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Corollaries 2.7 and 2.8 in [ANSS] need correction. In the proof of 2.7, it is
wrongly stated a) that ν must be non-atomic, and b) that m is locally finite. The
following gives correct versions. References not listed here are listed in [ANSS].

2.7 Corollary. Suppose that Σ is a mixing SFT and that f : Σ→ Zd (d ≥ 1) has

finite memory. If ν ∈ P(Σ) is SfA-invariant, ergodic, and with U := supp ν ⊆ Σ
clopen and ν ◦ τU ∼ ν, then ν ∝ µα|U for some homomorphism α : Zd → R. If (in
addition) fΣ→ Zd is aperiodic, then U = Σ.

Proof Since ν is finite and τU -non-singular, it is non-atomic and the unique τφf
-

ergodic, invariant measure m on Σ × Zd so that m(A × {0}) = ν(A) is locally
finite.

In case f is aperiodic, theorem 2.2 shows that m = mα, U = Σ and ν = µα for
some homomorphism α : Zd → R.

Otherwise (see e.g. proposition 5.1 in [Pa-S] for d = 1) there is a subgroup
F ⊂ Zd and

(♠) f = a+ g − g ◦ T + f.

where a ∈ Zd, f : Σ → F aperiodic and g : Σ → Zd both with memory no longer
than that of f .

Thus m ◦ π−1 (where π(x, z) := (x, z − g(x))) is locally finite, τφf
-ergodic, in-

variant and supported on Σ× (z0 +F) (some z0 ∈ Zd). The result now follows from
the aperiodic case. �

Remarks
1) In the situation of corollary 2.7, the ergodic decomposition of µα (α : Zd → R

a homomorphism) is {[g ∈ b + F] : b ∈ Zd} (where g is as in (♠)). The proof of
this uses [G-H] as in the proof of ergodicity in the aperiodic case.

2) Suppose that Σ is a mixing SFT and that ν ∈ P(Σ) is S+
A -invariant and

ergodic, then (for s ∈ S) Ns :=
∑∞
n=0 1[s] ◦Tn. is S+

A -invariant, whence constant ν-
a.e.. Call s ∈ S ephemeral if 1 ≤ Ns <∞ ν-a.e., and recurrent if Ns =∞ a.e.. Let
S∞ and Se denote the collections of recurrent and ephemeral states (respectively).
Evidently S∞ 6= ∅ and N :=

∑
f∈Se

Nf is constant and finite (N := 0 if Se = ∅).

2.8 Corollary Suppose Σ is a mixing SFT. If ν ∈ P(Σ) is S+
A -invariant and

ergodic, then ∃ a cylinder f = [f1, . . . , fN ] ⊂ Σ with f1, . . . fN ∈ Se; a mixing SFT
Σ′ = ΣA′ ⊂ Σ ∩ SN

∞; a clopen, S+
A′-invariant subset U ⊂ Σ′; a homomorphism

Date: c©28/04/03.

1



2 J. AARONSON, H. NAKADA, O. SARIG, R. SOLOMYAK

α : ZS∞ → R so that

ν = c
∑

π∈SN , πf∩U 6=∅
δπf × µ|TNπf∩U

where πf := [fπ(1), . . . , fπ(N)], µ ∈ P(Σ′), dµ◦T
dµ = c′eα◦F

#

and c, c′ > 0.

Proof
Suppose first that Se = ∅. We claim first that ν is the restriction of a Markov

measure to a union of initial states. To see this, choose s ∈ S∞ with ν([s]) > 0, then
ν|[s] is ergodic, invariant under finite permutations of inter-arrival words, whence
by de Finetti’s theorem (see e.g. [D-F]) a product measure. By Proposition 15 of
[D-F], ν|[s] is the restriction of a stationary Markov measure to [s], and by S+

A -
invariance and ergodicity, the transition matrix p does not depend on s, ν([s]) > 0.
It follows that U := suppν =

⋃
s∈S∞, ν([s])>0[s] is clopen in ΣA′ (A′s,t = 1[ps,t>0]),

and that ν ◦ τU ∼ ν where τ is the adic transformation on ΣA′ . The result in case
Se = ∅ now follows from corollary 2.7.

In general,

xn ∈

{
Se 1 ≤ n ≤ N :=

∑
f∈Se

Nf ,

S∞ n > N,

ν ◦ T−N is as above. The result follows from this.
�

Remarks
Examples illustrating the various cases of corollary 2.8 can be extracted from

[P-S]. Corollary 2.8 now extends the one-sided version of theorem 6.2 in [P-S].
Theorems 2.9 and 2.11 there follow from it (by identification of possible Σ′).
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