ISOMORPHISM OF RANDOM WALKS
JON AARONSON & MICHAEL KEANE

ABSTRACT. We show that any two aperiodic, recurrent random
walks on the integers whose jump distributions have finite seventh
moment, are isomorphic as infinite measure preserving transforma-
tions. The method of proof involved uses a notion of equivalence
of renewal sequences, and the "relative” isomorphism of Bernoulli
shifts respecting a common state lumping with the same condi-
tional entropy. We also prove an analogous result for random walks
on the two dimensional integer lattice.

§0 Introduction: Markov shifts and random walks

The Markov shift T = Tp of an irreducible, recurrent stochastic
matrix P on the countable state space S, with stationary distribution
{mg: s €S} is the left shift on X7 = S# equipped with the T-invariant
o-algebra generated by cylinder sets of form

[s1,.-,sn]={reXp iz =5, (1<k<n)},
and the T-invariant measure my defined by

mT([Sla e 73n]) = Ms1Ps1,52"" "Psp-1,5n-

It is known that T is a conservative, ergodic, measure preserving trans-
formation.

The isomorphism theory of positively recurrent Markov shifts is well
understood. All aperiodic, positively recurrent Markov shifts with the
same given entropy are isomorphic ([01,02,FO], see also [03]). All
Bernoulli shifts with the same given entropy are finitarily isomorphic
([KS,Pet]).

This paper is the first establishing isomorphism theorems for a class

of null recurrent Markov shifts, and indeed for a class of conservative
infinite measure preserving transformations.

revision, (©) 1992.
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Invariants for isomorphism of Markov shifts are given in [A1] where
it was shown that the asymptotic type, the asymptotic proportionality
class of the return sequence

1 n-1 k
an(Tp)N—Zpgﬁ) VseS
5 k=0
is a similarity invariant: if Tp and Tps are similar (that is, have a
common extension, for example are isomorphic, see §1), then

3 lim 22(TP) R, .
n— o0 an(TP’)

In this paper, we consider random walks on ZZ? (d =1,2)). Let f be
a probability on (G, a countable Abelian group, and define a stochastic
matrix P = Py on S = G by pst := fi—s. It is evident that m, =1 is
a stationary distribution for Py, and the shift 7 of (Pf,m) is known
as the random walk (on G) with jump distribution f. The stochastic
matrix Py is irreducible iff Sy := {t € G : f, > 0} is contained in no
proper subgroup of G, and P is aperiodic if Sy is contained in no coset
of any proper subgroup of GG. It is known that a random walk on ZZ is
conservative if, for example its jump distribution has first moment, and
is centred. A random walk on ZZ? is conservative if its jump distribution
has second moment, and is centred. In [Al], an uncountable, pairwise
dissimilar collection of aperiodic, recurrent random walks on Z was
presented. The jump distributions of this collection are in the domains
of attraction of different stable laws, and have return sequences, no two
of which are asymptotically proportional.

For irreducible, random walks on Z? (d = 1,2) with centred jump
distributions f with finite second moment, return sequences are of form
C%)\/ﬁ on Z,
cgc ) logn on Z2.

an(Tf) ~ {

where
(1) 2 )
¢ - 5 95 = nfﬂ?
and
(2) 1 o
G = amr w2 mnifeim) (5=1,2).

(nl,’VLQ)EZQ
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Here, we consider random walks on Z¢ (d = 1,2) with jump distri-
butions f satisfying

Z |n|7fn<°°> Z nfn =0, (1)

neZd neZ4

for example

d
@ (%) ke {0,+1}4
0 else.

Main Theorem If f is an aperiodic probability on Z? (d = 1,2),
and satisfies (1), then T} is isomorphic with 7).

The structure of the proof is as follows. A Markov shift is viewed
as a Markov tower (§3) that is, a (Kakutani) tower (§1) whose height
function is measurable with respect to an independent generator for
the base transformation. The distribution of the height function of
a Markov tower is determined by a canonically associated renewal se-
quence (§3). The finitary isomorphism of Markov towers with the same
renewal sequence (proposition 3.1) is contingent on the finitary "rela-
tive” isomorphism of Bernoulli shifts with respect to a common state
lumping (theorem 2.1). A non-finitary relative isomorphism theorem
was established in [Th].

The notion of equivalence of renewal sequences is introduced in §3,
and the isomorphism of ergodic random walks with equivalent renewal
sequences is established (theorem 3.6). The proof that the random
walks appearing in the main theorem have equivalent renewal sequences
(theorem 5.1) is given in §§4,5. It uses the structure of Kaluza sequences
(84), and a refined local limit theorem.

Subsequently, theorem 5.1 has been improved in [ALP].

§1 Isomorphism, Factors, and Similarity

In this paper, a measure preserving transformation 7" is considered
acting on a standard measure space (X, Br,mr) (a complete, sepa-
rable metric space equipped with its Borel sets and a o-finite, non-
atomic measure). It is known that standardness is unaffected by re-
placing X¢ with a T-invariant subset X7. € By of full measure, and we
shall consider T acting on (X, Br,mr) to be the same as T acting on
(lew, Brn Xé«, mT).



4 J.Aaronson M.Keane

Let S and T be measure preserving transformations, and let c € IR,.
A c-factor map from S to T is a map 7 : Xg - X7 such that

7S =Tr, 7 'BrcBg, and mgon™ = cmy.

In this situation (denoted by 7 : S —= T'), one says that T"is a c-factor
of S and that S is a c-extension of T (both denoted S — T).

It is necessary to consider c-factor maps with ¢ # 1 as our measure
spaces are not normalised. The constant ¢ can be thought of as a rel-
ative normalisation of the transformations concerned. It was shown in
[A1] that if T and Tty are Markov shifts and S is a measure preserving
transformation such that

Tp «— S -5 Ty,

then
an(TQ)
Qp, (Tp)

— Cas n — o0.

In case we wish to suppress the relative normalisation, we say that a
measure preserving transformation 7" is a factor of a measure preserving
transformation S (written S — T') if it is a c-factor for some c € IR,. In
this case, we also say that S is an extension of T'.

Two measure preserving transformations are said to be similar if
they have a common extension, that is: if there is another measure
preserving transformation of which they are both factors; and they are
said to be strongly disjoint if they have no common extension.

Any two transformations preserving finite measures are similar, their
Cartesian product being a common extension. Invariants for similarity
of transformations preserving infinite measures are studied in [A1,A2],
where it is shown that similarity is an equivalence relation. As men-
tioned in §0, an uncountable family of pairwise strongly disjoint aperi-
odic, recurrent random walks is presented in [A1]. Examples of conser-
vative, ergodic, measure preserving transformations which are strongly
disjoint from their inverses are given in [A2]. We note here that it fol-
lows from proposition 3.1 of this paper that any conservative, ergodic
Markov shift is finitarily isomorphic to its inverse.

An invertible c-factor map from S to T' is known as a c-isomorphism
(from S to T'), and if one exists, S is said to be c-isomorphic to T.
Measure preserving transformations S and T are said to be isomorphic
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it S is c-isomorphic to T' for some c € IR,. For example, if T and T

are isomorphic random walks on Z as in the main theorem, then 7} is

T. X
(i), 95 asp 00).
an(Ty) apr

ZL_isomorphic to T (because
O'fl

In this paper, we establish isomorphism between infinite measure
preserving transformations by means of an isomorphism of (Kakutani)
towers ([Kak]). A tower T is built using a finite measure preserving
transformation S, called the base transformation, and a measurable
function ¢ : Xg — IN, called the height-, or return time function. One
sets

XT:{(iK,n):Q}EXs, 1371390(‘1.)}7
Br=0{Ax{n}:nelN, AeBsn[p2>n]}, mr(Ax{n})=mg(A),

(Sz,p(Sx)) if n=1,

and T(x,n)={ (z,n-1)if n>2.

The tower is called finite, or infinite in accordance with the value of
mp(Xr) = f wdmg.
Xs

It was shown in [Kak| that a tower is a conservative, measure preserv-
ing transformation, and is ergodic iff the base is ergodic. It was also
shown there that any invertible, conservative, ergodic, measure pre-
serving transformation is isomorphic to a tower over any of its induced
transformations. In view of this, we shall sometimes specify this tower
representation for T' by specifying the base set A € Br.

Proposition 1.1 Suppose that T and 71" are towers over the base
transformations S and S’, with height functions ¢ and ¢’ respectively.
Suppose that 7:.S - 5" is an isomorphism of S to S’ such that

o' om=p mg-a.e. on Xg,

then T" and T" are isomorphic.
proof We define ¢ : X7 - Xg x IN by

¢(z,n) = (x(x),n).

The conditions imposed on 7 ensure that ¢ is an isomorphism from 7'
to T".

We shall say that a tower is normalised if its base is a probability
preserving transformation. If the towers in proposition 1.1 are both
normalised, then ¢ turns out to be a 1-isomorphism.
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§2 Isomorphisms of Bernoulli shifts respecting state
lumpings

The kind of isomorphism of bases assumed in proposition 1.1 respects
the return time function, and has been studied in [Th]. In this section,
we establish isomorphisms of Bernoulli shifts which respect state lump-
ings. Let B(f) denote the Bernoulli shift with independent generating
partition 5. Now let a be a lumping of 3, that is a < 3 (every a € « can
be written as a union of elements of (), then the Bernoulli shift B(«)
is a factor of B(f) by the canonical factor map 7 = 7, : B(8) - B(«)
defined by 7(x), = a(x,) where z € a(x) € a. This kind of factor map
is called a state lumping.

Recall that in this situation, the Kolmogorov-Sinai entropies of the
measure preserving transformations B(«), and B(f), h(B(f)), and
h(B(«)) are related in the following way:

h(B(B)) = H(B) = H(ar) + H(B|or) = h(B(a)) + H(Bla),
where H(/3) denotes the entropy of the partition 3,

1
() = 2 o) o s |
and the quantity H(f|a), (the conditional entropy of 5 given «a) is
given by

H(Bla) = Y m(a)H(B(a))

where for a a union of atoms of 3,

B(a)={bef:bca) and HB(a) = 3 m(b|a)log( ! )
beB(a) m(bla)

Note that there may be many ways in which « occurs as a lumping
of 8. In case H(«a) < oo, the conditional entropy is always the same

(being H(f) - H(a)).

Suppose now that B((3), B(f’), and B(«) are Bernoulli shifts, and
that « appears as a lumping both of 3, and 5. Let w, : B(5) -
B(a), and 7, : B(p') - B(«) be state lumpings. We’ll say that an
isomorphism 7 : B() — B(f’) respects the state lumpings m, and 7/,
if

T, 0T = T,

We shall sometimes abbreviate this to " respects a”.
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Theorem 2.1  Suppose that B(3), B(f'), and B(«) are Bernoulli
shifts, a appearing as a partition both of 5, and 5. Let 7, : B(8) -
B(a), and 7/, : B(5") - B(«) be state lumpings. If

H(fler) = H(H'v),
then there is a finitary isomorphism 7 : B(f8) — B(f’) respecting .

Remarks

1. The assumptions of the theorem hold if, in particular, H(a) < oo
and H(B) = H(').

2. A non-finitary isomorphism respecting the state lumpings (at least
when (3, 8" are finite) can be obtained using the methods of [Th]: the
transformation B(f) is "relatively weak Bernoulli” with respect to the
factor (B(f),«) which therefore "splits off”.

3. Theorem 2.1 in case 3, 5" are finite can be obtained by a modifica-
tion of the methods of [KS]. The modification made is in the definition
of filler measures. Choose a "marker” in a € o, and use this as in [KS]
to define skeletons. Now consider a "sinew” to be a word of a-symbols
whose projection onto the marker process is a skeleton. Given a sinew
s of length m, corresponding to a skeleton which concludes in a run
of £ a-s. Consider the filler space F(s) = ™ ¢ equipped with the filler
measure p(+|s). The last ¢ coordinates are left free in order to ensure
independence of fillers. Now continue as in [KS] obtaining ”assign-
ments” which respect sinews, and which yield an isomorphism, as by
the ergodic theorem,

1 1

— log(

n :u(bh?bn“:a(bl)??a(bn)])
in measure as n — oo. This isomorphism respects a. An analogous
modification of the methods of [Pet] works when /3, 8’ are both infinite.

)  H(Blo)

We outline a proof of theorem 2.1 assuming only the non-relative
Finitary Isomorphism Theorem ([KS.Pet])

Bernoulli shifts with the same entropy are finitarily isomorphic.
Remark

This theorem is established in [KS] for Bernoulli shifts on finite state
spaces, and in [Pet] for Bernoulli shifts on infinite state spaces. In order
to complete the proof of this theorem, it is necessary to show that a
Bernoulli shift B() on a finite state space is isomorphic to a Bernoulli
shift B(f’) on an infinite state space with the same entropy.

This can be done as follows. Firstly, the Bernoulli shift B(g) on
four equiprobable symbols is finitarily isomorphic to B(e’) where &’ =
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{E1, Es, ...} with m(Ey) = 52. This follows from the Blum-Hanson
theorem (see [BH] or [Jac; p.289]), and can be proved by the methods
of the proof of step 2 (below).

Next, by [KS,Pet], we may assume that there is some Bernoulli shift
B(n) such that B(8) = B(n) x B(§) and B(f") = B(n) x B(d"), where
d and ¢’ both have a lumping « = {0,1} and

5(0) = §"(0) = {0}, 6(1) =&, §'(1) = &',

It follows from step 1 (below) that B(d) and B(d’) are finitarily iso-
morphic, whence, B(3) and B(f’) are finitarily isomorphic.

proof of theorem 2.1 For the rest of this section, all isomorphisms
are finitary, « is fixed, and it will be convenient to refer to an a-
respecting isomorphism 7 : B(/3) - B(3’) as being over (states) D c «
if 7(x), = x, whenever a(z,) ¢ D. Clearly, if B(8) and B(f’) are
isomorphic over D, then 3(a) = §'(a) ¥V a € ax D, and any isomorphism
of B() and B(f’) over D respects

a':==Du |J pB(a)

acaND

of which « is a lumping.
Step 1 (Isomorphism over a single state) Suppose that there is
a state a € o such that

H(5(a)) = H(F'(a)), B(a’)=pF'(a") ¥V a' #a, d'ca,

then B(f) and B(f’) are isomorphic over a.

proof Let ¢ : B(8(a)) -— B(f'(a)) be an isomorphism as in the
finitary isomorphism theorem. Consider B(3) and B(f’) as towers
over B(f(a)) and B(/'(a)) with height functions h and A’ respectively.
Writing H,, = [h =n], it is clear that

v={H.n[b,c1,...,cn1]:in>1,bef(a),cp € flag), ap +a, 1 <k <n-1}

is a generator for B(f(a)), as is 7' (defined analogously) a generator
for B('(a)). Using the notation

rey(r) = Hymyn [b(x),c1(x), ..., ch)-1(x)] €7,
an isomorphism ¢ : B(5(a)) - B(5'(a)) is given by
V(@(2)) = Hypy 0 [(9(2))o, c1(2), -, Cn@y1(2)].

An isomorphism of the towers ¢ : B(/3) — B(f’) is obtained by propo-
sition 1.1 as, evidently, A’ o1 = h. It is directly verifiable that 7 has
the required properties.
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Step 2 (Meshalkin, Blum-Hanson Isomorphism) Suppose that
0,1€qa, and
mqo = nq1, 5(0) = (0)xC™, B'(1) = f(1)xC™, 5'(a) = B(a) Va+0,1, a€a,
then B(() and B(/3") are isomorphic over {0,1}.
proof See also [Mesh,BH,Jac p.289]. We establish a matching of 0-
s and 1-s in generic printouts of the a-process. Let z € aZ and let
K;=Ki(z)={neZ :x,=1i}. A matching will be a map

M : OéZ N 2(Zx{1 ..... m})x(Zx{1,...n})

such that for a.e. z € a# there is a bijection ¢, : Ko(x) x {1,...,m} —>
Ki(z) x{1,...,n} satisfying

M(z) = {((k,5), ¢a(k, 7)) : k € Ko(x), 1<j<m},
and 1. (k=1,7) = p.(k,j) - (1,0). The matching M is measurable if
{xeaZ:((k,j),((,i))eM(z)} e B(aZ) Y k,j,l,ieZ,

and finitary if the above sets are open mod 0.

Given a measurable matching, write for £ € Ki(z), 1<j<m

vz (0,5) = (k(£,5),5(0,)) € Ki(z) x {1,...,n}.
Writing, for be B(0), b = (y(b),c1(b),...,cn(b)) € /(0) x C™, we define
the isomorphism v : B - B’ by
T, u¢KoulkK;
() = y(ru) uekKp
(Zus Cro(u) (Th(u,1))s - - - Crgum) (Th(umy)) € B(1) x C™ = B'(1) we K,
If the matching M is finitary, then so is the isomorphism .

The matching M is established as in [Mesh,BH] as follows. Consider
a printout of the « process. Define an (initial) valency function V :
aZ x Z - Z. by

n ue Ky,
V(u)=3 m wuekKj,
0 else.

Set
My = {((u,V(u)), (v,V(v))): (u,v) € KoxKi, u<v,V(w)=0Yu<w<v}
and define the modified valency function

oy | V(u)-1 3Fwvs(u,v)or (v,u)eM
Vi) = { V(u) else.
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Note that 0 < V' < V. Continue this process, obtaining
My c (Kox{1,...,m})x (K x{1,...,n}) and V: Z - Z,

such that Vi, =V, My, = My, , and Vi, = V/. It follows from mqy = nq
by random walk theory, that Vi(u) | 0 a.e. V w e Z, and this means
that

M = U Mk
k=1

is the required matching, which is easily checked to be finitary.

Step 3 (Isomorphism over two states) Suppose that 3 0,1 € a,
such that

qoH (3(0))+a H(B(1)) = qoH (5 (0))+q1 H(B' (1)), f'(a) =B(a) Va#0,1, aca,

then B(f) and B(/") are isomorphic over {0,1}.

proof A combination of steps 1 and 2 demonstrates this in case qq
and ¢, are rationally dependent. Without loss of generality, H(3(0)) >
H(p'(0)). The first case we consider is that H(5(0)) > H(5(0)) > 0.
Using step 1, we may assume that ((0) refines 5/(0), and that 3 b €
£'(0) such that p(0 \ b) and p(1) are rationally dependent. Now let
o' ={aea:a+0}u{b,0\b}, and apply step 2, respecting o', and over
the states 0\ b and 1. This yields an isomorphism of B(/3) and B(f’)
respecting o/, and hence over o (which is a lumping of o). To obtain
the case H(5'(0)) = 0, consider an intermediary Bernoulli shift B(5")
also with o as a state lumping, also satisfying

9o (6(0))+q H(5(1)) = qoH (87(0))+q1 H(5"(1)), 5"(a) = 5(a) V a 0,1,

and in addition, H(/5(0)) > H(5"(0)) > 0. By the above, B(S) and
B(p") are isomorphic over a. It follows from H(5'(0)) = 0 and 0 <
H(5"(0)) < H(B(0)) that H(5'(1)) > H(B"(1)) > 0, whence, again by
the above, B(3") and B(f3") are isomorphic.

We establish the theorem in the case of a finite lumping o by con-
catenating finitely many isomorphisms as in step 3.
Step 4

There is a Bernoulli shift B(vy) such that H(v) = H(f|«), and such
that B() is isomorphic to B(« x 7) respecting «.
proof We assume first that H(8(a)) < oo ¥V a € a. We write « =
{ar : k> 1}, and for v = {gn }nemv, we write 7, = {g1, ..., 9n, g, Where
I = Uksn G-
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There is a partition v, and a sequence n; — oo such that
ng Tk
> m(ay] qai)H(ﬁ(aj)) =H®,) Vk>1.
7=1 1=

Now set 8 = [y, and consider Bernoulli shifts B(f)) with « as a state
lumping for each k > 1, such that

_ Wk léjénk,
wen={ Gy o

Use step 2 to get isomorphisms 7y : B(fx) - B(Sk+1) respecting the
refinement o4, of o defined by

O!k(a'): 7] 13]Snk,
! {Clj} j>nk.

It now follows that each coordinate of
T © -+ 0 T
changes only finitely many times a.e., whence
Tk © -+ 0 T
converges a.e. The limit is clearly an isomorphism
71 B(3) - Blax7)

which respects a.

In case our assumption is not satisfied, we can write o = {ay : k > 1}
where H(f(a1)) = oo. Let H(y) = oo and define a sequence (5 (k> 1)
of refinements of a by

~ v 1<j5<k,
ﬁk(aj)_{ B(a;) j2k+1.

By step 1, B(S) and B(3;) are isomorphic over a1, and by step 3, B(5)
and B([f.1) are isomorphic over {ay,ars1} V k > 1. As above, the
concatenations of these isomorphisms converge to yield an a-respecting
isomorphism of B(f) with B(a x 7).

We claim that theorem 2.1 is now established, for by step 4, there are
Bernoulli shifts B(), B(y') such that B(f) is isomorphic to B(a x )
respecting « and B((") is isomorphic to B(«a x +') respecting a. Since
H(y) = H(Blo) = H(P'la) = H(v'), B(7) is isomorphic to B(y') by
[Pet], whence B(a xv) = B(a) x B(7) is isomorphic to B(a xv") =
B(«a) x B(') respecting .
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§3 Markov towers and their renewal sequences

A Markov tower is a tower equipped with an independent generator
for the base transformation, with respect to which, the height func-
tion is measurable (i.e. the independent generator refines the partition
generated by the height function).

Let T be a normalised Markov tower over the base S with height
function ¢. The relative entropy of the Markov tower is given by
H(SBla(p)) where a(p) = {[¢ = k] }renw, and S is the independent gen-
erator for S which refines a(y).

Proposition 3.1

Suppose that T', and 7" are two infinite, normalised Markov tow-
ers with the same height function distribution, and the same relative
entropy,

then T" and T” are finitarily isomorphic.
proof The base transformations have a common state lumping in
the return time process, and there are, by assumption, independent
generators for these base transformations refining the height function
partititions, and having the same relative entropy. By theorem 2.1,
there is an isomorphism of the base transformations which respects the
return time state lumping, and hence by proposition 1.1, the towers
are isomorphic.

Remarks about relative entropy. Let T be a conservative, er-
godic, measure preserving transformation. It follows from Abramov’s
theorem [Ab] that

W(T) =mr(A)h(Ta)

is the same for any set A € By of positive, finite measure, where h(7))
is the Kolmogorov-Sinai entropy of T4, the induced transformation on
A with respect to the probability mr(-|A). The number h(T') is called
the entropy of T'. This generalisation of Kolmogorov-Sinai entropy was
introduced in [Kre].

Suppose that T is a normalised Markov tower over the base set A €
Br, considered with respect to the independent generator . Clearly,

h(T) = h(Ta) = H(B) = H(Bla(pa)) + H(apa)),

whence, in case H(a(pa)) < oo, the relative entropy of the Markov
tower over A is given by h(T) — H(a(p4)). It now follows from [Al]
that two normalised Markov towers with the same finite entropy height
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function distribution, are isomorphic only if they have the same relative
entropy.

We do not know if it is possible for the same conservative, ergodic,
measure preserving transformation to be isomorphic to different nor-
malised Markov towers with isomorphic bases, identical (infinite en-
tropy) height function distributions, but different relative entropies.

If T is a Markov tower over the base set A € Br, then {p,4 o T} -
n € Z} are independent, identically distributed random variables on
the probability space (A,Br n A,mz(/|A)), and hence the sequence
u=u(A) defined by

up =mp(TA|JA) (n2>0)

is a recurrent renewal sequence. It characterises the distribution of the
height function ¢4 by means of the renewal equation

Uy, = ngun_k VnelN
k=1

(where gr, = m([¢a = k]|A)). We call u the renewal sequence of the
Markov tower T' over A.

By proposition 3.1, two infinite, normalised Markov towers with the
same renewal sequence, and the same relative entropy are finitarily
isomorphic.

A Markov tower T' with base A is called simple if the partition {[p4 =
k] : k € IN} is a generator for T4. Any Markov tower is a (canonical)
extension of a simple Markov tower with the same base, height function
and renewal sequence. Simple Markov towers can be constructed as
Markov shifts from their renewal sequences in the following way (due
to [Ch]). Let u be a recurrent renewal sequence. There is a probability
g =g(u) on IN satisfying the renewal equation

Uy = ngun_k VY nelN.
k=1
One can define a stochastic matrix P = P, with state space IN by
g if j =1,

Djk = 1if j-k=1,
0 else.
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This matrix is irreducible, recurrent, and has the stationary distribu-

tion
o0
mg = Z g]
ik

The shift T}, of (P,,m) is a normalised, simple Markov tower over the
base [1]. The distribution of the height function is given by m(yp =
K|[1]) = gx, and the renewal sequence of the tower is

m(T;" (1) = 47 =
Clearly any simple Markov tower can be constructed in this way, and
so if T'is a Markov tower over the base set A € By, then T' — T}, 4.

Proposition 3.2
If P is an irreducible, recurrent stochastic matrix on .S, and s € .S,
pg’? = u,, then Tp is a Markov tower over [s] with renewal sequence w.

proof The partition
B={[s,t1,-- - tn,s]:n >0, t1,...,t, € SN {s}}

is an independent generator for 17, with respect to which ¢, is mea-
surable.

Proposition 3.3

Let B be a Bernoulli shift. Suppose that 7" is a normalised Markov
tower over A, then T x B is a normalised Markov tower over A x Xp
with relative entropy at least mp(Xp)h(B).
proof Again, we produce a suitable independent generator for the
base transformetion (7" x B) axx,-

Let 8 be the independent generator for Ty with respect to which ¢4
is measurable. If

B={bx[ay,...,ar]:beB, keIN, bc[pa=Fk], a,...ap€S}

where S is the alphabet of B, then f is an independent generator for
(T x B) axxy, and evidently, paxx, = ¢4 is f-measurable. The relative
entropy of this Markov tower is given by

1
H(6|a paxy) I;gk bef, bcz[:soA—k]m(bH(pA =) log(m)

1
Z mB([ala-“»ak])lOg( 7ak]))

al,...akeS mB([al,. ..

inhw)gn mr(Xr)h(B).

Mz
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Proposition 3.4  Suppose that G is a discrete Abelian group, and
that f € P(G), gives rise to an irreducible, recurrent random walk.
Then T} is a Markov tower over [0] with infinite relative entropy.
proof Let g, = g,(u) = mz,([¢[o] = n]), n € IN. By ergodicity of the
random walk

S ngn = oo,

nelN

Let

B={[0,0,0]: ke N, be (G~ {0})},
then, as in proposition 3.2, § is an independent generator for (7)o
with respect to which ¢ is measurable. Now

H(Blev)
3 1
) nzz:lgnﬂbe(Gz{:o})nlog(/ﬁ([O,@a 0]l =n+1]) )M([O’l—)’ 0Jl[p=n+1])

m S ! =n+
) ]\l,l_rfjor;gnﬂ be(Gg{:O})n log(:u([oag 0:”[(:0 =n+ 1]) )M([O,b’ O:”[SO ) 1])

Since 3 p < 1 such that f, <p V g e G, we have that

N 1

;19””be(G§0}>nlog(u<[07@, e =n+1) )“([O’b’ Ollfe =n+1])

2 S 2 (0o 1) -tog L Jucto.0.00 =1
1 be(GN{O})™ p In+1

ggnﬂ((n +1) log(%) - log(gnl+1 ))
-y ¥

1<n<N, gn+1>n% 1<n<N, gns1<

> ((n+ 1)10g(

1
<n<N, gn+1> 23

- ZZV: (n+ 1)log(%) - 310gn)gn +0(1)

L
3

3

v
S

) - 310gn)gn +0(1)

—

Remark In the case of an ergodic random walk on ZZ with jump distri-
bution having finite second moment, H (a(yp1)) < oo and proposition
3.4 could have been deduced from the remarks above about relative
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entropy. However, in the case of the simple ergodic random walk on
22, H(a(sp0)) = .

Proposition 3.1 tells us when we can obtain isomorphism of Markov
towers with the same renewal sequence. Now, we collect some infor-
mation about Markov towers with different renewal sequences.

Two renewal sequences u, and u’ are equivalent (denoted u ~ u') if
there are positively recurrent, aperiodic renewal sequences v, and v’
such that uv = u'v’.

Theorem 3.5

Suppose that T', and T” are infinite Markov towers with infinite rel-
ative entropy, and equivalent renewal sequences. Then 7" and 7" are
isomorphic.
proof Let T and 7”7 be infinite Markov towers over the sets A € By and
A’ € By respectively. By assumption, there are positively recurrent,
aperiodic renewal sequences v and v’ such that

u(A)v=u(A )" = w.

Let B be a Bernoulli shift with infinite entropy. Then
— T is a Markov tower over A with infinite relative entropy (by assump-
tion).
— T4y x B is a Markov tower over Ax Xp with the same height function
distribution, and (by propositions 3.2 and 3.3) with infinite relative
entropy.

Therefore T' and T4y x B are isomorphic (by proposition 3.1).

Next, B and T, x B are isomorphic (see [FO] and [O3]), whence
Tuay x B and T4y x T, x B are isomorphic.

Thus far, we have shown that T" and T},4y x T, x B are isomorphic.
By symmetry, 7" and 1,4y x T,y x B are also isomorphic.

To continue,
— Tyay x T, is the Markov shift of the stochastic matrix P,4y x P, on
IN x IN.

By proposition 3.2, T\,cay x T}, is a Markov tower over [1] x [1] with
renewal sequence w, and therefore T4y x T, x B is a Markov tower
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over [1] x [1] x X with renewal sequence w, and with infinite relative
entropy (by proposition 3.3).

Similarly, T, ary x Ty x B is also a Markov tower over [1] x [1] x Xp
with renewal sequence w, and with infinite relative entropy.

Therefore 1,4y x T3, x B is isomorphic with T3, 4y x Toy x B (again by
proposition 3.1), and the conclusion is that 7" and 7" are isomorphic.

Theorem 3.6 Suppose that G and G’ are discrete Abelian groups,
and that f € P(G), f' € P(G') give rise to irreducible, recurrent ran-
dom walks. If the renewal sequences u(f) := (f§™)ns0 and u(f’) are
equivalent, then the random walks Ty and T are isomorphic.

proof By proposition 3.4, and theorem 3.5.

In view of theorem 3.6, in order to establish isomorphism between
two random walks, it is sufficient to show that their renewal sequences
are equivalent. Accordingly, the rest of this paper is devoted to study-
ing the equivalence of renewal sequences.

§4 Kaluza sequences

A bounded sequence u = {u, : n > 0} is called a Kaluza sequence if
up >0, up =1, and

Un+1

Up, 1= tg<1lasntoo.

n

If {u, :n >0} is a Kaluza sequence, then, [Ken,Kin],
=q" Hp’“” where pj, = Ykt (0,1].
Uk

Clearly, any sequence of this form is a Kaluza sequence. We’ll denote
pn = pn(u), and sometimes specify Kaluza sequences by giving p,, €

(0,1].

Note that if u is a Kaluza sequence, then, since u; > 0, necessarily

szog(pk(u))

It was shown in [Kal|, that Kaluza sequences are aperiodic renewal
sequences (see also [Ken,Kin]), and it was shown in [Ken| that the
Kaluza sequences are precisely the infinitely divisible elements in the
semigroup of aperiodic renewal sequences (under pointwise multiplica-
tion).
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If u is a recurrent Kaluza sequence, then ¢q(u) = 1. Accordingly, we
restrict attention henceforth to Kaluza sequences with ¢(u) = 1. The
Kaluza sequence u is positively recurrent iff u, | u. > 0 as n 1 oo, or

equivalently
k log( )
kzl pi(u)

This will be the main tool for constructing the positively recurrent
renewal sequences appearing in renewal sequence equivalence.

Two questions arise. When are two Kaluza sequences equivalent?
When is a renewal sequence equivalent to a Kaluza sequence?

Let u be any non-negative sequence, with w, > 0 for all n large (for
example an aperiodic renewal sequence), then

Up(u) = u5+1, and p,(u) = Un-1

n n

are defined for large enough n. Indeed, if
Ny=min{n>1, uy >0V k>n-1}

then p,(u) is defined V n > n, — 1.

Suppose u, > 0 for every n >0, then

H Dnsj-

Un+k+l  j=1

Thus, if u, ~ upy1, and p, <1V n>1, then

Hpn+j k_> Hpn+]a

J=1 Jj=1

O<v, «—
k—oco Upyk+1

whence u is a Kaluza sequence, and

See{ 1z ) <>

Z“ngn u)| < oo,

On the other hand, if

we have

H pk/\n.



Isomorphism of random walks 19

Proposition 4.1 Let u be an aperiodic renewal sequence satisfying
Uy ~ Ups1 &S T — 00, I

[e9)

D nlogpn(u))s < oo,

N="Ny,

then u is equivalent to a Kaluza sequence w such that

[ee]

Z n|log p,(u) —log p,(w)] < oo.

N=Ny,

proof By aperiodicity, there exists ng > 0 such that the semigroup in
IN generated by {1 < k <ng:ug >0} contains every n € IN n[ng, o).
If {g, :n € IN} is the probability distribution on IN satisfying

n
Up = Z Gk Un—k,
k=1

set
gp for 1 <n < ng

h,, = Y ke 9k for m=mng
0 else

and let v be the renewal sequence defined by
Unp = Z hkﬂ]n_k.
k=1

Since v,, = u,, for 1 <n < ng, we have that v, >0 for n > ngy. Since P, is
defined on finitely many states, we have that v is positively recurrent,
and, moreover

o >0, 7€ (0,1) 3 v, =vo(1+0(r™)).
Define a by
1 for 1 <n<ng
ay =
o2 for n > no,
then a, > 0 for every n > 1, a,, ~ aps1, and (as u, =v, ¥ 1 <n <ng)
Uy = Uy ¥V 12 1.
Moreover,
log pn(a) —logpn(u) = O(r") as n - oo,

whence

(9]

> n(logp,(a)), < oo.

n=1
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Define sequences v’, and w by

I
v, =

kAn
1 I
, Wy = Ap0,,.

k> pk(a)>1(pk(a)

This product converges, and v’ is a positively recurrent Kaluza se-

quence, since
k log( )
;1 Pe(v’)

Since av’ = w, we have w,, ~ wy;1, and by inspection,

12 p,(w) = { pa(a) for pn(a) <1,

1 for p,(a) > 1,
whence, by the remarks preceding this proposition, w is a Kaluza se-
quence.
Moreover,

wv' = avv’ = wv

and

[ee]

Z n|log p,(u) —log p,(w)] < .

N=Ny,

Proposition 4.2 If u,u’ are Kaluza sequences, and

o0

> nllog p,(u) - log p,(u')] < oo,

n=1
then v and v/ are equivalent.
proof Define another Kaluza sequence w by
po(w) = pp(u) v pu(u’).
It follows easily from the definitions that
u=ovw, u =v'w
where v,v" are Kaluza sequences defined by
pu(o) = 2280 (1) = 2200
pn(w)’ pn(w)
indeed, it follows that v, and v’ are positively recurrent, whence u and
u' are equivalent.

Proposition 4.3 Let u be an aperiodic renewal sequence, and let w
be a Kaluza sequence such that

[ee]

> nllog pn(u) - log p,(w)] < oo,

N=Nqy
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then
U~ W.

proof This follows from propositions 4.1 and 4.2.

For >0, let u(® be defined by

@ _ 1
T i 1)E
It can be calculated that
1 15} &0
10g(m) = ﬁ + 571, where nz::ln|5n| < 00.

The renewal sequence u(?) is recurrent for 0 < 8 < 1. By [1], T,s and
T, s are dissimilar when 0 < 8 # 8/ < 1.
Corollary 4.4 Let u be an aperiodic renewal sequence such that

> nllog(pnéu)) D<o,

n="nq,

then

§5 Random walks

In this section, we prove
Theorem 5.1
If f is an aperiodic probability on Z9 satisfying (1), and u,(f) =

P51 (f), then

u~ul®),

Lemma 5.2 Suppose that v is a bounded, non-negative sequence,
B>0, I c(0,2]is a finite set, ¢ > 0, and that

1
un:Kuff)(1+Za—7+O(W)) as n — oo

yel’ n’

where K >0, and a, € IR (yel), then

1 B =
1 =—+§, wh On .
Og(pn(u)) 5 +0n Where > nld,| < oo

n=1

proof We'll show that
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where €/ > 0. Set

o U &y 1
Ay = B —K(1+Z +O(n2+5)) as n — oo.

el n?

Using the Taylor expansion of log(1 + x) near 0, it follows that

1 a, 1
B, = log(A—) =—-log K + Z H+O(n2+€') as n — 0o,

where I c (0,2] is a finite set, a/ € IR (y € "), and & > 0. If
B! = By.1 - By, and B!l = B/ B!, then

n+l

1 1
| —1]=1 _ B ..
Og(Pn) Og(pn(u(ﬁ))) + D,

Using the Taylor expansion of (1+x)™7, (7> 0) near 0, we see that

1 1

— - -1 40 = ,

n' (n+1)7 nrl n+2
whence

14 1
Bn:O(?) as n —> oo
n +&

where " > 0.

proof of theorem 5.1 We'll establish the precondition of lemma
5.2. Let X be a random variable on Z¢ distributed as f, and let

o(x) = BE(e™¥) = Z fne®™ (z € IRY).

neZd

Choose 0 > 0 such that |1 —¢(z)|<r <1 for |z| < J, and set

p(a) = log () + 72

where o(z) = E((z-X)?), and log is defined in a small neighbourhood of
1 as that holomorphic inverse of the exponential function with log1 = 0.
Since f is aperiodic, we have that

lp(x)| <’ <1V d<|a] <.
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It follows that
1
o(t))dt + O(r'™
fN(O,&)( ( )) (r )

1 t m
~ (2m)in? /N«MW(“O(I )) o)
A,
O m
(27r)dn2 ™)

where N(0,7) = {x € IR*: |z| < r}, and

Sl )
Sl

[N(o,aﬁ) =P exp nw(

~

3

N —

N —
QU
~

Clearly
A, > A= e 2 dt,

and

a(t) t
A-A, = | 1- — || |dt m
" 05 e ( exp(n¢( \/ﬁ))) +0(r'")

where " € (0,1).
Using (1) and Taylor’s theorem, for |z| <6,

() = Z Z a(iy, ..., i) Ijlxiu +O(|z]")

k=3 1<iq,...,ix<d

as x - 0, whence for |z| < 0\/n,

6 k ‘.CE|7
S P a0 2F)
v=1 nz

k=31 1<iq ..yt <d

k
k1

and

(e 4 1 k;+2 7

k=1 M2 1<iy,...,igp2<d ns
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as £ — 0. Thus

w1 : RN 1
An—A= [ e Y= > b(zl,...,zmg)ljla:iu de + O —

1<iy,esipr2<d nz

It follows that

Uy = un(1/2)(A+ 24: kg o(#))

k=1T2
as n — 00.

Theorem 5.1 is now established by lemma 5.2, and corollary 4.4.

§6 Proof of the main theorem

Suppose f € P(Z?) satisfies (1), then, by theorem 5.1, u(f) ~ u(%),
and hence u(f) ~ u(n(®) (as, in particular, 7(?) satisfies (1), and

u(r@) ~ u(g)).
Thus, by theorem 3.6, (for d =1,2), Ty and T () are isomorphic.
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