
De�nitions:

Let D be a dinisor and

• degD =
∑

ni

• If F is an invertible sheaf s.t. F ∼= OC (D) then de�ne degF := degD.

• If F is a oherent sheaf and x ∈ V then we have a vetor spae F |x=
Fx/mxFx.

• De�ne a sheaf kP on C s.t. kP (U) =

{

k , P ∈ U

0 , P /∈ U
.

Lemma:

Sequene

0 // OC (D) // OC (D + P ) // kp // 0

Is exat.

Proof: Look at P :

0 // OC (D)P
⊆

// OC (D + P )P
// k // 0

Here we have inlusion of tnO in tn−1O
and at Q:

0 // OC (D)Q
⊆

// OC (D + P )Q
// 0 // 0

Here we have nothing hanged i.e. tnO

Lemma:

Let F be an invertible sheaf. Then dimΓ (C,F) ≤ degF + 1

Proof:

Assume thatΓ (C,F) 6= 0 . Then F ≈ OC (D
′) if D′

is not an e�etive divisor

then ther is f ∈ Γ (C,F) s.t. divf +D′ ≥ 0 and denote divf +D′ = D but then

we know OC (divf +D′) = OC (D′) whih means F ≈ OC (D) for an e�etive

divisor D.

If degF = 0 then D = 0, whih means F ≈ OC . Hene Γ (C,F) = k. And
thus dimΓ (C,F) = 1.

If degD > 0. Then D = P + D1 for some e�etive divisor D1. Then we

have exat sequene:

0 // OC (D1) // OC (D) // kP // 0
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Then in global setions we have an exat sequene:

0 // Γ (OC (D1)) // Γ (OC (D)) // Γ (kP )

Then dimΓ (OC (D)) ≤ dimΓ (OC (D1))+dimΓ (kp) but Γ (kp) = k. And so we

are done by indution.

�

Lemma:

If Γ (C,ΩC � M∨) = 0 then H1 (C,M) = 0.

Proof: Let F = M (D) for some e�etive divisor D. Then

Γ (C,ΩC � F∨) = Γ (C, (Ω � M∨) (−D)) ⊂ 0

Let P ∈ C. We have exat sequene 0 // F // F (P ) // F (P ) |P // 0

whih gives us a di�erential

δP : H0 (C,F (P ) |P ) → H1 (C,F)

We will look on how δc variates globally in C. Look at exat sequene:

0 // π∗
1F // π∗

1F (∆) // π∗
1F (∆) |∆ // 0

Then taking π2∗ we have di�erential:

δ : π2∗ (π
∗
1F (∆) |∆) → H1 (F) �k OC

We an see that the value of δ (c) is δc (beause π2 is isomorphism from ∆ to

C). Now OC×C (−∆) |∆≈ ΩC . Thus π2∗ (π
∗
1F (∆) |∆) is just F �OC

Ω�−1

C .

Hene δ has dual

δ∨ : H1 (F)∨ �k OC → ΩC �OC
F∨

whih has to be zedo due to the lak of non-zero setions in ΩC � F∨
.

By lemma (from the �rst hour) to show that F has zero �rst ohomology

we need the following: By the previous paragraph we have exat sequene

0 // Γ (C,M (E)) // Γ (C,M (E)) // Γ (C,M (E + P ) |P ) // 0

WhereE is an e�etive divisor. And hene we get that the restrition is quotient.

Then we have dimΓ (C,F (E + P ) |P ) = 1. And thus M is ordinary.

�

Proposition

• H1 (C,F) and H0 (C,F) are �nite dimensional vetor spaes over k.

• And dimH0 (C,F) − dimH1 (C,F) = deg (divF) + (1− g) where g =
dimH1 (C,OC) is genus of C.

Denote dimH0 (C,F) − dimH1 (C,F) = χ (F) and all it Euler harateristi

of F .
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Proof: For every invertible sheaf F there is a divisor D s.t. M ≈ OC (D).
Notie that H0 (OC (D)) = Γ (C,OC (D)) and then beause of the inequality

above we have that H0 (OC (D)) is �nite dimentional.

Now let P ∈ C be some point.

Then we have an exat sequene of sheafs

0 // OC (D) // OC (D + P ) // kP // 0

Whih indues a long exat sequne in ohomology

0 // H0 (OC (D)) // H0 (OC (D + P )) // H0 (kP )

// H1 (OC (D)) // H1 (OC (D + P )) // 0

The last ohomology is zero beause H1 (kP ) = 0 beasue kp is �abby (beasue

id and zerp-morphism (to zero) are surjetive).

Then H1 (OC (D)) is �nite dimentional i� H1 (OC (D + P )) is �ntie dimen-

tional. Notie that in this ase χ (OC (D + P )) = χ (OC (D)) + 1.
Then what do we have:

χ (OC (D)) = degD + χ (OC) =

= degOC (D) + dimΓ (C,OC)− dimH1 (C,OC) =

= degD + 1− g

Let L be suh an invertible sheaf that degL > deg ΩC then Γ
(

C,ΩC �OC
L�−1

)

=
01

And by lemma ther exist a loally free oherent sheaf s.t. H1 (C,M) = 0
and we are �nished.

�

Serre duality:

H1 (OC (D)) ∼= H0 (OC (K −D))

Riemann-Roh theorem:

Let F be an invertible sheaf then:

dimH0 (OC (D))− dimH0 (OC (K −D)) = deg (divF) + 1− g

Whih is an exat appliation of Serre's duality to the previous proposition.

1

Beause degΩC �OC
L�−1

< 0 and impling previous lemma.
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Appliation 1:

• deg ΩC = 2g − 2

• dimΓ (C,ΩC) = g

Proof:

From Riemann-Roh we get

h0 (D)− h0 (K −D) = degD − g + 1

Now let D = 0 and then h0 (K) = g i.e. dimΓ (C,ΩC) = g.
Now letm D = K and then h0 (K) = degK − g+2 and thus degK = 2− 2g
�

Appliation 2:

Let C be a smooth urve whih is not omplete. Then C is a�ne.

Proof:

Let C be the ompletion of C. C\C is �nite. De�ne a divisor D =
∑m

i=1
niPi we

a free to hoose ni to be positive and large enough to promie existane of regular

funtion f : X −→ P
1
s.t. f−1 (∞) = {P1, . . . , Pm} and �nite verywhere else.

Why an we? Sine ni are large then degD > 2g−2we getH0
(

C,L (K −D)
)

=

0. Then Riemann-Roh gives us H0
(

C,L (D)
)

=
∑

ni+1−g. So there is some

funtion of C whih is meromorphi and has poles exatly at Pi of orders worst

ni and nowehere else.

Now we use the linear system de�ned by D to embed C into projetive spae.

Then divisor D beomes a hyperplane setion with ni's being the intersetion

multipliity. See Kempf 5.7.1 Then we have C = C\
(

C ∩H
)

for a hyperplane

H . But removing hyperplane turns projetive spae to an a�ne spae and we

still habe X embedded as a losed subvariety.

�
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