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Abstract

Property testers are fast randomized algorithms for distinguishing between objects satisfying a cer-
tain property from those that are e-far from satisfying it. The focus of this thesis is in testing
properties of graphs. This thesis is composed of three parts:

In the first part of this thesis we study general testability results without much care how large
the involved constants are as a function of the error parameter e. In the first chapter we show
that the entire family of hereditary properties can be tested with one-sided error. This result
contains as a special case several previous results and also implies the testability of many well studied
properties, which were not previously known to be testable. A few examples are the properties of
being Perfect, Chordal, Interval and Ramsey. More interestingly, we use this result in order to give
a characterization of the (natural) graph properties that can be tested with one sided error. One
of the main open problems in the area of property testing, which was raised in the 1996 paper
[75] of Goldreich, Goldwasser and Ron that initiated the study of graph property-testing, was to
characterize the graph properties that can be tested with a constant number of queries. The second
chapter resolves this open problem by giving a combinatorial characterization of testable properties.
In the third chapter we study the relation between uniform and non-uniform property testers. We
prove that there are (relatively) natural graph properties that can be tested by non-uniform testers
but cannot be tested by uniform testers.

In the second part we take a “closer” look at testing certain types of properties, and try to
classify the properties that can be tested with a small number of queries. We first study properties
defined by a forbidden induced graph H. In the second chapter (of the second part) we consider the
property of not containing a copy of a given fixed directed graph D. We also consider the question
of whether allowing two-sided error testers can improve the query complexity of testing the above
problems. In both cases we give (nearly) complete characterizations of the graphs H (and digraphs
D) for which the corresponding problems can be tested with a small number of queries. We also
show that two-sided error testers cannot be efficient in the cases were there is no efficient one-sided
error tester. The results of this part resolve several open problems that were raised by Alon [1].

In the third part we study algorithmic results that have some connection to the area of property
testing. More specifically we study the following meta problem: given a graph G how well can we
approximate the number of edges that need to be removed from G in order to make it satisfy a
monotone graph property P. We first show that for any monotone property P and for every € > 0,
this quantity can be approximated in linear time to within an additive error of en?. A natural
question is whether it is possible to obtain a better approximation in polynomial time. The second
result gives a precise characterization of the monotone properties for which one can approximate the
number of necessary edge deletions within an additive error of n?~%. This characterization asserts
that if there is a bipartite graph that does not satisfy P then such an algorithm is trivial, and in
the other case the problem is N P-hard. This characterization resolves (in a strong form) a question
raised by Yannakakis [115] in 1981.
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Introduction

The meta problem in the area of property testing is the following: given a combinatorial
structure S, distinguish between the case that S satisfies some property P and the case
that S is e-far from satisfying P. Roughly speaking, a combinatorial structure is said to
be e-far from satisfying some property P if an e-fraction of its representation should be
modified in order to make S satisfy P. The main goal is to design randomized algorithms,
which look at a very small portion of the input, and using this information distinguish with
high probability between the above two cases, namely, algorithms that will accept graphs
satisfying P with high probability and will also reject those that are e-far from satisfying
it with high probability. Such algorithms are called property testers or simply testers for
the property P. Preferably, a tester should look at a portion of the input whose size is a
function of € only. Blum, Luby and Rubinfeld [32] were the first to formulate a question of
this type, and the general notion of property testing was first formulated by Rubinfeld and
Sudan [109], who were interested in studying various algebraic properties such as linearity
of functions.

The main focus of this thesis is the testing of properties of graphs'. More specifically, we
focus on property testing in the dense graph model as defined in [75]. In this case a graph
G is said to be e-far from satisfying a property P, if one needs to add/delete at least en?
edges to G in order to turn it into a graph satisfying P. A tester for P should distinguish
with high probability, say 2/3, between the case that G satisfies P and the case that G is
e-far from satisfying P. Here we assume that the tester can query some oracle whether a
pair of vertices, ¢ and j, are adjacent in the input graph G. In what follows we will say
that a tester for a graph property P has one-sided error if it accepts every graph satisfying
P with probability 1 (and still rejects those that are e-far from P with probability at least
2/3). If the tester may reject graphs satisfying P with non-zero probability then it is said
to have two-sided error. The following notion of efficient testing will be the main focus of
this thesis:

Definition (Testable) A graph property P is testable if there is a randomized algorithm
T, that can distinguish with probability 2/3 between graphs satisfying P and graphs that are
e-far from satisfying P, while making a number of edge queries which is bounded by some
function q(€) that is independent of the size of the input.

LA property of n-vertex graphs is simply a family of n-vertex graphs that is closed under isomorphism



Results with applications in property-testing date back to the 70’s. It was implicitly
proved by Ruzsa and Szemerédi [110] that triangle-freeness is testable, and Rédl and Duke
[105] implicitly showed that k-colorability is testable. The modern study of the notion of
testability for combinatorial structures, and mainly the dense graph model, was introduced
in the seminal paper of Goldreich, Goldwasser and Ron [75]. In that paper it was shown
that several well studied graph properties such as k-colorability, having a large cut and
having a large clique are all testable. Graph property testing has also been studied in
the bounded-degree model [76], and the newer general density model [101]. We note that
in these models a property is usually said to be testable if the number of queries is o(n).
Following [75, 32, 109] property testing was studied in various other contexts such as boolean
functions [8, 62, 63, 103], geometric objects [3, 46] and algebraic structures [32, 68, 30]. See
the surveys [59, 107] for additional results and references.

We finally note that throughout this thesis we will frequently deal with two types of
graph properties.

Definition (Monotone Graph Properties) Graph property P is monotone if it is closed
under removal of vertices and edges. Equivalently, P is closed under taking subgraphs.

Definition (Hereditary Graph Properties) Graph property P is hereditary if it is
closed under removal of vertices. Equivalently P is closed under taking induced subgraphs.

Standard examples of monotone properties are k-colorability and being H-free for some
fixed graph H (e.g. triangle). Clearly any monotone property is also hereditary. Standard
examples of hereditary (non-monotone) properties are being Perfect, Chordal and induced
H-free for some fixed graph H.

Part I: General Testability Results

In the first part of the thesis we aim at giving general testability results without much care
about the number of queries the algorithm performs, as long as it is bounded by a function
of € as required by the definition of a testable property. The main focus of property testing
and in particular graph property testing is in identifying the testable graph properties.
Obtaining a characterization of the testable graph properties was considered the main open
problem of graph property testing.

A natural strategy toward obtaining a characterization of the testable graphs was to ei-
ther prove the testability /non-testability of general families of graph properties or to obtain
characterizations for special cases of testers. The main result of [75] was that a general fam-
ily of so called “partition-problems” are all testable. These include the properties of being
k-colorable, having a large cut and having a large clique. Goldreich and Trevisan [77] gave
a characterization of the partition-problems that can be tested with 1-sided error. Czumayj
and Sohler [47] studied property testing via the framework of abstract combinatorial pro-
grams and gave certain characterizations of the testable properties that fit this framework.



Alon, Fischer, Krivelevich and Szegedy [6] obtain general testability results in terms of log-
ical properties of a language. More specifically, it was shown in [6] that every first order
graph-property of type 3V (see [6]) is testable, while there are first-order graph properties
of type V3 that are not testable. The main technical result of [6] was that certain abstract
colorability properties are all testable. These results were generalized in [60]. Finally, [77]
following [6], proved that a tester may be assumed to be non-adaptive (see Theorem 2.14),
and [64] proved that if a graph property is testable then it is also possible to estimate how
far is a given graph from satisfying the property (see Theorem 2.27). These last two results
are key ingredients in this part of the thesis.

Given the previous mentioned general testability results, a natural question is what
makes a combinatorial property testable. In particular, characterizing the testable graph
properties was considered one of the main open problems in the area of property testing,
and was raised already in the 1996 paper of Goldreich, Goldwasser and Ron [75], see also
[74], [31] and [77]. As many of the partition problems that were shown to be testable are
closed under removal of edges, a natural possibility was to show that any graph property
that is closed under removal of edges is testable. Further supporting evidence of this fact
was given by the (implicit) result of [4] that for any fixed graph H the property of being
H-free, which is also closed under removal of edges, is testable. Regretfully, it was shown
in [77] that there are graph properties that are closed under removal of edges and cannot
be tested with o(n?) queries.

Hereditary Properties and Testing with One-Sided Error (Chapter 1)

Our first result in this chapter identifies a large and natural family of properties that are all
testable, by showing that any hereditary graph property is testable. This result is obtained
using a novel application of Szemerédi’s regularity-lemma. This general testability result
contains as a special case many of the previous results about testing graph properties
with one-sided error. These include the results of [75] and [7] about testing k-colorability,
the characterization of [77] of the graph-partitioning problems that are testable with one-
sided error, the induced vertex colorability properties of [6], the induced edge colorability
properties of [60], as well as a transformation from two-sided to one-sided error testing [77].
More importantly, as a special case of the main result, we infer that some of the most well
studied graph properties, both in graph theory and computer science, are testable with
one-sided error. Some of these properties are the well known graph properties of being
Perfect, Chordal, Interval, Comparability, Permutation and more. None of these properties
was previously known to be testable.

The second result in this chapter is a solution of a problem closely related to that of
characterizing the testable graph properties; call a property tester oblivious if its decisions
are independent of the size of the input graph. We show that a graph property P has
an oblivious one-sided error tester, if and only if P is (semi) hereditary. We stress that
any ‘“natural” property that can be tested (either with one-sided or with two-sided error)
can be tested by an oblivious tester. In particular, all the testers studied thus far in the
literature were oblivious. This result can thus be considered as a precise characterization



of the natural graph properties, which are testable with one-sided error.

References: The results of this chapter appeared as:

e N. Alon and A. Shapira, Every monotone graph property is testable, Proc. of the
37" Annual Symp. on Theory of Computing (STOC), 2005, 128-137. Also, STAM
J. on Computing, Special Issue of STOC’05, to appear.

e N. Alon and A. Shapira, A characterization of the (natural) graph properties testable
with one-sided error, Proc. of the 46" Annual IEEE Symp. on Foundations of
Computer Science (FOCS) 2005, 429-438. Also, SIAM J. on Computing, Special
Issue of FOCS’05, to appear.

Szemerédi Partitions and Two-Sided Error Testers (Chapter 2)

The results of the previous chapter give a nearly complete characterization of the properties
that can be tested with one-sided error. In this chapter we consider the most general notion
of property testers, namely those that may have two-sided error, and obtain a characteri-
zation of the testable graph properties. We thus resolve an open problem which was first
raised in the 1996 paper of Goldreich, Goldwasser and Ron [75] that initiated the study of
graph property-testing. A common thread in all the recent results concerning the testing of
dense graphs, including the results of the previous chapter, is the use of Szemerédi’s regu-
larity lemma and some of its variants. The characterization we obtain in this chapter shows
that in some sense this is not a coincidence. Our first result is that the property defined by
having any given Szemerédi-partition is testable with a constant number of queries. Our
second and main result is a purely combinatorial characterization of the graph properties
that are testable with a constant number of queries. This characterization (roughly) says
that a graph property P can be tested with a constant number of queries if and only if
testing P can be reduced to testing the property of satisfying one of finitely many Sze-
merédi-partitions. This means that in some sense, testing for Szemerédi-partitions is as
hard as testing any testable graph property. This characterization also gives an intuitive
explanation as to what makes a graph property testable.

References: The results of this chapter appeared as:

e N. Alon, E, Fischer, I. Newman and A. Shapira, A combinatorial characterization
of the testable graph properties: it’s all about regularity, Proc. of the 38" Annual
Symp. on Theory of Computing (STOC) 2006, 251-260. Also, invited to STAM J.
on Computing, Special Issue of STOC’06.

Uniform vs Non-uniform Property Testing (Chapter 3)

In this chapter we consider the following seemingly rhetorical question: Is it crucial for a
property-tester to know the error parameter ¢ in advance? Previous papers dealing with



various testing problems, suggest that the answer may be no, as in these papers there was
no loss of generality in assuming that e is given as part of the input, and is not known
in advance. The main result in this chapter, however, is that it is possible to separate a
natural model of property testing in which € is given as part of the input from the model
in which e is known in advance (without making any hardness-type assumptions). To this
end, we construct a graph property P which satisfies the following:

(i) There is no tester for P accepting e as part of the input, whose number of queries
depends only on e.

(ii) For any fixed €, there is a tester for P (that works only for that specific €), which
makes a constant number of queries.

Interestingly, we manage to construct a separating property P, which is combinatorially
natural as it can be expressed in terms of forbidden subgraphs and also computationally
natural as it can be shown to belong to coN P.

The main tools in this chapter are efficiently constructible graphs of high girth and high
chromatic number, a result about testing monotone graph properties, as well as basic ideas
from the theory of recursive functions. Of independent interest is a precise characterization
of the monotone graph properties that can be tested with € being part of the input, which we
obtain as one of the main steps of the chapter. Somewhat surprisingly, this characterization
relies on the recursiveness of a certain graph functional that seems irrelevant to property-
testing.

References: The results of this chapter were submitted for publication as:

e N. Alon and A. Shapira, A separation theorem in property-testing.

Potpourri (Chapter 4)

In this chapter we include some additional results that did not fit the previous chapters
of this part of the thesis. Two of the results that we prove are that for any function f
there exists a monotone graph property that cannot be tested with one-sided error using
fewer than f(e) queries, and a compactness-type result stating that if a graph is far from
satisfying an infinite family of hereditary properties then it must also be far from satisfying
one of these properties.

Part II: On The Possibility of Small Query Complexity

The results obtained in the first chapter of this thesis give general positive results concerning
various graph properties. However, the bounds they guarantee are given by extremely fast
growing functions of the error parameter e. It is thus natural to investigate for which
properties can one guarantee that the query complexity will be upper bounded by a function
of ¢ that grows “relatively slowly”. As is common in computer-science a natural family



of relatively slow growing functions is polynomials in 1/e. Regretfully, we cannot give a
characterization of the graph properties that can be tested with poly(1/€) queries. We thus
look at specific families of properties and try to give characterization within these restricted
families. Alon [1] initiated this line of research, by considering the properties P of being
H-free. It was shown in [1] that Py has a one-sided error tester with query complexity
poly(1/e) if and only if H is bipartite. Note that the family of properties Py is a subclass
of the monotone graph properties, namely, the monotone properties that can be expressed
in terms of a single forbidden subgraph.

In this chapter we consider other natural families of graph properties and obtain charac-
terizations within them. The proofs of this part of the thesis combine combinatorial, graph
theoretic and probabilistic arguments with results from additive number theory.

Testing Induced Subgraphs (Chapter 5)

In the first chapter of this part of the thesis we consider the properties of being induced H-
free, that are denoted for short by Pj;. Note that the family of properties Pj; is a subclass
of the hereditary graph properties, namely, the hereditary properties that can be expressed
in terms of a single forbidden induced subgraph. Let G be a graph on n vertices, H be
a graph on h vertices, and suppose that G is e-far from satisfying P7;. It was shown in
[6] that in this case G contains at least f(e,h)n" induced copies of H, where 1/f(e, h) is
an extremely fast growing function in 1/¢, that is independent of n (the fourth function in
the Ackerman Hierarchy, which is a tower of towers of exponents). As a consequence, it
follows that for every H, the property Pj; is testable with one-sided error. For some graphs,
however, there are obviously much more efficient property testers than the ones guaranteed
by the above general result. For example, for the case of H being an edge, there is obviously
a one-sided error property tester for Py = Pj;, whose query complexity is ©(1/e).

A natural question, raised by Alon in [1], is to decide for which graphs H the function
1/f(e, H) can be bounded from above by a polynomial in 1/e. An equivalent question is
for which graphs H, can one design a one-sided error tester for testing Pj;, whose query
complexity is polynomial in 1/e. In this chapter we settle this question almost completely
by showing that, quite surprisingly, for any graph other than the paths of lengths 1, 2
and 3, the cycle of length 4, and their complements, no such property tester exists. We
further show that a similar result also applies to the case of directed graphs, thus answering
a question raised in [11]. We finally show that the same results hold even in the case of
two-sided error property testers.

References: The results of this chapter appeared as:

e N. Alon and A. Shapira, A characterization of easily testable induced subgraphs, Proc.
of the 15" Annual ACM-SIAM Symposium on Discrete Algorithms (SODA), (2004),
935-944. Also, Combinatorics, Probability and Computing, 15 (2006), 791-805.



Testing Directed Subgraphs (Chapter 6)

In the second chapter of this part of the thesis we consider the properties of being H-free,
that are denoted for short by Pp, were H is a fixed directed graph (digraph for short).
We say that a graph satisfies Py if it is H-free, that is, if it does not contain any (not
necessarily induced) copy of H. Let G be a graph on n vertices and suppose that G is e-far
from satisfying Py. We first show that in this case G contains at least f(e, H)n" copies of
H. This is proved by establishing a directed version of Szemerédi’s regularity lemma, and
implies that for every H, property Py is testable with one-sided error.

As is common with applications of the undirected regularity lemma, here too the function
1/f(e, H) is an extremely fast tower-type function in e. We therefore further prove a precise
characterization of all the digraphs H, for which f(e, H) has a polynomial dependency on
€. This implies a characterization of all the digraphs H, for which Py has a one sided error
property tester, whose query complexity is polynomial in 1/e. We further show that the
same characterization also applies to two-sided error property testers as well. A special
case of this result settles an open problem raised by Alon in [1]. Interestingly, it turns
out that if Py has a polynomial query complexity, then there is a two-sided e-tester for
Ppr that samples only O(1/€) vertices, whereas any one-sided tester for Py makes at least
(1/€)%? queries, where d is the average degree of H. We also show that the complexity of
deciding if for a given directed graph H, Py has a polynomial query complexity, is N P-
complete, marking an interesting distinction from the case of undirected graphs, where the
corresponding problem can be solved in polynomial time.

For some special cases of directed graphs H, we describe very efficient one-sided error
property-testers for testing Pr. As a consequence we conclude that when H is an undi-
rected bipartite graph, we can give a one-sided error property tester with query complexity
O((1/€)"?), improving the previously known upper bound of O((1/e)"™).

References: The results of this chapter appeared as:

e N. Alon and A. Shapira, Testing subgraphs in directed graphs, Proc. of the 35
Annual Symp. on Theory of Computing (STOC) 2003, 700-709. Also, J. of Comp.
System Sciences, Special Issue of STOC’03, 69 (2004), 354-382.

Part III: Algorithmic Results Related to Property Testing

Additive Approximation for Edge Deletion Problems (Chapter 7)

The topic of this chapter is graph modification problems, namely problems of the type:
given a graph G, find the smallest number of modifications that are needed in order to
turn G into a graph satisfying property P. The main two types of such problems are the
following; in node modification problems, one tries to find the smallest set of vertices, whose
removal turns G into a graph satisfying P, while in edge modification problems, one tries to
find the smallest number of edge deletions/additions, which turn G into a graph satisfying
P. In this chapter we will focus on edge-modification problems. Given a graph property



P we denote by Ef(G) the smallest number of edge modifications needed to turn G into a
graph satisfying P. Note, that when trying to turn a graph into one satisfying a monotone
property we will only use edge deletions. Therefore, in these cases the problem is sometimes
called edge-deletion problem.

Background and motivation: Graph modification problems are well studied computa-
tional problems. In 1979, Garey and Johnson [72] mentioned 18 types of vertex and edge
modification problems. Graph modification problems were extensively studied as these
problems have applications in several fields, including Molecular Biology and Numerical
Algebra. In these applications a graph is used to model experimental data, where edge
modifications correspond to correcting errors in the data: adding an edge means correct-
ing a false negative, while deleting an edge means correcting a false positive. Computing
Ep(G) for appropriately defined properties P have important applications in physical map-
ping of DNA (see [42], [73] and [79]). Computing Ep(G) for other properties arises when
optimizing the running time of performing Gaussian elimination on a sparse symmetric
positive-definite matrix (see [108]). Other modification problems arise as subroutines for
heuristic algorithms for computing the largest clique in a graph (see [114]). Some edge
modification problems also arise naturally in optimization of circuit design [50]. We briefly
mention that there are also many results about verter modification problems, notably that
of Lewis and Yannakakis [93], who proved that for any nontrivial hereditary property P, it
is N P-hard to compute the smallest number of vertex deletions, which turn a graph into
one satisfying P.

The main results presented in this chapter, give a nearly complete answer to the hardness
of additive approximations of the edge-deletion problem for monotone graph properties.

An Algorithm for Any Monotone Property: In the first part of this chapter we prove
that for any fixed € > 0 and any monotone property P, there is a deterministic algorithm,
which given a graph G = (V, E) of size n, approximates E(G) in linear time O(|V| + |E|)
to within an additive error of en?. This result is obtained via a novel structural graph
theoretic technique. One of the applications of this technique (roughly) yields that every
graph G, can be approximated by a small weighted graph W, in such a way that E%(G) is
approximately the optimal solution of a certain “related” problem that we solve on W. This
new technique, which may very well have other algorithmic and graph-theoretic applications,
applies a result of Alon, Fischer, Krivelevich and Szegedy [6], which is a strengthening of
Szemerédi’s Regularity Lemma [112]. We then use an efficient algorithmic version of the
regularity lemma, which also implies an efficient algorithmic version of the result of [6], in
order to transform the existential structural result into the algorithm stated above. Our
techniques also allow us to obtain a similar randomized algorithm for estimating E%(G).
This algorithm is simpler and somewhat more natural than a randomized algorithm for this
problem that was independently obtained by Fischer and Newman [64].

On the Possibility of Better Approximation: Given the above general algorithmic
result, a natural question is for which monotone properties one can obtain better additive



approximations of Ef,. The second main result essentially resolves this problem by giving
a precise characterization of the monotone graph properties for which such approximations
exist. This characterization states that if there is a bipartite graph that does not satisfy P,
then there is a 0 > 0 for which it is possible to approximate E, to within an additive error
of n?~% in polynomial time. On the other hand, if all bipartite graphs satisfy P, then for
any ¢ > 0 it is N P-hard to approximate E, to within an additive error of n?9,

While the proof of the first (positive) case is relatively simple, the proof of the second
(negative) case requires several new ideas and involves tools from Extremal Graph Theory
together with spectral techniques. Interestingly, prior to this work it was not even known
that computing E}, precisely for these properties is N P-hard. We thus answer (in a strong
form) a question of Yannakakis [115], who asked in 1981 if it is possible to find a large and
natural family of graph properties for which computing EY, is N P-hard.

References: The results of this chapter appeared as:

e N. Alon, A. Shapira and B. Sudakov, Additive approximation for edge-deletion prob-
lems, Proc. of the 46" Annual IEEE Symp. on Foundations of Computer Science
(FOCS) 2005, 419-428. Also, Annals of Mathematics, to appear.
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Chapter 1

Hereditary Properties and
One-Sided Error Testers

1.1 The Main Results

1.1.1 Every hereditary property is testable

As we have discussed in the introduction of the thesis, previously there were many separate
results concerning testable graph properties. Our first goal in this chapter is to prove a
general positive testability result that will include the previous results as a special case, and
will also imply the testability of new properties. We will then use this result in order to
obtain a characterization of the (natural) graph properties that can be tested with one-sided
error. The following is the main technical result of this chapter.

Theorem 1.1. Fvery hereditary graph property is testable with one-sided error.

The proof of Theorem 1.1 relies on a novel application of a variant of Szemerédi’s
regularity lemma, proved by Alon, Fischer, Krivelevich and Szegedy [6]. We believe that
our application of this lemma may be useful for attacking other problems. The main idea
of this application are described in details in Section 1.3.

As we will see later, the testing algorithms we design for a given hereditary property P,
simply sample a set of vertices S and accept if and only if the graph induced by S satisfies
P. This immediately implies that these testers have one-sided error. Of course, the main
difficulty lies in proving that if the input is e-far from satisfying P then the graph induced
by a large enough S (but only large enough as a function of €) will not satisfy P with high
probability.

We note that besides certain partition properties such as having a large cut and having
a large clique, which were proved to be testable with two-sided error in [75], essentially
any graph property that was studied in the literature is hereditary. Thus, Theorem 1.1
combined with the graph partition problems of [75] imply the testability of (nearly) any

13
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natural graph property!. To demonstrate the generality of Theorem 1.1, we use it to infer
that many graph properties, which prior to this work were not known to be testable, are in
fact testable with one-sided error. These include the following hereditary properties:

e Perfect Graphs: A graph G is perfect if for every induced subgraph of G, G’, the
chromatic number of G’ equals the size of the largest clique in G'.

e Chordal Graphs: A graph is chordal if it contains no induced cycle of length at least
4.

e Interval Graphs: A graph G on n vertices is an interval graph if there are closed
intervals on the real line Iy, ..., I, such that (¢,j) € E(G) if and only if I; N I; # 0.

e Ramsey Graphs: A graph G is ramsey if there is a 2-coloring of its edges with no
monochromatic triangle.

e Circular-Arc Graphs: A graph G on n vertices is a circular-arc graph if there are
closed intervals on a cycle I, ..., I, such that (,7) € E(G) if and only if I; N I; # 0.

e Comparability Graphs: A graph G is a comparability graph if its edges can be
oriented such that if there is a directed edge from i to j and from j to k, then there
is one from ¢ to k.

e Permutation Graphs: A graph G on n vertices is a permutation graph if there is a
permutation o of {1,...,n} such that (i,j) € E(G) iff (4, ) is an inversion under o.

e Asteroidal Triple-Free Graphs: G is asteroidal triple-free if it contains no in-
dependent set of 3 vertices such that each pair is joined by a path that avoids the
neighborhood of the third.

e Split Graphs: G is a split graph if V(G) can be split into a clique and an independent
set.

Another abstract family of hereditary graph properties, which have been extensively
studied, are the so called intersection graph properties. In this case we fix a certain “type”
T of sets and say that a graph G on n vertices has the intersection property defined by
T, if there are n sets S1,...,S5, of type T, such that vertices ¢ and j are connected in G
if and only if S; NS; # 0. For example, the property of being a d-Box (see [41] and its
references) is obtained by letting the “type” of the sets be axis parallel boxes in RY. See
the monograph [97] for more information and examples of intersection graph properties.

It is clear that the above surveyed properties are some of the most well-studied properties
in graph-theory as well as in theoretical and applied computer-science. These properties
also arise naturally in Chemistry, Biology, Social Sciences, Statistics as well as in many
other areas. See [78], [97], [104] and their references, where other hereditary properties and
their applications are also discussed.

! A natural graph property that is not testable, is the property of being isomorphic to a specific graph H,
where H is a “complex” enough graph. See [61] and Chapter 2 for more details.
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To further convey the reader of the power of Theorem 1.1 we mention that it immediately
implies, for example, that for every € there is ¢ = ¢(¢), such that if a graph G is e-far from
being Chordal then G contains an induced cycle of length at most ¢, and that similar
results hold for any other hereditary property. This is non-trivial as it is not clear a priori
that there is no graph that is, say, 1—(1)0—far from being Chordal and yet contains only induced
cycles of length at least, say, (logn). Put in other way, if G has the property that all its
induced subgraphs of size ¢ = ¢(€) are chordal, then G is e-close to being Chordal. This
gives a strong connection between the local properties of a graph and its global properties.
In fact, we can show that an analogous result holds for any graph property, see Theorem
4.6.

1.1.2 Oblivious testing with one-sided error

By a result of [6] and [77], it is possible to assume that a property tester works by making
its queries non-adaptively. In other words, the tester first picks a random subset of vertices
S, and then continues without making additional queries. Inspecting previous results on
property-testing, motivates the following notion of a slightly more restricted tester, which
works while being “oblivious” to the size of the input?.

Definition 1.2. (Oblivious Tester) A tester (one-sided or two-sided) is said to be obliv-
ious if it works as follows: given € the tester computes an integer @ = Q(€) and asks an
oracle for a subgraph induced by a set of vertices S of size ), where the oracle chooses S
randomly and uniformly from the vertices of the input graph. If Q is larger than the size of
the input graph then the oracle returns the entire graph. The tester then accepts or rejects
(possibly randomly) according to € and the graph induced by S.

Note, that by insisting that the oracle chooses the set of vertices S, an oblivious tester
indeed operates without knowing the size of the input, because if the tester had to choose
S then it would have to know the size of the input graph in order to specify a vertex of
the graph. We believe that the above definition captures the essence of property testing in
the dense graph model as essentially all the testers that have been analyzed in this model
were in fact oblivious, or could trivially be turned into oblivious testers. Even the testers
for properties such as having an independent set of size %n or a cut with at least %nz
edges (see [75]), whose definition involves the size of the graph, have oblivious testers. The
reason is simply that these properties can easily be expressed without using the size of the
graph. For example, in order to test if a graph has a cut with at least %nQ edges one can
sample some @ = Q(¢) vertices and accept the input if and only if the graph induced on the
sample has a cut of size at least (% — £)Q? (of course, one needs to prove that this sampling
scheme indeed works, see [75]). Another family of graph properties for which we can confine
ourselves to oblivious testers is the family of hereditary properties, which is shown to be
testable by an oblivious tester in the present work. We finally note that most “applications”

*The tester implied by the results of [77] and [6] may use the size of the input in order to determine both
the query complexity and in order to make its decisions
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of property-testing (see [59] and [107]) involve testing properties of huge networks such as
the Internet, whose size is anyway unknown.

Observe, that there are two restrictions that the above definition imposes on an oblivious
tester. The first is that it cannot use the size of the input in order to determine the size @),
of the sample of vertices. In other words, () is only a function of € and not a function of
€ and n. The reader should note that a tester for a testable graph property (as defined in
the introduction of this thesis) may have a query complexity that is bounded by a function
of € but one that depends on the size of the graph (e.g. Q(e,n) = 1/e + (—1)"). Though
this seems like an annoying technicality, we prove in Chapter 3 that this subtlety may have
non-trivial ramifications. The second, seemingly more severe, restriction on an oblivious
tester is that it cannot use the size of the input in order to make its decisions after the
subgraph induced on the set S of @) vertices has been obtained. One can easily “cook”
graph properties that cannot be tested by an oblivious tester. However, these properties
are somewhat non-natural. One example out of many is the following property, which we
denote by P’: A graph on an even number of vertices satisfies P’ if and only if it is bipartite,
while a graph on an odd number of vertices satisfies P’ if and only if it is triangle-free. A
tester for P’ clearly must use the size of the input in order to make its decision regarding
the graph induced by the sample.

We now turn to the main result of this chapter, which gives a characterization of the
graph properties that can be tested with 1-sided error by an oblivious tester. Intuitively,
in order to test a property with 1-sided the tester must “find” some kind of proof that
the input does not satisfy the property. Of course the graph itself is such a proof, but as
we confine ourselves to testers whose number of queries is independent of the size of the
input, the tester must find a small proof of this fact. For hereditary properties, such proofs
exists, and are in fact (relatively) abundant. This is the main idea behind our algorithm for
testing hereditary properties, see Lemma 1.12. A natural question is if other non-hereditary
properties have such small proofs. For example, having a clique of size %n obviously does
not have such small proofs. The reason is that for any fixed graph C' there are graphs that
contain C' as an induced subgraph and have a clique of size %n, and graphs that contain C
as an induced subgraph and are far from having a clique of size %n In [77] it was shown
that when considering the partition-problems of [75], which contain the clique property
as a special case, then non-hereditary partition properties cannot be tested with 1-sided
error. For general properties the situation is much more involved. However, considering
only oblivious testers enables us to precisely characterize the graph properties, which are
testable with one-sided error. To state this characterization we need the following definition:

Definition 1.3. (Semi-Hereditary) A graph property P is semi-hereditary if there exists
a hereditary graph property H such that the following holds:

1. Any graph satisfying P also satisfies H.

2. For any € > there is an M (€), such that any graph of size at least M (€), which is e-far
from satisfying P, contains an induced subgraph, which does not satisfy H 3.

3As H is hereditary, an equivalent and simpler condition is that G itself does not satisfy P. However, the
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Clearly, any hereditary graph property P is also semi-hereditary because we can take
‘H in the above definition to be P itself. In simple words, a semi-hereditary property P
is obtained by taking a hereditary graph property H, and removing from it a (possibly
infinite) set of graphs. This means that the first item in Definition 1.3 is satisfied. As there
are graphs not satisfying P that do satisfy H these graphs do not contain any induced
subgraph that does not satisfy H (because H is hereditary). The only restriction, which is
needed in order to get item 2 in Definition 1.3, is that P will be such that for any € > 0
there will be only finitely many graphs that are e-far from satisfying it, and yet contain no
induced subgraph that does not satisfy H.

We are now ready to state the main result of this chapter.

Theorem 1.4. A graph property P has an oblivious one-sided error tester if and only if
P is semi-hereditary.

Returning to the graph property P’ discussed above, note that by Theorem 1.1 this
property, which is not semi-hereditary, can be tested with one-sided error by a non-oblivious
tester. Therefore, it is not the case that a graph property is testable if and only if it is semi-
hereditary. However, if we disregard this and other non-natural graph properties then we
may assume that in order to test them we can confine ourselves to oblivious testers. Theorem
1.4 can thus be considered as a precise characterization of the natural graph properties which
are testable with one-sided error. We believe that it may be very interesting to further study
property-testing via the framework of oblivious testers, see Section 1.5.

1.1.3 Comparison to previous results

We next survey the previous results on graph property-testing, which were shown to be
testable with one-sided error. As all these properties are hereditary, their testability with
one-sided error follows as a special case of Theorem 1.1.

e H-free: For every fixed graph H let Py be the property of not containing a copy of
H, and let Pj; be the property of not containing an induced copy of H. The property
Pr was (implicitly) shown to be testable in [4], and P}; was shown to be testable in
[6].

e k-colorability: The k-colorability property was (implicitly) shown to be testable
already in [105]. In [75], a simplified explicit tester was studied with a significantly
better query complexity. This result was further improved by [7].

e Induced vertex colorability: The main technical step in the proof of the main
result of [6] was in showing that for every finite set of k-colored graphs K, one can
test the property of a graph being vertex k-colorable with no induced colored graph
from the set K. Note, that any such property is hereditary

condition above will be more convenient for the proof of Theorem 1.4.
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e Induced edge colorability: Following [6], further induced edge-colorability prop-
erties were studied in [60]. In this case we have a finite set of k-edge-colored graphs
K, and the property defined by K is that of having a k-edge-coloring with no induced
colored graph from the set IC. Note, that any such property is hereditary, and that
by Theorem 1.1 we can even take K to be an infinite family of edge-colored graphs.

e Graph partition problems: One of the main results of [75] is that any graph-
partition problem is testable with two-sided error. A characterization of the graph-
partition properties that are testable with one-sided error was obtained in [77]. This
characterization (essentially) follows as a special case of Theorem 1.4, as what it
(implicitly) states is that a partition problem is testable with one-sided error if and
only if it is hereditary.

e One-sided vs. two-sided testers: Alon has shown ([77], Appendix D) that if a
hereditary graph property is testable with two-sided error then it is also testable with
one-sided error (but not necessarily with the same query complexity). By Theorem
1.1, this transformation becomes obsolete, as Theorem 1.1 directly asserts that any
hereditary graph property is testable with one-sided error.

e Bounded first order graph properties: Theorem 4.8 extends the main result of
[6], where the first order graph-property can contain only a single predicate A;. See
Section 4.5 for more details on this subject.

It is important to note that Theorems 1.1 and 1.4 do not assert the existence of one-sided
error testers, which are as efficient as the ad-hoc testers that were designed for every specific
property in the above mentioned papers. For example, the query complexity of the tester
for k-colorability that follows as a special case of Theorem 1.1, is significantly larger than
the query complexity which is guaranteed by the main result of [75] and [7]. These large
bounds are obviously a consequence of the generality of Theorems 1.1 and 1.4. Furthermore,
by Theorem 4.1, the upper bounds of Theorems 1.1 and 1.4 cannot be generally improved
even for monotone graph properties. See the precise statement in Section 4.2.

Organization: Our main tool in the proof of Theorem 1.1 is a novel application of a
powerful variant of Szemerédi’s Regularity Lemma proved in [6]. In Section 1.2 we introduce
the basic notions of regularity and state the regularity lemmas that we use and some of
their standard consequences. The proof of Theorem 1.1 is quite involved technically, and
thus we give in Section 1.3 an overview of it. In this section we also prove Theorem 4.6. The
ideas of this proof, especially the usage of the notion of colored-homomorphism, may be
useful for handling other problems involving induced subgraphs. In Section 1.4 we give the
full proof of Theorem 1.1 as well as the proof of Theorem 1.4. In Section 1.5, we describe
several possible extensions and open problems that this chapter suggests. Throughout the
chapter, whenever we relate, for example, to a function f3.1, we mean the function f defined
in Lemma/Claim/Theorem 3.1.
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1.2 Regularity Lemma Background

As we have mentioned, the proof of Theorem 1.1 relies on a variant of Szemeredi’s regularity
lemma [112]. In this section we discuss the basic notions of regularity related to this lemma,
some of the basic applications of regular partitions and state the regularity lemmas that
we use in the proof of Theorem 1.1. See [90] for a comprehensive survey on the regularity-
lemma. We start with some basic definitions and results.

1.2.1 The basics

For every two nonempty disjoint vertex sets A and B of a graph G, we define e(A, B) to
be the number of edges of G between A and B. The edge density of the pair is defined as
d(A, B) = e(A, B)/|A||B|, where e(A, B) denotes the number of edges connecting A and B.

Definition 1.5. (y-regular pair) A pair (A, B) is y-regular, if for any two subsets A’ C A
and B' C B, satisfying |A’| > v|A| and |B'| > ~|B|, the inequality |d(A’, B") — d(A, B)| <~
holds.

Note that a sufficiently large random bipartite graph, where each edge is chosen inde-
pendently with probability d, is very likely to be a y-regular pair with density roughly d, for
any v > 0. Thus, in some sense, the smaller 7 is, the closer a y-regular pair is to looking like
a random bipartite graph. For this reason, the reader who is unfamiliar with the regularity
lemma and its applications, should try and compare the statements given in this section to
analogous statements about random graphs. One such example is Lemma 1.6 below. Let
F be a graph on f vertices and let G be a graph obtained by taking a copy of F', replacing
every vertex with a sufficiently large independent set, every edge with a random bipartite
graph of large enough edge density and every non-edge with a random bipartite graph of
small enough edge density. It is easy to show that with high probability, G contains many
induced copies of F'. Lemma 1.6 shows that in order to infer that G contains many copies
of F, it is enough to replace every edge with a “regular enough” pair. Several versions of
this lemma were previously proved in papers using the regularity lemma. See e.g. Lemma
3.2 in [6].

Lemma 1.6. For every real 0 < n < 1 and integer f > 1 there exist v = y16(n, f) and
§ = 61.6(n, f) with the following property. Suppose that F is a graph on f vertices vy, ..., vy,
and that Uy, ..., Uy is an f-tuple of disjoint vertex sets of G such that for every 1 < i <
Jj < f the pair (U;,Uj) is y-reqular. Moreover, suppose that whenever (v;,v;) € E(F) we
have d(U;, Uj) > n, and whenever (v;,v;) € E(F) we have d(U;,Uj) <1 —n. Then, at least
5H{:1 \Ui| of the f-tuples uy € Uy, ..., uy € Uy span an induced copy of F', where each u;
plays the role of v;.

Remark 1.7. Observe, that the functions v1.6(n, f) and 616(n, f) may and will be assumed
to be monotone non-increasing in f. Also, for ease of future definitions (in particular the
one giwen in (1.5)) we set v1.6(n,0) = 01.6(n,0) =1 for any 0 <n < 1.
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Note, that in terms of regularity, Lemma 1.6 requires all the pairs (U;,U;) to be -
regular. However, and this will be very important later in the chapter, the requirements in
terms of density are not very restrictive. In particular, if n < d(U;,U;) < 1 —n then we
don’t care if (,7) is an edge of F.

A partition A = {V; | 1 <1i < k} of the vertex set of a graph is called an equipartition if
|Vi| and |Vj| differ by no more than 1 for all 1 <i < j <k (so in particular each V; has one
of two possible sizes). The Regularity Lemma of Szemerédi can be formulated as follows.

Lemma 1.8. ([112]) For every m and € > 0 there exists a number T = Ty g(m,€) with
the following property: Any graph G on n > T wvertices, has an equipartition A= {V; | 1 <
i <k} of V(G) withm < k <T, for which all pairs (V;,V}), but at most e(g) of them, are
e-reqular.

The original formulation of the lemma allows also for an exceptional set with up to en
vertices outside of this equipartition, but one can first apply the original formulation with a
somewhat smaller parameter instead of € and then evenly distribute the exceptional vertices
among the sets of the partition to obtain this formulation. The function 77 g(m, €) may and
is assumed to be monotone nondecreasing in m and monotone non-increasing in e.

Another lemma, which will be very useful in this chapter is Lemma 1.9 below. Some
versions of this lemma appear in various papers applying the Regularity Lemma. See e.g.
Corollary 3.4 in [6].

Lemma 1.9. For every | and ~y there exists § = 01.9(1,7y) such that for every graph G with
n > 61 vertices there exist disjoint vertex sets Wy, ..., W, satisfying:

2. All (é) pairs are y-reqular.

3. Either all pairs are with densities at least %,

1

R

or all pairs are with densities less than

Remark 1.10. Observe, that the function 61.9(l,y) may and will be assumed to be mono-
tone non-increasing in I and monotone non-decreasing in . Therefore, for ease of future
applications we will assume that for all I and v we have 619(l,7v) < 1/2.

1.2.2 The main technical lemma

In this subsection we state the main technical lemma that we need for the proof of Theorem
1.1. To this end we introduce a convenient way of handling hereditary properties.

Definition 1.11. (Forbidden Induced Subgraphs) For a hereditary graph property P,
define F = Fp to be the set of graphs which are minimal with respect to not satisfying
property P. In other words, a graph F belongs to F if it does not satisfy P, but any graph
obtained from F by removing a vertex, satisfies P.
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For a (possibly infinite) family of graph F, a graph G is said to be induced F-free if
it contains no induced copy of any graph F' € F. Note, that for any hereditary graph
property P there is a family of graphs F = Fp such that a graph satisfies P if and only if it
is induced F-free. For F one can simply take the family of forbidden induced subgraphs as
in Definition 1.11. For example, when P is the property of being Chordal (see Subsection
1.1.1) then Fp is the set of cycles of length at least 4. As another example note that if P is
the property of being bipartite then Fp is the family of odd cycles. Observe, that F may
contain infinitely many graphs. Clearly for any family F, the property of being induced F-
free is hereditary, thus, the hereditary graph properties are precisely the graph properties,
which are equivalent to being induced F-free for some family F. For ease of presentation, it
will be more convenient to derive Theorem 1.1 from the following (essentially equivalent?®)
lemma, whose proof is the main technical step in this chapter.

Lemma 1.12. For every (possibly infinite) family of graphs F, there are functions Nz (e),
fr(e) and d£(€) such that the following holds for any € > 0: If a graph G on n > Ng(e)
vertices is e-far from being induced F-free, then G contains énf induced copies of a graph

F € F of size f, where f < fr(e) and 0 > dx(e).

Let us give some intuition as to the difficulty of proving the above lemma. For simplicity
let us consider first the case where we require the family of graphs F not to appear in a
graph G as subgraph and not necessarily as induced subgraphs. In this case the property
defined by F is that of being F-free rather than induced F-free. We stress that some of the
details below are not completely accurate as they are only intended to give the main ideas
and difficulties in the proof of Lemma 1.12.

A standard application of Lemmas 1.6 and 1.8 shows that for any finite set of graphs
F, the property of being F-free is testable. We first use Lemma 1.6 by setting f to be the
size of the largest graph in F and letting n = €. Lemma 1.6 gives a 71, which tells us how
regular an equipartition should be (that is, how small should v be) in order to find many
copies of a member of F in it, assuming the input graph is e-far from being F-free. We then
apply Lemma 1.8, with v = 71 6. The main difficulty with applying this strategy when F is
infinite is that we do not know a priori the size of the member of F that we will eventually
find in the equipartition that Lemma 1.8 returns. After finding F' € F in an equipartition,
we may find out that F' is too large for Lemma 1.6 to be applied, because Lemma 1.8 was
not used with a small enough . One may then try to find a new equipartition based on the
size of F'. However, that requires using a smaller «, and thus the new equipartition may
be larger (that is, contain more partition classes), and thus contain only larger members of
F. Hence, even the new < is not good enough in order to apply Lemma 1.6. This leads
to a circular definition of constants, which seems unbreakable. In the next subsection we
introduce a version of the regularity lemma proved in [6] for a different reason. This lemma
enables us to break this circular chain of definitions. This lemma can be considered a variant
of the standard regularity lemma, where one can use a function that defines v as a function
of the size of the equipartition®, rather than having to use a fixed 7 as in Lemma, 1.8.

“See Section 1.4 for a discussion about the subtle difference.
®This is a simplification of the actual statement, see item (3) in the statement of Lemma 1.14



22 Chapter 1. Hereditary Properties and One-Sided Error Testers

1.2.3 The functional regularity lemma

Our main tool in the proof of Theorem 1.1 in addition to Lemmas 1.6 and 1.9 is Lemma
1.14 below, proved in [6]. This lemma can be considered a variant of the standard regularity
lemma, where one can use a function that defines € as a function of the size of the partition,
rather than having to use a fixed € as in Lemma 1.8. We denote such functions by &
throughout the chapter. To state the lemma we need the following definition.

Definition 1.13. (The function Wg,,) Let £(r) : N +— (0,1) be an arbitrary monotone
non-increasing function. Let also m be an arbitrary positive integer. We define the function
Wem : N — (0,1) inductively as follows: Wg (1) = T1.8(m,E(0)). For any integer i > 1
put R =Wg (i — 1) and define

We m(i) = T1s(R,E(R)/R?). (1.1)

Lemma 1.14. ([6]) For every integer m and monotone non-increasing function € : N —
(0,1) define
S = S1.14(m, E) = We 1, (100/E(0)%).

For any graph G on n > S wvertices, there exists an equipartition A = {V;
V(G) and an induced subgraph U of G, with an equipartition B = {Uj |
vertices of U, that satisfy:

1. m<k<S§S.
2. U; CV; foralli>1, and |U;] > n/S.
3. In the equipartition B, all pairs are E(k)-regular.

4. All but at mostE(O)(g) of the pairs 1 <i < j <k are such that |d(V;, V;)—d(U;, Uj)| <
£(0).

Remark 1.15. For technical reasons (see the proof in [6]), Lemma 1.14 requires that for
any r > 0 the function £(r) will satisfy €(r) < min{€(0)/4,1/4r?}. However, we can always
assume wlog that £ satisfies this condition because if it does not, then we can apply Lemma
1.14 with & which is defined as E'(r) = min{&(r),E(0)/4,1/4r*}. We will thus disregard
this technicality.

The main power of Lemma 1.14 is that for any function £ it allows us to find k sets
of vertices Vi,...,V} of size (n) such that all pairs (V;,V;) are £(k)-regular. Note, that
in Lemma 1.8 we first fix the regularity measure v, and then get via the lemma, k sets of
vertices, where k can be very large in terms of ~.

One of the difficulties in the proof of Theorem 1.4, is in showing that all the constants
that are used in the course of the proof can be upper bounded by functions depending on
€ only. The following observation will thus be useful.
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Proposition 1.16. If m is bounded by a function of € only then for any € : N+ (0,1), the
integer S = S1.14(m, &) can be upper bounded by a function of € only ©.

It should be noted that the dependency of the function Tj g(m,€) on € is a tower of
exponents of height polynomial in 1/e (see the proof in [90]). Thus, even for moderate
functions £ the integer S has a huge dependency on €, which is a tower of towers of exponents
of height polynomial in 1/e.

One of the main results of [6] is that for every finite set of graphs F, the property
of not containing any member of F as an induced subgraph can be tested with one-sided
error and with query complexity depending on € only. The proof technique in [6], which
applies Lemmas 1.6, 1.9 and 1.14 critically relies on the fact that the family of graphs is
finite. The main step in the proof of Theorem 1.1 is in extending the above to infinite
families of graphs. The techniques we apply in the next section, in particular the notion
of colored-homomorphism, may be useful in dealing with other problems involving induced
subgraphs.

1.3 Overview of the New Regularity Technique

The proof of Lemma 1.12 is rather technical and long and appears in its entirety in Section
1.4. In this section we try to give an overview of its proof, while keeping out most of the
(unnecessary) technical details. We break the overview of the proof of Lemma 1.12 into
two parts. In the first subsection we give an overview of the proof of a version of Lemma
1.12, which is suitable for handling monotone properties. We believe that the intuition of
this version of Lemma 1.12 is much easier to explain. In the second subsection we give an
overview of the proof of Lemma 1.12.

1.3.1 Intuition for monotone properties

Recall that our motivation for proving Lemma 1.12 is that any hereditary property is
equivalent to being induced F-free for some set of graphs F. It is easy to see that a similar
equivalence holds with respect to monotone graph properties, and being F-free. More
precisely, any monotone property is equivalent to the property of being F-free for some
(possibly infinite) family of forbidden graphs F. In this subsection we will sketch the proof
of the following lemma.

Lemma 1.17. For every (possibly infinite) family of graphs F, there are functions Nz (¢€),
fr(e) and d£(€) such that the following holds for any € > 0: If a graph G on n > Ng(e)
vertices is e-far from being F-free, then G contains énf copies of a graph F € F of size f,
where f < fr(e) and 6 > d£(e).

5In our application of Lemma 1.14 the function &£ will (implicitly) depend on the error parameter e.
For example, we will set £(r) = f(r,¢€) for some function f. However, that will not change the fact that
S1.14(m, &) can be upper bounded by a function of € only.
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It is not difficult to see that just as Lemma 1.12 immediately implies that any hereditary
property is testable (see the proof of Theorem 1.1 for the full details), the above lemma can
be used to infer that any monotone graph property is testable. In this subsection we will
sketch an overview of the proof of the above lemma.

Throughout the chapter we will make an extensive use of the notion of graph homomor-
phism, which we turn to formally define.

Definition 1.18. (Homomorphism) A homomorphism from a graph F to a graph K is
a mapping ¢ : V(F) — V(K), which maps edges to edges, namely (v,u) € E(F) implies
(p(v), ¢(u) € E(K).

In what follows, F' — K denotes the fact that there is a homomorphism from F' to K.
We will also say that a graph H is homomorphic to K if H — K. Note, that a graph H is
homomorphic to a complete graph of size k if and only if H is k-colorable.

For the proof of Lemma 1.17 we will need a version of Lemma 1.6 that is suitable for
finding non-induced copies of a certain fixed graph”. Let F be a graph on f vertices and K
a graph on k vertices, and suppose F' — K. Let G be a graph obtained by taking a copy of
K, replacing every vertex with a sufficiently large independent set, and every edge with a
random bipartite graph of edge density d. It is easy to show that with high probability, G
contains a copy of F' (in fact, many). The following lemma shows that in order to infer that
G contains a copy of F, it is enough to replace every edge with a “regular enough” pair.
Intuitively, the larger f and k are, and the sparser the regular pairs are, the more regular
we need each pair to be, because we need the graph to be “closer” to a random graph. This
is formulated in the lemma below. Several versions of this lemma were previously proved
in papers using the regularity lemma (see [90]).

Lemma 1.19. For every real 0 < n < 1, and integers k, f > 1 there exist v = y1.19(n, k, ),
and N = Ni19(n, k, f) with the following property. Let F' be any graph on f vertices, and let
Ui, ..., Ug be k pairwise disjoint sets of vertices in a graph G, where |Uy| = ... = |Ux| > N.
Suppose there is a mapping ¢ : V(F) — {1,...,k} such that the following holds: If (i,7) is
an edge of F' then (Uy(;), Uy(j)) is y-regular with density at least . Then Uy, ..., Uy span
a copy of F.

For an equipartition of a graph G, let the regularity graph of G, denoted R = R(G), be
the following graph: We first use Lemma 1.8 in order to obtain the equipartition satisfying
the assertions of the lemma. Let k£ be the size of the equipartition. Then, R is a graph on
k vertices, where vertices 4 and j are connected if and only if (V;, V) is a dense regular pair
(with the appropriate parameters). In some sense, the regularity graph is an approximation
of the original graph, up to yn? modifications. One of the main (implicit) implications
of the regularity lemma is the following: Suppose we consider two graphs to be similar if

"The reader may (rightfully) wonder why do we need a lemma for finding not-necessarily induced copies
if we have a lemma for finding induced ones. The reason is that the requirements of Lemma 1.6 are more
difficult to satisfy than the requirements of Lemma 1.19. In particular, in Lemma 1.6 the copies of F' can
have only one vertex in each set U; while in Lemma 1.19 they can have an arbitrary number. This is partially
why the proof of Lemma 1.17 is significantly simpler compared to the proof of Lemma 1.12
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their regularity graphs are identical. It thus follows from Lemma 1.8 that for every v > 0,
the number of graphs that are pairwise non-similar is bounded by a function of ~ only

(2(5), where T = Ty5(1/v,7)). Namely, up to yn? modifications, all the graphs can be
approximated using a set of equipartitions of size bounded by a function of v only. The
reader is referred to [54] where this interpretation of the regularity lemma is also (implicitly)
used. This leads us to the key definitions of the proof of Theorem 1.17. The reader should
think of the graphs R considered below as the set of regularity graphs discussed above, and
the parameter r as representing the size of R.

Definition 1.20. (The family F,) For any (possibly infinite) family of graphs F, and
any integer r let F, be the following set of graphs: A graph R belongs to F, if it has at most
r vertices and there is at least one F' € F such that F — R.

Practicing definitions, observe that if F is the family of odd cycles, then F,. is precisely
the family of non-bipartite graphs of size at most r. In the proof of Lemma 1.17, the set F,,
defined above, will represent a subset of the regularity graphs of size at most r. Namely,
those R for which there is at least one F' € F such that F — R. As r will be bounded by
a function of € only, and thus finite, we can take the maximum over all the graphs R € F,,
of the size of the smallest F' € F such that F'+— R. We thus define

Definition 1.21. (The function Vx) For any family of graphs F and integer r for which
Fr # 0, define
v = i V(F)|. 1.2
F(r) = max {Feg}ngR}l (£)] (1.2)

Define Wx(r) =0 if Fr = 0. Therefore, ¥x(r) is monotone non-decreasing in r.

Practicing definitions again, note that if F is the family of odd cycles, then W (r) = r
when 7 is odd, and Vx(r) = r — 1 when r is even. The “right” way to think of the function
U r is the following: Let R be a graph of size at most r and suppose we are guaranteed
that there is a graph F’ € F such that F' — R (thus R € F;.). Then by this information
only and without having to know the structure of R itself, the definition of ¥ r implies that
there is a graph F' € F of size at most WUz (r), such that F' — R.

The function ¥ has a critical role in the proof of Lemma 1.17. The first usage of this
function is that as by Lemma 1.8 we can upper bound the size of the regularity graph R (via
the function 77 g), we can also upper bound the size of the smallest graph F' € F for which
F — R. As we have mentioned in the previous section, the main difficulty that prevents
one from proving Lemma 1.17 using Lemma 1.19 is that one does not know a priori the size
of the graph that one may expect to find in the equipartition. This leads us to define the
following function where 0 < € < 1 is an arbitrary real.

mele, r, Ye(r)), r>1

In simple words, given r, which will represent the size of the equipartition and thus also
the size of the regularity graph which it defines, £(r) returns “how regular” this equipartition

em={ ¢ r=0 3)
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should be in order to allow one to find many copies of the largest graph one may possibly
have to work with. Note, that we obtain the upper bound on the size of this largest possible
graph, by invoking Wz(r). As for different families of graphs F, the function W z(r) may
behave differently, £(r) may also behave differently for different families F, as it is defined
in terms of Wz (r). However, and this is one of the key points of the proof, as we are fixing
the family of graphs F, the function £(r) depends only on r.

Given the above definitions we apply Lemma 1.14 with a slight modification of £(r) in
order to obtain an equipartition of G. We then throw away edges that reside inside the
sets V; and between (V;, V), whose edge density differs significantly from that of (U;, Uj) .
We then argue that we thus throw away less than en? edges. As G is by assumption e-far
from not containing a member of F, the new graph still contains a copy of F' € F. By the
definition of the new graph, it thus means that there is a (natural) homomorphism from F'
to the regularity graph of G. We then arrive at the main step of the proof, where we use
the key property of Lemma 1.14, item (3), and the definition of £(r) to get that the sets
U; are regular enough to let us use Lemma 1.19 on them and to infer that they span many
copies of some graph F' € F.

1.3.2 Overview of the proof of Lemma 1.12

The proof of Lemma 1.17, which we have sketched in the previous subsection, relied on the
notion of graph homomorphism. For the proof of Lemma 1.12 we will need a new type of
homomorphism that is suitable for handling induced subgraph.

Definition 1.22. (Colored-Homomorphism) Let K be a complete graph whose vertices
are colored black or white, and whose edges are colored black, white or grey (neither the
vertez coloring nor the edge coloring is assumed to be proper in the standard sense). A
colored-homomorphism from a graph F to a graph K is a mapping ¢ : V(F) — V(K),
which satisfies the following:

1. If (u,v) € E(F) then either p(u) = @(v) =t and t is colored black, or ¢(u) # @(v)
and (p(u), p(v)) is colored black or grey.

2. If (u,v) € E(F) then either p(u) = p(v) =t and t is colored white, or p(u) # ¢(v)
and (o(u), p(v)) is colored white or grey.

If there is a colored-homomorphism from a graph F' to a colored complete graph K,
we write for brevity F' —,. K. Some explanation is in place as to the meaning of the
colors in the above definition. To this end, it is instructive to compare the definition of a
colored-homomorphism to the standard notion of homomorphism, that was defined in the
previous subsection (recall that for brevity, we denote by F' — K the fact that there is a
homomorphism from F to K.). The fact that F' — K, simply means that we can partition
the vertex set of F' into k = |V (K)| subsets Vi,...,V, such that each V; is edgeless and
if (i,j) ¢ E(K) then none of the vertices of F' that belong to V; is connected to any of
the vertices of F' that belong to V;. In particular, note that F' — Kj, if and only if F
is k-colorable (where Kj is a clique of size k). The standard notion of homomorphism
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is sufficient for dealing with not necessarily induced subgraphs as was carried out in the
previous subsection. The reason is that having a homomorphism to a graph K is “closed
under removal of vertices and edges” in the sense that if ' — K and F’ is a subgraph
of F then I’ — K. When one wants to handle induced subgraphs it soon turns out that
standard homomorphism is not sufficient as it does not supply enough information about
F. The clear reason for that is that a standard homomorphism has no requirement about
the non-edges of the graph. Returning to the colored-homomorphism from Definition 1.22,
suppose we interpret the colors of K as follows: A white edge of K represents a non-edge,
a black edge of K represents an existing edge and a grey edge represents a “don’t care.”
As for the vertex colors, we think of a black vertex as a complete graph, and a white vertex
as an edgeless graph. Thus, the fact that F'+—. K where K is a colored complete graph of
size k is the following: There is a partition of V' (F) into k subsets Vi, ..., Vj such that each
V; is either complete or edgeless, where V; is complete if i € V(K) is black and edgeless
if i € E(K) is white. Also, if (i,7) is colored white then none of the vertices of F' that
belong to V; is connected to any of the vertices of F' that belong to V;. Similarly, if (7, j) is
colored black then all the vertices of F' that belong to V; are connected to all the vertices
of F that belong to Vj;. Finally, if (¢, j) is colored grey then there is no restriction on pairs
(v e Vi,u e Vj) (or in our “formal” notation, we “don’t care” if (v € V;,u € V}) is an edge
of F'). It is clear that a colored-homomorphism carries a lot more information about the
structure of F' than a standard homomorphism.

Our definition of colored-homomorphism should also be thought of with Lemma 1.6 in
mind. Note, that in this lemma we only require d(U;,U;) > n when (i,j) € E(F) and
d(U;,Uj) <1 —mn when (i,7) ¢ E(F). In particular, if n < d(U;,U;) < 1 — 7 then we
“don’t care” whether (i,j) € E(F). In fact, as the details of the proof of Lemma 1.12
reveal, the possibility of having grey edges in the coloring of K in the definition of the
colored-homomorphism is unavoidable (at least in our proof). Note, that as far as Lemma
1.6 is concerned, we only need the edge coloring in the colored-homomorphism. The details
below supply some explanation for the need of the vertex coloring.

We now turn to discuss the relation between the standard regularity lemma (Lemma
1.8), the stronger regularity lemma (Lemma 1.14) and colored-homomorphism. We stress
that some of the explanations we give below are not completely accurate, and are given
in order to explain the main ideas of the proof. The formal proof appears in Section 1.4.
Given € > 0 and a graph G, Lemma 1.8 returns an equipartition of V(G) of size k. Recall
from the previous subsection that the regularity graph of G, denoted R = R(G), is the
following graph. R is a graph on k vertices, where vertices ¢ and j are connected if and
only if (V;,V}) is a dense regular pair (with the appropriate parameters). In some sense,
the regularity graph is an approximation of the original graph, up to en? modifications.
This approximation was good enough when considering monotone properties in the previous
subsection but it is not good enough when dealing with induced graphs, which is the case we
consider here. The reason is that R only approximates the dense pairs of the equipartition,
while it carries no restriction or information on the sparse pairs in this equipartition. This
is somewhat analogous to the fact that standard homomorphism is not good enough for
dealing with induced subgraphs. Just like we defined colored-homomorphism we introduce
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colored regularity graphs as follows; Let R be a complete graph on k vertices. Color (i, 7)
black if (V;, V}) is a very dense pair, white if (V;, V}) is a very sparse pair, and grey if (V;, V})
is neither very dense nor very sparse (we omit the precise definition of “very”). Note, that
a colored-regularity graph carries a lot more information about G. Note also how this
definition relates to a colored-homomorphism.

Suppose a graph G is e-far from being induced F-free. We would want to apply Lemma
1.8, then construct the colored regularity graph, and then argue that if we make few (less
than en?) modifications in G then the new graph G, contains an induced copy of a graph
F € F. Furthermore, as we make very few changes, the colored regularity graph is also
a “good” approximation of G. We would thus want to use Lemma 1.6, where for the sets
Ui,...,Uy we take the clusters Vi,...,V} of the equipartition in order to get that there are
many induced copies of F' in G. However, we are faced with the following two problems: (i)
As F may be infinite, we don’t know the size of the member of F that we may expect to
find in G. As Lemma 1.6 needs to know the size of F in advance, we don’t know how small
a v should we choose in order to apply Lemma 1.8 8. (ii) Note that Lemma 1.6 allows the
copies of F' to have only one vertex in each of the sets U;. However, the copy of the member
of F that we may find in G may have many vertices in each cluster V;. Note further, that
Lemma 1.8 does not guarantee anything about the graphs induced by each V.

The main idea of the proof is to overcome the first problem by applying Lemma 1.14
with a suitable function £ that will guarantee that the partition is regular enough even for
the largest graph we may expect to find in G. For the second problem we apply Lemma 1.9
on each of the clusters V; in order to find subsets W; 1,...,W; ; C V;. Note that by Lemma
1.6, if for all 5/, j” d(W; j/,W; j») > 1/2 then W;1,...,W; s span many cliques of size f,
while if for all j', 5", d(W; jo, W; j») < 1/2 they span many independent sets of size f (note
that by Lemma 1.9 one of these cases holds). This is the main reason for the vertex coloring
of R, that is, we color vertex ¢ of R black, if the sets returned by Lemma 1.9 are very dense,
and white if they are sparse. We note that overcoming both problems mentioned above
stmultaneously adds another level of complication.

An important ingredient in the proof of Lemma 1.12 will be the following function. The
reader should think of the graphs R considered below as the set of colored-regularity graphs
discussed above, and the parameter r as representing the size of R.

Definition 1.23. (The family F,) For any (possibly infinite) family of graphs F, and
any integer r let F, be the following set of graphs: A colored complete graph R belongs to
Fr if it has at most r vertices and there is at least one F' € F such that F —. R.

In the proof of Lemma 1.12, the set F,., defined above, will represent a subset of the
colored regularity graphs of size at most r. Namely, those R for which there is at least one
F € F such that F —. R. We now define

Definition 1.24. (The function Vx) For any family of graphs F and integer r for which
Fr#£0, let

Ur(r) = i F)|. 1.4
F(r) = max {Feg;rLCR}IV( )l (1.4)

8we had the same difficulty in the previous subsection when we dealt with monotone properties
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Define x(r) =0 if F = 0. Therefore, ¥x(r) is monotone non-decreasing in r.

As in the previous subsection, W £ is one of the main tools with which we apply Lemma
1.14. As by Lemma 1.8 we can upper bound the size of the regularity graph R, we can also
upper bound the size of the smallest graph F' € F for which F' +—. R.

As we have mentioned in the previously, the main difficulty that prevents one from
proving Theorem 1.1 using Lemma 1.6 is that one does not know a priori the size of the
graph that one may expect to find in the equipartition. This leads us to the define the
following function

E(r) =v1.6(e/6, Wr(r)) - 01.9(Pxr(r), 11.6(¢/6, Ui (r))) (1.5)

We next try to explain why the above defined £(r) when applied with Lemma 1.14 is
useful in resolving the two difficulties mentioned above. Recall that r stands for the size of
the colored-regularity graph returned by Lemma 1.14. If we apply Lemma 1.14 with the
above £ then by the first term in the definition of £ we know that the sets U; (recall the
statement of Lemma 1.8) are regular enough to allow one to apply Lemma 1.6 with the
largest member of F, which we may need to work with. This is due to invoking Wr(r).
This “resolves” the first problem we mentioned earlier. The reason we need the second term
in the definition of £ is that we intend to apply Lemma 1.9 on each of the sets V; in order
to obtain certain subsets W1y ;,...,W;; of V;. This term guarantees that even subsets of
V; will be “regular-enough” for our purposes. This way we “resolve” the second problem
mentioned earlier.

1.4 Proofs of Main Results

We start with the proof of Lemma 1.12, which is the main technical step in the proof of
Theorem 1.1. We then use Theorem 1.1 in order to prove Theorem 1.4. We assume the
reader is familiar with the overview of the proof of Lemma 1.12 given in Section 1.3. For
the proof we need the following simple and well-known fact, which states that large enough
subsets of a regular pair are themselves somewhat regular.

Claim 1.25. If (A, B) is a y-regular pair with density n, and A’ C A and B’ C B satisfy
|A'| > £|A| and |B'| > £|B] for some £ >y, then (A’, B') is a max{2y,~y/{}-regular pair.

Proof: As (A, B) is a y-regular pair with density 7, then by definition of a regular pair, for
every pair of subsets of A’ C A with |A’| > ¢|A| > v|A| and B’ C B with |B’| > ¢|B| > ~v|B|
we have |d(A’, B") — d(A, B)| < . Note, that if A’ and B’ are as above, then for every
pair of subsets A” C A" and B" C B’ satisfying |A"| > [A'| and |B"| = }|B| also
satisfy |A”| > ~|A| and |B”| > ~|B|. Therefore, by the ~-regularity of (A, B) we have
|d(A”, B") — d(A, B)| < v. We thus conclude that |d(A”, B") — d(A’, B')| < 2v. Hence,
(A, B') is max{2vy,~/&}-regular. O

Proof of Lemma 1.12: Fix any family of graphs F. Let Wxz(r) be the function from
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Definition 1.24 and define the following functions of 7:
a(r) = 619(¥x(r), 11.6(€/6, Yr(r))), (1.6)

B(r) = a(r) -1.6(e/6, Vx(r)), (1.7)
and

| €/6, r=0
E(r) = { min{3(r), €/6}, r>1 (1.8)

For the rest of the proof set
S(e) = S1.14(6/€,8), (1.9)

and note that as we define S(€) in terms of m = 6/¢ we get by Proposition 1.16 that S(e)
is indeed bounded by a function of € only. We now set Nx(e) to be the following function
of €

N = Nx(e) = S(e) (1.10)

(as we have just argued, S(e) and therefore also N can be upper bounded by functions of €
only). We postpone the definition of fr(e) and d(¢) till the end of the proof.

In the rest of the proof we consider any graph G on n vertices, with n > N > S(e),
which is e-far from being induced F-free. Given G, we can use Lemma 1.14 with m = 6/
and £(r) as defined in (1.8), in order to obtain an equipartition of V(G) into 6/¢ < k < S(e)
clusters Vi,..., Vj (this is possible by item (1) in Lemma 1.14). Throughout the rest of the
proof, k will denote the size of the equipartition returned by Lemma 1.14. By item (2) of
Lemma 1.14, for every 1 < i < k we have sets U; C V; each of size at least n/S(e). Also,
by item (3) of Lemma 1.14, every pair of these sets is at least ((k)-regular (recall that
E(k) < B(k)). For each 1 < i < k, apply Lemma 1.9 on the subgraph induced by G on
each U; with £ = W z(k) and v = v16(¢/6, Y£(k)) in order to obtain the appropriate sets
Wi, s Wi C Ui, all of size at least a(k)|U;| (recall the definition of a(r) in (1.6)).
It is crucial to note that we apply Lemma 1.9 on each of the sets Uy, ..., Uy after we apply
Lemma 1.14 on G, thus we “know” the value of k. The following observation will be useful
for the rest of the proof:

Claim 1.26. All the pairs (W; i, W; i) are y1.6(€/6, Y £(k))-regular. Also, if i # j then we
also have |d(W; i, W; jr) — d(U;, Uj)| < €/6.

Proof: Consider first pairs that belong to the same set U;. In this case, the fact that any pair
(Wi, Wi j1) is v1.6(€/6, ¥ £(k))-regular follows immediately from our choice of these sets, as
we applied Lemma 1.9 on each set U; with v = v16(e/6, Vx(k)). Consider now pairs that
belong to different sets U;, U;. As was mentioned above, any pair (U;, U;) is §(k)-regular. As
each set W; ; satisfies |W; ;| > a(k)|U;|, we get from Claim 1.25 and the definition of (k)
that any pair (W; s, W, ;) is at least max{28(k), B(k)/a(k)} < 71.6(€/6,V£(k))-regular
(here we use the fact that a(k) < 1/2, which is guaranteed by Remark 1.10). Finally, as
each of the sets W; ; satisfies |W; ;| > «(k)|U;| > B(k)|Us| > E(k)|Us| we get from the fact
that each pair (U;, Uj) is €(k)-regular that |d(W; ., W; ;) — d(U;, U;)| < E(k) < €/6, thus
completing the proof. [
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Recall that our goal is to show that G contains many induced copies of some graph
F € F. To this end, we would like to apply Lemma 1.6 on some appropriately chosen
subset of the sets WW; ; defined above. As by Claim 1.26 all the pairs of sets W; ; are regular
(we will latter infer that they are regular enough for our purposes), we just have to find sets,
whose densities will correspond to the edge set of some graph F' € F (recall the statement
of Lemma 1.6). To this end, we define a graph G that will help us in choosing the sets
W; ;. The graph G is obtained from G by adding and removing the following edges, in the
following order:

1. For 1 <4 < j < k such that |d(V;,V;) —d(U;,Uj)| > €/6, for all v € V; and v’ € V; the

pair (v,v’) becomes an edge if d(U;, U;) > %, and becomes a non-edge if d(U;, Uj) < %

2. For 1 <i < j <k such that d(U;, Uj) < %E, all edges between V; and Vj are removed.
For all 1 < i < j < k such that d(U;,U;) > 1 — 2¢, all non-edges between V; and V;
become edges.

3. If for a fixed 7 all densities of pairs from W; 1,..., W, are less than %, all edges within
the vertices of V; are removed. Otherwise, all the above densities are at least % (by
the choice of W;1,...,W;; through Lemma 1.9), in which case all non-edges within
Vi become edges.

In what follows we denote by d(A, B) and d(A, B) the edge density of the pair (A, B)
in G and G, respectively. The following claim states several relations between the densities
of G and G.

Claim 1.27. For any i and i < j' we either have J(I/I/Z-7i/, W) =1 and d(W; 1, W; j1) > %
or J(VVM/, Wi ) =0 and d(W; i, W; jr) < % Also, for any i < j and any ', precisely one
of the following holds:

1. (i(V;,V]) =1 and d(W; s, W; 1) > €/6.
2. d(Vi,V;) = 0 and d(Wi.z, W, ;) < 1— €/6.
3. €/6 <d(Vi,V;) <1—¢/6 and ¢/6 < d(W;p, W, ;1) < 1—¢/6.

Proof: The proof follows easily from the three steps for obtaining G from G. The first
assertion of the claim follows directly from the third step of obtaining G. As for the second
assertion, assume the first step was applied to a pair (V;, V;). In this case either (v, Vi) =1
and d(U;,U;) > 1/2 or d(V;,V;) = 0 and d(U;,U;) < 1/2. By Claim 1.26 we get that in
the former case for any ', j' we have d(W;;,Wj ;) > 1/2 — €/6 > ¢/6, while in the later
d(Wiw,Wjj) <1/24€/6 <1 —€/6, as needed. Note, that if the first step was applied to
a pair (V;,V;) then the second step has no effect, thus either (1) or (2) will hold at the end
of the process. Assume the second step was applied to a pair (V;,V;). In this case either
d(V;,V;) = 1 and d(U;,U;) > 1 —¢/3 or d(V;,V;) = 0 and d(U;, U;) < ¢/3. Again, by Claim
1.26, we get that in the former case d(W;;,W; ;) > 1 —¢€/3 —€/6 > €/6 while in the later
d(W;i, W) <€/3+¢€/6 <1—¢/6. If none of the two steps was applied to (V;, V), then
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we initially had [d(V;, V;) — d(U;, Uj)| < €/6 and ¢/3 < d(U;,U;) <1 — ¢/3. Thus, item (3)
holds as in this case we have €/6 < d(V;,V;) = d(V;,V;) < 1 —¢€/6 and by Claim 1.26 for
any 7', j' we have €/6 < d(W;,W; ) <1—¢€/6. O

Claim 1.28. The graphs G and G differ by less than en? edges.

Proof: As the number of pairs v € V;,v' € V; is n?/k?, and by item (4) of Lemma 1.14
the number of pairs 1 < i < j < k for which [d(V;,V;) — d(Uz,U )] > 6/6 = £(0) is at
most 5(0)(’;) = %e(g), in the ﬁrst step we changed less than & ( )" < 6en edges. In the
second stage, if d(U;,U;) < 66 then by the modlﬁcatlons made in the first step, we have

d(Vi,V;) < %e. Similarly if d(Uz, U;) > 1 — Ze then by the modifications made in the ﬁrst
step, we have d(V;,V;) > 1 — %e. Thus in thls step we make at most ( )e(n?/k?) < Sen?
modifications. Finally, in the third step we make at most k(”ék) <n?/k modlﬁcatlons. As
we apply Lemma 1.14 with m = 6/¢, we have n?/k < %enz. Altogether, we make less than
en? modifications.  [J

We now turn to use the notion of colored-homomorphism, which was introduced in
Section 1.3. For the rest of the proof, let R be the following colored complete graph on k
vertices. We color i € V(R) white if V; is edgeless in G. Otherwise (i.e. Vi is a complete
graph in G, by step (3) in obtaining G from G) we color v; black. If d(V},, Vj) = 0 we color
(i,7) white, if d(V;,V;) = 1 we color (i,) black, otherwise (i.e. €/6 < d(V;,V;) < 1 — €/6,
by Claim 1.27) we color (i,j) grey. Our goal in the following two claims is to identify a
graph F' € F, which we will later show to be abundant in G.

Claim 1.29. G spans an induced copy of a graph F' € F. Moreover, F' —. R.

Proof: As G is by assumption e-far from being induced F-free, and by Claim 1.28 G is
obtained from G' by making less than en? modifications (of adding and removing edges) G
spans an induced copy of a graph F’ € F. We claim that there is a colored-homomorphism
from F’ to R. Indeed, consider a mapping ¢ : V(F’) — V(R) which maps all the vertices of
F’ that belong to V; to vertex ¢ of R. We claim that this is a colored-homomorphism from
F’ to R. Suppose first that (u,v) is an edge of F’. If u and v belong to the same vertex set
Vi, then V; must be complete in G. By definition of ¢ they are both mapped to i € V(R)
and by our coloring of R, vertex i is colored black. If u € V; and v € Vj then it cannot be
the case that d(V;,V;) = 0, hence (4,j) € E(R) was not colored white. Similarly, if (u,v)
is not an edge of F’, then if v and v belong to the same vertex set V;, then V; must be
edgeless. Hence, vertex i is colored white. If u € V; and v € Vj then it cannot be the case
that d'(V;, V}) = 1, hence (i, j) € E(R) was not colored black. We thus get that ¢ satisfies
the definition of a colored-homomorphism. [

Claim 1.30. There is a graph F € F of size f < Ux(k) for which F —. R.

Proof: By Claim 1.29, there is a graph F’ € F for which F’ —. R. Therefore, R belongs
to Fi (recall Definition 1.22 and the fact that R is of size k). It thus follows from the
definition of W that F contains a graph of size at most ¥z (k) such that F'—. R. O
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The reader may want to recall at this stage that in order to apply Lemma 1.6 with
respect to a graph on f vertices we need f distinct vertex sets. The following proposition
will enable us to apply Lemma 1.6 on an appropriately chosen f sets of vertices in order to
infer that G contains many induced copies of F'.

Proposition 1.31. Let F' be the graph from Claim 1.30 and denote its vertex set by
{1,...,f} with f < Ux(k). Let ¢ : V(F) — V(R) be the colored homomorphism from
F to R, which is guaranteed to exist by Claim 1.30, and put t; = p(i) for every i € V(F).
The following holds with respect to the sets Wi, 1,..., Wy, :

o If(i,j) € E(F) then d(Wy, ;, Wy, ;) > €/6.

o If (i,5) & E(F) then d(Wy, i, Wy, ;) <1 —¢/6.

Proof: First, note that we choose the sets as Wy, 1,..., Wy, ¢ in order to make sure that
we do not choose the same W ;s twice, because we may need to use several sets W; ; from
the same set U;. Also, observe that as f < Wx(k) and we obtained through Lemma 1.9
¢ = W r(k) sets W; j from each U;, we can indeed choose the sets in the above manner, even
if all the chosen sets W; ; belong to the same Uj;.

Assume that (i,7) € E(F). As ¢ is a colored homomorphism from F' to R we conclude
that either ¢(i) = ¢(j) =t and t € V(R) is colored black or ¢(i) =t # t' = ¢(j) and
(t,t") € E(R) is colored black or grey. By the way we colored R in the paragraph preceding
Claim 1.29 this means that either (i) = ¢(j) = t and V; is a complete graph in G or
©(i) =t #t' = ¢(j) and d(V;, Vi) > €/6. Finally, by Claim 1.27 this means that in both
cases d(Wy, i, W, j) > €/6. The case of (i,7) ¢ E(F) is analogous. [

The proof now follows easily from the above proposition. Consider the sets Wy, 1,..., Wy, ¢
as in Proposition 1.31. By Claim 1.26 any pair of these sets is at least v1.6(¢/6, Vr(k))-
regular in G. Moreover, by Proposition 1.31, these f < Wr(k) sets satisfy in G (not in
G’) the edge requirements of Lemma 1.6, which are needed in order to infer that they span
many induced copies of F' (recall that F' has at most Wz (k) vertices). Thus, Lemma 1.6

ensures that Wi, 1,..., Wy, ¢ span in G (not in G) at least

f
0ro(e/6, Vr(k)) - [ IWei (1.11)

i=1

induced copies of F. We next show that we can take F' as the graph in the statement of
the lemma. To show this, we should only define the functions fz(¢) and d£(€) (the function
Nr(e) is defined in (1.10)). As |U;| > n/S(e) and |Wy, ;| > a(k)|U;|, we conclude from
(1.11) that G contains at least

51.6(c/6, Wr(k)) - (a(k)/S(e) - (1.12)

induced copies of F. Thus, as f < Ux(k), k < S(e) and by the monotonicity properties of
all the functions considered in the proof, we can replace k with S(e) and f with Uz(S(¢))
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and thus define
Fr(e) = Ur(S(e)). (1.13)

Similarly, we can replace k and f in (1.12) in order to define

61.6(¢/6, V£(5(€)))
(S(e)/a(S(€))) 75N

5r(e) = (1.14)

This completes the proof of Lemma 1.12. [

Before proving Theorem 1.1 we briefly discuss the notions of uniform and non-uniform
testing, which will be discussed in Chapter 3. We give here only a rough overview of this
chapter and the way it relates to the present one. A tester is defined in Chapter 3 as
non-uniform if it knows € in advance, and therefore should be able to distinguish between
graphs that satisfy P from those that are e-far from satisfying it (only for that specific €).
A tester is uniform if it can accept € as part of the input. The main result of Chapter
3 is that there are monotone graph properties, which have non-uniform one-sided testers
but cannot be tested by a uniform (one-sided or two-sided) testers. It thus follows that we
cannot design uniform testers for all the hereditary graph properties.

Note, that in (1.10),(1.13) and (1.14) the only function, which may be non-computable
is W . Thus whenever this function is computable so are the three functions of Lemma 1.12.
As the proof of Theorem 1.1 suggests (see below), once these functions are computable, the
tester is uniform. Finally, we note that for any reasonable graph property, and in particular
those that were discussed in Subsection 1.1.1, ¥ is indeed computable (not necessarily
very efficiently). Thus, these properties are testable in the usual sense. We thus assume
henceforth that F is such that the functions Nz (e), f£(e) and d£(e) are computable. Note
however, that even if they are not computable, we still get a non-uniform tester for any
(decidable) hereditary graph property.

Proof of Theorem 1.1: We show that any hereditary property can be tested with one-
sided error even by an oblivious tester. Fix any hereditary graph property P, and let F
be the family of forbidden induced subgraphs of P as in Definition 1.11. Let Nz (e€), fr(e)
and dr(e) be the functions of Lemma 1.12 and assume they are computable. To design our
one-sided error tester for P we just need to note that if a graph on n vertices contains at
least on/ induced copies of a graph F on f vertices, then sampling 2/§ sets of f vertices
each, which is a total of 2f/4, finds an induced copy of F' with probability at least 2/3.
Given a graph G the one-sided error tester for P works as follows; it asks the oracle for
a subgraph of G induced by a randomly chosen set of max{Nr(e), 2fr(€)/0x(e)} vertices.
It declares G to be a graph satisfying P if and only if the induced subgraph on S satisfies P.
Clearly, if G satisfies P, then as P is hereditary the algorithm accepts G with probability
1. If G is e-far from satisfying P and G has less that Nz (e) vertices, the algorithm answers
correctly with probability 1, as in this case S spans G. If G has more than Nz (€) vertices,
then by Lemma 1.12 there is a member of F of size f = fr(¢) such that G spans dx(e)n/
induced copies of F'. By the observation from the preceding paragraph, S spans an induced



1.4. Proofs of Main Results 35

copy of F' with probability at least 2/3. As F' € F and P is hereditary, we get that with
probability at least 2/3, the graph spanned by S does not satisfy P. Hence, the tester
rejects G with probability at least 2/3. Also, its query complexity is always a function of e
only. [

Given the above result we now prove the characterization of the graph properties that

can be tested with one-sided error by oblivious testers.
Proof of Theorem 1.4: Let P be a semi-hereditary property and let H be the hereditary
graph property as in Definition 1.3. We next show that P has an oblivious one-sided error
tester. As H is hereditary we get from Theorem 1.1 and the fact that its proof actually gives
an oblivious tester for H that there is a function Q(€) such that H can be tested by an
oblivious one-sided error tester with query complexity Q7 (€¢). The oblivious tester T" we de-
sign for testing P works as follows: its query complexity is Q(€) = max{M (¢/2), Qx(e/2)}.
After getting from the oracle the randomly chosen induced subgraph, which we denote by
G, the tester T proceeds as follows: If G’ is of size strictly smaller than Q(e), the algorithm
accepts if and only if G’ satisfies P. If G’ is of size at least Q(€) the algorithm accepts if
and only if G’ satisfies H.

We turn to show that T is indeed an oblivious one-sided error tester for P. We first
observe that T satisfies the definition of an oblivious tester. We also note that if the input
graph is of size less than @Q(e) then we accept the input if and only if it satisfies P because
by the definition of an oblivious tester this means that the input graph was of size less than
Q(€) and therefore the oracle returned the entire input graph. Let us now consider an input
of size at least Q(¢) and recall that Q(e¢) > M(e/2). If this input satisfies P then by the
first item of Definition 1.3 it also satisfies H, and as in this case we accept if and only if
G’ satisfies H this means that T" accepts the input. Hence, T' has one-sided error. Suppose
now that the input is e-far from satisfying P. This means that after adding/deleting %6’02
edges, the input is still §-far from satisfying P. By item 2 of Definition 1.3 and as in this
case the input must be of size at least M(€/2), this means that after adding/deleting en?
edges, the input still contains an induced subgraph not satisfying H. In other words, this
means that the input is at least §-far from satisfying H. As Q(e) > Q3 (€e/2) we infer that
with probability at least 2/3 the graph G’ spans an induced subgraph not satisfying H and
therefore G’ does not satisfy H (as it is hereditary). As in this case T accepts if and only
if G’ satisfies H, this means that T will reject an input that is e-far from satisfying P with
probability at least 2/3.

Assume now that property P has a one-sided error oblivious tester T. Our goal is to
show the existence of a hereditary property H as in Definition 1.3. Let F be the following
family of graphs: a graph F on |V (F')| vertices belongs to F if (i) For some € > 0 the query
complexity of T satisfies Q(e) = |V (F')| (recall that the query complexity of T is a function
of € only). (ii) If for this € the sample of vertices spans a graph isomorphic to F', then T'
rejects the input with positive probability. We claim that we can take H in Definition 1.3
to be the property of being induced F-free.

To establish the first item of Definition 1.3 it is enough to show that there is no graph
G satisfying P, which spans an induced subgraph isomorphic to a graph F' € F. Suppose
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such a G exists, and consider the execution of 7' on G with an e for which Q(¢) = |V(F)|.
By definition of F we get that T asks for a random subgraph of G of size |V (F')|, and that
if T' gets a graph isomorphic to F' it rejects G with positive probability. As we assume that
G spans an induced copy of a graph isomorphic to F', this means that 7" has a non-zero
probability of rejecting G, contradicting our assumption that T is one-sided.

To establish the second item of Definition 1.3, we claim that we can take M (€) = Q(e).
Indeed, consider a graph G on at least Q(€) vertices that is e-far from satisfying P. AsT'is a
tester for P it should reject G with non-zero probability. By definition of an oblivious tester
and as G has at least Q(¢) vertices, this means that G must contain an induced subgraph
F, of size precisely Q(¢), with the property that if 7' gets F' from the oracle then it rejects
G. By definition of F this means that F' € F. Hence, we can take F itself to be the graph
not satisfying H. [

1.5 Concluding Remarks and Open Problems

e Our main result in this chapter can be considered a characterization of the natural
graph properties that are testable with one-sided error. Thus, a natural and interesting
open problem related to this chapter is to complete the characterization of the graph
properties that are testable with one-sided error by arbitrary testers, and not just
oblivious ones.

e Theorem 1.1 asserts that any hereditary property is testable with one-sided error.
However, the upper bounds on the query complexity, which this theorem guarantees
are huge. Even for rather simple properties, these bounds are towers of towers of ex-
ponents of height polynomial in 1/e. Some specific properties, such as k-colorability,
have far more efficient testers, whose query complexity is polynomial in 1/¢ (see [7]).
For others, like being H-free (that is, containing no copy of H as a (not necessarily
induced) subgraph), it is known that whenever H is not bipartite, there is no tester
(one-sided or two-sided) whose query complexity is polynomial in 1/e (see [1] and
Chapter 6). Recall that a hereditary property P is equivalent to being Fp-free for a
possibly infinite family of graphs Fp. The hardness of testing hereditary properties
for which Fp is finite is (relatively) well understood, as it follows from the main result
of Chapter 5 that if Fp has a graph on at least 5 vertices, then there is no tester
(one-sided or two-sided) for P, whose query complexity is polynomial in 1/e. When
Fp is infinite the situation is much more complicated, and there are no general results
which guarantee or rule out the possibility of designing testers with query complex-
ity polynomial in 1/e. In particular, a natural intriguing and probably challenging
problem is the following:

Which hereditary graph properties can be tested with poly(1/e) queries?

As a special case of this problem, it seems interesting to study the query complexity
needed to test the natural graph properties that were discussed in Subsection 1.1.1.
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e Theorem 1.4 gives a precise characterization of the graph properties that have oblivi-
ous one-sided testers. It may thus be simpler, but still very interesting, to resolve the
following problem:

Which graph properties have (possibly two-sided) oblivious testers?

Note, that the definition of an oblivious tester implicitly assumes that the query
complexity of such a tester is a function of € only.

e Fischer and Newman [64] have recently shown that every testable graph property is
also estimable, namely, for any such property one can estimate how far is a given
graph from satisfying the property (in this chapter this quantity is denoted by )
while making a constant number of queries. Combining Theorem 1.1 and the result of
[64] we get that any hereditary property is estimable. See Chapter 7 for more results
on this topic.
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Chapter 2

Szemerédi Partitions and
Two-Sided Error Testers

2.1 The Main Result

2.1.1 Background on Szemerédi’s regularity lemma

Our main result in this chapter gives a purely combinatorial characterization of the testable
graph properties. As we have previously mentioned, the first properties that were shown to
be testable in [75] were certain graph partition properties. As it turns out, our character-
ization relies on certain “enhanced” partition properties, whose existence is guaranteed by
the celebrated regularity lemma of Szemerédi [112]. We start by introducing some standard
definitions related to the regularity lemma. For a comprehensive survey about the regular-
ity lemma the reader is referred to [90]. For the convenience of the reader we repeat some
definitions that were given in the previous chapter.

For every two nonempty disjoint vertex sets A and B of a graph G, we define e(A, B)
to be the number of edges of G between A and B. The edge density of the pair is defined
by d(A, B) = e(A, B)/(|A]|B]).

Definition 2.1. (y-regular pair) A pair (A4, B) is y-regular, if for any two subsets A" C A
and B' C B, satisfying |A’| > v|A| and |B'| > ~|B|, the inequality |d(A’, B") — d(A, B)| <~
holds.

Throughout the chapter it will be useful to observe that in the above definition it is
enough to require that |d(A’, B') — d(A, B)| < v for sets A C A and B’ C B, of sizes
|A’| = v]A| and |B'| = ~v|B|. A partition A ={V; | 1 <i <k} of the vertex set of a graph
is called an equipartition if |V;| and |Vj| differ by no more than 1 for all 1 <i < j <k (so
in particular every V; has one of two possible sizes). The order of an equipartition denotes
the number of partition classes (k above).

Definition 2.2. (y-regular equipartition) An equipartition B = {V; | 1 < i < k} of
the vertex set of a graph is called y-regular if all but at most 'y(g) of the pairs (V;,V;) are
~y-regular.

39
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In what follows an equipartition is said to refine another if every set of the former is
contained in one of the sets of the latter. Szemerédi’s regularity lemma can be formulated
as follows!.

Lemma 2.3 ([112]). For every m and v > 0 there exists T = T g(m,y) with the following
property: If G is a graph with n > T wvertices, and A is any equipartition of the vertez set of
G of order at most m, then there exists a refinement B of A of order k, where m < k <T
and B is ~y-regular. In particular, for every m and v > 0 there exists T = Tig(m,~)
such that any graph with n > T vertices, has a ~y-reqular equipartition of order k, where
m<k<T.

The regularity lemma guarantees that every graph has a 7-regular equipartition of (rel-
atively) small order. As it turns out in many applications of the regularity lemma, one is
usually interested in the densities of the bipartite graphs connecting the sets V; of the regu-
lar partitions. In fact, one important consequence of the regularity lemma is that in many
cases knowing the densities connecting the sets V; (approximately) tells us all we need to
know about a graph. Roughly speaking, if a graph G has a regular partition of order k and
we define a weighted graph R(G), of size k, where the weight of edge (i, j) is d(V;, V}), then
by considering an appropriate property of R(G) one can infer many properties of G. As the
order of the equipartition is guaranteed to be bounded by a function of 7, this means that
for many applications, every graph has an approximate description of constant-complexity
(we will return to this aspect in a moment). As it turns out, this interpretation of the
regularity lemma is the key to our characterization. We believe that our characterization
of the testable graph properties is an interesting application of this aspect of the regularity
lemma.

Given the above discussion it seems natural to define a graph property, which states
that a graph has a given ~-regular partition, that is, an equipartition which is ~v-regular
and such that the densities between the sets V; belong to some predefined set of densities.

Definition 2.4 (Regularity-Instance). A regularity-instance is given by an error-parameter
0 <~v <1, an integer k, a set of (g) densities 0 < n;; < 1 indeved by 1 <1< j <k, and a
set R of pairs (i,7) of size at most 'y(g) A graph is said to satisfy the reqularity-instance if it
has an equipartition {V; | 1 < i < k} such that for all (i,7) ¢ R the pair (V;,V}) is y-reqular
and satisfies d(V;, V) = n; ;. The complexity of the reqularity-instance is max(k,1/7).

Note, that in the above definition the set R corresponds to the set of pairs (4, j) for which
(V4,V;) is not necessarily a y-regular pair (possibly, there are at most ’y(g) such pairs). Also,
note that the definition of a regularity-instance does not impose any restriction on the graphs
spanned by any single set V;. By Theorem 1.8, for any 0 < v < 1 any graph satisfies some
regularity instance with an error parameter v and with an order bounded by a function ~.
The first step needed in order to obtain our characterization of the testable properties, is
that the property of satisfying any given regularity-instance is testable. This is also the
main technical result of this chapter.

Note that the formulation here is a little different from the one given in the previous chapter. This
formulation is mainly useful for the proof of Corollary 2.29.
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Theorem 2.5. For any reqularity-instance R, the property of satisfying R is testable.

2.1.2 The characterization

Many of the recent results on testing graph properties in the dense graph model relied on
Lemma 1.8. Our main result in this chapter shows that this is not a coincidence. Each
of the papers which applied the regularity lemma to test a graph property used different
aspects of what can be inferred from certain properties of a regular partition of a graph.
These results however, use the properties of the regular partition in an implicit way. For
example, the main observation needed in order to infer that triangle-freeness is testable, is
that if the regular partition has three sets V;, Vj, Vi, which are connected by regular and
dense bipartite graphs, then the graph contains many triangles. However, to test triangle
freeness we do not need to know the regular partition, we just need to find a triangle in
the graph. As Theorem 2.5 allows us to test for having a certain regular partition, it
seems natural to try and test properties by explicitly checking for properties of the regular
partition of the input. Returning to the previous discussion on viewing the regularity lemma
as a constant complexity description of a graph, being able to explicitly test for having a
given regular partition should allow us to test more complex properties as we can obtain all
the information of the regular partition and not just consequences of having some regular
partition. The next definition tries to capture the graph properties P that can be tested
via testing a certain set of regularity instances.

Definition 2.6 (Regular-Reducible). A graph property P is regular-reducible if for any
d > 0 there exists v = r(J) such that for any n there is a family R of at most r regularity-
instances each of complexity at most r, such that the following holds for every n-vertex
graph G:

1. If G satisfies P then for some R € R, G is §-close to satisfying R.

2. If G is e-far from satisfying P, then for any R € R, G is (e — 0)-far from satisfying
R.

The reader may observe that in the above definition the value of § may be arbitrarily
close to 0. If we think of § = 0 then we get that a graph satisfies P if and only if it satisfies
one of the regularity instances of R. With this interpretation in mind, in order to test P
one can test the property of satisfying any one of the instances of R. Therefore, in some
sense we “reduce” the testing of property P to the testing of regularity-instances. As the
main result of this chapter states, the testable graph properties are precisely those for which
testing them can be carried out by testing for some property of their regular partitions.

Theorem 2.7 (Main Result). A graph property is testable if and only if it is regular-
reducible.

If we have to summarize the moral of our characterization in one simple sentence, then
it says that a graph property P is testable if and only if P is such that knowing a regular
partition of a graph G is sufficient for telling whether G is e-far or e-close to satisfying P.
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In other words, there is a short “proof” that G is either e-close or e-far from satisfying P.
Thus, in a more “computational complexity” jargon, we could say that a graph property is
testable if and only if it has the following “interactive proof”: A prover gives a verifier the
description of a regularity-instance R, which the input G is (supposedly) close to satisfying.
The verifier, using Theorem 2.5, then verifies if G is indeed close to satisfying R. The way
to turn this interactive proof into a testing algorithm is to apply the constant-complexity
properties of the regularity lemma that we have previously discussed; as the order of the
regular partition is bounded by a function of €, there are only finitely many regularity-
instances that the prover may potentially send to the verifier. Therefore, the verifier does
not need to get an alleged regular-instances, it can simply try them alll Theorem 2.7
thus states that in some sense testing regularity-instances is the “hardest” property to
test, because by Theorem 2.7 any testing algorithm can be turned into a testing algorithm
for regularity-instances. However, we stress that this is true only on the qualitative level,
because using Theorem 2.7 in order to turn a tester into a tester, which tests for regularity-
instances, may significantly increase its query complexity. The main reason is that the
proofs of Theorems 2.5 and 2.7 apply Lemma 1.8 and thus only give weak upper bounds.
We also note that the terminology of regular-reducible is not far from being a standard
reduction because in order to prove one of the directions of Theorem 2.7 we indeed test
a property P, which is regular-reducible to a set R, by testing the regularity-instances of
R. Theorem 2.7 also gives further convincing evidence to the “combinatorial” nature of
property testing in the dense graph model as was recently advocated by Goldreich [81].

As is evident from Definition 2.6, the characterization given in Theorem 2.7 is not a
“quick recipe” for inferring whether a given property is testable. Still, we can use Theorem
2.7 in order to obtain unified proofs for several previous results. As we have alluded to
before, these results can be inferred by showing that it is possible (or impossible) to reduce
the testing of the property to testing if a graph satisfies certain regularity-instances. We
believe that these proofs give some (non-explicit) structural explanation as to what makes
a graph property testable. See Section 2.6 for more details. It is thus natural to ask if one
can come up with more “handy” characterizations. We doubt that such a characterization
exists, mainly because it should (obviously) be equivalent to Theorem 2.7. One supporting
evidence is a recent related study of graph homomorphism [37] that led to a different
characterization, which is also somewhat complicated to apply.

2.1.3 Organization and overview

The first main technical step of the proof of Theorem 2.5 is taken in Section 2.2. In
this section we prove that if the densities of pairs of subsets of vertices of a bipartite
graph are close to the density of the bipartite graph itself, then the bipartite graph can
be turned into a regular-pair using relatively few edge modifications. Rephrasing this gives
that we can increase the regularity measure of a bipartite pair by making relatively few
edge modifications. The second main step is taken in Section 2.4. In this section, we show
that sampling a constant number of vertices guarantees that the sample and the graph will
have (roughly) the same set of regular partitions. We believe that this result may be of
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independent interest. By applying the results of Sections 2.2 and 2.4 we prove Theorem 2.5
in Section 2.5. In this section we also prove one of the directions of Theorem 2.7, asserting
that if a graph property is regular-reducible then it is testable. Along with Theorem 2.5, a
second tool that we need in order to prove this direction is the main result of [64]. We apply
this result in order to infer that for any regularity-instance R, one can not only test the
property of satisfying R, but can also estimate how far is a given graph from satisfying R.
This estimation of the distance to satisfying regularity-instances is key to testing a property
via a regularity-reduction. The proof of the second direction of Theorem 2.7 appears in
Section 2.3. To prove this direction we first show that knowing that a graph G satisfies
a regularity instance enables us to estimate the number of copies of certain graphs in G.
We then apply the main result of [77] about canonical testers along with the main result of
Section 2.2 in order to “pick” those regularity-instances that can constitute the family R
in Definition 2.6. In Section 2.6 we use Theorem 2.7 in order to reprove some previously
known results in property-testing. The main interest of these proofs is that they apply
Theorem 2.7 in order to prove in a unified manner results that had distinct proofs. Section
2.7 contains some concluding remarks.

2.2 Enhancing Regularity with Few Edge Modifications

The definition of a y-regular pair of density 1 requires a pair of sets of vertices to satisfy
several density requirements. Our main goal in this section is to show that if a pair of vertex
sets are close (in an appropriate sense) to satisfying these requirements, then it is indeed
close to being a y-regular pair of density n. For example, consider the property of being
a 0.1-regular pair with edge density 0.5. Intuitively, it seems that if the edge density of a
bipartite graph G on vertex sets A and B of size m each is close to 0.5, and the density of
any pair A’ C A and B’ C B of sizes 0.1m is close to 0.5+ 0.1, then G should be close to
satisfying the property. However, note that it may be the case that there are pairs (A’, B'),
whose density is smaller than 0.4, and other pairs, whose density is larger than 0.6. Thus,
only removing or only adding edges (even randomly) will most likely not turn G into a
0.1-regular pair of density 0.5. In order to show that G is indeed close to satisfying the
property, we take a “convex combination” of G with a random graph, whose density is 1/2.
The intuition is that the random graph will not change the density of G much, but, because
a random graph is highly regular, it will increase the regularity of G. The main result of
this section is formalized in the following lemma, which is an important ingredient in the
proofs of both directions of Theorem 2.7.

In this lemma, as well as throughout the rest of the chapter, when we write t = a + b
wemean a — b <z <a+b.

Lemma 2.8. The following holds for any 0 < § <~ < 1: Suppose that (A, B) is a (7 +9)-
reqular pair with density n + 0§, where |A| = |B| = m > mag(n,d). Then, it is possible to
make at most 50%77@2 edge modifications and turn (A, B) into a y-reqular pair with density
precisely 1.

The proof of Lemma 2.8 has two main steps, which are captured in Lemmas 2.9 and 2.10
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below. The first step is given in the following lemma, which enables us to make relatively
few edge modifications and thus make sure that the density of a pair is exactly what it
should be, while at the same time not decreasing its regularity by much.

Lemma 2.9. Suppose that (A, B) is a (y+9)-regular pair satisfying d(A, B) = n+4, where
|A| = |B| = m > mag(n,d). Then, it is possible to make at most 20m? modifications, and
thus turn (A, B) into a (v + 20)-reqular pair with density precisely ).

The second and main step, which implements the main idea presented at the beginning
of this section, takes a bipartite graph, whose density is precisely n, and returns a bipartite
graph, whose density is still » but with a better regularity measure.

Lemma 2.10. The following holds for any 0 < § < v < 1. Let A and B be two vertex
sets of size m > ma10(0,7), satisfying d(A, B) = n. Suppose further that for any pair of
subsets A" C A and B’ C B of size ym we have d(A', B") = n+ (y+ ). Then, it is possible
to make at most 37‘5m2 edge modifications and thus turn (A, B) into a y-regular pair with

density precisely 7.

We now turn to prove the above three lemmas. Following them is a corollary of Lemma
2.8, which will be used in the proof of Theorem 2.7. For the proofs of this section we need
the following standard Chernoff-type large deviation inequality.

Lemma 2.11. Suppose Xi,...,X, are n independent Boolean random variables, where
Prob|X; =1] = p;. Let E=Y""_, pi. Then, Prob]| ", X; — E| > én] < 2e~25n

Proof (of Lemma 2.9): Suppose that d(A, B) = n+p, where |p| < §, and assume for now
that p > 0. Suppose first that p < 6(y 4 26)2. In this case we just remove any pm?(< dm?)
edges and thus make sure that d(A, B) = . Furthermore, as for any pair (A’, B") of size
(v + 20)m we initially had d(A’,B") = n+p £ (v + ), it is easy to see that because we
remove pm? < §(y + 26)?*m? edges, we now have n — v — 25 < d(A’, B') < n+ v + 6, which
satisfies d(A’, B") = n+ (y+26). Thus, in this case we turned (A, B) into a (y+ 20)-regular
pair of density 7.

Suppose now that p > d(y + 26)2. Our way for turning (A, B) into a (v + 26)-regular
pair with density n will consist of two stages. In the first we will randomly remove some
of the edges connecting A and B. We will then deterministically make some additional
modifications. To get that after these two stages (A4, B) has the required properties we show
that with probability 3/4 the pair (A, B) is (77 + 2J)-regular and with the same probability
d(A, B) = n. By the union bound we will get that with probability at least 1/2 the pair
(A, B) has the required two properties.

In the first (random) step, we remove each of the edges connecting A and B randomly
and independently with probability 77%1). Then, the expected number of edges removed
is n%p(n + p)|A||B| = p|A||B| < 6|A||B|, and the expected value of d(A, B) is n. As we
assumed that p > (v +26)? we have d(A, B) > §(y +26)%. Therefore, the number of edges
we may randomly remove is at least d(y + 28)?>m?. Therefore, by Lemma 2.11, for large
enough m > ma.9(6,7), the probability that d(A, B) deviates from 1 by more than m =% is
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at most 3/4. In particular, the number of edge modifications made is at most %6m2 with
probability at least 3/4. Now (this is the second, deterministic step) we can add or remove
at most m!® edges arbitrarily and thus make sure that d(A, B) = 1. The total number of
edge modifications is also at most %6m2 +m!5 < 26m?2, for large enough m > mag(d, 7).
Note that we have thus established that with probability at least 3/4 after the above two
stages d(A, B) = n.

As (A, B) was assumed to be (7 + d)-regular, we initially had d(4’, B') = n+p=+ (y+9)
for any pair of subsets A’ C A and B’ C B of size (7 + 26). As in the first step we removed
each edge with probability n%p’ the expected value of d(A’B’) after the first step is between

p
Tpdr Ol T Y<ntrats
(n+p+~v+0)( n+p) n+y

and »

—~— A B A

(m+p—v—0)1 n+p)_n v — 0.

Recall that we have already established that with probability at least 3/4 we have d(A, B) =
n and that for any pair (A", B") of size (y+2d)m the expected value of d(A’, B') is n4(y+9).
Hence, to show that after the two steps (A, B) is a (v + 26)-regular pair with probability
at least 1/2, it suffices to show that with probability at least 3/4, the densities of all pairs
(A’, B') do not deviate from their expectation by more than .

Suppose first that d(A’, B") was originally at most %(5. This means that when we ran-
domly remove edges from (A, B) we can change d(A’, B") by at most %6. Thus in this
case d(A’, B') can deviate from its expectation by at most %(5. Also, when adding or
removing m!'® edges to (A, B) in the second step we can change d(A’, B') by at most
m=9% /(v +20)2 < %(5 for large enough m > mag 9(d,7). Thus, for such pairs we are guaran-
teed that d(A’, B") =n =+ (v + 29).

Suppose now that d(A’, B') was at least %5. Thus the number of edges, which were
considered for removal between A’ and B’ in the first step was at least %5(7 + 20)%m2.
Hence, by Lemma 2.11 the probability that d(A’, B') deviates from its expectation by more
than %5 is at most 2e—2(39)730(y+28)°m? Thus, as there are at most pairs of such
sets (A’, B"), we conclude by the union-bound that for large enough m > ms9(d,7), with
probability at least 3/4 all sets (4’, B') of size (y + 20)m satisfy d(A’, B') = n+ (v + 36).
As in the previous paragraph, adding or removing m!'® edges in the second step can change
d(A’, B') by at most 34, so in this case we also have d(A’, B') = n + (v + 26).

Finally, in the case that p above is negative we can use essentially the same argument.
The only modification is that we add edges instead of remove them. [

22m

Proof (of Lemma 2.10): For any vertex a € A and b € B we do the following: we flip
a coin with bias —22~. If the coin comes up heads we make no modification between the
vertices a and b. If the coin comes up tails then we disregard the adjacency relation between
a and b and do the following: we flip another coin with bias n. If the coin comes up heads
then we connect a and b, and otherwise we leave them disconnected. In what follows we
call the coins flipped in the first step the first coins, and those flipped in the second step
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the second coins.

Claim: With probability at least 3/4, we make at mos m edge modifications.

Proof. Note that the number of edge modifications is at most the number of first coins that

came up heads. The distribution of these m? coins is given by the Binomial distribution
20 2

B(m?, %), whose expectation is T and by Lemma 2.11 the probability of deviating

by more than 15m from this expectation is at most 22 /2*m? - For large enough m

>
ma.10(0,7y) we get that with probability at least 3/4 we make at most (5+ )m + 26m? <

2. 55m modifications. O

The following observation will be useful for the next two claims: Fix a pair of connected
vertices a € A and b € B. For them to become disconnected both coins must come up tails,
thus the probability of them staying connected is (1 — @ JW) + 1 521‘;)). Now, fix a pair of
disconnected vertices a € A and b € B. For them to become connected the first coin must
come up tails and the second must come up heads, so the probability of them becoming

. 2nd
connected is (CF=k

Claim: With probability at least 3/4, we have d(A, B) = n4+m™?

Proof. Recall that by assumption the number of connected vertices was nm?. Thus, by
the above observation the expected number of connected vertices is

24 2no

2nd 9
e )

G+y

nm?(1 — )+ (1 —n)m?

By Lemma 2.11 we get that for large enough m > mg 10(6,7y) the probability of deviating
from this expectation by more than m~=%5 is at most 1/4. [

Claim: With probability at least 3/4, all sets A’ C A and B’ C B of size ym satisfy
d(A',B') =n+ (v — 39).

Proof. Fix any pair of such sets. Let e denote the number of edges originally spanned by

these sets. As in the previous claim we get that the expected number of edges spanned by
(A", B) is

26 n 2né
0+  (6+7)

Recall that by assumption e = |A’||B’|(n & (v + 0)). Thus, the expected number of edges
spanned by (A’, B’) is at most

2no 26 2no

)+ (4B -7 = el = =y T MBI =

e(l—

26 2n6

267y 262
+ |A'|B’
®+vﬂ HH(<5+7)

= |A|B'n+~v+6— —— —
AIBN 4740~ 57— 5

|A|B'|(n+ 7 +0)(1 - ) =

|A'||B'|(n +~ — 6),
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Similarly, we infer that the expected number of edges spanned by (A’, B') is at least

26 2n6
+ |A'||B’
(5+’Y)) 41 ‘(5+7)

|A|B|(n =~ +9) .

By Lemma 2.11 the probability that the number of edges between A’ and B’ will deviate
from its expectation by more than £6|A’||B’| is at most 2620/ ANB'| = 9¢=2(6/2)*(vm)?
As the number of pairs (A, B') is at most 2™ we get by the union bound, provided that
m > mg10(0,7) is large enough, that with probability at least 3/4 all the pairs (A’, B') of
size ym satisfy this property. Thus for all pairs (A’, B") of size ym we have d(A’, B') =
n+(y-30). O

’A/HB/’(W_'Y_(S)O_ Z‘A/"B"(n—fy—(5+7+

Combining the above three claims we get that with constant probability we make at

most Q'T‘r"st modifications and thus make sure that d(A, B) = n 4+ m~%% and furthermore

that for any pair of sets (A, B') of size ym we have d(A’, B') = n + (y — 30). Now we
can add or remove at most m!'-®> edges to make sure that d(A, B) = n. For any pair of sets
(A', B') of size ym this will change d(A4’, B') by at most m~%5/42 < 1§ for large enough
m. This means that we will have d(A’, B') = n &+ v, implying that (A, B) is y-regular with
density 7, completing the proof of the lemma. [

Proof (of Lemma 2.8): By Lemma 2.9 we can make at most 20m? edge modifications
and thus turn (A, B) into a (4 2J)-regular pair with density n. Thus, every pair of subsets
A" C A and B” C B of size ym has density at most

(047 +20)(v + 26)*m? /y*m* < (n+ 7+ 26)(1 4+ 85/7) <n+v+145/7.

Similarly, the density of such a pair is at least n — v — 146/~y. We thus conclude that
(A, B) has density precisely 7, and every pair of subsets (A”, B") of size ym has density
nE(y+149/7). Now we can use Lemma 2.10 to make at most 3%77? = 42,%m2 additional
edge modifications and thus turn (A4’, B) into y-regular pair with density precisely 1. The
total number of modifications is 42%7712 +26m? < 50%7712 as needed. [

We finish this section with the following application of Lemma 2.8 that will be useful
later in the chapter.

Corollary 2.12. Let R be a regularity-instance of order k, error-parameter -, (g) edge den-
sities 1; ; and set of non-regular pairs R. If a graph G has an equipartition V = {V1,...,V}}
of order k such that

1.d(V;, V) = mij & % for alli < j.

2

2. Whenever (i, j) & R, the pair (Vi,V;) is (v 4+ %5 )-regular.

Then G is e-close to satisfying R.
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Proof: For any (i, j) ¢ R we can use Lemma 2.8 and make at most 50%(71/1@)2 < en?/k?
edge modifications to turn (V;,V}) into a y-regular pair with density 7; ;. As there are at

most (g) pairs this is a total of at most en? modifications. We have thus turned G into a
graph satisfying R by making at most en? edge modifications, as needed. [

2.3 Any Testable Property is Regular-Reducible

In this section we prove the first direction of Theorem 2.7.
Lemma 2.13. If a graph property is testable then it is reqular-reducible.

Our starting point in the proof of Lemma 2.13 is the following result of [77] (extending
a result of [6]) about canonical testers:

Lemma 2.14 ([6, 77]). If a graph property P can be tested on n-vertexr graphs with q =
q(e,n) edge queries, then it can also be tested by a tester, which makes its queries by uni-
formly and randomly choosing a set of 2q vertices, querying all the pairs and then accepting
or rejecting (deterministically) according to the graph induced by the sample, the value of €
and the value of n. In particular, it is a non-adaptive tester making (22‘1) queries.

Restating the above, by (at most) squaring the query complexity, we can assume without
loss of generality that a property-tester works by sampling a set of vertices of size ¢(e,n)
and accepting or rejecting according to some graph property of the sample. As noted in [77],
the graph property that the algorithm may search for in the sample may be different from
the property, which is tested. In fact, the property the algorithm checks for in the sample
may depend on € and on the size of the input graph. Our main usage of Lemma 2.14 is that
it allows to pick the graphs of size g that cause a tester for P to accept. The first technical
step that we take towards proving Lemma 2.13 is proving some technical results about
induced copies of graphs spanned by graphs satisfying a given regularity-instance. These
results enable us to deduce from the fact that a graph satisfies some regularity-instance
the probability that a given tester accepts the graph. We then use these results along with
Lemma 2.14 and some additional arguments in order to prove that any testable property is
regular reducible. The details follow.

Definition 2.15. Let H be a graph on h vertices, let W be a weighted complete graph on
h vertices, where the weight of an edge (i,7) is 1; ;. For a permutation o : [h] — [h] define

ICHW.0)= ] %woew II Q= mwon)
(i,))€E(H) (4.5)¢E(H)

Suppose Vi,..., V) are k vertex sets, each of size m, and suppose the bipartite graph
spanned by V; and V} is a bipartite random graph with edge density 7; ;. Let H be a graph
of size k, and let ¢ : [k] — [k] be some permutation. What is the expected number of
k-tuples of vertices v1 € Vi,...,vp € Vi, which span an induced copy of H with each v;
playing the role of ¢(i)? It is easy to see that the answer is IC(H,W,o)m*, where W
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is the weighted complete graph with weights 7; ;. The following claim shows that this is
approximately the case when instead of random bipartite graphs we take regular enough
bipartite graphs. The proof is a standard application of the definition of a regular pair and
is thus omitted from this extended abstract. See Lemma 4.2 in [61] for a version of the
proof.

Claim 2.16. For any 0 and h, there exists a v = ¥2.16(d, h) such that the following holds:
Suppose Vi, ..., Vy, are h sets of vertices of size m each, and that all the pairs (V;,V}) are
~v-reqular. Define W to be the weighted complete graph on h wvertices, whose weights are
ni; = d(V;,V;). Then, for any graph H on h vertices and for any o : [k] — [k], the number
of h-tuples v1 € V1,... vy € Vi, which span an induced copy of H with each v; playing the
role of the vertex o(i) is

(IC(H,W,o) 4 &)m"

We would now want to consider the total number of induced copies of some graph.

Definition 2.17. Let H be a graph on h wvertices, let W be a weighted complete graph
on h wvertices, where the weight of edge (i,7) is n;j. Let Aut(H) denote the number of
automorphisms of H. Define

IC(H,W) = Autl(H) Y IC(H,W,0).

Continuing the discussion before Claim 2.16, it is easy to see that in this case the
expected number of induced copies of H having one vertex in each of the sets V; is IC(H, W).
Again, we can show that the same is approximately true when we replace random bipartite
graphs with regular enough bipartite graphs.

Claim 2.18. For any 0 and k, there exists a v = v2.158(9, k) such that the following holds:
Suppose that Vi,...,Vy are sets of vertices of size m each, and that all the pairs (Vi,Vj)
are v-reqular. Define K to be the weighted complete graph on k vertices, whose weights are
ni; = d(V;,V;). Then, for any graph H of size k, the number of induced copies of H, which
have precisely one vertex in each of the sets Vi,...,Vy is

(IC(H, W) £ &§)mF

Proof. Set v2.15(0,k) = 72.16(6/k!, k). Suppose Vi,..., V) are as in the statement of
the claim and let H by any graph on k vertices. By Claim 2.16 for every permutation
o : [k] — [k], the number of induced copies of H which have precisely one vertex v; in each
set V; such that v; plays the role of vertex o (i) is IC(H, W, o) £+ dmF/k!. If we sum over all
permutations o : [k] — [k] we get >, (IC(H,W, o) & &/k!)mF. This summation, however,
counts copies of H several times. More precisely, each copy is thus counted Aut(H) times.
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Thus, dividing by Aut(H) gives that the number of such induced copies is

Autl(H) (;(IC(H, W, o) + 5/k!> mk) = (Autl(H) ;IC(H, W, o) + 5) mP

= (ICH,W)£d6)m* O

We would now want to consider the number of induced copies of a graph H, when the
number of sets V; is larger than the size of H.

Definition 2.19. Let H be a graph on h vertices, let R be a weighted complete graph of
size at least h where the weight of an edge (i, j) is n; ;, and let W denote all the subsets of
V(W) of size h. Define
IC(H,R)= Y _ IC(HW).
wew

The following lemma shows that knowing that a graph satisfies some regularity-instance
R, enables us to estimate the number of induced copies spanned by any graph, which satisfies

R.

Lemma 2.20. For any 0 and q, there are k = ko.20(0,q) and v = v2.20(, q) with the follow-
ing properties: For any reqularity-instance R of order at least k and with error parameter
at most vy, and for every graph H of size h < q, the number of induced copies of H in any
n-vertex graph satisfying R is

(IC(H,R) + ) <Z>

Proof. Put k = ka90(d,q) = ﬁ and v = v2.20(0, q) = min{%, 72,18(%5, q)}. Let R be any
regularity instance as in the statement, let G' be any graph satisfying R, and let H be any
graph of size h < q. Let Vp,...,V; be an equipartition of G satisfying R. For the proof of
the lemma it will be simpler to consider an equivalent statement of the lemma, stating that
if one samples an h-tuple of vertices from G, then the probability that it spans an induced
copy of H is IC(H,R) £.

First, note that by our choice of k we get from a simple birthday-paradox argument,
that the probability that the h-tuple of vertices has more than one vertex in any one of
the sets V; is at most %5. Second, observe that as the equipartition of R is ~y-regular and
v < 6§, we get that the probability that the h-tuple of vertices contains a pair v; € V; and
v;j € Vj such that (V;,V}) is not y-regular is at most (g)’y < (g)’y < éd. Thus, it is enough
to show that conditioning on the events: (i) the h vertices vy, ..., vy belong to distinct sets
Vi, (ii) if v; € Vi, v; € Vj and (V;,V}) is y-regular, then the probability that they span an
induced copy of H is IC(H, R) & 5. Assuming events (i) and (ii) hold let us compute the
probability that the h-tuple of vertices spans an induced copy of H, while conditioning on
the h sets from Vi, ..., Vp which contain the h vertices. For every possible set W of h sets V;
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we get from the choice of v via Claim 2.18 that the probability that they span an induced
copy of H is IC(H,W) + %5 . This means that the conditional probability that the h-tuple
of vertices span an induced copy of H is IC(H, R) + %(5 , as needed. [

Proof (of Lemma 2.13): Suppose P is testable by a tester 7, and assume without loss
of generality that 7 is canonical. This assumption is possible by Lemma 2.14. Let ¢(¢) be
the upper bound guarantee for the query complexity of 7. Fix any n and § and assume
that 6 < 1/12 (otherwise, replace § with 1/13). Let ¢ = ¢(d,n) < ¢(d) be the query
complexity, which is sufficient for 7 to distinguish between n-vertex graphs satisfying P
and those that are d-far from satisfying it, with success probability at least 2/3. As 7 is
canonical, if it samples a set of vertices and gets a graph of size g, it either rejects or accepts
deterministically. Hence, we can define a set A, of all the graphs @Q of size ¢, such that
if the sample of vertices spans a graph isomorphic to @, then 7 accepts the input. We
finally put k = k2,20(5/2(g),q), v = 72,20(5/2(3),@ and T'= Ty g(k,v). Forany k <t <T
consider all the (finitely many) regularity-instances of order ¢, where for the edge densities

1n;,; we choose a real from the set {0, %,2%,3%, ...,1}. Let Z be the union of all
these regularity-instances. Note, that all the above constants, as well as the size of Z and
the complexity of the regularity-instances in Z, are determined as a function of § only (and
the property P).

We claim that we can take R in Definition 2.6 to be

R={ReI:>» IC(RH)>1/2}.
HeA

To see this, first note that the expression ) ;. 4 IC(R, H) is an estimation of the fraction
of induced copies of graphs from A in a graph satisfying R. Combining the facts that
the graphs in A all have size ¢ and the use of Lemma 2.20 with 5/2(3) we infer that the
expression ) ;. 4 IC(R, H) is an estimate of the number of induced copies of graphs from
A in a graph satisfying R, up to an additive error of at most 6(2).

Suppose a graph G satisfies P. This means that 7 accepts G with probability at least
2/3. In other words, this means that at least %(2) of the subsets of ¢ vertices of G span
a graph isomorphic to one of the members of A. By Lemma 1.8 G has some 7-regular
partition of size at least k and at most T'. As the densities in the regularity-instances in
A differ by % we get that the densities of the regular partition of G differ by at most
52
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G is 6/q*-close to satisfying one of the regularity-instances of Z. Note that adding and/or
removing an edge can decrease the number of induced copies of members of A in G by at

most (Z’:g) Thus adding and /or removing 6n?/q? edges can decrease the number of induced
copies of members of A in G by at most 0 Z—j (Z:;) < 5(’;’). Thus, after these at most én?/q?
edge modifications we get a graph that satisfies one of the regularity-instances R € Z where
at least (2 —6) (Z) > (1 +96) (Z) of the subsets of ¢ vertices of the new graph span a member
of A (here we use the assumption that 6 < 1/12). As explained in the previous paragraph,

by our choice of k and v via Lemma 2.20, this means that » ., IC(R,H) > 1/2. By

from the densities of one of the regularity-instances R € Z. Corollary 2.12 implies that
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the definition of R this means that R € R, so G is indeed d-close to satisfying one of the
regularity-instances of R.

Suppose now that a graph G is e-far from satisfying P. If § > € then there is nothing to
prove, so assume that 6 < e. If G is (e — §)-close to satisfying a regularity-instance R € R,
then by the definition of R and our choice of k& and v via Lemma 2.20 it is (¢ — d)-close
to a graph G’, such that at least (3 — ) (Z) > (3 +96) (Z) of the subsets of ¢ vertices of G’
span an induced copy of a graph from A. In other words, this means that 7 accepts G’
with probability at least % + 6. This means that G’ cannot be d-far from satisfying P as we
assume that ¢ is enough for 7" to reject with probability at least 2/3 graphs that are J-far
from satisfying P. However, as G is e-far from satisfying P any graph that is (¢ — d)-close
to G must be §-far from satisfying P, a contradiction. [

2.4 Sampling Regular Partitions

The main result of this section (roughly) asserts that for every fixed v, if we sample a
constant number of vertices from a graph G, then with high probability the graph induced
by the sample and the graph G will have the same set of y-regular partitions. To formally
state this result we introduce the following definition:

Definition 2.21 (é-similar regular-partition). An equipartition U = {U; | 1 < i < k} is
d-similar to a ~y-regular equipartition V = {V; | 1 < i < k}, of the same order k (where
0<~y<1), if

1. d(U;,U;) = d(V;, V;) £ 6 for alli < j.
2. Whenever (V;, V) is y-regqular, (U, U;) is (v + 9)-regular.

Observe that in the above definition, the two equipartitions V and & may be equiparti-
tions of different graphs. In what follows, if G = (V, E) is a graph and @ C V(G), then G[Q]
denotes the subgraph induced by G on ). Our main result in this section is the following:

Lemma 2.22. For every k,0 there exists ¢ = qa.02(k,d) such that a sample Q, of q vertices
from a graph G, satisfies the following with probability at least 2/3: If G has a ~y-regular
equipartition V of order at most k, then G[Q] has an equipartition U, which is 0-similar
to V. Also, If G[Q] has a ~y-regular equipartition U of order at most k, then G has an
equipartition V, which is d-similar to U.

The proof of Lemma 2.22 has two main stages. For the first one we need a weaker result,
which says that a sample of vertices has a regular partition, but with a weaker regularity
measure.

Lemma 2.23 ([60]). For every k and y there exists ¢ = qa2.23(k,~) such that if a graph G
has a y-regular equipartition V = {V1,...,Vi} of order k, then with probability at least 2/3,
a sample of q vertices will have an equipartition U = {Uy, ..., Uy} satisfying:

1. d(U;,Uj) = d(V;,Vj) £ 6 for alli < j.
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2. Whenever (Vi, V) is ~y-reqular (U;, U;) is 507/ -regular.

For our purposes however, we cannot allow a weaker regularity as in the above lemma.
Our main tool in the proof of Lemma 2.22 is Lemma 2.25 below, which establishes that if
two graphs share one vy-regular equipartition, then they share all the ~'-regular-partitions
where +/ is slightly larger than ~. This will allow us to strengthen Lemma 2.23 and thus
obtain Lemma 2.22. For the statement of this lemma we need the following definition:

Definition 2.24 ((0,)-similar regular-partitions). Two equipartitionsV = {V; | 1 <i < k}
and U = {U; | 1 <i < k} of the same order k, are said to be (0,~)-similar if:

1. d(U;,Uj) = d(Vi, V;) £ 6 for alli < j.
2. For all but at most ’y(g) of the pairs i < j, both (V;,V}) and (U;,U;) are y-regular.

Lemma 2.25. For every k and § there exists ( = (2.95(k, d) with the following property: sup-
pose that two graphs G = (V,E) and G = (V,E) have (,()-similar regular-equipartitions
V={W,...,Vs} and V = {V1,...,V} with £ > 1/C. Then, if G has a y-reqular equipar-
tition A = {Ay,..., Ay} then G has an equipartition A = {Aq, ..., Ax}, which is §-similar
to A.

We turn to prove Lemma 2.25. We then use it to prove Lemma 2.22.

Proof (of Lemma 2.25): Let Ay,..., A;, be any equipartition of G. Recall that ¢ denotes
the order of the equipartition V), which is also the order of V. For every 1 < p < ¢ and
1 <qg<kset AV,, =V, NA, and apy = |AV,4]/|Vp|- For every 1 < p < ¢ and
1 < q<klet AV, , be any subset of V), of size a 4|V}|. Finally for every 1 < ¢ < k define
A, = Uf;:1 AV, 4. Instead of stating what (2.25(k,0) should be, we state along the way
different upper bound on (5.25(k,d) that will depend only on k and §. One can then take
the minimum of all these values as (2.25(k, 9)

Claim 1: If (4,, Ay) is y-regular then (A4, Ay) is (v + §)-regular.

Proof. To simplify the notation we assume that (A;, As) is y-regular and prove that
(A1, Ag) is (y+26)-regular. Set n = d(Ay, Ag). As Claim 2 below asserts d(Aj, Ay) = n+4.
Thus we need to show that d(A4), A}) = n=+ (y+9) for every A} C A; and AL, C As of sizes
(v+9)|A1| and (y+ )| As|, respectively. For simplicity we show that d(A}, AS) <n—+~+9,
as showing that d(A}, A}) > n —~ — § is similar. Recall that each set A, is the union of ¢
sets AV g, ..., AV 4. For every 1 <i,j </lput AV/; = AV;1 N A} and AV], = AV N Aj.
We can rephrase our goal in terms of the number of edges as follows

D e(AV] AV o) < (n+ v + )AL A5] = (n+ v+ 6) (v + 6)*| A1 || Ag]. (2.1)
1<4,j<¢

Let n denote the number of vertices of G. To prove (2.1) we turn to bound the contri-
bution to the LHS (= Left Hand Side) of (2.1) of three types of pairs of (3, j):
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e Pairs (i,j) for which i = j: Observe that the maximum possible number of edges
connecting all pairs (AV; 1, AVj2) for which i = j is given by ), o102/ A1||A2]|.
Furthermore, for any 1 < i < ¢ we have 0 < «a;1,a;2 < k/¢ (this is because
Vil = ... = [Vi] = n/l and |A1| = ... = |Ax| = n/k). By Claim 2.26 we get that
Yooy a|Arl|As] < %’AlHAQ‘ and if we choose a ( satisfying ¢ > 1/¢ > 6k/6% >
6k/5(y + 6)% we can infer that the contribution of the pairs (i,4) to the LHS of (2.1)
is at most %5(7 + 6)?|A1||A2| (note that ¢ > 1/( is guaranteed by the statement of
the lemma).

e Pairs (i,j) for which either [AV/,| < (|Vi| or [AV],| < (|V;|: Consider the 1 <
i < £in (2.1) for which [AV/,] < ¢|V;] = ¢n/{. The total number of vertices of G that
belong to such sets is clearly at most (n, therefore the total number of such vertices
in Ay is at most k(|A;|. Similarly, the total number of vertices of Ay which belong
to sets [AV/,| for which |AV],| < (|Vj] is at most k(|Az|. Therefore the contribution
of pairs (7, j) to the LHS of (2.1) for which either [AV};[ < (|Vi] or [AV],] < ([V}] is

2
at most 2k(|A1||Az|. If we choose ¢ so that it satisfies ¢ < % < 5(71;,? , such pairs

(i,7) can contribute to the LHS of (2.1) a total of at most £(vy + &)?| A1 Aa|.

For a later step of the proof it will be important to note that by the above reasoning,
the number of vertices of A that belong to sets AV/; of size smaller than (|V;| is at
most J|A1|. Similarly the number of vertices of A that belong to sets AV}, of size
smaller than (|V}| is at most 6|As.

e Pairs (i,j) for which (V;,V;) is not (-regular: Recall, that V is a (-regular
equipartition therefore at most (n? edges of G connect pairs of clusters (V;, V;) that are
not (-regular. As |A;| = |A2| = n/k this means that the number of edges connecting
Ay and Aj that belong to pairs (V;, V) that are not (-regular is at most k*¢(n/k)? =
k2C|A1||Az|. If we choose ¢ so that ¢ < $63/k* < 6(y + 6)%/k?, such pairs can
contribute at most $4(y + §)?|A;]|Az| to the sum in (2.1).

We have thus accounted for all pairs (¢,7) in (2.1) for which either i = j, (V;,V;) is
not (-regular, [AV/| < (|Vj| or |AV],| < (|Vj|. Specifically, we have shown that they can
contribute at most $5(vy + §)?|A1||A2| = 5| Af||A4| to the LHS of (2.1). Therefore, we can
now reduce proving (2.1) to showing that

S AV AV = S d(AV AV AVANIAVa] < (4 + 50)] 45144,
i€l jed i i€l jedit]

(2.2)

while assuming that all i € I and j € J in the above sum satisfy [AV/,| > (|V;| and

|AV/5| > (|Vj|. Note, that the lemma assumes that if (V;,V}) is (-regular then so is

(Vi,V;). Therefore we can assume that for any i € I, j € J, i # j

A(AV]}, AV],y) = d(Vi, V) % C. (2.3)
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and -
d(AV'; 1, AV’ 0) = d(Vi,Vj) + (. (2.4)

The reason is that if i < j is such that (V;,V;) and (V;, V) are (-regular and furthermore
|AV/1| = C|Vi] and |AV],| > ¢|V;| then the above follows from the definition of a (-regular
pair. If one of these conditions does not hold then we will possibly recount some of the
edges which we have already accounted for before. If we choose { so that { < %5 we can
use (2.3) to reduce (2.2) to showing

2
Z d(Vi, Vi)| AV ||AV] o] < (n+ v + §5)‘A/1HA/2’ (2.5)
i€l jed i

As we assume that V and V are (¢, ¢)-similar we have d(V;,V;) = d(V;,V;) £ ¢ for every
i < j. If we choose ¢ so that ¢ < %(5, we can reduce (2.5) to showing that

_ 1
Y. dVi Vi)AVLIAV]o| < (n+ 7 + 3014114 (2.6)
i€l,jeJi#]

By (2.4) we can reduce (2.6) to showing that

D AV AV AV [[AV] o] < (n+ )| A ]| Ab). (2.7)
iel,jedi#£j

Let AY = U,;e; AV)y and A5 = (J;c; AV} 5. Clearly |A]] < [A]] and [A3] < |A4)|, thus we
can prove (2.7) by deriving the following stronger assertion:

S d(AVE AV AV AV]] < (n+ ) AL AY). (2.8)
iel,jedi#tj

Note, that as we have already mentioned, by our choice of ¢ at most 0|A4;| vertices of A}
belong to sets AV;, for which AV/; < (|Vi|. Therefore, we have [A]| > [A]]|—0]A1| > ~[A].
Similarly, [A3| > y|Az|. Put 81 = |AV/,|/|A]] and Bj2 = |AV],|/|A3|. For every i € I let
TV;J be any subset of Wz}l of size 6@1]1471/@1\. Similarly, for every j € J let W}Q be any
subset of AV of size 3;2|AV j2|. Put ZI{ = Ues AV and ZIQ/ = Ujejﬁjﬂ and note
that just as [A”| > y|A1| and |AY| > ~|As| we also have |A]| > ~v|A;| and [Ay| > 5[A,].
Dividing by |AY||AY| we can restate (2.8) as

Y dAV] AV BB <+
i€l,j€Ji#]

Finally, note that the above holds because

> dAVi1, AVip)BiaBia < Y d(AVii, AV;)BinBi2 = d(AT1, ATy) < n+y
i€l jEd iz 1<ig<e
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due to the fact that (Ay, Ay) is by assumption y-regular, d(Ay, A3) = n, [A]| > v|4;| and
|A| > ~|A3|. This completes the proof of the claim. [

Claim 2: For all ¢ < ¢’ we have d(Ay, Ay) = d(Aq, Ay) £6
Proof. The proof is identical to the above proof. [

The proof of the lemma follows from the above two claims. [

Claim 2.26. Let a1,...,ap and by,..., by satisfy D 1<;cp@i = D 1<cbi = 1 and 0 <
a;, by < k/l, where k < (. Then Zlgz‘gz ab; < k/L.

Proof. Observe that Zlgigf aibi < maxlgigg{ai}zlgig bl < ki/f J

Proof (of Lemma 2.22): Set ¢ = (Co.25(k,6)/50)° and ¢’ = 50¢'/® and note that ¢, ¢’ <
C2.95(k,0). Let V = {Vq,...,Vs} be a (-regular partition of G of order at least 1/{. Such
an equipartition of order at most 778(1/(,() exists by Lemma 1.8. By Lemma 2.23 we
get that if we sample a set @ of at least g2.23(¢,() vertices from G then with probability
at least 2/3 the graph induced on @, which we denote by G[Q] will have an equipartition
U ={U,...,Us}, such that d(V;,V;) = d(U;,U;) £ ¢’ and such that if (V;,V;) is (-regular
then (U;, U;) is ('-regular. This means that with probability at least 2/3, the graph G[Q)] is
such that G and G[Q] have equipartitions, which are ({2.25(k, 9), (2.25(k, 9))-similar. Indeed,
as these equipartition we can take V and U, because as ¢’ < (2.95(k,d) then d(V;,V;) =
d(Ul, U]) + C2.25(/€,(5). AISO, as C < C/ < ngg,(k,(g)), then for all but at most C2,25(k‘,5) (IQC)
of the pairs ¢ < j, both (V;,V;) and (U;,Uj) are (2.25(k,d)-regular. Thus, Lemma 2.25
implies that for any ~-regular partition in G (respectively G[Q]) G[Q] (respectively G) has
an equipartition that is d-similar to it. We can thus take g2.22(k,d) = ¢2.23(¢, () in the
statement of the lemma because ¢ and ¢ depend on k and 6. [

2.5 Testing Regular Partitions and Proof of the Main Result

In this section we apply the results of Sections 2.2 and 2.4 to prove Theorem 2.7. We
start by proving the main technical result of this chapter by showing that the property of
satisfying a regularity-instance is testable with a constant number of queries.

Proof (of Theorem 2.5): Suppose the regularity-instance R has error parameter -, (g)
edge densities 7; j, and a set of non-regular pairs R. Given G = (V, E) and e, the algorithm
for testing the property of satisfying R, samples a set of vertices @), of size ¢, where g will be

4
chosen later, and accepts G if and only if the graph spanned by @ is 28’0—,?2—01086 to satisfying
R. In what follows we denote by G[Q] the graph spanned by Q.

Claim 1: If G satisfies R, and q > qi(e, k, ), then G[Q)] is %—Close to satisfying R with
probability at least 2/3.
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Proof. If G = (V, E) satisfies R, then V has an equipartition into Vi,..., Vj such that for
all (i,7) € R the pair (V;,V}) is y-regular. If we take qi (e, k,7) = ga.22(k, ﬁ), then by
Lemma 2.22; with probability at least 2/3 the graph G[Q)] will have an equipartition into k
sets Ay, ..., Ay, such that d(A;, A;) =n; ; £ 10000k:2
then (A;, Aj) is (v + %)—regular. By Corollary 2.12, this means that G[Q)] is 230%—(31086
to satisfying R.

for all « < j, and if (V,V}) is y-regular

Claim 2: If G is e-far from satisfying R, and ¢ > g¢a2(e, k, ), then G[Q)] is -far from

satisfying R with probability at least 2/3.

2001<:2

Proof. We take ga(€, k,0) = go.00(k, %). By Lemma 2.22 we get that with probability at
least 2/3 the graph G[Q)] is such that if it has a «/-regular equipartition of order k, then G
has an equipartition which is 203;2 -similar to it. We claim that if this event occurs then G[Q)]
is

20%2 -far from satisfying R, which is what we want to show. Suppose G[Q] satisfies the

above property and assume on the contrary that it is W—close to satisfying R. Consider
the 23322 ¢> edge modifications that make G[Q] satisfy R and consider an equipartition
= {Uy,.. Uk} of G[Q], which satisfies R after performing these modiﬁcations As we

made at most ¢ edge modifications, we initially had d(Uj;, Uj) =mij % 200 Consider

50012
now any (i,7) € R. After these modifications (U;, U;) must be y-regular with density 7; ;.
Therefore, after these modifications every pair U; C U;, U} C U; satisfying |U]| > v|U;| and

\UZ| > ~|Uj| satisfies d(U},U}) = n;,; £ . Hence, before the modifications every such pair
satisfied d(U;, U}) = mi ;£ (v+ 200) Note that this means that every such pair was originally

(v + 100) regular. By our assumption on G[Q] this means that G has an equipartition in
Vi,..., Vi such that d(Vi, Vj) = miy £ 7 5 holds for all ¢ < j, and for all (i,5) ¢ R the pair

(Vi,Vj)is (v+ % ) regular. By Corollary 2.12, this means that G is e-close to satisfying R,
contradicting our assumption. [

Combining the above two claims we infer that if ¢ = max{qi (¢, k,7),q2(€, k,7y)} then
with probability at least 2/3 the algorithm distinguishes between the required two cases.
Furthermore, the number of queries performed by the algorithm depends only on €, k£ and
v, and is thus bounded from above by a function of € and r. This completes the proof of
the theorem. [

Having established the testability of any given regularity-instance we can prove Theorem
2.7. The last tool we need for the proof is the main result of [64] about estimating graph
properties.

Theorem 2.27 ([64]). Suppose that a graph property P is testable. Then for every 0 <
€1 < €o < 1 there is a randomized algorithm for distinguishing between graphs that are €1-
close to satisfying P and graphs that are ea-far from satisfying it. Furthermore, the query
complexity of the algorithm can be bounded from above by a function of €1 and €3, which is
independent of the size of the input.
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Proof (of Theorem 2.7): The first direction is given in Lemma 2.13. For the other
direction, suppose that a graph property P is regular-reducible as per Definition 2.6. Let
us fix n and e. Put r = r(ie) and let R be the corresponding set of regularity instances
for § = %e as in Definition 2.6. Recall that Definition 2.6 guarantees that the number and
the complexity of the regularity-instances of R are bounded by a function of § = ie. By
Theorem 2.5 for any regularity-instance R € R, the property of satisfying R is testable.
Thus, by Theorem 2.27 for any such R, we can distinguish graphs that are %e—close to
satisfying R from those that are %e—far from satisfying it, while making a number of queries,
which is bounded by a function of €. In particular, by repeating the algorithm of Theorem
2.27 an appropriate number of times (that depends only on r = r(ie)), and taking the
majority vote, we get an algorithm for distinguishing between the above two cases, whose
query complexity is a function of € and r, which succeeds with probability at least 1 — 3—1T
As r itself is bounded by a function of €, the number of queries of this algorithm can be
bounded by a function of € only.

We are now ready to describe our tester for P: Given a graph G of size n and € > 0,
the algorithm uses for every R € R the version of Theorem 2.27 described in the previous
paragraph, which succeeds with probability at least 1— % in distinguishing between the case
that G is ie—close to satisfying R and the case that it is %e—far from satisfying it. If it finds
that G is ie—close to satisfying some R € R, then the algorithm accepts, and otherwise
it rejects. Observe that as there are at most r regularity-instances in R, we get by the
union-bound that with probability at least 2/3 the subroutine for estimating how far is G
from satisfying some R € R never errs. We now prove that the above algorithm is indeed a
tester for P. Suppose first that G satisfies P. As we set § = ie and P is regular-reducible
to R, the graph G must be ie—close to satisfying some regularity-instance R’ € R. Suppose
now that G is e-far from satisfying P. Again, as we assume that P is regular-reducible to
R, we conclude that G must be %e—far from satisfying all of the regularity-instances R € R.
As with probability at least 2/3 the algorithm correctly decides for any R € R if G is
%e—close to satisfying R or %e—far from satisfying it, we get that if G satisfies P then with
probability at least 2/3 the algorithm will find that G is %e—close to satisfying some R € R,
while if G is e-far from satisfying P then with probability at least 2/3 the algorithm will
find that G is %e—far from all R € R. By the definition of the algorithm, we get that with
probability at least 2/3 it distinguishes between graphs satisfying P from those that are
e-far from satisfying it. This means that the algorithm is indeed a tester for P. [

2.6 Applications of the Main Result

In this section we show that Theorem 2.7 can be used in order to derive some positive and
negative results on testing graph properties. We would like to stress that all these proofs
implicitly apply the main intuition behind our characterization, which was explained after
the statement of Theorem 2.7, that a graph property is testable if and only if knowing the
regular partition of the graph is sufficient for inferring if a graph is far from satisfying the
property. Our first application of Theorem 2.7 concerns testing for H-freeness; A graph is
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said to be H-free if it contains no (not necessarily induced) copy of H. It was implicitly
proved in [4] that for any H, the property of being H-free is testable. The main idea of the
proof in [4] is that if G is e-far from being H-free then a large enough sample of vertices will
contain a copy of H with high probability. Here we derive this result from Theorem 2.7 by
giving an alternative proof, which checks if the input satisfies some regularity-instance. For
simplicity, we only consider testing triangle-freeness. We briefly mention that an argument
similar to the one we use to test triangle-freeness can be used to test any monotone graph
property. However, to carry out the proof one needs one additional non-trivial argument,
which was proved in [14], so we refrain from including the proof.

Corollary 2.28. Triangle-freeness is testable.

Proof: By Theorem 2.7 it is enough to show that triangle-freeness is regular-reducible.
Fix any 6 > 0 and set 7/ = 72.18(0,3). Define v = min{+/,6}. We define R to be all the
regularity-instances R satisfying the following: (i) They have regularity parameter « (ii)
They have order at least 1/ and at most T g(1/7, ) (iii) Their densities n; ; are taken from
{0,7,27v,...,1}. (iv) They do not contain three clusters V;, Vj, Vi such that n; ;,n;k, ik
are all positive.

To show that this is a valid reduction, assume first that G is e-far from being triangle-
free. Assume G is (e — d)-close to satisfying a regularity instance R € R. We can thus make
(e — 6)n? edge modifications and get a graph satisfying R. We also remove all edges inside
the sets V;. As by item (ii) each set has size at most yn < én we remove less than dn? edges.
The total number of edges removed is thus less than en?. By property (iv) of the regularity
instances of R this means that the new graph is triangle-free, which is impossible because
we made less than en? edge modifications and G was assumed to e-far from being triangle-
free. Assume now that G is triangle-free. By Lemma 1.8 G has a v-regular equipartition
Vi,..., Vi of order 1/y < k < Ty8(1/7,7). Note that by our choice of 4" via Claim 2.18,
and because v < 7/, there are no 4, j, k such that (V;, V}), (V}, Vi), (V;, Vi) are y-regular and
d(Vi, V}),d(V;, Vi), d(Vi, Vi) > 6 because such sets span at least one triangle (in fact, many).
As by item (iii) the densities of the instances in R are taken from {0,~,2v,...,1} we can
make at most yn? < dn? changes and “round down” the densities between the sets into a
multiple of «, while maintaining the regularity of the regular-pairs (we can use Lemma 2.8
here). This means that the new graph satisfies a regularity-instance R € R, which means
that G was d-close to satisfying R. [

Our second application of Theorem 2.7 is concerned with testing k-colorability. This
property was first implicitly proved to be testable in [105]. Much better upper bounds were
obtained in [75], and further improved by [7]. As in the case of H-freeness, the main ideas
of the proofs in [105, 75, 7] is that if G is e-far from being k-colorable then a large enough
sample of vertices will not be k-colorable with high probability. Here we derive this result by
applying Theorem 2.7. Though we derive here only the testability of k-colorability, simple
variants of the argument can be used to show that all the partition-problems studied in [75]
are testable?.

2An alert reader may note that our proof of Theorem 2.7 applies the result of [64], which relies on the
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Corollary 2.29. k-colorability is testable.

Proof: By Theorem 2.7 it is enough to show that k-colorability is regular-reducible. Fix
any 0 > 0 and define R to be all the regularity-instances R satisfying the following: (i)
They have regularity measure 0 (ii) They have order at least 1/ and at most 77.g(2/4,9)
(iii) Their densities n; ; are taken from {0,6,20,...,1}. (iv) The following graph T' = T'(R)
is k-colorable: if R has order ¢ then T has t vertices, and (i, j) € E(T) iff n; ; > 0.

To show that this is a valid reduction, assume first that G is is e-far from being k-
colorable. Assume G is (e — d)-close to satisfying a regularity instance R € R. We can thus
make (e — §)n? edge modifications and get a graph satisfying R. We also remove all edges
inside the sets V;. As by item (ii) each set has size at most dn we remove less than én?
edges. The total number of edges removed is thus less than en?. By property (iv) of the
regularity instances of R this means that the new graph is k-colorable, which is impossible
because we made less than en? edge modifications and G was assumed to be e-far from being
k-colorable. Assume now that G is k-colorable and let Vi, ..., V} be the partition of V(G),
which is determined by a legal k-coloring of G. Break every set V; into sets U; 1, ..., U;a/s1
of size %571. Put all the leftovers from each set in another set L of size %(57@. By Lemma 1.8,
starting from this equipartition we can get a d-regular equipartition of G' of order at most
T18(2/9,6). Note that disregarding the refinement of L the new equipartition must satisfy
item (v) in the definition of R. As by item (iii) the densities of the instances in R are
taken from {0,6,24,...,1} we can make at most én? edge modifications and thus “round
down” the densities between the sets into a multiple of §, while maintaining the regularity
of the regular-pairs (we can use Lemma 2.8 here). This means that the new graph satisfies
a regularity-instance R € R, which means that G was d-close to satisfying R. O

The examples that were discussed above apply Theorem 2.7 to obtain positive results.
Our third application of Theorem 2.7 derives a negative result. The main focus of [61]
is testing for isomorphism to a given fixed graph. It shows that the query complexity of
testing for isomorphism grows with a certain parameter, which measures the “complexity”
of the graph. Without going into too much detail we just mention that under this measure
random graphs are complex. Here we prove that testing for being isomorphic to a graph
generated by G(n,0.5) requires a super-constant number of queries.

Corollary 2.30. Let I be a graph generated by G(n,0.5). Then, with probability 1 — o(1)
the property of being isomorphic to I is not testable.

Proof: By Theorem 2.7 it is enough to show that with probability 1 — o(1) the property
of being isomorphic to I is not regular-reducible. Note, that now there is only one value of
n to consider in Definition 2.6 because the property we consider is a property of n-vertex
graphs. Consider a graph generated by G(n,0.5). Clearly, by Lemma 2.11 the bipartite
graph on any pair of sets of vertices of size \/n has density ~ 0.5. We claim that if I satisfies
this property then it is not regular-reducible. Suppose it is regular-reducible and consider

result of [75]. Thus, in the strict sense it is wrong to say that we infer the result of [75] from ours. However,
it is not difficult to see that the result of [75] also follows from our (self-contained) proof of Lemma 2.22.



2.7. Concluding Remarks and Open Problems 61

a small §, say § = 0.01. Let R be the set of regularity-instances, which corresponds to this
value of §. Let G be a graph isomorphic to I. By Definition 2.6 it must be the case that G
is d-close to satisfying some R € R. By the properties of I this means that most densities
of R must be close to 0.5. Let k denote the order of R and let 7;; denote its densities.
Consider a random k-partite graph on sets of vertices V1, ..., Vj each of size n/k, where the
bipartite graph connecting V; and Vj; is a random bipartite graph with edge density 7; ;.
Clearly this graph is d-close to satisfying R. On the other hand, it is not difficult to see
that as most of the densities 7n; ; should be close to 0.5, then with high probability such
a graph must be a-far from being isomorphic to I, for some fixed o > 0, say o = 0.03.
This means that we have a graph that is 0.03-far from satisfying the property and is yet
0.01-close to satisfying one of the regularity-instances of R. As we chose 6 = 0.01, this
violates the second condition of Definition 2.6. [

2.7 Concluding Remarks and Open Problems

The main result of this chapter gives a combinatorial characterization of the graph proper-
ties, which can be tested with a constant number of edge queries in the dense graph model,
possibly with a two-sided error. Together with the (near) characterization of [16] of the
graph properties that can be tested with one-sided error, and the result of [64] showing that
any testable property is also estimable, we get a more or less complete answer to many of
the qualitative questions on testing graph properties in the dense model. While property
testing in the dense model is relatively well understood, there are no general positive or
negative results on testing graph properties in the bounded-degree model [76] or the general
density model [101]. In these models the query complexity of the tester usually depends on
the size of the input. It seems interesting and challenging to obtain general results in these
models. One interesting problem is which of the partition problems which were studied in
[75] can be tested using a sublinear number of queries. It will also be very interesting to
give general positive and negative results concerning the testing of boolean functions.
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Chapter 3

Uniform vs Non-uniform Property
Testing

3.1 The Main Result

In this chapter we study the following question: are there graph properties that cannot be
tested when the testing algorithm receives the error parameter € as part of the input, and
can be tested if € is known in advance. Let us start by recalling the definition of a testable
graph property that we have used thus far in the thesis.

Definition 3.1. (Testable) A graph property P is testable, if there is a tester for P whose
query complexity q(e,n) can be bounded by a function Q(€), which is independent of the size
of the input.

We stress that the definition of a tester for a testable property allows the query com-
plexity to depend on n. It just requires that it will be possible to bound q(e,n) by some
function Q(e). Therefore, for example q(e,n) = 1/e + (—1)" is a legitimate query complex-
ity as is can be upper bounded by Q(€) = 1/e + 1. As we will see later, in some cases the
distinction between query complexity depending only on ¢ and query complexity bounded
by a function of € may have interesting and non-trivial subtleties.

One of the fundamental problems of complexity theory is in understanding the relations
between various models of computation. In particular, one would like to know if two models
are equivalent or if there are problems, which can be solved in one model but not in the other.
Regretfully, in many cases, though it seems obvious that two models of computation are not
equivalent, the current techniques are far from enabling one to formally prove that. In this
chapter we introduce two natural and realistic models of property-testing !. Surprisingly, in
our case, though it seems at first that these models are equivalent, we manage to formally
prove that they are in fact distinct. En route, we also formally prove that in some cases a

!These models are natural and realistic in the sense that they capture all the previous results on testing
graph properties.
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tester can make a non-trivial usage of both the error parameter € and the size of the input
graph n.

The main goal of testing properties in the dense graph model is to design a tester, whose
query complexity can be upper bounded by a function, which is independent of the size of
the input graph, and thus establish that a certain property is testable. In defining a tester
above we have allowed the tester to use the size of the input in order to make its decisions.
We now remind the reader of the definition of an oblivious tester, which was first stated in
Chapter 1:

Definition 3.2. (Oblivious Tester) A tester (one-sided or two-sided) is said to be obliv-
ious if it works as follows: given € the tester computes an integer Q@ = Q(€) and asks an
oracle for a subgraph induced by a set of vertices S of size @), where the oracle chooses S
randomly and uniformly from the vertices of the input graph. If Q) is larger than the size of
the input graph then the oracle returns the entire graph. The tester then accepts or rejects
(possibly randomly) according to € and the graph induced by S.

At this point we remind the reader the discussion in Chapter 1 on why the definition
of oblivious-tester is natural in the context of testing algorithm with constant number of
queries. Informally, the notion of an oblivious tester means that the size of the input is
not an important resource when studying property testing of “natural” graph properties in
the dense graph model, such as hereditary properties, whose definition is independent of
the input size. We stress that as opposed to the dense graph model, property-testing in
the bounded degree model [76] and the general density model [101], usually requires query
complexity, which depends on the size of the input graph. Therefore, the notion of oblivious
testing is not adequate for those models.

The main resource that we seek to study in this chapter, is the value of the error
parameter €. In defining a tester before, we did not mention whether the error parameter e
is given as part of the input, or whether the tester is designed to distinguish between graphs
that satisfy P from those that are e-far from satisfying it, when € is a known fixed constant.
The current literature about property testing is not clear about this issue as in some papers
€ is assumed to be a part of the input while in others it is not. We thus introduce the
following two definitions:

Definition 3.3. (Uniformly testable) A graph property P is uniformly testable if it can
be tested by an oblivious tester as in Definition 3.2. Note that such a tester accepts € as
part of the input.

Definition 3.4. (Non-uniformly testable) A graph property P is non-uniformly testable
if for every € there is a tester T for distinguishing between graphs satisfying P from those
that are e-far from satisfying it, which works as a standard tester making at most QQ queries.

Note, that in Definition 3.4 a tester T, does not receive € as part of the input. Note also
that we can think of a tester T as a uniform tester, where the tester “knows” the quantity
Q(e) in advance and does not have to compute it. For this reason it is clear that if P is
uniformly testable then it is also non-uniformly testable: For every ¢ we can define T, to
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perform like the uniform tester for P, while setting @ = Q(e). As in the definition of a
tester above, we generally allow a property to be uniformly (resp. non-uniformly) tested
with two-sided error. If a property is uniformly (resp. non-uniformly) testable in a way that
graphs satisfying the property are always accepted then the property is said to be uniformly
(resp. non-uniformly) testable with one-sided error.

We believe that the distinction between uniform and non-uniform testing was not previ-
ously introduced in the literature because all the testable graph (and non graph) properties
that were previously studied were in fact uniformly testable. As we have mentioned above,
any property that is uniformly testable is also non-uniformly testable. It may thus seem,
at least at first glance, that uniformly and non-uniformly property-testing are identical
notions. However, the problem with trying to simulate a non-uniform tester(s) using a
uniform one is that computing the query-complexity @Q(e), may be non-recursive. Our main
result in this chapter is that when considering oblivious testers these two notions are in fact
distinct. Moreover, these notions can be shown to be distinct while confining ourselves to
graph properties, which are natural with respect to both their combinatorial structure and
their computational difficulty.

Theorem 3.5. There is a graph property P with the following properties:
1. P can be non-uniformly tested with one-sided error.
2. P cannot be uniformly tested, even with two-sided error.

Moreover, satisfying P belongs to coN P and can be expressed in terms of forbidden sub-
graphs.

For a family of graphs F we define the property of being F-free as the property of
not containing a copy of any graph F' € F as a (not necessarily induced) subgraph. The
property P, which we construct in order to prove Theorem 3.5, is simply the property of
being F-free for some carefully defined family of graphs F.

The reader should note that the difference between being uniformly testable and non-
uniformly testable, is not as sharp as, say, the difference between P and P/Poly. The reason
is that in P/Poly the non-uniformity is with respect to the inputs, while in our case the
non-uniformity is over the error parameter. In particular, a non-uniform tester 7T should
be able to handle any input graph. We note that it is possible to prove Theorem 3.5 by
defining an undecidable graph property that can be non-uniformly tested with one-sided
error, but obviously cannot be uniformly tested (because by setting e = 1/n? we precisely
solve the undecidable problem). Theorem 3.5 however, gives a natural separation of these
two models of property-testing by defining a decidable and combinatorially natural graph
property, which satisfies the assertions of Theorem 3.5. We note that the main focus of
property testing is in solving problems using the smallest possible amount of information
about the input. Hence, undecidable properties are particulary unnatural in the context
of property testing as such properties are not solvable/testable even if one has complete
knowledge of the input.
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3.1.1 Separations in Other Models of Property Testing

Is is natural to ask if it is possible to prove versions of Theorem 3.5 for other models of
property testing. In particular, it is natural to ask if such a separation can be proved for
the stronger model of property testing, where the tester can use the size of the graph in
order to determine its query complexity (which should still be bounded by a function of €)
and make its decisions. As it turns out such a separation is not possible.

Proposition 3.6. (Rough Statement) Suppose we allow a tester to use the size of the
wput graph in order to determine its query complexity. Then any property that can be tested
with number of queries bounded by a function of €, when € is known in advance, can also be
tested when € is given as part of the input.

Theorem 3.5 asserts that there are properties that can be tested by a tester if it knows
€ in advance, which cannot be tested if € is part of the input. In other words, it asserts
that there are non-trivial computations the tester may perform with the error parameter
€. Therefore, Proposition 3.6 can be interpreted as asserting that knowing the size of the
input can help a tester in a non-trivial way. More precisely, it shows that in some cases it
is possible for the tester to compute the query complexity with the aid of the size of the
input, while by Theorem 3.5 it is impossible to do so without this information. We note that
Proposition 3.6 has some additional interesting implications. Its proof gives a non-trivial
example, where the query complexity of a tester can be bounded by a function of € only
(as Definition 3.1 requires), while at the same time the query complexity depends on the
size of the graph. It also gives a non-trivial example, where though the query complexity
of a tester can be bounded by a function of € only, the running time of the tester depends
(exponentially!) on the size of the input. See the appendix of this chapter for the full
details.

3.1.2 Monotone graph properties

In this subsection we briefly discuss the main result of [14], which was discussed in Sec-
tion 1.3.1. Throughout the chapter we will make an extensive use of the notion of graph
homomorphism, which we redefine for the convenience of the reader..

Definition 3.7. (Homomorphism) A homomorphism from a graph F to a graph K, is
a mapping ¢ : V(F) — V(K) that maps edges to edges, namely (v,u) € E(F) implies
(p(v), p(u)) € E(K).

In the rest of the chapter, F' — K will denote that there is a homomorphism from F
to K, and F' +/ K will denote that no such homomorphism exists. Just to practice the
definition, note that if ' — K then x(F') < x(K). In particular, this means that a graph G
has a homomorphism into a clique of size k if and only if G is k-colorable. A key ingredient
in the main result of [14] as well as in this chapter, is a certain graph theoretic functional,
defined below.
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Definition 3.8. (The function V) For any (possibly infinite) family of graphs F, and
any integer k let Fi be the following set of graphs: A graph R belongs to Fy, if it has at
most k vertices and there is at least one F' € F such that F — R. For any such family F
and integer k, for which Fj, # 0, let

g — i . 1
F(k) max {Feg}ngR}lV( ) (3.1)

Furthermore, in case Fj, = 0, define Ux(k) = 0.

Practicing definitions again, note that if F is the family of odd cycles, then Fy, is precisely
the family of non-bipartite graphs of size at most k. Also, in this case W z(k) = k when k is
odd, and ¥x(k) = k — 1 when k is even. The “right” way to think of ¥ is the following:
Let R be a graph of size at most k and suppose we are guaranteed that there is a graph
F’ € F such that F’ — R (thus R € Fy). Then by this information only and without having
to know the structure of R itself, the definition of ¥ r implies that there is a graph F € F
of size at most ¥x(k), such that F' — R.

As it turns out, Wx(k), which seems to have little, if any, to do with property testing,
is in fact crucial to testing monotone graph properties. Call a function recursive if there is
an algorithm for computing it in finite time (see [102]). The first effect of ¥ (k) on testing
monotone graph properties is part of the main result of [14], which can be formulated as
follows.

Theorem 3.9. ([14]) For every (possibly infinite) family of graphs F, the property of being
F-free is non-uniformly testable with one-sided error 2. Moreover, if U is recursive then
being F-free is also uniformly testable with one-sided error.

Remark 3.10. For the sake of completeness of this thesis, we remark that the fact that
F-freeness can be non-uniformly tested with one-sided error follows as a special case of
Theorem 1.1 and the remark following its proof. As for the fact that in case YV is recursive,
then F-freeness is also uniformly testable with one-sided error, one can see that this follows
from the proof of Theorem 7.4 and the discussion in Section 7.5, as in this case precisely
the same functional ¥ is used.

Remark 3.11. The reader should note that Theorem 3.9 immediately applies also to any
monotone property P. The reason is that given P we can define F = Fp to be the set of
graphs, which are minimal with respect to not satisfying the property P. For example, if P
is the property of being bipartite then Fp is the (infinite) family of odd cycles. It is clear
that satisfying P is equivalent to being F-free. For convenience and ease of notation, in
this chapter we describe monotone properties via their family of forbidden subgraphs.

3.1.3 Main ideas and overview of the proof

The proof of Theorem 3.5 consists of two steps. In the first step we prove the somewhat
surprising fact, that WUz(k) being recursive is not only sufficient for inferring that being

2 Again, we only consider decidable graph properties. Hence, in this case we assume that being F-free is
decidable.
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F-free is uniformly testable (this is guaranteed by Theorem 3.9), but this condition is also
necessary. This is formulated in the following Theorem.

Theorem 3.12. Suppose F is a family of graphs for which the function W r is not recursive.
Then, the property of being F-free cannot be uniformly tested with one-sided error.

Note, that in Definition 3.3 the tester is defined as one that may have arbitrarily large
query complexity, as long as it can be bounded by a function of € only. Hence, in the case
that WUz is not recursive, Theorem 3.12 rules out the possibility of designing a uniform
tester with arbitrarily large query complexity, as long as it can be bounded by a function
of € only.

The main idea behind the proof of Theorem 3.12 is that by “inspecting” the behavior of
a property tester for the property of being F-free one can compute the function ¥ . The
main combinatorial tool in the proof of Theorem 3.12 is a Theorem of Erdés [52] in extremal
graph theory, which can be considered as a hypergraph version of the Zarankiewicz problem
[91]. As an immediate corollary of Theorems 3.9 and 3.12 we obtain the following result,
which precisely characterizes the families of graphs F, for which the property of being F-
free can be tested uniformly (recall that by Theorem 3.9, for any family F, being F-free is
non-uniformly testable). By Remark 3.11, this also gives a precise characterization of the
monotone graph properties that are uniformly testable.

Corollary 3.13. For every family of graphs F, the property of being F-free is uniformly
testable with one-sided error if and only if the function VU r is recursive.

An immediate consequence of Theorems 3.9 and 3.12 is that in order to separate uni-
form testing with one-sided error from non-uniform testing with one-sided error, and thus
(almost) prove Theorem 3.5, it is enough to construct a family of graphs F with the fol-
lowing two properties: (i) There is an algorithm for deciding whether a graph F' belongs
to F (recall that we confine ourselves to decidable graph properties). (ii) The function
U r is non-recursive. The main combinatorial ingredient in the construction of F is the
fundamental theorem of Erdés [51] in extremal graph theory, which guarantees the exis-
tence of graphs with arbitrarily large girth and chromatic number. As we want to prove
Theorem 3.5 with a graph property, which is not only decidable, but even belongs to coN P,
we need explicit constructions of such graphs. To this end, we use explicit constructions
of expanders, which are given in [96]. For the construction we also apply some ideas from
the theory of recursive functions. Finally, in order to obtain that being F-free cannot be
tested even with two-sided error, we use a result of Alon ([77] Appendix D) about testing
hereditary graph properties.

Organization: The proof of Theorem 3.12 appears in Section 3.2, and the proof of The-
orem 3.5 appears in Section 3.3. Section 3.4 contains concluding remarks and some open
problems. The proof of Proposition 3.6 appears in the appendix of this chapter.
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3.2 Computing Vr via Testing F-freeness

In this section we describe the proof of Theorem 3.12. Recall that F' — K denotes the fact
that there is a homomorphism from F' to K (see Definition 3.7). In what follows, an s-
blowup of a graph K is the graph obtained from K by replacing every vertex v; € V(K) with
an independent set I;, of size s, and replacing every edge (v;,vj) € E(K) with a complete
bipartite graph whose partition classes are I; and I;. It is easy to see that a blowup of K
is far from being K-free (K-free is the property of not containing a copy of K). It is also
easy to see that if F' — K, then a blowup of K is far from being F-free (see [1] Lemma
3.3). However, in this case the farness of the blowup from being F-free is a function of
the size of F. As it turns out, for the proof of Theorem 3.12, we need a stronger assertion
where the farness is only a function of £ = |V (K)|. This stronger assertion is guaranteed
by Lemma 3.15 below, whose proof relies on the following theorem of Erdds [52], which is
a hypergraph extension of Zarankiewicz’s problem [91].

Theorem 3.14. ([52]) For every integer f there is an integer N = N (f) with the following
property: Every k-uniform hypergraph on n > N wvertices that contains at least n*—7f ot
edges, contains a copy of K ]Jﬁ, which is the complete k-partite k-uniform hypergraph, where

each partition class is of size f.

Lemma 3.15. Let F' be a graph on f vertices with at least one edge, let K be a graph on
k wvertices, and suppose F +— K (thus, k > 2). Then, for every sufficiently large n > n(f),
an n/k-blowup of K, is ﬁ—far from being F-free.

Proof: Denote by B the n-vertex n/k-blowup of K. Our goal is to show that after removing
any set of n?/2k? edges from B, the resulting graph still contains a copy of F. Name the
vertices of K by 1,...,k and the independent sets that replaced them by I, ..., I;. Note,
that for every choice of v1 € Vi, ..., v, € Vp, these k vertices span a copy of K with v; € V;
playing the role of vertex i € V(K). We thus get that there are precisely (n/k)* such copies
of K in B. (B may very well contain more copies of K but it is simpler to disregard them).
Denote the set of these (n/k)* copies of K by K, and note that each edge in B belongs
to precisely (n/k)*=2 copies of K that belong to K. We conclude that removing any set of
n?/2k* edges, destroys at most 3(n/k)* of the copies of K that belong to K. Thus, after
removing any set of n?/2k? edges, the new graph, denoted B’, contains at least %(n/ k¥
copies of K that belong to K.

We now define a k-uniform k-partite hypergraph H, based on B’. We think of the k
partition classes of H as the k vertex sets of B denoted above by Vi,...,V;. For every k
vertices v1 € Vi,...,v; € V} that span a copy of K that belongs to K in B’, we put an
edge in H containing vy, ...,vg. As B’ contains at least %(n/k)k copies of K from K, the
hypergraph H contains at least %(n/ k)* edges. By Theorem 3.14 for large enough n (i.e.
large enough so that n > N(f) and so that %(n/k)k’ > nk_flik), the k-uniform hypergraph
H contains a copy of K ]’? For 1 <i <k, let S; denote the f vertices in V;, which span this
copy of K jf By the definition of H, as well as the definition of the copies of K that belong
to K, we may conclude the following: In B’, for every 1 < i < j < k for which (i, ) € E(K),
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every vertex v € ; is connected to every vertex u € S;. As F'+— K it is now obvious that
S1,...,SE span a copy of F in B’, which is what we wanted to show. [J

For the proof of Theorem 4.1 we also need the following simple observation.

Claim 3.16. Let F be a family of graphs and let T' be a one-sided error uniform tester for
the property of being F-free, whose query complexity is Q(e). If for some €y > 0, after T
samples a set of vertices S of size Q(ey), the graph induced by S is F-free, then T must
accept the input.

Proof: Suppose T' does not accept the graph induced by T', and let G’ denote the graph
induced on the Q(¢) vertices. Suppose now that we were to execute T" with the same error
parameter ¢y where the input graph is now G’. In that case the algorithm would just
get back from the oracle the same graph G’ and would reject the input G’. This however
contradicts the assumption the T has one-sided error. [

To simplify the proof of Theorem 3.12 we claim that we may assume that F contains
no edgeless graph. Indeed, if F contains such a graph on t vertices, then by definition
Ur(k) <t for any k (this is because an edgeless graph has a homomorphism to a single
vertex). Thus, it is easy to see (e.g. by applying the algorithm described in the proof below)
that in this case Wz(k) is recursive, and there is thus nothing to prove.

Proof of Theorem 3.12: We prove that if the property of being F-free is uniformly
testable with one-sided error and with arbitrary query complexity Q(e), then Wz (k) is re-
cursive. Given a family of graphs F with no edgeless graph, consider the following algorithm
for (nearly) computing Wx(k), which simply implements its definition. The algorithm goes
over all graphs R, of size at most k. For every such graph R, it searches for the smallest (in
terms of number of vertices) F' € F for which F' ~— R, if one such F' exists 3. The algorithm
then takes the maximum over all graphs R for which it found at least one F' € F such that
F — R. If for all graphs R of size at most k, there is no F' € F for which F' — R, the
algorithm returns 0.

The only problem with implementing the above algorithm is that given R, we have no
way of knowing when to stop looking for a graph F' for which F' +— R, if none exists. It is
thus clear that in order to make sure that the algorithm always terminates with the correct
value of W r(k), it is enough for the algorithm to be able to compute an upper bound of the
size of such a graph F. In other words, it is enough to be able to compute an integer M
such that if there is no F € F of size at most M for which F' — R, then no such F' € F
exists.

We claim that for any k > 2 we can take M = Q(1/2k?) as such an upper bound, where
Q(e) is the upper bound for the query complexity of the uniform tester for the property of
being F-free 4. Note, that M is thus computable, as we can simulate the alleged uniform

3As we assume that it is decidable to tell whether a graph belongs to F, we can go over the graphs in F
in order of increasing number of vertices, and for every graph try all possible homomorphisms from F' to R
¥ £(1) = 0 because F does not contain independent sets.
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tester with input € = 1/2k? and “see” what is the upper bound Q = Q(¢) that it is going to
use °. We thus only have to show that it cannot be the case that for some R on k vertices,
the smallest F' € F for which F' + R is larger than Q(1/2k?). Assume that one such R
exists, and consider an n/k blowup of R, denoted by B. As by assumption F — R, we
get by Lemma 3.15, that for every sufficiently large n, this blowup is ﬁ—far from being
F-free (here we also use the fact that F' contains at least one edge). As F' € F, the graph
B is also ﬁ—far from being F-free. On the other hand, note that for any graph F’ that
is spanned by B (i.e. F’ is a subgraph of B, which is not necessarily induced), there is
a natural homomorphism ¢, from F’ to R, which maps all the vertices of F’ that belong
to the independent set that replaced vertex v, to v. As by assumption F' is the smallest
F € F for which F — R, and F has more than Q(1/2k?) vertices, we conclude that there
is no F’ € F on at most Q(1/2k?) vertices which is spanned by B. Now, by Claim 3.16,
a one-sided error tester must find a member of F in order to declare that B is not F-free.
However, as the smallest member of F spanned by B has more than Q(1/2k?) vertices, this
cannot be done with query complexity Q(1/2k%). O

Observe, that when computing the integer M in the above proof we do not know the size
of the smallest graph F' such that F' — R. Hence, had we used a version of Lemma 3.15,
where the farness from being F' free is also a function of the size of F', we could not have
computed the integer M, and thus could not have inferred that W is recursive. Note also
that the proof works no matter how large the query complexity Q(e€) is (this only affects the
running time of the algorithm for computing ¥ (k)), as long as it is a function of € only.

3.3 Separating Uniform Testing from Non-Uniform Testing

In this section we prove Theorem 3.5 by constructing a family of graphs F for which it
is possible to test the property of being F-free non-uniformly, however it is impossible
to test this property uniformly. The key combinatorial part of the construction of F is
Lemma 3.18 below. For the proof of this lemma, we need an algorithm that can efficiently
produce graphs with arbitrary large chromatic number and girth (the girth of a graph G
denotes the size of the smallest cycle spanned by G). One of the best-known results of
Erdés ([51], see also [20]), widely considered to be the most striking early application of
the Probabilistic Method, asserts that such graphs exist. For our purposes however, we
need explicit construction of such graphs. It is well known that the d-regular expanders,
which can be efficiently constructed using the method of [96], have this property. This is
formulated in the following theorem.

Theorem 3.17. ([96]) For every pair of positive integers k and g, there is a graph F
satisfying x(F) > k and g(F) > g. Moreover, such a graph can be constructed in time
polynomial in |V (F)).

SRecall, that a uniform tester operates by first computing an upper bound for its query complexity
Q@ = Q(e). Thus, we can “run” the tester on, say, an edgeless graph.



72 Chapter 3. Uniform vs Non-uniform Property Testing

The reader can find some additional details about the above theorem in the appendix
of this chapter. Applying the above theorem we prove the following.

Lemma 3.18. There is an infinite family of graphs F1, Fy, ... with the following properties:
1. All the graphs F1, Fs, ... are connected and have no vertex of degree 1.
2. For any 1 <1 < j we have F; /s F; and Fj v/ F;.
3. There is an algorithm, which given i, prints Fj.

Proof: We define the graphs F, Fs, ... inductively as follows; F} is defined to be K3 (i.e.,
a triangle). For every i > 2 we pick F; to be the graph returned by Theorem 3.17, which
satisfies x(F;) > x(Fi—1) and g(F;) > |V(F;—1)|. By Theorem 3.17 such an F; exists. To
get item (1) of the lemma we can now remove repeatedly from F; any vertex of degree 1
because removing such a vertex does not change either the girth or the chromatic number
of a graph. Also, we can assume without loss of generality that each graph F; is connected,
because if it is not, then we can take as F; an appropriate connected component of F;, which
has girth and chromatic number at least as large as those of F;. We thus get item (1) of the
lemma. As we can use Theorem 3.17 in order to generate these graphs one after the other,
we also get item (3).

We turn to prove item (2). First, note that if ¢ : V(F) — V(K) is a homomorphism
then any legal c-coloring of the vertices of K induces a legal c-coloring of the vertices of F’;
We simply color v € V(F') with the color of ¢(v). Therefore, if x(F") > x(K) then we have
F /4 K. Consider any pair F; and F; with i < j. As x(F;) > x(F;) we immediately have
that F; v/ Fj. As g(Fj) > |V (F;)|, every subgraph of F} of size at most |V (F;)| does not
span any cycle. In particular, any such subgraph is 2-colorable. Hence, as x(F;) > 2, we
also have F; v/ F};, completing the proof. [

In order to define the family of graphs F, which we need in order to prove Theorem 3.5,
we need the following definition.

Definition 3.19. (The language Lpy) Fiz any binary encoding of Turing-Machines.
Define Lpp (short for Bounded Halting) to be the set of all pairs i#j, such that the binary
representation of i is a legal encoding of a Turing-Machine, which halts on an empty string
within at most j steps.

Clearly, Lpp is a decidable language; we first check if the binary representation of ¢ is
a legal encoding of a Turing-Machine. If it is not we reject. Otherwise, we simulate this
machine for j steps on an empty string and check if during these j steps the machine halts.

In what follows P; denotes a path of length j, and F' + P; denotes the graph obtained
by connecting P; to an arbitrary vertex of F'. We are now ready to define F.

Definition 3.20. (The family F) Let Fi, Fs, ... be the graphs from Lemma 3.18. Define

F= U E+F)

#i€lpn
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We now turn to prove that the family F has the required properties needed in order
to satisfy the two assertions of Theorem 3.5. As in this chapter we confine ourselves to
decidable properties, we first show that being F-free is a decidable property. In fact, we
also need this in order to apply Theorem 3.9. As shown in the next lemma, we can even
show that being F-free belongs to coN P.

Lemma 3.21. Being F-free, where F is the family of graphs from Definition 3.20, is in
coNP.

Proof: We prove the equivalent statement that the property of having a subgraph isomor-
phic to one of the graphs of F is in NP. Given a graph G of size n, the non-deterministic
algorithm guesses a (not necessarily induced) subgraph of G, which we denote by 77, a
number 1 < ¢ < n and an injective mapping o : [1,...,t] — [1,...,n]. We next describe
how the algorithm checks, using ¢ and o, whether 77 € F.

The algorithm first verifies that 7" has the structure of the graphs in F. To this end, it
first counts the number of vertices of degree 1 in T”. If this number is not precisely 1, or if
T" is not connected the algorithm rejects the input (because by item (1) of Lemma 3.18 all
the graphs in F are connected and have precisely one vertex of degree 1). Otherwise, let j
be the length of the walk starting from the single vertex of degree 1, until the first vertex
of degree at least 3 (including this last vertex), and let T be the graph obtained from 7" by
removing the j vertices of this path. The algorithm also rejects if T is not of size t. The
algorithm now turns to check if T' is isomorphic to one of the graphs F; of Lemma 3.18, and
if this is the case, whether i#j € Lpy.

The algorithm uses Theorem 3.17 in order to produce the graphs Fi, Fs,... as they
were defined in Lemma 3.18. Note, that by our definition of these graphs each F; must be
strictly larger than F;_;. If Theorem 3.17 produces a graph of size larger than ¢ without
first producing one of size t the algorithm rejects. Assume now that Theorem 3.17 produces
a graph, say Fj, of size precisely t. The algorithm now checks whether for every edge
(i,7) € E(F;) the vertices (0(i),0(j)) also form an edge in G (recall that o is an injective
mapping from [t] to n). If all these (at most (5) < (3)) tests succeed the algorithm moves
to the last step, otherwise it rejects. Note, that at this step we know that T is isomorphic
to some graph F; from Lemma 3.18. To complete the verification that 7" € F the algorithm
runs the algorithm (which is polynomial in 7 and j, which are bounded by n) for checking
if i#j belongs to Lpy and accepts if and only if this algorithm accepts.

The above algorithm clearly rejects any G that is F-free, and for any G that is not
F-free there is a choice of T, t, and o, for which it accepts G. Finally, as for any i we have
|V(F;)| > |V(Fi—1)|, we invoke Theorem 3.17 at most n times. As by Theorem 3.17 the
time needed to produce each of the graphs F; is polynomial in |V (F};)|, we almost infer that
the total running time of this algorithm is polynomial in n. The only annoying technicality
is that it might be the case that we try to invoke Theorem 3.17 on inputs k and g for
which the size of the graph it produces is super-polynomial in the size of the input graph
G. To overcome this difficulty we can simply simulate the algorithm of Theorem 3.17 and
reject if it runs longer than the time needed to produce a graph of size at most n, which is
polynomial in n. [
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We are now ready to prove the main result of the section:

Lemma 3.22. The function U, where F is the family of graphs from Definition 3.20, is
non-recursive.

Proof: We show that if ¥ r is recursive, then given a legal encoding of a Turing-Machine
M, we can compute an integer N with the following property: If M halts on the empty
string, then it does so after at most N steps. We will thus get that we can decide whether M
halts on the empty string, because we can simulate M on the empty string for IV steps and
accept if and only if M halts within these N steps. This will obviously be a contradiction,
as deciding if a Turing-Machine halts on an empty string is well-known to be undecidable
(see [102]).

Given an integer i, which (correctly) encodes some Turing-Machine M, the algorithm
first computes the graph F;. To this end we rely on item (3) of Lemma 3.18. Let k& denote
the number of vertices of F;. We claim that we can set N = Wz (k). First, observe that N is
thus computable as ¥ r is by assumption recursive. If M does not halt on the empty string,
then we do not care about the value of N as no matter for how many steps we simulate M,
it will never halt, and we will return the correct answer. Assume thus that M halts after T’
steps. We only have to show that T' < N.

First, observe that for any graph F' and integer j we trivially have F’ +— F + P; and
F + P; — F. As by item (2) of Lemma 3.18, we know that for any i < i we have F; v/ F
and Fy v~ F; we conclude that for any i < ¢’ and for any j, j' we also have F;+P; v&» Fy+Pjs
and Fy + Py v/~ F; + P;. It thus follows that the only F' € F such that F' — Fj;, are the
graphs of type F; + P; for some integer j. However, as we only put in F the graphs F; 4+ P;
for which i#j € Lpg we infer that the only F' € F such that F' — Fj, are the graphs of
type F; + Pj for 7 > T. In particular, the smallest I’ € F such that F' +— F; has size at
least T'. As U (k) takes the maximum over all the graphs of size at most k, and F; is one
of these graphs, we get that N = W (k) > T. Hence, N is indeed an upper bound on the
running time of M in the case that it halts on an empty string. [

The last tool we need is the following result of Alon ([77], Appendix D). In [77], the
notion of uniformly testing a property was not used, but the statement as it appears below
is equivalent to what is proved in [77].

Theorem 3.23. (c.f. [77]) A hereditary graph property is uniformly testable with two-sided
error if and only if it is uniformly testable with one-sided error.

Proof of Theorem 3.5: We claim that for the property P of the theorem we can take the
property of being F-free with F being the family given in Definition 3.20. First, being F-free
is by definition expressed in terms of forbidden subgraphs and by Lemma 3.21 this property
is in coN P. In particular, this property is decidable, therefore by Theorem 3.9 it can be
tested non-uniformly with one-sided error. Now, by Lemma 3.22 the corresponding function
W r is not recursive. Hence, by Theorem 3.12 this property cannot be tested uniformly with
one-sided error. Finally, as this property is hereditary, Theorem 3.23 implies that this
property cannot be tested uniformly, even with two-sided error. [



3.4. Concluding Remarks and Open Problems 75

3.4 Concluding Remarks and Open Problems

The main result of the paper, Theorem 3.5, establishes that if we confine ourselves to slightly
weakened testers, which are required to compute their complexity as a function of € only,
then there are non-trivial tasks (computing the query complexity), which cannot be done
if € is an unknown that is given as part of the input. Moreover, this phenomenon holds for
properties that are natural in terms of their combinatorial structure (as they are monotone)
and also in terms of their computational difficulty (as they are in coN P). This means that
we can formally prove that in some cases knowing the error parameter € in advance can help
the tester in a non-trivial way. An interesting problem is whether one can find a separating
property satisfying the assertions of Theorem 3.5, which belongs to P or perhaps even to a
lower complexity class.

3.5 Appendix

3.5.1 Some remarks on LPS expanders:

The result of Lubotzky, Philips and Sarnak [96] can be stated as follows (see [20] for back-
ground on expander graphs)

Theorem 3.24. ([96]) Suppose p and q are primes congruent to 1 modulo 4, where p is a
quadratic residue modulo q, and put d = p+1 andn = q(¢>—1)/2. Then, there is a d-reqular
expander on n vertices, denoted Gy, 4, with second eigenvalue A < 2v/d — 1. Moreover,

e The chromatic number of G, q 15 at least \/&/2
o The girth of Gy, 4 is at least %log n/logd.
e G, 4 can be constructed in time polynomial in |V (Gy, 4)|.

Therefore, given integers k and g we can use the known results about the distribution
of primes in arithmetic progressions, as well as the above theorem with n and d satisfying
Vd/2 > k and %log n/logd > g, in order to efficiently construct the graphs satisfying the
assertions of Theorem 3.17.

3.5.2 Proof of Proposition 3.6:

Clearly, if a graph property can be tested, when € is given as part of the input, then for
every fixed e there is a tester for distinguishing between graphs satisfying P from those
that are e-far from satisfying it. To show the other direction, we need a theorem of [77]
(extending a result of [6]) stating that for every e and n if graph property is testable with
query complexity g(n,€), then it can also be tested by a so called “canonical tester”, which
operates by randomly selecting a set of 2¢(n, €) vertices S, and then accepting or rejecting
according to the graph spanned by S, the value of € and the size of the input n.

Suppose then that for any € > 0 there is a tester T that given the size of an input can
distinguish between graphs satisfying P from those that are e-far from satisfying it, such
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that the query complexity of T¢ is at most Q(e). Note, that we do not assume that the
query complexity is a function of € only, but just that it is upper bounded by a function
of € as in Definition 3.1. We turn to show that in this case there is a tester for P that
receives € as part of the input. The tester works as follows: Given n and € the algorithm
constructs the following families of n-vertex graphs: A, which consists of all the n-vertex
graphs satisfying P, and B, which consists of all the n-vertex graph, which are e-far from
satisfying P. Starting from ¢ = 1 the algorithm now goes over all the possible canonical-
testers with query complexity ¢, and for each such tester, checks if it will accept the graphs
of A with probability 2/3, and reject the graphs of B with probability 2/3. Recall that a
canonical tester works by sampling a set of vertices and then accepting/rejecting according
to the graph spanned by the sample. Therefore, when we say the the algorithm goes over

q

all testers with query complexity ¢ we mean that it tries all the possible 22(2) ways of
partitioning the set of g-vertex graphs into those that will make the canonical tester accept
and those that will make it reject. Also, when we say that the algorithm checks, whether
a given canonical tester accepts a graph from A with probability 2/3, we mean that the
algorithm checks if 2/3 of the subsets of ¢ vertices of the graph span a graph, which makes the
canonical tester accept. Now, the main point is that as P is by assumption non-uniformly
testable the algorithm will eventually find that for some g < Q(e) there is a canonical tester
T’ for e-testing P on n-vertex graphs. Once ¢ and 7" are found the algorithm executes 7"
on the input graph. By definition, this algorithm is a tester for P, whose query-complexity
is at most Q(e). O

The tester used in the above proof has two interesting features, which we have alluded
to at the end of Section 3.1. First, although the query complexity of the uniform tester,
which we construct in the above proof, is bounded by a function of € only, it’s running
time is exponential in n, due to the need to go over all graphs of size n. Second, note that
although the query complexity of the tester is bounded by a function of € only, it is in fact
a function of € and n. The reason is that what the algorithm does is look for the smallest
query complexity ¢, which is sufficient for testing P on n-vertex graphs. As P is assumed
to be non-uniformly testable, we are guaranteed that for every n this quantity is bounded
by some function of €, which is independent of n. However, it may be the case that for fixed
€ the optimal query complexity is different for different values of n. Therefore, for fixed €
the query complexity may be different for different values of n.



Chapter 4

Potpourri

4.1 The Main Results

In this chapter we prove several results that relate/use/complement the results of the pre-
vious three chapters of this part of the thesis. In the first section we prove that testing
monotone properties with one-sided error may be arbitrarily difficult, that is, that for any
function @Q(e) there are monotone properties that cannot be tested with o(Q(€)) queries.
In the second section we prove a compactness type results in property testing which shows
that if a graph is e-far from satisfying an infinite family of hereditary properties P, then it
must be at least dp(€)-far from satisfying one them. In the third section we prove a result in
extremal graph theory that shows that if a graph is e-far from satisfying a graph property,
then it contains a small induced subgraph that does not satisfy the property. In the fourth
subsection we show how to extend the family of testable first order graph properties by
applying the main result of Chapter 1. In the last section we show that a certain relaxation
of the definition of e-far cannot be used in order to allow one to test (essentially) any natural
hereditary property.

4.2 A Lower Bound for Any Query Complexity

As is evident from the proof of Theorem 1.1, the upper bounds for testing a hereditary
property depend on the property being tested. In other words, what we proved is that for
every property P, there is a function Qp(€) such that P can be tested with query complexity
Qp(e). A natural question one may ask, is if the dependency on the specific property being
tested can be removed. We rule out this possibility (even for monotone properties) by
proving the following.

Theorem 4.1. For any function @ : (0,1) — N, there is a monotone graph property P,
which has no one-sided error property-tester with query-complezity bounded by o(Q(€)).

Prior to this work, the best lower bound proved for testing a testable graph property
with one-sided error was obtained in [1], where it is shown that for every non-bipartite

77
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graph H, the query complexity of testing whether a graph does not contain a copy of H
is at least (1/€)2(1°81/€) The fact that for every H this property is testable with one-sided
error, follows from [4] and [6], and also as a special case from Theorem 1.1. As by Theorem
1.1 every monotone graph property is testable with one-sided error, Theorem 4.1 establishes
that the one-sided error query complexity of testing testable graph properties, even those
that are testable with one-sided error, may be arbitrarily large.

We turn to prove Theorem 4.1. We remind the reader that we denote by F' +— K the
fact that there is a homomorphism from F' to K (see Definition 3.7). In what follows, an s-
blowup of a graph K is the graph obtained from K by replacing every vertex v; € V(K) with
an independent set I;, of size s, and replacing every edge (v;,v;) € E(K) with a complete
bipartite graph whose partition classes are I; and I;. It is easy to see that a blowup of K
is far from being K-free (K-free is the property of not containing a copy of K). It is also
easy to see that if F' — K, then a blowup of K is far from being F-free (see [1] Lemma
3.3). However, in this case the farness of the blowup from being F-free is a function of the
size of F'. As it turns out, for the proof of Theorem 4.1 we need a stronger assertion where
the farness is only a function of & = |V(K)|. This stronger assertion was given in Lemma
3.15, which we quote for convenience.

Lemma 4.2. Let F' be a graph on f vertices with at least one edge, let K be a graph on k
vertices, and suppose F'+— K (thus, k > 2). Then, for every sufficiently large n > n(f), an
n/k-blowup of K, is ﬁ-far from being F-free.

For the proof of Theorem 4.1 we also need Claim 3.16, which we quote.

Claim 4.3. Let F be a family of graphs, such that no F' € F has isolated vertices and let
T be a one-sided error tester for the property of being F-free with query complexity Q(e,n).
If for some g > 0 and n, after T samples a set of vertices S of size Q(€g,n), the graph
induced by S is F-free, then T must accept the input.

As our goal is to prove a lower bound on the query complexity we may and will assume
that @ is monotone non-increasing (hence, monotone non-decreasing in 1/¢). For every
such function @) we will define a property P = P(Q) needed in order to prove Theorem 4.1.
These properties can be thought of as sparse bipartiteness as they will be defined in terms
of not containing a certain subset of the set of odd-cycles.

Let @ : (0,1) — N be an arbitrary monotone non-increasing function. For such a
function, let Q° be the following 4 times iterated version of Q. We put Q'(z) = Q(x) and
for any ¢ > 1 define

QN (z) =2Q (2 + 1. (4.1)

1
(Q(z) + 2)2>
Define 1(Q) = {Q%(1/2) : i € N} and note that I(Q) contains only odd integers. For a
function as above, let C(Q) = {C; : i € I(Q)}, that is C(Q) is the set of odd cycles whose
lengths are the integers of the set I(Q). Finally, let P = P(Q) denote the property of not

containing any of the odd-cycles of C(Q) as a (not necessarily induced) subgraph.
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Proof of Theorem 4.1: Given a monotone non-increasing function @, let P = P(Q) be the
property defined above. We show that for any positive integer k for which k—2 € I(Q), any
one-sided error tester that distinguishes between graphs of sufficiently large n that satisfy
P from those that are ﬁ—far from satisfying it, has query complexity at least Q(1/2k?).
As @ is by assumption monotone non-increasing, I(Q)) contains infinitely many integers.
Hence, for infinitely many values of €, and for all large enough n, the query complexity of
such a one-sided error tester is at least Q(¢). Note also that the set of these €’s approaches
Zero.

Fix any integer k for which k —2 € I(Q) and assume k —2 = Q%(1/2). As I(Q) contains
only odd integers, k is also odd. Define £ = Q“*1(1/2) and recall that by (4.1), we have
¢ = 2Q(1/2k?) + 1. As it is clear that there is a homomorphism from Cy to Cy, we get
by Lemma 3.15 that for any n > N(¢), an n/k-blowup of C, is ﬁ—far from being Cj-free.
Denote such a blowup by G. As by definition Cy € C(Q), the graph G is also ﬁ—far
from satisfying P. Also, as k — 2 is odd, G contains no copy of Ci_s. In particular, G
contains no member of C(Q) of length less than ¢. As property P is determined in terms
of not containing a certain set of odd cycles, none of which has isolated vertices, we get
from Claim 3.16 that a one-sided error tester must find a copy of a graph not satisfying P,
in order to determine that it does not satisfy P. Therefore, for any n > N(¢) the query
complexity of any tester for distinguishing between graphs of size n satisfying P from graphs
of size n that are ﬁ—far from satisfying it, is at least £. As £ = 2Q(1/2k?) +1 > Q(1/2k?)
the proof is complete. [

An immediate consequence of Theorem 4.1 is that there is no function Q(e) that upper
bounds the query complexity @Qz(€), of testing the property of being F-free for all families
of graphs, F. In other words, the dependence on the specific family of graph is unavoidable.
This means that there is no function Q(€) that upper-bounds the query complexity of testing
all the hereditary graph properties with one-sided error. We conjecture that Theorem 4.1
can be extended to give lower bounds for two-sided error testers.

As we have commented at the beginning of this section, the proof of Theorem 4.1 heavily
relies on the fact that the farness of the graph considered in Lemma 3.15 from being F-free
is only a function of k. From the proof of Theorem 4.1 it should indeed be clear that if
this farness had been a function of the size of F', then the length of each cycle of the family
would have depended on its own size, which would result in a cycle of definitions.

4.3 A Compactness-type Result for Graph Properties

We next describe a consequence of Theorem 1.1, which does not assert the testability of
some graph property, but rather one that may be useful in the general study of graph
property testing. Suppose P4y, ..., Py are k graph properties that are closed under removal
of edges. It is clear that if a graph G is e-far from satisfying these k properties then it is
at least €/k-far from satisfying at least one of them. However, it is not clear that there
is a fixed § > 0 such that even if kK — oo, G must be d-far from satisfying one of these
properties. Our first result in this section is that such a § does not necessarily exist.
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Theorem 4.4. For every n, there is a set of properties P = {P1, Ps,...} of n-vertex
graphs, and an n-vertex graph G satisfying the following: G is l—lo—far from satisfying all the
properties of P and is yet o(1)-close to satisfying any single P; € P.

Proof: Consider the following set of properties: For any integer n, let Hy, Ha, ... be some
ordering of the graphs on n vertices, which contain precisely n3/2 edges. A graph of size n
is said to satisfy property P; if it contains no copy of H;. Clearly, any property P; is closed
under removal of edges, but not necessarily under removal of vertices. Observe, that any
graph with at least n3/2 edges does not satisfy one of the properties P;. Therefore, any graph

G of size n, which contains 1n? edges is at least 11 far from satisfying all the properties P;.

5 10°
We claim that any such G is l‘\)/gg—close to satisfying any one of these properties. To this

end, it is enough to show that for any graph H;, we can remove at most n32logn edges
from G and thus make it H;-free. To see this, note that as G and H; are both of size n,
G spans at most n! copies of H;. As H; contains n®/? edges a randomly chosen edge of G
is spanned by H; with probability at least n®/2 / (g) > 1/y/n. Thus, if we remove from G a
set of n3/2logn edges, were each edge is randomly and uniformly chosen from the edges of
G (with repetitions), the probability that none of the edges of one of the copies of H; in G
were removed is at most (1 — 1/\/71)”3/2 logn 1 /n!. By the union bound, the probability
that for some copy of H; in G, none of its edges were removed is strictly smaller than 1.

Thus, there exists a choice of n3/2logn edges, whose removal from G makes it Hy-free. [

Suppose now that P is a set of hereditary properties. In this case it is not clear that
even if P contains just two properties then if G is e-far from satisfying the two of them,
then it must be at least d(e)-far from satisfying one of them. Somewhat surprisingly, we
can show that this is indeed the case even if P contains infinitely many properties. This
can be viewed as a compactness-type result for graph properties.

Theorem 4.5. For any (possibly infinite) set of hereditary graph properties P = {P1, P2, ...},
there is a function dp : (0,1) — (0,1) with the following property: If a graph G is e-far from
satisfying all the properties of P, then for some i, the graph G is op(€)-far from satisfying
Pi.

Proof: For each of the hereditary properties P;, let F; be the family of forbidden induced
subgraphs of P; as in Definition 1.11, and let F = FyJF2JF35.... Clearly, a graph
G satisfies all the properties of P if and only if it is induced F-free. Consider a graph G,
which is e-far from satisfying all the properties of P. In this case G is also e-far from being
induced F-free, hence, by Lemma 1.12, there is a graph F' € F of size f = fr(e) such that
G contains d£(e)n induced copies of F. Note, that adding or removing an edge from G
destroys at most ( fo) < nf=2 induced copies of F. Thus, one must add or delete at least
at least 6 (e)n? edges to G in order to turn it into a graph containing to induced copy of F.
Let i be such that F' € F;. We may now infer that G is 0z (¢)-far from satisfying P;. Finally,
note that as F is determined by P, we can also say that G is dp(e)-far from satisfying P;.
O
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4.4 An Extremal Result for All Graph Properties

Confirming a conjecture of Erdds, it was shown in [105] that if a graph is e-far from being
k-colorable, then it contains a non k-colorable subgraph of size c(e). As we have alluded
to in Subsection 1.1.1, the main technical result of Chapter 1, Lemma 1.12, immediately
implies that this result can be extended to the entire family of hereditary graph properties.
In fact, we can show that a similar result holds for any graph property.

Theorem 4.6. For every graph property P, there is a function Wp(e) with the following
property: If G is e-far from satisfying P, then G contains an induced subgraph of size at
most Wp(e€), which does not satisfy P.

Proof of Theorem 4.6: Given any graph property P let F be the family of graphs not
satisfying P. Observe, that if a graph is e-far from satisfying P then it is also e-far from
being induced F-free and thus by Lemma 1.12 it contains an induced subgraph F' € F of
size at most fr(e), and by our choice of F the graph F' does not satisfy P. Therefore, as
the function Wp(e€) in the statement of Theorem 4.6 we can take the function fr(e). O

We note that the above theorem implies that if a graph is e-far from satisfying a hered-
itary property P, then it contains a small proof that the graph indeed does not satisfy
P. This is because any graph that contains an induced subgraph that does not satisfy P
cannot itself satisfy P. Observe that this is not the case for non hereditary properties. For
example, if the property is “having a clique on half the vertices of the graph” then the above
theorem implies that if G is e-far from satisfying this property then it contains a subgraph
of size at most ¢(€) that has no clique on half the vertices. Of course, such a subgraph does
not guarantee that the entire graph has no such clique.

4.5 Testing Unbounded First-Order Graph Properties

A first order graph property is one involving the boolean operators A, V, -, the V, 3 quan-
tifiers, the equality operator =, and the adjacency relation ~. For example, the triangle-
freeness property can be written as V vq,ve,v3—(v1 ~ v2 A vg ~ v3 A vy ~ v3). The main
result of [6] states that every first order graph property without quantification V3 is testable
(possibly with two-sided error). The main tool in [6] was a theorem stating that any hered-
itary graph property, which is expressible in terms of a finite family of forbidden induced
subgraphs is testable. Theorem 1.1 is a powerful extension of this result as it allows the
family of forbidden induced subgraphs to be infinite. One may thus ask whether Theorem
1.1 can be used in order to extend the result of [6]. Theorem 4.8 below gives a positive
answer to this question. To state this extension we need the following definition.

Definition 4.7. (Unbounded First-Order Properties of type 3V) An unbounded first
order graph property of type 3V is of the form

o0
Jzq,... 2 /\Vyl,...,yi A1, T, Y1, - i) (4.2)
i=1
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where each A;j(x1,...,2,Y1,...,Yi) i a quantifier-free first order expression.

The main result of [6] states that any graph property that can be expressed as above
while using a single relation A; is testable. Using the main techniques of this chapter, we
can extend this to expressions containing infinitely many expressions A;.

Theorem 4.8. Every graph property describable by an unbounded first order graph property
of type IV is testable (possibly with two-sided error).

It should be noted that it is proved in [6] that there are first order graph properties
with alternation of type V3 which are not testable, thus Theorem 4.8 is in some sense best
possible.

We turn to sketch the proof of Theorem 4.8. As most of the technical details are very
similar to those appearing in [6] we only discuss the main idea needed to obtain the extension
of the result of [6]. We start with a useful result of [6].

Definition 4.9. (Indistinguishability) Two graph properties P and Q are called indis-
tinguishable if for every € > 0 there exists N = N (€) satisfying the following; A graph on
n > N vertices satisfying one of the properties is never e-far from satisfying the other.

Lemma 4.10. ([6]) If P and Q are indistinguishable graph properties, then P is testable
if and only if Q is testable.

We next define an extension of the notion of colorability. A similar notion was used in
[6], where F was restricted to be finite.

Definition 4.11. (F-colorability) Suppose we are given ¢, and a (possibly infinite) family
(with repetitions) F of graphs, each of which is provided with a c-coloring (i.e. a function
from its vertex set to {1,...,c} which is not necessarily a proper c-coloring in the usual
sense). A c-coloring of a graph G is called an F-coloring if no member of F appears as an
induced subgraph of G with an identical coloring. A graph G is called F-colorable if there
exists an F-coloring of it.

Note, that for any family of colored graphs F (finite or infinite), being F-colorable is a
hereditary graph property. We thus get the following from Theorem 1.1:

Lemma 4.12. For any family of colored graphs F, being F-colorable is testable.

Note, that by Theorem 1.1 being F-colorable is in fact testable with one-sided error,
but we do not need this stronger assertion here. The following lemma shows the relevance
of the notion of F-colorability for the proof of Theorem 4.8.

Lemma 4.13. For every first order property P of the form

o0
ﬂxl,...,xt/\Vyl,...,yi Ai(x1, ., e, Y1, - -5 Ys)
i=1

there exists a (possibly infinite) family F, of (2t+(3) +1)-colored graphs such that the property
P is indistinguishable from the property of being F-colorable.
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Proof: (sketch) The proof uses ideas very similar to those used to prove Lemma 2.2 in [6]
and is thus omitted. We briefly mention that one can use the same technique of [6] along
with the fact that one is allowed to put in F infinitely many forbidden colored subgraphs.
O

Proof of Theorem 4.8: Immediate from Lemmas 4.10, 4.12 and 4.13. O

4.6 On the (Im)possibility of Relaxing the Definition of e-Far

Theorems 1.1 and 1.4 imply that any hereditary graph property is testable, when one uses
the standard notion of e-far. Suppose we forbid addition of edges and define a graph G
on n vertices to be e-fary, from satisfying property P if one needs to delete from G at
least en? edges in order to turn it into a graph satisfying P. We say that property P is
testablege; if there is a tester for distinguishing between graphs satisfying P from those
that are e-farg.; from satisfying it, whose number of queries can be upper bounded by a
function of €. A natural question is which graph properties are testablege;. Obviously, any
hereditary property, which is also closed under removal of edges (such as k-colorability) is
testablege; as in these cases being e-farg.; is equivalent to e-far. The following theorem is a
sharp contrast to Theorems 1.1 and 1.4.

Theorem 4.14. For any hereditary property P, which is not closed under removal of edges,
and is satisfied by any complete graph, there is a constant § = 6(P) > 0 such that testingge
property P (even with two-sided error) requires nd queries.

Note, that any natural hereditary property, such as any of those discussed in Subsection
1.1.1, is satisfied by any complete graph, thus the above result applies to these properties.
We briefly mention that we can also prove a similar statement when one allows only edge
additions.

We turn to prove Theorem 4.14. Before getting to the details we first make some simple
observations. Note, that if the property P is satisfied by all graphs then it is clearly testable.
This means that if P is not satisfied by all graphs and is satisfied by all the cliques then
it cannot be closed under removal of edges. Thus, this condition in the statement can
actually be removed. Also, note that when considering the notion of e-farg, there is no
sense in considering hereditary properties, which are not satisfied by some independent set,
as in this case any graph with even a single independent set (say, of size 3) is arbitrarily far
from satisfying the property and but finding this independent set requires Q(n?) queries.

Our main tool for the proof of Theorem 4.14 is the following result, which is essentially
proved by Frankl and Firedi in [66].

Theorem 4.15. ([66]) For any graph F = (R, T), with |T| =t > 0 edges there is a constant
d = §(F) with the following property: For any integer n there is a graph G, = (V, E) onn
vertices, which consists of (1 — n*‘s)(g) /t induced copies of of F', such that no two copies of
F share an edge.
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Proof of Theorem 4.14: By the discussion above we may assume that P has at least
one forbidden induced subgraph F' = (R,T) and that F' is not an independent set. Put
t = |T| and for any n let G,, be the graph, whose existence is guaranteed by Theorem 4.15.
As all these graphs consist of (1 —n=°)(3)/t > n?/4t induced copies of F, where non of
the copies share an edge, these graphs are all at least ﬁ—fardel from being induced F’ free.
Hence, they are also at least Z%t—faurdel from satisfying P. On the other, as we assume that
any clique satisfies P, and G contains (1 —n~°) (g) edges, any randomized algorithm with
query-complexity much smaller than n® cannot testg; property P as it has a negligible
probability of distinguishing between G,,, which are %—fardel from satisfying P, and a clique
of size n, which by assumption satisfies P. [

Suppose we define e-far,qq and testable,qyq but now allowing only edge additions. One
can easily see that simple modifications of the proof of Theorem 4.14 imply that the same
lower bound can be proved for testing,qq any hereditary property, which is not closed under
edge additions and which is satisfied by any edgeless graph.
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Chapter 5

Testing Induced Subgraph-Freeness

5.1 The Main Results

As we have discussed in the introduction of this thesis, in the first part we tried to give
general testability results. The drawback of these general results is that they supply very
weak upper bound for the number of queries one has to perform in order to test even
simple properties. In this chapter, as well as in the following one, we try to classify the
properties that can be efficiently testable. The main focus of this chapter is to obtain a
characterization of the graphs H for which the property of being induced H-free can be
tested with a “small” number of queries. More precisely, throughout this chapter, as well
as the next one, we call a property P easily testable if there is a one-sided error property
tester for P whose query complexity is polynomial in 1/e. If no such property tester exists
we say that P is hard to test.

In what follows we denote by P2, P3 and Py the paths of lengths 1, 2 and 3 (which have
2, 3 and 4 vertices, respectively), and by C4, the cycle of length 4. For a fixed graph H,
let Pj; denote the property of being induced H-free. Therefore, G satisfies Pj; if and only
if it contains no induced subgraph isomorphic to H. We define Py to be the property of
being (not necessarily induced) H-free. Therefore, G satisfies Py if and only if it contains
no copy of H. Thus, for example, for H = (4, any clique of size at least 4 satisfies P}; but
does not satisfy Py.

Our first result in this chapter is the following:

Theorem 5.1. Let H be a fixed undirected graph other than Pa, Ps, P4, Cs and their com-
plements. Then, there exists a constant ¢ = ¢(H) > 0 such that the query-complezity of any
one-sided error e-tester for Pi; is at least

1 clog(1/e)
O

As Pa-freeness can obviously be tested with query complexity ©(1/¢), the following
theorem, together with the above theorem, supplies a complete characterization for the

87
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graphs H for which Pj; is easily testable, except for the case of Py, C4 and its complement
(the complement of Py is also Py).

Theorem 5.2. There is a one-sided error property tester for testing Ps-freeness, with query
complexity

O(log(1/e)/e).

We also prove the following theorem, which is analogous to Theorem 5.1, only with
respect to directed graphs (digraphs, for short).

Theorem 5.3. Let H be a fized digraph on at least 5 vertices. Then, there exists a constant
¢ = c(H) > 0 such that the query-complexity of any one-sided error e-tester for Py is at

least
1\¢ log(1/¢)
O

We can actually prove a super-polynomial (in 1/¢) lower bound for the query complexity
of Pj; for some of the digraphs H on at most 4 vertices as well, see Subsection 5.3.1.

We finally show that Theorems 5.1 and 5.3 can also be extended to the cases of two-sided
error property testers.

Theorem 5.4. The lower bounds of Theorems 5.1 and 5.3 hold for two-sided error property
testers as well.

An interesting consequence of the above results is that the class of graphs for which Py,
is easily testable, is nearly trivial (as it contains graphs on at most 4 vertices), however,
it is provably not totally trivial, as Pp, is easily testable. Note also the sharp dichotomy
between the efficient one-sided error property-testers for Pp and Pp,, and the fact that
for almost all the other graphs H, the property Pj; has no property tester with query
complexity polynomial in 1/e even if one is willing to settle for two-sided error.

Organization: The proof of Theorem 5.2 appears in Section 5.2. The lower bound proved
by Theorem 5.1 is established in section 5.3. To prove this result we have to construct, for
any graph H (other than the ones mentioned in the theorem) and any small ¢ > 0, a
graph G which is e-far from being induced H-free and yet contains relatively few induced
copies of H. The proof of this part, described in Section 5.3, uses the approach of [1]
but requires several additional ideas. It applies certain constructions in additive number
theory, based on (simple variants of) the construction of Behrend [29] of dense subsets
of the first n integers without three-term arithmetic progressions. The proof of Theorem
5.3 also appears in Section 5.3. In Section 5.4 we give the proof of Theorem 5.4 which
extends the lower bounds of Theorems 5.1 and 5.3 to the more general cases of two-sided
error property-testers. The final section, Section 5.6, contains some concluding remarks and
open problems.

Throughout this chapter we assume, whenever this is needed, that the number of vertices
n of the graph or digraph G considered is sufficiently large, and that the error parameter €
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is sufficiently small. In order to simplify the presentation, we omit all floor and ceiling signs
whenever these are not crucial, and make no attempt to optimize the absolute constants.
When we later refer to a graph H as being easy/hard to test, we mean that Pj; is easy/hard
to test.

5.2 An Easily Testable Induced Graph Property

In this section we describe the proof of Theorem 5.2. For ease of notation, we denote by
P the property Pp,, that is, being induced Ps-free. The property-tester for P works as
follows: it picks a random subset of, say, 10log(1/e€)/e vertices, and checks if there is an
induced copy of P3 spanned by the set. It declares G to be induced Ps-free if and only if it
finds no induced copy of Ps. If G satisfies P, the algorithm clearly always answers correctly.
We therefore only have to show that if G is e-far from satisfying P, the algorithm finds an
induced copy of P3 with probability at least 2/3.

Let High denote the set of vertices of such a graph G' whose degree is at least {n. Note
that intuitively, the vertices that belong to High have the highest contribution to G' being
e-far from satisfying P. We formulate this intuition as follows:

Claim 5.5. Let W C V(G) contain all but at most {n of the vertices of High. Then the
induced subgraph of G on W is at least §-far from satisfying P.

Proof: Assume this is not the case. Then we can make less than %nQ changes within W
and get a graph that contains no induced copy of P3 within W. We then remove all the
edges that touch a vertex not in High U W (as these vertices do not belong to High, there
are at most n - ¢n such edges), and any edge that touches a vertex in High \ W (there are
at most ¢n - n such edges as by the assumption |[High \ W[ < ¢n). We thus get a graph
that satisfies P. As altogether we make less than en? changes in G, this contradicts the
assumption that G is e-far from satisfying P. O

We call a set A C V(G) Good if all but at most §n of the vertices that belong to High
have a neighbor in A.

Claim 5.6. A randomly chosen subset A C V(G) of size 8log(1/e)/e is Good with proba-
bility at least 7/8.

Proof: Let A be a randomly chosen subset of size 8log(1/e)/e, and consider a vertex
v € High. As v has at least {n neighbors, the probability that A does not contain any
neighbor of v is at most

4

where we assumed that e < 1/32. As High is of size at most n, we conclude that the
expected number of vertices that belong to High and have no neighbor in A, is at most
351. By Markov’s inequality, with probability at least 7/8, the number of these vertices is
at most gn. U

8log(1l/e)/e
(1 6) W o gy
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We will use the following simple and well known observation about the structure of
induced Ps-free graphs: A graph is induced Ps-free if and only if it is the disjoint union of
cliques.

Proof of Theorem 5.2: We first choose a random subset A of size 8log(1/e)/e, and
assume that it is Good. If A contains an induced copy of P3 we are done. Otherwise, let
W be the set of all the vertices v € V'\ A that have at least one neighbor in A. As G is by
assumption e-far from satisfying P, and A is by assumption Good, we get from Claim 5.5

E_

that the induced subgraph on W is at least §-far from satisfying P.

As we assumed that A contains no induced copy of Ps, we get that there is a unique
partition of A into cliques C1,...,C,. If a vertex v € W is connected to u € C; C A, it
follows that if W can be partitioned into cliques D1, ..., Dy, where for 1 < i <7, C; C Dy,
then v would have to belong to D;. For each vertex v € W that is connected tou € C; C A,
assign v the number i. If v is connected to vertices in A that belong to different C;, then
pick any of these numbers. This numbering induces a partition of all the vertices of W into
r subsets. As W is at least 5-far from satisfying P, there are at least §n2 pairs of vertices
u,v € W, such that either u and v should belong to the same D;, but u and v are not
connected, or u and v should belong to different subsets D;, yet u and v are connected.
Therefore, choosing a set B of 8/¢ randomly chosen pairs of vertices fails to find such a
violating pair with probability at most (1 —€/2)%/¢ < %. By Claim 5.6, the probability of A
failing to be Good is at most %, and the probability of B not containing any of the required
pairs of vertices is also at most %. Hence, with probability at least % the induced subgraph
on AU B is not induced Ps-free. As |A| + |B| = O(log(1/¢)/¢) the proof is complete!. [

5.3 Hard to Test Graphs and Digraphs

In this section we give the proofs of Theorems 5.1 and 5.3. The approach uses a construction
in additive number theory, which uses the technique of Behrend [29], used to construct dense
sets of integers with no three-term arithmetic progressions. A set X C [m] ={1,2,...,m}
is called h-sum-free if for every pair of positive integers a,b < h, if z,y, z € X satisfy the
equation ax + by = (a + b)z then x = y = z. That is, whenever a,b < h, the only solution
to the equation that uses values from X, is one of the |X| trivial solutions. We need the
following lemma (a similar one appears in [54]):

Lemma 5.7. For every positive integer m, there exists an h-sum-free subset X C [m] =
{1,2,...,m} of size at least
m

’X’ =z el0vloghlogm

(5.1)

'Recall that we measure query complexity by the size of the sample of vertices and not the number of
edge queries.
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Proof: Let d and r be integers (to be chosen later) and define

k k
: d
ST:{Exid’:xi<2h(0§i§k)/\ng2:r},
i=0 ;

where k = [logm/logd| — 1. For the rest of the proof, the best way to view the numbers
x € S, is as represented in base d, where xy,...,xo are the “digits” of . Also, note that
by the choice of k, for any r we have S, C [m].

We claim that for every d and r, S, is h-sum-free. Assume to the contrary that there
are x,y,z € S, that satisfy the equation ax + by = (a + b)z, where a,b < h are positive

integers and
x = Zwidz, Y= Zyid’, z= Zzid’.
i=0 i=0 i=0

As by definition x;,y;, 2; < d/2h, and a,b < h we conclude that there is no carry in the
base d addition of the numbers in S,.. In other words, we have for every 0 <i < k

ax; + by; = (a + b)z;.

This means that z; is a weighted average of x; and y;. Combined with the fact that the
function f(z) = 22 is convex, Jensen’s inequality implies that

am? + byi2 > (a+ b)z?,

and that the inequality is strict unless all three numbers z;,y; and z; are equal. However,
if for some ¢ the inequality is strict, we have

k

k k
aZx?—i—bef > (a—i—b)z:zi2
i=0 i=0

1=0

which is impossible as by definition of .S,

k k k
DL 3 ) e
i=0 i=0 i=0
Thus, z; = y; = z; for all 7, and S, is indeed h-sum-free.

We complete the proof by showing that for some r, the set S, is of the required size in
(5.1). As the “digits” in any set S, are bounded by d/2h, the integer r in the definition of
S, satisfies 7 < (k+1)(d/2h)? < kd?. For the same reason, the union of the sets S, has size
(d/2h)*+1 > (d/2h)*. Tt follows that for some r, the set S, satisfies |S,.| > (d/2h)*/kd?.
Setting d = eV1°e™18h (and therefore k =~ \/logm/logh), we obtain (5.1) as needed. [

We proceed with the proofs of Theorems 5.1 and 5.3. It is convenient to start the
discussion with digraphs and then obtain the results for undirected graphs as a special case,
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(as they can be viewed as symmetric digraphs).

An s-blow-up of a digraph H = (V(H), E(H)) on h vertices is the digraph obtained from
H by replacing each vertex v; € V/(H) by an independent set I; of size s, and each directed
edge (v;,vj) € E(H), by a complete bipartite directed subgraph whose vertex classes are I;
and I;, and whose edges are directed from I; to I;. Note that if we take an s-blow-up of
H, we get a digraph on sh vertices that contains s” induced copies of H, where each vertex
of the copy belongs to a different blow-up of a vertex from H (simply pick one vertex from
each independent set). We call these induced copies the special copies of the blow-up. As
each pair of vertices in the blow-up is contained in at most s"~2 special copies of H, it
follows that adding or removing an edge from the graph can destroy at most s"~2 special
copies of H. We conclude that one must add or remove at least s"/s"2 = 52 edges from
the blow-up in order to destroy all its special copies of H.

For the proofs of Theorems 5.1 and 5.3, we will need the following lemma, in which a
triangle in a digraph is simply three vertices w,v,w, such that there is at least one edge
between each of the three pairs.

Lemma 5.8. For every fized digraph H on h vertices, that contains at least one triangle,
there is a constant ¢ = ¢(H) > 0, such that for every positive € < eo(H) and every integer
n > ng(e€), there is a digraph G on n vertices which is e-far from being induced H-free, and
yet contains at most €8/l induced copies of H.

Proof: Given a small € > 0, let m be the largest integer satisfying

1 >
— €.
h4el0vlogmlogh —

It is easy to check that this m satisfies

1 clog(1/e)

€

for an appropriate ¢ = ¢(h) > 0. Let X C {1,2,...,m} be as in Lemma 5.7. Call the
vertices of H wvy,...,vp, and let V1, Vs, ...V} be pairwise disjoint sets of vertices, where
|Vi| = im and we denote the vertices of V; by {1,2,...,im}, where, with a slight abuse of
notation, we think of the sets V; as being pairwise disjoint. We now construct a graph F
whose vertex set is the union of the sets Vi,..., Vy. For each j, 1 < j < m, for each x € X
and for each directed edge (vp, vq) of H, let j+ (p—1)z € V), have an outgoing edge pointed
to j+ (¢—1)x € V,. In other words, for each 1 < j < m and = € X, the graph F' contains a
copy of H, which is spanned by the vertices j, j+z, j+2z,...,j+(h—1)x. Note that each of
these m|X| copies of H is spanned by a set of vertices that forms an arithmetic progression
whose first element is j and whose difference is x. A crucial implication is that F' contains
m|X| copies of H, such that each pair of copies have at most one common vertex. As each
edge of F' belongs to one of these copies, these m|X| copies of H in F' are in particular
induced. In what follows we call these m|X| induced copies of H in F, the essential copies
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of H in F. Finally, define

T LV?FMJ - WinmmJ

and let G be the s-blow-up of F' (together with some isolated vertices, if needed, to make
sure that the number of vertices is precisely n). Claims 5.9 and 5.10 below complete the
proof of this lemma. [

Claim 5.9. The digraph G defined in the proof of Lemma 5.8 is e-far from being induced
H-free.

Proof: The main idea of the proof is to show that adding or removing an edge from G
can destroy special copies of H that belong to at most one of the blow-ups of the essential
copies of H in F'. To this end, consider two essential copies of H in F', H; and H,. As was
noted above, H; and Hs are induced copies of H in F, which share at most one vertex in
F. It follows that their corresponding blow-ups in G, denoted by 77 and 75, will share at
most one common independent set. As T} and 715 share at most one common independent
set, a special copy of H in 77 and a special copy of H in T share at most one common
vertex (recall that a special copy in a blow-up of H has precisely one vertex in each of
the independent sets). We conclude that adding or removing an edge from G, can either
destroy special copies of H that belong to T, or special copies of H that belong to T, (or
not destroy any copies at all). As was explained above, in order to destroy all the special
copies of an s-blow-up of H, one needs to add or remove at least s> edges from the blow-up.
As G contains m|X| blow-ups of essential copies of H, and each of these essential copies is
induced in F', we conclude that one has to add or delete at least

4n’m| X | - | X |n? n? o2
hQ(h+ 1)2m2 = him — h4el0vlogmlogh — en

s*m|X| = (5.4)
edges in order to make G induced H-free. The second inequality follows from the lower
bound on | X| guaranteed by Lemma 5.7, and the third from (5.2). We conclude that G is
indeed e-far from being induced H-free. [

Claim 5.10. The digraph G defined in the proof of Lemma 5.8 contains at most €108 (1/€)ph
induced copies of H.

Proof: As H contains at least one triangle, and each triangle belongs to at most (hﬁ?)) <
nh=3 copies of H, it is enough to show that G contains at most €¢1°8(1/9n3 triangles.
Consider a partition of the vertices of GG into h subsets Uy, ..., Uy, where U; contains the
im independent sets that resulted from the blow-ups of the im vertices that belonged to V;
in F'. Notice that if we show that the induced subgraph of G on any three of the subsets
Ui,...,U; contains at most ¢’ log (1/€)p3 triangles, then the total number of triangles in G
is at most (g) ' 108(1/9) 3 which is still at most eclo8(1/e)p3,

Fix any three subsets U;, U, Uy such that 1 <i < j < k < h. Recall that G is a blow-up
of F', and that we denote by I, the independent set of vertices in GG, which replaced the
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vertex v € V(F'). As there are no edges within these sets any triangle spanned by them
must have exactly one vertex in each set. Note, that if the sets span a triangle whose
vertices belong to the independent sets I, C U;, I, C U;, I, C U, then as G is a blow-up
of F', the vertices x € V;, y € V;, z € V}, in F must also span a triangle. Conversely,
ite eV, yeV;, z€ Vg span a triangle in I, then for every choice of three vertices
uel, CU, vel, CUj, we I, C Uy, the vertices u,v,w span a triangle in G. It
follows that the number of triangles spanned by U;, U;, Uy, is exactly s3 times the number
of triangles spanned by V;, V;, Vj.

If the vertices v;, v;, vk, do not span a triangle in H, then by the definition of F, V;, V;, V},
do not span a triangle, and so do U;, Uj, Uy, in G, and we are done. If v;, v;, vi, span a triangle
in H, then by the definition of F' for any triangle spanned by V;, V;, Vj, there are z,y € X
and 1 <t < im, such that the three vertices of this triangle are

teViy, t+@G-i)xeV;, t+({G—-i)r+(k—-5yeV

The reason is that by definition of F', any edge from V; to V; connects some integer ¢ € V; to
another integer ¢t 4+ (j — i)z € Vj, where x € X. The same applies also to edges connecting
vertices from V; to Vj,. As this is a triangle, there must also be an edge connecting ¢ € V;
tot+ (j — i)z + (k — j)y € Vi, hence there is some z € X such that

t+(k—i)z=t+(—i)z+ (k—j)y.

We conclude that the following equation in positive coefficients, whose values are at most
h (recall 1 <i < j <k < h), holds

(G =iz +(k=jy=(k—iz

As X is h-sum free, it follows that x = y = z. Therefore, V;, V}, V} span precisely m|X]|
triangles, which are spanned by the vertices

t+(i—1zeV, t+(G-1zeV;, t+((k-1)zeV,
for every possible choice of t € {1,...,m} and 2 € X. We conclude that U;, U;, Uy, span
m|X|s* < m?(n/m)> <n3/m
triangles. As by (5.3), m > (1/€)¢1°8(/€)  the proof is complete. [

The proofs of Theorems 5.1 and 5.3 now follow easily from the above lemma.

Proof of Theorem 5.1: Let H be a fixed graph on h vertices. A simple yet crucial
observation is that for every graph H testing Pj; is equivalent to testing P*ﬁ, where H is
the complement of H. Note, that this relation does not hold for testing Pg. Thus, in order
to prove a lower bound for testing Pj;, we may prove a lower bound for testing P*ﬁ.
Recall that given a one-sided error e-tester for testing Pj; we may assume, without loss
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of generality, that it queries all pairs of a uniformly at random chosen set of vertices. As
the algorithm is a one-sided-error algorithm, it can report that G does not satisfy Pj; only
if it finds an induced copy of H in it. Observe, that if the tester picks a random subset
of  vertices, and an input graph contains only €18 (1/9)nh induced copies of H, then the
expected number of induced copies of H spanned by x is at most zheclos (/) which is
far smaller than 1 unless = exceeds (1/€)°18(1/9) for some ¢ = ¢/(H) > 0. It follows by
Markov’s inequality that the tester finds an induced copy of H with negligible probability.
It is therefore enough to show that for any undirected graph H, other than Ps, Ps3, Py, Cy
and their complements, there is a graph G on n vertices which is e-far from satisfying Py,
yet contains only €1°8(1/9p induced copies of H. Combined with the first paragraph of
this proof, it is enough to show this for either H or H.

If h > 6, then it follows from the simplest result in Ramsey Theory (c.f., e.g., [80],
page 1) that either H or H must contain a triangle. Hence, assuming that H contains a
triangle, we can use Lemma 5.8 to construct a graph G on n vertices which is e-far from
satisfying Pj; and yet contains at most eclog(1/9)ph induced copies of H. For h = 5, the
only graph H, such that neither H nor H contains a triangle is C5 (the cycle of length
5, whose complement is also C5). In this case we can use the fact that Cj is the core of
itself to prove that P¢, is not easily testable. See Subsection 5.3.1 for more details. As for
h = 2,3.4 the only graphs H for which H and H are triangle-free are Ps, P3, P4, Cs and
their complements, the proof is complete. [

Proof of Theorem 5.3: The proof is similar to the proof of Theorem 5.1. One only
has to note again that for every digraph H, on at least 6 vertices, either H or H contains
a triangle, and that the only digraph on 5 vertices which does not have this property is
the digraph D5 obtained from Cf, by replacing each undirected edge with two anti-parallel
directed edges. We discuss this special case in Subsection 5.3.1. Though the theorem does
not explicitly state it, we can also conclude from Lemma 5.8 that the same lower bound
applies for any digraph H on 3 or 4 vertices such that either H or H contains a triangle.
In Subsection 5.3.1 we discuss more digraphs for which we can obtain similar bounds. [

5.3.1 Graphs which are cores of themselves

In this subsection we briefly argue how to use the results of [11], that appear in the next
chapter, in order to obtain lower bounds for some digraphs on 3,4 and 5 vertices. We
first need some definitions. A homomorphism from digraph H to digraph K is a mapping
¢ : V(H) — V(K) that maps edges of H to edges of K, i.e. (u,v) € E(H) = (¢(u),p(v)) €
E(K). The core of a digraph H, is the smallest subgraph of H (with respect to number of
edges) to which there is a homomorphism from H. In [11] the authors establish a lower
bound similar to those of Theorems 5.1 and 5.2 for testing Py for any digraph H whose
core contains at least one cycle of length at least 3. As in the proof of Lemma 5.8, the main
ingredient of the proof (Lemma 8 in [11]) is a construction of a digraph that is e-far from
being H-free and yet contains relatively few copies of H. Though it is not explicitly stated
in [11], in case H is the core of itself, the constructed graph is actually also e-far from being
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induced H-free, and contains relatively few induced copies of H. Thus we can use the result
of [11] to obtain similar lower bounds for any digraph H on 3,4 or 5 vertices such that either
H or H is the core of itself and contains a cycle of length at least 3. This in particular
holds for Cs, and therefore also for Ds, as testing Pc, is a special case of testing Pp.. As
was noted in [11], any directed cycle C' that contains a non equal number of forward edges
and backward edges is the core of itself. Thus, any digraph on 4 vertices that contains such
a cycle of length 4 (e.g. a Hamilton cycle) is the core of itself, and we can use the result of
[11] to obtain a lower bound for this case as well.

5.4 Two-Sided Error Testers

For the proof of Theorem 5.4 we apply Yao’s principle [115], by constructing, for every fixed
graph H, for which a lower bound was established in Theorems 5.1 and 5.3, two distributions
D1 and Ds, where D; consists of graphs which are e-far from satisfying Pj; with probability
1 — o(1) (where the o(1) term tends to 0 as € tends to zero), while Dy consists of graphs
which satisfy Pj;. We then show that any deterministic algorithm, which makes a small
number of queries (adaptively) cannot distinguish with non-negligible probability between
Dy and D,. We prove Theorem 5.4 for the case of digraphs, as it is clear that the case of
undirected graphs follows as a special case. For the case of H being the graph obtained
from C5 by replacing each edge by a cycle of length 2, we can use the fact that this graph
is the core of itself (as we did for one sided error in Subsection 5.3.1) to prove that P¢,
has no two-sided e-tester with query complexity polynomial in 1/e. We thus assume that
H is a graph on at least 6 vertices. As in the proofs of Theorems 5.1 and 5.3, testing P},
with two-sided error has the same query complexity as testing P*ﬁ, thus we assume that H
contains at least one triangle.

Proof of Theorem 5.4: Let H be a fixed digraph which contains at least one triangle.
Given n and €, let X, m and the sets V; be as in the proof of Lemma 5.8. Construct the
digraph F just as in the proof of Lemma 5.8, and remember that it consists of m|X| pairwise
edge disjoint copies of H which we called the essential copies of H in F' (though it may well
contain additional copies of H).

To construct Dy which consists of digraphs that are e-far from satisfying P7; with high
probability, we first construct F| by removing each of the m|X| essential copies of H,
randomly and independently, with probability 1 — 1/|E(H)|. We then create G by taking
an s blow up of FY{, adding isolated vertices, if needed. Finally, D; consists of all randomly
permuted copies of such digraphs GG1. It follows from a standard Chernoff bound, that with
probability 1 — o(1), at least m|X|/2|E(H)| essential copies of H are left in F}, where the
o(1) term tends to 0, as € tends to 0. Similar to the derivation of (5.4), it is easy to show
that if m|X|/2|E(H)| of these copies of H are left in FY, the graph G is e-far from satisfying
Pj;. It follows that with probability 1 — o(1), a member of Dy is e-far from satisfying Pj;.

The distribution Dy of digraphs that satisfy Pj;, is defined by first constructing F% by
randomly, independently and uniformly picking from each of the m|X| essential copies of H
a single edge, and removing all the other edges of that copy. We then create G2 by taking
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an s blow up of F} adding isolated vertices, if needed. Finally, Dy consists of all randomly
permuted copies of such digraphs G3. The main argument of Lemma 5.8, states that the
graph F defined in the lemma contains only triangles whose three edges belong to one of
the essential copies of H. Hence, keeping a single edge from each of these copies results in
a triangle free graph, and in particular all the graphs in Go satisfy Pj;.

As in the proof of Lemma 5.8, denote by I, the independent set of vertices in Gy (or
G2) that replaces the vertex v € V(F'). Now consider a set of vertices S in G; (or G2) and
its natural projection to a subset of V(F') (namely, for each vertex u € I,, we consider the
vertex v in F') which we also denote by S with a slight abuse of notation. Suppose S has
the property that it does not contain more than two vertices from any one of the essential
copies of H.

If this property holds, then each edge spanned by S is contained in a different essential
copy of H. Therefore, each edge has probability 1/|E(H)| of being in FY, and these prob-
abilities are mutually independent. Similarly, each such edge has probability 1/|E(H)| of
being in F} and these probabilities are also mutually independent. It follows that in this
case, sampling a digraph G from D;, and looking at the induced digraph on a set .S with
the above property, has ezactly the same distribution as sampling a digraph G from Do,
and looking at the induced digraph on S.

In order to apply Yao’s principle and thus complete the proof, we have to show that no
deterministic algorithm can distinguish between the distributions D; and D9 with constant
probability. To this end, it is clearly enough to show that with probability 1 — o(1), any
deterministic algorithm that looks at a digraph spanned by less than (1/e) o8 1/¢
has ezactly the same probability of seeing any digraph regardless of the distribution from
which the digraph was chosen. By the discussion in the previous paragraph, this can be
proved by establishing that, with high probability, a small set of vertices does not contain
three vertices from the same essential copy of H. For a fixed ordered set of three vertices
in S, consider the event that they all belong to the same essential copy of H. The first
two vertices determine all the vertices of one of these copies uniquely. Now, the conditional
probability that the third vertex is also a vertex of the same copy is h/|V(F)| < 1/m. By
the union bound, the probability that the required property is violated is at most

vertices,

]S|3/m < |S‘36C10g1/€.

This quantity is o(1) as long as |S| = o((1/€)5'°81/¢), where here we applied the lower
bound on the size of m given in (5.3). Therefore, if the algorithm has query complexity
o((1/€)¢ 1o81/€) for some absolute positive constant ¢, it has probability 1 — o(1) of looking
at a subset on which the distributions D; and Dy are identical, thus, the probability that
it distinguishes between D; and D3 is o(1). [

A slightly more complicated argument than the above can give two distributions D
and Dy, such that the graphs in D are always e-far from satisfying Pj;, while the graphs
in Dy always satisfy Pj;. The idea is to first partition the m|X| essential copies of H into
groups of size |E(H)| assuming for simplicity that |E(H)| divides m|X|. To create D1,
we randomly pick from each group of |E(H)| copies of H a single copy, and delete all its
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edges. To create Dy, we do exactly the same as we did in the proof of Theorem 5.4. It
is easy to appropriately modify the proof above in order to show that any deterministic
algorithm with query complexity o((1/€)°1°81/¢) can not distinguish between D; and Ds.
As this argument has no qualitative advantage, we described the simpler one given above.

5.5 Additional Results

In this section we discuss some additional results that were not included in this thesis. It is
natural to ask if the results of this chapter can be extended to k-uniform hypergraphs 2. As
a dense k-uniform hypergraph (k-graph for short) has ©(n*) edges, we say that a k-graph is
e-far from satisfying a property if one has to add/delete at least en® edges in order to get a
a k-graph satisfying the property. We define testers for properties of k-graph in the obvious
way. Given the results of this chapter it seems natural to try and extend them to k-graphs.
Specifically, we can ask for which k-graphs H, it is possible to test the property of being
induced H-free with a polynomial (in 1/¢) number of queries. It is clear that when H is a
single edge (on k vertices) the property is easily testable. In a joint paper with Noga Alon
[13], we have shown that aside from the case when H is an edge as well as a unique 3-graph on
4 vertices with 2 edges, all the other k-graphs H are such that the property of being induced
H-free is hard to test. The proof of this result is significantly more involved compared to
the proof of Theorem 5.3. The techniques we applied in [13] were also used in another joint
work with Noga Alon [19] to solve a special case of a conjecture of Brown, Erdés and Sés
from 1973. Let fi(n,v,e) denote the maximum number of edges in a k-uniform hypergraph
on n vertices, which does not contain e edges spanned by v vertices. [38] and [39] raised
the problem of estimating fx(n,e(k — r) + r + 1,e) for fixed integers e and 2 < r < k.
Ruzsa and Szemerédi [110] have resolved the case r = 2, and k = e = 3 by showing that
n2=°M) < f3(n,6,3) = o(n?). Erdds, Frankl and R6dl extend their result to r = 2, e = 2 and
any k > 2 and by showing that n2~°(1) < fi(n,3(k—2)+3,3) = o(n?). Using the techniques
of [13] along with several additional ideas we have further extended the above results to
arbitrary 2 < r < k and e = 3 by showing that n*=°(1) < fi(n,3(k —r) +r +1,3) = o(n*).

5.6 Concluding Remarks and Open Problems

e Asin the case of Py, there is a huge gap between the general upper bounds for testing
Pj; that were established in [6], and the lower bounds in this chapter. It would be
very interesting, and probably challenging, to improve any of these bounds. Even in
the seemingly simplest case of H being a triangle, we do not know how to improve
these bounds.

e Another interesting open problem is to complete the characterizations of easily testable
properties Py for undirected graphs H, by solving the cases of H = Py, Cy (recall

2A k-uniform hypergraph G = (V, E) has vertex set V and edge set E where every edge e € E contains
k distinct vertices from V. Thus, standard (simple) graphs are just 2-uniform hypergraphs.
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that testing the complement of Cy is equivalent to testing C4). The case of testing
Pp, seems the simplest one to resolve, since there are known structural results, that
characterize induced Pys-free graphs. These graphs are also known as Complement
Reducible graphs, or Cographs for short, and they are precisely the graphs formed
from a single vertex under the closure of the operations of union and complement,
see [43] and [97]. Cographs arise naturally in such application areas as examination
scheduling and automatic clustering of index terms. Cographs have a unique tree
representation called a Cotree. It might be possible to use this characterization, and
the unique tree representation in order to design an efficient tester for Pp, .

Combining Theorem 5.3 and Subsection 5.3.1, the only unclassified digraphs on 3
vertices are the graph obtained from Ps by replacing one edge with two anti-parallel
edges, and the other by a single edge, and the graph obtained from Ps by replacing
both edges with two anti-parallel edges. As all the digraphs on at least 5 vertices
are hard to test, the only remaining unclassified digraphs are the digraphs H on 4
vertices, such that neither H nor H contains a triangle, and neither H nor H contains
a cycle of length 4 that is the core of itself (e.g. the graph obtained from either Cy
or P4 by replacing each edge with two anti-parallel edges). It will be interesting to
classify these cases as well.

There is an interesting possible connection between the problem of graph isomorphism
and testing Pj;. It is known (see [44]) that for any graph H € {Pa,P3, P4,Cs}, the
graph isomorphism problem can be solved in polynomial time for induced H-free
graphs. Moreover, for any other H, any instance of the graph isomorphism problem
can be reduced to an instance that is induced H-free. Thus, in some sense, the problem
on induced H-free graphs, for H other than Ps, P3, Py and Cy4, is isomorphism hard.
It might be interesting to understand if this connection is indeed meaningful.
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Chapter 6

Testing Subgraph-Freeness in
Directed Graphs

6.1 The Main Results

In this chapter we continue the investigation of the graph properties that can be tested
with a small number of queries. Our main investigation in this chapter is testing properties
of directed graphs (= digraphs for short), and we obtain a characterization of the directed
graphs D for which the property of being D-free can is easily testable. We briefly note that
the basic definitions we need for digraphs are the natural extensions of the definitions we
have thus far used for undirected graphs. For example a property of digraphs is a family
of digraphs closed under isomorphism, and a digraph is e-far from satisfying property P if
one must add/remove at least en? directed edges in order to make the graph satisfy P. For
a fixed connected digraph H (with at least one edge), let Py denote the property of being
H-free. Therefore, G satisfies Py if and only if it contains no (not necessarily induced)
subgraph isomorphic to H. Our first result in this chapter is that for every fixed digraph
H, the property Py is testable.

Theorem 6.1. For every fized digraph H, the property Py is testable with one-sided error.

The proof relies on a variant of the regularity lemma of Szemérédi [112] adapted for
directed graphs, which we formulate and prove. This version of the regularity lemma might
prove useful for other problems. The application for getting the strong-testability of each
property Py is similar to the proof for the undirected case, given (implicitly) in [4], see also
6], [1].

The one-sided e-tester for Py for arbitrary digraphs H, has query-complexly bounded
by a function which, though independent of the size of the input digraph G, has a huge
dependency on € and the size of H. For some digraphs H, however, there are more efficient
e-testers; for example, if H is a single directed edge, it is easy to see that there is a one-
sided e-tester for Pg, which makes only ©(1/¢) queries. A natural question is therefore, to
decide for which digraphs H can one design a one-sided error property tester for Py, whose

101
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query complexity would be bounded by a polynomial in 1/e. In what follows we call Py
easily testable if there is a one-sided error property-tester for Py whose query complexity is
polynomial in 1/e. If such a property tester does not exist we say that Pp is hard to test.

Our main result here is a precise characterization of all digraphs H for which Pg is
easily testable. We further show that the same characterization applies to two-sided error
e-testers as well. As a special case of the argument we conclude that for an undirected
graph H, Py has a two-sided e-tester whose query complexity is polynomial in 1/e if and
only if H is bipartite. This settles an open problem raised in [1]. Somewhat surprisingly,
it turns out that if Py is easily testable, then it has a two-sided error property-tester that
samples only O(1/€) vertices, although any one-sided error e-tester for Py has to sample at
least (1/€)%? vertices, where d is the average degree of H.

Before continuing let us introduce the following standard terminology. We call a directed
cycle of length 2, a 2-cycles. We call a cycle obtained from an undirected cycle by directing
its edges an oriented cycle. An oriented cycle in which all edges point to the same direction
is a directed cycle. Oriented paths and directed paths are defined in an analogous manner.
A digraph is an oriented tree if it does not contain any oriented cycle. A digraph is bipartite
if it does not contain any oriented cycle of odd length.

The characterization of the digraphs H, for which Py is easily testable, relies on some
properties of digraph homomorphisms and cores of digraphs. Let H and K be two digraphs.
A function ¢ mapping vertices of H to vertices of K is a homomorphism if it satisfies
(u,v) € E(H) = (p(u),p(v)) € E(K). The core of a digraph H is the subgraph K of H
with the smallest number of edges, for which there is a homomorphism from H to K. We
can clearly assume that the core does not contain isolated vertices. It is also easy to see that
this notion is well defined in the sense that up to isomorphism the core is unique. We refer
the reader to [28] and [85] for more background and references on digraph homomorphisms,
and to [84] for more information and references on cores of graphs. Our main result is
the following precise characterization of the digraphs H for which testing Py with one-
sided error, has query complexity polynomial in 1/e. Here, and throughout the chapter, we
measure query-complexity by the number of vertices sampled, assuming we always examine
all edges spanned by them.

Theorem 6.2. Let H be a fized connected digraph on h vertices, and let K be its core.

(i) If K is a 2-cycle, then for every e > 0, there is a one-sided error e-tester for Py whose
query-complexity ts bounded by

O((1/e)"?).

(ii) If K is an oriented tree, then for every e > 0 there is a one-sided error e-tester for Py
whose query-complexity is bounded by

o((1/e)").

(iii) If H is not as in (i), (ii), then there exists a constant ¢ = c¢(H) > 0 such that the
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query-complexity of any one-sided error e-tester for Py is at least

1 clog(1/e)
O

A special case of the first part of the above theorem improves the previous result from
[1] which had query complexity O((1/¢)"*).

We also prove the following theorem, that says that in case H is a tree, we can design
an optimal e-tester for Py.

Theorem 6.3. If H is an oriented tree, then there is a one-sided error e-tester for Py,
with optimal query complexity

O(1/e€).

The result in the last part of Theorem 6.2 can be extended to two-sided error e-testers
as well.

Theorem 6.4. Let H be a fized digraph on h vertices, and let K be its core.
(i) If K is a 2-cycle or an oriented tree, then the property Py has a two-sided error e-tester
with optimal query complexity

O(1/e).

(ii) If K is neither a directed 2-cycle, nor an oriented tree, then there exists a constant
¢ = c¢(H) > 0 such that the query-complezity of any two-sided error e-tester for Py is at

least
1\¢ log(1/¢)
Ol

It is not difficult to show, by considering an appropriate random digraph, that the one-
sided error query complexity of Py for any digraph H with average degree d is at least
(%)d/ 2. Therefore, the first part of the theorem exhibits an interesting difference between
the query complexity of the best one-sided and the best two-sided error e-testers of Py for
many digraphs H. The second part of Theorem 6.4 implies a similar result for undirected
non bipartite graphs, thus solving a problem raised in [1].

As is apparent from the statement of Theorem 6.2, the characterization of the digraphs
H for which Py is easily testable, is far more complicated than the characterization for
undirected graphs, which states that Py is easily testable if and only if H is bipartite. The
characterization for undirected graphs is also simple in the sense that one can check it in
polynomial time. It turns out that the characterization for digraphs is not complicated by
chance, and in fact we show that the problem of deciding whether for a given digraph H,
the property Py is easily testable, is N P-complete. This fact follows easily by combining
Theorem 6.2 with a theorem of Hell, Nesetril, and Zhu [85] about cores of digraphs.

Note, that although this implies that the problem of deciding if Py is easily testable is
hard for large digraphs H, this problem is interesting for small fixed digraphs as well, and for
those the decision is simple. Thus, for example, Theorem 6.2 implies that the property Po
has a polynomial query complexity in 1/e for the oriented cycle C' on the vertices vy, .. ., vog,
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Figure 6.1: (a) Core is a path (b) Core is the entire digraph (c¢) Core is a triangle (d) Core
is the entire digraph although the graph is balanced.

that consists of two edge-disjoint directed paths from v; to vy (see Figure 6.1 (a)), as each
path is a core of C. Theorem 6.2 also implies that the property Por has a non-polynomial
query complexity in 1/e for every oriented cycle C’ that is obtained from the above cycle
C, by changing the direction of any single edge (see Figure 6.1 (b)), because in this case
the core of C’ is the entire digraph. This example shows that the testability of Py does
not rely solely on the structure of H as an undirected graph. Additional comments on this
subject appear in Section 6.7.

Organization: The chapter is organized as follows: In Section 6.2, we modify some of
the ideas used in the proof of Szemerédi’s regularity lemma for undirected graphs, in order
to prove a more general result that applies also to digraphs. In Section 6.3 we apply the
above lemma in order to prove Theorem 6.1.

The main result consists of two parts. The first one (Theorem 6.2, parts (i),(ii)) appears
in Section 6.4, and is proved using probabilistic arguments and tools from extremal graph
theory. Unlike the corresponding result for undirected graphs, the techniques required here
are rather complicated, and apply some delicate arguments. In this section we also prove
Theorem 6.3. To prove the third part of Theorem 6.2, we have to construct, for any digraph
H as in (iii) and any small € > 0, a digraph G which is e-far from being H-free and yet
contains relatively few copies of H. The proof of this part, described in Section 6.5, uses the
approach of [1], but requires some additional ideas. It applies some properties of digraph
homomorphisms as well as certain constructions in additive number theory, based on (simple
variants of) the construction of Behrend [29] of dense subsets of the first n integers without
three-term arithmetic progressions. In Section 6.6 we describe the proof of Theorem 6.4.
We assume, throughout these three sections, that the underlying undirected graph of the
digraph H considered is connected. In the final section, Section 6.7, we observe that it
is easy to extend the results to the disconnected case and discuss the complexity of the
problem of deciding whether for a given input digraph H, Pp is polynomially testable.
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This final section contains some concluding remarks and open problems as well.

Throughout the chapter we assume, whenever this is needed, that the number of vertices
n of the digraph G is sufficiently large, and that the error parameter ¢, is sufficiently small.
In order to simplify the presentation, we omit all floor and ceiling signs whenever these are
not crucial, and make no attempt to optimize the absolute constants.

6.2 A Regularity Lemma for Digraphs

6.2.1 Statement of the new lemma

In this section we prove a regularity lemma for digraphs, by using some of the ideas in the
proof of Szemerédi’s regularity lemma for undirected graphs. For the proof of Szemerédi’s
regularity lemma the reader is referred to the original proof in [112], and to [48] which was
used as a reference for the proof here. In order to state the lemma we need some definitions.
Let G = (V, E) be a digraph, and let X, Y C V be disjoint. Let ﬁ(X7 Y’) denote the set of
edges going from X to Y, and let E(X ,Y') denote the set of edges going from Y to X. Let
E(X,Y) denote the set of pairs of edges that form 2-cycles between X and Y. Define

— — —
- EX,)Y) < EX. YY) [E(X,Y)]
d(X,)Y):=—"—"-, d(X,)Y):=—""—-, dX,Y) = ———=
[ X[Y] | X]Y] | X[Y]
the directed densities of the pair (X,Y’). Observe that all three densities of any pair are real
numbers between 0 and 1. Given some € > 0, we call a pair (A, B) of disjoint sets A, B C V
e-reqular if all X C A and Y C B with

X] > e|A| and [Y] > €[B],

satisfy

— “—

[d(X,Y) - d(AB)<e, [d(X,Y)-d(AB)<e, [dX,Y)-dAB)<e

We will later need the following trivial claim about a regular pair (A, B). The claim simply
says that if we take a large enough subset Y C B, then for most vertices in the other side,
Y behaves almost like B. In order to state the claim we need the following notation which
will be used later as well: ﬁy(v) is the set of vertices y € Y for which (v,y) € E, Wy(v)
is the set of vertices y € Y for which (y,v) € E and Ny (v) is the set of vertices y € Y for
which (v,y) is a 2-cycle.

Claim 6.5. Let (A, B) be an e-regular pair with densities 7,7 and d, and let Y C B
be of size at least €|B|. Then for all but at most 3e|A| vertices v € A, the inequalities

Ny(@) > (d —o|Y], Ny(v) > (d — &)|Y| and Ny (v) > (d — )|Y]| hold.

Proof: Assume that for some X, such that |X| > 3¢|A|, for all v € X at least one of the
inequalities does not hold. Then for some Z C X, such that |Z| > €|A|, for all v € Z the
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same inequality does not hold. Hence, the pair (Z,Y) contradicts the e-regularity of the
pair (A,B). O

Consider a partition {Vp, V1,...,Vi} of V in which one set Vj has been singled out as
an exceptional set (Vp may be empty). We call such a partition an e-regular partition of a
digraph G if it satisfies the following three conditions:

(i) Vol < €Vf;
(i) Vil =...=[Vil;
(iii) all but at most ek? of the pairs (V;,V;) with 1 <14 < j < k are e-regular.
Our objective is to prove the following generalization of Szemerédi’s regularity lemma.

Lemma 6.6. For every e > 0 and every m > 1 there exists an integer DM = DM (m,¢)
such that every digraph of order at least m admits an e-regular partition {Vo,Vi,...,Vi}
with m <k < DM.

The statement of the lemma for symmetric digraphs, that is, digraphs in which (u,v) is
a directed edge if and only if (v,u) is a directed edge, is equivalent to the statement of the
regularity lemma for undirected graphs.

6.2.2 The regularity lemma for undirected graphs

We start with the regularity lemma for undirected graphs, and some of the definitions used in
the course of its proof. In the context of undirected graphs there is only one density between
a pair of disjoint subsets A, B C V, and it is defined as d(A, B) := |E(A, B)|/|A||B|, where
E(A, B) is the set of edges between A and B. A pair of disjoint sets A, B C V is e-regular
ifall X C Aand Y C B with |X| > €|A| and |Y| > €| B, satisfy |[d(X,Y) — d(4, B)| <e.

An e-reqular partition is defined in a way analogous to the definition of a regular partition
for digraphs. The following is Szemerédi’s regularity lemma for undirected graphs

Lemma 6.7. [112] For every € > 0 and every m > 1 there exists an integer M = M (m, €)
such that every graph of order at least m admits an e-reqular partition {Vo, Vi, ..., Vi} with
m<k<M.

The proof for undirected graphs uses the following definitions that will be used in our
proof as well. Let G = (V, E) be a graph and n = |V/|. For disjoint sets A, B C V we define

_ 1AllBI

- 2

q(A, B) -

d*(A, B).
For a partition P = {C1,...,Ck} of V we let

g(P) =Y a(Ci,Cj).

1<j
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However, if P = {Cy, C1, ..., C}} has an exceptional set Cp, we treat C as a set of singletons
and define

q9(P) = q(P"),

where P' = {C4,...,Ci} U{{v} : v € Cp}.
It can be easily shown that for any partition P,

a(P) < =. (6.1)

N |

We say that a partition P’ refines a partition P, if any (non exceptional) set in P is the
union of some sets in P’. We will also need the following lemmas from [48] that establish
relations between partitions and their refinements.

Lemma 6.8. If P and P' are partitions of V', and P’ refines P, then q(P’) > q(P).

Lemma 6.9. Let 0 < ¢ < 1/4 and let P = {Cy,C4,...,Ck} be a partition of V, with

exceptional set Cy, of size |Co| < en and |C1| = ... = |Ck|. If P is not e-reqular, then there

is a partition P' = {C},C},...,C)} of V with exceptional set C}y, where k < £ < k4k, such
that |Ch| < |Co| +n/2k,Co C C}, all other sets C! have equal size, and

q(P') > q(P) + € /2.

Comment: Although the above claim in [48] does not explicitly state it, the partition P’
is a refinement of P.

Note that combining Lemma 6.9 with (6.1), the proof of the regularity lemma for undi-
rected graphs is immediate (up to some technicalities). We can apply Lemma 6.9 over
and over again until we get an e-regular partition. This must happen after at most 1/€®
iterations.

6.2.3 The proof of Lemma 6.6

Given a digraph G = (V, E), and a partition of V, P = {C1,...,Cy}, consider a partition
of E into 3 (not necessarily disjoint) sets

ﬁ: {(u,v) e E:ueCjve Cj,i <7j},

o

E ={(u,v) € E:ue CyveCji>j}
E={(u,v) € E: (v,u) € E,u€ Cj,veCji+#j}

— =
Now we can view a partition P as three different partitions P, P, P, of undirected
graphs (all three partition V' in the same way, but the sets of edges among the partition

sets are different). The first is obtained by removing any edge that does not belong to E),
and considering the directed edges as undirected. The second is obtained by removing any



108 Chapter 6. Testing Subgraph-Freeness in Directed Graphs

edge that does not belong to (]E_?, and again considering the directed edges as undirected.
The third is obtained by removing any edge that does not belong to E, ang consiiering
each cycle of length 2 as an undirected edge. We can also define the values ¢( P), q(P) and
q(P), as the function ¢(-) on a partition of V with edge sets ﬁ, E and E respectively, by
considering the directed edges and cycles of length 2, as undirected edges.

The key observation now, is that if the above three partitions are e-regular in the con-
text of undirected graphs, then P is an e-regular partition in the context of directed graphs.
Thus we can view the task of obtaining an e-regular partition in a digraph, as the task of
obtaining a partltlon that is e-regular in the sense of undirected graphs, over three subsets of
E. We next refer to P P and P sometimes not as a specific partition, but as the set of par-
titions of E, Fand E respectively, obtained in the course of creating the e-regular partition.

Proof of Lemma 6.6: Let G = (V, E) be given. For any partition P of V', we can define
the partitions 1_3), P and P as described above. Also note that all three values q(]_ﬁ), q(F)
and ¢(P) are always at most 1/2 by (6.1). Thus we can apply Lemma 6.9, circularly once
fgr each partition until all three are e-regular. For example, whgl we apply Lemma 6.9 to
E, we choose a new partition of V', according to the previous P, and this induces a new
partition of P and P as well. By the condition of Lemma 6.9 and the comment following
it, this cannot happen more than s = 3 - 1/€® = 3/’ times, before we obtain an e-regular
partition of the digraph G. Observe that, for example, when we apply Lemma 6.9 to ]_5,
we do not necessarily increase q(?) by €°/2 (In fact, it might even be the case that P
was an e-regular partition of F and now it is not!), but by Lemma 6.8 and the comment
following Lemma 6.9, we also do not decrease its value. Hence, in each iteration one of the
values q(]_ﬁ), q(<]3), q(P) is increased by at least €°/2, while the other two do not decrease.
An important technicality is that as the definitions of the partitions f’), P and P depend
on the serial numbers given to the partition sets of V(G) (see beginning of the subsection),
we must make sure that if, for example, edge (u,v) was part of partition P then it does
not “move” to another partition, say, P. To this end, we can simply give consecutive
serial numbers in the new partition, to all the subsets of a set that belongs to the previous
partition.

We are left only with the simple technicalities of making sure that Cy does not get too
large, and of defining the function DM (m,e). These are straightforward, and are left to
the reader. See ,e.g., [48] pages 159-160. [

Note that our process for obtaining the regular partition does not apply the regularity
lemma for undirected graphs recursively, and that the bound for the function DM (e, k) in
the lemma for digraphs is similar to the bound of the function M(e, k) in the lemma for
undirected graphs, that is, both

are towers of 2’s of height O(1/€%). By a result of Gowers [74], both functions must
grow at least as fast as a tower of 2’s of height poly(1/e).
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6.3 Testing for Arbitrary Subgraphs

In this section we use our version of Szemerédi’s regularity lemma, Lemma 6.6 from the
previous section, in order to prove Theorem 6.1. To this end, we prove the following
lemma, which is similar to previously known results for undirected graphs. See, for example,
Theorem 2.1 in [90], and Lemma 3.2 in [6].

Lemma 6.10. For every fixed € and h, there is a positive constant c(h, €) with the following
property: for every fized digraph H of size h, and for every digraph G of a large enough size
n that is e-far from being H-free, G contains at least c(h, €)n" copies of H.

Proof: Let € be a constant whose value will be decided later. On inputs 1/€; and e,
Lemma 6.6 returns an ej-regular partition with |Vp| < e;n and partition sets Vi,...,V;,
|Vi| = k such that 1/ <t < DM(1/€e1,€1). Obtain from G the digraph G’ by removing
the following sets of edges:

e Edges that touch V. There are at most (e1n)? + 2e1n? < 3e1n? edges of this type.
e Edges within some set V;. There are at most t(n/t)? = n?/t < e;n? such edges.
e Edges between non e;-regular sets. There are at most €1¢2-2n? / t2 < 2¢1n? such edges.

o If for some pair of partition sets, one of the densities E), 7, d is less than €/4, remove
all corresponding edges (i.e. all edges that define that density). There are at most
(5)en?/t2 < en?/2 such edges.

Altogether we have removed less than en?/2 + 6e1n? edges from G. Thus, as G is e-
far from being H-free, for any ¢; < €/13 the digraph G’ is obtained from G by removing
less that en? edges, and therefore still contains a copy of H. Moreover, for each directed
edge (u,v) in H, v and v belong to an ej-regular pair (U,V),u € U,v € V, such that
E)(U, V) > €/4. The same applies to a pair of edges (u,v), (v,u) in H but this time with
respect to the density d(U, V).

Having established the existence of one such H, we show that there are actually many
more copies of H, provided that €; is sufficiently small. Let wuq,...,up be the vertices of
the copy of H in G, and assume that u; € V,(;). We wish to show that for a small enough
€1 < €/13 we can build ¢(h, e;)n" copies of H, where for each copy, u; will belong to Vo(i)-
This would imply the lemma.

For our scheme to work we need to take €; < ¢/13 small enough that it satisfies,

(3h +1)e; < (e/4 — ). (6.2)

Note, that we must also take €; < €/13 so that we will be able to assume the properties
of G’ discussed above. Also, note that the value of €; is a function of € and h only, and is
independent of n.

The idea is to build the copies iteratively, where in iteration 1 < ¢ < h, we find many
candidates to play the role of u;. To this end, we keep a set C;; C V), which includes
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the vertices that may play the role of u; after we have already found vertices for u, ..., u;.
Initially, C; 0 = Vo) |Ci0| = k. Consider the stage when we come to select the vertices
that will play the role of u;. When we select a vertex to be u; we have to update the sets
C; j. For example, if for i > j (u;,u;) is an edge of H, then after selecting v to be u; we

have to update C; ; = ﬁci,j—l (v). The updates are equivalent for the other two cases where
there is an edge (u;,u;) and when there are two edges (u;, uj), (u;, u;).

The crucial observation now, is that we made sure that all edges of H go between ¢;-
regular pairs, and moreover we have a relatively high density in the direction of these edges.
Therefore, if |C; ;1] > €1|V,(;)| then by Claim 6.5 all but at most 3e1|V, ;)| vertices in V)
are such that the three inequalities of Claim 6.5 hold (with d = €/4 and € = €1). That is,

1Cijl > (/4 —€1)|Cij-1]. (6.3)

As H contains h vertices, and each i > j excludes at most 361\V0(j)\ from being u;, then
altogether we have at least |C; ;1| —3€1h|V,(;)| candidates for the role of u;. For our scheme
to work we must make sure that |C; ;| > €1|V;| so that we may apply Lemma 6.5. But,
by our previous assumptions the following holds for any i > j,

Cii| — 3e1h|Vyin| > (e/4 — 1)k — 3e1hk > €1 k.
J (4)

The first inequality follows from (6.3) and the second from (6.2). We thus get that |C; ;| >
ek = q]Va(i)] as needed. In particular |Cj;_1| > €1k, thus we have ek choices when we
come to choose u;. Finally as Lemma 6.6 partitions V' into a constant number of sets we
get that,

-l n(l-a)

- t o DM(1/61,€1)

Thus, for each iteration i, we have at least

k

61(1 — 61)”

€k = DM(1/e1,€1)

choices for u;. Therefore, as € is a function of € and h only by (6.2), G’ contains at least

e(l—e) \" h_ o, b
(DM(l/el,eo) n=clhe)

copies of H. As G’ is a subgraph of G, G contains at least as many copies. [
The proof of Theorem 6.1 now follows easily.

Proof of Theorem 6.1: The tester simply picks, say, 4/c(h, €) sets of vertices of G, where
each set consists of h vertices, at random. If at least one of these sets spans a copy of H,
it reports that G is not H-free, else, it declares that G is H-free. If G is H-free, then the
algorithm will certainly report that this is the case. If G is e-far from being H-free then, by
the above lemma, the algorithm will find a copy of H with probability at least 2/3.  [.
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6.4 Easily Testable Digraphs

In this section we prove parts (i) and (ii) of Theorem 6.2 as well as Theorem 6.3. We first
show that the property of being H-free is easily testable, whenever the core of H is a 2-cycle.
We then prove the same for all digraphs H for which the core of H is a tree. In Section 6.5
we show that for any other digraph H, the property of being H-free is hard to test.

We next prove that if the core of a digraph H is a 2-cycle, then testing H-freeness
has query complexity polynomial in 1/e. Observe, that the core of a digraph cannot be
a bipartite digraph with at least one 2-cycle, and not be a 2-cycle, because there is a
homomorphism from any such digraph to a 2-cycle.

Proof of Theorem 6.2, part (i): Let H be a bipartite digraph with at least one 2-cycle,
with color classes of size s and ¢, and assume s < t. Our tester samples some c¢/e® vertices,
for an appropriate ¢ = ¢(s,t), and reports that G is not H-free if and only if there is a
copy of H spanned by a subset of these vertices. Clearly, if G is H-free, the algorithm will
report this is the case. If G is e-far from being H-free it must contain at least en? cycles
of length 2, as otherwise we can remove an edge from each of these 2-cycles and obtain
an H-free digraph (using the fact that H contains a 2-cycle), while removing less than en?
edges. Now, consider the undirected graph G’, obtained from G by putting an edge (u,v)
in G’ if and only if (u,v) is a 2-cycle in G. We show how to find in G’ a set of vertices that
spans a copy of K. From the definition of G', it implies that in G the same set spans a
copy of H.

Randomly and independently, pick s vertices (with repetitions). The expected number
of vertices that are connected to all the chosen vertices is

> (i) >n (%f) > n(2e),

v

where d,, is the degree of v, the first inequality follows from convexity of the function x?*,
and the second from our assumption that G’ contains at least en? edges.

It follows that with probability at least 1(2¢)®, at least (2€)*n vertices are adjacent
to all the s chosen vertices, as otherwise the expectation would have been smaller than
n(2¢)®. Therefore, after 10/(2¢)® rounds in which s vertices are chosen, with probability at
least 15/16 at least %(QG)STL of the vertices are adjacent to all the s vertices chosen in one
of the rounds. Fix these s vertices. If we now choose another vertex, it has probability
at least %(26)5 of being adjacent to all these s vertices. We conclude that the expected
number of additional vertices that we need to sample, in order to find ¢ vertices that are
connected to the s fixed ones, is at most 2t/(2¢). By Markov’s inequality, after sampling
8t/(2¢)*® vertices, the probability of not finding a set of ¢ vertices that is connected to all
the s vertices is at most 1/4. The algorithm has probability at most 1/16 of failing to find
the s vertices in the first step, a probability of at most 1/4 of failing to find the ¢ vertices in
the second step, and a probability of o(1) that in each of the two steps, the chosen set does
not consist of distinct vertices (notice that we sampled with repetitions). Altogether, the
failure probability is at most 1/3, hence, the algorithm finds a copy of K ; with probability
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at least 2/3. As for the sample size, the first part uses a sample of size 10s/(2¢)*, while
the second is of size 8t/(2¢)°. Altogether, we use a sample of size O((1/€)*) = O((1/¢€)"/?).
This completes the proof of Theorem 6.1, part (i). [

Comment: By the above proof, every digraph G on sufficiently many vertices with Q(n?)
2-cycles, contains a copy of every fixed bipartite digraph. Therefore, there is a very simple
and efficient two-sided error algorithm for testing Py, for every H whose core is a 2-cycle,
which simply samples O(1/¢) pairs of vertices and accepts iff they span no edge.

We now proceed with the proof of Theorem 6.2 part (ii). In the proof we will use
the following construction of a digraph G’ obtained from a digraph G which is e-far from
being H-free. The process is described with respect to some tree K, which is a connected
subgraph of H. We therefore denote G’ = G'(G, K). The reason to make the description
general is that we will later use it with respect to different trees. Let G be a digraph that is
e-far from being H-free, and let K be some subtree of H. Let us also name the vertices of
K as 1,...,t. We define the digraph G’ = G'(G, K) in the following constructive manner
with respect to K: assign each vertex v of G a list L(v) containing the numbers 1, ..., ¢.
This list should eventually contain ¢ € {1,2,...,t} if and only if there is a homomorphism
¢ : K — G’ in which (i) = v. We also define N1 (v,4) to be the set of vertices u, for which
there is an edge (v,u), and @ € L(u). We define N~ (v,4) analogously only with respect
to incoming edges into v. The process executes the following two operations while it can:
(i) If for some directed edge (i,7) in K, there is a vertex v in G, for which i € L(v) and
IN*(v,j)| < 51, remove all edges {(v,u) : w € N (v,7)}, remove i from L(v), and update
all the sets N7 (+,4) of vertices in G. (ii) If for some directed edge (i, j) in K, there is a vertex
v in G, for which j € L(v) and [N~ (v,4)| < 5n, remove all edges {(u,v) : v € N~ (v,i)},
remove j from L(v), and update all the sets N*(-,j) of vertices in G.

Lemma 6.11. If G is e-far from being H-free, and K is a connected subgraph of H which is
a tree, then the digraph G' = G'(G, K) described above satisfies the following properties: (1)
It contains a copy of K. (2) i € L(v) if and only if there is a homomorphism ¢ : K — G’
for which ¢(i) = v.

Proof: As K is a subgraph of H, and G is e-far from being H-free, we may show that G’
satisfies (1), simply by showing that the above process for obtaining G’, does so by removing
less than en? edges. To this end, consider any vertex v. Each execution of items (i) and (ii)
removes an element from L(v), therefore we can execute them at most ¢ times on v. As in
each execution we remove less than ;1 edges, it follows that the process removes less than
en edges that touch v, and altogether less than en? edges.

To prove (2) we first prove the implication that asserts that if ¢ ¢ L(v) then there is no
homomorphism ¢ : K — G’ for which (i) = v. We proceed by induction on m, the number
of steps of the process. At the beginning, all the lists are full, therefore the desired property
trivially holds. Assume it holds for m steps and consider step m + 1: if we execute (i), then
some i was removed from some L(v), after removing all edges that go from v to vertices

N*(v,j) for some j that is a neighbor of i in K. It follows from the induction hypothesis,
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that no homomorphism can map j to an out-neighbor of v, and therefore, as ¢ and j are
neighbours in K, no homomorphism can map i to v. The case of executing (ii) is identical.
To prove the second implication, assume that at the end of the process, for some vertex v,
we have i € L(v) but there is no homomorphism ¢ : K — G’ for which (i) = v. Let K’ be
the largest connected subgraph of K that contains ¢, for which there is a homomorphism
¢ : K' — G’ that satisfies ¢(i) = v and for all j € K’ j € L(¢(j)). As K is connected,
there is some vertex i’ € K’ that is connected by an edge to 7/ € K\ K’ in K. By the
maximality of K’, there is no edge connecting ¢(i') to a vertex ¢ for which j' € L(g). This
is impossible, as it means that the process should have removed ' from L(p(i')). O

We now turn to the proof of Theorem 6.2, part (ii). The proof is based on a variant of a
powerful probabilistic technique, which may be called dependent random choice, and which
has already found several recent combinatorial applications. See, e.g., [9] and some of its
references. Given a subset of vertices V; C V(@) and a vertex v € V(G), let N(v,i) denote
the set of neighbors of v within V;. We need the following lemma.

Lemma 6.12. Let G = (V, E) be an undirected graph on n vertices, and let Vi, Va, ..., Vi1
be (not necessarily disjoint) subsets of V. Put o = |Vi|/n. Assume that for every vertex
v € Vi and for every 2 < k < d+ 1, |N(v,k)| > €|Vi|. Then, sampling 32hlog(1/6)/(ce?)
vertices from G, finds with probability at least 1 — &, an h-tuple of distinct vertices s =
{vi,...,up} C Vi, that satisfies

h

(N (i, k)

=1

> eV, V2<k<d+1. (6.4)

e

Proof: The result is trivial for h = 1, and we thus assume that h > 2. For 2 <k <d + 1,
choose uniformly and independently a vertex t, from each set Vi. Let X be the set of
vertices v € V1, for which t; € N(v,k) for all 2 < k < d+ 1. For each v € V1, let X,, be an
indicator random variable for the event that v € X. It follows from the assumption on the
large number of neighbours of each vertex of V; in each set Vj, that

E(X) =) B(X,) > Vi,
veEV]

By Jensen’s inequality, it follows that
E(IX|") = E(X)" = ™ v,

Therefore, there is an expected number of at least € |V;|"* h-tuples s = (v, ...,v;) (where
the vertices v; are not necessarily distinct) of vertices in Vi, with the property that t; €
N(vi, k), forall 2 < k < d+1and 1 <1i < h. We now turn to show, that the expected
number of these h-tuples that violate (6.4) is small. To this end, define Z to be the set of
all h-tuples s € V", that do not satisfy (6.4), and let Y be the set of all members of Z that
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lie in X". For each s € Z let Y, denote the indicator random variable for the event that
s € X" Note that |Y|=3",.,Y,. Thus

i Ny N(wi. )|

BY)= Y SIS

s=(v1,...,up)EZ s€Z k=2 scVh

where the first inequality follows from our assumption that for some £k, ‘ﬂ?zl N(vi, k)| <
1€V |. We conclude that,

1 1 1
EGIX|" =Y = SB(X") = E(Y]) > ™" - thVlh 2wl

MM—A

Therefore, there is some choice of to,...,ts11, for which the sets X and Y satisfy,
h L L anyn
I = Y] > SIX 4 e val

Fix one such choice of tg,...,t4+1. The above inequality implies that more than half of the
h-tuples in X" satisfy (6.4), and that X is of size at least 411/h e?|Vi| > e?n. Therefore,
a randomly chosen vertex from G, has probability at least O‘ed to lie in X. It follows that
the expected number of samples needed to find an h- tuple from X is at most 2h/(ce?).
Hence, by Markov’s inequality, choosing 8h/(ae?) random vertices, finds an h-tuple from
X with probability at least %. As at least half of the h-tuples in X" satisfy (6.4), it follows
that with probability at least % we find an h-tuple satisfying (6.4). This is not necessarily
an h-tuple of distinct vertices. But the probability of finding an h-tuple with non distinct
vertices is o(1), as | X| = Q(n). Therefore with probability at least ; we find an h-tuple of
distinct vertices satisfying (6.4). Thus, choosing 32hlog(1/6)/(ce? ) vertices finds such an
h-tuple with probability at least 1 — ¢ as needed. [

Proof of Theorem 6.2, part (ii): As in the proof of part (i), (and as can be done for any
one-sided property tester for a problem which is closed under taking induced subgraphs),
the algorithm simply samples the stated number of vertices randomly and reports that G
is H-free if and only if it finds no copy of H on them. Clearly, if G is H-free, the answer
is correct. Let G be e-far from being H-free, and let K denote the core of H which is, by
assumption, a tree. Number the vertices of K by 1,...,k in a BFS order, and let h; be
the number of vertices of H that are mapped to ¢ € {1,2,...,k}. Note that if ¢ and j are
neighbors in K, it does not necessarily hold, that all the vertices of H that are mapped
to i, are adjacent to all the vertices of H that are mapped to j, but it does hold, that all
existing edges are in the same direction. We will show however, that we can find a subgraph
of G whose vertex set consists of subsets |Ui| = hq, ..., |Ug| = hy such that if (4,j) € E(K)
then all the vertices of U; are connected to all the vertices of U;. Such a subgraph clearly
contains a copy of H.

Let N (i) be the neighbours of vertex i in K, that appear after it in the BF'S order, and
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d; = |N(i)]. Apply the process described before the proof of Lemma 6.11 with respect to
K, that is, obtain G’ = G'(G, K). Tt follows from Lemma 6.11 that G’ contains a copy of
K. Let vy, ..., v be such a copy. By Lemma 6.11, for all 1 < ¢ < k, i € L(v;). Denote by V;
the set of vertices u; for which i € L(u;). Clearly v; € V;. In order to make the presentation
simple, from now until the end of the proof, we will not specify the direction of an edge
between u; € V; and u; € Vj, although we will always be speaking about an edge that is
directed as the direction of an edge between ¢ and j in K.

Let N(1) ={2,...,d; + 1} be the d; neighbors of vertex 1 in K, hence, G’ contains the
edges (v1,v2), ..., (v1,v4,+1). From the definition of the process for obtaining G’ it follows
that for every 2 < i < dy + 1, there are at least ﬁn vertices u; € Vi, for which there is
an edge (u1,v;) and 1 € L(u1), and in particular, [V1| > g5n. It follows again from the
definition of the process, that for every u; € Vi, and for every 2 <i < dj 41, up has at least
571 neighbors in V;, implying that [Vj| > 5=n. As [Vi| < n, it follows that, each vertex in
V1 has at least 57 |V;| neighbours in each V;. We can continue this way to conclude that for
1<i<k, |Vi] > ﬁn, and that every u; € V; has at least 2—€h\V]] neighbors in Vj, for every
j € N(i). Finally note that as G’ is a subgraph of G, all of the above applies also to G.

The previous paragraph implies, that we can apply Lemma 6.12 on the sets V1, ..., Vg, 41,
with § = ﬁ, « = 5, h = hy and € being €/(2h), to conclude that sampling some

c1(h) /(e 1) vertices of G, finds, with probability at least 1 — 4—1,1, an hi-tuple sq, of dis-
tinct vertices from Vi, such that for 2 < j < dj + 1 they have at least ¢} (h)e"%|V;| >
¢”1(h)eM @ +1p common neighbors in V;. The actual constants c;(h), ¢} (h), ¢f(h) as well as
the constants that will appear at the rest of this proof can be derived from the statement of
Lemma 6.12 and are omitted in order to keep the presentation simple. For 2 < j <d; + 1,
denote by Vj’ this set of common neighbors of the vertices of s;. Now each Vj’ is of size at
least ¢”1(h)e" @ 1n. By construction of G’, every vertex in Vj, has at least 5|V;| neigh-
bours in V;, for every t € N(j). As Vj’ C Vj, the same also applies to the vertices of
Vj. For 2 < j < d; + 1, we can now apply Lemma 6.12 to V] as follows. Take § = ﬁ,
a=|Vi|/n> c’1(h)em@tl "h = h;, d = dj and € as before. We conclude that sampling
ca(h) /(e tam+1) finds, with probability at least 1 — 5, an hj-tuple s; of distinct vertices
from V]-’ , with the property, that all the vertices of s; are adjacent to all the vertices of
sj, and the vertices of s; have at least ch(h)e%"i|V;| common neighbors in V;, for every
t e N(j).

We now turn to generalizing the above for all 1 < ¢ < k, but before doing so we must
take care of the following minor technicality; we must make sure that we do not sample the
same vertex twice when we look for the copy of H, as it must consist of distinct vertices.
We therefore remove from each Vj’ the previously used vertices. As H is of fixed size, each
Vj’ is still of essentially its previous size.

Observe, that as each vertex in V; has at least g7 |Vi| neighbours in V;, for every required
t, and we made sure that we do not sample the same vertex twice, we can safely generalize
the above sampling technique as follows. For every 2 < ¢ < k, let p; be the (single)
neighbor of ¢ in K that precedes it in the BFS order. Therefore, for every 2 < ¢ < k
we can sample some cz(h)/(e%iTdrif»i1) vertices, to find, with probability at least 1 — 7,
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an h;-tuple s;, with the properties, that every member in s,, is adjacent to every member
of s;, and the vertices of s; have at least ¢4(h)e?"i|V;| common neighbors in V; for every
t € N(i). Observe, that as k < h, the probability that at least one of these k samples
failed is at most k/4h < 1/4. Therefore, with probability at least 3/4 we have found k sets
S1,...,Sk of sizes hy,..., hy, respectively, such that for every edge (i,7) in K, we have all
the edges going from s; to s;. This digraph clearly contains a copy of H, as needed. As
for the total number of vertices sampled, note that we do not sample more than A times
the size of the largest sample we use. The first sample, the one used to find s; is of size
c1(h)/(ent1) = O((1/e)M1). For 2 < i < k, we use a sample of size O((1/e)%Tdpihei+1),
If we define h = maxa<;<j{d; + dp, hp, + 1}, then the total sample size is O((1/€)"). As it is
clear that for every tree of size h, h < h?, we conclude that our e-tester has indeed a query
complexity of O((1/¢)"*). O

It is worth observing that in the proof of Theorem 6.2 part (ii), we did not explicitly use
the fact that the core of the considered digraph H is a tree. Rather, we only needed the fact
that V(H) can be homomorphically mapped to some subgraph which is a tree. However,
one can easily see that if such a homomorphism exists, then the core of H must also be a
tree. We now turn to prove Theorem 6.3, that states that in case H is an oriented tree,
we can design an optimal one-sided error e-tester that simply samples a subset of O(1/¢)
vertices, and checks if they span a copy of H.

Proof of Theorem 6.3: If G is H-free, the algorithm clearly reports it. Let G be e-far
from being H-free. Consider a DF'S ordering of the vertices of H, and number the vertices
of H accordingly 1, ..., h. It follows that vertex ¢ has exactly one neighbor from 1,...,7—1.
Apply the process described before the proof of Lemma 6.11 with respect to H itself, that
is, obtain G’ = G'(G, H). It follows from Lemma 6.11 that G’ contains a copy of H. Let
v1,...,vp be such a copy. By Lemma 6.11, for all 1 < i < h, i € L(v;). Without loss of
generality, assume H contains the edge (1,2). Therefore G’ contains an edge (v1,vs), and
by Lemma 6.11 1 € L(v;) and 2 € L(vz). From the definition of the process for obtaining
G', it follows that there are at least o3n vertices ui, for which there is an edge (u1,vs)
and 1 € L(uy). It follows again from the definition of the process, that for each such uy,
there are at least 5;n vertices us for which there is an edge (u1,u2) and 2 € L(ui). We
can continue this way inductively to conclude that for every homomorphism mapping the
subgraph of H spanned by the vertices 1,...,i into G’, there are at least 51 possibilities
for extending this homomorphism, to a homomorphism from the subgraph of H spanned
by 1,...,i+ 1 into G'. As H is of fixed size, and n is assumed to be large enough, it follows
that for each injective homomorphism mapping the subgraph of H spanned by the vertices
1,...,i into G', there are at least 5zn —i > 351 possibilities for extending this injective
homomorphism, to an injective homomorphism from the subgraph spanned by 1,...,i+ 1
into G’. Finally, observe that as G’ is a subgraph of G, all the above applies also to G.
We now turn to the actual proof. We show that a random subset of 9h2/e vertices,
contains a copy of H with probability at least 2/3. We choose this set one vertex at a time
(with repetitions). From the above discussion, it follows that each randomly chosen vertex
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v, has probability at least €/3h of having the property that there is a copy of H in G in
which v plays the role of vertex 1. More generally, it follows from the above discussion, that
for every 1 < i < h—1, if we have found vertices vy, ..., v;—1 having the property that there
is a copy of H in G in which vy, ..., v;—1 play the role of vertices 1,...,i—1, then there are at
least 55, n vertices w in G, such that there is a copy of H in G, in which vy, ..., v;—1 play the
role of 1,...,7— 1 respectively, and u plays the role of v;. Therefore, each randomly chosen
vertex has probability at least €/3h of decreasing the number of vertices that are required
in order to complete a copy of H, regardless of any history. By linearity of expectation, and
the fact that the expected number of trials needed to find each new vertex is geometrically
distributed, it follows that the expected number of trials needed to find a copy of H is
3h%/e. By Markov’s inequality, it follows that the probability of not finding a copy of H
after 9h% /e trials, is at most 1/3, as needed. Note, that the failure probability is in fact
exponentially small in h/e, but we do not need this stronger estimate here.

To show that the result is optimal, we show how to construct, for every tree H, a
digraph Gy, that is e-far from being H-free, yet in order to find a copy of H, one must
sample (1/¢) vertices of Gg. Given a tree H of size h, construct a digraph G as follows:
Let K be the core of H (which is obviously a tree), and let k£ denote its size. We also denote
by t the number of vertices that are mapped to vertex k of K in a homomorphism from H
to K. The digraph G contains k — 1 sets of vertices Vi, ..., Vip_1 of size % each, and
one subset V, of size e2kn. For each edge (7,7) in K, Gy contains an edge (v;,v;) for every
v; € V; and vj € V. To show that G is e-far from being H-free, observe that there are

(2hn)’ (;H)

natural homomorphisms from H into G, and at least half of them are injective (there are
o(n") homomorphisms that are not injective), that is, at least half of them define a copy of
H. On the other hand, each edge e in G, is in the image of at most

(e2kn) ™! (n A i 1 n)

of these homomorphisms from H to K. Therefore, for a large enough n, one must
remove at least

1 [ — e2kn h=t 1—t [ n— €2kn 1=h+t n — e2kn 9
— - . - > - >
5 (e2kn) ( P ) (e2kn) P > ekn o1 2 en

edges, in order to make Gy H-free, and hence G is e-far from being H-free. The first
multiplicand comes from the number of copies of H in Gy which is at least half of the
number of homomorphisms from H to Gy, while the second comes from the number of
copies of H which share a given edge. In order to establish that a digraph is not H-free,
a one-sided error property-tester must find a copy of H. Now, by the minimality of K,
each copy of H in Gy must have a vertex from V. Therefore, in order to find a copy of H
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with probability 2/3, one must find a vertex in Vj, with at least this probability. As proved
by Goldreich and Trevisan in [77], we may assume without loss of generality that any one
sided error property tester for Py samples uniformly at random a subset of vertices, and
answers by only inspecting edges spanned by this set. Finally, to find a vertex from Vj, with
probability at least 2/3, one must sample uniformly at random at least €(1/¢) vertices.
Thus, we obtain a lower bound of Q(1/¢) as required. [

6.5 Hard to Test Digraphs

In this section we apply the approach used in [1], together with some additional ideas, in
order to prove Theorem 6.2 part (iii). This approach uses techniques from additive number
theory, based on the construction of Behrend [29] of dense sets of integers with no three-term
arithmetic progressions, together with some properties of homomorphisms of digraphs.

A linear equation with integer coefficients

in the unknowns z; is homogeneous if > a; = 0. If X C M = {1,2,...,m}, we say that
X has no non-trivial solution to (6.5), if whenever z; € X and Y a;x; = 0, it follows
that all x; are equal. Thus, for example, X has no nontrivial solution to the equation
x1 — 2x9 + 3 = 0 if and only if it contains no three-term arithmetic progression. The
following lemma is proved in [1] (Lemma 3.1), following the method of [29]:

Lemma 6.13. For every fized integer v > 2 and every positive integer m, there exists a
subset X C M ={1,2,...,m} of size at least

m

|X| = el0vlogmlogr

with no non-trivial solution to the equation
X1+ T2+ ...+ X = 1T (6.6)

Let C = (v1,...,vr41,v1) be an arbitrary oriented cycle of length r + 1. We next apply
the construction in the above lemma to construct, for every integer r + 1 > 3, a relatively
dense digraph consisting of pairwise edge disjoint copies of C', which does not contain too
many copies of C' of a special structure (see statement of lemma below). Let m be an
integer, let X C {1,2,...m} be a set satisfying the assertion of Lemma 6.13, and define,
for each 1 < i <r+1, the set V; to consist of the vertices {1,2,...im} where, with a slight
abuse of notation, we think on the sets V,...,V,411 as being pairwise disjoint. The reason
we use this notation is that we will next refer to the vertices of these sets as integers. In
order to avoid confusion, when we will later on refer to a vertex we will always state to
which of the sets Vq,..., V.11 it belongs.

Let T = T(X,C) be the family of all r 4+ 1-partite digraphs on the classes of vertices
Vi,Va, ..., Vry1, whose edges are defined as follows: For each j, 1 < j < m, and for each
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x € X the vertices j e Vi,j+x € Vo, j+2x € Vs,...,j+rx € V41 form an oriented cycle
of length r 4 1 in this order, whose edges are directed as the edges of C. Therefore, if C
contains the directed edge (v;, vi+1), then (j+ (i — 1)z, j+iz) is an edge from V; to V;41 for
all 1 < j <m,z € X, in any member of 7. If C' contains the reverse edge (v;+1,v;), then
(j+iz,7+ (1 — 1)x) is an edge from V41 to V; for all 1 < j < m,z € X in any member of
T'. The same applies to the edges between V; and V,11. If (v;,v41) is an edges in C, then
any digraph in 7' does not contain any additional edges going from V; to Viy1. If (vit1,v;)
is an edge in C, then any digraph in T" does not contain any additional edges going from
Vit1 to V;. The same applies to Vi, V,.11. Besides the above set of edges and restrictions,
the members of 7" may contain any other edges between V;, V;.

Lemma 6.14. For every integer r > 2, and every m, any member of T(X,C) defined above
has precisely m|X| (< m?) copies of the cycle C, such that the vertex that plays the role
of v; in the copy of C, belongs to V;.

Proof: We only have to show that any member of T does not contain any additional copies
of C, for which the vertex that plays the role of v; in the copy of C, belongs to V;. Let C’ be
such a copy of C. Therefore, there are j < m and elements z1,x2,...,2,41 € X, such that
the vertices of the cycle are j € Vi, j4+x1 € Vo, j+x1+a2 € Vi, ..., j+x14+20+. . . +x)p € Vipy
and 1 + x2 + ... + & = rxy41 (remember that all edges between Vi and V,4, are of
the form (j,7 + rx) or (j + rxz,7)). However, by the definition of X this implies that
T1 =Xy =...= Tr41, implying the desired result. [

Comment: Note that the members of T'(X, C') may contain many additional copies of C,
which do not satisfy the restriction described in the statement of the lemma.

An s-blow-up of a digraph K = (V(K), E(K)) is the digraph obtained from K by re-
placing each vertex of K by an independent set of size s, and each edge e of K by a complete
bipartite directed subgraph whose vertex classes are the independent sets corresponding to
the ends of the edge, and whose edges are directed according to the direction of e.

Lemma 6.15. Let H = (V(H),E(H)) be a digraph with h vertices, let K = (V(K), E(K))
be another digraph on at most h vertices, and let T = (V(T), E(T)) be an s-blow-up of K.
Suppose there is a homomorphism

p:V(H)— V(K)
from H to K and suppose s > h. Let R C E(T) be a subset of the set of edges of T, and
suppose that each copy of H in T contains at least one edge of R. Then

[E(T)| [E(T)|

B2 B Em))

Proof: Let g: V(H) — V(T) be a random injective mapping obtained by defining, for each
vertex v € V(K), the images of the vertices in p~!(v) € V(H) randomly, in a one-to-one
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fashion, among all s vertices of T" in the independent set that corresponds to the vertex v.
Obviously, g maps adjacent vertices of H into adjacent vertices of T', and hence the image
of g contains a copy of H in T. Each edge of H is mapped to one of the corresponding
52 edges of T according to a uniform distribution, and hence the probability it is mapped
onto a member of R does not exceed |R|/s?. It follows that the expected number of edges

¢ [RIEGD)

of H mapped to members of R is at mos , and as, by assumption, this random

variable is always at least 1, we conclude that Wf% > 1. The desired result follows, since
s2 = |B(D)/|E(K)|. O

Claim 6.16. If K, the core of H, is neither a tree nor a 2-cycle, then K contains an
oriented cycle C of length at least 3. Moreover, any homomorphism from H to K, maps a
copy of C from H to the copy of C in K.

Proof: Let k denote the number of vertices of K, and let us number its vertices {v1, va, ..., v}
such that the first r+1 > 3 vertices vy, v, . . . v,11 form an oriented cycle C in this order. One
such cycle must exist as K is by assumption neither a tree nor a 2-cycle. Remember, that
as was explained in the discussion before the proof of Theorem 6.2, part (i), the core cannot
have only 2-cycles, and not be a 2-cycle. By the minimality of K, every homomorphism ¢
of K into itself must be an automorphism, that is (u,v) € E(K) < (¢(u), p(v)) € E(K)
(otherwise H would have a homomorphism into a subgraph with a smaller number of edges).
We claim that any homomorphism of H into K maps a copy of C' from H to the vertices
V1,02, ...041 of K. Indeed, any homomorphism of H into K, induces also a homomor-
phism of K into K. Therefore, some r + 1 vertices of K are mapped to vi,ve, ..., Urs1,
and these vertices must span a cycle in K and therefore in H, as this homomorphism is an
automorphism from K to K by the previous argument. [J

Lemma 6.17. For every fized digraph H = (V(H),E(H)) on h wvertices whose core is
neither an oriented tree nor a 2-cycle, there is a constant ¢ = ¢(H) > 0, such that for every
positive € < eo(H) and every integer n > ng(€), there is a digraph G on n vertices which is
e-far from being H-free, and yet contains at most €18/ Iph copies of H.

Proof: Let K be the core of H, and let & denote the number of vertices of K. Also, let us
number its vertices {v1, ve, ..., v} such that the first 7 + 1 > 3 vertices vy, va, ... vy41 form
an oriented cycle C in this order as guaranteed by Claim 6.16. Given a small € > 0, let m
be the largest integer satisfying

1

€= h8e10vIogmlogh (6.7)

It is easy to check that this m satisfies

1 clog(1/e)
m > () (6.8)

€

for an appropriate ¢ = ¢(h) > 0. Let X C {1,2,...,m} be as in Lemma 6.13. We next
define a digraph F' from K in a way similar to the one described in the paragraph preceding
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Lemma 6.14. Let V1, Vs, ... Vi be pairwise disjoint sets of vertices, where |V;| = im and we
denote the vertices of V; by {1,2,...,im}. For each j, 1 < j < m, for each x € X and for
each directed edge (vp,vq) of K, let j + (p — 1)z € V,, have an outgoing edge pointed to
j+ (¢g—1)x € V,. In other words, F' consists of m|X| copies of K, where the vertices of
each copy form an arithmetic progression whose first element is j and whose difference is
x. It follows that each pair of these copies shares at most one vertex in F'. In particular,
these copies are edge disjoint. It thus follows that the number of edges in F' satisfies

[E(F)| = m|X||E(K)].

Note that the induced subgraph of F' on the union of the first (r+ 1) vertex classes, belongs
to the family of digraphs T'(X, C) considered in Lemma 6.14, where C' = (v1,...,Up41,01)
is the oriented cycle on the first » + 1 vertices of K, which was defined above. Finally, define

. LV?FMJ - h(kinnmJ

and let G be the s-blow-up of F' (together with some isolated vertices, if needed, to make
sure that the number of vertices is precisely n). Note that the number of edges of GG satisfies,

An2|E(F A2 X||E(K n?| X||E(K n2|E(K
(@) = BB _ At IX|IBU)| | nfIX|IBUK)] | n*|B(K) ©9)
k (k—|—1) m k (k+1) m k*m k4el0v1ogmlogr

where the last inequality follows from the lower bound on | X| that is guaranteed by Lemma
6.13.

Since F' consists of m|X| edge disjoint copies of K, G consists of pairwise edge disjoint
s-blow-ups of K, hence, by Lemma 6.15, one has to delete at least a fraction of 1/h% of its
edges to destroy all copies of H in it. Therefore, one must delete at least

1 n?|E(K)| n?|E(K)| 2
ﬁ ' ’E(G)’ = h4k4el0v1ogmlogr = h8el0v1logmlog 2 €n (6'10)

edges in order to destroy all copies of H. The first inequality follows from (6.9), the second
from the fact that » < h and k < h and the third from (6.7). We conclude that G is e-far
from being H-free.

We next claim that any copy of H in G must contain a copy of C such that for 1 <i <
r+ 1, the vertex that plays the role of v; belongs to the blow-up of the vertices of V;. To see
this, note that there is a natural homomorphism of G onto K, obtained by first mapping G
homomorphically onto F' (by mapping each class of s vertices into the vertex of F' to which
it corresponds), and then by mapping all vertices of V; to v;. This homomorphism maps
each copy of H in G homomorphically into K, and hence, by Claim 6.16, maps a copy of
C' that belongs to the considered digraph H, to the first r 4+ 1 vertices of K. The definition
of the homomorphism thus implies the assertion of the claim.

As the vertex that plays the role of v; in the copy of C' must belong to the blow-up of
the vertices of V; for 1 < i < r + 1, it follows from Lemma 6.14 that the number of such
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cycles is at most

2 1 2 2n r+l 1
r — - < r

and this implies that the total number of copies of H in G does not exceed n”/m =
eclog(t/ph implying the desired result. [

Proof of Theorem 6.2, part (iii): Let H be a digraph on h vertices whose core is
neither an oriented tree nor a 2-cycle, and suppose € > 0. Given a one-sided error e-tester
for testing H-freeness we may assume, without loss of generality, that it queries all pairs of
a uniformly at random chosen set of vertices (otherwise, as explained in [6], every time the
algorithm queries about a vertex pair we make it query also about all pairs containing a
vertex of the new pair and a vertex from previous queries. See also [77] for a more detailed
proof of this statement.) As the algorithm is a one-sided-error algorithm, it can report that
G is not H-free only if it finds a copy of H in it. By Lemma 6.17 there is a digraph G
on n vertices which is e-far from being H-free and yet contains at most €181/t copies
of H. The expected number of copies of H inside a uniformly at random chosen set of x
vertices in such a digraph is at most z/€¢1°8 (1/€) which is far smaller than 1 unless x exceeds
(1/€)¢"18(1/€) for some ¢ = ¢(H) > 0, implying the desired result. [

6.6 Two-Sided Error Testers

In this section we present the proof of Theorem 6.4. Applying the second part of the theorem
for the case of undirected graphs, shows that if H is an undirected, non-bipartite graph,
then there is no two-sided e-tester for testing H-freeness whose query complexity is smaller
than (1/€)¢°81/¢ for an appropriate ¢ = ¢(H) > 0. This settles an open problem raised in
[1]. For the proof we need the following easy application of a theorem of Erdés from [52].

Lemma 6.18. Let H be a fixed digraph on h vertices, let K be its core, and denote by k the
size of K. For every constant 0 < v < 1 and for every sufficiently large n, every digraph G
on n vertices that contains yn* copies of K, contains also a copy of H.

Proof: Let ¢ be a homomorphism from V(H) to V(K), denote by t1, ..., the vertices
of K, and let Si,...,Sk be the sets ¢ 1(t1),..., " (ts), respectively. Define a k-uniform
hypergraph T as follows: take a random partition of V(G) into k subsets, Vi, ..., Vi, where
each vertex of G is chosen uniformly and independently to be in one of the groups. For
each copy of K in G, in which the vertices u;,, ..., u;, play therole of t1,...,t; respectively,
put an edge in 7' that contains w;,,...,u;, if and only if u;, € Vi,...,u;, € Vi. Observe,
that by linearity of expectation, if G contains yn* copies of K, the expected number of
edges in T is vk~ *n*. Therefore, one partition which defines at least this many edges must
exist. Fix one such partition, and the hypergraph 7" which it defines. In [52] it is proved
that any k-uniform hypergraph on n vertices with at least pk—h'""* edges, contains a copy
of a complete k-partite k-uniform hypergraph, where each partition class is of size h. It
follows that for large enough n, T” contains a copy of such hypergraph on some hk vertices
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{of,..., 0t} C Vi, {of, ... vF} C V. Tt is now easy to see that G must contain a copy
of H where for the role of the vertices of S; we can choose any |S;| vertices from {v{, ..., v} }.
O

Proof of Theorem 6.4, part (i): Let H be a fixed digraph with core K, and let k be
the size of K. If K is a 2-cycle, then a two-sided error e-tester for testing Py with query
complexity O(1/e) was described in the comment following the proof of Theorem 6.2 part
(i). Assume now that K is an oriented tree. Our two-sided error e-tester for Py works as
follows: Given a digraph G, the algorithm samples c/e vertices, for an appropriate ¢, and
reports that the digraph is not H-free if and only if they span a copy of K. We turn to show
that the algorithm answers correctly with probability at least 2/3. Assume G is e-far from
being H-free. Then it is clearly also e-far from being K-free, therefore applying Theorem
6.3 to Pk, we conclude that a randomly chosen set of ¢/e vertices, with an appropriate c,
finds a copy of K with probability at least 2/3. Assume G does not contain a copy of H.
It follows from Lemma 6.18 that it contains o(n*) copies of K, and therefore a randomly
chosen set of any constant size (independent of n), and in particular of size O(1/¢), has
probability o(1) of finding a copy of K.

To show that the result is optimal, we apply Yao’s principle [115]. We first prove the
case of K being an oriented tree. Applying Yao’s principle to our setting, we first have to
define for every n, two distributions of digraphs D, D2, where all the digraphs in D are
e-far from being H-free, and all the digraphs in Dy are H-free. In order to define the two
distributions we use the digraph Gy whose description appears at the end of the proof of
Theorem 6.3. Note that this digraph is constructed using the core K, which is a tree. Dy is
a uniform distribution on all the n! digraphs that are obtained from Gg by a permutation
of its vertices. By the computation at the end of the proof of Theorem 6.3 it follows that
all the digraphs in D; are e-far from being H-free. To define Dy we first define G'; to be
the digraph that is obtained from Gy by removing all the edges that touch Vi (see the
definition of Gg7). Do is now a uniform distribution on all the n! digraphs that are obtained
from G’; by a permutation of its vertices. As G is clearly H-free, all the digraphs in Ds
are H-free. To finish the proof we must show that no deterministic algorithm that samples
less than Q(1/¢) vertices (adaptively) can tell the difference between these two distributions
with probability that exceeds, say, 1/3. Recall that by the definition of Gy and G, as
long as the algorithm does not look at a vertex from Vj, it sees the same digraph. As Vj
is of size €2kn, the probability that a deterministic algorithm that samples less than, say,
1/(10€k) vertices finds a vertex from Vj is smaller than 1/3. Therefore, with probability
at least 2/3 the two distributions Dy, Do will look identical to any deterministic algorithm
sampling less than Q(1/€) vertices, as needed.

The proof for the case of K being a 2-cycle is analogous, and involves taking a permu-
tation of a complete bi-directed bipartite graph on vertex sets of sizes e4n and n — e4n, and
a digraph with no edges. The rest of the details are left to the reader. [

A close inspection at the proofs of Theorem 6.3 and Theorem 6.2 part (i), shows that if
G is e-far from being H-free, and the core of H, K, is either a 2-cycle or an oriented tree,
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then sampling O(1/¢) vertices finds a copy of K with probability 1 — o(1) where the o(1)
term tends to 0 as € tends to zero. On the other, the proof of Theorem 6.4, part (i), shows
that if G is H-free, then the algorithm does not find a copy of K with probability 1 — o(1)
where the o(1) term tends to 0 as n tends to infinity (even if € > 0 is relatively large).
Therefore, in some sense the test has “almost” one-sided error, as even for large values of €
the failure probability in case G is H-free is still o(1), as n tends to infinity.

Proof of Theorem 6.4, part (ii): Let H be a fixed digraph whose core K is neither a
directed 2-cycle nor an oriented tree. We apply Yao’s principle again in order to prove the
lower bound.

Given n and €, let X, m and the sets V; be as in the proof of Lemma 6.17. Construct
the digraph F just as in the proof of Lemma 6.17, and remember that it consists of m|X]|
pairwise edge disjoint copies of K (though it may well contain additional copies of K).
Recall, also, that K contains a cycle C' of length » + 1 > 3, and that each copy of K in F
contains a copy of this cycle in which the i-th vertex lies in V; for all 1 <i <r + 1. Let C
denote the set of these edge disjoint copies of C', and note that by Lemma 6.14 there are no
other copies of C' in F, in which the i-th vertex lies in Vj, besides the m|X| members of C.

To construct Dy which consists of digraphs that are e-far from being H-free with proba-
bility 1 —o(1), we first construct F] by removing each of the m|X| edge disjoint cycles that
belong to C with probability % We then create G by taking an s blow up of F| adding
isolated vertices, if needed. Finally, D consists of all randomly permuted copies of such
digraphs G. It follows from a standard Chernoff bound, that with probability 1 —o(1), at
least m|X|(1 — 2/(r + 1)) copies of C are left in F|, where the o(1) term tends to 0, as €
tends to 0. Similar to the derivation of (6.10), it is easy to show that if m|X|/2(r + 1) of
these copies of C are left in FY, the digraph G is e-far from being H-free. It follows that
with probability 1—o(1), a member of D; is e-far from being H-free. The distribution Dy of
digraphs that are H-free, is defined by first constructing F% by removing from each member
C € C one randomly chosen edge (out of the r + 1 edges of the cycle). We then create Go
by taking an s blow up of F} adding isolated vertices, if needed. Finally, Ds consists of all
randomly permuted copies of such digraphs G5, which are clearly H-free.

Now consider a set of vertices S in Gy (or G2) and its natural projection to a subset
of V(F'), which we also denote by S with a slight abuse of notation. Suppose S has the
property that it does not contain more than two vertices from any one of the copies of C
that belong to C.

If this property holds, then each edge spanned by S is contained in a different copy of
C € C (if it is contained in such a cycle at all). Therefore, each edge that lies in such a cycle,
has probability 1 — r}rl of being in F], and these probabilities are mutually independent.
Similarly, each such edge has probability 1 — TJ%I of being in F} and these probabilities are
also mutually independent. It follows that sampling a digraph G from D;, and looking at
the induced digraph on a set S with the above property, has ezxactly the same distribution
as sampling a digraph G from Ds, and looking at the induced digraph on S.

To complete the proof we have to show that no deterministic algorithm can distinguish
between the distributions D; and Dy with constant probability. To this end, it is clearly
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enough to show that any deterministic algorithm that looks at a digraph spanned by less
than (1/¢€)¢'1°81/¢ vertices, has essentially the same probability of seeing any digraph regard-
less of the distribution from which the digraph was chosen. By the discussion in the previous
paragraph, this can be proved by establishing that, with high probability, a small set of
vertices does not contain three vertices from the same copy of C. For a fixed ordered set of
three vertices in S, consider the event that they all belong to the same copy of C. The first
two vertices determine all the vertices of one of these copies uniquely. Now, the conditional
probability that the third vertex is also a vertex of the same copy is (r+1)/|V(F)| < r/m.
By the union bound, the probability that the required property is violated is at most

r|S|3 /m < r|S\3601°g 1/e,

This quantity is o(1) as long as |S| = o((1/€)3'°81/¢), where here we applied the lower
bound on the size of m given in (6.8). Therefore, if the algorithm has query complexity
o((1/€)¢'1°81/¢) for some absolute positive constant ¢, it has probability 1 — o(1) of looking
at a subset on which the distributions D; and D5 are identical, thus, the probability that
it distinguishes between Dy and Dj is o(1). O

A slightly more complicated argument than the above can give two distributions D7 and
Do, such that the digraphs in Dy are always e-far from being H-free, while the digraphs
in Dy are always H-free. The idea is to first partition the m|X| copies of C into pairs,
assuming for simplicity that m|X]| is even. To create D;, we randomly pick from each pair
of copies of C' a single copy, and delete two randomly chosen edges from this copy. To create
D4, we do exactly the same as we did in the proof above. It is easy to appropriately modify
the proof above in order to show that any deterministic algorithm with query complexity
o((1/€)¢°81/¢) cannot distinguish between D; and Do (see [11] for more details). As this
argument has no qualitative advantage, we described the simpler one given above.

Observe that for digraphs H whose core K is neither an oriented tree nor a 2-cycle, we
can give the above lower bound for testing Py, but no better upper bound than the one
given by Theorem 6.1. However, following the arguments in the proof of Theorem 6.4 (i), it
follows that the query complexity of testing Py with two-sided error is at most the query
complexity of testing Px with two-sided error. Thus, for example, the query complexity of
testing the digraph in Figure 6.1 (c¢) with two-sided error, is at most the query complexity
of testing its induced oriented triangle with two-sided error.

6.7 Concluding Remarks and Open Problems

e We have shown that for any digraph H, the property Py of being H-free is testable
with one-sided error. In order to prove this result we have first proved a regularity
lemma for digraphs, which generalizes Szemerédi’s regularity lemma for undirected
graphs. This lemma might prove useful for tackling other problems as well. We also
gave a precise characterization of all digraphs H for which Py is easily testable, and
showed that the same characterization applies to two-sided error e-testers as well,
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where here the complexity is polynomial in 1/¢ if and only if it is ©(1/¢). We have
addressed the case when H is an oriented tree, and gave an optimal one-sided error
e-tester with query complexity ©(1/¢) for this case.

It is not difficult to generalize Theorem 6.2 to the case of disconnected digraphs. Let
H be a disconnected graph whose components we denote by Hy,..., H;, and whose
cores we denote by K1,..., K. Note that if G is e-far from being H-free, then for all
1, it is also e-far from being H;-free. If Ky, ..., K; are all either trees or 2-cycles, then
running the testers for Hy, ..., H; will find disconnected copies of each of Hy, ..., Hy,
and therefore a copy of H. This test will obviously have query complexity polynomial
in 1/€, and therefore in this case Py is easily testable. If at least one of the cores is
neither a tree nor a 2-cycle then the core of H is neither a tree nor a 2-cycle, hence, it
follows directly from the proof of Theorem 6.2 part (iii) (note that Lemma 6.17 and
the proof of Theorem 6.2 part (iii) do not assume that H is connected) that Py is
not easily testable. Note finally that the above applies also to the case of two-sided
error, thus Theorem 6.4 can also be extended to the case of disconnected digraphs.

Hell, Nesetril and Zhu proved in [85] that the problem of deciding if the core of a
given input digraph is a tree is N P-complete. This, together with Theorem 6.2 imply
the following.

Proposition 6.19. The problem of deciding whether for a given digraph H, the prop-
erty Py is easily testable, is N P-complete.

Therefore, there is no polynomially testable characterization of the digraphs H for
which Py is easily testable (though for every small, fixed H, Theorem 6.2 can be
easily used to decide if H is such a digraph). One interesting class of digraphs for
which the problem is solvable in polynomial time, is the class of oriented cycles. An
oriented cycle is balanced if the number of forward edges is equal to the number of
backward edges. It is not difficult to see that if an oriented cycle C is not balanced,
then the core of C' is C' itself, (see, e.g., Figure 6.1 (b)). However the converse is not
true, and while there are balanced cycles whose core is a path, (see, e.g., Figure 6.1
(a)), there are also balanced cycles C' whose core is C' itself, (see, e.g., Figure 6.1 (d)).
It is therefore interesting to observe that the problem of deciding whether the core of
a given cycle C' is C' itself or an induced path in it, can be solved in polynomial time
using dynamic programming. The details are left to the reader.

A digraph H is balanced iff every oriented cycle in it is balanced. It is not difficult
to see that a digraph H is balanced iff there is a homomorphism mapping H into
an oriented tree, and this happens iff there is a homomorphism mapping H into a
directed path. It thus follows, by Theorem 6.2, that if H is not balanced then Py
cannot be tested by a polynomial number of queries (but the converse is not true in
general.)

Lemma 6.11 implies that if G is e-far from satisfying Pz, and the core of H is a
tree K of size k, then G contains Q(¢¥n*) copies of K. Having this, we could have
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used results from the theory of supersaturated graphs and hypergraphs (see [56]) to
conclude that there exists a one-sided error e-tester for Py which uses a sample of
size O((1/€)2""). (An alternative way to deduce this, is to change the statement of
Lemma 6.18 and prove that G contains c(y)n" copies of H for some constant c(7),
and not just one). However, our proof of Theorem 6.2 part (ii) given here provides a
far more efficient e-tester that uses a sample of size only O((1/ e)hZ). By applying the
techniques of [56] we can show that for every fixed digraph H with h vertices whose
core K (which is not necessarily a tree) has k vertices, any digraph on n vertices
containing at least én* copies of the core K, contains at least Q(&O(hk)nh) copies of
H.

e Lemma 6.11 implies that if G is e-far from satisfying P, and H is a tree of size h,
then G contains Q(e"n") copies of H. This can be seen to be essentially optimal by
considering an appropriate random digraph. We omit the details.

As there are many copies of H, we conclude that sampling h vertices finds a copy of H
with probability Q(e"). It follows that one can test Py simply by sampling ©((1/¢)?)
samples of h vertices each. However, in Theorem 6.3 we show that a sample of size
O(1/¢) suffices. The reason is that sampling h vertices in O((1/¢)") rounds fails to
take into account all the h-tuples that lie in the sample. In a sample of size O(1/¢)
there are ©((1/¢)") subsets of size h, and it turns out that if we consider all of them,
we get essentially the same result as sampling ©((1/€)") subsets of size h. In general,
showing that if G is e-far from being H-free then it contains f(e)n” copies of H, and
then designing a e-tester that samples 1/ f(e) subsets of size h, usually fails to achieve
the query complexity of more efficient e-testers. In many cases, the difference can be
substantial, as in our case. In addition, our proof of a test that uses a sample of size
O(1/¢) gives a somewhat different proof that for any oriented tree H with h vertices,
a digraph that is e-far from being H-free, contains Q(e"n") copies of H.

e Testing H-freeness for H being the complete bipartite undirected graph K, is an-
other example of the above mentioned phenomenon. In [1], an e-tester for K ;-freeness
which uses a sample of size O((1/¢€)*") has been established, simply by showing that
the graph must contain Q(e*n**") copies of Ks;. Our method here improves this
result and shows that a sample of size O((1/e)™(5:)) suffices. This nearly matches a
lower bound of Q((1/€)™(!)/2) which follows by considering an appropriate random
graph (see the full version of [10].)
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Chapter 7

Additive Approximation for
Edge-Deletion Problems

7.1 The Main Results

7.1.1 An algorithm for any monotone property

Our main focus in this part of the thesis is in approximation algorithms for the edit distance
of a graph from satisfying some (monotone) graph property. For a graph property P, let
P, denote the set of graphs on n vertices, which satisfy P. Given two graphs on n vertices,
G and G', we denote by A(G,G’) the edit distance between G and G’, namely the smallest
number of edge additions and/or deletions that are needed in order to turn G into G'. For a
given property P, we want to denote how far is a graph G from satisfying P. For notational
reasons it will be more convenient to normalize this measure so that it is always in the
interval [0,1] (actually [0, 1]). We thus define

Definition 7.1. (Ep(G)) For a graph property P and a graph G on n vertices, let

. A(G,G"
Ep(C) = gmin —5— -
In words, Ep(G) is the minimum edit distance of G to a graph satisfying P after
normalizing it by a factor of n2.
Our first main result in this chapter states that for any graph property P, which belongs
to the large, natural and well studied family of monotone graph properties, it is possible to
derive efficient approximations of Ep.

Theorem 7.2. For any fized € > 0 and any monotone property P there is a deterministic
algorithm that given a graph G on n vertices computes in time O(n?) a real E satisfying

|E— Ep(G)| < c.

Note, that the running time of our algorithm is of type f(e)n?, and can in fact be
improved to linear in the size of the input by first counting the number of edges, taking
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E = 0 in case the graph has less than en? edges. We note that Theorem 7.2 was not known
for many monotone properties. In particular, such an approximation algorithm was not
even known for the property of being triangle-free and more generally for the property of
being H-free for any non-bipartite H.

Theorem 7.2 is obtained via a novel structural graph theoretic technique. One of the
applications of this technique (roughly) yields that every graph G, can be approximated by
a small weighted graph W, in such a way that Ep(G) is approximately the optimal solution
of a certain related problem (explained precisely in Section 7.3) that we solve on W. The
main usage of this new structural-technique in this chapter is in proving Lemmas 7.20 and
7.21, which lie at the core of the proof of Theorem 7.2. This new technique, which may
very well have other algorithmic and graph-theoretic applications, applies a result of Alon,
Fischer, Krivelevich and Szegedy [6], which is a strengthening of Szemerédi’s Regularity
Lemma [112]. We then use an efficient algorithmic version of the regularity lemma, which
also implies an efficient algorithmic version of the result of [6], in order to transform the
existential structural result into the algorithm stated in Theorem 7.2.

We further use our structural result in order to prove the following concentration-type
result regarding the edit distance of subgraphs of a graph.

Theorem 7.3. For every ¢ and any monotone property P there is a d = d(e, P) with the
following property: Let G be any graph and suppose we randomly pick a subset D, of d
vertices from V(G). Denote by G' the graph induced by G on D. Then,

Prob| |[Ep(G') — Ep(G)| > €] < €.

An immediate implication of the above theorem is the following,

Corollary 7.4. For every ¢ > 0 and any monotone property P there is a randomized
algorithm, which given a graph G computes in time O(1) a real E satisfying |E—Ep(G)| < €
with probability at least 1 — e.

We stress that there are some computational subtleties regrading the implementation
of the algorithmic results discussed above. Roughly speaking, one should define how the
property P is “given” to the algorithm and also whether € is a fixed constant or part of the
input. These issues are discussed in Section 7.5.

7.1.2 On the possibility of better approximations

Theorem 7.2 implies that it is possible to efficiently approximate the distance of an n vertex
graph from any monotone graph property P, to within an error of en? for any ¢ > 0. A
natural question one can ask is for which monotone properties it is possible to improve
the additive error to n?~9 for some fixed § > 0. In the terminology of Definition 7.1, this
means to approximate Ep to within an additive error of n~° for some § > 0. Our second
main result in this chapter is a precise characterization of the monotone graph properties
for which such a § > 0 exists!.

"We assume henceforth that P is not satisfied by all graphs.
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Theorem 7.5. Let P be a monotone graph property. Then,

1. If there is a bipartite graph that does not satisfy P, then there is a fized § > 0 for
which it is possible to approzimate Ep to within an additive error of n=? in polynomial
time.

2. On the other hand, if all bipartite graphs satisfy P, then for any fixed § > 0 it is
N P-hard to approzimate Ep to within an additive error of n™=°.

While the first part of the above theorem follows easily from the known results about the
Turdn numbers of bipartite graphs (see, e.g., [113]), the proof of the second item involves
various combinatorial tools. These include Szemerédi’s Regularity Lemma, and a new result
in Extremal Graph Theory, which is stated in Theorem 7.30 (see Section 7.6) that extends
the main result of [36] and [27]. We also use the basic approach of [2], which applies
spectral techniques to obtain an N P-hardness result by embedding a blow-up of a sparse
instance to a problem, in an appropriate dense pseudo-random graph. Theorem 7.30 and
the proof technique of Theorem 7.5 may be useful for other applications in graph theory
and in proving hardness results. As in the case of Theorem 7.2, the second part of Theorem
7.5 was not known for many specific monotone properties. For example, prior to this work
it was not even known that it is NP-hard to precisely compute Ep, , where Pk, is the
property of being K4-free 2. More generally, the only non-bipartite graphs H for which it
was known that computing Ep,, is N P-hard, where Py is the property of being H-free, are
the odd-cycles that were studied by Yannakakis [115].

7.1.3 Related work

Our main results form a natural continuation and extension of several research paths that
have been extensively studied. Below we survey some of them.

Approximations of graph-modification problems: As we have previously mentioned
many practical optimization problems in various research areas can be posed as the problem
of computing the edit-distance of a certain graph from satisfying a certain property. Cai
[40] has shown that for any hereditary property, which is expressible by a finite number of
forbidden induced subgraphs, the problem of computing the edit distance is fixed-parameter
tractable. Khot and Raman [87] proved that for some hereditary properties P, finding in
a given graph G, a subgraph that satisfies P is fixed-parameter tractable, while for other
properties finding such a subgraph is hard in an appropriate sense (see [87]).

Note that Theorem 7.2 implies that if the edit distance (in our case, number of edge
removals) of a graph from a property is Q(n?), then it can be approximated to within any
multiplicative constant 1 + €.

2K, is a complete graph (clique) of size t.
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Hardness of edge-modification problems: Natanzon, Shamir and Sharan [99] proved
that for various hereditary properties, such as being Perfect and Comparability, computing
Ep is NP-hard and sometimes even N P-hard to approximate to within some constant.
Yannakakis [115] has shown that for several graph properties such as outerplanar, transi-
tively orientable, and line-invertible, computing E’p is N P-hard. Asano [24] and Asano and
Hirata [25] have shown that properties expressible in terms of certain families of forbidden
minors or topological minors are N P-hard.

The N P-completeness proofs obtained by Yannakakis in [115], were add-hoc arguments
that applied only to specific properties. Yannakakis posed in [115] as an open problem,
the possibility of proving a general N P-hardness result for computing Ep that will apply
to a general family of graph properties. Theorem 7.5 achieves such a result even for the
seemingly easier problem of approximating Ep.

Approximation schemes for “dense” instances: Fernandez de la Vega [58] and Arora,
Karger and Karpinski [23] showed that many of the classical N P-complete problems such
as MAX-CUT and MAX-3-CNF have a PTAS when the instance is dense, namely if the
graph has Q(n?) edges or the 3-CNF formula has 2(n?) clauses. Approximations for dense
instances of Quadratic Assignment Problems, as well as for additional problems, were ob-
tained by Arora, Frieze and Kaplan [22]. Frieze and Kannan [70] obtained approximations
schemes for several dense graph theoretic problems via certain matrix approximations. Alon,
Fernandez de la Vega, Kannan and Karpinski [5] obtained results analogous to ours for any
dense Constraint-Satisfaction-Problem via certain sampling techniques. It should be noted
that all the above approximation schemes are obtained in a way similar to ours, that is, by
first proving an additive approximation, and then arguing that in case the optimal solution
is large (that is, Q(n?) in case of graphs, or Q(n?) in case of 3-CNF) the small additive error
translates into a small multiplicative error.

All the above approximation results apply to the family of so called Constraint-Satisfaction-
Problems. In some sense, these problems can express graph properties for which one imposes
restrictions on pairs of vertices, such as k-colorability. These techniques thus fall short from
applying to properties as simple as Triangle-freeness, where the restriction is on triples of
vertices. The techniques we develop in order to obtain Theorem 7.2 enable us to handle
restrictions that apply to arbitrarily large sets of vertices.

We briefly mention that Ep is related to packing problems of graphs. In [82] and [116]
it was shown that by using linear programming one can approximate the packing number
of a graph. In Section 7.9 we explain why this technique does not allow one to approximate
Ep.

Algorithmic applications of Szemerédi’s Regularity Lemma: The authors of [4]
gave a polynomial time algorithmic version of Szemerédi’s Regularity Lemma. They used
it to prove that Theorem 7.2 holds for the k-colorability property. The running time of
their algorithm was improved by Kohayakawa, R6dl and Thoma [89]. Frieze and Kannan
[69] further used the algorithmic version of the regularity lemma, to obtain approximation
schemes for additional graph problems.



7.1. The Main Results 135

Theorem 7.2 is obtained via the algorithmic version of a strengthening of the standard
regularity lemma, which was proved in [6], and it seems that these results cannot be obtained
using the standard regularity lemma.

Tolerant Property-Testing: In standard Property-Testing one wants to distinguish be-
tween the graphs G that satisfy a certain graph property P, or equivalently those G for
which Ep(G) = 0, from those that satisfy Ep(G) > €. The main goal in designing property-
testers is to reduce their query-complexity, namely, minimize the number of queries of the
form "are ¢ and j connected in the input graphs?”.

Parnas, Ron and Rubinfeld [103] introduced the notion of Tolerant Property-Testing,
where one wants to distinguish between the graphs G that satisfy Ep(G) < § from those
that satisfy Ep(G) > €, where 0 < § < e < 1 are some constants. Recently, there have been
several results in this line of work. Specifically, Fischer and Newman [64] have recently
shown that if a graph property is testable with number of queries depending on € only, then
it is also tolerantly testable for any 0 < § < € < 1 and with query complexity depending on
|e — 0]. Combining this with Theorem 1.1 implies that any monotone property is tolerantly
testable for any 0 < § < € < 1 and with query complexity depending on |e — 4|. Note,
that Corollary 7.4 implicitly states the same. In fact, the algorithm implied by Corollary
7.4 is the “natural” one, where one picks a random subset of vertices S, and approximates
Ep(G) by computing Ep on the graph induced by S. The algorithm of [64] is far more
complicated. Furthermore, due to the nature of our algorithm if the input graph satisfies
a monotone property P, namely if Ep(G) = 0, we will always detect that this is the case.
The algorithm of [64] may declare that Ep(G) > 0 even if Ep(G) = 0.

Organization: The proofs of the main results of this chapter, Theorems 7.2 and 7.5, are
independent of each other. Sections 7.2, 7.3, 7.4 and 7.5 contain the proofs relevant to
Theorem 7.2 and Sections 7.6, 7.7 and 7.8 contain the proofs relevant to Theorem 7.5.

In Section 7.2 we introduce the basic notions of regularity and state the regularity
lemmas that we use for proving Theorem 7.2 and some of their standard consequences. In
Section 7.3 we give a high level description of the main ideas behind our algorithms. We
also state the main structural graph theoretic lemmas, Lemmas 7.20 and 7.21, which lie at
the core of these algorithms. The proofs of these lemmas appear in Section 7.4. In Section
7.5 we give the proof of Theorems 7.2 and 7.3 as well as a discussion about some subtleties
regarding the implementation of these algorithms.

Section 7.6 contains a high-level description of the proof of Theorem 7.5 as well as a
description of the main tools, which we apply in this proof. In Section 7.7 we prove a new
Extremal Graph-Theoretic result, which lies at the core of the proof of Theorem 7.5. In
Section 7.8 we give the detailed proof of Theorem 7.5.

The final Section 7.9 contains some concluding remarks and open problems. Throughout

the chapter, whenever we relate, for example, to a function f31, we mean the function f
defined in Lemma/Claim/Theorem 3.1.
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7.2 Regularity Lemmas and their Algorithmic Versions

In this section we discuss the basic notions of regularity, some of the basic applications of
regular partitions and state the regularity lemmas that we use in the proof of Theorems
7.2 and 7.3. See [90] for a comprehensive survey on the regularity-lemma. Some of the
material appearing in this section overlaps with the material presented in Section 1.2. For
completeness and self-containment of the presentation of this chapter, we give here a slightly
different version of some of the notions related to the regularity lemma. In particular,
while the presentation in Section 1.2 is oriented towards an application of Lemma 1.14, the
presentation here is oriented towards an application of Lemma 7.14. Also, note that the
notion of an £-regular partition, which is defined below, was not used in Section 1.2.

We start by recalling some basic definitions. For every two nonempty disjoint vertex
sets A and B of a graph G, we define e(A, B) to be the number of edges of G between A
and B. The edge density of the pair is defined by d(A, B) = e(A, B)/|A||B|.

Definition 7.6. (y-regular pair) A pair (A, B) is y-regular, if for any two subsets A’ C A
and B' C B, satisfying |A’| > v|A| and |B'| > ~|B)|, the inequality |d(A’, B") —d(A, B)| <~
holds.

Throughout the chapter we will make an extensive use of the notion of graph homomor-
phism, which we turn to formally define.

Definition 7.7. (Homomorphism) A homomorphism from a graph F to a graph K, is
a mapping ¢ : V(F) — V(K) that maps edges to edges, namely (v,u) € E(F) implies
(p(v), (u)) € E(K).

In what follows, F' — K denotes the fact that there is a homomorphism from F to K.
We will also say that a graph H is homomorphic to K if H — K. Note, that a graph H is
homomorphic to a complete graph of size k if and only if H is k-colorable.

Let F' be a graph on f vertices and K a graph on k vertices, and suppose F' — K. Let G
be a graph obtained by taking a copy of K, replacing every vertex with a sufficiently large
independent set, and every edge with a random bipartite graph of edge density d. It is easy
to show that with high probability, G contains a copy of F' (in fact, many). The following
lemma shows that in order to infer that G contains a copy of F', it is enough to replace
every edge with a “regular enough” pair. Intuitively, the larger f and k are, and the sparser
the regular pairs are, the more regular we need each pair to be, because we need the graph
to be “closer” to a random graph. This is formulated in the lemma below. Several versions
of this lemma were previously proved in papers using the regularity lemma (see [90]).

Lemma 7.8. For every real 0 < n < 1, and integers k, f > 1 there exist v = vy7.8(n, k, f),
and N = N7s(n, k, f) with the following property. Let F' be any graph on f vertices, and let
Ui, ..., Ug be k pairwise disjoint sets of vertices in a graph G, where |Uy| = ... = |Ug| > N.
Suppose there is a mapping ¢ : V(F) — {1,...,k} such that the following holds: If (i,j) is
an edge of F' then (Uy;y, Uy(j)) is y-reqular with density at least . Then Uy, ..., Uy span
a copy of F.
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Remark 7.9. Observe that the function ~v78(n, k, f) may and will be assumed to be mono-
tone non-increasing in k and f and monotone non-decreasing in n. Therefore, it will be
convenient to assume that yrs(n,k, f) < n?. Similarly, we will assume that N7g(n, k, f)
is monotone non-decreasing in k and f. Also, for ease of future definitions (in particular
those given in (7.2)) set v7.8(n, k,0) = N7g(n,k,0) =1 for any k > 1 and 0 <n < 1.

A partition A = {V; | 1 < i < k} of the vertex set of a graph is called an equipartition
if |Vi| and |V;| differ by no more than 1 for all 1 < i < j < k (so in particular each
Vi has one of two possible sizes). The order of an equipartition denotes the number of
partition classes (k above). A refinement of an equipartition A is an equipartition of the
form B={V;; |1 <i<k, 1 <j<I}suchthat V;; is a subset of V; for every 1 <i <k
and 1 < j <.

Definition 7.10. (y-regular equipartition) An equipartition B = {V; | 1 < i <
the vertex set of a graph is called v-reqular if all but at most 'y(g) of the pairs (V;, Vi
~y-regular.

k} of
)

are

The Regularity Lemma of Szemerédi can be formulated as follows.

Lemma 7.11. ([112]) For every m and v > 0 there exists T = Tr11(m,vy) with the
following property: If G is a graph with n > T wvertices, and A is an equipartition of the
vertezx set of G of order at most m, then there exists a refinement B of A of order k, where
m <k <T and B is vy-reqular.

T711(m,y) may and is assumed to be monotone non-decreasing in m and monotone
non-increasing in . Szemerédi’s original proof of Lemma 7.11 was only existential as it
supplied no efficient algorithm for obtaining the required equipartition. Alon et. al. [4]
were the first to obtain a polynomial time algorithm for finding the equipartition, whose
existence is guaranteed by lemma 7.11. The running time of this algorithm was improved
by Kohayakawa et. al. [89] who obtained the following result.

Lemma 7.12. ([89]) For every fized m and v there is an O(n?) time algorithm, which
given an equipartition A finds equipartition B as in Lemma 7.11.

Our main tool in the proof of Theorem 7.2 is Lemma 7.14 below, proved in [6]. This
lemma can be considered a strengthening of Lemma 7.11, as it guarantees the existence
of an equipartition and a refinement of this equipartition, which poses stronger properties
compared to those of the standard ~-regular equipartition. This stronger notion is defined
below.

Definition 7.13. (£-regular equipartition) For a function E(r) : N — (0,1), a pair of
equipartitions A = {V; | 1 <i < k} and its refinement B={V;; | 1 <i <k, 1 <j<I},
are said to be E-regular if

1. For all 1 < i <4 <k, for all 1 < j,j' < 1 but at most E(k)I* of them, the pair
(Vij, Vi jr) is E(k)-regular.
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2. All1 <i < i <k but at most £(0) (g) of them are such that for all 1 < j, 7" <1 but
at most E(0)I? of them |d(V;, Vir) — d(Vi j, Vir jr)| < E(0) holds.

It will be very important for what follows to observe that in Definition 7.13 we may
use an arbitrary function rather than a fixed v as in Definition 7.10 (such functions will be
denoted by & throughout the chapter). The following is one of the main results of [6].

Lemma 7.14. ([6]) For any integer m and function E(r) : N — (0,1) there is S =
S7.14(m, E) such that any graph on at least S vertices has an E-reqular equipartition A, B
where |A| =k >m and |B| =kl < S.

In order to make the presentation self contained we briefly review the proof of Lemma
7.14. Fix any m and function £ and put ¢ = £(0). Partition G into m arbitrary subsets
of equal size and denote this equipartition by Ag. Put M = m. Iterate the following task:
Apply Lemma 7.11 on A;_1 with m = |A;_;| and v = £(M)/M? and let A; be the refinement
of A;_1 returned by Lemma 7.11. If A4; ;1 and A; form an £-regular equipartition stop,
otherwise set M = | A;_1| and reiterate. It is shown is [6] that after at most 100/¢% iterations,
for some 1 < 4 < 100/¢* the partitions A; 1 and A; form an E-regular equipartition.
Moreover, detecting an ¢ for which this holds is very easy, that is, can be done in time
O(n?) (see the proof in [6]). Note, that one can thus set the integer S7.14(m,&) to be the
order of A;. In particular, the following is an immediate implication of the above discussion.

Proposition 7.15. If m is bounded by a function of € only, then for any &£ the integer
S = 85714(m, &) can be upper bounded by a function of € only.

The € in the above proposition will be the e from the task of approximating Ep within
an error of € in Theorem 7.2. Also, in our application of Lemma 7.14 the function &£ will
(implicitly) depend on e. For example, it will be convenient to set £(0) = e. However, it
follows from the definition of S7.14(m, &) given above that even in this case it is possible to
upper bound S7.14(m, ) by a function of € only.

In order to design our algorithm we will need to obtain the equipartitions A and B,
which appear in the statement of Lemma 7.14. However, note that by the overview of the
proof of Lemma 7.14 given above, in order to obtain this partition one can use Lemma 7.12
as an efficient algorithm for obtaining the regular partitions. Moreover, by Proposition 7.15
whenever we apply either £ or Lemma 7.12 we are guaranteed that m (which in the above
overview was M) is upper bounded by some function of € and ~ is lower bounded by some
function of . This means that each of the at most 100/¢* applications of Lemma 7.15 takes
O(n?) time. We thus get the following:

Proposition 7.16. If m is bounded by a function of € only, then for any & there is an
O(n?) algorithm for obtaining the equipartitions A and B of Lemma 7.14.

7.3 Overview of the Proof of the Algorithmic Result

We start with a convenient way of handling a monotone graph property.
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Definition 7.17. (Forbidden Subgraphs) For a monotone graph property P, define
F = Fp to be the set of graphs which are minimal with respect to not satisfying property
P. In other words, a graph F belongs to F if it does not satisfy P, but any graph obtained
from F by removing an edge or a vertex, satisfies P.

As an example of a family of forbidden subgraphs, consider P which is the property of
being 2-colorable. Then Fp is the set of all odd-cycles. Clearly, a graph satisfies P if and
only it contains no member of Fp as a (not necessarily induced) subgraph. We say that a
graph is F-free if it contains no (not necessarily induced) subgraph F' € F. Clearly, for any
family F, being F-free is a monotone property. Thus, the monotone properties are precisely
the graph properties, which are equivalent to being F-free for some family F. In order to
simplify the notation, it will be simpler to talk about properties of type F-free rather than
monotone properties. To avoid confusion we will henceforth denote by Ex(G) the value of
Ep(G), where F = Fp as above.

The main idea we apply in order to obtain the algorithmic results of this chapter is
quite simple; given a graph G, a family of forbidden subgraphs F and € > 0 we use Lemma
7.14 with appropriately defined parameters in order to construct in O(n?) time a weighted
complete graph W, of size depending on € but independent of the size of G, such that a
solution of a certain “related” problem on W gives a good approximation of Ex(G). As W
will be of size independent of the size of G, we may and will use exhaustive search in order
to solve the “related” problem on W. In what follows we give further details on how to
define W and the “related” problem that we solve on W.

We start with the simplest case, where the property is that of being triangle-free, namely
F = {K3}. Let W be some weighted complete graph on k vertices and let 0 < w(i, j) <1
denote the weight of the edge connecting i and j in W. Let Ex(W) be the natural extension
of the definition of Ex(G) to weighted graphs, namely, instead of just counting how many
edges should be removed in order to turn G into an F-free graph, we ask for the edge set
of minimum weight with the above property. Let G be a k-partite graph on n vertices with
partition classes Vi,..., Vi of equal size n/k. Suppose for every i < j we have d(V;,V;) =
w(i, j) (recall that d(V;, V}) denotes the edge density between V; and Vj). In some sense, W
can be considered a weighted approximation of GG, but to our investigation a more important
question is whether W can be used in order to estimate Ex(G)? In other words, is it true
that Ex(G) =~ Ex(W)?

It is easy to see that Ex(G) < Ex(W). Indeed, given a set of edges S, whose removal
turns W into a triangle free graph, we simply remove all edges connecting V; and V; for
every (i,7) € S. The main question is whether the other direction is also true. Namely, is
it true that if it is possible to remove an? from G and thus make it triangle free, then it is
possible to remove from W a set of edges of total weight approximately ak? and thus make
it triangle-free? If true this will mean that by computing Ex(W) we also approximately
compute Ex(G). Unfortunately, this assertion is false in general, as the minimal number
of edge modifications that are enough to make G triangle-free, may involve removing some
and not all the edges connecting a pair (V;, V;), and in W we can remove only edges and not
parts of them. It thus seems natural to ask what kind of restrictions should we impose on
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G (or more precisely on the pairs (V;,V;)) such that the above situation will be impossible,
namely, that the optimal way to turn G into a triangle free graph will involve removing
either none or all the edges connecting a pair (V;, V}) (up to some small error). This will
clearly imply that we also have Ex(G) =~ Ex(W).

One natural restriction is that the pairs (V;,V;) would be random bipartite graphs.
While this restriction indeed works it is of no use for our investigation as we are trying to
design an algorithm that can handle arbitrary graphs and not necessarily random graphs.
One is thus tempted to replace random bipartite graph with ~-regular pairs for some small
enough ~. Unfortunately, we did not manage to prove that there is a small enough v > 0
ensuring that even if all pairs (V;,V}) are y-regular then Ef(G) =~ Ex(W). In order to
circumvent this difficulty we use the stronger notion of £-regularity defined in Section 7.2.
As it turns out, if one uses an appropriately defined function &£, then if all pairs (V;, V;) are
E(k)-regular, one can infer that Ex(G) ~ Ex(W). This result is (essentially) formulated in
Lemma 7.20.

In the above discussion we considered the case F = {K3}. So suppose now that F is
an arbitrary (possibly infinite) family of graph. Suppose we use a weighted complete graph
W on k vertices as above in order to approximate some k-partite graph. The question that
naturally arises at this stage is what problem should we try to solve on W in order to get an
approximation of Ex(G). It is easy to see that G may be very far from being F-free, while
at the same time W can be F-free, simply because F does not contain graphs of size at
most k. As an example, consider the case, where the property is that of containing no copy
of the complete bipartite graph with two vertices in each side, denoted K32. Now, if G is
the complete bipartite graph K, 2,/ then it is very far from being K3 »-free. However, in
this case W is just an edge, which spans no copy of Ks».

It thus seems that we must solve a different problem on W. To formulate this problem
we need the following definitions.

Definition 7.18. (F-homomorphism-free) For a family of graphs F, a graph W is called
F-homomorphism-free if F'v/ W for any F € F.

We now define a measure analogous to Er but with respect to making a graph F-
homomorphism-free. Note that we focus on weighted graphs.

Definition 7.19. (Hz(W)) For a family of graphs F and a weighted complete graph W on
k wvertices, let H'x(W) denote the minimum total weight of a set of edges, whose removal
from W turns it into an F-homomorphism-free graph. Define, Hr(W) = H z(W)/k?.

Note, that in Definition 7.18 the graph W is an unweighed not necessarily complete
graph. Also, observe that when F = {K3} then we have Hy(W) = Ex(W). As it turns
out, the “right” problem to solve on W is to compute Hx(W). This is formulated in the
following key lemma, whose proof appears in Section 7.4:

Lemma 7.20. (The Key Lemma) For every family of graphs F, there are functions
Nroo(k,€) and ~y7.00(k, €) with the following property’: Let W be any weighted complete

3The functions Nr7.20(k, €) and ~y7.20(k, €) will also (implicitly) depend on F.
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graph on k wvertices and let G be any k-partite graph with partition classes Vi,...,Vy of
equal size such that

1. \Vi| = ... =|Vk| > N720(k,e€).

2. All pairs (Vi,V;) are v7.00(k, €)-regular.

3. For every 1 <i < j <k we have d(V;,V}) = w(i, j).
Then, Er(G)>Hzr(W)—e€.

It is easy to argue as we did above and prove that Ex(G) < Hz(W) in Lemma 7.20
(see the proof of Lemma 7.21), however we will not need this (trivial) direction. It is
important to note that while Lemma 7.20 is very strong as it allows us to approximate
Er(G) via computing Hz(W) (recall that W is intended to be very small compared to
(7) its main weakness is that it requires the regularity between each of the pairs to be a
function of k, which denotes the number of partition classes, rather than depending solely
on the family of graphs F. We note that even if F = {K3} as discussed above, we can
only prove Lemma 7.20 with a regularity measure that depends on k. This supplies some
explanation as to why Lemma 7.11 (the standard regularity lemma) is not sufficient for
our purposes; note that the input to Lemma 7.11 is some fixed v > 0 and the output is
a y-regular equipartition with number of partition classes that depends on v (the function
T711(m,~)). Thus, even if all pairs are y-regular, this v may be very large when considering
the number of partition classes returned by Lemma 7.11 and the regularity measure which
Lemma 7.20 requires. Hence, the standard regularity lemma cannot help us with applying
Lemma 7.20. In order to overcome this problem we use the notion of £-regular partitions
and the stronger regularity-lemma given in Lemma 7.14, which, when appropriately used,
allows us to apply Lemma 7.20 in order to obtain Lemma 7.21 below, from which Theorem
7.2 follows quite easily. The proof of this lemma appears in Section 7.4.

Lemma 7.21. For any € > 0 and family of graphs F there are functions N721(r) and
E7.01(r) satisfying the following®: Suppose a graph G has an E21-reqular equipartition A =
(Vil1<i<k},B={Vij|1<i<k 1<j<I}, where

1. k> 1/e.
2. |Vij| > Nroi(k) for every 1 <i<kand1 <j<lI.
Let W be a weighted complete graph on k wvertices with w(i,j) = d(V;, V;). Then,
|EF(G) —HF(W)| <.

Using the algorithmic version of Lemma 7.14, which is given in Proposition 7.16, we can
rephrase the above lemma in a more algorithmic way, which is more or less the algorithm
of Theorem 7.2: Given a graph G we use the O(n?) time algorithm of Proposition 7.16

4The functions Nr7.21(r) and E7.21(r) will also (implicitly) depend on € and F.
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in order to obtain the equipartition described in the statement of Lemma 7.21. We then
construct the graph W as in Lemma 7.21, and finally use exhaustive search in order to
precisely compute Hz(W). By Lemma 7.21, this gives a good approximation of Er(G).
The proof of Theorem 7.2 appears in Section 7.5.

7.4 Proofs of Structural Lemmas

In this section we apply our new structural technique in order to prove Lemmas 7.20 and
7.21. Regretfully, it is hard to precisely state what are the ingredients of this technique.
Roughly speaking, it uses the notion of &£-regularity in order to partition the edges of a
graph into a bounded number of edge sets, which have regular-partitions that are almost
identical® and more importantly, the regularity-measure of each of the bipartite graph in
each of the edge sets can be a function of the number of clusters.

We start this section with some definitions that will be very useful for the proof of
Lemma 7.20. These notions were used in Subsection 1.3.1 and the reader can find more
details and intuition regarding them in that subsection.

Definition 7.22. For any (possibly infinite) family of graphs F, and any integer r let F,
be the following set of graphs: A graph R belongs to F, if it has at most r vertices and there
is at least one F' € F such that F — R.

Definition 7.23. For any family of graphs F and integer v for which F, # 0, define

o — ' F. 1
F(r) max {FegngR}lV( )l (7.1)

Define Wx(r) =0 if F = 0. Therefore, ¥x(r) is monotone non-decreasing in r.

Practicing definitions, note that if F is the family of odd cycles, then Fj is precisely
the family of non-bipartite graphs of size at most k. Also, in this case U z(k) = k when k
is odd, and U z(k) = k — 1 when k is even. The “right” way to think of the function ¥r is
the following: Let R be a graph of size at most k and suppose we are guaranteed that there
is a graph F’ € F such that F' — R (thus R € F}). Then by this information only and
without having to know the structure of R itself, the definition of ¥ £ implies that there is
a graph F' € F of size at most WU z(k), such that F — R.

The function ¥z has a critical role in the proof of Lemma 7.20. While proving this
lemma we will use Lemma 7.8 in order to derive that some k sets of vertices, which are
regular enough, span some graph F' € F. Roughly speaking, the main difficulty will be that
we will not know the size of F', and as a consequence will not know the regularity measure
between these sets that is sufficient for applying Lemma 7.8 on these k sets (this quantity
is v7.8(n, k, [V(F)|)). However, we will know that there is some F’ € F, which is spanned
by these sets. The function W (r) will thus be very useful as it supplies an upper bound
for the size of the smallest F' € F, which is spanned by these sets. See Proposition 7.25,
where Wz (r) has a crucial role.

*Two regular partitions Vi,..., Vi and Ui,..., Uy are identical if d(Vi, V;) = d(Us, U;)
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Proof of Lemma 7.20: Given € and k let
T = T(k,ﬁ) = T7.11(k777.8(6/27k7\Il]'—(k)))' (72)

We prove the lemma with 77.90(k, €) and N7a9(k, €) satisfying
v7.20(k,€) = min(e/2, 1/T), (7.3)

Nr7oo(k,€) =T - Nrg(e/2,k, ¥ r(k)) (7.4)

Suppose G is a graph on n vertices, in which case each set V; is of size 3. We may thus
show that one must remove at least Hx(W) - n? — en? edges from G in order to make it
F-free. To this end, it is enough to show that if there is a graph G’, which is obtained from
G by removing less than Hz(W) - n? — en? edges and spans no I € F then it is possible to
remove from W a set of edges of total weight less than H(W) - k? and obtain a graph W/,
which is F-homomorphism-free. This will obviously be a contradiction.

Assume such a G’ exists and apply Lemma 7.11 on it with v = ’77.8(%6, k,Wr(k)) and

m =k (we use m = k as G is already partitioned into k subsets V1, ..., V). For the rest of
the proof we denote by V; 1,...,V;; the partition of V;, which Lemma 7.11 returns. Recall
that as |V1| = ... = |Vk| and Lemma 7.11 partitions a graph into subsets of equal size, then

all the sets V; are partitioned into the same number [ of subsets. Note also that by Lemma
7.11 and the definition of T in (7.2) we have [ < T. Observe, that T is in fact an upper
bound for the total number of partition classes V; ;).

By Lemma 7.11 (recall that by Remark 7.9 we may assume v7.5(3¢€, k, Ur(k)) < Ze¢), we
are guaranteed that out of the lk sets V;; at most 5(15) pairs are not vr.s(3e, k, Ur(k))-
regular. We define a graph G”, which is obtained from G’ by removing all the edges
connecting pairs (V; ;, Vj j+) that are not 77,8(%6, k, ¥ r(k))-regular, and all edges connecting

pairs (V; 7, V; ;) for which their edge density in G’ is smaller than Ze.

Proposition 7.24. There are k sets Vi, ..., Vi, such that the graphs induced by G and

2

G" on these k sets differ by less than Hy(W) - 5 — % edges.

Proof: We first claim that G” is obtained from G’ by removing less than $n?* edges. To
see this note that the number of edges connecting a pair (V; #, V; ;) is at most (n/kl)?. As
there are at most 5(15) pairs, which are not v7.s(3e€, k, Uz (k))-regular we remove at most

inz edges due to such pairs. Finally, as due to pairs, whose edge density is at most %e, we
remove at most (l;l)g(n/ kl)? < inQ edges, the total number of edges removed is at most
%nQ, as needed.

As we assume that G is obtained from G by removing less than Hz(W)-n? —en? edges,
we get from the previous paragraph that G” is obtained from G be removing less than
He(W)-n? — %nQ edges. Suppose for every 1 < ¢ < k we randomly and uniformly pick one
of the sets V; 1,...,V;;. The probability that an edge, which belongs to G and not to G”,

is spanned by these k sets is {72 As G and G” differ by less than Hz(W) - n? — $n? edges,
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we get that the expected number of such edges is less than Hz(W) - ’;—22 - % and therefore

there must be a choice of k sets, which span less than this number of such edges. [

We are now ready to arrive at a contradiction by showing that if it is possible to remove
less than Hx(W) - n? — en? edges from G and thus turn it into an F-free graph G’, then
we can remove from W a set of edges of total weight less than Hz(W) - k? and thus turn
it into an F-homomorphism-free graph W’. Let Vi ;,,..., Vi, be the k sets satisfying the
condition of Proposition 7.24 and obtain from W a graph W’ by removing from W edge
(i,7) if and only if the density of (Vi4,,Vj,,) in G" is 0.

Proposition 7.25. W' is F-homomorphism-free.

Proof: Assume F’ — W' for some F' € F. As W' is a graph of size k this means (recall
Definition 7.23) that there is F' € F of size at most ¥x(k) such that F' +— W'. Let ¢ be a
homomorphism from F to W’. By definition of ¢, for any (u,v) € E(F) we have (p(u), ¢(v))
is an edge of W’. Recall that by definition of G” either the density of a pair (V;;, V] ;)
in G” is zero, or this density is at least %e and the pair is 77,8(%6,145, U r(k))-regular. By
definition of W', this means that for every (u,v) € E(F') the pair (VW(U)7t¢(u)’ Vv(v),%(v)) has
density at least & in G” and is v7.5(3€, k, Ux(k))-regular. By item 1 of the lemma we have
for all 1 < i <k that |V;| > Ny.90(k,€). By our choice in (7.4) and the fact that | < T, the

sets V¢, must therefore be of size at least
1
|N7.20(k, €)|/l > |Nz20(k,€)|/T = N7.8(§€7k7 Vr(k)).

Hence, the sets Vi 4,, ..., Vi, satisfy all the necessary requirements needed in order to apply
Lemma 7.8 on them in order to deduce that they span a copy of F' in G” (recall, that we
have already argued that |V (F)| < Wx(k)). This, however, is impossible, as we assumed
that G’ was already F-free and G” is a subgraph of G'. [

Proposition 7.26. For any i < j the edge densities of (V;,V;) and (Viy;, Vjs,) satisfy in G

1
’d(VZ? V}) - d(Vi,tiv V}ﬂfj)’ < 56'
Proof: Recall that 1/l > 1/T and by (7.3) we have 1/T > ~720(k,e). We infer that
WVit,| = |Vil/l > ~v7.20(k,€)|Vi|. By item 2 of the lemma, each pair (V;,V}) is y7.20(k, €)-
regular in G. Hence, by definition of a regular pair, we must have [d(V;, V) —d(V;4,, Vi, )| <
Yr.20(k,€) < 3e. O

Proposition 7.27. W' is obtained from W by removing a set of edges of weight less than
Hr(W) - k2.

Proof: Let S be the set of edges removed from W and denote by w(S) the total weight of
edges in S. Let [e(Viy;, Vi, )| denote the number of edges connecting the pair (V;,, Vj4,) in
G. We claim that the following series of inequalities, which imply that w(S) < Hz(W)- k2,
hold:
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n?  en?
H]:(W)ZT ) > Z le(Vitis Vigy)l
(1,5)€8
2
N
> Z (W<Z,])—§)W
(1,5)€S
oon? en?
> Z w(%])W_TlQ
(1,5)€8
n?  en?
= ) g

Indeed, recall that by the definition of W', we have (i,7) € S if and only if the density
of the pair (V;;,V; ) in G" is 0, which means that all the edges connecting this pair were
removed in G”. As by Proposition 7.24 the total difference between G and G” is less than
Hre(W) - 7—22 - % we infer that the first (strict) inequality is valid. The second inequality
follows from Proposition 7.26 together with the fact that by the condition of the lemma we
have d(V;,V;) = w(i, j). The third inequality is due to the fact that W has k vertices and

thus [S| < k% O

The sought after contradiction now follows immediately from Propositions 7.25 and 7.27.
This completes the proof of the lemma. [

We continue with the proof of Lemma 7.21.

Proof of Lemma 7.21: We prove the lemma with:

gm(r)={ 1B o (75)
T2 = min(%er‘Q, %62, Y7.20(7 %6))7 r=1 ‘

and 1
N721(r) = Nr7ao(r, gﬁ) .

We start with showing that Ex(G) < Hxz(W) + €. Suppose G is a graph of n vertices,
in which case the number of edges connecting V; and Vj is w(, j) - Z—z We first remove all
the edges within the sets Vi,...,Vi. As k > 1/e the total number of edges removed in this
step is at most k("ék) < en?.

Let S be the set of minimal weight whose removal turns W into an F-homomorphism-
free graph W’. We claim that if for every (i,7) € S we remove all the edges connecting V;
and Vj the resulting graph G’ spans no copy of a graph F' € F. Suppose to the contrary
that G’ spans a copy of F' € F, and consider the mapping ¢ : V(F) — {1,...,k}, which
maps every vertex of F' that belongs to V; to j. As we have removed all the edges within
the sets Vi,..., Vi and all edges between V; and Vj for any (i,j) € S we get that ¢ is a
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homomorphism from F' to W’ contradicting our choice of S. Finally, note that the number
of edges removed in the second step is

.. n? 2
g w(z,j)-ﬁ =n*-Hze(W).
(4,5)€S

Combined with the first step the total number of edges removed is at most n2-Hz(W)+en?,
as needed.

For the rest of the proof we focus on proving Hx(W) < Ex(G) + €. Let A and B be
the two equipartitions from the statement of the lemma. Suppose for every 1 < i < k we
randomly, uniformly and independently pick a set V;; out of the sets V;1,...,V;;. Let
P denote the event that (i) All the pairs (Viy,, Virg,) are E(k)-regular. (ii) All but at
most %e(g) of the pairs (V;,, Virt,) satisfy |d(Vig,, Virg,) — d(Vi, Vir)| < €(0). We need the
following observations:

Proposition 7.28. P holds with probability at least 1 — %e.

Proof: Fix any ¢ < /. By definition of &1 we have E(k) < %ek*Q, thus by item 1
of Definition 7.13, the probability that (V;, Vir,) is not E(k)-regular is at most tek2.
By the union bound, the probability that one of the pairs is not £(k)-regular is at most
() hek? < Le.

Item 2 of Definition 7.13 can be rephrased as stating that there are at most £(0) (g) =
Le? (g) choices of i < ¢’ for which the probability that |d(V;y,, Virs.,) — d(V;, V)] > £(0) =
€% is larger than £(0) = 15e2. Thus, the expected number of i < i for which [d(V; ,, Vit )—
d(Vi, Vir)| > £(0) is at most =€ (g) -1+ (g) e < Le? (g) By Markov’s inequality, the
probability that more than %e(g) of i < i’ violate the above inequality is at most §.

As properties (i) and (ii) of event P each hold with probability at least 1 — ie, we get
that P holds with probability at least 1 — %e. O

Proposition 7.29. Assume event P holds and denote by G' the subgraph of G, which is
spanned by the sets Vi, ..., Vi, . Then, Ex(G') > Hzr(W) — %e.

Proof: Let W’ be a weighted complete graph on k vertices satisfying w(i, ") = d(Vi 4, Vit ).
Event P assumes that all the pairs (Vi,, Vi, ) are £(k)-regular. As E(k) < y7.20(k, Le) and
the lemma assumes that |V; ;| > Nr.21(k) = N7.20(k, 3¢) we may deduce from Lemma 7.20
that

€

Ex(@) > He(W') - <. (7.6)

Now, event P also assumes that all but at most %(g) of the pairs ¢ < i’ are such that
|d(Vi, Vir) — d(Vig;, Virg, )| < €(0) < g. This means that the sum of edge weights of W’
differs from the sum of edge weights of W by at most %(g) due to pairs that violate the

above inequality and by at most (g)g due to the other pairs. This means that the sum
of edge weights of W’ differs from that of W by at most ikz2 + 1%1{:2 < %kQ. This clearly
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implies that

Hr(W') > Hr(W) — % . (7.7)

The proof now follows by combining (7.6) and (7.7). O

Let R be an arbitrary set of edges whose removal from G turns it into an F-free graph.
Randomly and uniformly select a set V; 4, from each of the sets V; 1,...,V;;, and let R’ denote
the set of edges of R, which are spanned by these k sets. We claim that the following upper
and lower bound on the expected size of R’ hold:

1
7‘3’

. B[R

> E[|R'| | P]- Prob|P]
> (1-3)-E[R||P]
€ € n2
> (1- 5) (Hr(W) — 5) : kg(kl)Q
n?
> (Hep(W) —e)- -

Indeed, the equality is due to the fact than an edge of R has probability precisely 1/12 to
be in R’. The second inequality is due to Proposition 7.28, the third is due to Proposition
7.29 and the last is valid because Hz(W) < 1. As we thus infer that |R| > Hr(W)-n? —en?
for arbitrary R, we get that Ex(G) > Hz(W') — ¢, thus completing the proof. [

7.5 Proofs of Algorithmic Results

The technical lemmas proved in the previous sections enabled us to infer that certain &-
regular partitions may be very useful for approximating Ep. In this section we apply
Proposition 7.16 in order to efficiently obtain these partitions. We first prove Theorem 7.2,
while overlooking some subtle issues. We then discuss them is detail.

Proof of Theorem 7.2: Fix any ¢ > 0 and monotone graph property P. Let F =
Fp be the family of forbidden subgraphs of P as in Definition 7.17. As satisfying P is
equivalent to being F-free, we focus on approximating Er(G). Let £7.21(r) and N7.21(r) be
the appropriate function with respect to F and e. Put S(€) = S7.14(1/€,E7.21) and recall
that by Proposition 7.15 the integer S can indeed be upper bounded by a function of e.

If an input graph has less than S(e) - N7.21(S(€)) vertices we use exhaustive search in
order to precisely compute Ex(G). Assume then that G has more than S(€) - N7.21(S(€))
vertices, and use Proposition 7.16 with m = 1/e and €721 (r) as above in order to compute
the equipartition A = {V; | 1 <i < k} and its refinement B={V;; |1 <i<k, 1 <j<I}
satisfying the conditions of Lemma 7.14. As m is bounded by a function of ¢ we get
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from Proposition 7.16 that this step takes time O(n?). Also, by Lemma 7.14 we have
kl < S, therefore, as G has at least S(€) - N7.21(S(€)) vertices each of the sets V;; is of
size at least N7.21(S(€)) > N721(k). Let W be a weighted complete graph of size k where
w(i,j) = d(V;, V;). Using exhaustive search, we can now precisely compute the value of
Hr(W). By Lemma 7.21 we may infer that |[Ex(G) — Hr(W)| <e. O

As we have mentioned in the introduction, one should specify how the property P is
given to the algorithm. For example, P may be an undecidable property, in which case we
cannot do anything. We thus focus on decidable graph properties. However, even in this
case we may face some unexpected problems. Note, that for a general infinite family of
graphs F it is not clear how to compute Hz in finite time. Also, returning to the overview
of the proof of Lemma 7.14 given in Section 7.2, note that we have implicitly assumed that
one can compute the function &£, as this is needed in order to compute the parameters with
which one applies Lemma 7.15. A close inspection of the proofs of Lemmas 7.20 and 7.21
reveals that computing £ involves computing the function ¥ (see (7.2), (7.3) and (7.5)).
One of the main results Chapter 3 asserts that somewhat surprisingly, there is a family of
graph properties F, for which the property of being F-free is decidable (in fact, in coN P)
but at the same time W is not computable. Therefore, even if we confine ourselves to
decidable graph properties we still run into trouble.

Suppose first that € is not part of the input to the algorithm. As we have discussed
in Section 7.2, in this case all the applications of £;791 are on inputs of size depending on
e only, thus the algorithm may “keep” the answers to these (finitely many) applications
of €791 as part of its description. Similarly, in this case we may need to compute Hz on
graphs of size depending on e only®, thus the algorithm may “keep” the answers to these
(finitely many) applications of Hz as part of its description. Observe, that we don’t need
to keep the answer of Hx for all the (infinite) range of edge weights. Rather, as we only
need to approximate Er within an additive error of ¢, it is enough to consider edge weights
{0,€,2¢,3¢,...,1}.

If we want the algorithm to be able to accept € as part of the input, then we must
confine ourselves to properties for which ¥ is computable. However, as for any reasonable
graph property this function is computable, this is not a real constraint. For example, as
we have mentioned in Section 7.4, if P is the property of being bipartite, then ¥ (k) is
either k or £k — 1. Another natural family of properties for which ¥x(k) is computable is
that of being H-free for a fixed graph H, as in this case ¥x(k) < |V(H)|. By the definition
of the function &£7.91 we get that if U r is computable then so is £7.91. It is also not difficult
to see that if U is computable then so is Hr. Therefore, in case V£ is computable, there
is no problem with accepting € as part of the input.

We now turn to prove Theorem 7.3. We note that the above difficulties are also relevant
for Corollary 7.4, which applies Theorem 7.3, but we refrain from discussing them again.

Proof of Theorem 7.3: (sketch) As in the previous proof, we focus on the property

SRecall that the size of the graph on which we compute Hz is the number of partition classes of the
E-regular partition, and this number is at most S7.14(m, &), which is bounded by a function of e.
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of being F-free, where F is the family of forbidden subgraphs of P. Suppose, as in the
previous proof, that G is a large enough graph (in terms of €) as otherwise we can take D
to be the entire vertex set of G. Assume, we implicitly apply Lemma 7.14 on G and let
A={Vi |1 <i<Ek},B={V;; |1<i<k, 1<j<I} be the equipartitions returned by
the lemma. Let W be a weighted complete graph on k vertices, where w(s, j) = d(V;, V}).
By Lemma 7.21 we have

|EF(G) — He(W)| < c. (7.8)

Let D be a random set of vertices and for 1 < ¢ < k let U; denote the vertices of D
that belong to V;, and for 1 <4 < k,1 < j < [ let U;; denote the vertices of D that
belong to V; ;. Recall that k and [ are bounded by functions of e. Using standard Chernoft
Bounds (see, e.g., [20]), it is easy to see that if we use a large enough sample of vertices
D (but only large enough in terms of ¢€), then with high probability (whp) we will have
‘d(V;,Vz/) - d(Ui,Ui/)’ < € for any 1 < i/ and ‘d(‘/;;’j,vi/’j/) — d(UZ‘J‘,Ui/,j/)’ < € for any
it < i and j # j'. Therefore, if W’ is a weighted complete graph on k vertices, where
w(i, j) = d(U;, Uj) then

Hr(W) — Hep(W')| < e. (7.9)

Furthermore, using Chernoff bounds again, one can show’ that with high probability
all the pairs (U;,Uy) and (U;j, Uy jr) are as regular as (V;, Vi) and (V;;, Vi ;) (up to e€).
Therefore, the graph induced by D, denoted G’, will have equipartitions A’, B’ satisfying
the requirements of Lemma 7.14. This means that

|Er(G') —Hr(W')| <e. (7.10)

As (7.8), (7.9) and (7.10) all hold with high probability for any ¢ > 0, we can thus make
sure that with probability at least 1 —¢, we will have |Ex(G") — Ex(G)| < e. This completes
the proof. [

7.6 Overview of the Proof of Hardness Result

For the proof of Theorem 7.5 it will be more convenient to denote by E,(G) the number
of edge removals needed to make G satisfy P, in other words Ej(G) = n?- Ep(G). In
particular, E(G) denotes the number of edge removals needed to turn G into an H-free
graph. We will also denote by E/(G) the number of edge removals needed to turn G into
an r-partite graph (or equivalently r-colorable graph). Note, that approximating E%(G)
within n?~? is equivalent to approximating Ep(G) within n=?.

The main technical result we need in order to obtain Theorem 7.5 is an extension of
some classical results in Extremal Graph Theory. Recall, that Turdn’s Theorem (see [113])
states that the largest K, i-free graph on n vertices (K,4; = complete graph on r + 1

vertices) is precisely the largest r-partite graph on n vertices. Another classical result

"In fact, showing this fact is not that trivial. This fact is proved in detail in Lemma 2.22
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is the Erdés-Stone-Simonovits Theorem (see [113]), which states that for any graph H of
chromatic number r+ 1, the largest H-free graph on n vertices has at most o(n?) more edges
than the largest r-partite graph on n vertices. As any r-partite graph does not contain a
copy of a graph of chromatic number r 4 1, the above results can thus be restated as saying
that when H = K, we have E;(K,) = E.(K,) and that for any H of chromatic number
r+ 1 we have E.(K,) — o(n?) < E;(K,) < EL(K,).

The main extremal graph-theoretic tool, which we use in order to obtain Theorem 7.5,
is the following result, which greatly extends one of the main results of [36]. Note, that this
result also extends Turan’s Theorem and the Erd&s-Stone-Simonovits Theorem as it states
that E%;(G) and E.(G) are very close not only when G is K, but already when G has a
sufficiently large minimal degree.

Theorem 7.30. Let H be a graph of chromatic number r +1 > 3.

(i) If there is an edge of H whose removal reduces its chromatic number, then there is
constant = p(H) > 0 such that if G = (V, E) is a graph on n vertices of minimum
degree at least (1 — p)n, then Ey(G) = EL(G).

(ii) Otherwise, there are constants v = v(H) > 0 and p = u(H) > 0 such that if G =
(V, E) is a graph on n vertices of minimum degree at least (1 — p)n, then

E/(G) = O(n*™7) < Ey(G) < EL(G).

The assertion of this theorem for the special case of H being a triangle is proved in
[36] and in a stronger form in [27]. We note that the n?~7 term in the second item of the
theorem cannot be avoided. Note, that the error term we obtain in the second part of the
theorem is better than the error term of the classical Erdds-Stone-Simonovits Theorem.
Such improvement of the error term was previously known (see, e.g., [53] and [111]) but
only for the case of G being K,, and not for G of sufficiently high minimal degree. The
proof of Theorem 7.30 appears in Section 7.7.

Our second tool in the proof of Theorem 7.5 is certain pseudo-random graphs. An
(n,d, \)-graph is a d-regular graph on n vertices all of whose eigenvalues, except the first
one, are at most A in their absolute values. This notation was introduced by Alon in the
80s, motivated by the fact that if A is much smaller than d, then such graphs have strong
pseudo-random properties. In particular, (see, e.g., [20], Chapter 9), in this case the number
of edges between any two sets of vertices U and W of G is roughly its expected value, which
is |U||W|d/n, (see Section 7.8 for the precise statement). There are many known explicit
constructions of (n,d, \)-graphs that suffice for our purpose here. Specifically, we can use,
for example, the graph constructed by Delsarte and Goethals and by Turyn (see [92]). In
this graph the vertex set V(G) consist of all elements of the two dimensional vector space
over GF(q) (q is any prime power), so G has n = ¢? vertices. To define the edges of G we
fix a set L of k lines through the origin. Two vertices x and y of the graph G are adjacent
if x — y is parallel to a line in L. It is easy to check that this graph is d = k(g — 1)-regular.
Moreover, because it is a strongly regular graph, one can compute its eigenvalues precisely
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and show that besides the first one they all are either —k or ¢ — k. Therefore, by choosing
k=1 —u)qq_—Ql we obtain an (n,d, A)-graph with d = (1 —p)n and A < y/n (u will be chosen
as the constant from Theorem 7.30).

Given a graph F' let Fj denote the b-blowup of F', that is, the graph obtained from F
by replacing every vertex v € V(F') with an independent set I, of size b, and by replacing
every edge (u,v) € E(F), with a complete bipartite graph, whose partition classes are the
independent sets I,, and I,,. It is not difficult to show (see Claim 7.39) that for any integer r,
we have E!(Fy) = b?E/(F). The final piece of notation we need is the Boolean Or, denoted
by G1 U G4 of two graphs G and G2 on the same set of vertices V. Its set of vertices is V,
and its set of edges contains all edges of (G; and all edges of G.

Armed with these preparations, we can now outline the proof of Theorem 7.5. Its first
part is an easy application of Turdn’s Theorem for bipartite graphs. The proof of the second
part is more interesting. Suppose all bipartite graphs satisfy P, and let 7+ 1 ( > 3) be the
minimum chromatic number of a graph that does not satisfy this property. Fix a graph H
of chromatic number r 4+ 1 that does not satisfy P and let u be the constant of Theorem
7.30. Consider, first, the case r > 3. In this case we show that any efficient algorithm that
approximates E%(G) up to n?~9 will enable us to decide efficiently if a given input graph
F = (V(F),E(F)) is r-colorable. Indeed, given such an F' on m vertices, let b = m® where
c is large constant, to be chosen appropriately. Let F}, be the b-blowup of F, and let F’ be
the vertex disjoint union of 7 copies of Fy. Let G’ be the (n,d, \)-graph with d = (1 — u)n
and A < y/n, whose number of vertices n, is at least the number of vertices of F’, and
not more than four times of that, and identify the vertices of F’ with some of those of G'.
Let G = G' U F’" be the Boolean Or of these two graphs. If F is r-colorable, then so is
its blowup F}, and hence in this case F’ has a proper r-coloring in which all color classes
have the same size. This can be extended to a partition of the vertices of G to r nearly
equal color classes, providing an r-colorable subgraph of G (which satisfies P by our choice
of r) that contains all edges of F’, and some edges of G’ that do not belong to F’. The
pseudo-random properties of G’ enable us to approximate this number well.

On the other hand, if F is not r-colorable, then any r-colorable subgraph of G misses at
least b?r edges of F’, and, by the pseudo-random properties of G’ cannot contain too many
edges of this graph that do not belong to F’. With the right choice of ¢, this will ensure
that if we can approximate the number of edges in a maximum r-colorable subgraph of G
up to an n?-%-additive error, this will enable us to know for sure whether F is r-colorable
or not. However, by Theorem 7.30, and as the minimum degree of our graph is at least
(1 — p)n, the maximum size of an H-free subgraph of G is very close to the maximum size
of an r-colorable subgraph of it, which is therefore also very close to the maximum number
of edges in a subgraph of G satisfying 7P. This implies that approximating well this last
quantity is N P-hard. The case r = 2 is similar, but here we have to use that the MAX-CUT
problem is N P-hard. The full details appear in Section 7.8.
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7.7 Proof of Theorem 7.30

Throughout this section we will assume that the number of vertices n in our graph is
sufficiently large. We first prove the first part of Theorem 7.30, which is an extension of
Turéan’s theorem. To this end, we need a result proved for K, i-free graphs by Andrasfai,
Erdés and Sés [21] and in a more general form by Erdés and Simonovits [56].

Theorem 7.31. ([21],[56]) Let H be a fized graph with chromatic number r+1 > 3 which
contains an edge e such that x(H —e) = r. If G is an H-free graph of order n with minimal

degree 6(G) > 3=4n then G is r-colorable.

We will also need the following simple lemma.

Lemma 7.32. Let r > 2 be an integer and suppose G’ is an r-partite subgraph of a graph G
(which may be empty) such that there are m edges incident to the vertices in V(G)\V(G').
Then G has an r-partite subgraph of size at least e(G') + “—Lm.

T

Proof: Let (A4],...,A]) be the partition of G’. Consider an r-partite subgraph I of G
with parts (Ay,...,A,) such that A, C A; for every i, where we place each vertex v €
V(G)\V(G') in A; randomly and independently with probability 1/r. All edges of G’ are
edges of ', and each edge incident to a vertex in V(G)\V(G’) appears in I' with probability
=1 By linearity of expectation E[e(I')] = e(G’) + “=2m, so some r-partite subgraph of G
has at least this many edges. [

In particular, by taking G’ to be the empty graph we obtain that every G contains an
r-partite subgraph of size at least ~Le(G).

Proof of Theorem 7.30 part (i): We prove that E;(G) = E/(G) for all graphs G on n
vertices with minimum degree

5(GQ) > <1— 4(r_1)3(3r_1)> n+1.

Let I" be the largest (in terms of number of edges) r-partite subgraph of G and let F' be
the largest H-free subgraph of GG. To prove the first part of the theorem one needs to show

that e(F) = e(I"). As H is not r-colorable we trivially have e(F') > e(I"). In the rest of the
proof we establish that e(I') > e(F'). First, note that by Lemma 7.32 we have

r—1 r—1 3 1272 — 16r + 1 r—1
r) > Q) ="-- (1— ) 1) n/2 = 2
ell) 2 ——elG) = — ( -0 -/ )"/ S @r-1 2 "
3r—4

3,—1 1 we delete it and continue. We construct a sequence

of graphs F' = F},, F},_1, ..., where if F}, has a vertex of degree < g::‘llk: we delete that vertex

to obtain Fj_1. Let F’ be the final graph of this sequence which has s vertices and minimal

degree greater than g;::‘lls. Since F' is H-free, by Theorem 7.31, it is r-partite. Therefore

If F has a vertex of degree at most
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we have that

r—1, , 3r—4 ((n+1 s+1
— F') > e(F) — -
o ° e(F") z e(F) 37’—1(( 2 ) <2>>
3r—4 3r—4
> el) - —o—(n?—5%) — ——
z M= 5m—p W =) T
12r2 —16r+1 , 3r—4
n? —
- 8r(3r —1) 2(3r —1)

v

(n? — s°).

This implies that 2r(§j_1) > 8T(§Lf_1) and so s > n/2.
Let X be the set of n — s vertices which we deleted, i.e., X = V(G) — V(F’). By the

minimal degree assumption there are at least

2 _ )2
mZd(G)]X—<|X|>> 12r¢ —16r + 1 (n—2s)

N T VT N it A

edges incident with vertices in X. Thus, by Lemma 7.32, the size of the largest r-partite
subgraph of G is at least

eT) > 6(F,)+r—lmZe(F)3r—4(<n+1> <s+1)>+r—lm

r 3r —1 2 2 T

3r—4 3r—4 r—1
= 6( )—m(n2—82)—m(n—8)+ , m

3r—4 r—1(12r2 —16r +1 (n —s)?
> eF) - gyt (e - )
— e(F)+ (”;(Sg)ff 1_)”) > e(F).

This implies that e(I') > e(F') and completes the proof. [

We turn to prove Theorem 7.30 part (ii). To this end, we first prove the main technical
result of this section, Theorem 7.33 below, which is a version of Theorem 7.31 that applies
to arbitrary graphs H. We then apply this theorem in order to prove Theorem 7.30 part
(ii). The reader may want to note that this application of Theorem 7.33 is similar to the
way we applied Theorem 7.31 in order to prove the first part of Theorem 7.30.

Theorem 7.33. Let H be a fixed graph on h vertices with chromatic number r+1 > 3 and
let G be an H-free graph of order n with minimum degree 6(G) > (“1 L ) n. Then one

r  3hr2?
can delete at most O(n2_(r+1)/h) edges to make G r-colorable.

Proof: First we need the following weaker bound on E/(G).
Claim 7.34. G can be made r-partite by deleting o(n?) edges.

Proof: We use the Regularity Lemma given in Lemma 7.11. For every constant 0 < n <

ﬁ let v = y7.8(n,7 4+ 1,h) < n? be sufficiently small to guarantee that the assertion of
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Lemma 7.8 holds®. Consider a 7-regular partition (U, Us,...Uy) of G. Let G’ be a new
graph on the vertices 1 < i < k in which (¢, ) is an edge iff (U;,U;) is a ~y-regular pair
with density at least 7. Since G is an H-free graph and H is homomorphic to K,y (as
X(H) =r+1), by Lemma 7.8, G’ contains no clique of size r + 1. Call a vertex of G’ good if
there are at most nk other vertices j such that the pair (U;, U;) is not y-regular, otherwise
call it bad. Since the number of non-regular pairs is at most 7(5) < n%k?/2 we have that
all but at most nk vertices are good. By definition, the degree of each good vertex in G’
is at least (’7—1 — 3,3T2) k — 2nk — 1, since deletion of the edges from non-regular pairs and
sparse pairs can decrease the degree by at most nk each and the deletion of edges inside the
sets U; can decrease it by 1. By deleting all bad vertices we obtain a K, i-free graph on at

most k vertices with minimal degree at least

r—1 1 r—1 2 r—1 1 3r—4
_— k—3nk—12> - k> ——k>—oFk.
( T 3h7“2> K - ( T 3h7“2> - ( T 3r2> 731
Therefore, by Theorem 7.31, this graph is r-partite. This implies that to make G r-partite
we can delete at most yn? +nn? + (nn) -n+ k- (n/k)? < 3nn? +n?/k = o(n?) edges. O

Consider a partition (Vi,...,V;) of the vertices of G into r parts which maximizes the
number of crossing edges between the parts. Then for every x € V; and j # ¢ the number of
neighbors of = in V; is at most the number of its neighbors in Vj, as otherwise by shifting x
to V; we increase the number of crossing edges. By Claim 7.34, we have that this partition
satisfies that Y. e(V;) = o(n?). Call a vertex x of G typical if x € V; and has at most
n/(10hr?) neighbors in V;. Note that there are at most o(n) non-typical vertices in G and,
in particular, every part V; contains a typical vertex. By definition, the degree of this vertex
outside V; is at least (=2 L)n— Tonez > (=% — 215) n and at most n— |V;|. Therefore

r  3hr? r 2hr?

|Vi| < (% + 2,11T2)n. Also note that the number of neighbors in V; of every typical vertex

x €V, j#1iis at least

dvi(z) = d(z)—dy;(z) — (r — 2) max|V|

> rel 1 n—L—(r—2) 1+L n
- r 3hr? 10hr2 r  2hr?

1 r—1

- — . 11
- (7" 2hr2>n (7.11)

The next claim is an immediate corollary of the above observation.

Claim 7.35. Let U be a subset of V; of size at least (2—174 — r}”q)n and let y1,...,yr be an
arbitrary set of k < r—1 typical vertices outside V. Then, there are at least 5= vertices

2r(r+1)
i U, which are adjacent to all vertices y;.

Proof: By definition, there are at most |V;| — dy; (y;) non-neighbors of y; in V; and thus
there are at most that many vertices in U not adjacent to y;. Delete from U any vertex,

8Recall that by Remark 7.9 we may assume that yrs(n,r+1,h) < n.
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which is not a neighbor of either y1, 42, ..., yx. The remaining set is adjacent to every vertex

y; and has size at least
U1 =" (V] = dv; (92).

7

Since by (7.11) the degree in V; of every typical vertex y; ¢ V; is at least dy, (y;) > (% -

%)n, we obtain that the number of common neighbors of y1,...,y; in U is at least

1 r—1
U= (- ) = k(3= )bVl + 0

1 r—1 1 1
’“<r‘2hr2>”""‘(r+m>"+'U'
k 1 1 k
A I _

U] 2h7‘n_<27“ 4h7‘>n ohr'
e AN S L
2r  2hr ~2r 2h T 2r(r+1)

Here we used that k+1<rand h>r+1. O

v

v

Claim 7.36. For every mon-typical vertex x € V; there are at least W r-cliques

Y1y -+ Yr such that y; € V; for all 1 < j <r and all vertices y; are adjacent to x.

Proof: Without loss of generality let ¢ = 1 and let « € Vi be a non-typical vertex. Since
for every j # 1 the number of neighbors of x in Vj is at least as large as the number of its
neighbors in V; we have that

dy.(z) > dv; (z) + dv; () ! <<'r—1 1

2 =2 r —3hr2)n—(r—2)mlax\V¢|>
> 3 (5 - g -2+ )

<217~ - 4hlr> n. (7.12)

To construct the r-cliques satisfying the assertion of the claim, first observe, that since
x is non-typical it has at least n/(10hr?) neighbors in Vi and at least n/(10hr?) — o(n) >
n/(15hr?) of these neighbors are typical. Choose y; to be an arbitrary typical neighbor of
x in V1 and continue. Suppose at step 1 < k < r — 1 we already have a k-clique y1, ...,y
such that y; € V; for all ¢ and all vertices y; are adjacent to x. Let Ugy; be the set of
neighbors of = in Vj11. Then, by (7.12) we have that [Upy1| = dy,,, () > (3 — )0
and therefore by Claim 7.35 there are at least common neighbors of the vertices y;

n
2r(r+1)
in Ugy1. Moreover, at least m —o(n) > 3% of them are typical and we can choose

Yk+1 to be any of them. Therefore at the end of the process we indeed obtained at least

15"?(#)“1 = % r-cliques with the desired property. [
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Claim 7.37. Each V; contains at most O(1) non-typical vertices.

Proof: Suppose that the number of non-typical vertices in V; is at least 5h%(3r2)". Consider
an auxiliary bipartite graph F with parts W7, Wa, where W is the set of some t = 5h2(3r2)"
non-typical vertices in V;, Ws is the family of all n” r-element multi-sets of V' (G) such that
x € Wy is adjacent to multi-set Y from Ws iff Y is an r-clique in G with exactly one vertex
in every V; and all vertices of Y are adjacent to x. By the previous claim, F' has at least

r

e(F) > tm = hn" edges and therefore the average degree of a vertex in Ws is at least
day = €(F)/|Wa| = e(F)/n" > h. By the convexity of the function f(z) = (}), we can find
h vertices x1,...,xp in W7 such that the number of their common neighbors in W5 is at
least

m > ZYGWtQ (d(fiz/))
(1)

Thus we proved that G contains h vertices X = {x1,..., 2z} and a family of r-cliques C

of size m = Q(nr) such that every clique in C is adjacent to all vertices in X. Next we need
the following well-known lemma which appears first implicitly in Erdés [52] (see also, e.g.,
[71]). Tt states that if an r-uniform hypergraph on n vertices has m = Q(n’”) edges, then it
contains a complete r-partite r-uniform hypergraph with parts of size h. By applying this
statement to C, we conclude that there are r disjoint set of vertices Ay, ..., A, each of size
h such that every r-tuple ai,...,a, with a; € A; forms a clique which is adjacent to all
vertices in X. The restriction of G to X, Ay,..., A, forms a complete (r + 1)-partite graph
with parts of size h each, which clearly contains H. This contradiction shows that there are

less than 5h2(3r2)" = O(1) non-typical vertices in V; and completes the proof of the claim.
O

)
2 nrtT = Q(nr)

Having finished all the necessary preparations, we are now ready to complete the proof
of Theorem 7.33. Let hy < ho < ... < hyy1 be the sizes of the color-classes in an r + 1
coloring of H. Clearly hy < h/(r + 1). Without loss of generality, suppose that V; spans
at least 2hn2~(+D/h edges. By the previous claim, only at most O(n) of these edges are
incident to non-typical vertices. Therefore the set of typical vertices in V; spans at least
hn?~(+D/h edges. Then, by the well known result of Kovari, Sés and Turén [91] about
Turdn numbers of bipartite graphs, V4 contains a complete bipartite graph Hy = Kj,, 3, all
of whose vertices are typical. If there are at least h3 typical vertices in V5 which are adjacent
to all vertices of H; then we add them to H; to form a complete 3-partite graph Ho with
parts of sizes hi, hs and hs and continue. We claim that if at step 1 < k < r — 1 there is
a k + l-partite graph Hy C U§:1Vi with parts of sizes hy, ..., hi11 all of whose vertices are
typical, then we can extend it to the complete k + 2-partite graph Hy,1 by adding hgo
typical vertices from Vi1 which are adjacent to all vertices of Hy. Indeed, recall that by
(7.11) the number of neighbors in Vi1 of every typical vertex z € V;,i # k + 1 is at least
dv,.,, (z) > (£ - ;,;,12)71 Let t < h be the order of Hy. Then, as in Claim 7.35 the number
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of vertices in Vj1 which are adjacent to all vertices of Hy, is at least

1 r—1 1 r—1 1 1
- —(=- > tl-—m n—(t-1)(=-+ 53
Vit t<|sz+1| (r 2}”,2) ”) = t<r 2hr2> n—(t-1) (r + 2h7"2> "

on tr—1)+t—1
o 2hr2

n t n n n
> - ——n> - — = —
- r 2 T r 2r 2r

and thus at least n/(2r) — O(1) > hg4o of these vertices are typical. Continuing the above
process r—1 steps we obtain a complete (r+1)-partite graph with parts of sizes hi, ..., hy41,
which clearly contains H. This contradicts our assumption that G is H-free and shows that
every V; spans at most O(n2_("“+1)/ h) edges. Therefore the number of edges we need to
delete to make G r-partite is bounded by >, e(V;) < O(nQ_(’”H)/h). This completes the
proof. [

Proof of Theorem 7.30 part (ii): Let H be a fixed graph on h vertices with chromatic
number r + 1 > 3. We show that the constants v(H) and u(H) in the assertion of the
theorem can be chosen to be (r + 1)/h and 1/(4hr?) respectively. Let G be an H-free
graph of order n with minimal degree 6(G) > (1 — ﬁ)n and let I' be the largest r-partite
subgraph of G and F' be a largest H-free subgraph of G. To prove the second item of
the theorem it is enough to show that e(I') < e(F) < e(') + O(n?>~+D/h). As H is
not r-colorable we trivially have e(T') < e(F'). In the rest of the proof we establish that
e(F) < e(T) + O(n>=+1/h) By Lemma 7.32 we have that

r—1 _r—1 1 2, (r—1 r—=1Y\ ,
ell) r e(&) = T (1_4h7“2>n/2_<2r 8hr3>n‘

r—1 1

If F has a vertex of degree at most (™ s7,72)1 we delete it and continue. We construct
a sequence of graphs F' = F,, F,,_1, ..., where if F} has a vertex of degree < (’”;—1 — 3h1r2 )k
we delete that vertex to obtain Fj_q. Let F’ be the final graph of this sequence which has

s vertices and minimal degree greater than (% — 3hlr2 )s and let T” be the largest r-partite

subgraph of F’. Since F' is H-free, Theorem 7.33 implies e(F’) < e(I") 4+ O(n2~(r+1/h),
Therefore we have that

r—1,

oS +o(n?) > e(F’)Ze(F)_<T;1_3h1r2> ((n—erl)_(s;rl))

e(T) — (’;1 - 6hlr2> (n? — 82) — O(n)

r—1 r—1 r—1 1
< 2 8hr3>n2_< 2r _6hr2>(n2_82)_0(n2).

Y
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This implies that

s (1 r—1\ 4 (n?) > 1 1 5 n?
— n- —o(n — n = ——
6hr2 — \ 6hr2  8hr3 6hr?  8hr2 24hr?

and so s > n/2.
Let X be the set of n — s vertices which we deleted, i.e., X = V(G) — V(F’). By the
minimal degree assumption there are at least

s som1- (5] 2 (g~ 552 - (- )

edges incident with vertices in X. Thus, by Lemma 7.32, the size of the largest r-partite
subgraph of G is at least

e(l) > e(F')—I—T; m > e(F') — O(n?~r+1/h) 4 —m
- () ((57)- (1)) o
> e(F)— <T2Tl _ 6]737"2) (n2 — s?) + r ; 1m _ O(n27(r+1)/h)
= = (5 i) 0= A (5 ) ) o
— o(F) + (n— 3)1(22};_2 ) O(n2=+D/M) > o(F) — O(n2-(+D/m).

7.8 Proof of Hardness Result

We start with the proof of the first part of Theorem 7.5. If there is a bipartite graph H that
does not satisfy P, then, by the known results about the Turan numbers of bipartite graphs
proved in [91], there exists a positive 6 > 0 such that for any large n, any graph with n
vertices and at least n?~ edges contains a copy of H. Thus, given a graph G on n vertices,
one must delete all its edges besides, possibly, n2~% of them, to obtain a subgraph satisfying
P. As certainly the edgeless graph satisfies P, this provides the required approximation in
this case.

The proof of the second part is more complicated, and requires all the preparations
obtained in the previous section. Suppose all bipartite graphs satisfy P, and let r +1 > 3
be the minimum chromatic number of a graph that does not satisfy this property. Fix
a graph H of chromatic number r 4+ 1 that does not satisfy P. We will show that any
efficient algorithm that approximates E%(G) up to n?~9 will enable us to decide efficiently
how many edges we need to delete from a given input graph F' = (V(F), E(F')) to make it
r-partite. For r > 3 this problem contains the r-colorability problem, and for » = 2 it is
the MAX-CUT problem and therefore it is N P-hard for every r > 2.
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Given a graph F on m vertices such that we need to delete £ edges to make it r-partite,
let b = m® where c is a large constant, to be chosen later. Let Fj be the b-blowup of F,
and let F’ be the vertex disjoint union of 7 copies of Fy. Let u = p(H) be the constant
from Theorem 7.30 and let G’ be the (n,d, \)-graph with d = (1 — p)n and A < /n,
described in Section 7.6. As the integer ¢ in the construction discussed in Section 7.6 can
be a prime power, we can always choose the number of vertices of G/, which is ¢?, to be
at least the number of vertices of F”, and not more than 4 times of that. In particular, we
have n = O(rmb) = ©(m*!). Identify the vertices of F’ with some of those of G'. Let
G = G' U F’ be the Boolean Or of these two graphs.

Suppose, that instead of adding to F’ a pseudo-random graph G’, we would put any
non-edge of F’ in G with probability 1 — u. It is easy to see that in this case the expected
number of edges, which would be spanned by a set of a vertices that span t edges in F’,
would be (1 — u) (‘2‘) + pt. The following claim establishes that this is approximately what
we find when we add to F’ a pseudo-random graph. We then use this claim to show that
we can also estimate E!.(G) as a function of £ = E/(F).

Claim 7.38. Let A be a subset of the vertices of G of size a which contains precisely t edges
of F'. Then the number of edges of G in A satisfies

2 2

(1- u)% +pt — O(m*n’?) < eg(A) < (1- u)% + pt + O (m*n’/?).

Proof: By construction, the edges of the subgraph of F’ induced on the set A form an edge
disjoint union of complete bipartite graphs we denote by I'; = (U;, W;),1 < i < k. Thus
> [Ui|W;| =t and the fact that F’ is a blowup of r disjoint copies of F', which altogether
have rm vertices and at most r(gl) edges, implies that k < T(TQ”) < rm?. The number of
edges of G spanned on A is the number of edges of G’ inside A, minus the number of edges
of G’ spanned by the pairs (U;, W;), plus the number of edges of F’ inside A. To estimate
this quantity, we need the well-known fact (see, e.g, Chapter 9 of [20]), that the number of
edges between two subsets X,Y of an (n,d, \)-graph G’ satisfies

X|Yl|d
e(x,v) - XM <\ v

and the fact that in such a graph ’e(X ) — %’ < A|X|. Therefore we obtain that
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k
ec(A) = ec(4) - Z e (Ui, Wi) +t
i=1
k
= ca(4)+ Y (JUIWil = e (U W)
i=1
d| A2 b d
> DL A+ Y (il - i - AT )
=1
dAP -

i=1

5 k
a
= (1- M)E ‘HL; \Ui|Wi| — (k4 1)An

2
= (1- u)% + pt — O(m*n3/?).

The upper bound eg(A) < (1 — ,u)% + ut + O(m2n3/2) can be obtained similarly. [J

Recall that the b-blowup Fj of a graph F, defined in Section 7.6, is the graph obtained
from F by replacing every vertex v € V(F') with an independent set I, of size b, and by
replacing every edge (u,v) € E(F'), with a complete bipartite graph, whose partition classes
are the independent sets I,, and I,,.

Claim 7.39. For any graph F and any integer b, we have E.(F},) = b*>E!(F).

Proof: We start by showing that E.(F,) < b>E.(F). Suppose S is a set of E.(F) edges
whose removal turns F' into an r-colorable graph F’. Suppose we remove from Fj, all the
edges connecting I,, and I, for any (u,v) € S. Note, that we thus remove b?E/.(F) edges from
Fy. We claim that the resulting graph F} is r-colorable. Indeed, let ¢ : V(F) — {1,...,r}
be a r-coloring of F’ and note that by definition of Fy, if we color all the vertices of I, with
the color c(v), we get a legal r-coloring of F”. Therefore E.(Fy,) < b*E.(F).

To see that E/(F,) > b?EL(F), let S be a set of edges whose removal turns F}, into
an r-colorable graph, and suppose for every v € V(F) we randomly pick a single vertex
from each of the sets I,,. For every edge of S, the probability that we picked both of its
endpoints is b~2, therefore the expected number of edges spanned by these vertices is |S|/b?.
As the removal of the edges of S makes Fj, r-colorable, this in particular applies to all of its
subgraphs. Note, that for any choice of a single vertex from each of the independent sets
I,, the graph they span is isomorphic to F'. Thus, any such choice spans at least E/.(F) of
the edges of S. It thus must be the case that |S|/b* > E.(F}), and the proof is complete.
O
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Claim 7.40. The graph G satisfies

2
’E,C(G) - ((1 - ”)27 + w«ezﬁ) < O(m2n3). (7.13)

Proof: Fix a partition of F' into r parts which misses exactly ¢ edges and consider r
disjoint copies of F'. By taking appropriately different parts in every copy of F' we can
partition this new graph into r equal parts such that exactly r¢ edges are non-crossing.
Since F’ is a b-blowup of r disjoint copies of F', this gives a partition of F’ into equal parts
which misses r¢b?> edges. We can extend this to a partition of G into r nearly equal sets
V(G) = V4 U... UV, which misses exactly rfb? edges of F'. Let t; be the number of edges
of F' inside V;, then Y, ¢; = r¢b?. This, together with Claim 7.38, implies that it is enough
to delete at most

ZeG(Vi) = Z ((1 _N)W;P+Mti+0(m2n3/2)>
=1 i=1
< (1 —M)TW+Miti+O(m2n3/2)

i=1
n? 2 2, 3/2
= (1—,u)§+w“€b + 0 (m*n’?).

edges to make G r-partite and hence to satisfy property P.

On the other hand, by Claim 7.39, any partition of F’, which is b-blowup of r disjoint
copies of F, into r parts misses at least 7¢b®> edges. Therefore for every partition of the
vertices of G into r sets there are at least r¢b? edges of F’ which are non-crossing. Let
ViU...UV, be a partition of V(G) that maximizes the number of crossing edges and let
again t; be the number of edges of F”’ inside V; (note that in this case the sets V; are not
necessarily of the same size). Using Claim 7.38, together with the fact that >, ¢; > rb?
and the Cauchy-Schwartz inequality, we conclude that

V

r r 12
> ea(Vi) = Z((l—u)ﬂ/;' —|—,uti—0(m2n3/2)>

i=1 =1

1- Vil
> 5 e (er‘ ‘) + urth? — O(m2n3/2)
n? 2 2,3/2

= (1—#)54—#%() —0(m*n’?).

This completes the proof of the claim. [

We are now ready to complete the proof of Theorem 7.5. Choose the constant ¢ to be
sufficiently large so that 2/(c + 1) < min(é,~,1/4). Recall, that as we chose b = m® and
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n = O(m*!), we have
20 =o(?), N2V =00%), m*3?=o(b?). (7.14)
Also, as G has minimum degree (1 — p)n we get from Theorem 7.30, that
Ey(G) > EL(G) = O(n*77). (7.15)

As H does not satisfy P we clearly have Ej(G) > E};(G). Combining this with (7.13),
(7.14) and (7.15) we get

Ep(G) = Ey(G)

v

E(G) = O(n*™7)

2
> (1- u)% + prlh?® — O(m2n3/2) —0(n*)
2

n
(1- ,LL)E + pre? —o(b?) .

v

Furthermore, by our choice of r, we get that any r-colorable graph satisfies P, hence we
infer from (7.13) and (7.14) that

2
En(G)<ENG) < (1- “)27 + prt? + O(m?n3/?)

2
(1-— ,u);% + preb® + o(b?)

IN

We thus conclude that |EL(G) — ((1 — ,u)g—i + urtb?)| < o(b?). Therefore, if one can
approximate E,(G) in time polynomial in n (and hence also in m) within an additive error
of n279 = o(b?) then one thus efficiently computes an integer L, which is within an additive
error of o(b?) from (1 — ,u)g—i + urfb?. But as in this case £ is precisely the nearest integer
to (L — (1 — u)g—j)/yrbz, this implies that we can precisely compute the number of edge
removals, needed in order to turn the input graph F' into an r-partite graph. This implies
that the problem of approximating F’,(G) within n?~% is N P-hard, and completes the proof
of Theorem 7.5.

7.9 Concluding Remarks and Open Problems

e We have shown that for any monotone graph property P and any € > 0 one can
approximate efficiently the minimum number of edges that have to be deleted from
an n-vertex input graph to get a graph that satisfies P, up to an additive error of en?.
Moreover, for any dense monotone property, that is, a property for which there are
graphs on n vertices with Q(n?) edges that satisfy it, it is N P-hard to approximate
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this minimum up to an additive error of n?~9. It will be interesting to obtain similar
sharp results for the case of sparse monotone properties. In some of these cases (like
the property of containing no cycle, or the property of containing no vertex of degree
at least 2) the above minimum can be computed precisely in polynomial time, and in
some other cases, a few of which are treated in [24], [25], [115], a precise computation
is known to be hard. Obtaining sharp estimates for the best approximation achievable
efficiently seems difficult.

e As we have mentioned in Section 7.1, a special case of Theorem 7.5 implies that for
any non-bipartite H, computing the smallest number of edge removals that are needed
to make a graph H-free is N P-hard. This is clearly not the case for some bipartite
graphs such as a single edge or any star. It will be interesting to classify the bipartite
graphs for which this problem is N P-hard.

e It is natural to ask if the main results of this chapter can be extended to the larger
family of hereditary properties, namely, properties closed under removal of vertices,
but not necessarily under removal of edges. Many natural properties such as being
Perfect, Chordal and Interval are hereditary non-monotone properties. By combining
the ideas we used in order to prove Theorem 7.2 along with the main ideas of Chapter
1 it can probably be shown that Theorem 7.2 (as well as Theorem 7.3 and Corollary
7.4) also hold for any hereditary graph property. It seems interesting to decide if one
can obtain a result analogous to Theorem 7.5 for the family of hereditary properties.

e A weaker version of Theorem 7.2 can be derived by combining the results of Chapter
1 and [64]. However, this only enables one to approximate Ep(G) within an additive
error € in time /(9 while the running time of our algorithm is of type f(e)n2.

e Recall that E’-(G) denotes the smallest number of edge deletions that are needed
in order to make G F-free. For a family of graphs F, let vz(G) denote the F-
packing number of G, which is the size of the largest family of edge-disjoint copies
of members of F, which is spanned by G. Let v3(G) denote the natural Linear
Programming relaxation of v#(G). Haxell and Rodl [82] and Yuster [116] have shown
that v7(Q) < vE(G) < vr(G) + en? for any F and any € > 0, implying that for
any finite F , v#(G) can be approximated within any additive error of en? by solving
the Linear Program for computing v%(G). One may wonder whether it is possible to
obtain Theorem 7.2 by solving the natural Linear Programming relaxation of E’+(G),
which we denote by E%(G). Regretfully, this is not the case. Linear Programming
duality implies that E%(G) = v-(G) and by the results of [82] and [116] we thus have

vr(G) < Ex(G) < vr(G) + en? . (7.16)

Consider now any JF, which does not contain the single edge graph and note that we
trivially have vz(K,,) < 5(5) < in? (we denote by K, the n-vertex complete graph).

If F contains a bipartite graph then by the theorem of Kovari, Sés and Turan (see
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Section 7.6) we have E'(K,) > (5) —n?7% > (3 —o(1))n%. If on the other hand all the

graphs in F are of chromatic number r > 3 then clearly they all must contain at least
2

(5) edges, and therefore we must have vz (K,) < (5)/(;) < 7=y On the other hand,

by the theorem of Erdés-Stone-Simonovits (see Section 7.6) E'z(K,) > 2(777:) —o(n?).
In any case, we have that vr(K,) + dn® < E%(K,) for some fixed § = §(F) > 0.
Combined with (7.16) we get that for any F not containing the single edge graph
E%(Ky)+0n? < E%(K,). Thus, the (trivial) case in which F contains a single edge is
the only one for which computing E%(G) is guaranteed to approximate E’+(G) within
en? for any € > 0. In fact, in this degenerate case we actually have E%(G) = E'=(G).
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