gibbs-Markov maps together with periodic (= non-aperiodic) Lipschitz
continuous functions in §3 and §7.

§1 PRELIMINARIES ON MARKOV MAPS

Let (X, B, m,T) denote a nonsingular transformation of a standard
probability space. It is called a Markov map if there is a measurable
partition « such that T'a € o(a) mod m V a € a, which generates B
under 7" in the sense that o({T""a : n > 0}) = B and which satisfies
T|, invertible and nonsingular for ¢ € a. Markov maps are called
Markov fibred systems in [6].
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Write o = {a, : s € S} and endow SN with its canonical (Polish)
product topology. Let

Y= {s=(s1,50,...) € S": m(ﬂT‘kask)>O Vn>1},

k=1

then X is a closed, shift invariant subset of SN, and there is a measurable
map ¢ : ¥ — X defined by {¢(s1,89,...)} == e, T *Va,,. If
m' =mo¢~t € P(SY) (the set of probability measures on SY) then ¥
is the closed support of m/, and ¢ is a conjugacy of (X, B, m,T) with
(3, B(X), m/, shift). Thus there is no loss of generality in assuming that
X =X, T is the shift, and a = {[s] : s € S}.

Throughout this paper, we fix r € (0, 1) and define the metric d = d,
on X by d(x,y) = r*®¥) where t(x,y) = min{n > 1: z, # y,} < o0,
then (X, d) is a Polish space and T": X — X is Lipschitz continuous
on each a € a.

Remark A function f : X — R is called Holder continuous on X if
36 € (0,1) and M > 0 such that

1f(z) = f(y)| < MOV Y 2,9 € X,

Thus Hoélder continuous functions are in fact Lipschitz continuous with
respect to the appropriate metric d = djy.

For n > 1, there are m-nonsingular inverse branches of 7" denoted

vy : T"a — a (a € af~') with Radon Nikodym derivatives

, _dmou,

U, 1=

dm

Since Ta C o(a), T"af™' = Ta, and 3 a (finite or countable )
partition § coarser than « so that o(Ta) = o(8).

We'll assume throughout that 7" is topologically mixing in the sense
that

Vabea, In.g 2 T"aDbV n>ngy.

The Frobenius-Perron operators Prn : L'(m) — L'(m) defined by

/PTnf'gdm:/f~goT"dm
D' b'e
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have the form

PTnf:ZIb Z vl - fou,.

bep aEag_l, TmaDb

As mentioned in the introduction, they give the conditional probabili-
ties

E(fIT"(-) = y) = Pra f(y).

Definitions

1) Let C, £ be Banach spaces such that C D L and ||-|¢c < ||+ ]|z. We
say that the pair (C, £) is adapted if L-bounded sets are precompact in
C.

2) Let (C, £) be an adapted pair of Banach spaces. A linear operator
P :C — C is said to be a D-F operator on (C,L£) if 36 € (0,1), M >
0, n € N such that

[P flle <0l flle+ Ml flle ¥V feL
We’ll call this latter inequality a D-F' inequality.

It follows from the Arzela-Ascoli theorem that if X is a compact met-
ric space, then (C(X), L(X)) is an adapted pair where C'(X) and L(X)
are the continuous-, and Lipschitz-continuous real valued functions on
X (respectively). The terminologies "D-F inequality” and ”D-F oper-
ator” are in honour of W. Doeblin and R. Fortet who first considered
such operators (in [14]).

Recall that a linear operator A on a Banach space L is quasi compact
(on £)if 3 N > 1, 0 € (0,1), projections Ej,..., Ey C L onto finite
dimensional subspaces and Aj,..., Ay € S':={z € C: |z| =1} such
that

N
IAf = MExflle < MO™|[fllcV f €L
k=1

It was established in [14] that a D-F operator on (C(X), L(X)) is
quasi compact on L(X) and this was generalised in [24] to show that
a D-F operator on an adapted pair (C, £) is quasi compact on £. The
proof of this uses inter alia that if A is a D-F operator on (C, £), and
t(A) denotes the spectral radius of A : £ — L, then t(A) < 1 with
equality iff 3 f € £ and )\ € S! satisfying Af = \f. It is also shown
in [14] and [24] that if f € C and A € S! satisfy Af = \f, then f € L.

Definitions
3) A function f: X — R is Lipschitz continuous on A C X if
z,y€A d(&l, y) 7
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and Lipschitz continuous at x € X if it is Lipschitz continuous on some
neighbourhood of z.

Given a partition p of X into open-closed sets and 1 < g < oo, we
consider Lip,,, C L%(m), consisting of functions X — C which are
Lipschitz continuous on each a € p. The norm on Lip, , is defined by

IFlip, = Il + Dyf

where
D,f :=supD,f.

aep

If p is infinite and ¢ < oo, then not all functions in Lip, , are bounded,
but if f € Lip, , and a € p, then

1
|/ (0)] < s / fldm + D, .

rEa

This is because |f(z) — f(y)| <rD.f ¥V z,y € a.

We show that for 1 < ¢’ < ¢, (LY (m), Lip, ,) is an adapted pair on
which, for large enough n > 1, Pr» is a D-F operator.

The following (standard) version of the classical Arzela-Ascoli theo-
rem implies that for 1 < ¢ < ¢, (L9 (m), Lip, ,) is indeed an adapted
pair.

Theorem If f, € Lip, ,, and sup,,>, an”Lip < 00, then 3 nj — o0
and g € Lip, , such that !

fon(z) = glz) ask — ooV z € X,

Hg“Lipq’p < hgggﬁ ”anLipq’p?

and
o, —gllg =0 ask -0V 1<q <q.

A Markov map (X, B,m,T,«) is Gibbs (Gibbs-Markov) if the two
additional assumptions are satisfied:

inf m(Ta) >0

acw
(we call this the big image property), and
(6)
/
M0 5 Ll
va(y)

Example 1. Markov chains

—1| < Md(z,y)Vn>1 a€al?, v,ycTa.
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Let S be a countable set, P : S x S — [0, 1] be an aperiodic, irrre-
ducible stochastic matrix and 7 € P(S), 7, >0V s € S. Let T: SN —
SN be the shift and define a Markovian probability m € P(SY) by

m([slv 5254, Sn]) = Tsy1Psy,s0 -+« Psp_1,5n-
Let X = {x € SN : m([z1,...,2,)) >0V n > 1} and let o = {[s] :
s € S}. Evidently (X, B, m, T, «) is a Markov map.
It can be shown that (X, B, m,T,«) is Gibbs-Markov iff 3 M > 1
such that

i<ps,t
M=

< M whenever s,t € S and ps+ > 0.
Tt

Example 2. Markov interval maps

Let I := [0,1] and let m be Lebesgue measure on I. Let « be a
partition of I mod m into open intervals and let 7" : I — [ a non-
singular transformation so that 7" : a — T'a is a homeomorphism V a €
a.
Clearly (I,B(I),m,T,«) is a Markov map iff Ta € o(a) V a € .
Now suppose that V a € «, there is a C?-diffeomorphism v, : Ta — @
such that T'|, = v, !. Assume in addition that T is uniformly expanding
in the sense that 3 ¢ > 1 such that |7”| > ¢, and that 7" has the so-called
Adler property (see [7])

7" ()]
su
xGaIEJa T’(ZE)2
A calculation (see R. Adler’s afterword in [10]) shows that

7" ()] _ Mc ne1
Wﬁ]\L::VnZL %ECLEC%()

= M < 0.

whence

|U£(96)
va(y)
We claim that (&) holds with d = d,, r = %. This is because if 2,y € I

and 7"+ < d(z,y) <", then 3 b € af ' such that z,y € b, whence
|z — y| < diam. b = diam. v, (T"b) < ||lv}|lee < 7™ < (2, y),

—1|<Mlz—y| Yn>1, acalt, z,y €T a.

and )

v (x
D) < o).

Thus if T is a uniformly expanding piecewise C? Markov map having
the big image property and the Adler property, then (I,B(I),m, T, «)
is a Gibbs-Markov map.
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The following shows when the Gibbs-Markov property is preserved
under passage to an equivalent measure.

Proposition 1.1 Suppose that (X, B, m, T, «) is a Gibbs-Markov map,
and that pn ~ m, log g—r’i € Lip o/
then, (X, B, u, T, «) is a Gibbs-Markov map.

Henceforth, unless stated otherwise, (X,B,m,T,«) will denote a
mixing Gibbs-Markov map.

Proposition 1.2 (Renyi’s property)

Vn>1, acal™?, v, =M™*m(a) a.e. on T a.

Here, and throughout a = ¢*'b (where a, b, ¢ > 0) means ¢ 'b < a < cb.

Proofs of proposition 1.2 and the next corollary (a descendant of
Renyi’s theorem [37]) can be found in §2 and §3 of [6] (see also [3]
chapter 4).

Corollary
1) T is exact, and 3 h € L>(m) such that h > 0 a.e., and Prh = h.
2) If |[Ta| < oo, then logh € L*(m).

We now consider Pr acting on the space L := Lip,, g.

Lemma 1.3 Suppose that g € Lip, 5 and a € ol then

v (2)g(va(2)) =0, () g(va(y))| < M"d(z,y) (M/lglder(MH)m(a)r”Dag)-

Proof

[va(2)g(va(2)) — v, (y)g(va(y))]

< o (@) ga@) Y 1] + (1) gva(@)) — glval))]

va ()
=1+ II

We have that

1
< — n .
9(0a@))] < s [ lgldm +7"Dog ¥ € X
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Hence, by Renyi’s property, and (&),
I < MM"d(z,y)m(a)|g(va(z))|

< MM”d(x,y)(/|g|dm+m(a)T"Dag).

Also by Renyi’s property,
IT < M"m(a)d(ve(z),va(y))Dag = M"d(z,y)m(a)r" Dyg.

The result is that

I+ 1< M'd(z,y) <]\/[/ lgldm + (M + 1)m(a)r"Dag).

Proposition 1.4 (D-F Inequality) For f € Lip, 4,
[1Profll < M" (M +2)r"Daf + (M + 1) fll1) -
In particular, Pr: Lip, 3 — L.

Proof Let g € Lip, 4, then

Prng = Z Irnqvl - g o vg.
1

n—
GEOLO

For each n > 1, and a € af"! we have

1
- < n mn
|g(va(2)) m(a) lgdm| < Dygr*"VaxeTl

whence, using Renyi’s property and D,g < Dgg,

1
@ /|g|dm+Dﬁg ")

m

[Prag(@)] <) Lrna(@)vg(2)(

n—
CLGO&O

<M"Y m(a)is [ loldm + Do

n—1
a€a0

— M"Dyg " + M|lg|:.
It follows that

[1Prnglloe < M"Dgg 1" + M"||g]x.-
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Forge L, z,ycbep,
|Prog(z) — Prag(y)|
< > h@)g(va(@) — vl (y)g(va(y))]

aeag_l , T™aDb

< M"d(z,y) Z (M/ lgldm + (M + 1)m(a)r"Dgg) by lemma 1.3

aeag_l, TmaDb
< M"d(z,y)(M|[g|ly + 7" (M + 1) Dsg).
OJ

Corollary 1.5 ([21]) Let h € L*>°(m) satisfy Prh = h, then h € L.
This follows from [14] and [24] as remarked above.

Theorem 1.6
Pr=p+Q
in Hom (L, L) where uf = [y fdm - h, Qu=pQ =0, and (Q) < 1.

Proof By the theorem of [24],
Pr=p+@Q

where Qu =pQ =0, t(Q) <land I N €N, \,...;, Ay € C, | M\ =
1 and finite dimensional subspaces FEi,..., Ey C L such that u =
Zgil M. P, where Pg, is a projection onto Ey (1 <k < N).

By the corollary, T' is exact and so Ejy = {0} whenever A, # 1. It
follows that uf = [, fdm - h. O

Henceforth, unless stated otherwise, we shall assume that the mixing
Gibbs-Markov map (X, B, m, T, «) is probability preserving, in partic-
ular h = 1.

It is now possible to obtain a (well-known) strengthening of the ex-
actness part of Renyi’s theorem known as ”exponential decay of corre-
lations” (see [39]):

By theorem 1.6, 36 € (0,1) and K > 1 such that

| Pro f _/ fdmlly < K0"|Ifll. Vn>1, f€Lip
b
Since Vn > 1, a € ag”! we have Pr1, = v, and ||v.|, < (M +

1)M"m(a), it follows that (T, «) is continued fraction mizing (see [2],
[3] and [6]):
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for some K’ > 0,

im(anT =" BY—m(a)m(B)| < K'6"m(a)m(B) Vn,k > 1, a € af™, B € B.

§2 CHARACTERISTIC FUNCTION OPERATORS
Let (X, B, m, T, a) be a mixing, probability preserving Gibbs-Markov

map.
For w : X — S! measurable, define

P.f = P(wf) (f€L'(m))

where P = Pr, and for ¢ : X — R? (¢ = (¢, ..., ¢?)) measurable,
t € R set P, := Py, (s where x,(y) = e'¥).

In the independent case where ¢ is a-measurable and o, T 'a, . ..
are independent,

—~

P1 = B(e)

which is why the P, are sometimes called characteristic function oper-
ators.

We'll use these operators in §5 to obtain local (and distributional)
limits. The relevant spectral theory is developed in §4. In this sec-
tion, we establish the necessary basic properties of these operators as
perturbations of P.

Proposition 2.1 (D-F inequality) Suppose that w : X — S is
Lipschitz continuous on each a € «, and that D,w < oo, then for
felrL,

rD,w rD, w .
WP fllL < M”((M+ T, +1)||f|]1—|— (M—i— - —I—Q)r D5f>.

Proof Note that
n—1

P> (f) = Prn(w,f) where wy(x) := Hw(Tkx).

It follows that

Fy(N@) =) L) Y vi(@)wa(va(®))f(va(2)).

beps anzS*l7 TmaDb

We have that |PJ(f)(z)] < Ppe([f)(x) < M"(||fllL +7"Dgf) as in
the proof of proposition 1.4.
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For z,y € b € 3,

P2 (F)(x) = B3 () ()]
< ) @wn(va(@) f(va()) = v (y)wn(va() f (va(y))]

a€ozg_1, TmaDb

< Y <Ia+lla>

anzg_l, TmaDb
where

T = wn(ta(2) (F (0a@))0(2) — F(0a(®))()))
< M"d(x,y)(M / [Fldm + m(a) (M +1)r" Dy f)

by lemma 1.3, and

I]a - U;(y)|wn(va<m>>f<va(y)) - wn(”a(iy))f(va(y)M
= V()| f(va(¥))[lwn(va(2)) — wn(va(y))|

< ([ m + 7 m(@) Do 05 — (0 )

by the Renyi property, and Lipschitz continuity.

Now

SO

rD,w

1o £ M2 ) 11+ @)D, )

and the conclusion is
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Ds(PJ(f))

< Z M”((M—i— ZD_(XL:) /a|f|dm—|— (M—i— ZD_QC: +1)T”m(a)D5f)

n—1
(ZEQ’O

rD,w rD,w n
:M”(<M+ 1_T)||f||1+ (M+ T +1)r Dgf).

O

Corollary 2.2 Suppose that w : X — S' is Lipschitz continuous on
each a € a, and that Dyw < 0.

If g : X — C is measurable, and go'T' = Mwg for some A € C, then
g€ L.

Proof Since T is conservative (being probability preserving) and er-
godic, we have that A € S, and |g| is constant and hence integrable.

Also

P.g=P(wg) = P(A\goT) = g.
It now follows from proposition 2.1 and [14], [24] (as remarked before)
that g € L. O

Corollary 2.3 Suppose that ¢ : X — R? is Lipschitz continuous on
each a € a, and that Dy¢ < o0.

If g : X — R? is measurable, and ¢ = goT — g, then g is Lipschitz
continuous on each Ta, (a € ).

If |[Ta| < oo, then g € L (whence also ¢ € L).

Proof By corollary 2.2, x;(g) € L V t € R?, and so g is continuous.
Thus 3 M > 0 such that V w € X, dn > 1 such that

|g(y) - g(Z)‘ < Md(y,Z) v Y,z € [wla SR 7wn]-
By possibly increasing M > 0, we ensure that in addition, r(D,¢ +
M) < M.
Since g(Tz) = g(z)+¢(x), we have Vy, z € [wa, ..., w,| = T(wy, ..., w,]
9(y) = 9(2)| < (Dagp + M)d(wry, wr2)
= 1(Da¢p + M)d(y, z) < Md(y, z).

Doing this n times, we get

l9(y) — g(2)| < Md(y,2) Vy,z € T|w,].
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Theorem 2.4 (Continuity) Suppose that ¢ : X — R? is Lipschitz
continuous on each a € a, and that D,¢ < oo, then

1Ps = PtHHom(L,L) <

M"(<2+2M+rt|Da¢>E|1—xts<¢>\+<3+2M+|t|Da¢>|s—t|Da¢).

Proof
For g € L and t € R? we have

Pig = P(®Pg) =3 " xi(¢ 0 va)lraty - g0 vas

aco

whence

(Pi—=P)g = Traxi(d o va)(1 = Xa t(¢ 0 va) V), - g0 Va,

aco

We'll use that for z,y € a € a,

IXe(0(2)) — Xxe(0(y))| < [t|Dapd(z, y)
whence

1
(D(0u(z) — s / xe(@)dm| < [t|Dap ¥z € Ta,

and
1
11— x¢(pow,)| < W/@H—Xt(qﬁﬂdm—i-]ﬂl)a(ﬁ on Ta. (1)

Also, using (1), V z,y € a € a,

(2)

O (@(2)) = xs(6(2))) = (xal@(y)) = xs(0(¥)))]
< [Xs-t(0(y)) = Xs-t(D(2)) | + [1 = Xs-e(D(y))|[x2 (@ xi(0(y))|

< (o) (s = 1102600 + 11D.0) + D0 / 1= X9 ).
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In particular, we have that, V z,y € Ta, a € «,
|(Ps = P)g(z)]
<D lra(@)[1 = X (D(va(2))) [V ()] g ()]

aco

<M"Y ) [ 1= @+ m(a)ls = 10,6 ) ol by (1)

aco

<M (E<|1 @) + s — t\Dm) .
For z,y € b € 3,
(P — P)g(x) — (P — P)g(y)| =

> Ca(@(va(2) = xs(@(va(@))))0) (@) g(va())

aca
TaDb

(xi(¢(va(y))) — xs(¢(va(y))))v;(y)g(va(y))‘ <

> (v;(w)!g(va(fv))ll(xt(cb(va(af))) = Xs(0(va()))) — (Xe(@(va(¥))) = Xs(D(va(y))))]

aca
TaDb

11 = e Da ) (g (vala)) — vﬁ.(y)gwa(ym)
= Y (L+I1L).

a€a, Tadb

By lemma 1.3 and (1)
[y = |vg(7)g(va(r)) = v ()9 (va(y)I[1 = Xs-1(d(va()))]

< M) (O + DrDag + Mlgllo) ([ 1= xe(@ldm + mi@ls ~ 11D,

whence

S I < Md(e,y)(M+1)rDsg+ M]gll..) (E|1—x8_t<¢>|+|s—t|Da¢).

a€a, Tadb

Using Renyi’s property and (2),
I = o)) (e (@))) = xo(6(0a(@)))) — (xa(b(a(y))) = x(Dvaly)))]
< M|lglld(z ) (m<a>\s — D1+ 11D.) + 1D [ 11~ xs_t<¢>|dm)
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and

S L < MYglled(z.y) (|s—trDa¢<1+|t\Da¢>+|trDa¢E<r1—xs_t<¢>|>).

a€a, Tadb

The conclusion is that

1(Ps = Pi)gll.

< (Em X)) + s — tum) 9]l
T+ M(M + 1)rDag + Mg]l) (Eu et(B)] + s — t\Dm)
£ Mgl (|s Dbl + [t1Dad) + [t DadE (1 — xs_t<¢>|>)

< M"||g||L(<2 £ 2M + [Dad) EIL = xout(6)] + (3 + 2M + |t|Dads)s — t|Da<z>).
]

Remark
In case ¢ € Lip,, then (as in [38]), t — P, is C* (T — Hom(L, L))

with g_ltj:f = P(igWei @1 f) and aﬁjgk = —P(¢Wpk)eilo) f),

§3 PERIODIC AND APERIODIC COCYCLES

Suppose that (X, B,m,T) is an ergodic probability preserving trans-
formation, G is a locally compact, Abelian, second countable topolog-
ical group, and ¢ : X — G is measurable.

Define the skew product transformation Ty : X x G — X x G by
Ts(x,y) = (Tz,y+¢(x)). Evidently Ty preserves the measure m x mg
on X x G where m¢ is Haar measure on G. R

We say that ¢ is aperiodic if there is no character v € G so that
v o ¢ is T-cohomologous to a constant, i.e. the equation

_ Mg(@)
9(Tz)

has no solution A € S' := {z € C: |z| = 1} (the multiplicative unit
circle), g : X — S! measurable other than A = 1, g = 1. We say that
¢ is periodic if it is not aperiodic.

In case T} is ergodic, aperiodicity is the same as demanding that any

eigenfunction for T, is the lifting of an eigenfunction for 7" (defined on
X).

Yoo
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In this section, we consider a probability preserving, mixing Gibbs-
Markov maps (X, B, m,T,«) and we discuss the aperiodicity of Lip-
schitz continuous functions ¢ : X — G. We begin with sufficient
conditions for aperiodicity. The results are analogous to those of [27]
and [2§].

Theorem 3.1

Let (X,B,m,T,«) be a probability preserving, mixing Gibbs-Markov
map, and suppose that v : X — S is a-measurable.

If g: X — S is measurable, N € St and o = X-g-goT, then g
is ax-measurable where a, is the finest partition with the property that
each Ta is contained in an atom of c.

We Il say that a Gibbs-Markov map (X, B,m,T,«) is almost onto if
= {X} mod m; equivalently Vb,c € «, In > 1, b = ag,ay,...,a, =
ceozsuchthat Ta,NTap 1 #0 (0< k;gn—l)

Corollary 3.2 Let T : X — X be a probability preserving, almost onto
Gibbs-Markov map with respect to the partition c.

1) Suppose that o : X — S* is a-measurable and \ € S*. If g: X —
St is measurable, and ¢ = \g-go T, then g is constant.

2) Suppose that ¢ : X — G is a-measurable, then either ¢ is aperi-

odic, or 3y € G, A € S! such that
Yoo = A

To prove this theorem, we consider skew products over (X, B, m, T, )
as in |27] and |28].

Let (Y,C, ) be a standard o-finite measure space and suppose that
{T,: a € a} are non-singular transformations of Y (i.e. po T, 1 ~ pu).

Define the Y -skew product over a 7: X xY — X x Y by

(2, y) = (T(x), Ta@)y)

where x +— a(x) is the so-called a-name of x (i.e. z € a(x) € a).

We have that

n($ y) - (Tnx>Tan(m)y)

where z — a,(z) € af !

T, 00T,
The Frobenius-Perron operators Py« : L' (m x ) — L'(m x p) satisfy

Pofley) =3 1) Y o@)PL (@), D)

beps aeag L rnadb

is the off '-name of x, and T4y, 4, 1) =
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where Pp, : L'(u) — L'(u) is the Frobenius-Perron operator corre-
sponding to 7.

Definition ([28]) A Markov map (X,B,m,T,«) is called quasi-
Markov if whenever 7 is a Y-skew product over o, g € L'(m x p),
satisfies P,g = g, then [g > 0] is o x C-measurable.

We prove

Theorem 3.3 Any probability preserving, mizing Gibbs-Markov map
s quasi-Markov

and deduce theorem 3.1 from it.

For f: X xY — R measurable and y € Y let f, : X — R be defined
by £,(1) = f(z,y). Set

N _ |f(x,)—f(x’,)|
L R T B G e e e L

I flle:=mf{[llglllz: g=fmxp— ael,

and let
L=Af:XXY =>R: |[fllc< oo}

Clearly f € L entails the existence of g = f a.e. such that g, € LV y €
Y.

Proposition 3.4 If f,, € £, f € L'(m x p), and f, =5 f,
then

lim inf | fulle = 11 fllz-

Proof Suppose without loss of generality that

Vfulle = / 1) llndn < M ¥ > 1.

It follows that for liminf,, . ||(f.).|lz =: M(-) < co and that for p-a.e.
y € Y, 3 a subsequence ni(y) — oo so that ||(fu, )yl = M(y) as
k — oo.

By the version of the Arzela-Ascoli theorem in §1, there are further
subsequences nj (y) — oo (of {ny(y)}x>1), and functions g, € L so that

Fo (@ 9) = (Fupwp)y(@) = gy(2) ¥V € X, & |lgylle < M(y).
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Since f(z,y) = gy(z) a.e., we have that

1l < / 9.l odu
Y
< / lim inf ||(£,).| s
Y n—oo
< lim inf/ |(fn)-llLdp by Fatou’s lemma
n—o0 Y

= liminf || f,.|| -
—00

O

Now let T': X — X be a Gibbs-Markov map with respect to the
partition «, and let 7 be a skew product over (7', «).

Lemma 3.5

[P flle < MP((M + D) fll+ (M +2)r"(flle) ¥ feL, n=1

where M and M" are as in §1.

Proof

Pof(z,y)l <Y L(2) Y v(@)Pr(f(va(2),))(y)

bep aeagfl’T"an
1 n
<Yue Y d@Pus [+ 100)
bep a6a8*177”a3b @

<M"Y P [ Ifldm i) 1))

n—
acoy

Hence, using [, Pr, fdp = [, fdp,

/Y 1(Prn f) Mloodp < MP(|LFllx + " (1F1l2)-
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Next, we have for 2,2’ € b € 3,
’P'rnf<x> ) - PT"f(:E/a )|

S () - @,

aEag_l, TmaDb

S () - @), ))

aEag_l, T"aDb

< Z Pr, (M"d(a:,x') (M/ |fldm + (M + 1)r"m(a)||f.||L)> by lemma 1.3,

n—1
CLEOéO

IN

and it follows that

PTn xZ, - —PTn .’L',,' n
/ ( sup [Frd (@) = P f >’)du3M"(M||f||1+<M+1>r ||f||g).
Y

z,x' €bef d(.fE, .Z'/)

O
Proposition 3.6 If h € L'(m x ), satisfies Pyh = h, then h € L.

Proof It follows from lemma 3.5 that 3 M"" > 0 such that
[P flle < M| fllc ¥ f € L.

Suppose that h € L'(m x p), satisfies P.h = h. Given 0 < € < 1,
choose f. € L with || f. — h||1 < e. By the stochastic ergodic theorem

([29)),
1 n—1
- Zprkfe m—X!; he
n
k=0

where P he = he € L' (m x p).
It follows from Fatou’s lemma that

n—1

. 1
= Rl < Bt = 57 Pl < 1 =l < e

We claim that h. € £. This follows from proposition 3.4, as

n—1

1
Il < minf 2 32 Pasile < MIF e

Again, by lemma 3.5, we have
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[helle = | Prhelle ¥V n > 1
< M(r"[|hell 2 + Ilhell1)
— M"||h||1 as n — o
< M"(||h]|1 + 1),
To finish, set H,, := h%, then H, € L and

H, ™% b and sup,, || Hn||z < oo. By proposition 3.4, h € L.
O

Proof of theorem 3.3 Let (X, B, m,T, «a) be a probability preserving,
mixing Gibbs-Markov map. Suppose that 7 is a Y-skew product over
« and that h € L'(m x p), satisfies P,h = h.

Let A :=[h > 0]. Clearly 77'A D A mod m x pu. We show that A is
a X C-measurable.

To this end, let

Ap={(z,y) € A2 m([n]\ 4y) =0},

then A; = (J,co@ X By where B, = {y € Y : m(a\ A,) = 0}. We
show that Ay = A mod m x p.

We first claim that if this is not the case, then 3 N > 2, s =
[50,---,8n] € and C € C, u(C) > 0 such that s x C C A\ A;.

To see this we note that by proposition 3.6, h € £ and so for u-a.e.
y €Y,z h(zr,y) is continuous X — R.

It follows that for m x p-a.e. (v,y) € A, In>1x € a € af ' such
that m(a \ A,) = 0 whence A =J n-1a X C, where C, = {y €

n>1, a€ay

Y : m(a\ A,) = 0}; and our claim is established.

Let p < m x p be that finite (7-invariant) measure with density

dp __
Tn = h then

(A, B x C,p, 1) is conservative and so 3 n > N such that p((s x C') N
T7™(s x C')) > 0. It follows that also p((s x C)N7"(s x C')) > 0.
Sincen > N, T"s € o(a) and (so X Y)N7"(s x C) = 59 x C" for some
C" € C. We have that ;(C' N C") > 0 because (s x C)N71™(s x C) =
sx (Cna.
The conclusion is that sg x C' C 7" A C A whence sy x C' C A;; and
p(A1N(sxC)) > p((soxC")N(sxC)) > 0 contradicting s x C' C A\ A;.
O

Proof of theorem 3.1 This proof is that of lemma 3 in [28]. Let Y =
[0, 1) equipped with u = Lebesgue measure. Define the transformations
T,:Y =Y by T,y = y+¢(a) mod 1 where o = \e*™™ and let T
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be the corresponding skew product. The probability p = m x p is
r-invariant. If h(z,y) = g(z)e*™ then

hor(z,y) =T,y +¢(x)) = g(Tx)Ap(2)e*™ = h(z,y).

We claim that h is a x C-measurable. To see this, note that if A € BxC
is 7-invariant, then P14 = 14 and by the quasi Markov property,
A € ax C. It follows that any measurable, T-invariant function is
a x C-measurable; for example h.

It now follows that g is a-measurable and an easy computation using
that g o T is also a-measurable shows that ¢ is indeed a,-measurable.

0

To complete this section, we now turn to the periodic case.

Let (X, B,m,T,a) be a mixing Gibbs-Markov map with respect to
the partition a and invariant probability m, and let ¢ : X — R? be
Lipschitz continuous on each a € a with D¢ = sup,c, D,¢ < oo.

Recall from §2 that P, € Hom (L, L) is a D-F operator, whence
t(P) <1

Proposition 3.7
Let t € RY, the following are equivalent:
1) t(Pt) =1
2)3 g: X — St Lipschitz continuous and z € S such that P;(g) = zg,
3) xt(@) is cohomologous to a constant.

Proof

The equivalence of 1) and 2) are shown in [24]. We show equivalence
with 3).

Suppose that x;(¢) = zgg o T where z € S* and g : X — C. By
ergodicity of T, we may assume that g : X — S'. It follows that
Pi(g9) = P(gxi(¢)) = P(zgoT) = zg, whence by corollary 2.2 g is
Lipschitz continuous. Conversely, suppose that 3 g : X — S Lipschitz
continuous and z € S* such that P;(g) = zg whence | < x;0¢g, 2g0T >
| =| < Pg,z9 > | = ||gl|l2- By the Cauchy-Schwartz inequality, x; o ¢g
and g o T" are linearly dependent and x;(¢) is cohomologous to the
constant z. U

Set
Q:={t € RY: x,(¢) is cohomologous to a constant}

Proposition 3.8 Q is a closed subgroup of R? and 3 z € Q such that
Xt(®) is cohomologous to, and only to z(t).
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Proof Evidently 9 is a subgroup of R%. Also, foreacht € Q, 3! 2(t) €
St such that x;(¢) is cohomologous to z(t) (as non-unicity would imply
d 2z € S, 2z +# 1 such that z is cohomologous to 1, an impossibility due
to the weak mixing of T').

To see that £ is closed suppose that ¢, € Q satisfy P;, g, = 2(tn)gn
where ¢, € L,|g,] = 1 a.e.. Suppose also that t, — t € R? and
2(t,) — ¢ e St

By proposition 2.1 4 M,k > 1, 0 < € < 1 such that
IPERL < Ollhll +Mhli Vn>1, he L

and it follows that
lgnlle = 1P gallz, < Bllgall + M ¥ n > 1 whence flgalls < 25,

By the Arzela-Ascoli theorem 3 ny — oo, g € L such that |/g,, —
glli — 0. Clearly |g| = 1 a.e., and to see that t € Q, we must show

that P.g = (g by proposition 3.7.

H
By theorem 2.4, P, O%’L) P,, whence

|Prg — Calli < [|Pg — Pignlly + | Pign — Prognllz + ||2(tn)gn — Cglla

M
< lg = gnlls + mHPt — P llHomr, ) + 12(tn) — ¢l + llg

—0

as n — oo. O

In particular, if Q = R? then 3 ¢ € R such that (=9 is a cobound-
ary in S1 V¢ € R%. By [22] and [32], ¢ — ¢ is a coboundary in R
By corollary 2.3, the transfer function is Lipschitz continuous on each
a€ a.

More generally,

Proposition 3.9 If Q is not a discrete subgroup of R? then 3 a vector
subspace V- C Q, v € V, and Lipschitz continuous functions g : X —
V, ¢ : X — V., Lipschitz continuous on each a € «, such that ¢ =
goT —g+v+1 and such that Q(v) N VL is a discrete subgroup of
&

Proof For eacht € RY {u € R: ut € Q} is a closed subgroup of R
and hence either discrete or = R. Set V := {t e RY: ut € Q Vu € R}.
It follows that V' C 9 is a vector subspace of R? and that Q(¢) NV+
is a discrete subgroup of V.

Taking projections we obtain functions ¢y : X — V, ¢ : X — V+
Lipschitz continuous on each a € « such that ¢ = ¢g + .

We check that Q(¢) N V+ = Q(¢) N V+ and hence is a discrete
subgroup of V+. Also Q(¢g) NV = Q(¢) NV =V whence by the

_gnHl
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above 4 v € V and ¢g : X — V Lipschitz continuous on each a € «,
such that o9 = goT — g+ v. O

§4 A NAGAEV-TYPE SPECTRAL THEOREM

Let (X,B,m,T,a) be a mixing Gibbs-Markov map with respect to
the partition o and invariant probability m, and ¢ : X — RY be
Lipschitz continuous on each a € «, and Dy¢ 1= sup,c, D¢ < oc.

Theorem 4.1
1) There are constants € > 0, K > 0 and 0 € (0,1); and functions
A:B(0,¢) = Be(0,1), N: B(0,¢) - Hom(L, L) such that

[PFh = A@)"N()bllL < KO"||hllL V]t <e, n=1, hel

where Y|t| < €, N(t) is a projection onto a one-dimensional subspace
(spanned by g(t) := N(t)1) and g(t) satisfies

lg(t) = 1l < K (|t + E(|e" —1])).

2) If ¢ is aperiodic, then ¥ M > 0, e>0, 3K >0and b € (0,1)
such that

IP b\, < K'0"|h|, Ye< |t| <M, helL.

By theorem 2.4, t + P, is continuous R¢ — Hom (L, L), and by propo-
sition 2.1 P, is a D-F operator V ¢t € R%. The proof of the theorem is
established by two lemmas about D-F operators.

The next two lemmas are well known. Similar statements can be
found in [35], [36] and [38]. We suppose that (C, L) is adapted, and
write || P|| := HPHHOIH(LL) for P € Hom (£, £).

Lemma 4.2
Suppose that Py € Hom(L, L) satisfies Py = po + Qo where 2 = o,
dimpol = 1, Qo = Qoo = 0 and such that the spectral radius of

Qo, t(Qo) <1, then
de>0, \: B(Fy,e) > C, Ny, Q: B(Py,e) - Hom (L, L) holomor-
phic, such that

PP = APP'NI(P) + Q(P)" (n > 1)

and where N1(P) is a projection onto a 1-dimensional subspace. More-
over, IN(P)] < 1 and 3 K € Ry, 6 € (0,1) such that ||Q(P)"|| <
KO" VY n>1, Pe B(P,e).

The proof of lemma 4.2 is standard using [15], chapter VII, §3.6.
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Lemma 4.3

Suppose that I C Hom(L, L) is a compact set of D-F operators, none
of which has an L-eigenvalue on S* (the unit circle), then
dK eR, and 0 € (0,1) such that

|P"| < K6 Yn>1 Pek.

Proof
We first show that maxpect(P) < 1.
For P € K and z € p(P)
Rp(2) = (21 — P)™.

For b > t(P),
M(P,b) := sup |Rp(z)]| < o0.

12>

If P' € Hom(L, £) and ||P — P'|| < M(P,b)~" then V |2| > b

Y I(P" = P)Rp(2)" < o0,

whence
N

Rp(2) Y ((P'= P)Rp(2))" — (21 — P')™!

n=0
in Hom(£L, £) as N — oo and B(0,b)° C p(P’) which implies t(P’) < b.
For each P € K, choose rp € (v(P),1). As above, for each P €
K, 3 ep = M(P,rp)~" such that
t(Q) <rp V Q€ B(P, EP).

By compactness of I, 3 Py,..., Py € K such that

N
K C U B(Pk,ﬁpk)
k=1

with the consequence that

t(P) <rg:= max rp, < 1 VPeK.

To complete the proof choose

maxt(P) <b< 1.
PeK

We have that (z, P) — (zI — P)~! is continuous {|z| = b} x K —
Hom(L, L).
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Therefore
sup ||(zI = P)7'|| = K < 0.
|z|=b, PEK
Now, forn > 1,
n 1 —-1_n 1 o it —1zn+1 _i(n+1)t
Pt =_— (21 — P)" " 2"dz = — (be™I — P)~"b""e dt
2710 S o= 2 Jo

whence

1 2T )
1Pm)| < —/ 1(bei'T — P) Yo+t < Ko™,
2m Jo

Proof of theorem 4.1
The first statement follows from lemma 4.2, and theorem 2.4.

By proposition 3.7, the aperiodicity of ¢ implies that for ¢t # 0, P,
has no eigenvalue on S*. s

By theorem 2.4, {P, : € < |t| < M} is compact in Hom(L, L), and so
by lemma 4.3, 36 € (0,1) and K > 0 so that ||Ptn||Hom(L,L) < Ko

forn>1, e < |t| < M. O

Remark
It follows from lemma 4.2 and the remark at the end of §2 that
if ¢ € Lipy,, then t — X(t) = A(P;) is C*. It can be shown as in
‘ - 2 ) () (k)
138] that 22(0) = iE(¢1) and 522-(0) = — limy,u Blonén ) Thus,
. * 2
At) =1+iE((o,t) + % + o(|t|*) as t — 0 where Ajr = 82—62(0).
The next section is devoted to an analogue of this when the marginal
distributions are in the domain of attraction of a non-normal, stable

distribution.

§5 EXPANSION OF THE EIGENVALUE

Definition

A random variable X on R is called stable if for all a,b > 0 there
are ¢ > 0 and v € R such that aX + bX’ 3= c¢X + v where X’ is an
independent copy of X and Y % — 7 means that the random variables
Y and Z have the same distribution.

In this case necessarily a? + b = ¢P for some 0 < p < 2, and p is
called the order of X.
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We'll denote a stable random variable with order p € (0, 2] by X,.
It is known that (up to translation) X, has a characteristic function of
form

6—c|t\p(1—iﬁsgn(t) tan(%)) P ?é 17

o S
gx,(t) == E (") = { el izt log 1y p=1

where ¢ > 0, # € R are constants, and an absolutely continuous dis-

tribution function with smooth, positive density fx,.

Throughout this section, we let (X, B, m, T, «) be a mixing, proba-
bility preserving Gibbs-Markov map, and let

o: X —>R

be Lipschitz continuous on each a € a, with D,¢ := sup,c, Do¢ < 00
and distribution G in the domain of attraction of a stable law with
order 0 < p < 2 equivalently ([16], [18], [23], [30]):

Lyi(z) == 2P(1-G(x)) = (c1+0(1))L(z), Lo(z) := aP’G(—x) = (cato(1))L(x)

as r — +oo where L is a slowly varying function on R, and where
c1,¢9 >0, ¢c1 +co > 0.

Let the operator P, : L — L
Pr(x:(@)f), let € > 0 and A(t) :=
4.1, and let E(e) = G(t).

Theorem 5.1 (Expansion of the eigenvalue)

e defined (as in §4) by Pf =

b
AMP:) (]t| < €) be as in theorem

Relog A(t) = —c[t|PL([t| ") (1 + o(1)),
and

Im log A(t)

by + cBlt]Psgn(t) tan(Z) + o(|t|pL<1/|t|>) 1),

as t — 0, where

1+ 22

> 1 dy
C’:/ (cosy— )—,
0 1+y*) y

Hj(/\):/o eLi@de ) asao oo (=1,2),

ty + 2ZECLL(L/[])) + t(HL(1/[t]) — Ha(1/[t]) + O(ItIL(l/ItD> (p

1)
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and the constants ¢ > 0, 8,7 € R are defined by

01— C _ (c1 4+ c2)l'(1 —p)cos(BF) p#1,
B = ¢= (c14c2)m

c1 + 627 — P = 1,
0 p <1,
N = [ (H% + sgn(z) le\ %du) G(dz) p=1,

7 aG(dx) p>1.

Remark N

The expansion of G is given by theorem 2.6.5 in |23] in case p # 1,
and by theorem 2 in [4] in case p = 1. As a corollary, we obtain that
under the conditions of theorem 5.1

| log A(t) — log G(t)| = 0(|t|pL(1/|t|)> as t — 0.

Lemma 5.2
O(t])) 1<p<2,

_ 0]y —
= {0( L) p=1

ast — 0.

Proof These estimates follow from the expansion of G (see theorem
2.6.5 in [23] in case p # 1 and theorem 2 in |4] in case p = 1). O

In the next 5 lemmata, h : R, — R, is locally integrable and slowly
varying at oo; n > 0, and ¢ : [-n,n] X Ry — R satisfies

limsup |g(t,z) — K| =0
t—0 z€R

for some constant K > 0. We'll denote ||g|| := sup,eg, 1<, [9(t, 7)|-
Lemmas 5.3-5 with g constant follow from lemmas 2.6.1-2 in [23],
and lemma 5.6 with g constant corresponds to lemma 2 in [4].
The proofs of the lemmas can be easily extracted from their corre-
sponding prototypes (with g constant) and so are not given.

Lemma 5.3 For 0 < p < 2, if the function w — u Ph(u)g(t,u) is
decreasing for every fixed t, then

<sin(y) y oy, [OK+oDROI1-pheos(Z)  ip#l
/o g 9 Py {(K—i—o(l))h(%)g ifp=1.
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Lemma 5.4 For 0 < p < 1, if the function v — u Ph(u)g(t,u) is
decreasing for every fixed t, then

| gt Dy = 0+ o)~ psin),

Lemma 5.5 Let 1 < p < 2, then

|t Ly = (5 + oI = p)sin)

Lemma 5.6 Suppose that the function v — u=*h(u)g(t, u) is decreasing
for every fixed t, then

[ |eosu= 12| sDate Dy = erouiny) [ Jeosy - 5] Say

1492y 't 1492y

Lemma 5.7 Let

ﬁg()\) _ /0°° xh(m)g(%,x)dz HO = /0/\ xh(z)dx

(1+22)(1+ %) 1+a2’

and suppose that 3 € > 0 such that sup,cg, l9(3,2) — 1] = O(A™°) as
A — 00, then

Hy(\) = H\) + o(h(N) as A — oo.

Proof This corresponds to lemma 3 in [4], and is deduced from it. Set

) = /Ooo( xh(z)dx

L+22)(1+ %)

It is shown in lemma 3 of [4] that
H(\) = H(\) + o(h())) as A — oo.

The lemma is therefore a consequence of
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To see this
~ ~ o zh(x)
H,(\)—H\)| < —,x) —
A0 =A< [l 1
1
< sup lg(5,0) 1] H()
rzeR
= O(H(AM)A™)
=o(h(\)) as A = o0
because both A and H are slowly varying at oo. U

Proof of theorem 5.1 Let g, = ([, g(t)dm)~'g(t) denote the eigen-
function of P, with eigenvalue A(t) satisfying | + ¢ dm =1, then

Alt) = A) / ge dm = / Py dm = / P(gie") dm = / G’ dm.
X X X X

By theorem 4.1
lg(t) — 1|l = O ([t| + E1 —€™?]) ast—0,
whence
1G: — Lo = O (Jt| + E[1 — €"?|) ast — 0.
By lemma 5.2,

O(t])) 1<p<2,
”gt—luoo: ast — 0.

o (L) p=1

Denote by Fy the o-algebra generated by ¢ and let g0 ¢ = E(g:|Fo),
then

A(t) = /gt0¢exp[zt¢ | dm = / gi(x) explitz|G(dx),

5u(@) — 11 < 13— 1 |t|/71<p<2 0
sup |ge(z) — 1] < [[gr — 1]|oc = ast — 0,
z€R < ‘t’L |t|> :1

and

/WQ&OG@m:1VteR

—00

For |t| small enough, g7 := Re g; > 0 and we may write
ge =g +ig’ —igy
where g := (£Im g,) A 0 > 0.
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For x = r,+, —, set g, = ¢;, then dG; := ¢;dG is a (positive) measure
on R. Note that

limsup |g:(x) — K| =0

t—=0 pcRr

where K = K, =1 for * = r and K = 0 otherwise.
Define distribution functions G’, GY (j = 1,2) on R, by

Gy () = Gi(z) — G4(0), Gi(2) := G4(0) — Gi(—2),

Gl(z) = G(z) — G(0), & G*(z) := G(0) — G(—x).

We have that

Gl (00) — GI(z) =

hj;;)gj<t7 .%‘)7

where (as z — c0)

and

_ Jo 9(w) G(du)

| [ Gl
)= Gl -

f:; G(du)

, & go(t, ) -

and it follows that sup,cp |g;(t,2) — K| — 0 as t — 0.

First let 0 < p < 1, then

/R (1= i) Gy(dx)
— /Ooo@ — ") Gl (dx) + /000(1 — e ") GY(d).
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Integration by parts and substitution of the above gives (for j = 1, 2)

| (1= exp[= (=1 ita]) G (d) = i~ 1)t /OOO expli(~1talg;(t,2) 1 a

o0

X

S—

(=17 senft) [ exploi(=17y sanlt)lot. /1) sy

(y/It])
/0 sinfy] g;(t, y/[t]) (%;)D y

et [ costl ot ety @1t
i1 snte) [ costl gt/ 16) STV

—lip / sinly] g,(t, /1t (y/’t‘)y

L i(—1P |t sen(t) / " coslyl g;(t,y/1t)) %@

+

Applying lemmas 5.3 and 5.4 we obtain

/R(l — explitx])Gy(dr)

= (K + o()ha(1/[E)|tPT(1 = p) |cos(2F) — i sgn(t)sin(5)]

+ (K + o(1)) ha(1/[H) [HP'T (1 = p) [cos(5) + i sgn(®) sin(5)]

= (I + o)L HPT(1 = p) [l + ex) cos(om/2) = sznt) (e1 = e2) sin(or/2)
= (K +o(1)eL(1/|t)It]P(1 — i sgn(t) B tan(pr/2)).

Finally
1o A(t) = / (1 — explita])g] ()G (dz)

i / (explita] — 1)gi (2)G(d) — i / (explita] — 1)gr (2)G(dx)
= (1 +o(1))cL(1/[t])[¢[P(1 — i sgn(t) Btan(pm/2)).

The case

1 < p < 2 is treated analogously using lemmas 5.3 and 5.5, and
replacing

/R (1— ¢%)G,(dx) with / (1 — explite] + itz) Gu(dz).
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We turn to the case p = 1. Write

) it
/(1 — et 4 T2 ) Gi(dx)

> : it > it ,
— 1— itx ? 1d / 1 — _—itx 2d '
| = ) aln + [ 1) GH(da)

14 22

Integration by parts gives
OO —(=1)itx it
| =y G
= (~1)it / ) <6_<_1)jm _ (1 — )hﬂx)gﬂt,x)dx _

1+ 22)? =

|t|/ sin][t]z] >~"J(t z)de +(—1)jz't/ooo(cos[tx]— (1_"""2 )hj(x)gj(t’m)dm.

14 x2)? x

i(t,x)dx * 2zhi(x)g;(t, v)dx
t

)?) 0 (14 22)?
= /O (Cos[ta:] i ttx)z) hj(ﬁ)gjx(t,x)dx (1 t2) (1)1t +'7t
where
i 222 i i [ 2zh(x)g;(t, v)dx
o= | e Glee) — Gllonde = [ 2RD0G
and

ﬁgj()\) — /OOO wh;(x)g;(t, v)dx

(14 22)(1+ %)

Changing variables, and using lemmas 5.3 and 5.6 respectively, we
obtain that

/0 " sinfjt]o) e @Dost 2)dr /0“’ sinfa) 1)y 0/ )

i T

Keym 1 1
— L(— L(— t
5 (|t|>+0( (|t)) ast — 0,
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and
/OOO <cos[tx] - im)Q) h](x)g]x(t, x)dx
[ (oot - )l
0 + 22 x
_ CchL(%) 4 O(L(%)) as t = 0.
By lemma 5.7,

Hy (A) = KH;j(A) +o(L()\)) as A — o0

where H;(\) = fOA ﬂ;f;‘”, and t*H;(1/[t]) = 0( (1/|t|)> ast — 0
since H; is slowly varying.

Putting everything together we obtain

/ (1+ it — ¢! GM(d) + / (1- it — =) G2(dx)
0 0

1—|—x2 14 22

= KL(— i )|t\(cl + co)m /2 —itL(1/]t])(c1 — o) CK
. ~ . 1
it (L 1/16) ~ Fa1/ 1) = ittod = 27)+ o L)
( M| (e1 + eo) Km /2 — it L(1/|t])(c1 — co) CK

]
— it I (Hy (1 |t]) — Ho(L/]t])) — it() — ) + 0(”'“\;))

Define

where
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then
L= X0 + ity = it( = D)+ [ (L4 T — expltal)gi ()6 (da)
v [ P = explitagf (0)6() — i [ (14 5 = explita)g; (2)G(dr)

= clt|L(1/[¢]) + it (Hy(1/[t]) = Ha(1/]E])) — Z't¥CL(1/ItI) + O(ItIL(1/|tI))

where the constants are as in the theorem.
Finally, to complete the proof of theorem 5.1, we note that:

v =01in case 0 < p < 1;
in case 1 < p < 2,

'wz/@@@WM@=7+OWD%t%&
R

and in case p =1,
ol 92 R

Bt

§6 LOCAL LIMIT THEOREMS

Again, throughout this section, we let (X,B, m,T,«) be a mixing,
probability preserving Gibbs-Markov map. Let

o: X =R

be Lipschitz continuous on each a € «, with D,¢ := sup,c, Ds¢ < 00.

We assume that the m-distribution G' of ¢ is in the domain of at-
traction of a stable law with order 0 < p < 2 equivalently (]16], [18],
23], [30]):

Li(z) :=2P(1-G(x)) = (c1+0(1))L(z), Lo(z) :=aPG(—x) = (cato(1))L(x)

as © — 400 where L is a slowly varying function on R, and where
c1,¢9 >0, ¢c1 +co > 0.

Throughout this section, we use notations from §4 and write:
N;(t) = N;(F) (j=1,2), At) :=A(R).

Also, let ¢, := Z;(l) poTF (n>1).
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Theorem 6.1 (Distributional limit theorem)
Under the above conditions,

¢n - An D
3 — X,
where
0 O<p<1,
nL(B,) = BE, A, = o 1<p<2,

’Yn+27n(H1(Bn) — Hy(B,)) p=1

Proof We claim first that

t LA
B—) - ztB— — log gx, (t) as n — oo.

This follows from theorem 5.1 as in the independent case.
Using theorem 4.1 (1),

/eit(gﬁgﬁ)dm:eitgz/ P”(eit%)dm
X X

nlog \(

x B
_ —it4n i n i n
=e P )\(Bn) /Xg(Bn)dm—l—O(G ).
The theorem follows since g(s) S g(0)=1ass—0. O

Theorem 6.2 (Conditional lattice local limit theorem)

Suppose that ¢ : X — 7Z is aperiodic, let A,, B, be as in theorem

6.1, and suppose that k,, € Z, k"]_;A — Kk € R as n — oo, then

| BrPrn(Lipp=k,)) — fx,(K)|lc = 0 as n — o0,
and, in particular

Bom([¢pn = kn]) = fx, (k) asn — oo.

Proof By theorem 4.1, 36 > 0, 6 € (0,1) such that V |t| <9,
[P = A@)"g(@)| = O(0") V [t] <9,

and that
|2/, = 0(") Va<lyl <
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By theorem 5.1 and since L is slowly varying at infinity, by possibly
shrinking ¢ > 0, we can ensure in addition that

1
—Rﬂ%xwzgmum>vm§a
and that 3 0 < € = €(d) such that

D(%)
L(By)
It follows that, uniformly on X,

27TBnPT"(1[¢n:kn}) = BnPT” (/

—T

> |tV n>1, [t| < OB,

™

=B, / e~ n Pr (e dt

—T

=B, / e~ hn Pt

—T

B, / e\ (1) g (t)dt + O(B,")
It]<s

6By,
_ —itg—Z)\ i n L t( An k” dt
[ A ) ol

6Bn
/ BN Bt + o(1)

0Bn

—>/gXp _Mtdt
=27 fx, (k)

as n — oo by dominated convergence, since for |t| < JB,,

t < lopp M,
|/\(B )1 < e 2T TE < e

n

|t|p+6
)

which latter function is integrable on R. O

Theorem 6.3 (Conditional non-lattice local limit theorem)

Suppose that ¢ : X — R is aperiodic, let A,, B, be as in theorem
6.1, let I C R be an interval, and suppose that k,, € 7, k” An 5k eR
as n — oo, then

By, Pro(Lig,eknt+n) = | fx, (k) asn — oo
where |I| is the length of I, and in particular
Bom([¢n € kn + I]) = || fx, (k) as n — oo.
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Proof We use the method of Breiman (see [11]).
Suppose that h € L'(R), h e L*(R), and that h = 0 off [—M, M].
Arguing as in the proof of theorem 6.2, we obtain § > 0, and 0 <
6 < 1 such that, uniformly on X:

M
By Prn(h(¢n — kn)) Bn/ fL(:C)PTn(eix(‘ﬁ”*kn))d:c

— g o
B, (M. ‘
= h(x)e”*n* P 1dxy
2 J_
Bn 7 —iknx n n
=— h(x)e™" " \(z)"g(x)dz + O(B,0")
27 Jjzi<s
1 I kn T T
= — h(—=)e 'Bn* \(—)"g(—)d 1
%'ugwn(BRe gﬁ)gga)x+d)
1 ~ T km T
= — h(—)e "Ba" \(—)"dx + o(1
27 s, (Bn) (Bn) (1)

1 . A
— —/h(O)gXp(x)e_““dm
2m R

= [ Moo, ()

by dominated convergence as again, for some € > 0, V |t| < dB,,
|)\(BLn)"| < e~ 3" which latter function is integrable on R.

Let k(z) = Si‘;#, then k& > 0, k € L'(mg) and k has compact
support.

It follows from theorem 10.7 in [11] that if U is a vague neighbour-

hood of mg, then 3 n > 0 and t;,...,ty € R such that for © a Radon
measure on R:

/e”jxk(a:)du—/eitj:”k(a:)dx
R

R

<n (1<j<N) = pel.

Thus, for h: R — R continuous with compact support,

B Pro(h(¢n — kn)) — / h(z)dzfx, (k)
R
uniformly on X. The theorem follows from monotone approximation
of 1; by non-negative continuous functions with compact support. [

We conclude this section with a local limit theorem for processes with
marginals in the domain of attraction of multidimensional symmetric
p-stable distributions.

Definition
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A random vector X is called stable if for all a,b > 0 there are ¢ > 0

and v € R such that aX +bX’ %= ¢X +v where X' is an independent
copy of X.

In this case necessarily a? + 0P = ¢ for some 0 < p < 2, and p is
called the order of X.

The stable random vector X is called nondegenerate if its distribution
is absolutely continuous on RY.

As is well known (see [40])
the random vector X = (X7,..., X;) has symmetric p-stable distribu-
tion

if and only if

E(€i<u,X>> _ e—cp,u(u)'

Here ¢, ,(u) := [ga1 |(u, s)|Pv(ds) where v is a symmetric measure on
S (called the spectral measure). It is known that X is nondegenerate
iff the support of v is not contained in any subspace of R? (equivalently
cp(u) >0V u e R\ {0}). In this case, we call the spectral measure
nondegenerate.

Definition

The distribution of the symmetric random vector Y = (Y,...,Yy) is
in the strict domain of attraction of a symmetric p-stable distribution
(0 < p < 2) if there are constants B, (necessarily regularly varying
with index p) such that

Sn .
dist. B — dist. Z

where Z has symmetric p-stable distribution, and
S, = XU 4o 4 XM where {XM ..., X"} are independent and
distributed as Y.

As is well known (see [4])
the random vector X = (Xi,...,Xy) is in the strict domain of at-
traction of a symmetric p-stable distribution with spectral measure
v

if and only if
there is a function L : Ry — R, slowly varying at oo such that

Bt X)) = mor IPEEA+M) o ¢ 0 vy € R {0},

Lemma 6.4 Let (X,B,m,T,a) be a probability preserving Gibbs-
Markov map, and let
6: X - R?

be Lipschitz continuous on each a € a and aperiodic.
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If
- (u,én)
E(e’ B ) — e~ WY 4 € R
where p € (0,2], ¢, (u) >0 VYV u € R and B(n) is 1/p-regularly
varying at oo, then
()
—log A(u) ~ B-1(1)

u

as u — 0 where @ = |u|~tu € S
Proof
To see this note first that
E(ew)) = B(P™)
and therefore by theorem 4.1,
E(e?)) = Xu)"E(g(u)) +O(6")
uniformly on B(0,d) as n — oo, whence

-(u, n>
E(505) — A(u/B,)" — 0

as n — oo uniformly in u € 41
It follows from our assumption that

(u,
E(e' W) —s e~ pw(u)
as n — oo uniformly in v € S9!, whence
Mu/B,)" — e @

as n — oo uniformly in v € S9!,

Since v is nondegenerate, 3 K C (0, 1) compact such that e~ ¢
K Y u € S . The function z — log 2 is uniformly continuous on K,
whence

—nlog A\(u/B,) — ¢p.(u)

as n — oo uniformly in u € 471
It follows that

o (1)
—1 by ~ P
as n — oo, uniformly in u € S
For s > 0, set Ny = [B~ (%)] then
1 1 . Is

B(B'()  B(\N,) BN,
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where A\; — 1 as s — 0+ and hence also us — 1 as s — 0+; and we
now have that

fs Cpo (1) Cp (1)
—log A(su) ~ —log)\(B(Ns)“) A B-1(1)

S

as s — 04 uniformly in u € S?!; which proves the lemma. O

Theorem 6.5

Let (X,B,m,T,«) be a mizing, probability preserving Gibbs-Markov
map, and let G be a subgroup of RY of form G = A(RF x Z*) where
k+{=d and A € GL(d,R).

Suppose that

p: X =G

1s aperiodic, Lipschitz continuous on each a € o, and that dist. ¢ is in
the domain of attraction of a nondegenerate symmetric p-stable distri-
bution for some 0 < p < 2 with normalising constants B, and density

fp, then ¥ compact neighbourhood V- with mg(0V) = 0, uniformly on
X,

B Pra(1ig,ev1) = fp(0)ma(V) uniformly on X as n — oc.

Proof It follows from lemma 6.4 that

~LoB (1) = 6y (WP L) (1 + (1)

as t — 0 uniformly in u € S9-1.
We fix d,¢ > 0 and ¢ > 0 such that

1
—log A(tu) > c\t]pL(m) Vit<é, ue St

and
L(A\/r) > 7r°L(\) ¥V Xlarge, and 0 <7 < dA.

We give a proof in the discrete case only, (the other being analogous
and using the method of Breiman as in theorem 6.3).

Pra(1ig,()=2) ()

S ACLEET
G

_ /B o TN @)dy +00"),
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Changing to polar coordinates,

/B OB

_ /S ( /0 ’ rdlz(ru))\(ru)"g(ru)(x)dr> du(u)

(] 53" S B/ B Ba) 0)dr )

where 1 is Lebesgue measure on S%1,
For each v € S9!, n>1 and r < §B,,

_ Py Bn Pr(Bn)
IA(ru/Bp)"| < e B = e TmT < e p large,

The latter function is integrable and so by the dominated convergence
theorem,

/Sdl ( /0an rd1E(ru/Bn))\(ru/Bn)"g(m/Bn)(m)dr) du(u) —s

/ (/ 'r’dle"pcp*”(“)dfr) dp(u)
si-1 \ Jo

:/ e~rr@dy = £,(0).
Rd

§7 SKEW PRODUCTS

Let (X, B, m, T, a) be a mixing, probability preserving Gibbs-Markov
map, and let G be a subgroup of R? of form G = A(R* x Z*) where
k+{¢=dand A€ GL(d,R).

Suppose that

p: X =G

is aperiodic, Lipschitz continuous on each a € avand D¢ := sup,c, D¢ <
0.
The skew product (see [41]) is Ty : X x G — X x G defined by

Ty(z,9) = (T, g + ¢()).

It follows from the ergodicity of 1" that T, is either conservative, or
totally dissipative ([41], see also e.g. proposition 8.1.1 of [3]). In this
section, we use the additional structure of T" and ¢ to establish stronger
ergodic properties for Ty.
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Recall from [1] (or [3], chapter 3) that a conservative, ergodic, mea-
sure preserving transformation S of a o-finite measure space (Y,C, v) is
called pointwise dual ergodic if there are constants a,, — oo such that

n—1
1
—Zpskf — /fdu a.s. V feL'(v).
[07% k=0 Y

The sequence of constants a,, is unique up to asymptotic equality and
is called the return sequence of S and is denoted a,, ~ a,(95).

We suppose in addition throughout that either E(¢) = 0 and
E(||¢]|?) < oo; or that dist. ¢ is in the strict domain of attraction of
a nondegenerate p-stable distribution for some 0 < p < 2, specifically
suppose that

% 2 Xp
where B,, > 0 and X, is nondegenerate p-stable with 0 < p < 2 and
that B, o< y/n in case p = 2.

Theorem 7.1
1) Ty is totally dissipative if Y -, % < 00, and conservative if
D ne B%cg = 0.
2) If T, is conservative, then it is pointwise dual ergodic with return
sequence
1
an(Ty) ~ fx,(0) Bl

k=0

Proof
1) Let h € L and let V' C G be a compact neighbourhood with
ma(0V) = 0, then, as in the proof of theorem 6.5,

%O E®me(V)
Bd

n

Prp(h @ 1v)(@,y) = Pr(h(-)1v(y — ¢u(-)))(x)

uniformly in x € X and y € any compact subset of G.
Thus, by [3] §1.3, T}, is conservative iff Y >° | 47 = oo, and totally
dissipative otherwise.

2) If T, is conservative, set a, := fx,(0) Y p_y zz- It follows that
k

1
— E PT£h®1V_>/ h@lvdemG
Qn

k=0
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a.e. V h® 1y as above. Fixing Vy C G with mg(Vy) = 1, we have by
Hurewicz’s ergodic theorem that

1 Z":P Fay) 2 k=0 Prif(,y)
— J\T,Y) = n
an =3 T > k=0 PTgl ® Ly (2,9)
a.e. V f € L'Y(m x mg) where £(f) o T, = £(f) and [, ,E(f)1 ®
Lyydm x mg = [, o fdm x mg.

Thus £(h®1y) is constant V h ® 1y as above. Since the linear span

of such h ® 1y is dense in L', £(f) is constant V f € L' and T} is
ergodic, and pointwise dual ergodic.

= &(f)(z,y)

O

Proposition 7.2 If G is discrete and T, is conservative, then Ty is
exact.

Proof In case G is discrete, we have that T}, is an aperiodic Markov
fibred system with the Renyi property, and hence exact if conservative
(by theorem 3.2 in [6]). O

We finish this section with some

Remarks about the periodic case

Let (X, B,m,T,a) be a mixing Gibbs-Markov map with respect to
the partition a and invariant probability m, and let ¢ : X — Z¢ be
Lipschitz continuous on each a € a with D¢ := sup,c, D,¢ < oo.

By theorem 4.1,
there are constants € > 0, K > 0 and 6 € (0,1); and functions A :
B(0,e) — Bc(0,1), N : B(0,e) - Hom(L, L) such that

|PPh— MO N@hlL < KOl VIt <e n>1, hel
and for g(t) = N(t)1
lg(t) = 1l < K (|t + E(|e" — 1])).

We consider T} for ¢ periodic (i.e. not aperiodic).

It follows from proposition 3.7 that |[A(¢)] = 1 V |t| small iff ¢ is
cohomologous to a constant.

Assume now (as in §5 and §6) that |A(¢)] <1V 0 < |t| <e.

It follows that

q:={t€T?: x,(¢) is cohomologous to a constant}

is a finite subgroup of T¢.
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Let z € g be such that y,(¢) is cohomologous to 2(a) V a € q. It is
standard that 3 ¢ : X — q such that

Xa(9) = 2(a)C(a){(a)o T Va€q.

It follows from corollary 2.2 that ( is Lipschitz continuous on each b € «
with D,( < oo.
In this situation for @ € q and k£ > 1 we have

k—1

= Hxa(aﬁ)oTj = [[(z(a)¢(@)oT ¢ (a)oT?*!) = 2(a)*¢(a)¢(a)oT™

=0
whence V¢t € T? and f € L,

Piiof = P*(xe(¢n)2(a)"C(a)C(a) o T )
= z(a)*¢(a) P*(xe(on)¢ () f)
= z(a)"¢(a) P (C(a) f)

and for [t| <,

1P of = ¢(@)z(a)" MO N(B)C(a) fll < KO[|f]lz-

Now assume that z(t) #1V ¢t € q\ {0}.
For € > 0 so that {B(a,€) : a € q} are disjoint, if

=ple):= max t(F) V0,
p=pl0):= , max <(R)

then p < 1 and

PH(lea)(a) = [ Pl

_Z/ Pf1(x)dt + O(p")
B(a,e)

aeq

where A(t) € Hom(L,R), N(t)h = A(t)(h)g(t).
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Since 2(a)?=1Va€qand {z*: 0 <k <qg—1} = q, it follows that

D ljex: c@w—s@kc@@)} = 1

whence
q—1

A 2(a)¢(a)(x)C(a) = A)(1) = 1.
It follows that unifor;nly on X with ¢ = |q],

> Prljgm0 = E_Z > P (L, 0=0)
k=0 »2=0 /=0
D)) / (Z A(t)fzw)fc(a)(m)aa)) A(1)Zg(t) (x)dt + O(1)
»=0 a€q =0

=

_ Zq/ MO g(t)(@)dt(1 + o(1)) + O(1).
0 B(0,¢)
Set u, = up(€ f B0 )™dt, then as in the proof of theorem 6.5,
1
B

n

Uy X

and it follows that T}, is:
totally dissipative if 7 | 25 < o0,
and "
conservative if » >, Bd = 0o. Moreover, in case Y -
have that

nle—oo,we

gn—1

ZP Ligy=0] Nflzuq%

whence T, is pointwise dual ergodic Wlth

n—1 n
1
SIS
3=0 k=1 "k
Now suppose that

qo := {t € T?: y4(¢) is a coboundary} = {t € q: z(t) = 1} # {0}
and set
G=qr:={neZ: x(n)=1VYtecq}
a finite index subgroup of Z?. It is not hard to see that 3 K : X —
Z4, 1 : X — G Lipschitz continuous on each b € a such that 1) =
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¢+ K — K oT (indeed, here ((a) = ya(K)); and that for no t € G is
x:(®) a coboundary.

Now let F' C Z¢ be finite such that Z¢ = Uyer(g + G) disjointly.
Let m: X x Z% — X x Z¢ be defined by 7(z,n) = (z,n + K(x)), then
7t oTym =Ty, whence each of the sets 7 (X X (¢9+G)) (g€ F)is
Ty-invariant. If T}, is conservative, this is the ergodic decomposition of
T}, moreover:

Theorem 7.3 Suppose that ¢ : X — Z¢ is Lipschitz continuous on
each a € a and D,¢ < oo, then Ty is either totally dissipative or
conservative according to whether "~ | ﬁ converges or diverges (re-
spectively). !

If T, is conservative then each of its ergodic components is pointwise

dual ergodic with asymptotic type a,(Ty) < > 1_, %.
k

Note that it follows from [6] (see also [3]) that in case Ty is conser-
vative, its ergodic components are open.

Now consider 7" : R — R defined by Tz = x + v(x) where v : R - R
is:
odd (v(—z) = —v(x)), 1-periodic (v(z + 1) = v(z)), and piecewise C?,
increasing and onto. Noting that T'(z + 1) = T'(z) + 1 we can write
I=[-%1]and

R=1xZby (x,n) — n+x.
T is conjugate to
Ty : I X Z — I x Z defined by 74(z,n) = (tz,n + ¢(z))

where 7 : I — [ is defined by

Tz = {(z+v(z)) + %} — %,
and ¢ : [ — 7Z is defined by
8(a) = [(e +v(@) + 5],

Here { . }, and [ } denote fractional and integral parts respectively.
Evidently the map 7 : I — [ is piecewise onto.

Theorem 7.4
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Suppose that v/ > ¢ > 0 and that sup g < 0, then there is

i+
a probability p ~ Lebesque measure such that T is a piecewise onto
Gibbs-Markov map, and ¢ : (—3, %) — 7 is aperiodic.

Proof We have that 7/ =14+¢ > 1+¢> 1, and 77 = v”, whence 7 is
an expanding, piecewise onto interval map satisfying Adler’s condition
(see example 2 in §1). As in example 2, 7 is a (piecewise onto) Gibbs-
Markov map.

There is an invariant probability p ~ Lebesgue measure with Lips-
chitz continuous log-density, whence by proposition 1.1, 7 is a (piece-
wise onto) Gibbs-Markov map with respect to p (see e.g. lemma 2.1 in
[6] or [3] chapter 4).

Since ¢ : I — 7Z is onto, its aperiodicity follows from corollary 3.2.

O

Corollary 7.5

1) 3 u ~ Lebesgue measure with periodic, Lipschitz continuous log-
density.

2) Fither T is totally dissipative, or T is pointwise dual ergodic and
exact.

Proof By theorems 7.1 and 7.4. Note that u(A) = >, ., p(A + n)
where p is the invariant measure for 7. O

Theorem 7.6 Suppose that

L(?)

m([vzt])rvt—p as t — o0
where L is slowly varying at oo and p € (0,2) and set
BE =nL(B,),

then T is conservative iff Y oo | = = 00

n=1 B,
and in this case
"1
a,(T) x —.
By,
k=1
Proof By theorem 7.2. U
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