TRIMMED SUMS FOR NON-NEGATIVE, MIXING
STATIONARY PROCESSES.

JON AARONSON, HITOSHI NAKADA

ABSTRACT. We consider the effect of "trimming” ergodic sums of
their maximal values on the strong law of large numbers for non-
negative, non-integrable, mixing stationary processes, and to study
the ?cusp visits? of a certain interval map.

§0 INTRODUCTION

Laws of large numbers and sum trimming. We consider non-
negative, R-valued ergodic, stationary processes (X7, Xs,...). In case
E(X1) = oo, there is no strong law of large numbers for the partial
sums Sy, = Y5 Xp.

It is shown in [Aar77] (see also [Aar97] §2.3) that if b, > 0 are con-
stants then,
(%) either r@ iS” =00 a.8., or lim %Sn =0 a.s. .
See [Fel46] and [CR61] for the original proofs in the i.i.d. case.

There may be a weak law of large numbers when E(X;) = co. Feller
([Feld5]) showed that if (X, Xs,...) are non-negative, i.i.d. random
variables, the weak law of large numbers holds in the sense that

(&) 3 b(n) constants such that bf;;) L1

(where L — denotes stochastic convergence) iff L(t) := E(X At) is

slowly varying at oo (see below) and in this case b(n) ~ nL(b(n)).
The strong law here breaks down in a particular way: since F(X) =

oo = E(b"1(X)) = o0, we have (by the Borel-Cantelli lemma)

T Sn T Xn _
(+) Jim 5y 2 lim gy = 0 as.
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The question arose as to whether the maximal terms of {X7,..., X}
are "responsible” for the failure of the strong law, particularly in view of
the fact that under the additional assumption that L(t) ~ L(tloglogt)
(as shown in [KT77]) ,

3 Sn —
(V) lim g5 =1 as..

n—00

Mori studied strong laws for i.i.d. random variables when finitely many
of these maximal terms are excluded (trimmed) from the sums S,, and
characterised (in terms of the distribution of the X} and the normal-
ising constants) when a trimmed strong law holds (see [Mor76] and
[Mor77]).

In this paper, we consider such trimming for dependent processes,
extending a theorem of Mori’s (theorem 1.1 below) to certain continued
fraction mixing processes (see below), and exhibiting Markov chains
(satisfying (#), () and (9)) for which it fails.

For simplicity, we restrict attention to non-negative processes, as
in the general R-valued case, there may be interaction of the positive
and negative parts causing strong laws which are spurious from the
viewpoint of this paper.

Regular variation. Recall (from [Kar33],[BGT87], [Fel66]) that a

measurable function f : R, - R, is called reqularly varying (at w =

0, o) if V A >0, 3 limy, % =:{(\). In case f is regularly varying,

the function ¢ is necessarily of form ¢(\) = A\® for some « € R which is
called the indez (of regular variation of f).
The function f: R, — R, is called slowly varying at w if it is regularly

varying at w with index 0, i.e. % o0 1V A>0. Write E(X At) =

L(t) and set €(t) :=t(log™ L)'(t) = th((:)) for large t enough that L(t) > 1,
where ¢(t) := P(X >t) = L'(t).

Both L and log are increasing and concave whence so is log L, and
@ decreases in t for ¢ large.

By Karamata’s representation theorem ([Kar33|, see also [BGT87],
[Fel66]) L(t) = E(X At) is slowly varying at oo iff €(t) - 0 as t - oo.

We'll call an increasing function A : R, — R, weakly reqularly varying
if

A(2t) < A(t), & AN (2t) < A7H(t)

equivalently 3 M > 1 such that A(2t) < MA(t), & 2A(t) < A(Mt).
A decreasing function B : R, - R, will be so called if the increasing
function % is weakly regularly varying.
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It can be shown that a function f : R, - R, which is regularly varying
at oo with nonzero index is weakly regularly varying, whereas a slowly
varying function cannot be weakly regularly varying.

Dependence. The asymptotic behaviours (#), (#) and (V) persist
when the assumption of independence is relaxed to that of contin-
ued fraction mixing; the stationary process (X1, Xs,...) being called
continued fraction mizing (c.f.-mixing) if ¥(1) < oo and ¥(n) | 0 where

9(n) = sup{|primesy — 1+ Aeot, Beo,, P(A)P(B) >0, kx1}.

Any probability preserving Gibbs-Markov map is c.f.- mixing with
Y¥(n) | 0 exponentially (see [ADO1] or §4.7 of [Aar97)).

The proof of () in the c.f.-mixing case is the same as in the i.i.d.
case, but uses the strong Borel-Cantelli lemma of Renyi ([Ren70] p
391). See [Aar86] and §5 of [AD90] for (#); and [[AD89] for (¥).

Results. Let (X;, Xs,--) be a non- negative ergodic stationary pro-
cess with E(X At) =: L(t). Set a(t) := L(t) and b:=a"l.

Write { X }7_, = {rnx}7., where 1 > 1rp9>--->1,, and set M) =
Zk_l Tn,k
Let (for r>0) J, =Y, e(z) and define

{ min{k e N: Jo <oo} if I K, J, < oo,
‘JIX =

00 else.

Note that 91y < oo implies that L(t) := E(X At) is slowly varying at

Q.

Theorem 1.1
Suppose that (X1, Xo,--) is c.f.- mizing, then

Hm > Lixsmmny) = Nx <00 V ¢ > 0. (i)
n—oo k‘:l

(ii)  Suppose that Yo, ) ¢ oo, and that Ny < oo, then

) n
3 b, =0(b(n)) (depending only on the distribution of X ) such that
S = M)~ 58 L b(n) a.s. asn - oo.

where S = Spe1 Xk AD.
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Remarks
1) Tt follows from (i) of theorem 1.1, that lim,,_, o 5 )(S M(K)) 00

a.s. V K <9y and it follows from (ii) of theorem 1.1, that b(n)(S

MT(LK)) —1las. V K>MNy.

2) Tt is not hard to show using Birkhoff’s theorem, that if (X3, X5, )
is an ergodic, stationary process with F(|X|) < oo, then %(Sn—MéK)) -
E(X)as. V Kel.

In case (X1, Xy, ) are i.i.d.r.v’s, theorem 1.1 follows from theorem
1 in [Mor77]. The proof of theorem 1.1 (given in §1) differs from that
of theorem 1 in [Mor77] mainly in the estimation of large deviation
probabilities of truncated sums. The use of log-moment generating
functions in [Mor77] is not possible here due to the dependence. We
use moment estimations. Also the truncations are different.

In §2, we present examples of mixing, non-negative Markov chains
(X1, Xo,...) satistying (), (¥), (#) and DNy = 1, but violating theorem
1.1 in that

hm (Sp - MUY =00 as. VKeN

b( )
§3 is an apphcatlon of theorem 1.1 to modified continued fractions.

Let z = ﬁ, then ( as shown in [Aar86]) = i by £ 3 with respect

ba=77
to Lebesgue measure on [0,1]. We show that £ Y7, by + a.s..

§1 PROOF OF THEOREM 1.1

We'll use the (elementary) fact that if A : R, — R, is increasing,
weakly regularly varying, and h(n) |, v >0 then

Yo nYh(A(n)) < oo implies Y02 n7h(eA(n)) < oo V e >0

since if K € N satisfies eA(Kn) > A(n), then
K-1 oo

Zn”h(eA n)) = Z Z(Kn+j)7h(€A(Kn+j))

IN

= 2(n+ 1)h(A(n))) < 00

Let Nppi=#{k<n: X;>b} (b>0).

The following is a straightforward generalisation of lemma 3 in [Mor76]
and lemma 2 in [Mor77] to the c.f.-mixing case, and we only give a
sketch of the proof.
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Lemma 1
Suppose that (X1, Xs,-++) is c.f.-mizing and that B : R, - R, is
non-decreasing and satisfies nc(B(n)) — 0, then for v e N,
lim N, Bn) SV a.s. << Z n’P(X > B(n))"*' < oo
n=1

In this case, if B : R, —» R, is weakly reqularly varying, then

lim Nyemysv o a.s. ¥V c>0.

n—oo

Proof
As above,

Z n’P(X > B(n))"*' x Z n’P(X >cB(n))"*' ¥V ¢>0

n=1 n=1
in case B : R, - R, is weakly regularly varying. The proof therefore
splits into 2 parts:

P(Ny gm) 2v) = (ne(B(n)))” vV v>1; (1)

and .
thnB(n)<y a.s. <= Zw<w. (2)

n—oo n:l

Set N,, = N, () for n > 1. To establish (1), suppose that M is as in
the definition of c.f. mixing and that J(k) < 1.
P(N,>v) < > P(X,>B(n) Y keK)
Kc{l,...,n}, |K|=v

< M”(Z)C(B(n))”

<n’c(B(n))".
Now fix n > k so that nc(B(n)) < 3. For 1<k <n let
Ay = | Q . [ X, > B(n), X; < B(n)],
then .
Z_: Ap S RN, >1)
and _
P(A) 2 (L= () PP(CY(X, £ BOIDE(BODP [ [ B

J=k+kK

> (1=9(k))*(1 - ke(B(n)))e(B(n))(1 - (n - k)e(B(n)))
1(1=0(r))*c(B(n))

v
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whence

P(N,21) 2 § 32 P(A) 2 (1= 0()Pne(B(m) = mme(B(m).

It now follows that for n > vk so large that nc(B(n)) < 1

-k
4

P(N, >v) > P( Z 1[Xjﬁ+£>3(n)] >1V 0<j<v-1)
£=1 v

> (1=9(r))"P(N2ypny 2 1)" 2 (1= 0(x))"(n(3 - #)c(B(n)))"
> n"c(B(n))”.
This establishes (1).
The proof of (2) is that of lemma 3 of [Mor76], but using the strong
Borel-Cantelli lemma of Renyi (see [Ren70] p. 391) which is valid for

c.f.-mixing processes instead of the classical one (which is only valid
for i.i.d.r.v’s). O

Proof of (i) of theorem 1.1
By lemma 1 , a.s.,

lim Z Lrx,>b(n)] = min{s > 1: Z n*e(b(n)) ! < ool

n—>00

Using ¢(x) = 2O and b(n +1) - b(n) = L(b(n)) = X2 we have for
r>0,

Y nle(b(n)) =), —g(b(:))r = Z b(n+1)- b(n))db(n)y
n=1 n=1 n=1

S s ey,

n=1bp(n)<k<b(n+1)
Thus, min{x > 1: ¥,y n®c(b(n))"*! < oo} = Ny establishing (i). O
Proof of (ii) of theorem 1.1
The main ingredient here is the estimation of moments of truncated

sums in claim 1.

Define A(b) := ﬁfol e(bt) L(bt)dt, then A(b) S 0.
As in [Mor77] (but with A in place of €), define

a(fﬂ)
¢( ) - A(x
We claim that ¢(z) 1 oo as z 1 0. Indeed

Az L(x r
B = e = e /0 te(t)dt | 0.
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Set b, == ¢~ (n).
Claim 1

50om)

E(l56y

J1[Q) «< A(by) % %f} I(k) YV QeaN. (1)1

Proof  Set b, :=¢71(n). Fix n>1 and set Y, := X A b, — L(b,), then
n Q
E(SY -nL(b)) = E(XY)) = Y B(I[ V).
k=1 1<ky,....kg<n i=1

The latter sums need further organisation before estimation.

Given 1 < ky,...,kg <nlet K :={ki,....ko} = {k1,...,k,} where
v <@ and Ky << Ky, and define f:{1,...,v} > N by f(j):=#{1<
i<Q: ki =k}, then Y%, f(j) = Q and it follows that

2. HYk) > %% B(vY)
1<ky,....kg<n v=11<Kr1<- <f$l,<nfEE(Q) j=1

where

EQ = (f:{l,.. v} >N, gf(j)zQ:Qp}.

There are two cases: f > 2 and minj«, f(k) =1. Given 1 <v < (Q let

F9={feE®: f>2), G ={feE: min f(k) = 1}.

1<k<y

It follows that

b Q v .
B(ISY =nL)) <y Y Y IE(HYK’Z(]))I

v=1 feEgQ) 1<k1<<Kp<n

Q Q
(%) DD NEDY

v=1 feFV(Q) v=1 feG’l(,Q)
Since F,,(Q) = @ for v > p, we have by c.f.-mixing that

Q P
)IDIEDIDY

v=1 feFV(Q) v=1 feF,EQ)

<3 Y % EW.9)

v=1 feF,SQ) 1<k < <kp<n j=1
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For r > 2 we have
E(YT) <2 E((X Aby)) =27 [0 " e L) da
= p2rp! fo 2 (bt L(by )t = 275 L(by) A (D)
so for 1S/<al<---</£,,3nandfeFV(Q):

[TEY,, 1) << [T AGL(B)) = 19320

7=1

L=z) 1 _ 1 L(bn) _ 1 _ 1
Now == ~ 20y = svae Vhence 5. = 5ovass - wacs A

[TE(Y, 1) «< b3 20

=1

Thus:

N \

D¢

Q P In v
QA(R)2
> Y <y (Nt

v=1 feF(Q) v=1

i CA(D,)2 ~ b2\ A(by,).

We now turn to the estimation of ¥ ) in (f). Although E(|X A
ba|") = o(br-tL(b,)) V r > 2, we have E(|X Aby,|) = L(b,), which is too
large, and we must use c.f.-mixing more delicately in this case.

Fix v<@Q, fe G\ and suppose that 1 < J < v satisfies f(J) = 1.
We'll do the "generic” (difficult) case 2< J<v -1 (= v >3).

5 IE(QYK{“))I

1<k1<<kp<n

- ¥ S BV IT VO

L=11<K1<<Kk j_1<L-1 L+1<K j41<<Kp<n i=1 i=J+1

Fix k1 < --- < Ky.1 < L < Kjy1 < --- < K, < n. By c.f—mixing and
E(Yr) =0,

J-1
BT YOy, T] ¥4
=1 1=J+1

< E(H VPO E(YLI) E( H YEODO(L = ky1) + (kg - L))

« bf;? ”L(bn) (I(L-ry1)+9(kye - L)),
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whence, by the above

S B(IVY) <«

1<k1<<kp<n =1
ey ¥ ()0 e K ac - 1)
1<K<L<K'<n J -2 J-1
<OIVL(by)'n ™ Y (W(L-K)+9(K'-L))
1<K<L<K'<n

< 269 L (b, )'n¥"n? Z 9(k)

b
i

zm

n' @V L(b,)" Zﬁ(k)
It follows that

Q QQ L
%% S R Nt 0w

v=1 feE,(,Q) 1<k1<<Kp<n keK

Q Q&
~ %(A(})n)) 2 279(]“)-
k=1
Putting things together:

E(|S$) = nL(b,)|9) « bg(\/A(bn) +L(55)? i ﬂ(k)).

Next, note that ¢(z) = \/a% whence

(6 (2)) = 2 /BE @), alby) = n/A) and
B - 119) « (%)Q(mbn) () kz’f:lm))

(bn)
Thus % L 1. Since ne(b,) — 0, we have % i 1, whence

nL(b,) ~ b(n) and
B(S2 - 110) «< Adb,) % + %iﬂ(kr)

which is (1.1) and the claim is established. O

Claim 2

Z% ([ ~1]> e]) <00 ¥ € 0. (1).2
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Proof
bn
By the Chebyshev-Markov inequality, P([| -1 >¢€]) < E| i%n)) -
Q+1
1|9), V @ > 1, so by claim 1, (1.2) will follow from Y7, % < oo

for some @ > 1 and Yoo 2 Yi_; U(k) < 0o. The latter follows form the
assumptions on {J(n)}.>1 as

o0

DESWIOEMNICHIETIE IS

We’ll show that

o0

Z A(b

2 J. ¥ k> 0. (1).3

The proof of (1.3) is in two parts.
Firstly, for k, v >0 and writing 7' = ¢(y), we have

i Abn)" f ¥ AT (@) e _ f a(¢7!(2)))*"dx / " ) @)y
~ , - , x25+1 t—»oo ¢(y)2n+1
n=1 v Y Y
a(y)?" a)> o'y _ [ LA@)rd (y)dy
= [7etr ]qb‘l('y) f FIED ﬂ v +o(1)

me
7y

Next, we show that [°° A(yfdy < J,.
We start with J,, < [ - M because € < A. To see this, recall
that e(x) } whence €(by) > ye(b) Vb>0, 0<y<1and

1
A(b) :ﬁfo e(by) L(by)dt > ;j;}) yL(by)dt~@'

To show [ w < J

oo " oo Jensensmeq
A(b)"db L(bt)dt \x %
[Tara = [T o Mty <[ [ eon

[ / (bt)“dbdt yi=bt [ / e(y)“dydt
K € K e € K 1 K
/ 6(y) dy | f / e(y)"dydt dydt [ (y:)y dy+[0 e(y)"dy

=J, + O(l
(1.3) and claim 2 are established. O

(bn)
Claim 3 % -1 a.s..

L(bt)dt

db
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Proof  From claim 2 by condensation,

o @ W])

Z [y —U>e])<oo Ve>0, A>1

IS
whence b[([AJ]) — 1 a.s. Y A>1. By monotonicity, V XA > 1, a.s.,
G-y (bn) (bn) (bag+1y)
L _ Yoy JV7Y i S Sy S PV
» = Im - < lim Gy < Tim Gy < lim g = das
(bn)
showing that S;T(L—n) -1 a.s.. 0
Claim 4
lim Zleb <291+ 2 a.s..
Proof By lemma 1, it suffices to show
Z n2‘}t+1c(b )29%2
n=1
For k =291+ 2,
d K= K - ne(bn) \k - nA(bn) \k
Do le(ba)" = Y a((bn))) <)l a(lgn )
n=1 n=1 n=1
o0 s (1.3
:ZA(IZL)?( ),\JH_Jm+1<oo
n=1
O
Claim 5
S, = M) b(n) a.s
Proof

vV n>0,a.s. for n large
Sy = M) = gUP) = ) 4 (291 + 2)nb(n)

whence
(v v)
1- (20 +2)y < lim S22 < T S2267 <14 (2904 2),
(] This finishes the proof of theorem 1.1.

Example
If e(t) = 0, e(t) = m as t - oo (e.g. ), then Ny = oo.

If e(t) = o(m), then L(t) ~ L(tloglogt) and (¥) holds.
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log(t+30)
Both conditions are satisfied for L(t) = eleloe30) . Thus there are

processes (i.i.d.r.v/s) (X1, Xo,...) satisfying (), but for which 9y = oo
and trimming of any bounded number of maxima will not ensure a.s.
convergence.
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§2 MARKOV CHAINS WITH NO TRIMMED STRONG LAW

In this section we construct examples showing that theorem 1 fails
for general mixing Markov chains.

Examples
There are non-negative, mixing Markov chains (Y1,Ya,...) satisfying
E(Y) =00, Ny =1, (&), (s) and (V) with normalising constants b(n) =
nE(Y A b(n)) but such that

VG

lim b(n) =00 a.s. V K € IN.

For convenience, we construct the Markov chains over probability
preserving transformations. Let S be an ergodic probability preserving
transformation of the standard probability space (€2, 4,p) and f:Q -
IN be measurable, integrable and so that { foS™: n > 0} are independent
(e.g. Q=NN S =shift, f(z) =2 and p is a product measure).

Build (X, B,¢.T) the tower transformation over S with height func-
tion f (see [Kak43] or §1.5 of [Aar97]). This is an ergodic probability
preserving transformation :

X:={(z,n): 1<n< f(2)}, g(Ax{n}) = &3,

T(z.n) = { (z,n+1) n< f(x)),
(Sz,1) n=f(x).
Now define g: X - N by g(z,n) :=n.

Our examples will be of form (Y1,Ys,...):=(g,g0T,goT? ...). A
calculation indeed shows that the ergodic stationary process (g, goT, go
T2,...) is a Markov chain (a renewal process) whose joint distributions
are given by

Q([g = SO?QOT =81,---,9 o™= Sn]) = TsoPsg,s1  + * Psp-1,8n
p([f2s])

where 7, := B and
pé(J})j if jeN, k=1
Djk = jr—*_llfjeh\l,k::]+1,

0 else.

This chain is mixing if (e.g.) p([f =n]) >0V n>1 large.
Proposition 2.1 ([Tan74)])

Tn
ge - = 0 a.s.

n n—o0
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Proof Since E(f) < oo, we have i — 0 a.s. on Q. Next, for a.e.

reQand V nlarge, 30<k, <n such that g(Trx) < f(Sk"a:) whence
# — 0 a.s. on 2. The proposition follows from the T-invariance of
limy,, oo 22 O

Next, we investigate the asymptotic behaviour of g, = T(LT) Yo go

T*. To this end, let

L(t) = E(F52) nt).
Lemma 2.2
(1) If L(t) is slowly varying at oo and E(f?) = oo, then
L(t)~iE(f*At) ast - oo.

(2) If p([f 2u]) ~ % where [~ W =00 and h is slowly varying
at oo, then E(g) = oo, L is slowly varying at co and

Ly(t):==E(gnt)~ E(f)ﬁ(tZ) as t — oo.

Proof
LE(f2at) = E(LEAt) < L() ~ L(L) = LE(f(f+1)At) ~ SE(f2AL). (1)

To establish 2), we first note that V € > 0, ft h(z)du > f;@ ~

h(t)log?! as t - oo, whence h(t) = o( [/ h(“)d“) as t - oo. It follows

that [ 2% j5 slowly varying at oo (because ft’\t bCddu () log A as
t - o0). Next

Vit Vit
LE(P ) =SB AV = [ sp((f 2 s]ds ~ [T

which latter is slowly varying at oco. Analogously to the proof of 1), we
see that L(t) is slowly varying at co. Next,

Q(g>u E(f) Zp(f V)
whence

t t
Ly(t) = kZ a(g > k) ~ rp Zl MO« S5 L(1).
=1 u=

We use the notation g, = gi") := Y10 g o T,

Proposition 2.3



Jon Aaronson, Hitoshi Nakada 15
1) Suppose that E(g) = oo, L is slowly varying and let f(n) =
nL(B(n)), then
gn Y4 1 T _9n
DI GRSy
and, in case L(t) ~ L(tloglogt):

1
Im 565 = &7 @5

2) Under the assumptions of lemma 2.2 and L(t?) ~ L(t); (g,g©
T,...) satisfies (&), () and ().

Proof Note that Tp = T/ = S whence T4 = T where f, = f{9 =
Y7o f o Sk. It follows that on Q:

(T) (5)
(S> = fun

where
B = g(T) ZgoTk f(f+1)

Since {ho S™: n>1} are independent by (), (#) and (©):
he
B(n)
and, in case L(t) ~ L(tloglogt):

lim 2 = 1
lmﬁ() a.s..

By the PET, f, ~ E(f)n a.s. on Q, whence, a.s. on  (!):

IE(f)n q 9E(f)n _
o = 1 im Sl

—q>—>1 lim (S)—ooas
? pSeo B(n) o

= o0 and, in case L(t) ~ L(tloglogt), h_m gE(f))”

Using the 1-regular variation of §(n), and ergodicity of T', we establish
1) from which 2) follows since L£(t?) ~ L(t) implies 5(n) ~ E(f)b(n)
where b(n) =nE(gAb(n)). O

Remark Note that £(t2) ~ L(t) if €(t) = t(log" L)'(t) = o(=

logt ) as

t — oo.

Proposition 2.4 If E(g) = oo, then
— (g - M)

=00 a.5. YV K eIN.
e B(n)

Proof r,;(z)=go Tk @) (z) for some 0 < k,(z) <n-1. Thus,
M) < Krpi(z) = KgoT* @ (z) = o(n)

1.
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as n — oo by proposition 2.1. On the other hand, E(g) = o0, so & — oo
and M) = o(g,) as.. O

The advertised examples. If p([f > t]) ~ 22 as t - o where

2
h(t) = [T}-; log(t + e;) for some 7 € N where e; = e, ej;; = %, then
L(t) ~log" ™ (t) ~ L(t?) as t — oo where log (t) := log(t) and log"'(¢) :=
log(log"(%)).
Thus, E(g) = o0, M, =1, and (g,g07,...) satisfies (#), (6) and (V)

with normalising constants b(n) = nE(Y Ab(n)) but lim,, % =
oo a.s. V K e N..
§3 APPLICATIONS
3.1 Modified continued fractions. Let z = ﬁ, then b, (x) =
—T

by-7
[7=] + 1 where Vz := 1 - {1}. The transformation V : [0,1] - [0,1]
has an infinite, invariant measure p with density %(m) = ﬁ with re-
spect to which the function b(z) = [1]+1 is not integrable. Nevertheless
( as shown in [Aar86])
A(n) =~ b =

k=1

We prove here that a.s.,
() lim A(n) =2, & hm A(n) = oo.

n—00

As shown in [DKO00],

Za% 1) 2+ ko102t

Yoy G2k-1

where z = 1/ay + 1/as + 1/ .... The regular continued fraction process
(a1, as,...) is given by a,(z) := a(U"'z) where a(z) = [2] and U :
(0,1) - (0,1) is defined by Uz := {2}. GauB’ measure dP(z) = bg;l(%w)
is U-invariant on [0,1]. As shown in [Doe40], it is c.f.-mixing with
¥(n) =0(6") for some 0 <6 < 1.

Theorem 1.1 holds with 91, = 1. The trimmed strong law for the
regular continued fraction process was first established in [DV86].

Thus, (k) follows from the following lemma.

Lemma 3.1
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o0 19(k)

Let { X }k»1 be a non-negative, stationary process with ¥ o < 00,

and suppose that Nx < oo, then ford>2 and 0 <1+ j <d,
Yro1 Xdk+i et Xdk+i
lim ST o =0 & 7lbl_glo S, = 0 5.

n—oo

Proof

Since My < oo, L is slowly varying at oo, whence b(t) defined by
b(t) =tL(b(t)) is regularly varying at oo with index 1 . We claim first
that 3 B, = o(b(n)) such that lim, e Y1 1[z,56.] = Nx a.s. for any
stationary process {Z,} with Y7, 79(:) < 00 and dist Z = dist X.

By lemma 1, ¥, n”x C(b(k—n))mx *1 < 00. To obtain such a sequence
{8}, fix my 1 such that

> nmxc(@)mx*l <o Vik>1

nzmg

and set 3, := b(k—") for n € N, my < n < myy;. Evidently, 5, = o(b(n))
and o0 n¥ ¢ 8,) X+ < oo, whence limy, e Yy 1iz,55,] = MNx a.s..
By theorem 1.1, S,(f") ~ b(n) a.s., and to see lim,,_, o % = 00
, fix M > 0 large and note that a.s., 3 ny - oo and B, c {dk +
z}k s |Be| = DMy such that
() Xk > Mb(ng) Vke Bg, and (11) Xk S,an YV k ¢ Bg, k< (d+ 1)77/[ It
follows that
Z Xak+j = Z Xagsj A B, ~ b(ng) a
k=1
whereas

ny
> Xarri > M xb(ny)
k=1
with the conclusion that
m L1 Xaki > lin MM xb(ne)

= MMNx.
nooo 3 Xak+j oo Zk 1 Xdk+] oo ol Xk A B,

4

3.2 Visits to cusps. Define W :[0,1] - [0,1] by W(z) = = (0<
r<3z)and W(l-z)=1- W(IL’)
The measure v ~ m w1th Z(x) = = 1 iy 18 W-invariant, and as shown
in [Tha83] (see also [Aar97]) ([0 1],m, W) is conservative and ergodic.
The invariant measure density v has "cusps” at 0 and 1 in the sense
w([0,€)) = u([1-¢€,1)) =00 ¥V e>0, but u((a,b)) <oo VO<a<b<l1
and it is natural to ask about the frequency of visits to these "cusps”.
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It was shown in [Tha02] that

Siho 1, 1)oW"

n-1
Z 1y 0 Wk Z5 1 whence 0.3)
e

m
55 zzoll—l)m/k —-— 1. (1)

S=

We show, using (k) that

- Yicolpy(Wra) Bl s (Whe)
"—>°°22011 1)(Wkw) ’nﬁwZZél 1)(Wk$)

(1)

(c.f. [[no97] and [[no01]).

Define K : [0,1] > Z, by K(z) := min{j > 0: Wiz > 1} and
W :[0,1] - [0,4] x {0,1} by W(z) := WEK®+(z). It turns out that
K(z) =b(z)-2:=[1] -1, W(z) =V(z):=1-{1} (b, V as above),

Whence by (>X<) lm K"(w) = 0 and limy, e K”T(’”) = oo a.s. where
= Z K o VEk.
Thls proves (I) as
Ko (2)-1 K (2)-1
ko - ko) -
kZ:E) 1[07%)(W x) = K,(x) and ];) 1[%71)(W x) =n.
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