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Planes, p-
ats & Hyp erplanes

V ertical Line Represen tation

Figure 1: A plane � in R

3

can b e represen ted b y t w o v ertical lines and a p olygonal line

represen ting one of its p oin ts.

Figure 2: A set of coplanar p oin ts on a regular grid in R

3

with the t w o v ertical lines pattern.

This generalized to R

N

where a h yp erplane can b e represen ted b y N � 1 v ertical lines.
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Figure 3: Industrial data. Note pattern b et w een the R111 and R112 axes.

Figure 4: P ortion b et w een the R111 and R112 axes in k and cartesian co ords. A parameter

linearly related to R111 and R112 had not b een measured and w as disco v ered as a result of

these plots.
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Figure 5: A line ` on a plane � is represen ted b y one p oin t ��

12

in terms of the co ordinates

(i.e. line in 2-D ! ) p oin t in

�

Y

1

and

�

Y

2

whic h is collinear with the t w o p oin t

�

`

12

and

�

`

23

. This

is a consequence of Desargues pro jectiv e geometry theorem.
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Figure 6: Rotation of a plane ab out a line $ T ranslation of a p oin t along a line.
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The family or p encil of planes :
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eac h v alue of k determines a(the rotated) plane and, in turn, the translated p osition ��
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The ab o v e generalize to R

N

where a h yp erplane b eing represen ted b y N � 1 v ertical lines.

Represen tation b y Indexed P oin ts

The family of \Sup er-Planes" E

W e consider the set of p oin ts P 2 R

N

whose represen tation in k -co ords collapses to a straigh t

line. They form a 2-D subspace (2-
at) That is,

�

P : y = mx + b and for eac h c hoice of

( m; b ) the corresp onding p oin t is :

P = ( md

1

+ b; md

2

+ b; : : : ; md

N

+ b ) = m ( d

1

; d

2

; : : : ; d

N

) + b (1 ; : : : ; 1) : (4)
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Figure 7: P oin ts in R

N

represen ted b y lines.
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Therefore, the sup er-planes (abbr. sp ) are on the line u con taining the p oin ts

(0 ; 0 ; :::; 0) ; (1 ; 1 ; :::; 1). They can b e describ ed in terms of the axes spacing and for R

3

the sp

are giv en b y:

�

s

: ( d

3

� d

2

) x

1

+ ( d

1

� d

3

) x

2

+ ( d

2

� d

1

) x

3

= 0 (5)

F or the standard axes spacing used so far, d

1

= 0 ; d

2

= 2 ; d

3

= 2 the corresp onding, called

the �rst, sp is :

�

s

1

: x

1

� 2 x

2

+ x

3

= 0 (6)

F or a plane

� : c
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o

; (7)
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These t w o p oin ts represen ting `

�

coincides since it is a line in a sp , and in homogeneous

co ordinates

��

123

=

�

`

�

12

=

�

`

�

23

= ( c

2

+ 2 c

3

; c

o

; c

1

+ c

2

+ c

3

) : (9)

This is the �rst indexed p oin t for � . T o understand its signi�cance follo w the next t w o

�gures.

Figure 8: On the �rst 3 axes a set of p olygonal lines represen ting a randomly sampled set

of p oin ts on a plane � � R

3

.

6



Figure 9: Coplanarit y! In k -co ords joining the pairs of p oin ts represen ting lines on a plane

forms a p encil of lines on a p oin t. The p oin t sho wn is ��

123

in eq. (9). Review also the

3-p oin t-collinearit y for m ultidimensional lines (previous c hapter).
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Next the axis

�

X

1

is translated to the p osition

�
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1

one unit to the righ t of the

�
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3

pro viding

the new axes spacing d

1

= 4 ; d

2

= 1 ; d

3

= 2. The corresp onding sp is

�
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� 2 x

3

= 0 : (10)
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1
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{ see Fig.
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Figure 12: The plane � represen ted b y t w o p oin ts
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s

1

and �

s

1

0

are t w o lines

`

�

; `

0

�

whic h sp ecify the plane and pro vide its represen tation. This is the equiv alen t of the

previous �gure but in cartesian co ordinates.

11{ and the construction in Fig. 9 is rep eated pro viding the second p oin t
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1
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) : (11)

sho wn Fig. 12. These t w o p oin ts represen t the plane � since from their co ordinates the

co e�cien ts of eq. (7). Geometrically , w e ha v e determined the plane � b y the t w o lines

`

�

; `

0

�

� � sho wn in Fig. 13. A plane in R

3

can b e sp eci�ed in terms of an y t w o in tersecting

lines it con tains. The reason for c ho osing the lines in the sp is that in k -co ords suc h lines

are represen ted b y one rather than t w o p oin ts and there are further adv an tages. Note that

��
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� ��
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= (3 c
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; 0 ; 0) : (12)

The four Indexed P oin ts

The

�
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�

X

3
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�
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Figure 14: The plane � in tersected with four sup er-planes. Eac h p oin t represen ts one of the

in tersection lines.

and similarly the fourth sp �

s

1

0

2
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3

0

. Tw o new p oin ts are constructed and sho wn in Fig. 14

As for the previous 2 p oin ts
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It is easiy c hec k ed that the translations corresp ond to 120

o

rotations of the sp �
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Syn thetic Constructions in R
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upp er half-space is mark ed b y the t w o dashed half-lines.
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Constructing the four indexed p oin ts
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Pro jecting Planes and Lines
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Figure 30: On the left are the initial data, are p oin ts sp ecifying the plane � and line ` , for

in tersection construction on the righ t. First r = � \ `� is constructed (need only �r

23

since

�r

12

=

�

`

12

). Then R = ( r

1

; r

2

; r

3

) = r \ ` = � \ ` .

This is a geometrical/graphical solution of the system of linear equations

8

<

:

� : c

1

x

1

+ c

2

x

2

+ c

3

x

3

= c

0

`

1 ; 2

: c

11

x

1

+ c

12

x

2

= c

10

`

2 ; 3

: c

22

x

2

+ c

23

x

3

= c

20

: (15)
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Separation in R

3

{ P oin ts and Planes

d

P

P
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X

Y

m = 1
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�

P
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Figure 31: The \ab o v e" and \b elo w" relations b et w een p oin ts and lines switc h at m = 1.
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�
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�
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�

X
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�
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�
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�

X
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123
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231

0
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u

�

T

T

�

H

�

Figure 32: P oin t T = ( t

1

; t

2

; t

3

) is ab o v e the plane � . Line ` = � \ � where � : x

1

= t

1

with

P = ( t

1

; t

2

; p

3

) 2 ` \ � . With

�

`

23

b et w een the

�

X

2

;

�

X

1

, i.e. the slop e of `

23

is negativ e, and

b elow the p ortion

�

T

23

of the p olygonal line

�

T , T is ab ove ` in the plane � and also � . This

is also clear from the picture since T , P 2 � ha v e the same x

1

; x

2

co ords and p

3

< t

3

.
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Figure 33: P oin t T = ( t

1

; t

2

; t

3

) is ab o v e the plane � . Line ` = � \ � where � : x

1

= t

1

with

P = ( t

1

; t

2

; p

3

) 2 ` \ � .

Rotation of a Plane ab out a Line and the Dual T ranslation
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0
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�
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�

P
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�
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0
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23
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Figure 34: Rotation of a 2-
at (plane) ab out a 1-
at(line) in R

3

corresp onds to a translation

of the p oin ts with 3 indices on the horizon tal line

�

H along the lines

�

L ;

�

L

0

;

�

L

00

;

�

L

000

joining

the p oin ts with 2 indices.
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Figure 35: Rotation of a plane �

2

ab out a line �

1

suc h that c

1

remains constan t.

Hyp erplanes and p-
ats in R

N

Designate the axes spacing b y d = ( d

1

; d

2

; :::; d

i

; :::; d

N

) and recall that the sup er-planes sp

are on the line

u : x

2

= x

1

; x

3

= x

2

; : : : ; x

i

= x

i � 1

; : : : ; x

N

= x

N � 1

: (16)

Being 2-
ats the sp are describ ed b y N � 2 linearly indep enden t equations whic h after some

matrix manipulations can b e written with 2 v ariables eac h as :

�

N s

:

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

�

N s

123

: ( x

2

� x

1

) + k

1

( x

3

� x

2

) = 0 ;

�

N s

234

: ( x

3

� x

2

) + k

2

( x

4

� x

3

) = 0 ;

: : :

�

N s

i ( i +1)( i +2)

: ( x

i + i

� x

i

) + k

i

( x

i +2

� x

i +1

) = 0 ;

: : :

�

N s

( N � 2)( N � 1) N

: ( x

N � i

� x

N � i � 1

) + k

N � 1

( x

N

� x

N � 1

) = 0 :

(17)

The form of the equations stems from the fact that in the 3-dimensional subspace x

i � 2

x

i � 1

x

i

,

�

N s

( i � 2)( i � 1) i

the equation for �

N s

i ( i +1)( i +2)

describ es the p encil of 2-
ats on the 1-
at (line) x

i � 1

=

20



x

i � 2

; x

i

= x

i � 1

. P oin ting out that eac h suc h 2-
at con tains the p oin ts (1 ; 1 ; 1) ; ( d

i � 2

; d

i � 1

; d

i

)

enables the elimination of the parameter k

i

in the equations �

N s

and rewriting them in terms

of the axes spacing as :

�

N s

( d

1

; d

2

; d

3

) : ( d

3

� d

2

) x

1

+ ( d

1

� d

3

) x

2

+ ( d

2

� d

1

) x

3

= 0 ;

�

N s

( d

2

; d

3

; d

4

) : ( d

4

� d

3

) x

2

+ ( d

2

� d

4

) x

3

+ ( d

3

� d

2

) x

4

= 0 ;

: : : (18)

�

N s

( d

i

; d

i +1

; d

i +2

) : ( d

i +2

� d

i +1

) x

i

+ ( d

i

� d

i +2

) x

i +1

+ ( d

i +3

� d

i

) x

i +2

= 0 ;

: : :

�

N s

( d

N � 2

; d

N � 1

; d

N

) : ( d

N

� d

N � 1

) x

N � 2

+ ( d

N � 2

� d

N

) x

N � 1

+ ( d

N � 1

� d

N � 2

) x

N

= 0 :

The actual axes spacing used can b e stated explicitly , as ab o v e rather, than subscripts when

it is clear from the con text. T o get a b etter feel let's pla y around a bit in R

4

with

�

4 s

:

�

�

4 s

123

: ( d

3

� d

2

) x

1

+ ( d

1

� d

3

) x

2

+ ( d

2

� d

1

) x

3

= 0

�

4 s

234

: ( d

4

� d

3

) x

2

+ ( d

2

� d

4

) x

3

+ ( d

3

� d

2

) x

4

= 0

: (19)

Substituting x

i

= d

i

; x

j

= d

j

yields the remaining t w o d

k

; d

s

for i 6= j 6= k 6= s con�rming

that this is the correct 2-
at.

This is a go o d time to mak e some notational con v en tions

1

b y de�ning the axes spacing

recursiv ely . Initially it is d

0

N

= (0 ; 1 ; 2 ; � � � ; N ) and after i successiv e translations, where the

�

X

i

axis is in the

�

X

i

0

p osition,

d

i

N

= d

0

N

+

i � 1

z }| {

( N ; N ; � � � ; N ; 0 ; � � � ; 0) = ( d

i 1

; d

i 2

; : : : ; d

ik

; : : : ; d

iN

) : (20)

When the dimensionalit y is clear from the con text the subscript N can b e omitted. F or a


at �

p

expressed in terms of the d

i

N

spacing p oin ts ��

p

1

0

; ��� ;i

0

;i +1 ; � ;N

of its represen tation are

denoted compactly b y ��

p

i

0

and it is consisten t to write �

p

= �

p

0

whic h w e ma y do on o ccasion.

F or the standard axis spacing d = (0 ; 1 ; 2 ; 3) the sp is

�

4 s

1234

:

�

�

s

123

: x

1

� 2 x

2

+ x

3

= 0

�

s

234

: x

2

� 2 x

3

+ x

4

= 0

: (21)

T o emphasize the notational equiv alence note that �

4 s

(0 ; 1 ; 2) = �

4 s

123

. The axes are trans-

lated, as in R

3

, to generate di�eren t sp corresp onding to rotations ab out u whic h are sum-

marized in Fig 36. First, the axis

�

X

1

is translated to p osition

�

X

1

0

one unit to the righ t of

�

X

4

with the resulting the axes spacing d = (4 ; 1 ; 2 ; 3) yielding

�

4 s

1

0

234

:

�

�

s

1

0

23

: x

1

+ 2 x

2

� 3 x

3

= 0

�

s

234

: x

2

� 2 x

3

+ x

4

= 0

: (22)

The angle of rotation b et w een �

4 s

123

and �

4 s

1

0

23

computed via eq. ( ?? ) is cos

� 1

( �

p

3 = 7 ) =

180

o

� � ; � = cos

� 1

(

p

3 = 7) � 49 : 1

o

: Note that since �

s

234

remains unc hanged this is not

1

I am indebted to Liat Cohen for pro viding this notation.
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Figure 36: The rotations of �

4

s ab out the line u . This is a a pro jection on a plane p erp en-

dicular to u and the 3-
ats �

4 s

123

; �

4 s

234

whose pro jections are lines.

a complete rotation of �

4 s

1234

ab out the line u . Pro ceeding, with the translation of

�

X

2

to

p osition

�

X

0

2

one unit to the righ t of

�

X

1

0

pro vides the axes spacing d = (4 ; 5 ; 2 ; 3) and the sp

�

s

1

0

2

0

34

:

�

�

s

1

0

2

0

3

: 3 x

1

� 2 x

2

� x

3

= 0

�

s

2

0

34

: x

2

+ 2 x

3

� 3 x

4

= 0

: (23)

The angle b et w een �

s

1

0

23

and �

s

1

0

2

0

3

is cos

� 1

( � 1 = 7) = 2 � while the angle b et w een �

s

234

and

�

s

2

0

34

is 180

o

� � . Con tin uing b y translating

�

X

3

to p osition

�

X

3

0

one unit to the righ t of

�

X

0

2

yields d = (4 ; 5 ; 6 ; 3) and

�

s

1

0

2

0

3

0

4

:

�

�

s

1

0

2

0

3

0

: x

1

� 2 x

2

+ x

3

= 0

�

s

2

0

3

0

4

: 3 x

2

� 2 x

3

� x

4

= 0

: (24)

returning �

s

1

0

2

0

3

0

to its original p osition �

s

123

while bringing �

s

2

0

3

0

4

at an angle 2 � from �

s

2

0

34

.

Again this is not a complete rotation of the whole sp ab out the line u . The �nal translation

of

�

X

4

to

�

X

4

0

one unit to the righ t of

�

X

3

pro vides d = (4 ; 5 ; 6 ; 7) and

�

s

1

0

2

0

3

0

4

0

:

�

�

s

1

0

2

0

3

0

: x

1

� 2 x

2

+ x

3

= 0

�

s

2

0

3

0

4

0

: x

2

� 2 x

3

+ x

4

= 0

: (25)

whic h is iden tical to �

s

1234

. Unlik e R

3

the rotations angles are not all equal though the sum

is a full circle. The \anomaly" suggest that � ( N ) is a function of the dimensionalit y N with

� (3) = 60

o

and � (4) � 49 : 1

o

. It is in teresting to in v estigate that. F or R

N

w e lo ok at �

N s

123

with u = (0 ; 1 ; 2 ; :::; N � 2 ; N � 1) and after the translation of

�

X

1

to p osition

�

X

1

0

one unit to
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the righ t of

�

X

N

the axes spacing is u = ( N ; 1 ; 2 ; :::; N � 2 ; N � 1) yielding resp ectiv ely the

t w o corresp onding �

N s

( d

1

; d

2

; d

3

) :

�

�

N s

123

: x

1

� 2 x

2

+ x

3

= 0 ;

�

N s

1

0

23

: x

1

+ ( N � 2) x

2

+ (1 � N ) x

3

= 0 :

(26)

The angle function is

� ( N ) = cos

� 1

�

p

3( N � 2)

2

p

3 � 3 N + N

2

�

; (27)

some of v alues are � (5) � 47 : 88

o

; � (6) = 45

o

and the lim

N !1

� ( N ) = 30

o

. Next let us

compute the one-
at (line) in tersection `

�

= �

4 s

\ � where the plane � � R

4

. These will

pro vide the index p oin t represen tation for � represen ting the one-
ats :

8

<

:

� : c

1

x

1

+ c

2

x

2

+ c

3

x

3

+ c

4

x

4

= c

o

;

�

4 s

123

: ( d

3

� d

2

) x

1

+ ( d

1

� d

3

) x

2

+ ( d

2

� d

1

) x

3

= 0

�

4 s

234

: ( d

4

� d

3

) x

2

+ ( d

2

� d

4

) x

3

+ ( d

3

� d

2

) x

4

= 0 :

(28)

�

a = c

1

( d

2

� d

1

) + c

3

( d

2

� d

3

) + c

4

( d

2

� d

4

) ;

b = c

2

( d

2

� d

1

) + c

3

( d

3

� d

1

) + c

4

( d

4

� d

1

)

(29)

`

�

: x

2

= �

a

b

x

1

+

( d

2

� d

1

)

b

c

o

: (30)

Since `

�

� �

4 s

1234

;

�

`

�

ij

=

�

`

�

k r

for distinct indices i; j; k ; r 2 (1 ; 2 ; 3 ; 4) and in homogeneous

co ordinate

�

`

�

12

=

�

( d

2

� d

1

) b + d

1

P

4

i =1

c

i

; ( d

2

� d

1

) c

o

;

P

4

i =1

c

i

)

�

= (

4

X

i =1

c

i

d

i

; c

o

) ;

4

X

i =1

c

i

) : (31)

F rom these the \generic" indexed p oin ts whic h pro vide the represen tation for a � � R

4

for

the axes spacing d w e write �� ( d ) are obtained. After p erforming the standard translations

d

i

! d

i

+ N w e ha v e and tak e the di�erences w e obtain :

8

>

>

<

>

>

:

��

1

0

234

� ��

1234

= (4 c

1

; 0 ; 0) ;

��

1

0

2

0

34

� ��

1

0

234

= (4 c

2

; 0 ; 0) ;

��

1

0

2

0

34

� ��

1

0

23

0

4

= (4 c

3

; 0 ; 0) ;

��

1

0

2

0

3

0

4

� ��

1

0

2

0

3

0

4

= (4 c

4

; 0 ; 0) :

(32)

Indexed P oin ts in R

N

R emark ably , the collinearit y prop ert y (as in 2-D with the 3-pt-collinearit y and 3-D with the

collinearit y of t w o pts with 2-indices and one of the pts represen ting a plane on the line

see Fig. 9) generalizes to higher dimensions enabling the recursiv e (on the dimensionalit y)

construction of the represen tation of p-
ats for 2 � p � N � 1. T o ac hiev e this some

in termediate steps are needed. The ss corresp onding to the axes spacing d

i

N

(i.e. obtained
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from the translation of the axes

�

X

1

; : : : ;

�

X

i

to the p ositions

�

X

1

0

; : : : ;

�

X

i

0

see 20) is denoted

b y �

N s

i

0

.

Theorem: The 1-
at � \ �

N s

i

0

, where

� :

N

X

k =1

c

k

x

k

= c

0

; (33)

is a h yp erplane in R

N

an ( N � 1)-
at, is represen ted b y the p oin t :

��

i

0

= (

N

X

k =1

d

ik

c

k

; c

0

;

N

X

k =1

c

k

) (34)

where the d

ik

are the in ter-axes distances for the spacing d

i

N

as giv en in eq. (20).

Corollary [Hyp erplane Represen tation] The h yp erplane � giv en b y eq. (33) is

represen ted b y the N � 1 p oin ts ��

i

0

, giv en b y eq. (34), for i = 0 ; 1 ; 2 ; : : : ; ( N � 2).

A p-
at in R

N

is sp eci�ed b y N � p linearly indep enden t linear equations whic h, without

loss of generalit y , can b e of the form:

�

p

:

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

�

p

12 ��� ( p +1)

: c

11

x

1

+ : : : + c

( p � 1)1

x

p

+ c

p 1

x

p +1

= c

10

�

p

23 ��� ( p +2)

: c

22

x

2

+ : : : + c

p 2

x

p +1

+ c

( p +1)2

x

p +2

= c

20

: : :

�

p

j ��� ( p + j )

: c

j j

x

j

+ : : : + c

( p + j � 1) j

x

p + j � 1

+ c

( p + j ) j

x

p + j

= c

j 0

: : :

�

p

( N � p ) ��� N

: c

( N � p )( N � p )

x

N � p

+ : : : + c

( N � 1)( N � p )

x

N � 1

+ c

N ( N � p )

x

N

= c

( N � p )0

and is rewritten compactly as

�

p

: f �

p

j ::: ( p + j )

:

p + j

X

k = i

c

j k

x

k

= c

j 0

; j = 1 ; 2 ; : : : ; ( N � p ) g : (35)

A p-
at �

p

� R

N

is the in tersection of N � p h yp erplanes and eq. 35 is the analogue of the

\adjacen t-v ariable" description for lines in Chapter ?? the indexing b eing a direct extension.

Unless otherwise sp eci�ed, a p-
at is describ ed b y eq. (35) with the standard spacing d

0

N

.

Theorem A p-
at in R

N

giv en b y eq. (35) is represen ted b y the ( N � p ) p p oin ts :

��

p

f j ::: ( p + j ) g

i

0

= (

p +1

X

k =1

d

ik

c

j k

; c

j 0

;

p +1

X

k =1

c

j k

) ; (36)

where j = 1 ; 2 ; : : : ; N � p; i = 1 ; 2 ; : : : ; p and the d

ik

are the distances sp eci�ed b y the axes

spacing d

i

N

.

T o clarify , a h yp erplane � in R

4

� (i.e. 3-
at) can b e represen ted b y the three p oin ts

��

1234

; ��

1

0

234

; ��

1

0

2

0

34

: (37)
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F or a 2-
at �

2

, p = 2 ; N = 4 ; p ( N � p ) = 4 and it can b e represen ted b y the four p oin ts :

�

2

123

: ��

2

123

; ��

2

1

0

23

; �

2

234

: ��

2

234

; ��

2

2

0

34

: (38)

Similarly in R

5

, a h yp erplane � is represen ted b y the four, a 3-
at �

3

and a 2-
at �

2

b y six

p oin ts eac h i.e.

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

� : ��

12345

; ��

1

0

2345

; ��

1

0

2

0

345

; ��

1

0

2

0

3

0

45

�

3

:

�

�

3

1234

: ��

3

1234

; ��

3

1

0

234

; ��

3

1

0

2

0

34

�

3

2345

: ��

3

2345

; ��

3

2

0

345

; ��

3

2

0

3

0

45

�

2

:

8

<

:

�

2

123

: ��

2

123

; ��

2

1

0

23

�

2

234

: ��

2

234

; ��

2

2

0

34

�

2

345

: ��

2

345

; ��

2

3

0

45

:

(39)

In man y instances it is p ossible to use simpli�ed notation b y just retaining the subscripts

so that the three p oin ts in eq. (37) are referred b y 1234 ; 1

0

234 ; 1

0

2

0

34. The dimensionalit y

is one less than the n um b er of indices. Con tin uing, the p oin ts represen ting pi

3

in eq. (39)

denoted simply b y 1234 ; 1

0

234 ; 1

0

2

0

34; 2345 ; 2

0

345 ; 2

0

3

0

45; since there 2 sets of 3 p oin ts with

5 di�eren t indices altogether w e can conclude that this is a 2-
at in R

5

. The simpli�ed and

the more formal notation are used in terc hangeably . This theorem uni�es all previous

results for p-
ats �

p

where 0 � p < N . Recall that in Chapter on lines the represen tation

of a p oin t P 2 R

N

, a 0-
at �

0

, is also b e giv en in terms of N p oin ts eac h with one index.

�

X

1

�

X

2

�

X

3

�

X

4

��
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��
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�
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�
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��
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2

1

123

��

2

1

234

Figure 37: Recursiv e Construction in R

4

. A pair of p oin ts (p olygonal lines) determines a line

(1-
at) �

1

1

represen ted b y the 3 constructed p oin ts ��

1

1

i;i � 1

; i = 1 ; 2 ; 3 ; 4 (left). The 1-
at

�

1

1

and another �

1

2

(righ t), ] represen ted b y the 3 blac k p oin ts, determine a 2-
at (plane)

�

2

1

represen ted b y the t w o p oin ts ��

2

1

123

, ��

2

1

234

. These p oin ts are the in tersections of the t w o

p olygonal lines joining the p oin ts previously obtained represen ting the 1-
at �

1

1

.
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These p oin ts are simply the v alues of the co ordinates p

i

; i 2 [1 ; : : : ; N ] of P . They can also

b e though t of as N equations:

x

i

= p

i

:

Let N

r

b e the n um b er of p oin ts and n

r

the n um b er of indices app earing in the represen tation

of a 
at in R

N

then for p-
at, N

r

= ( N � p ) p , n

r

= p + 1 and

N

r

+ n

r

= ( N � p ) p + ( p + 1) = � p

2

+ p ( N + 1) + 1 : (40)

Then in R

N

for

1. p = 0 | p oin ts �

0

: N

r

+ n

r

= N + 1 ,

2. p = 1 | lines �

1

: N

r

+ n

r

= ( N � 1) + 2 = N + 1 ,

3. p = 2 | 2-
ats (2-planes) �

2

: N

r

+ n

r

= ( N � 2)2 + 3 = 2 N � 1 ,

4. p = N � 1 | h yp erplanes N

r

= N � 1, n

r

= N : N

r

+ n

r

= N � 1 + N = 2 N � 1 .

Note that eq. (40) do es not co v er the case p oin ts ( p = 0). In summary , the p oin t

represen tation rev eals that the ob ject b eing represen ted is a 
at whose dimensionalit y is one

less than the n um b er of indices used. The dimensionalit y of the space where the 
at resides

is, of course, equal to the n um b er of parallel axes.
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0

��

3
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1234
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Figure 38: Recursiv e Construction in R

4

. Tw o 2-
ats, �

2

1

constructed previously and an-

other �

2

2

represen ted b y the 2 blac k p oin ts (left), determine a 3-
at �

3

1

. P airs of p oin ts

represen ting the same 2-
at are joined and their in tersection is the p oin t ��

3

1

1234

. This is one

of the 3 p oin ts represen ting the 3-
at. The \debris" from the previous constructions, p oin ts

with few er than 4 indices, can no w b e discarded.A new axis (righ t)

�

X

1

0

is placed one unit

to the righ t of

�

X

3

and the x

1

v alues are transfered to it from the

�

X

1

axis. P oin ts are no w

represen ted b y new p olygonal lines b et w een the

�

X

2

and

�

X

1

0

axes and one of the p oin ts ��

1

1

41

0

,

represen ting the 1-
at �

1

1

on the new triple of k -co ords axes, is constructed as in 1st step.
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Figure 39: P olygonal lines (left) on the

�

X

1

: : :

�

X

6

axes represen ting randomly selected p oin ts

on a 5-
at �

5

� R

6

. ted p oin ts on a 5-
at �

5

� R

6

.The ��

1

i

12

; ��

1

i

23

p ortions of the 1-
ats � �

5

constructed (righ t) from the p olygonal lines lines. No pattern is eviden t.

Collinearit y Prop ert y

The underpining of the construction algorithm for the p oin t represen tation of a 2-
at �

2

�

R

3

, as w e sa w, is the collinearit y prop ert y . Namely for any �

1

� �

2

the p oin ts ��

1

12

; ��

1

13

; ��

1

23

Figure 40: The ��

2

i

123

; ��

2

i

234

(left) p ortions of the 2-
ats � �

5

constructed from the p olygonal

lines joining ��

1

i

12

; ��

1

i

23

; ��

1

i

34

. The ��

2

i

123

; ��

2

i

234

(righ t) p ortions of the 2-
ats � �

5

constructed

from the p olygonal lines joining ��

1

i

12

; ��

1

i

23

; ��

1

i

34

.
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Figure 41: This is it (left)! The ��

4

i

12345

; ��

4

i

23456

of the 4-
ats � �

5

constructed from the

p olygonal lines joining ��

3

i

1234

; ��

3

i

2345

; ��

3

i

3456

. This sho ws that the original p oin ts whose repre-

sen tation is in Fig. 39(left) are on a 5-
at in R

6

. The remaining p oin ts of the represen tation

are obtained in the same w a y and all 7 p oin ts of the represen tation of �

5

are seen on the

righ t. The co e�cien ts of its equation are equal to 6 times the distance b et w een sequen tially

indexed p oin ts for in Fig. ?? for R

3

.

are collinear with ��

123

. F or the generalization to p-
ats let

�

L

p

k

j

= ��

p

k

j ��� ( p + j )

� ��

p

k

( j +1) ��� ( p + j +1)

(41)

denote the line

�

L

p

k

j

on the indicated t w o p oin ts. The gist of this section is the pro of pro v e

that �

( p � 1)

1

; �

( p � 1)

2

� �

p

� R

N

��

p

j ��� ( p + j +1)

=

�

L

( p � 1)

1

j

\

�

L

( p � 1)

2

j

: (42)

An example is for j = 1 ; p = 2 ; N = 3 recasts our old friend from section ?? as :

�

L

�

1

k

1

= ��

1

k

12

� ��

1

k

23

; k = 1 ; 2 ; ��

2

123

=

�

L

�

1

1

1

\

�

L

�

1

2

1

:

The pair (41) and (42) state the basic recursiv e construction implied in the R epr esentation

Mapping stated formally b elo w. The recursion is on the dimensionalit y , increased b y one at

eac h stage, of the 
at whose represen tativ e p oin ts are constructed. Though the notation ma y

seem in timidating the idea is straigh t forw ar, and to clarify it w e illustrate it for N = 4 ; p = 3

in Figs. 37 and 38. Starting with the p olygonal lines on a 3-
at �

3

1

, �rst the p oin ts

��

1

i

12

; ; ��

1

i

23

; ��

1

i

34

, represen ting 1-
ats (lines) on �

3

, are constructed and joined to form p olygonal

lines ha ving 3 v ertices (the p oin ts) joined b y t w o lines. F rom the in tersection of these new

p olygonal lines the p oin ts ��

2

j

123

; ; ��

2

j

234

, represen ting 2-
ats on �

3

1

, are constructed. A t an y

stage a p oin t represen ting ��

r

, where the sup erscript is the 
at's dimension, is obtained b y

any p air of lines joining p oin ts represen ting 
ats of dimension r � 1 and con tained in �

r

.
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Figure 42: Con tin uing the construction of indexed p oin ts for a 3-
at �

3

in 4D. On the left is

the p oin t ��

1234

previously constructed in Fig. 38. Using simpli�ed notation the construction

is con tin ued on the righ t to obtain the p oin t ��

1

0

234

{ mark ed b y 1

0

234. The 123

1

; 1

0

23

1

; 234

1

are p oin ts of the represen tation of a 2-
at �

2

1

con tained in �

3

. The lines

�

P

1

;

�

P

0

1

on 1234 and

1

0

234 share the indices 234 and necessarily in tersect at the 234

1

p oin t.

Theorem [Collinearit y Construction Algorithm] : F or an y �

( p � 2)

� �

( p � 1)

� R

N

,

the p oin ts ��

( p � 2)

1 ::: ( p � 1)

; ��

( p � 2)

2 ::: ( p � 1) p

; ��

( p � 1)

1 ::: ( p � 1) p

are collinear.

Corollary F or an y �

( p � 2)

� �

( p � 1)

� R

N

, the p oin ts

��

( p � 2)

f j ::: ( p + j � 2) g

i

0

; ��

( p � 2)

f ( j +1) ::: ( p + j � 1) g

i

0

; ��

( p � 1)

f ( j ::: ( p + j � 1) g

i

0

are collinear.
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Figure 43: On the left are the initial data for a 3-
at �

3

in R

4

. Three p oin ts (righ t)

P 2 �

3

\ �

4 s

1

; P

0

2 �

3

\ �

4 s

1

; P

00

2 �

3

\ �

4 s

are c hosen. In the x

2

x

3

x

4

subspace of R

4

they

determine a 2-
at �

2

234

.
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Figure 44: Completing the construction of the 5 p oin ts for a h yp erplane's represen tation in

R

4

.

Construction Algorithms in R

4

The generalization of the 3-D construction algorithms to 4-D is direct and is an opp ortune

time to in tro duce simpli�ed notation whic h is used when the con text is clear.
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Figure 45: On the left are the initial data sp ecifying t w o 3-
ats �

3

1

; �

3

2

in R

4

. On the righ t

the lines

�

P ;

�

P

0

;

�

P

00

are dra wn on the pair of p oin ts 1234 ; 1

0

234 ; 1

0

2

0

34 resp ectiv ely pro viding

the 234 and 2

0

34 p oin ts for the 2-
at �

2

= �

3

1

\ �

3

2

. Then the p oin ts 2

0

3

0

4 ; 2

0

3

0

4

0

for �

2

234

and 1

0

2

0

3

0

4

1

, sho wn within the dotted circles, are constructed.
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Figure 46: In tersection of t w o 3-
ats in 4-D. The result is the 2-
at �

2

giv en b y the p oin ts

123 ; 1

0

2

0

3

0

etc. represen ting �

2

123

and 234 ; 2

0

34 etc for �

2

234

.

Detecting Near Coplanarit y

T he coplanarit y of a set of p oin ts S � � can b e visually v eri�ed. What if the p oin ts are

p erturb ed sta ying close to b y no longer b eing on the plane � , can \near-coplanarit y" still

Figure 47: P olygonal lines represen ting a randomly selected set of \nearly" coplanar p oin ts.
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Figure 48: The \near-coplanarit y" pattern (left) is v ery similar to that obtained for copla-

narit y with the p oin ts of in tersection forming t w o clusters (righ t).

detected? Let us form ulate this question more sp eci�cally b y p erturbing the the co e�cien ts

c

i

of a plane's equation b y a small amoun t �

i

. This generates a family of \pro ximate" planes

forming a surface resem bling a \slab" with nearly parallel sides. No w the exp erimen t is

p erformed b y selecting a random set of p oin ts from suc h a \slab", and rep eating the con-

struction for the represen tation of planes. As sho wn in Fig. 47, 48 the there is a remark able

resem blance to the coplanarit y pattern. The construction also w orks for an y N . It is also

p ossible to obtain error-b ounds measuring the \near coplanarit y" [3]. This topic is co v ered

in a subsequen t Chapter.

Exp erimen ts on p oin ts selected from sev eral slabs sim ultaneously and p erforming sim-

ilar construction sho w ed that it is p ossible to determine the actual slabs from whic h the

p oin ts w ere obtained or con v ersely can b e �tted to. All this has imp ortan t and in teresting

applications (USA paten t # 5,631,982).
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