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Abstract

The Erd6s—Hajnal Theorem asserts that non-universal graphs, that is, graphs that do not
contain an induced copy of some fixed graph H, have homogeneous sets of size significantly larger
than one can generally expect to find in a graph. We obtain two results of this flavor in the setting
of r-uniform hypergraphs.

A theorem of Rddl asserts that if an n-vertex graph is non-universal then it contains an almost
homogeneous set (i.e one with edge density either very close to 0 or 1) of size 2(n). We prove
that if a 3-uniform hypergraph is non-universal then it contains an almost homogeneous set of
size Q(logn). An example of R4dl from 1986 shows that this bound is tight.

Let R,(t) denote the size of the largest non-universal r-graph G so that neither G nor its
complement contain a complete r-partite subgraph with parts of size t. We prove an Erd6s—
Hajnal-type stepping-up lemma, showing how to transform a lower bound for R,.(¢) into a lower
bound for R, 1(t). As an application of this lemma, we improve a bound of Conlon—Fox—Sudakov
by showing that Rz(t) > t).

1 Introduction

Let us say that a set of vertices in a graph (or hypergraph) is homogeneous if it spans either a
clique (i.e. a complete graph) or an independent set (i.e. an empty graph). Ramsey’s theorem states
that every graph contains a homogeneous set of size %10g2 n, and Erdos proved that in general, one
cannot expect to find a homogeneous set of size larger than 2logy n (see [10]). Since Erdés’s example
uses random graphs, and random graphs are universal (with high probability), that is, they contain
an induced copy of every fixed graph H, it is natural to ask what happens if we assume that G is
non-universal, or equivalently, that it is induced H-free for some fixed H. A theorem of Erdds and
Hajnal [8] states that in this case we are guaranteed to have a homogeneous set of size 2fU(Vlogn)
that is, a significantly larger set than in the worst case. The notorious Erdés—Hajnal Conjecture
states that one should be able to go even further and improve this bound to n¢, where ¢ = ¢(H). We
refer the reader to [3] for more background on this conjecture and related results.
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Conlon, Fox and Sudakov [6] and Rédl and Schacht [16] have recently initiated the study of
problems of this type in the setting of r-uniform hypergraphs (or r-graphs for short). Our aim in
this paper is to obtain two results of this flavor which are described in the next two subsections.

1.1 Almost homogeneous sets in non-universal hypergraphs

Our first result is motivated by a theorem of Roédl [15]. Let us say that a set of vertices W in a

“g/l) or at most n('V;/') edges. It is a

graph is n-homogeneous if W either contains at least (1 — 7])(
standard observation that Erdés’s lower bound for Ramsey’s theorem (mentioned above), actually
shows that some (actually, most) graphs of order n do not even contain %—homogeneous1 sets of size
O(logn). In other words, in the worst case relaxing 0-homogeneity to i—homogeneity does not make
the problem easier. R6dl’s [15] surprising theorem then states that if G is non-universal then for any
1 > 0, it contains an n-homogeneous set of size (n), where the hidden constant depends on 7.

It is natural to ask if a similar? result holds also in hypergraphs. Random 3-graphs show that,
in the worst case, the largest i—homogeneous set in a 3-graph might be of size O(y/logn). Our first
theorem in this paper shows that, as in graphs, if we assume that a 3-graph is non-universal then we

can find a much larger almost homogeneous set.

Theorem 1.1. For every 3-graph F and n > 0 there is ¢ = ¢(F,n) > 0 such that every induced
F-free 3-graph on n vertices contains an n-homogeneous set of size clogn.

R6dl [15] found an example of a non-universal 3-graph in which the largest %—homogeneous set
has size O(logn). Hence, the bound in Theorem 1.1 is tight up to the constant ¢. We will describe in
Section 5 (see Proposition 5.2) a generalization of R6dl’s example, giving for every r > 3 an example
of a non-universal r-graph in which the size of the largest 1-homogeneous set is O((log n)V/ =2 Tt
seems reasonable to conjecture that this upper bound is tight, that is, that for every r > 3 every
non-universal r-graph has an almost homogeneous set of size Q((logn)/("=2)).

Let K} denote the complete graph on k vertices and let K 23) denote the complete 3-graph on k
vertices. It is easy to see that up to a change of constants, a set of vertices has edge density close to
0/1 (i.e is n-homogeneous for some small 7), if and only if it has Kj-density close to 1 either in the
graph or in its complement. The same applies to 3-graphs. An interesting feature of the proof of
Theorem 1.1 is that instead of gradually building a set of vertices with very large/small edge density,

3)

we find it easier to build such a set with large K k3 -density either in G or its complement. The way
we gradually build such a set is by applying a variant of a greedy embedding scheme used by Rodl
and Schacht [16] in order to give an alternative proof of an elegant theorem of Nikifirov [12] (this
alternative proof is also implicit in [6]). To get this embedding scheme ‘started” we prove a lemma
saying that if a 3-graph G is non-universal then there is a graph G on a subset of V(G) such that
either almost all or almost none of the K;’s of G are also K ,Eg)’s in G. This latter statement is proved

via the hypergraph regularity method.

1One can easily replace the i with any constant smaller than 1. We will stick with the i in order to streamline the

2
presentation.
*We of course say that a set of vertices W in an r-graph is n-homogeneous if W either contains at least (1 —n) (‘VTV‘)

or at most n(lvfl) edges



1.2 Complete partite sets in non-universal hypergraphs

Determining the size of the largest homogeneous set in a 3-graph is still a major open problem, see
[5]. The best known lower and upper bounds are of order loglogn and +/logn respectively. It is
thus hard to formulate a 3-graph analogue of the Erdés—Hajnal Theorem since it is not clear which
bound one is trying to beat. At any rate, as of now, we do not even know if a non-universal 3-graph
contains a homogeneous set of size w(loglogn) (see Section 5 for further discussion on this problem).
This motivated the authors of [6, 16] to look at the following related problem. Let Kt(?;)t denote the
complete 3-partite 3-graph with each part of size ¢. It is a well known fact [7] that every 3-graph
of positive density contains a copy of Kt(‘?t with ¢ = Q(y/logn). This immediately means that for
every 3-graph G, either G or its complement contains a Kt(i)t with t = Q(v/Iogn). As evidenced by
random 3-graphs, this bound is tight. A natural question, which was first addressed by Conlon, Fox
and Sudakov [6] and by Rodl and Schacht [16] is whether one can improve upon this bound when G
is assumed to be non-universal.

It will be more convenient to switch gears at this point, and let Rs #(t) denote the size of the
largest induced F-free 3-graph G, so that neither G nor G contain a copy of Kﬁ)t So the question
posed at the end of the previous paragraph is equivalent to asking if for every fixed F we have
Rs 7(t) < 2°(") and the results of [6, 16] establish that this is indeed the case 3. Conlon, Fox and
Sudakov [6] also found an example of a 3-graph F for which Rz #(t) > 2%®). Our second result
improves their lower bound as follows.

Theorem 1.2. There is a 3-graph F for which R r(t) > U

As discussed in [6], it is natural to consider the corresponding problem in general r-graphs. Letting
Kt(r)t denote the complete r-partite r-graph with parts of size t, we define R, r(t) to be the size of
the largest induced F-free r-graph G, so that neither G nor G contain a copy of Kt(r)t It follows
from [7], which establishes that in every r-graph G on 220" vertices with density 1/2 we can find
a KfT)t, that

R, #(t) <2001 (1)

It was shown in [6] that there is an r-graph F satisfying
R p(t) > 220777 (2)

An alternative proof of (2) follows from Proposition 5.2.

The famous step-up lemma of Erdds and Hajnal (see [10]) allows one to transform a construction
of an r-graph without a large monochromatic set into an exponentially larger (r 4 1)-graph without
a large monochromatic set (of roughly the same size). Observe that both (1) and (2) suggest that
if 2!” is the size of the largest non-universal r-graph G, so that neither G nor G contain Kt(T)t, then
the corresponding bound for (r + 1)-graphs is 26" The following theorem establishes one side of
this relation, by proving an Erdés-Hajnal-type step-up lemma for the problem of bounding R, #(t).

3While the proof in [16] obtained the bound Rs z(t) < 2t/1®) with f(t) an inverse Ackermann-type function (on
2—c
account of using the hypergraph regularity lemma), the proof in [6] gave the improved bound Rs r(t) < 2¢ where
¢ = ¢(F) is a constant that depends only on F (but goes to zero with |V (F)|).



Theorem 1.3. The following holds for every r > 4. For every (r — 1)-graph F there is an r-graph
F* and a constant ¢ = ¢(r, F) > 0, so that

R, 7+(t) > (Rp_1,7(ct))™ .

Theorem 1.3 implies that any improvement of (2) for » = 3 immediately implies a similar im-
provement of (2) for arbitrary > 3. In particular, as a corollary of Theorems 1.2 and 1.3 we obtain
the following improvement of (2).

Corollary 1.4. For every r > 3 there is an r-graph F satisfying Ry 7(t) > T 2)

To prove Theorem 1.3 we need to overcome two hurdles. First, we need a way to construct the
r-graph F1 given the (r — 1)-graph F. An important tool for this step will be an application of a
theorem of Alon, Pach and Solymosi [1], which is a hypergraph extension of a result of R6dl and
Winkler [17]. The second hurdle is how to construct an r-graph avoiding a Kt(r)t given an (r — 1)-

graph avoiding a large K t(,r _lt), Here we will apply a version of a very elegant argument from [5],
which is a variant of the Erd6s—Hajnal step-up lemma. While this variant of the step-up lemma is
not as efficient as the original one?, it is strong enough for our purposes.

It would be very interesting to further narrow the gap between (1) and Corollary 1.4. The most
natural question is if one can extend the results of [6, 16] by showing that R, 7(t) < 20" for every
r > 4 (the case r = 3 was handled in [6, 16]). We should mention that [6] conjectured that in fact
R, 7(t) < 2" 27 Ohserve that by Theorem 1.3, showing that R3 7 (t) > 21 for some 3-graph F
and ¢ > 0 would disprove this conjecture for all r > 3.

1.3 Paper overview

The rest of the paper is organized as follows. In Section 2 we give the proof of Theorem 1.1,
deferring the proof of one of the key lemmas to Section 3. The proof of Theorems 1.2 and 1.3 is
given in Section 4. Section 5 contains some concluding remarks including the statement and proof
of Proposition 5.2 which gives a generalization of Rodl’s example, establishing that the bound in
Theorem 1.1 is asymptotically tight.

We are following the common practice of ignoring rounding issues for a better proof transparency.
Throughout the paper, log denotes the natural logarithm, N stands the set of positive integers, and
for n € N we write [n] for the set of integers {1,...,n}.

2 Proof of Theorem 1.1

In this section we give the proof of Theorem 1.1, save for one lemma that is proved in Section 3. The
proof of Theorem 1.1 will rely on Lemmas 2.2 and 2.3 stated below. We start with a few definitions.
All graphs (or 2-graphs) will be simple and undirected, and will be denoted by capital letters e.g.
G, H, while r-graphs will be denoted by script letters e.g. G,H. For a graph G and a 3-graph G,
defined on the same vertex set, we say that G underlies G if every edge of G is a triangle in G. We

4Observe that step-up lemmas with an exponential blowup-up are not useful in our setting since (1) and (2) tell us
that the gap between R,_1,7(t) and R, z+(t) is not exponential.



use N (G) and Ng(G) to denote the number of cliques K}, and hypercliques K ,gg) in a graph G and
a 3-graph G, respectively. For an integer k > 3, we say that a graph (resp. 3-graph) is k-partite on
disjoint vertex classes Vi,..., Vj if each edge of the graph (resp. 3-graph) has at most one vertex in
each of the k vertex sets. Observe that if a k-partite G on vertex sets Vi,..., Vi underlies G, then G
is also k-partite with respect to these vertex sets.

Definition 2.1 ((e,n)-dense graph). Suppose G is a k-partite graph on disjoint vertex sets Vi, ..., Vy.
We say that G is (e,m)-dense with respect to some 3-graph G if

1. G underlies G.
2. Ni(G) > eI, |Vil.
8. Nk(G) > (1 —n)Nk(G).

We are now ready to state the two key lemmas needed to prove Theorem 1.1, and then show how
to derive it from them. In what follows we use G[W] (or G[W]) to denote the graph (or 3-graph)
induced by a set of vertices W. As usual, we use G to denote the complement of a 3-graph G.

Lemma 2.2. For every 3-graph F and for any k € N and 0 < n < 1 there exist ¢ = /(F,k,n) >0
and € = €(F,k,n) > 0 as follows. If G is an induced F-free 3-graph on n vertices, then there are k
disjoint vertex sets Vi,..., Vi CV(G) of equal size at least ¢'n and a k-partite graph G on Vi,..., Vj
which is (e,n)-dense either with respect to a subgraph of G or with respect to a subgraph of G.

Lemma 2.3. For every € > 0 and integer k > 3 there exists ¢ = ’(e, k) > 0 as follows. Suppose
G is a k-partite graph on vertex sets Vi, ..., Vi of size m each, and G is (e,n)-dense with respect to
some 3-graph G. Then there are subsets W; C 'V for j =1,...,k of equal size at least ¢ logm such
that setting W = |J; W; we have
. k
Ni(GIW)) = (1= 2G)y) TT Wil (3)
(=1
Proof of Theorem 1.1. Given F and 7, set k = 10/n and let ¢ = ¢(F, k,n/2F") and € =
e(F,k,n/2¥) be the constants from Lemma 2.2. If G is induced F-free then by Lemma 2.2 we
can find k disjoint vertex sets Vi, ..., V} of equal size at least ¢'n and a k-partite graph on these sets
which is (e, 1/ 2k2)—dense with respect to either a subgraph of G or a subgraph G. Suppose, without loss
of generality, that the former case holds. By Lemma 2.3 we can find subsets W7 C Vq,..., W, C V4,
each of size ¢’ log |V;| > ¢’ log(c'n) > clogn satisfying® Ny (G[W]) > (1 —n/2) H§:1 |[Wol.

Setting W = |J, W; we now claim that e(G[W]) > (1 — n)(‘vg‘). To see this we first observe
that since k& = 10/n and all sets W; are of the same size, then at most %n("é") of the 3-tuples
in W do not belong to 3 distinct sets W;. We also observe that for each triple of distinct sets
Wy, Wy, W,., the 3-graph G has at least (1 — n/2)|W)||W,||W,| edges with one vertex in each of the
sets. Indeed, if this is not the case then G cannot contain the number of copies of K ,53) asserted at

the end of the previous paragraph. It is finally easy to see that the above two observations imply
that e(G[W]) > (1 — ) ("W). O

SNote that this inequality would in fact hold for a subgraph of G, i.e. the one we got from Lemma 2.2. By
monotonicity we can work with G itself.



The rest of this section is devoted to the proof of Lemma 2.3. The proof of Lemma 2.2 appears
in the next section. The proof of Lemma 2.3 is carried out via repeated application of Lemma 2.5
stated below. For its proof, we will need the following special case of the classical Kévari-Sés-Turan
Theorem [11] (similar lemmas where used in [6, 12, 16]). For completeness we include the proof.

Lemma 2.4. Suppose that e > 0 and G is a bipartite graph between sets A and B with e(G) > €| A||B|.
Suppose further that |A| < %log |B| and s,t > 0 satisfy s = €|A| and t = \/|B|. Then G contains a
copy of K, with s vertices in A and t vertices in B.

Proof. Write d(v) for the degree of v in G. Then the number of copies of K 1, with s vertices in A
and one vertex in B is just ) p (d(sv)). By convexity of f(z) = (%) we have

5 () m(AE)-mY)

veEB

Since A has fewer than 214l subsets of size s, by the pigeonhole principle some set U C A of size s
appears in at least 2714/|B| > /|B| = t of these copies of K. It is clear that U and the ¢
vertices from B participating in these ¢ copies of K form a K. O

If U,V are two disjoint vertex sets in a graph G, we use G[U, V] to denote the bipartite subgraph
of G induced by these sets, that is, the graph containing all edges with one vertex in each set. More
generally, for disjoint vertex sets Vi,..., Vi we use G[Vi,...,Vi] to denote the k-partite subgraph
containing all edges of G' connecting two distinct sets V;, V. Similarly, if G is a 3-graph then we use
G[V1,..., V] to denote the k-partite 3-graph containing all edges of G connecting three distinct sets.

Lemma 2.5. Suppose thatn >0, 0<e <1, and 0 <~y < 1/2 are constants, V1,...,Vj are disjoint
vertex sets in some 3-graph G, and G is a k-partite graph on Vi,..., Vi which is (e,n)-dense with
respect to G. If for some pair of indices 1 < i < j < k we have |V;| = m and |V;| > vlogm, then
there exist subsets S; C V; and S; C V; such that

o |Si| = eylogm and |S;| = ml/2,

o G[S;,S;] is complete bipartite,
o G[Vi,...,Si,...,Sj,..., Vi] is (€/4,2n)-dense with respect to G[V1,...,Si,...,S;, ..., Vi].

Proof. Observe that by the conditions of the lemma, for any choice of S;, S; we have that the k-
partite graph G[V1,...,S;,...,S;,..., Vi) underlies the k-partite 3-graph G[Vi, ..., S, ..., S}, ..., Vil
so we will not need to worry about item 1 of Definition 2.1.

For each 1 < p # ¢ < k we use shorthand G, for the bipartite graph G[V,,V,]. For an edge
e € E(Q) let Ni(G,e) and Ni(G,e) stand for the number of k-cliques in G and G respectively,
containing the vertices of e. Call an edge e € E(G; ;) good if Ni(G,e) > (1 —2n)Ni(G, e), otherwise
the edge is bad. Since G is (e, n)-dense with respect to G we have

D Ni(Goe)+ Y (1= 2)Nu(Gre) = Ni(G) = (1 = )NK(G)

e good e bad



implying that Y, .0 NVk(G,e) < 2N,(G). This, and the assumption that G is (e, n)-dense, imply
that

k
1
> Ni(G.o) > Sa@ = ST (W
e good /=1
Let F” be the subgraph of G ; consisting of all good edges, and let G” be the graph formed by F”
and Gp 4 for all {p,q} # {i,j}. By (4), we have Ni(G") > §H§:1 |V|. Let F C F" be the set of all

edges e such that N (G, e) > 7 [oggijp [Vel- Note that we must have e(F) > §|V;||Vj], as otherwise

DO

k
€ € €
Ne(@" < Vilvil- TT el +willvil - T el = 5 [T 1val -
e¢{i,j} 2¢{i,j} /=1

which would contradict the lower bound on Ny (G”) mentioned above.
Since |V;| > «vlogm, by averaging there exists a subset A C V; with |A| = ylogm and

e(FIA,V}]) = 71A[Vj] (5)

By (5), we can apply Lemma 2.4 to the graph F[A, V]| to obtain subsets S; C A C V; and S; C V;
with |S;| = eylogm and |S;| = m'/2, such that G[S;, S;] is complete bipartite.

We now look at G' = G[V4,...,S;,...,5;...,V]. Since G[S;, S;] is complete bipartite and for
every edge e € E(G[S;, Sj]) we have that N3 (G,e) > 7 [ogqip [Vel, it follows that

€
Ni(@) = 715141 I vl -
£¢{i,j}

Moreover, since every e € E (G[S;, S;]) is good, we have
Ne(GVay ooy Sice oy Sgy . Vi) > (1= 2n)NL(G')

implying that G’ is indeed (€/4,2n)-dense with respect to G[V1,...,S;,...,Sj..., Vil O

Proof of Lemma 2.3. Set v = % and apply Lemma 2.5 with i = 1 and j = 2 to obtain subsets S} C
Vi and Sy C V; with |Si| = eylogm and |Sy| = mY/2, and with the properties stated in Lemma 2.5.
Note now that the conditions of Lemma 2.5 are satisfied in the graph G[S}, S, V3, ..., Vi], with 2n,
€/4, e, 511 and V3 playing the role of n, €, v, V; and V; respectively, so Lemma 2.5 can be applied
again to obtain subsets S? C Sy and S3 C V3 with properties as stated therein. Continuing for i = 1
and (consecutively) j = 2,...,k we obtain a set Sffl =: U; C Vj of size ¢y logm for a constant
c1 = c1(e, k), and sets S, ..., Sy, of size m'/? each, so that all graphs G[U7, S;] are complete bipartite
and G[Uy, Ss, ..., Sk is (¢/4*~1, 2F=1y)-dense with respect to G[U1, Sa, ..., Sk].

Next, since log(m!/?) = (1/2)logm, the above procedure can be applied again for i = 2 and
j=3,...,k to obtain Uy C V5 of size ¢y logm and (abusing notation) sets Sz C Vi,..., Sk C Vj of
size m!/* each, with analogous properties. Continuing in the same way for each 4 yields sets U; C V;
fori = 1,...,k — 1 with |U;| = ¢;logm and U = S C Vi (the output of the last application of
Lemma 2.5) with |Uy| = mY2"™" > ¢, logm such that G* = G[Ui,...,Ux] is a complete k-partite



graph. Moreover, by Lemma 2.5 (which we applied (g) times), G* is (6/4(§> , 2(§)n)—dense with respect
to GlUy,...,Ug]. In particular,

Nu(G[U1, -, U] > (1= 26 )N (G7).

*

However, since (crucially) G* is complete k-partite, this means that

No(@G[UL, ..., U]) = (1 — 20 H Uy

To complete the proof we just need to pick sets of equal size. Putting ¢’ = min{cy,...,cx},
by averaging, there exist subsets W, C U, for £ = 1,...,k of equal size ¢’ logm, so that setting
W =, W; we have

Ni(GIW]) > Ne(GIWh, ..., W]) > (1 — 20 H\Wg\

as we had to show. O

3 Near-homogeneous multipartite hypergraphs

In this Section we prove Lemma 2.2. In the first subsection we will discuss some tools from the
hypergraph regularity method that are needed for the proof of the lemma. We will follow the
definitions from [13] and [14]. The proof itself appears in the second subsection.

3.1 A primer on hypergraph regularity

We first recall the definition of a (Szemerédi)-regular bipartite graph.

Definition 3.1. Let dy,092 > 0. A bipartite graph G with the bipartition V(G) = X WY 1is called
(02, dg)-regular if for all subsets X' C X and Y' CY we have

|e(GIX",Y]) — dof X[[Y']] < 62| X]Y] .

Extending this notion to 3-graphs, we need the following definition of a regular 3-partite 3-
graph [14, Definition 3.1]. For a graph G write T'(G) for the set of triangles in G.

Definition 3.2. Let ds,d3 > 0. A 3-graph H = (V, Eg) is called (03,ds)-regular with respect to a
tripartite graph P = (X WY U Z,Ep) with V 2 X UY U Z, if for every subgraph Q C P we have

1Ea NT(Q)| — ds|T(Q)[| < 83T (P)] - (6)

We say that H is d3-regular with respect to P if it is (J3,ds)-regular for an unspecified ds. Also,

define
|E(G) NT(P)|

T(P)|

to be the relative density of G with respect to T'(P). By putting @ = P in (6), we obtain:

d(G|P) =



Remark 3.3. If H is (03, ds)-regular with respect to some graph P, then
dz — 03 < d(G|P) < d3 + 03.

Next, we will state the regularity lemma for 3-graphs. Informally speaking, it is similar in spirit to
the classical Szemerédi regularity lemma for 2-graphs, in that a large hypergraph is being partitioned
into a bounded number of fragments, almost all of which are regular. One major difference between
the 2-graph and 3-graph cases is that, due to various technical issues, for 3-graphs we partition not
just V(H) into subsets Vo U Vi U. ..U V;, but also the (2-uniform) edge sets of the complete bipartite
graphs K (V;,V;) between V; and Vj into sparser bipartite graphs. This will naturally give rise to a
number of tripartite 2-graphs (‘triads’); the lemma states then that H will be regular with respect
to most of them.

To give a precise formulation, we shall be using the following version of the regularity lemma for
3-graphs [14, Theorem 3.2].

Proposition 3.4 (Regularity Lemma). For all 63 > 0, 62 : N — (0,1] and to € N there exist
To,np € N such that for every n > ny and every 3-graph H with |V (H)| = n the following holds.

There are integers to < t < Ty and £ < Ty such that there exists a partition VoWUVi .. UV, = V(H),
and for all 1 <1i < j <t there exists a partition of K(V;,V})

P ={P7=(V;UV;,BJ): 1 <a <},
satisfying the following properties:
(1) Vol < d3n and [Vi| = --- = [Vi],
(ii) for all1 <i < j <t and o € [{] the bipartite graph P is (62(¢),1/¢)-regular, and
(11i) H is d3-reqular w.r.1. PO%{Y for all but at most 53t303 triads

P — PM Pl U P = (V, UV UV, Bl W BN W EY),

with1 <h<i<j<tanda,pf,vy€[l.

To state the Counting Lemma for 3-graphs (which typically complements the Regularity Lemma
in the regularity method), consider the following setup.

Setup A. Let k,m € N and d3, ds, §2 > 0 be given. Suppose that
L. V=VuU---UW, V1] =--- = |Vg| =m, is a partition of V.

2. P = Ulgz‘ <j<k P is a k-partite graph, with vertex set V and k-partition above, where all
P9 = PV;,V;], 1 <i<j<k, are (J2,d2)-regular.

3. H= U1§h<i<‘j‘§k HMI C T(P) is a k-partite 3-graph, with vertex set V and k-partition above,
where all H" = HVh, Vi, Vj], 1 < h < i < j <k, are (03, dp;j)-regular with respect to the
triad P U PY U PM | for some constant 0 < dpi; < 1.



Now, first recall the counting lemma for 2-graphs in the following version.

Proposition 3.5 (Counting lemma for graphs). For every integer k > 3 and positive constants
v > 0,dy > 0 there exist 63 = da(k,7y,d2) > 0 and mo = mo(k,~,d2,02) € N such that with these
constants if a graph P is as in 1. and 2. of Setup A and m > mg, then

k

k
(1 - 7)d§2)mk < Nk(P) <(1+ 7)d§2)mk '
Now, we state the Counting Lemma for 3-graphs [13, Corollary 2.3].

Proposition 3.6 (Counting Lemma for 3-graphs). For every integer k > 4, and positive constants
v,ds > 0 there exists 63 = d3(k,y,d3) > 0 so that for all dy > 0 there exist do = d2(k, 7y, ds, d3,d3) > 0
and mo = mo(k, "y, ds, d3,ds, d2) € N so that with these constants, if H and P are as in Setup A, with
m > mg and dp;; > d3 for all 1 < h <i<j <k, then

k k
Nu(H) > (1 —7)dDdl k.
Combining Propositions 3.6 and 3.5 gives

Corollary 3.7. For every k > 4, and positive constants v,ds > 0 there exists 03 = d3(k,~,ds) > 0
so that for all dy > 0 there exist 63 = do(k,~y,ds,03,d2) > 0 and mo = mo(k,~,ds,d3,d2,02) € N
so that with these constants, if H and P are as in Setup A, with m > mg and dy;; > d3 for all
1<h<i<j<ek, then
k
Ni(H) > (1= ) d Ni(P),

Proof. Let 03 = d3(k,~/2,ds3) be the constant from Proposition 3.6, and take d2 to be the minimum
of d2(k,~/2,d2) from Proposition 3.5 and d2(k,7/2,ds, d3,ds) from Proposition 3.6. Let mg be the
larger myg from these two propositions. Then, for m > mg we have

k k k k

Ne#) = (1= Dyl alPmk > (1= ) (14 Dl > (- )al N (P).
m

As another corollary of Proposition 3.6, we obtain the following criterion for finding an induced
copy of a fixed 3-graph F.

Corollary 3.8 (Induced embedding lemma). For every 3-graph F with |V (F)| =k > 4, and every
constant 1 > ds > 0 there exists 03 = 03(F,ds) > 0 so that for all do > 0 there exist do =
do(F,ds, d3,d2) > 0 and mg = mo(F,ds,d3,da,02) € N so that, with these parameters, if H and P
are as in Setup A, with m > mg and d3 < dp;; <1 —dsz for all1 < h <i<j <k, then H contains

vertices vy, ..., v with v; € Vi for all 1 <1i <k, such that
e Plvy,...,vx] is a k-clique, and
o Hlvi,...,vg] is an induced copy of F.

Proof. Choose an arbitrary labeling ¢ : [k] — V(F), and apply Proposition 3.6 to the 3-graph .
defined as follows

10



o V(H,)=V(H), and

o Ho = Uicpeicjar He" where all H = H,[Vi, V;, Vj], 1 < h < i < j <k are defined by
H, M9 = 1M if {p(h), o(i), 0(j)} € F and H," = H" — T(P[Vh, Vi, V;]) \ E(H) otherwise.

Observe that ﬂhij is (03,1 — dp;j)-regular with respect to its triad. Therefore H, satisfies all the

requirements of Proposition 3.6, implying that it contains a copy of K ,gg), which corresponds to an
induced copy of F in H. O

In what follows, we write d(G) = e(g)/(|§‘) for the density of a 3-graph G. We shall also need the
following rudimentary estimate for 3-graph Turan densities.

Claim 3.9. Ifd(G) > 1— (g)il then G contains a k-clique K](CS) cg.

Proof. Consider a random k-vertex subset of V(G). By the union bound, the probability that one
of the (’;) edges is missing is less than 1. O

3.2 Proof of Lemma 2.2

Proof. Given F, k and n, put f := |V(F)|, and let us pick s and X satisfying
s=RO(kkf) and (1-NEH =1y, (7)

where R(3)(k, k, f) is the 3-color Ramsey® function of 3-graphs. Let us now set the stage for an
application of Proposition 3.4 (the 3-graph regularity lemma) by defining the following parameters.

A o573 A
—minl 2, Z— 1— 2
53 mln{?,a 10° 63(k7A> A)? 53(~F7 3)7}7 (8)
where d3(k, A\, 1 — \) is as stated in Corollary 3.7, and d3(F, \/3) is as stated in Corollary 3.8. We
define the function d9 : N — (0, 1] to satisfy for every integer ¢

(52(5) = min{ég(k:,)\, 1-— )\,53, 1/6), (52(./_", )\/3,(53, l/f)} y

where da(k, A\, 1 — X, d3,1/¢) and 62(F, A/3,d3,1/¢) are as stated in Corollary 3.7 and Corollary 3.8,
respectively. Finally, we set
t() =S.

Given an induced F-free 3-graph G, we apply Proposition 3.4 with the above constants/function. We
obtain partitions V(G) = VoU. ..UV, and P¥ as stated in Proposition 3.4. We will assume henceforth
that n/(2t) > mg, where my is the maximum between the values of my claimed in Proposition 3.6
and Corollary 3.8 (with respective parameters). Observe that from the way we chose the parameters
above, it follows that the parameters ¢ and ¢ of the partition we obtain through Proposition 3.4 can
be bounded from above by functions of F,k,n. Since the constants ¢/, e we will obtain below will
depend only on t, £ they will indeed depend only on F, k,n as asserted in the statement of the lemma.

5That is, the smallest R such that every edge-coloring of the complete 3-graph Kg” with 3 colors red, blue, and
green is guaranteed to contain either a red or a blue K,i?’), or a green K}B). see e.g. [2].
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Let P¥ be the collection of bipartite graphs from item (i7) of Proposition 3.4. For each 1 <i <
J <t select a;; € [¢] independently and uniformly at random, set P = Poi{j and denote by P
the triad obtained from P™, P" and P%. Then the expected proportion of triads P"J such that
‘H is d3-regular with respect to P"i_is at least 1 — 1003. Thus, there must exist a choice of ai;’s
satisfying this property. To simplify the presentation, let us fix one such choice of c;;’s and use P to
denote the corresponding collection of bipartite graphs defined by this choice. Define the 3-uniform
cluster-hypergraph R as follows: let V(R) = [t] and {h,i,j} € E(R) if H is d3-regular with respect
to the triad P"J. By the above we have d(R) > 1 — 1063 > 1 — (5)47 so by Claim 3.9 there exists a
collection of indices 1 < 41 < --- < iz <t such that all triads P""**" are ds-regular. Without loss of
generality, let us assume that ¢; < --- < ig are just 1,...,s.

Recaping, what we have at this point is s vertex sets Vi,..., Vs of size (n — |Vp|)/t each, and a
collection of (3) bipartite graphs P = [J P, where P% is (05(¢),1/¢)-regular (between V; and Vj).
Furthermore, for every h < i < j, the 3-graph G is d3-regular with respect to the triad P formed
by P", P" and P%. In other words, we are at Setup A with

s, m=(@m-Wl)/t, P={JPY, ¢nT(P)

playing the role of k, m, P and H, respectively, and do and 3 as defined above.

Now define an edge-coloring I' of the complete 3-graph on [s] as follows. Color the edge {h,i,j} €
[s]®) red if the corresponding triad P/ satisfies d(G|P) > 1 — 2)\/3, where A > 0 was chosen in (7).
Color P blue if d(G|P) < 2X/3, and color P green otherwise. By our choice of s in (7), one of the
following assertions must hold.

(g) There exist f indices {j1,...,jr} C [s] such that every I'(jp, jq,jr) is green for all 1 <p < ¢ <
r < f. Without loss of generality, we may assume that these indices are simply 1,..., f.

(r) There exist k indices (wlog) {1,...,k} such that every I'(p, q,r) is red.
(b) There exist k indices (wlog) {1,...,k} such that every I'(p, g, r) is blue.

Due to our choice of parameters, we can now invoke the counting lemmas. In Case (g) we apply
Corollary 3.8 (note that, by Remark 3.3 and (8), G is (03, dpqr)-regular with respect to PP?" for
some A/3 < dpgr <1 — A/3) to deduce that G contains vertices vy, ... vy such that v, € V, for each
1 <p < fand GNT(P) induces a copy of F on vq,...vs. It remains to show that G itself also
induces a copy of F on vy,...vy.

For a given 1 < p < ¢ < r < f, if {vp,vq,0v,} € E(GNT(P)) = E(G) NT(P), then clearly
also {vp,vg,v,} € E(G). On the other hand, since, by Corollary 3.8, Plvi,...,v¢] is a clique, for
each 1 < p < ¢ <r < f we have {v,,vg, 0.} € T(P). Thus, if {vy,v4, 0.} ¢ E(G) NT(P), then
{vp,vg,v,} ¢ E(G). We conclude that Glvy,...,v¢] = (GNT(P))[v1,...,vs], and thus Glvq,. .., vy]
is indeed an induced copy of F, a contradiction. So, case (g) cannot occur.

So, suppose that Case (r) holds. Then, applying Proposition 3.5, we obtain that the graph

pr= ) pr 9)

1<p<q<k
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satisfies

k
1 1 (2)
Ni(P*) > —mF <> . (10)
2 1
Furthermore, since by Remark 3.3 and (8), G is (03, dpgr)-regular with respect to PP4" for some
dpgr > 1 — X, Corollary 3.7 gives
k
Ne@NT(P) 2 (1= ) - (1= NON(P?) = (1 = mNL(P)

Thus, we have found k vertex sets V7,...V}, of size m > ¢/n and a k:—Ik)artite graph P* on these sets,
which is (e,n)-dense with respect to G N T(P*) C G, where € = %(%)(2)

Similarly, in Case (b), considering P* as in (9) and the 3-graph G = T(P*)\ G (note that
d(G|P*) > 1 —2)/3) we obtain that (10) holds as before, and, by Corollary 3.7,

k
3

Nil(©) = (1= 2) - (1= NEING(P) = (1= p)NG(P*)

k
Thus, again, for € = %(%)@) we obtain the sets Vi,...V} of size m > ¢/n and the graph P* on these

sets, which is (e,n)-dense with respect to G Cgq. O

4 Proofs of Theorems 1.2 and 1.3

In this section we prove Proposition 4.1 and deduce Theorems 1.2 and 1.3 as corollaries.

We say that an r-graph F is extendable if any two vertices of F are contained in some edge and
F contains a copy of Kﬁ?l (complete r-graph on r + 1 vertices). Note that for » = 2 the extendable
graphs are precisely the cliques. Now we are ready to state Proposition 4.1.

Proposition 4.1. For every r > 3 and an extendable (r — 1)-graph F there exists an r-graph F+
and constant co = co(r, F) > 0 and ¢; = c1(r, F) > 0 such that

R, 7+ (t) > (Rr—1,7(cot))™" .

In order to construct the non-universal r-graph in the above proposition from a non-universal
(r —1)-graph we will adapt an idea from [5]. Given an extendable (r — 1)-graph F, an (r — 1)-graph
G = (V, E) and an edge-labeling ¢ : ([g]]) — [[V]] for some integer N > |V|, define a red-blue coloring
X : ([]X}) — {red, blue} as follows. For any 1 < a; < --- < a, < N we define x({ai,...a,}) = red
if for i = 2,...,7r all ¢(a1,q;) are distinct and {¢p(a1,a9)...,é(a1,a,)} € E(G), and otherwise
x({a1,...,a,}) = blue. Set G+ = G (G, ¢) to be the r-graph of all red edges in .

The first step towards proving Proposition 4.1 is to construct the graph F.

Lemma 4.2. Let r > 3. Then for every extendable (r — 1)-graph F there exists an r-graph F*
satisfying the following. For any induced F-free (r — 1)-graph G and any labelling ¢ the r-graph
Gt =G7(G, ) is induced F*-free.

Proof. To construct FT we proceed as follows. We first define an ordered r-graph F* such that G,
when viewed as an ordered r-graph under the natural ordering on [N], does not contain an induced
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copy of F*. Put f = |V(F)|, and by choosing an arbitrary ordering suppose that V(F) = [f]. Now,
let V(F*) = {0} U[f], and BE(F*) = {{0}uJ : J e E(F)}u (/).

Let us now show that G indeed does not contain an induced copy of F* as an ordered subgraph.
Suppose for a contradiction that there is an order preserving mapping 7 : {0} U [f] — [N] such that
{r(j1),...7(4-)} € E(G") if and only if {j1,...,jr} € E(F*). Denote 7(0) = a and 7(i) = b; for
each 1 <1 < f.

Suppose that ¢(a,b;) = ¢(a,bg) for some 1 < i < k < f. Then by the definition of x no edge
of GT contains {a,b;,bx} = {7(0),7(i),7(k)}. Since 7 is an isomorphism, no edge of F* contains
{0,4,k}. This in turn implies that {i,k} is not contained in any edge of F, a contradiction to the
assumption that F is extendable. Hence, all labels ¢(a,b;) for 1 < i < f must be distinct.

Now, take an arbitrary I = {ji,...,jr—1} € [f], and put a; = 7(j;) for each 1 < i <r —1. If
I € E(F), then we have {0} UI € E(F*), thus {a,a1,...,a,—1} = {7(0),7(j1),...7(4r—1)} € E(GT).
Hence, by the definition of x, we must have {¢(a,a1),...,¢(a,a,—1)} € E(G). On the other hand, if
I ¢ E(F), then {a,a1,...,a,—1)} ¢ E(GT), which similarly means x({a, a1, ...,a,—1}) = blue. Since
we have established that all ¢(a,7(j;)) are distinct, we deduce that {¢(a,a1),...¢(a,ar,—1)} ¢ E(G).

Therefore the distinct labels {¢(a,b1),...¢(a,bf)} € V(G) form a copy of F as an induced sub-
graph of G, in contradiction to the assumption that G is induced F-free. We conclude that G does
not contain an ordered induced copy of F*.

Now, define F* to be the r-graph such that every ordering of it contains F* as an induced ordered
subgraph. Such a graph always exists by a theorem of Alon, Pach and Solymosi [1, Theorem 3.5].
Then G+ does not contain an induced copy of FT, for otherwise it would contain an ordered induced
copy of F*. O

We will later need the following simple observation.

Claim 4.3. In the natural case when F = Ké:l) for some s > r, one can take F* = Kgr).

Proof. F is extendable, * = K, S(T), and since all orderings of F* are indistinguishable, we can take
Fr=r =K. 0

Having defined F T we need to find a labelling ¢, such that if neither G nor its complement contain
a large complete (r — 1)-partite subgraph then G (G, ¢) will also have this property. This is done in
the following technical claim whose proof is deferred to the end of the section.

Claim 4.4. For every integer r > 3 and constant o > 1 there exists a constant ¢y = c1(r,a) > 0 and
an integer to = to(r, ) as follows. Let § = ﬁ, co = ﬁ, and suppose that the integers t,n and N
are such that t > tg, n > (cot)® and N = ntt. Then there exists a labeling ¢ ([g]) — [n] with the
following property: There do not exist disjoint sets Ay, ..., A, C [N] with |Ay| =--- = |A,| =t/r
such that for every a € Ay we have

{o(a,a;) :a; € A} < Btr , forsome 2<i<r (11)

The last ingredient we will need for the proof of Proposition 4.1 is the following claim whose proof
is a routine application of the probabilistic deletion method and is thus deferred to the end of the
section.
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Claim 4.5. Let F be an extendable r-graph. Then R, r(t) > t* for some a = a, > 1.

Proof of Proposition 4.1. Given an extendable (r — 1)-graph F, take 7 to be the r-graph from
lemma 4.2. Let @ = 1 be the constant from Claim 4.5, and suppose that ¢t > tg, where tg = to(r, )
is as defined in Claim 4.4 (due to flexibility in choosing the constants ¢y and ¢y, it suffices to prove
the statement of Proposition 4.1 for large ¢). Let § = ﬁ, co = B—ig, and let ¢; = ¢1(r, @) be as in
Claim 4.4. Let n = R,_1 r(cot), and note that, since F is extendable, Claim 4.5 gives n > (cgt)®. Let
G to be an (r — 1)-graph on n vertices which is induced F-free and such that G and G do not contain
a K égt_ 1) cot- Finally, let N = nt let ¢ : (];7) — [n] be a labelling as guaranteed by Claim 4.4, and
consider the r-graph G = G (G, ¢).

We now claim that GF contains no copy of Kt(,T..).,ﬁ the fact that G does not contain a Ky)t can

be deduced analogously. So, suppose for a contradiction that G+ contains a copy of Kt(r)t on vertex
classes Q1,...,Qr C V(GT). Let A’ be the first ¢ vertices of |J;_; Q; in the natural ordering of [N].
By the pigeonhole principle, some t/r of them will be in the same class, say in Q1; let A; C A’ be
the set of these t/r vertices. By our choice of A’ for i = 2,...,r there will be disjoint sets A; C Q;
with |A4;| = t/r such that for every a; € A, and a; € A; we have a < a;. Note that we do not make
any claims regarding the order of vertices inside Ao U --- U A,.

By the definition of ¢ and Claim 4.4 there must exist some a € A such that, with ®(A4;) =
{#(a,a;) : a; € A;}, we have min{|P(A4;)[: 2 < i <r} > ﬁ Now, taking one representative vertex
for each color in each ®(4;), we find sets Uy C A; for 2 < i < r with |U;| = # = ¢ot such that all
labels in ;_, U,cp, #(a,u) are distinct. However, since for each (ug, ..., u;) € Uz X -+ - x U, we have
x({a,uz, ...,u,}) = blue, we obtain that G[®(U3), ..., ®(U,)] forms a complete (r — 1)-partite graph
with parts of size cot, in contradiction to the assumption. Hence, G contains no copy of Kt:"t, as
claimed.

To summarize, the r-graph G* has N = n®? vertices, by Lemma 4.2 it is induced F*-free, and

)

)

neither G nor its complement contain a copy of Kt(r ;- Therefore,

R, r+(t) =2 N = (Rr—1,7(cot))™"
as needed. O
As corollaries of Proposition 4.1 we obtain Theorems 1.2 and 1.3.

Proof of Theorem 1.2. Apply Proposition 4.1 for r = 3 and F being the triangle, that is, the

complete 2-graph on 3 vertices; note that F is extendable. By Claim 4.3 we can take F' = K f’).

acit _ tQ(t)

Hence, by Proposition 4.1, we have Rz z+(t) > (cot) , as claimed. O

Proof of Theorem 1.3. By adding to F a set of r + 1 new vertices of full degree, we obtain an
extendable graph F’. Applying Proposition 4.1 to F’ we obtain a graph F* and the constants
co(r, F),c1(r, F) > 0 as stated therein. Then, taking c(r, F) = min{cg, ¢c1} > 0, we obtain

t
Ropi(t) > (Reoypr(cot)”" > (Ry—1,r(ct))™ |
where the second inequality relies on the fact that F’ contains an induced copy of F. O

We end this section with the proofs of Claims 4.4 and 4.5.
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Proof of Claim 4.4. Set

1+ay
7:;(1—;—;)>0, 01:;:27{2(1—;—;) and to=c¢; 7 .

and suppose that ¢t,n and N are as in the statement of the lemma. Define ¢ : (U;[]) — [n] to be

an edge-labeling, where each element of ([g ]) is independently assigned a color between 1 and n

uniformly at random. For disjoint sets Ai,..., A, C [N] of size t/r each, let X4, . a, be the event

that every a € A; satisfies (11). Consider some fixed disjoint Ay, ..., 4, of size t/r. Since for different

a € A the edges between a and AaU---U A, C [N]\ A; are assigned the values of ¢ independently,

we obtain

"y (] Y (0]
P(Xa, ) < ;(J (n> - [(5> <n>] |

By the union bound, the probability that some event X4, . 4, holds is at most

S P(Xaya) <N [r(n) (D

t
Al,...,Ar ﬁT

t t
r . ) N\ 7
] < <Nrn5r (CalnEA) T)
t t
t t
— (Ca’“nclrtJr;”Jr((l’_l):) "= <Carn:(clT2+é+‘1’_l)) T

= () < (e <1

e

We infer that with positive probability none of the events X4, . 4, hold, implying that the
required labeling exists. O

Proof of Claim 4.5. Since R, r(t) > RT’ KO, (t), it suffices to consider K,Efr)l We will prove the
(r)

equivalent statement, that for every sufficiently large n there exists a K. ;-free r-graph on ©(n)
vertices, which does not contain a complete or empty r-partite subgraph of polynomial size.
_r—1/2 _ 3 .
To this end, set p = n~ 1 =n 20 and let G be a random r-graph gr(:z)o on n vertices,

where (as in random 2-graphs) each r-tuple is selected as an edge independently with probability p.
Then the expected number of copies of Kﬁ?l in G will be (")p7"+1 = O(n'/?). Hence, by Markov’s

T r)

inequality the probability that G contains more than n3/% copies of K£ FeRE o(1).

Next, for an integer ¢, the expected number of copies of the complete r-partite graph Kt(r)t in

Gnp is
1
n) ]. [H <kt>] tr rt " r tr—l t
— p <n'pt =n"p ),
|
<rt N el t

and a straightforward calculation shows that the latter expression is o(1) when ¢ > 3. Hence, by

Markov’s inequality, with high probability G will not contain a copy of K?ET)?), let alone of Kt(T)

)

larger values of ¢. Lastly, for ¢t = nar the expected number of copies of Kt(rt in G is

O [ e

k=r

.t for
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Again, a straightforward calculation shows that with this choice of ¢ the right hand side of (12) is
o(1), hence, again by Markov’s inequality, with high probability there will be no copy of Kt(r)t inG.

We deduce that for t = n3r with positive probability G ~ Q,(f:;; satisfies all three properties
discussed above. Removing a vertex from each r 4+ 1-clique thus results in a Kﬁ?l—free r-graph on at
least n/2 vertices satisfying the assertion of the lemma. O

5 Concluding Remarks

As we have mentioned in Section 1, the best known bound for Ramsey numbers of 3-graphs imply
that every 3-graph contains a homogenous set of size (loglogn). An intriguing open problem of
Conlon, Fox and Sudakov [6] is if for every 3-graph F, every induced F-free G contains a homogeneous
set of size w(loglogn). As a (minor) step towards resolving this problem one would first like to find
general conditions guaranteeing that certain F satisfy this condition. For example, it follows from
the Erdés—Rado [9] bound that this is the case if F is a complete 3-graph. Let us now sketch an
argument showing that a much broader family of graphs F have this property. We say that a 3-
graph F on f vertices is nice if there is an ordering {1, ..., f} of V(F) and an ordered 2-graph F' on
{1,..., f} so that for every 1 <i < j < k < f the triple (i, j, k) € E(G) if and only if (i,5) € E(F).

Proposition 5.1. If F is nice, then every induced F-free 3-graph G on n vertices has a homogeneous
set of size 28(vloglogn)

Proof (sketch): Since F is nice there is a graph F satisfying the condition in the above paragraph.
Pick an arbitrary ordering of V(F) and let F’ be a graph so that every ordering of V(F’) has an
ordered induced copy of F. Such an F’ exists by [17].

We recall that the Erdés—Rado [9] scheme of bounding Ramsey numbers proceeds by gradually
building an ordered set of vertices {1,...,p}, where p = Q(y/logn), along with an ordered graph G
on [p] so that for every 1 < i < j < k < p the triple (i,j,k) € E(G) if and only if (i,5) € E(G).
Observe that G is induced F’-free, as otherwise the definition of G, F’ and F would imply that G
has an induced copy of F. By the Erd6s—Hajnal theorem [8] mentioned in Section 1 we deduce that
G has a homogeneous set of size 22(vVIog1ogn) " which implies (using the definition of G) that G has a
homogeneous set of the same size. O

Lastly, we state and prove Proposition 5.2 which extends Rédl’s [15] example mentioned in Section
1 to arbitrary uniformities r > 3. We would like to reiterate our belief that the following upper bound
is tight for all > 3. We remind the reader that we use d(G) = e(g)/(‘fb for the edge-density of an
r-graph G.
Proposition 5.2. For every integer r > 3 there is an r-graph F with the following properties: (i) for
any € > 0 there exists a constant C' = C(r,€) such that for arbitrarily large n there exists an induced
F-free r-graph G on n vertices, such that for every vertex set W C V(G) with |W| = C(logn)'/("=2)
we have

1/2—e<d(G[W]) <1/2+¢€. (13)

(ii) there exists a constant C = C(r) such that for every large enough n there is an induced F-free
r-graph G on n vertices, that does not contain a copy of Kt(’r)i with t = C(log n)l/(r_g).
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Proof. We prove only item (i), since the proof of (ii) is identical. We make use of the parity
construction from [4]. Let V(G) = [n], and consider an (r — 1)-graph H ~ 97(17:1_/12), that is, each
(r — 1)-edge is selected randomly and independently with probability 1/2. Then define G as follows:
let {i1,...,ir} € E(G) if and only if e(H[{i1,...,%,}]) =0 (mod 2).

It is easy to see that for each set R of r + 1 vertices in G we have e(G[R]) = r+1 (mod 2). Hence,
G will not contain an induced copy of F, where F is any r-graph with e(F) = r (mod 2).” Hence,
to prove the lemma, it suffices to show that (13) holds with positive probability; this is achieved by
a standard application of Azuma’s inequality.

Consider a subset A C [n], with |A| = a, and define the random variable X = e(G[A]). Note that

each subset {i,...,i,} C A forms an edge of G with probability 1/2 — this is a consequence of the

XT:H)J' (T> =(1-1)"=0.

i=0 J

basic identity

By linearity of expectation, this implies E(X) = %('j)

Now, choose an arbitrary ordering of the subsets of A of size r — 1 and consider the edge-exposure
martingale (Xt)é\Lo, where N = (rfl), and X; is the expected value of X, after the first ¢ edges have
been exposed. In particular, Xy = E(X) and Xy = X. Observe that exposing a new (r — 1)-edge

can change at most a edges of G. Hence, Azuma’s inequality yields

2a2r 2 r_1

P(| Xy — Xo| > ea”) < 2e” ava? < e €0

Taking the union over all subsets of [n] of size a, we obtain that G satisfies (13) with positive
probability for all vertex sets of size a as long as

2 r—1

nae—ea S].,

which is if and only if a > C(logn)Y ("= for a constant C' = C(r, €). O
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