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De�nition 1:

Let Y ⊆ An
be an a�ne variety and (f1, . . . , fn) be the generator set of I (Y ).

Then Y is alled non-singular in point P ∈ Y if

rank ||∂fi/∂xj (P )|| = n− r

where r = dimY .

Y is alled non-singular if it is non-singular in every point.

Note: The formal derivatives of polynomials are well de�ned.

The matrix of partial derivatives is alled Jaobian matrix.

Now we have de�ned non-singular a�ne variety but not general variety. For

this we will need the following de�nition and theorem.

De�nition 2:

Let A be Noetherian ring with maximal ideal m and residue �eld k = A/m.
A is alled regular loal ring if dimk

m/m2 = dimA.

Theorem 1:

Let Y ⊆ An
be an a�ne variety and P ∈ Y be some point.

Y is non-singular at P i� the loal ring OP,Y is regular loal ring.

Proof: Let P = (a1, . . . , an) ∈ An
be some point. Look at the ideal aP =

(x1 − a1, . . . , xn − an) in A = k [x1, . . . , xn] it is a maximal ideal sine it ideal

of one point. De�ne a linear map θ : A −→ kn s.t.

f 7→

〈

∂f

∂x1
(P ) , . . . ,

∂f

∂xn

(P )

〉

Notie that θ (xi − ai) form basis of kn and then the restrition θ′ : aP/a2
P −→ kn

is an isomorphism.

Now let b = I (Y ) ⊆ A with generators (f1, . . . , ft). Notie that

rankJ = rank ||∂fi/∂xj (P )|| = dim (θ (b))
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But we have and isomorphism θ so we an say that

dim (θ (b)) = dim
(

b+a
2
P/a2

P

)

Remember how did we obtain OY,P we took quotient of A with b and then

loalized at aP . Then if m is the maximal ideal of OY,P it holds:

m/m2 ∼= aP/(b+a
2
P )

And thus we an see dimm/m2+rankJ = n. For a theorem with a lot of statement

(around 4). dimOP = dimY := r. Hene dimk
m/m2 = r i� OP is regular loal

ring. But is is essentially the same as rankJ = n − r whih de�nes Y to be

non-singular at P .
�

Example 1 multipliities:

Let Y ⊆ A2
be a urve de�ned by equation f (x, y) = 0 and P = (a, b) ∈ A2

be

some point. Change the oordinates so P = (0, 0). Rewrite f as sum of homo-

geneous polynomials in x and y, i.e. f =
∑d

i=1 fi. Then de�ne multipliity of

P on Y to be the smallest r s.t. fr 6= 0 denoted by µP (Y ). The linear fators
of fr are alled tangent diretions at P .

Now if µP (Y ) = 1 then rankJ = 1 = 2− 1 and then Y is not singular at P .
Otherwise J is a null matrix and Y is singular at P .

1. x2 = x4 + y4 is a tanode as sum of homogeneous it is

−x2 +
(

x4 + y4
)

= f2 + f4 = 0

and then multipliity of (0, 0) is 2. Tangent diretion is x/

2. xy = x6 + y6 is a node and as some of homogeneous polynomials:

−xy +
(

x6 + y6
)

= f2 + f6 = 0

the multipliity of (0, 0) is 2. Tangent diretions are x and y.

3. x3 = y2 + x4 + y4 - usp same multipliity. Tangent diretion is y.

4. x2y+xy2 = x4+ y4 - triple point the multipliity is 3. Tangent diretions
are x and y.

All of them have one singular point whih an be shown by diret alulation.

The form are determined from tangent diretions (where does urve go).

De�nition 3:

Let Y be a variety and P ∈ Y some point. Then Y is alled non-singular at

point P if OP.Y is regular loal ring.
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Figure 1: Singularities of plane urves

Theorem 2(algebra):

If A is Noetherian loal ring with maximal ideal m and quotient �eld k, then
dimk

m/m2 ≥ A.

Proof: See see Atityah-Madonald 11.15

Theorem 3:

Let Y be a variety. Denote SingY the set of all singular points of Y . Then

SingY is proper losed subset of Y .

Proof:

Let Y =
⋃

Yi be an open overing of Y . Then we are �rst of all to show that

SingYi is losed for eah i. By theorem1

we may assume Y is a�ne variety. Then

by previous theorems we have rankJ ≤ n − r for every point P ∈ Y . Hene

for any singular point on Y holds rankJ < n − r. Thus we have an algebrai

de�nition of SingY as the set generated by I (Y ) with all determinants

2

of

(n− r) × (n− r) submatriies of the matrix J . Hene SingY is losed.

Now apply theorem

3

to Y to obtain a birational equivalene to P n
. Note

that birational varieties have isomorphi typologies we an redue to the ase

of hypersurfae in P n
. It is enough to onsider any open a�ne set of Y , so

we may assume that is a hypersurfae in An
, de�ned by a single polynomial

f (x1, . . . , xn) = 0.
SingY is the set of points in Y s.t.

∂f/∂xi (P ) = 0 for all i ≤ n. If Y = SingY
then

∂f/∂xi ∈ I (Y ) but I (Y ) = 〈f〉 and hene deg (∂f/∂xi) ≤ deg f − 1 but this

means

∂f/∂xi = 0 for every 0 ≤ i ≤ n.

1

4.3 On any variety Y , there is a base for the topology onsisting of open a�ne subsets.

2

We take all the polynomial whih show existene of singularity and all the polynomial

whih de�ne Y and they all together SingY and then we have algebrai set.

3

4.9 Any variety X of dimension r is birational to a hypersurfae Y in P
r+1

.
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If hark = 0 then we already have a ontradition. Otherwise we onlude

that f is a polynomial in xpk

i for eah i. But then we an take p-th root of the

oe�ients to get polynomial g s.t. f = gp but f is irreduible.

Hene SingY < Y .

�

Blowing up singularities:

Cusp: Let Y be the usp x3 = y2 + x4 + y4. Show that Ỹ is non singular at

O = (0, 0).
Let t, u be homogeneous oordinates on P 1

. Then X blowing-up of A2
at

O is de�ned by the equation xu = ty inside A2 ×P 1
. O is replaed by P 1

and

the rest looks as A2
. Denote E := P 1

.

Consider equations x3 = y2 + x4 + y4 and xu = ty. Now E is overed by

open sets t 6= 0 and u 6= 0.
If t 6= 0 denote t = 1 and then we get

x3 = y2 + x4 + y4

y = xu

In A3
with oordinates x, y, u substitute equations and get

−x3 + x2u2 + x4 + x4u4 = x2
(

u2 − x+ x2
(

1 + u4
))

= 0

Then we have two irreduible omponents one de�ned by x = 0 = y with any u
whih is E and the other u2 − x+ x2

(

1 + u4
)

= 0 and y = xu this is Ỹ . Note

Ỹ meets E at one point u = 0.
Case u = 1. Then ty = x and the seond equation of the urve

t3y3 = y2 + y4t4 + y4 = y3
(

1− yt3 + y4
(

1 + t4
))

= 0

And thus there is no intersetion.

�

Node: As we saw previously the node is a double point of a plane urve with

two distint tangent diretions. Show that if P is a node on a plane urve Y ,

show that ϕ−1 (P ) onsists of two distint nonsingular point on the blown-up

urve Ỹ .

First of all make a linear hange of oordinates s.t. P 7→ O. Then we an

write f = fr + · · · + fd sine the multipliity of P was 2 then r = 2. And f2
fators into x and y. So f = xy + g with deg g ≥ 3 . Consider the pullbak of

V (f) in the blow-up X in two parts t 6= 0 and u 6= 0. If t = 1 then f = 0 and

y = ux so substitute

ux2 + g (x, ux) = 0
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But again x2 | g (x, ux) beause deg g ≥ 3. The f in this form fators as

x2 (u+ g(x,ux)/x2) = 0

Then again x2 = 0 with any u gives us E. And u + g(x,ux)/x2
gives us X̃. If

x = 0 then u = 0 hene this over meets E in one point x = u = 0. Multipliity

of the urve is 1 and hene there is no singularity.

The same analysis for u 6= 0 gives us the seond non-singular point.

�

Tanode: The same as previous: x2 = x4+ y4 the blow up of A2
is obviously

the same. f = x2 −
(

x4 + y4
)

, notie x2
fators into x and x. The E is overed

by two open sets t 6= 0 and u 6= 0 and x2 −
(

x4 + y4
)

= 0 and xu = ty. If t 6= 0
then xu = y and substitute:

x2 − x4
(

1 + u4
)

= 0

As previously we an fator x2
(

1− x2
(

1 + u4
))

= 0 . Same as above x = 0

with any u gives us E. And Ỹ is

{

y = ux

x2
(

1 + u4
)

= 1

Whih has no intersetions with E.
Now let u = 1. Then x = yt. Substitute

y2t2 − y4
(

1 + t4
)

= 0 ⇒

⇒ y2
(

t2 − y2
(

1 + t4
))

= 0

Then as above E is x = y = 0 with arbitrary t and Ỹ is

{

x = ty

t2 − y2 = y2t4

The intersetion with E is t = 0 = x = y. Whih is the singular point of

t2 − y2 = y2t4 whih is a node sine the f̃2 = (t− y) (t+ y).
And then one more blow-up reserves the singularity.

�

y3
= x5

Obvious that r = 3 and hene the point (0, 0) is a triple point. The

same as above xu = yt.
t = 1 then y = xu and the seond urve equation is x3

(

u3 − x2
)

= 0. E

is x = 0 = y for any u. And Ỹ ∩ E is x = y = u = 0. The resulting form is

x2 = u3
whih is usp.

u = 1 then x = ty and the seond urve equation is y3
(

1 + y2t5
)

= 0 . E is

y = 0 = x for any t. And there is no intersetion.

�
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Completion:

For lari�ation and proofs see Atityah-Madonald Chapter 10&11):

There are to ases of ompletion that we probably already seen:

1. Constrution of formal power series from polynomials.

2. Formation of p-adi numbers. Take a prime number p and then work in

various rings

Z/pk
Z. In some sense it is a limit of

Z/pk
Z as n → ∞.

The two examples are lose but p-adi numbers does not have a natural embed-
ding of

Z/pk
Z.

Completion as loalization a method of simplifying around onrete point.

We will usually perform ompletion after loalization, e.x. loal ring of a non-

singular point on n dimensional variety. has always for its ompletion the ring

of formal power series in n variables. So we use ompletion after loalization

when we need more simpli�ation.

Also ompletion preserves exatness and Noetherian property.

De�nitions 4 and 5:

Let G be a topologial Abelian group, i.e. topologial spae with addition

and substration de�ned and ontinuous. Let a ∈ G be a �xed point, de�ne

translation Ta : G −→ G with x 7→ x + a it is homeomorphism of G sine it is

ontinuous and it's inverse T−a is ontinuous. We see that U is any neighborhood

of 0 in G then U + a is a neighborhood of a in G and every neighbourhood of

a an be represented in this form.

Assume for simpliity that 0 has a ountable fundamental system of neigh-

borhoods. Then ompletion Ĝ an be de�ned through Cauhy sequenes

4

On

the set of Cauhy sequenes we de�ne equivalene lasses by

xn ∼ yn ⇐⇒ xn − yn −→ 0

And then Ĝ is exatly the set of all the equivalene lasses. It is an Abelian

group. Also for x ∈ G take (x) ∈ Ĝ and then we have homomorphism of Abelian

groups (whih is injetive whenever G is Hausdor�, beause kerφ =
⋂

U for U
neighbourhood of 0).

Purely algebrai de�nition: Let's look at less general ase: 0 ∈ G has a

fundamental system of neighborhoods onsisting of subgroups. Then we have a

sequene

G = G0 ⊇ G1 ⊇ . . .

And then U is a neighbourhood of 0 i� it ontains some Gn, e.x. Gn = pnZ.
Note that in this ase Gn's are lopen.

Now onsider {An} be a sequene of groups and and family of homomor-

phisms θij : Aj −→ Ai for i ≤ j. We all this an inverse system if

4(xn) ⊆ G s.t. for any U neighbourhood of 0 there exists natural N s.t. xn − xm ∈ U for

all m,n ≥ N .
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• θii = id

• θik = θij ◦ θjk for i ≤ j ≤ k

Then de�ne

A = lim
←

Ai =

{

−→a ∈

∞
∏

i=1

Ai : ai = θij (aj) for all i ≤ j ∈ N

}

Using this de�nition of the inverse limit we an say

Ĝ = lim
←

G/Gn

Is the ompletion of G.
By the way we see that the inverse limit is just a subspae of the produt

equipped with indued topology from the produt topology.

Maybe: Let (xn) be a Cauhy sequene in G. Then the image of (xk) in G/Gn

in �nely onstant equal to εn. If we pass from n+1 to n then εn+1 7→ εn under

G/Gn+1

θn+1

−→ G/Gn.

Thus the Cauhy sequene (xk) de�nes a oherent sequene (εn) s.t.

θn+1εn+1 = εn.
We see that equivalent Cauhy sequenes de�ne the same oherent sequene.

Also we onstrut Cauhy sequene from the oherent sequene: xn an be any

element in the oset of εn s.t. xn+1−xn ∈ Gn. Then the ompletion Ĝ an be

de�ned as the set of of the oherent sequenes with the obvious group struture.

a-adi ompletions: Let A = G be a ring and Gn = a
n
for an ideal a. Then

the topology de�ned on A is alled a-adi topology and the ompletion is alled

a-adi ompletion. Easy to see that with this topology A is a topologial ring

and Hausdor� (sine the losure of 0 is 0). The ompletion Â of A is again

a topologial ring and φ : A −→ Â is a ontinuous ring homomorphism with

kernel

⋂

a
n
.

The same goes for an A-module M , take M = G and a
nM = Gn. This

de�nes the a-adi topology on M and the ompletion M̂ of M is a topologial

Â-module. If f : M −→ N is any A-module then f (anM) = a
nf (M) ⊆ a

nN

and then f is ontinuous and so f̂ : M̂ −→ N̂ is de�ned.

Theorem 4(algebra):

Let A be a Noetherian loal ring with maximal ideal m and let Â be its om-

pletion.

1. Â is a loal ring with maximal ideal m̂ = mÂ and there is natural injetive

homomorphism A → Â.

2. If M is �nitely generated A-module its ompletion M̂ ∼= M �A Â with

respet to its m-adi topology.
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3. dimA = dim Â.

4. A is regular i� Â is regular.

Theorem 5(algebra):

If A is a omplete

5

regular loal ring of dimension n ontaining some �eld, then

A ∼= k [[x1, . . . , xn]] the ring of formal power series over the residue �eld k of A.

De�nition 7:

Two points P ∈ X and Q ∈ Y are analytially isomorphi if there is an

isomorphism ÔP
∼= ÔQ as k-algebras.

Example 3:

If X and Y have analytially isomorphi points then dimX = dimY . See 5.4.c
and ex 3.12 whih tells us the loal ring of a point on a variety has the same

dimension as the variety.

Example 4:

If P ∈ X and Q ∈ Y are nonsingular points on varieties of the same dimen-

sion, then P and Q are analytially isomorphi. This follows from 5.4 and 5.5.
And now we �nally have the same kind of loality as in di�erential manifolds,

i.e. we know that two di�erential manifolds of the same dimension are loally

isomorphi.

Example 5:

hark 6= 2
Let X be the plane nodal ubi urve given by the equation y2 = x2 (x+ 1).

Let Y be the algebrai set in A2
de�ned by the equation xy = 0. We will show

that the point O = (0, 0) on X is analytially isomorphi to the point O on Y .

Notie OO,Y = (k[x,y]/(xy))(x,y) and then ÔO,Y = k[[x,y]]/(xy).
This example orresponds to the geometri fat that near O, X looks like

two lines rossing.

Notie that ÔO,X
∼= k[[x,y]]/(y2

−x2
−x3). The leading form (i.e. the �rst ho-

mogeneous polynomial) is y2−x2
it fatorizes as (y − x) (x+ y) . Now we want

to �nd power series s.t. their multipliation is f . We want all the polynomials

hi, gi to be homogeneous:

g = y + x+ g2 + g3 + . . .

h = y − x+ h2 + h3 + . . .

5

if φ : G −→ Ĝ is an isomorphism then G is alled omplete.
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Construt them by indution:

(y − x) g2 + (y + x) h2 = −x3

This is a legitimate onstrution sine y−x and y+x generate a maximal ideal

in k [[x, y]]. Now onstrut gn+1 and hn+1 s.t.

(y − x) gn+1 + (y + x) hn+1 = −gnhn

This is again possible.

Thus ÔO,X = k[[x,y]]/(gh) but g and h begin with linearly independent linear

term and thus there is an automorphism of k [[x, y]] s.t. g, h 7→ x, y. Thus

ÔO,X = k[[x,y]]/(xy) as requested.
�

One more blow-up:

Let Y ⊆ P 2
be a non-singular plane urve of degree > 1, denote d, de�ned by

equation f (x, y, z) = 0. Let X ⊆ A3
be the a�ne variety de�ned by f (this is

the one over Y ). Let P be the point (0, 0, 0) whih is the vertex of the one.

Let ϕ : X̃ −→ X be the blowing up of X at P .

• Are there any singularities on X?

Remark: If f (x0, . . . , xn) is a homogeneous polynomial in k [x1, . . . , xn]
then

∂f

∂xi

(x0, . . . , xj = 1, . . . , xn) =
∂

∂xi

(f (x0, . . . , xj = 1, . . . , xn))

From the remark obvious that X\ {0} is non-singular. And deg f > 1 gives

us O is singular.

• Does one blow-up resolve them?

Look at X̃ ∩E all the possible singularities are there. Let (x, y, z, t : u : v)
the oordinates onA3×P 2

. The equations X̃ are f = 0 and xu = yt, xv =
tz and yv = uz.
Then if t = 1 holds f (x, xu, xv) = 0 then we an extrat xd

i.e. xdf (1, u, v).
Now xd = 0 gives us E and f (1, u, v) gives the strit transformation. Note

that if the point (x, u, v) = (0, u, v) satis�es f (1, u, v) = 0 then it is not

singular sine f is singular only at P . The same goes for u = 1 and v = 1.

• The a�ne over is f (1, u, v) , f (t, 1, v) and f (t, u, 1)

�
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