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Abstract

We introduce a new variant of Szemerédi’s regularity lemma which we call the sparse reqular
approzimation lemma (SRAL). The input to this lemma is a graph G of edge density p and
parameters €,5, where we think of § as a constant. The goal is to construct an e-regular
partition of G while having the freedom to add/remove up to §|E(G)| edges. As we show here,
this weaker variant of the regularity lemma already suffices for proving the graph removal lemma
and the hypergraph regularity lemma, which are two of the main applications of the (standard)
regularity lemma. This of course raises the following question: can one obtain quantitative
bounds for SRAL that are significantly better than those associated with the regularity lemma?

Our first result answers the above question affirmatively by proving an upper bound for
SRAL given by a tower of height O(log1/p). This allows us to reprove Fox’s upper bound for
the graph removal lemma. Our second result is a matching lower bound for SRAL showing that
a tower of height Q(log1/p) is unavoidable. We in fact prove a more general multicolored lower
bound which is essential for proving lower bounds for the hypergraph regularity lemma.

1 Introduction

Szemerédi’s regularity lemma [20] asserts that every graph can be partitioned into a bounded
number of vertex sets Zi,...,Zj so that the bipartite graphs between almost all pairs (Z;, Zj)
behave “randomly”. More precisely, for every € > 0 there is a smallest integer M = M (¢) such that
for every graph, and every vertex equipartition Py of order at most 1/e, there is an equipartition Z
that refines Py, is e-regular and has order at most M." The precise definitions of the above standard
notions are given in Section 2. The regularity lemma has become one of the most widely used tools
in extremal graph theory, as well as in many other fields. See [10] for a survey. Unfortunately, the
proof in [20] gave M (e) < twr(poly(1/€)) where twr(x) is a tower of exponents of height x. Hence,
the applications of the lemma are all of asymptotic nature and supply very weak quantitative
bounds. A celebrated result of Gowers [6] states that M (e) indeed grows as twr(poly(1/e)).

It has long been observed that in some cases one does not need the full strength of Szemerédi’s
lemma. For example, when one is only interested in global counts such the total number of triangles
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in a graph, or the size of the largest cut, then far weaker notions of regularity suffice. Two examples
are the so called weak regularity lemma of Frieze and Kannan [5] (see Section 2 for more details)
and the cylinder regularity lemma of Duke, Lefmann and Rodl [2]. The main advantage of these
relaxed regularity lemmas is that the bounds involved are far better than the twr(poly(1/¢)) bounds
that are usually obtained when applying the regularity lemma. For example, the above mentioned
variants of the regularity lemma have bounds that are only exponential in 1/e.

Our main objective in this paper is to introduce and study a new relaxed notion of regularity.
As we will show, this relaxed version of the lemma will turn out to be strong enough to imply two
of the most important applications of the regularity lemma, while at the same time be weak enough
to have bounds better than twr(poly(1/€)). The idea in this relaxation of the regularity lemma is
to allow the freedom to modify a small percentage of the graph’s edges. We call this new variant
the sparse reqular approxzimation lemma or SRAL for short. The precise definition is the following.

Definition 1.1. For every €,6,p > 0 let S = S(e,d,p) be the smallest integer such that if G is a
graph of density at least p, and Py is an equipartition of V(G) of order at most 1/e, then one can
add/remove at most 6| E(G)| edges and thus turn G into a graph that has an e-regular equipartition
that refines Py and has order at most S.

Let us make some simple observations regarding the above definition. We first note that trivially
S(e,d,p) < M (e) since one can just apply the usual regularity lemma without taking advantage of
G’s sparseness and of the freedom to modify G. In particular the function S is well defined.

It is natural to ask if one can take advantage of the sparseness of G even without using the
freedom to modify its edges. As it turns out, this is not the case. It follows from the construction
in [12] that for every p and € = p'2, there is a graph G of edge density p such that every e-
regular partition of G has order twr(poly(1/€)). In other words, even when € = poly(p), if one
wants to beat the twr(poly(1/e)) bound that follows from simply applying the usual regularity
lemma, then one has to modify GG. Let us also observe that if we allow § to depend on e, say if
§ = ¢*, then S(e, e, p) > M(2¢) > twr(poly(1/e)). Indeed, this follows from the simple observation
that an e-regular bipartite graph remains 2e-regular if only e3-fraction of the possible edges are
added/removed.? At the other extreme, we trivially have S(e, 1,p) = 1/e.

Hence, the main interest in SRAL is when § < 1 is constant. As we show below, even in this case
SRAL has some unexpected applications. In fact, SRAL will be interesting even when ¢ = poly(p),
hence our main interest will be in bounding the function S(poly(p), d, p) for constant dy.

1.1 Applications of SRAL

Let us now explain the main motivation for introducing the sparse regular approximation lemma
(SRAL). One of the first, and most important, applications of the regularity lemma is the graph
removal lemma of Ruzsa and Szemerédi [19], which states that for every fixed graph H there is a
function Remp (€) such that if one must remove from an n-vertex graph G at least en? edges in

20bserve that we can combine the above two observation and get that for every p, e = p'? and § = €* = p*®, there
is a graph of density p such that even after adding/removing §| E(G)| edges, every e-regular partition of the resulting
graph has order at least twr(poly(1/¢)).



order to make it H-free then G contains at least n*/ Remy (¢) copies of H, where h = |V (H)|. The
standard proof of the removal lemma, via the regularity lemma, establishes the bound Rem(¢) <
M (poly(€)) = twr(poly(1/€)). Our first motivation for introducing SRAL is that one can in fact
prove the removal lemma using SRAL. This is stated explicitly in the following theorem.

Theorem 1. For every h > 3 there are €p,d9,C > 0 such that if H is a graph on h vertices and
€ < ¢p then
Remy(e) < [S(€9, do, €)]° . (1)

The proof of the Theorem 1 is much more delicate than the usual proof of the removal lemma
via the standard regularity lemma, mainly due to having to work with a modified version of the
input graph. In particular, we will need to prove a counting lemma which is suitable for SRAL, see
Lemma 4.1.

Our second motivation for studying SRAL is the hypergraph regularity lemma [7, 13, 17, 21].
For simplicity, we focus on the regularity lemma for 3-uniform hypergraph (3-graphs for short), such
as the one obtained by Frankl and R6dl [4], refraining from giving the exact definition of 3-graph
regularity. Since all proofs of the regularity lemma for 3-graphs proceed by repeatedly applying the
graph regularity lemma, they all produce partitions whose order is given by a Wowzer-type bound,
that is, an iterated-tower bound. It is a major open problem to decide if one can obtain tower-type
bounds for the 3-graph regularity lemma, and more generally for the k-graph regularity lemma. One
striking application for such a bound would be primitive recursive bounds for the multidimensional
Szemerédi theorem [7], a result which currently has only Ackermann-type upper bounds. As in the
case of the removal lemma, we can show that when proving the 3-graph regularity lemma, one can
replace the application of the graph regularity lemma with an application of SRAL. In particular,
we have the following, where twr,(z) is a tower of x exponents with y at the top.?

Proposition 1.2. Suppose that for every C > 0 there is ¢ > 0 such that

S, 6,p) < twry/((1/6)) . (2)
Then one can prove a tower-type upper bound for the 3-graph regqularity lemma.

The proof of Proposition 1.2 proceeds by redoing the proof of the regularity lemma for 3-
graphs [4], while observing that in the critical step when one applies the regularity lemma, it
is in fact enough to use SRAL with no affect on the progress of the process of regularizing the
hypergraph.

Summarizing, the above two theorems in particular imply that for a fixed §, proving a bound on
S(poly(e), d, €) which is significantly better than twr(poly(1/¢)) would have the following immediate
consequences. By Theorem 1, this would give an improvement over the standard bound Remp(e) <
twr(poly(1/€)) for the graph removal lemma. By Proposition 1.2, if one can further prove an
upper bound for S(poly(e),d, €) that is given by a bounded number of exponents, then one would
significantly improve the bound on 3-graph regularity from Wowzer-type to tower-type.

380 twry (2) = 22" and W pwr () () = twr(2z).



1.2 The regular approximation lemma

Before describing our solution of the above problem, we first describe a related variant of the
regularity lemma. As the name SRAL suggests, it is a variant of the so-called regular approximation
lemma (RAL for short), a special case® of which can be defined as follows.

Definition 1.3. For every €, > 0 let T = T(¢,0) be the smallest integer such that if G is an
n-vertex graph and Py is an equipartition of V(G) of order at most 1/e, then one can add/remove
at most on? edges and thus turn G into a graph that has an e-reqular equipartition which refines Po
and has order at most T'.

The RAL was introduced as part of the study of graph limits and of the hypergraph regularity
lemma by Lovész and Szegedy [11] and Rodl and Schacht [15], respectively. Note that RAL differs
from SRAL in that the number of edge modification is a d-fraction of n? rather than |E(G)|.
Nonetheless, we still have the trivial relation

S(e,d,p) < T(e, dp) . (3)

The upper bounds obtained in [11, 15], when specialized to Definition 1.3, are no better than the
trivial T'(e,d) < M(e) = twr(poly(1/e)) bound that follows from the regularity lemma. A consider-
ably better bound was given by Conlon and Fox [1] who showed that T'(¢,§) < twry /. (poly(1/4)).
Note that for a fixed §, this is a fixed number of exponents, which is significantly better than the
twr(poly(1/€)) bound given by the regularity lemma. Although this bound seems like the one we
were aiming for in Proposition 1.2, observe that it only implies, via (3), that when ¢ is a fixed
constant and e = poly(p) we have S(e,d,p) < twry/(poly(1/dp)) = twr(poly(1/e)), which again
does not improve over the regularity lemma.

1.3 An upper bound for SRAL

Our first bound shows that one can improve upon the twr(poly(1/¢)) bound of the regularity lemma,
even when the number of modifications allowed is relative to the graph’s density. In particular,
we improve the bound given by the regularity lemma when ¢ = poly(p), which is the setting of
Theorem 1 and Proposition 1.2.

Theorem 2. There is an absolute constant ¢ such that S(e,d,p) < twry (clog(1/p)/8%). In par-
ticular, for every fixed C,dy > 0 we have

S, d0,p) < twr(O(log(1/p))) -

4The full-fledged RAL allows one to replace € with an arbitrary function f, so that the equipartition P is such that

all pairs are f(|P|)-regular. See [1] for a detailed discussion. As we will mention later (see Section 3), the proof for
SRAL that we give applies to this more general setting almost without any affect on the bounds. We opted to describe
the simpler/weaker versions of RAL and SRAL since they suffice for the applications mentioned in Subsection 1.1
and, most importantly, since the lower bounds we will prove hold even in these simpler settings.



Since we trivially have T'(e, §) < S(e,§,1/2),> Theorem 2 immediately gives as a special case the
bound T'(e, §) < twry /(poly(1/d)) for RAL, which was first proved in [1]. We note that our proof
of Theorem 2 gives a much more general result — we can in fact guarantee that the partition is such
that all pairs are e-regular and that e can be taken to be a function of the order of the partition.®
For the precise statement see Theorem 9 in Section 3.

Our original proof of Theorem 2 applied a method similar to the one used by Scott [18] in his
proof of a regularity lemma for sparse graphs. The idea is to build a sequence of partitions Py, P1, . ..
so that |P;+1] < 2poly(IPil) wwhere in partition P; all e-irregular pairs have density at least 2'p (thus,
in particular, at most a 2 *-fraction of the pairs are irregular). Since this process terminates after
log(1/p) iterations we get a bound similar to the one stated in Theorem 2. The main benefit of
this proof is that it hints at how one should construct a lower bound for S(poly(p),d,p). See the
discussion after Theorem 4.

The actual proof of Theorem 2 we give here uses a different approach which is shorter to
prove. It is motivated by the one taken by Conlon and Fox [1], using an iterated version of the
weak regularity lemma of Frieze and Kannan [5]. Our proof however differs in two important
aspects. First, we use (and prove) a new variant of the weak regularity lemma which we need
for our purposes. Second, we use the entropy potential function (first used by Fox [3]) together
with Pinsker’s inequality from information theory, in order to control the ¢i-distance, relative to
the graph’s density, between partitions with similar entropy potentials. We believe this approach
might be useful for studying other variants of the graph and hypergraph removal lemma.

An immediate application of Theorems 1 and 2 gives the following;:

Corollary 3. For every h-vertex graph H we have
Remp(e) < twr(O(log(1/€))) .

As is of course well known, the above bound for the removal lemma was first obtained by
Fox [3], who was the first to improve upon the twr(poly(1/¢)) bound that follows from applying
the regularity lemma. Fox’s breakthrough result relied on an ad-hoc argument, and we think it is
important to see that the same bound can be derived in the framework of the regularity method.

1.4 A tight lower bound for SRAL

Recall that our second motivation for SRAL was the possibility of using it to improve the bounds
for hypergraph regularity, stated in Proposition 1.2. Theorem 2 does allow one to “improve” the
bounds for hypergraph regularity by replacing an iterated version of the function twr(poly(1/€))
with an iterated version of the function twr(log(1/e)). However, the latter is still a Wowzer-type
function. This, and the possibility of obtaining even better bounds for the removal lemma (via
Theorem 1), naturally raise the question if one can obtain even better bounds for SRAL, say, a
twry /c(poly(1/0)) bound as the one obtained by Conlon and Fox [1] for RAL. As our second result
shows, such an improvement is impossible, even when € = p° and § is a fixed constant.

®Indeed, we can either apply SRAL to G or to its complement.
5As we noted earlier, such stronger properties where also available for previous versions of RAL.



Theorem 4. There are fized constants ég,c > 0 such that

S(v°, 00, p) > twr(clog(1/p)) . (4)

Furthermore, one can decompose the complete bipartite graph into 1/p graphs of density p so that
each of them witnesses (/).

Theorems 2 and 4 give us the following tight bound for SRAL.

Corollary 5. For every fized § < §y and C > 5 we have

S(p°, 8o, p) = twr(O(log(1/p)))

The proof of (4) is by far the most complicated part of this paper. While the construction has
a (relatively) simple description, proving its correctness requires a very careful analysis, employing
some ideas we used in [12], together with those of Gowers [6]. The main difficulty in proving (4) lies
in handling an absolute constant” &y (we obtain dyp = 10~!° but make no effort to optimize it), i.e.,
even when the graph is very sparse and one is allowed to change a constant fraction of its edges!

It is hard to give a short overview of the proof of Theorem 4 (nonetheless, we try to do so
in Subsection 5.1). Let us thus only mention two interesting aspects of it. First, the graph we
construct is designed to be “hard” for the proof of Theorem 2 based on the method of [18] (the one
we do not describe in this paper). By this we mean that the idea is to show that in order to find
an e-regular partition of the graph (or even of a modified version of it), in a sense one cannot avoid
executing the process of constructing the sequence of partitions P; with the properties mentioned
in the previous subsection. A second interesting aspect is that although we want to show that
the graph has no small p’-regular partition (even after modifying it), it does essentially have a
pg—regular partition of size 2, namely the graph itself is quite quasirandom. This property is key
to the analysis of the construction.

1.5 An approach for hypergraph regularity lower bounds

Returning to Proposition 1.2, inequality (4) implies that one cannot prove a tower-type upper
bound for 3-graph regularity even if using SRAL instead of the regularity lemma. However, as we
explain below, we believe that an even more important aspect of Theorem 4 is in being a major
step towards showing that such an improvement is actually impossible.

All proofs of the 3-graph regularity lemma proceed by iterating the graph regularity lemma, and
more generally, all proofs of the k-graph regularity iterate the (k — 1)-graph regularity lemma. Yet,
it seems that a lower bound proof for 3-graph regularity does not follow by iterating a lower bound
for the graph regularity lemma. This can be explained by the fact that 3-graph regularity can
already be proved by iterating SRAL (as mentioned in the discussion leading to Proposition 1.2),
which implies that any proof of a Wowzer-type lower bound for 3-graphs would have to give, at
least implicitly, a tower-type bound for SRAL. It therefore seems to us that the correct approach
for proving 3-graph lower bounds is by iterating the SRAL lower bound instead. More generally,

"As we remarked earlier, it is easy to give tower-type lower bounds for S(e, d, p) if one allows § to depend on p.



we suggest that in order to prove lower bounds for the k-graph regularity lemma, one should
“strengthened the induction hypothesis”, that is, prove by induction a stronger statement—that k-
graph SRAL requires a partition whose order is given by the k-th level in the Ackermann hierarchy.
One can thus view Theorem 4 as the induction base in such a program. We intend to return to
this subject in the near future. We give more details regarding the relevance of Theorem 4 to lower
bounds for hypergraph regularity in Subsection 5.7.

1.6 Paper organization

The rest of the paper is organized as follows. In Section 2 we define a variant of the notion of
weak regularity, state the corresponding regularity lemma and prove that a weak regular partition
can be made regular by making an appropriate number of edge modifications. The upper bound
for SRAL, stated in Theorem 2, is proved in Section 3 using an iterated weak regularity lemma
together with a new sparse defect inequality. Our reduction of the removal lemma to SRAL, stated
in Theorem 1, is proved in Section 4 using a variant of the well-known counting lemma suitable for
applying it together with SRAL. Finally, the lower bound for SRAL, stated in Theorem 4, is proved
in Section 5. Regarding Proposition 1.2, since Theorem 4 implies that the bound stipulated in (2)
does not hold, and since proving Proposition 1.2 would require reproving the 3-graph regularity
lemma in its entirety, we felt that including its proof would be redundant.

2  From Weak Regularity to Regularity

In this section we introduce a stronger notion of weak regularity, and prove an upper bound on the
number of edge modifications required to turn a weak regular bipartite graph into a regular graph.

2.1 Preliminaries

We use the following definitions in this section and throughout the paper. The density between two
vertex subsets A, B in a graph G is dg(A, B) = eq(A, B)/|A||B|, where eg(A, B) is the number
of ordered pairs (u,v) € A x B with u connected to v. We say that the pair (A, B) is e-regular if
|da(A,B) —dg(A',B’")| < e for all A C A and B’ C B satisfying |A’| > ¢|A| and |B’| > ¢|B|. A
vertex equipartition® Z = {Z1,...,Zy} of G is e-regular if all pairs (Z;, Z;) but at most ek? are
e-regular. The order of Z is k.

Suppose G = (V,E). We say that G’ = (V, E’) is d-close to G if G’ can be obtained from
G by adding and/or removing at most §|E| edges (i.e., |[EAE'| < §|E|). The density of G is
dg :=2|E|/|V|>. We sometimes write eq(z, A) for eq({x}, A). For partitions P, Q we write Q < P
if Q is a refinement of P (i.e., each part of Q is contained in a part of P).

8 Z is an equipartition (or simply equitable) if the sizes of all parts Z; differ by at most 1.



2.2  Weak regularity

The notion of weak regularity was introduced by Frieze and Kannan [5], and is crucial for the proof
of Theorem 2.
In our proof we will require a somewhat stronger notion than usual, as follows.

Definition 2.1. Given a graph G = (V, E), a partition {Vi,...,Vi} of V is weak e-regular if for
all disjoint sets S, T CV with |S|,|T| > €|V| we have, denoting S; = SNV; and T; =T NV,

k
Si| |15
> I (s T) — v vi) < .

ij=1
For comparison, in the usual definition of a weak e-regular partition we have

151731
TSI

k
as.my - Y e la v - (A5, T3) — d(Vi, V)| < €

that is, € bounds the deviation of the average difference of d(S;,T;) from its expected value. In
contrast, € in Definition 2.1 even bounds the average deviation of d(S;,Tj) from its expected value.

The weak regularity lemma asserts that every graph has a weak e-regular partition whose order
depends merely exponentially on 1/¢, as opposed to the tower-type dependence on 1/€ in the usual
regularity lemma.

Theorem 6. Let ¢ > 0. For every graph and initial vertex equipartition Py there is a weak e-reqular
equipartition (in the sense of Definition 2.1) refining Py of order at most |Po| - 2P (1/€),

We note that we made no effort to optimize the bound in Theorem 6. The proof of this (stronger)
weak regularity lemma is almost identical to the proof of the Frieze-Kannan weak regularity lemma,
and for completeness we give the full proof in the appendix.

2.3 Perturbation lemma

The main ingredient in the proof of Theorem 2 is a lemma showing that any weak regular partition
can be made into a “genuine” regular partition by applying an appropriate perturbation. This is
formally stated in the following lemma.

Lemma 2.2. Let G be a bipartite graph of density d with vertex classes (A, B), and let AUB be a
weak e-regular partition of G, where A = {A;}; and B = {B;}; partition A and B, respectively; that
is, for every S C A, T C B with |S| > €|A|,|T| > €|B| we have, denoting S; = SNA;, Tj = TN B,
and d@j = dG(AZ‘, Bj), that

Z |Si] |7
|S| ‘T| ’dG S’HT) d’h]‘ > € (5)

If |A|,|B| > 8/€%, one can turn G into a 2e-regular graph G by modifying at most A edges where

A= |di;—d||Ail|B;l .

,J



Proof. The idea is to add/remove edges between each pair (A4;, B;) so as to equate their densities

to dg. We show that if this is done in a random manner then, with high probability, the modified

graph is 2e-regular.” We henceforth assume e < 1/2, as otherwise there is nothing to prove.
Formally, we do the following for each pair (A;, B;). If d; j = d we do nothing. If d; ; > d we

remove each edge of G between A; and B; independently with probability p; ; := dic,li ;d. Ifd,; <d
we add each non-edge of G between A; and B; independently with probability p; ; := f:g?”j . Let
I 7,,]
G’ be the random graph obtained from G after applying the above procedure for all pairs (A;, B;).
Clearly Ed¢r (A;, Bj) = d for every i, 7, and so
Ede = d. (6)

Moreover, the number |G’ AG| of edge modifications thus made satisfies
E|G'AG| =) |di; —d||Ai||Bj| = A
2%
Since the random variable |G'’AG| is a sum of (at most) |A||B| mutually independent indicator
random variables, we have by Chernoff’s inequality that

PIG'AG] - A > & A|[B] < exp (— 2| A||B)2/ |Al|B]) = exp(—2¢ [4]|B)) < 1/6,  (7)
where the last inequality follows from the lemma’s assumption that |A|,|B| > 1/e*. Furthermore,
for S C A, T C B with |S| > 2¢|A| and |T'| > 2¢|B]|, the random variable e/ (S, T) is a sum of (at
most) |S||T’| mutually independent indicator random variables, so by Chernoff’s inequality,

Plle(8,T) — e (S, T)| > (¢/4)|S||T]] < 2exp(~2(e/4)2|S| |T]) < 2exp(—¢*|4] B /2) . (8)
Note that the same bounds applies to eg/ (A, B), that is,
Pllec: (A, B) — Eeqr(A, B)| > (¢/4)|A||B|] < 2exp(—€*|A[|B|/2) <2-1/6. (9)

(The last inequality above may be deduced from the last inequality in (7) as €*/2 > 2¢%.) Applying
the union bound on (8), we get

P[3S,T: |de: (S, T) — Eder (S, T)| > e/4] < 2lAIFI1BI. 2. o—¢'|A||B|/2

10
<2. 9lAl(2—¢*|B]/2) <2. 924 <1/2 (10)

with S, T as above (i.e., |S| > 2¢|A|, |T'| > 2¢|B|), where in the first inequality we assumed |A| > | B|
without loss of generality, and in the second inequality we used the assumption that |A|, |B| > 8/¢%.
Henceforth, let S C A, T' C B satisfy |S| > 2¢|A], |T| > 2¢|B|. The crux of the proof is the

claim that
|Ede(S,T) —d| <e€. (11)

For this we will first need to prove that for any X C A;, Y C B; we have

|Ede(X,Y) —d| <|da(X,Y) —d; | . (12)

°In fact, (€ + o(1))-regular as |V(G)| — oo.



Recalling the construction of G’ at the beginning of the proof, we need to consider three cases.
First, if d; ; = d then (12) is trivial. Second, if d; ; > d then, setting ¢; j :=1 —p; ; = d?ij, we have

|Ede/(X,Y) —d| = |gijdc(X,Y) —d| = gij|dc(X,Y) — dij| < |da(X,Y) —dij| .

1

Finally, if d; j < d then, setting ¢; ; := 1 —p} ; = 1= dd , we have

[Ede(X,Y) —d| = |da(X,Y) + 9 ;(1 — da(X,Y)) — d| = |da(X,Y)d,; + 1, — d|
= |da(X,Y)d}; — di; + (1 = d)| = ¢, ; |da(X,Y) — d;
< |da(X,Y) — dm‘\ .

Having established (12), we now prove (11). Denoting S; = SN A; and T; = T N Bj, we indeed
have

|53l T |Sil T3]

Ede (S, T) —d Ede (S;,T;) — d)| < I NBde (S, T;) — d
[Ede:(8,T) — d| = |S||T|( & (5i,T5) >—%|5||T|' ¢ (8, T3) = d

ISIITI
E —d <
‘S‘ ’T‘ ‘dG SZ7T) dly]| S €,

where the second inequality follows from (12) with X = S; and Y = Tj, and the last inequality
follows from the lemma’s assumption that AU B is a weak e-regular partition of G, that is, (5).

We deduce from (7), (9) and (10) that there exists a graph, which we also denote by G’ with a
slight abuse of notation, that satisfies:

e |G'AG| < A+ EA|B|,
o |der — Edgr| < /4,
o |dg(S,T) —Edg/(S,T)| < €/4 for every S, T as above.
Note that G’ is 3¢/2-regular, since for every S,T as above we have

|der (S,T) — de

< |de(S,T) — Eder (S, T)| + |[Eder (S, T) — d| + |d — dg|

(13)
<e€/d+e+e/4=3¢/2,

where to bound the first summand we used the third property of G, to bound the second summand
we used (11) and to bound the third summand we used the second property of G’ together with (6).

Finally, let G be obtained from G/ by undoing some of the edge modifications, arbitrarily chosen,
so that ]éAG | < A. It remains to show that G is 2e-regular. Indeed, for every S, T as above,

’|A||B|

|dz (S, T) —dg| < 1dz(S,T) — dar (S, T)| + |dr (S, T) — der| + |dgr — dz| < 2 STIT]

+3¢/2 < 2¢

where to bound the first and third summands we used the first property of G’ and to bound the
second summand we used (13). O
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3 Upper Bound for SRAL

In this section we prove Theorem 2. The proof combines the perturbation lemma from Section 2
with an iterated weak regularity using an entropy potential function which we prove here.

3.1 Entropy defect
Let the function H : RT™ — R be given by
H(z)=xzlnzx,

where henceforth 0In 0 = 0. Note that H is a convex function. We will use H to define a potential
function for vertex partitions. Crucially, we will need a “uniform” version of a defect inequality for
H, which quantifies how convex H is in the following sense. The precise statement is the following.

Lemma 3.1. Let dy,...,dyn,p1,...,pn > 0 satisfy Zfilpi =1andd:= Zi]\;lpidi #0. Then

N AN 2
H(d) — H(d) > ~d ii—1’ .
> i)~ H() 2(;” )

For the proof of Lemma 3.1 we will use Pinsker’s inequality from Information Theory ([14],

see also Lemma 6.2 in [9]), which lower bounds the Kullback-Leibler divergence of one probability
distribution from another in terms of the total variation distance between the two distributions.

Theorem 7 (Pinsker’s inequality). Let P = (p1,...,pn), @ = (q1,...,qn) satisfy p; > 0,q; > 0
and vazl p; =1, Zi\il q; = 1. Then Dk (Q||P) > 25(Q, P)?, that is,

N 1 N 9
> ailnai/p) 2 5 (D la—pil)
i=1

=1

Proof of Lemma 3.1. Write ¢; = p;d;/d and note that

N N
G20 and Y gi=) pidi/d=1. (14)
1=1 =1

Assume without loss of generality that p; # 0 for every i. By the definition of H we have

N N N N N
ZpiH<di) = sz‘di In(g;d/p;) = Zpidi In(g;/pi) + sz‘di Ind = dz i In(gi/pi) + H(d) .
i=1 i=1

i=1 =1 i=1

Since (qi1,-..,qn) is a probability distribution by (14), we may apply Theorem 7 and deduce

N N P ) P )
ZPz‘H(di)_H(d):dZQz‘ln(Qi/Z)i)Zd‘§<Z|Qi—Pi’> Zd'§(2pi’di/d—1’> ;
i=1 i=1 i=1 i=1

as needed. O
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3.2 Potential function

For the rest of this subsection let G be an n-vertex graph. We define the “potential” of a partition
P of V(G) by
= L/HV/|H av,v’ 1
HP) = Y, — 5 H@WV.V"), (15)
V,V'ep

where we recall that H(z) = xInz. Note that the summation in (15) is over ordered pairs (V, V’). It
will be convenient to generalize the above definition. Henceforth, let P be a partition of A C V(G)
and P’ be a partition of A’ C V(G). We more generally define

141\
HP.P)= ), ‘| AH A,,'H(dw, V),
veP

Vep’
and in particular H(P) = H(P,P) if P is a partition of V(G).
Lemma 3.1 immediately implies the following bound on H(P,P’) — H({A},{A’}), where we
recall that P is a partition of A and P’ is a partition of A’.

Corollary 8. Ifd(A,A") #0,

/ ! 2
HP,P) = H((A. () = jata, ) by e 1)
V'ep!

Proof. Follows from Lemma 3.1 by setting Py = [V|[V'|/|A||A’| and d(V,V/) = d(V, V") for each
(V,V') € P x P', using the fact that

> pvndwyny = Y e(V,V!)/|A||A| = d(A, A) .
Vep Vep
VIEP/ V/epl

O]

Throughout the rest of the paper we will use the following notation; if Q is a refinement of
P and V € P then Q|y will denote the partition of V' that Q induces. We have the following
properties.

Claim 3.2. If Q refines P and Q' refines P’ then:
(1) H(Q, Q) = Xvepviep ||Z|{Z,|H(le, Q).
(ii) H(Q, Q) = H(P,P").

Proof. For the first item, we have

VeP UeQly
V'eP! UIGQ/| /
VIV’ 1%N1% / VIVl /
_ H(d(U,U")) = H(Qlv, Q|v) -
2 JAlA Ue% Wl D TAL
\4 ’
V'ep! U’eQ’|V/

12



As for the second item, if follows from the first item that

H(Q.Q) - H(P.P) = 5 Tl (H(@lv. Q) ~ MUV (V')
Vep

V'ep’

VIV ulv’] : :
= Hd(U,U")) = H({d(V,V")) | =0
2 [ Uezg d
\4
VIep! U'eQ|y
where the inequality is due to the fact that each inner sum is nonnegative by Corollary 8 (in fact,
Jensen’s inequality suffices). O
The following claim gives lower and upper bounds for the potential function, where we recall
that P is a partition of V(G).
Claim 3.3. dgIn(dg) < H(P) <0

Proof. The upper bound follows immediately from the fact that H(xz) < 0 for every 0 < z < 1.
The lower bound H(P) > H(dq) follows from Jensen’s inequality; indeed,

H(P) = Z |VT|L|2V/|I_I(d(v7 V’)) > H( Z |V||V,’d(V, V/)> _ H<2|E(G)|> = H(dg) .

n2 n?
vV'ep

If O refines P we write

k
1
P)= 2 Z 2 \U|\U||d(U,U") — d(V;, V)| -
ni=1 UeQly,
U/€Q|vj

We deduce the following relation between the ¢;-distance and the “entropy-distance” of partitions.
Lemma 3.4. Suppose G has density p and Q < P. If {1(Q,P) > xpn? then H(Q) — H(P) > 2x°p.

Proof. We have
H(Q) —H(P) = VillVjl
p =2 pn?

(H(Qlvi, Qlv;) = KUV} AV}

),

2
VilIvil o | dw, U
a V;,aV -1
= Z pr? 2w lawv)

UeQly,
U'eQly;
2
1§~ IV U] |4, T)
> = s —1
—2<Z A0 S i)
CneP)\
—2<Z > UUla,u’) - (m%)l) =2<1pn’2> ,
U€Q|v
U’EQlV

13



where all summations are over the ordered pairs (i, j) satisfying d(V;,V;) > 0, in the first line
we used the first item of Claim 3.2, in the second we used Corollary 8, and in the third we used
Jensen’s inequality together with the fact that >_, . [V;|[V;[d(V;, V;)/plV|? = 2|E|/p|V|? = 1. This
completes the proof. O

3.3 The iterative argument

Here we show how to find a vertex partition P that has a refinement which is both weak e-regular
with e that decreases with P and, simultaneously, close to P in terms of the entropy potential.
The proof follows by iteratively finding better and better weak regular partitions, similarly to the
argument that Tao [22] used in order to provide an alternative proof for Szemerédi’s regularity
lemma.

Lemma 3.5. Let a >0, s€ N, g: N — (0,1) a decreasing function. For every graph of density p
and vertex equipartition Py of order s, there are equipartitions Q@ <X P refining Py that satisfy:

o Q is weak g(|P|)-reqular.
o H(Q)—H(P) <a-pln(l/p).
o [P| < B/l (s) where E(x) = x - 200 (1/9(@),

Proof. We construct r + 1 equitable refinements Py = P; = --- = P, = P,y1 by letting P;
(i > 1) be the weak e-regular refinement of P;_; obtained by applying the weak regularity lemma
in Theorem 6 with e = ¢g(|P;—1]). We stop once the potential difference between P; and P;_; drops
below apln(1/p). That is, r is chosen so that

Vi <r: H(P;) —H(Pi—1) > apln(l/p) and H(Pr+1) — H(P:) < apln(1/p) .

We will show that the equipartitions P := P, and Q := P,y satisfy the requirements in the
statement. Note that, by construction, Q is weak g(|P|)-regular and H(Q) — H(P) < apln(1/p).
Thus, it remains to bound |P| = |P,|.

First, we claim that » < 1/«. This follows by bounding the difference H(P,) — H(Pp); indeed,

rapin(1/p) < Z <7—l(731) - H(Pi—l)) =H(Pr) — H(Po) < pln(1/p) ,

where the lower bound follows by construction and the upper bound follows from Claim 3.3. Next,
recall that by Theorem 6 we have |P;| < E(|P;i_1|) with E(z) = x - 2P°V(1/9(#)  We claim that
|Pi| < E@(s) for every 0 < i < r, which we prove by induction on i. For the base case i = 0 we
trivially have |Po| = E©(s), and for the induction step we have

[P < E(IP)) < E(EY(s)) = BV (s)

where the last inequality follows from the induction hypothesis and the fact that E is an increasing
function, which proves our claim. Asr < |1/a] we conclude |P,| < E("(s) < E(I/a))(s), where the
last inequality follows from fact that E is increasing and E(x) > x. This completes the proof. [J
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3.4 Proof of Theorem 2

Here we combine the results from this and the previous section in order to prove Theorem 2. In fact,
we will prove the following stronger result. We say that a vertex partition of order k is f-regular,
where f: N — (0,1), if all distinct pairs are f(k)-regular.

Theorem 9. Let 6 >0, s € N and f : N — (0,1) be a decreasing function. For any graph G of
density p and any initial vertex equipartition Py of order s, one can add/remove at most §|E(G)|
edges to obtain a graph that has an f-regular equipartition refining Py of order at most F (h)(s),

where F(x) = 2°/1@) and h = O(log %/(52).

Theorem 2 indeed follows from 9 by taking s = 1/e and f(z) = €, in which case the resulting
equipartition is e-regular (as the fraction of irregular pairs is at most 1/s = €) and has order at most
twry /e(O(log % /6%)), as required. Before proving Theorem 9 we first isolate a simple observation.
We will slightly simplify the proofs by assuming, as we may, that in an equipartition all parts are
of exactly the same size.

Claim 3.6. For a graph G = (V, E), let P = {V1,...,Vi} be an equipartition of V and let Q be a
weak e-reqular partition that refines P. For every induced bipartite graph G[Vq, V3] with a # b, the
partition Qly, U Qly, is weak ek-reqular (in the sense of Lemma 2.2).

Proof. Let S C V,, T C V, with |S| > €k |V,| and |T| > €k |V4|. As P is an equipartition, this
means that |S|,|T'| > €|V|]. Thus, by the weak e-regularity of Q (recall Definition 2.1),

k
SNnU||ITnU’
Sy BOUIEAUT s nurner) - aw, o) <.
9. Vi
U'eQly;

Since [SNV;| =0 for any ¢ # a and |T'NV;| = 0 for any j # b, the above reduces to

T !
s> BOUTOUL s, mn ) - du,v7)] < e < ek,

S| |T|
UGQ‘Va
U’€Q|Vb
which is what we needed to prove. O

Proof of Theorem 9. Let G = (V, E) be a graph of density p, and let Py be the given equipar-
tition of order s. We apply Lemma 3.5 on G and Py with parameters

a=0%/2ln(1/p), g(x) = f(a)/20 ,

where we note, since f is decreasing, that g is decreasing as well, as required by Lemma 3.5. Let
Q <X P < Py be the obtained equipartitions, and put k& = |P|. This means that:

(i) Q is weak g(k)-regular,
(i) H(Q) — H(P) < ps?/2, and
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(iii) |P| < E(2m1/P)/5*])(5) where E(z) = 2pPoW(@/ /()

We will show that one can modify at most § |E| edges of G so as to make P an f-regular partition,
provided |V is sufficiently large, which would complete the proof by Item (iii).

Write P = {Vi,..., Vi }. For each i < j we apply Lemma 2.2 on the induced bipartite subgraph
G[Vi, V;] with the partition Q[y; U Qly; and € = f(k)/2, which we claim we may. To see this,
note that, since Q is weak f(k)/2k-regular by Item (i), the partition Q|y; U Qly; of G[Vi, V] is
indeed weak e-regular by Claim 3.6; moreover, we may assume |V;|,|V;| > 8/f%(k) as required by
Lemma 2.2, since otherwise |V| < O(k/f*(k)) is at most the bound in the statement of Theorem 9,
so we may instead take the partition of V into parts of size one. Thus, we transform each bipartite
subgraph as above into an f(k)-regular graph by modifying some of its edges. It therefore follows
that for the modified graph, the partition P is f-regular. By Lemma 2.2, the total number of edge
modifications thus made is at most

k
1
0(QP) =5 >, Y UIUdU,U") - d(V;,Vj)| -
i,j=1 UeQly,
U'eQly;

Since H(Q) — H(P) < 2p(6/2)?, it follows from Lemma 3.4 that ¢,(Q,P) < (6/2)p|V|* = §|E|.
This completes the proof. O

4 The Removal Lemma via SRAL

In this section we prove Theorem 1. For the proof we will need a counting lemma that corresponds
to SRAL. Call G an (¢, p)-graph if G is multipartite and the bipartite graph between any pair
of classes is either empty or e-regular of density at least p. The following “approximate counting
lemma” shows that the usual counting lemma approximately holds for any graph that is sufficiently
dense in an (e, p)-graph.

Lemma 4.1. Let H be an h-vertex graph with m edges, let G' be a k-partite (e,p)-graph on
(Ur,...,Ug) with |U;j| = n, and let G be a graph on V(G') such that for every i # j with
de (Ui, Uj) > 0, G[U;,Uj] is d-close to G'[U;,Uj]. Suppose § < 1/2m, e < (p™"!/32h*)? and
n > 4hMH3 Jpm. If G' contains a copy of H then the number of copies of H in G is at least

2
The proof of Lemma 4.1, which is a souped-up version of the standard proof of the graph
counting lemma (see, e.g., the survey [10]), appears in Subsection 4.1. Let us now show how to
prove the graph removal lemma by relying on the sparse regular approximation lemma (Theorem 2)

and the above Lemma 4.1.

Proof of Theorem 1. Let H be a graph with A > 3 vertices and m > 1 edges. Put

() o= () = ()
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We will prove the bound
Remy(e) < [d- S(¢,6,¢)]" . (16)

It is well known [19] that Remy (e) > (1/¢€)¢18(1/9) for some ¢ = ¢(H). Assuming € < ¢g(h) is small
enough, this means Rempg (e) > d?*. Thus, proving (16) would imply d < S(¢€,d,€), and therefore
Remp(€) < [S(€, 3, €)]?", which proves (1).

Let G be an n-vertex graph that is e-far from being H-free. Observe that G contains at least
A := en?/m edge-disjoint copies of H. Let G be a subgraph of G on V(G) that only consists of
A such copies of H. Note that the density p of G is given by %an = mA, or equivalently, p = 2e.
Using Definition 1.1, there is a graph G2 on V(G) with |E(G1)AE(G2)| < 6|E(G1)| that has an
€¢’-regular equipartition P with 1/¢' < |P| < S(¢,d,p). Since G is a subgraph of G, in order to
prove (16) it suffices to show that G contains at least n'/(d|P|)" copies of H.

We next construct a subgraph GG3 of G3 which would facilitate the embedding of H. We obtain
G3 by removing all edges between each pair V, V' € P that satisfies either one of the following:

() V=V,
(i

)

) Go[V, V'] is not €'-regular,
(ili) de,[V, V'] < Ve,
iv)

(iv) G1[V, V'] is not v/d-close to Go[V, V'], that is, |Eg, (V, V') A Eg,(V,V')| > V6 - |Eg,(V,V")|.

The number of edges removed from Go to obtain (3 is smaller than

1 1
Z§|V\2+ Yoo WVIVI+ DD VeevIvi+ Y %{EGQ(V,V')AE&(V,V')\
Vepr v,V'ep: (V,V') vv'ep v.V'ep
not €’-regular

2

< % +én? +Voen® + \}g’E(GQ)AE(Gl)’ < 2¢'n? + Voen? + Véen® < 3Vsen? .

Thus, one obtains G3 from G by modifying fewer than (3v/0 + 6)en? < 4v/0en? = en?/m = A
edges. Recalling that G contains A edge-disjoint copies of H, we deduce that G3 contains a copy
of H.

Put k£ = |P|. From Items (i), (ii) and (iii) above it follows that G3 contains an h-partite (€, q)-
graph with ¢ = v/de = €/4m, having n/k vertices in each vertex class,'’ containing a copy of H.
From Item (iv) it follows that for every pair of its vertex classes U, U’ € P with dg,(U,U’) > 0,
G1[U, U’] is V/é-close to G3[U, U’]. Recall that our claim is that G (and hence G) contains at least
n/(dk)" copies of H. Assume n > dk, as otherwise we are done since already A > 1. We apply
the approximate counting lemma (Lemma 4.1), noting that, as required, ¢ > (¢™*1/32h*)? and

n/k>d=(h/e)?"* > 4n"*3 /g™ We deduce that the number of copies of H in G is at least

1—+Vém . (n\k 3 . /n\h_ 1 /n\h nh
o () <S5 G
2 k 8 k d \k (dk)
proving our claim and thus completing the proof. O

10We assume, as we may, that all parts of the equipartition P have exactly the same size.
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4.1 Approximate counting lemma

In order to prove Lemma 4.1 we will need the following well-known properties of e-regular graphs.
For completeness, we prove these properties in the appendix. Throughout, we say the (A, B) is an
(e, d)-regular pair if the bipartite graph between the vertex subsets A, B is e-regular of density d.
Furthermore, we use the notation = + € for a number lying in the interval [z — €, z + €].

Fact 4.2. If (A, B) is an (e, d)-regular pair, all vertices of B but at most 2¢| B| have degree (d+e)|A|.
Fact 4.3. Let « > ¢ > 0. Let (A, B) be an (e,d)-regular pair. If A C A, B' C B are of size
|A| > a|A|, |B| > «|B| then the pair (A, B') is (2¢/a, d + €)-regular.
Fact 4.4. Let the pairs (A,C),(B,C) be (e,d)-reqular and (e,d’)-reqular, respectively. Write
codeg(a,b) for the number of common neighbors of a,b in C, and put € = 6e/d. All pairs
(a,b) € A x B but at most €'|A||B| satisfy codeg(a,b) = (dd' £ ¢)|C]|.

Lemma 4.5 (Counting Lemma, Lemma 1.6 in [2]). Let H be a graph on [h] and let G be an h-
partite graph on (Vi,...,Vy). If all pairs (V;,V;) are e-regular then the number of induced copies
of H in G where vertex i € [h] is embedded in V; is

f[mr( [T s Vi)

i=1 1<i<j<h
where p ; = dg(V;, Vj) if (4,5) € E(H) and p} ; = 1 — da(V;,V;) otherwise.

We are now ready to prove the approximate counting lemma.

Proof of Lemma 4.1. Assume G’ contains a copy of H. Fix an embedding and let f : [h] — [k]
be such that vertex i € [h] of H is embedded in Uy;). We henceforth refer to a homomorphic
copy of H where vertex i € [h] is embedded in Uy(;) as an f-copy. Put p;; = dg/(Uy(;), Uy(s))- Let
(a,b) € E(H). We will prove that for all edges e of G’ between U,y and Uy but at most yn?,
the number of f-copies in G’ containing e is

(I k) (17)

(i,j)€E(H)
(4,5)#(a,b)

where v = p™/4h?. We will also show that the total number of f-copies in G’ is
”h( I[I »u= 7) : (18)
(i,5)€E(H)
Applying (17) for each edge e € E(G')\ E(G) (and each (a,b) € E(H)), we deduce using (18) that
in G the total number of f-copies is at least

nh( H Pij — ’Y) -m (5pa,bn2 : nh72< H pij + ’y) + ’ynh>

(i.7)EE(H) ((i;j))i?(lz))
7/7] a7
> nh ((1 —om) H pij — (2m+ 1)7) > nl <(1 —om)p™ — (2m + 1)fy> ,

(i,7)€E(H)
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where in the last inequality we used the fact that p; ; > p for every (¢, j) € E(H), which follows from
the lemma’s assumptions that G’ contains an (f-)copy of H, meaning p; ; # 0 for (i,5) € E(H),
and that G’ is an (e, p)-graph. However, some of these homomorphic copies may not be proper
copies. The number of mappings from V(H) to V(G) that are not injective is

h—1
(hn)" = T — i) < B3 (Bn)""1 = (W41 /) -l <
=0

where in the last inequality we used the assumption that n > 4h"3/p™ = AP+l /5. We deduce
that, as desired, the number of (proper) copies of H in G is at least

nh((l — 5m)p™ — h?y) > nh. %(1 —m)p™ ,

where we used the fact that h%y = p™/4 and 6 < 1/2m.

It remains to prove (17) and (18). Let F be the h-partite graph obtained from G’ by replacing
each vertex class Uy by | f~1(t)| copies (Vi);e p-1(1), s0 that F[Vi, Vi] = G'[Uysy, Upp] if (i, 5) € E(H)
and F[V;,Vj] is empty otherwise (so in particular, each F[Vj,V}] is e-regular).. Observe that the
number of f-copies in G’ is equal to the number of (induced) copies of H in F where vertex i € [h]
is embedded in Vj. Therefore, Lemma 4.5 implies (18). As for proving (17), let us fix (a,b) € E(H).
For (z,y) € Vo x V, and i ¢ {a, b} let

V! ={z€V,: (i,a) € E(H) = (2,2) € E(F), (i,b) € E(H) = (2,y) € E(F)} .

Put ¢ = 6¢/p, and put p;; = d(Vi, V) if (i,j) € E(H) and p}; = 1 otherwise. It follows from
Fact 4.4 that all pairs (z,y) € V, x Vj but at most he'n? satisfy, for all i ¢ {a,b}, that |V/| >
n(p; iy —€) (= np®/2). For a “good” such pair (z,y), let F, be the (h — 2)-partite subgraph
of F induced on the V;. By Fact 4.3, all pairs (V;,V}) are 4¢/p*-regular of density d(V;, V) + €.
Letting H' be the induced subgraph of H obtained by removing a and b, it follows from Lemma 4.5
that the number of copies of H' in F,, where vertex i € [h] is embedded in V| is

H n(péyapgvb:te')< H (pijte) £+/h3 - 4e/p2> = nh_Q( H pi7j:|:(2m6/+2h2ﬁ/p)> A
iclh]: (i,j)EE(H) (i,5)€E(H)
i#ab i,j¢{a,b} (4,5)#(a,b)

As the error above is at most 8h%\/e/p < p™/4h? = v we deduce (17), completing the proof. O

5 Lower Bound for SRAL

5.1 Proof overview

In this section we prove Theorem 4. First, we give a short description of the density-p graph G
witnessing our lower bound, followed by an overview of the proof of correctness.

""For the upper bound we used the inequality [/, (pi +€') < [[/*, pi +2me for all 0 < p < p; < 1 and € < p/m.
To prove it, notice [[;2, (p: + €)/T[7Zy pe = TIZ, (1 4 €'/ps) < exp(3oiL, € /pi) < 1+23°0, € /pi.
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Construction. We construct a bipartite graph G iteratively as follows. Starting with Go = K},
where k = poly(1/p), we define G;; as follows; we take a blow-up of G;, inflating each vertex into
22(IV(G)D vertices and replacing each edge by a complete bipartite graph. For each such complete
bipartite graph on vertex sets (X,Y) we randomly bipartition X = X; U Xy and Y = Y; U Ys;
we then remove all edges between X7, Ys and between X5, Y7, therefore removing half of all edges.
We repeat the above process s = log}l7 times, thus obtaining a graph G of density p. As our final
graph G we take any blow-up of G,. Note that V(G;) naturally defines a partition &; of V(G).
Clearly, |X;| = twr(2(i)) and it has the property that a 2~'-fraction of its pairs have density 2ip
in G while the rest have density 0. We note that the idea behind the above construction is for it
to be “hard” for the iterative upper bound proof of Theorem 2 based on Scott’s method from [18]
that we mentioned in Subsection 1.3.

Proof of correctness. As in most lower bound proofs for regularity lemmas pioneered by Gow-
ers [6], we use the following notions (more precise definitions appear in Subsection 5.5). We say
that S is y-contained in T if all but a y-fraction of S is contained in T' (i.e., |S\T| < ~|S|). We say
that an equipartition Z ~y-refines X' if all but 7| Z| clusters Z € Z are «y-contained in some X € X.
For simplicity, one may think of v as a fixed small constant for the rest of this subsection.

We now give an overview of the crux of the proof. Let G’ be any graph obtained from G by
adding/removing 0o|E(G)| edges, where again one may think of dy as a fixed small constant. Our
proof shows that any e-regular equipartition Z of G’ with € = p® must y-refine X, where we assume
for simplicity that Z refines Xp.'? This implies that |Z]| = Q(|Xs]) > twr((s)) = twr(Q(log %)),
proving the lower bound on S(e, dp, p) that is stated in Theorem 4.

The proof proceed by assuming towards contradiction that Z does not 7-refine X;, meaning
there are at least |Z| parts Z € Z that are not 7-contained in a member of X;. Letting Z
be such a part, there must be 1 < r < s such that Z is «-contained in X € AX,._; yet is not
~v-contained in any one member of X,.. Using the randomness in the choice of the bipartitions
X = Xj U X> in the construction of G, it can be shown that an Q(27")-fraction of the bipartitions
satisfy min{|Z \ X1|, |Z \ X2|} > Q(v|Z]). Fix one such bipartition X; U X5, and let Y € X,
be the part that “induces” it (so Y is also bipartitioned, ¥ = Y7 U Y3). Assume without loss of
generality that [Z N X1| > 1|Z N X| ~ 3|Z|. The structure of G is then used to argue that the
density between Z N X; and Y] is 2"p, while the density between Z \ X; and Y; is only a fraction
of 2"p. Importantly, as explained above, both Z N X; and Z \ X are linear-size subsets of Z.

Next, we use an important property of G which is that G is a (somewhat) quasirandom bipartite
graph. Together with the assumption that Y is essentially partitioned into clusters Z’ € Z and the
assumption that all pairs (Z, Z’) are regular in G’, one can deduce that, roughly speaking, “almost”
all pairs of the form (Z,Y7) must be regular in G’ as well. Since (Z,Y7) was already shown to be
irregular in G in a strong sense—having linear-size witnesses and an (2"p) density discrepancy—it
follows that G'[Z, Y1], the bipartite subgraph of G’ induced by ZUY7, must have been obtained from
G[Z,Y1] by adding or removing Q(2"p|Z||Y1|) edges. Summing over all Q(27"|X,_;|) parts Y € X, _;

12This is in fact how we proceed in the actual proof. Namely, the main technical part the proof (Theorem 10)
essentially makes this assumption, and we reduce to this case in the proof of Theorem 11 below.
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as above, we deduce that the number of modification in the edges adjacent to Z is Q(|Z|pn). Next,
by summing over all Z € Z as above, it follows that the total number of modifications is Q(|E(G)|),
a contradiction that completes the proof.

The overview above clearly hides quite a few assumptions, steps and subtleties. As one example,
the fact that Z is not exactly a refinement of X, _; introduces an error term to our lower bound
on the number of edge modifications between Z and Y;. While this error term can certainly “kill
off” the main term for some of the Y7’s, the quasirandomess of G implies that it has a negligible
effect when summing over sufficiently many Y € AX,._;. Of course, we must also guarantee that our
bipartite G is not too quasirandom, as otherwise it would have had a p°-regular partition of order 2.
The proof of Theorem 4 spans the rest of this section. Specifically, the next three subsections contain
the construction of G and the proofs of its various properties, and the following two subsections
contain the technical parts of the proof described here. The last subsection completes the proof of
Theorem 4 by showing that the complete bipartite graph can be decomposed into copies of G.

5.2 Preliminary lemmas

We use the standard definitions and notations given in Section 2. In this section all graphs are
bipartite. We note that our actual construction differs slightly from the one described in Subsec-
tion 5.1 in that the random bipartitions are replaced by a sequence of deterministic bipartitions
having pseudorandom properties. This will allow us to more easily control the measure of quasir-
andomness as we go through the iterative construction.

Pseudorandom bipartitions. Let B = (X1, X1,1),...,(Xq40,X4,1) be a sequence of equitable
bipartitions of a set X with | X| even. We say that B is a-orthogonal if for every 1 <1i < j < d and
0,0 € {0,1} we have
1
XN X 0| < (Z +a)|X|. (19)

We say that B is B-balanced if for every x # y € X, the number of bipartitions (X; o, X; 1) with
xz,y € X;p or z,y € X; is at most (% + [)d. We say that B is an (n,d, a, §)-sequence if | X| = n,
|B] = d and B is both a-orthogonal and S-balanced.

Lemma 5.1. For every d > 200 and every even n < 21d/200] there is an (n,d, «, B)-sequence with
a=+/2In(d)/n, B = 1/16.

Proof. Choose d equitable bipartitions (X; o, X;1) of X independently and uniformly at random,
where |X| = n is even. Fix a pair 1 < i < j < d. The random variable |X;o N Xj | follows
a hypergeometric distribution. Thus, we may apply the Chernoff bound (see Section 6 in [8]),
meaning the probability that [X; N X;o| = (§ £ a)n (which is equivalent to all four inequalities
in (19) with £,# € {0,1}) does not hold is at most 2 exp(—2a2n). Next, fix a pair x # y € X. The
probability that a given 1 < i < d satisfies z,y € X; 0 or z,y € X; 1 is 2(n7};_22)/(n72) < 1/2. Since
these events are mutually independent we may apply the Chernoff bound, meaning the probability
that there are more than (3 + 3)d values of i for which the above holds is at most exp(—243%d).
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By the union bound, the probability that at least one of the two events above holds for some
choice of 1 <i< j<dorx#yéec X is at most

(g) - 2exp(—2a°n) + (;) e (=26

This probability is smaller than 1 when taking d, n, a, 8 as in the statement, completing the proof.
O

We will later need the following trivial fact.
Fact 5.2. Any subsequence of length d' of an (n,d, «, B)-sequence is an (n,d’, «,1/2)-sequence.

Our proof will critically rely on the following lemma from [12], which improved upon a similar
lemma from [6].

Lemma 5.3. If (X1,0,X1,1),...,(Xa0,X41) s a sequence of bipartitions of X that is Tlfi-balanced,
then for every A = (A1,...,A\x|) with Ay > 0 and [N, = 1, at least d/6 of the bipartitions
(Xi0, Xi1) satisfy min{3,c v, ) Ao Dpex,, M} = 5(1 = [Alloo)-

Common refinement. Henceforth, the common refinement of partitions Z, X’ is denoted ZNX’;
that is,

ZNX={ZnNnX:ZeZ XecX}.
We will need the definition of a regular partition when the partition is not necessarily equitable. A
vertex partition Z of an n-vertex graph is said to be e-regular if

Y 1ZlIZ | < en?.

(Z,2"ez?
not e-regular

Claim 5.4. Let Z be an e-reqular partition of a graph G. For any partition X of order k, the
common refinement Z N X is a v 8ke-regular partition of G.

Proof. Put a = /¢/2k and n = |V(G)|. For each e-regular pair (Z,Z') € 22, it follows from
Fact B.2 that for every X, X’ € X with |ZNX| > «|Z] and |Z'NX'| > «|Z’|, the pair (ZNX, Z'NX")
is €’-regular with € = (2/a)e = V8ke. Call ZNX € ZNX small if |Z N X| < a|Z]. We have

o AAI< ) A= ). 1ZnXlh< ) olZn < kan.

AA €ZNX: AEZNX: ZeZ XeX: ZeZ,XeX:
A small A small |ZNnX|<a|Z| |ZNX|<alZ|

Call (ZNX,Z'NX") € (Z2NX)? bad if (Z,Z') is not e-regular. Recall that if (A, A") € (2N &)?
is not bad and A, A" are both not small then (A, A’) is ¢’-regular. Therefore,

Yoo A Y JAIATE2 Y Al

(A,ANe(2nXx)? A A €ZNX: A A €ZNX:
not €’-regular (A,A) bad A small
< Z |Z||Z'| + 2kan® < (e + 2ka)n® < €n? .
(2,7")eZ?

not e-regular

This proves that Z N X is €-regular, as needed. ]
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Quasirandom graphs. A bipartite graph G = (U, V; E) of density p is said to be (€)-regular if
all sets A C U, B CV with |A| > €|U|, |B| > €|V] satisfy

[da(A,B) —p| < ep. (20)
Definition 5.5 ((p,d)-quasirandom graph). A regular bipartite graph G = (U,V; E) of density p
is (p, §)-quasirandom if all but 6|U|? pairs (u,u’) € U? satisfy codeg(u,u’) < (1 + 8)p?|V|.

As is well known, small codegree implies quasirandomness. However, we need a somewhat

different version with specific parameters, which we prove below for completeness.
Lemma 5.6. Every (p, ep)-quasirandom graph is (261/7)—regular.

Proof. Let the bipartite graph G = (U, V; E) be (p, ep)-quasirandom. We will prove that all sets
ACU, BCV ofsize |A| = a|U|, |B| = B|V| satisty

da(A, B) = p| < 3(¢/a’B8)'/?p.
This would complete the proof since «, 8 > 2¢%/7 would imply |da(A, B) —p| < 2¢1/7p, as needed.
Let D = e(v, A) where v is chosen uniformly at random from V. Then
1 1
E[D] = — ) e(v,A) = — > degg(u) = plA]
|V| veV |V| u€eA

where in the penultimate equality we used the assumption that the U side is regular. Moreover,

1
14
= p?|AP(e/a® + 1+ ep) <PPJAP(1+ 2¢/a?)

> codeg(u,u') < eplUP-p+ D (1+ep)p?

1
E[D2] = m E 6('[},14)2 =
ev u,u’ €A u,u/ €A

where in the first inequality we used the fact that G is (p, ep)-quasirandom together with the
regularity of the U side. It follows that

Var[D] = E[D?] — E[D]? < p?|AP(1 + 2¢/0) — (plA])* = (2¢/a®)p?| AP .

By Chebyshev’s inequality, for any A > 0 we have

< Var[D] < 2¢
~ (AplA])? T A

P(|D - plA]| = AplAl)
and since eq(A, B) = ) g deg,(v), we have
(1Bl = (2¢/Xa®)|V]) - (1 = NplA| < ec(4, B) < (2¢/Xa®)|V] - p|U| +|B| - (1 + A)p|A] ,
where in the right inequality we used the assumption that the V side is regular. Therefore,

(1-2/X%08) - (1 - Np < d(A, B) < (2¢/320B+ 1+ \)p,
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implying that
(1=XA=X2-2¢/a?B)p < dg(A,B) < (1+X+X"2-2¢/aB)p.
Taking \ = (2¢/a?3)'/? for the lower bound and A = (2¢/a?3)'/3 for the upper bound implies
(1 - 2(26/a?8)*)p < da(A, B) < (1 +2(2¢/a*8)P)p
In particular, this implies the desired bound,
|da(A, B) —p| < 3(e/a®B)'/ - p,

which completes the proof. O

5.3 Modified blow-up

Here we show how to execute the iterative process described in Subsection 5.1, given the pseudo-
random bipartitions constructed in Subsection 5.2.

Let G be a d-regular graph. Let n € N, o, 8 € [0, 1] be such that there exists an (n,d, a, ()-
sequence. We define G(n,d, a, ) as any graph obtained as follows, where here we use N(z) to
denote the neighbors of vertex =z in G. We first replace each vertex = of G by a set X of n new
vertices. For this paragraph, if y € N(z) and we replaced x with X and y with ¥ then we will say
that Y € N(X). For each X and Y € N(X), we associate with Y a bipartition (Xy g, Xy,1) of X,
so that the sequence of bipartitions {(Xy,0, Xv,1)}yen(x) is an (n,d, a, B)-sequence. For each edge
e = (z,y) of G we do either one of the following;:

(i) we put two copies of K, ,, between (Xy,Yx ) and between (Xy,1,Yx 1), or
(ii) we put two copies of K, 5, between (Xy,Yx,1) and between (Xy1,Yx ).

We note that for the proof of Theorem 4 the reader may assume that choice (i) is used for all edges;
both choices will be used in Subsection 5.7. Since v(G(n,d, a, 5)) = v(G) - n and since G(n, d, a, 3)
isd- %n—regular, we have

1
dG(n,d,a,p) = idG : (21)
Claim 5.7. Let G' = G(n,d,«,8). Let x # y,w € V(G), where w is a common neighbor of x,v,

and denote by X, Y, W the sets replacing them in G, respectively. For every 2’ € X and ¢ € {0,1}
we have ey (z', Wy,0) < (3 + a)n.

Proof. By construction, the set of neighbors of 2’ in W' is precisely Wx ¢ for some ¢ € {0,1}. This
implies that ecr (2, Wy,) = |[Wx ¢ NWy,| < (3 +a)n, where in the inequality we used the fact that
Wx ¢ and Wy, belong to two distinct bipartitions in an a-orthogonal sequence of bipartitions. [

Claim 5.8. Let G' = G(n,d,a, ). If G is (p,€)-quasirandom then any blow-up of G' is (p,€)-
quasirandom with € = ¢ + max{8«, 2/v(G)}.
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Proof. Let G° be a blow-up of G, and note that dge = 3p follows from (21). Put G = (U,V; E)
and G° = (U',V'; E'), and put |U’'|/|U| = |V'|/|V| = k. Suppose u,v € V(G°) lie in the blow-up
of z,y € V(G), respectively, with = # y € U. We claim that

codeg o (u,v) < (i + a)k codegg(z,y) .
This would imply that all but
UPK + U /U] = [U"*(e+1/|U]) = |U"[* (e + 2/v(G))
pairs (u,v) € U'? satisfy

coderge () < (3 -+ )k~ (1+ (V] = (14 40)(1+ ) (5)1V7] < (1 4+ 8a) (p) IV

which would complete the proof.

To prove the claim above, first note that if a vertex of G° that lies in the blow-up of w € V(G)
is a common neighbor of 4 and v in G° then, by construction, w must be a common neighbor of
z and y in G. It follows from Claim 5.7 that the number of common neighbors of u and v in the
blow-up of w is at most (+«)k. This implies that codeggo (u,v) < (1 +a)k-codegg(w,y), proving
our claim above. O

Iterated modified blow-up. Let G be a dy-regular graph. Let n; € N, «;, 5; € [0,1] be such
that for every 1 < ¢ < r there exists an (n;,d;_1, a;, f;)-sequence where d;—1 = dy H;;ll(nj/2)
For every 1 < i < r put p; = (n4,di—1,, Bi). We define G(py,...,p,) as any graph recursively
obtained as

G(p1s---ypi) = [G(p1, ..., pi—1)](niy diz1, i, Bi)
with G as the base case. This is well defined since for every 1 < i < r the graph G(p1,...,pi—1) is
d;—1-regular. We have the following by (21).

Fact 5.9. The bipartite graph Ky n,(p1,-.-,pr) is reqular of density 1/2".

In order prove the (€)-regularity of an iterated modified blow-up, we analyze the effect of each
iteration on its (¢, p)-quasirandomness, and then finally apply Lemma 5.6.
Claim 5.10. Any blow-up of Ky no(p1s---,pr) is (1/n(1)/14)—regular, provided o; < 1/(8ng---n;—1)
for every 1 <i <r and ng > 4718,
Proof. By definition, Ky, », is (1,0)-quasirandom. By Claim 5.8 and Fact 5.9, any blow-up H of
Koo (p1,. .., pr) is (p, €)-quasirandom with p = 1/2" and

r

€<y 1/(ng---mi1) < (1/mg) Y 1/271 < 2/ng
=1

i=1
where in the first inequality we used the fact that v(Kpg (1, .., pr—1)) = 2n9---n;—; and in the
second inequality we used the fact that n; > 2 for j > 1. It follows from Lemma 5.6 that, since H
is (p, €'p)-quasirandom with € = 27! /nq, it is also (€”)-regular with

¢ — /1/7 (2r+8/n )1/7

By the claim’s assumption that 2778 < | /ng we have ¢’ < 1/ no 4, which completes the proof. [
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5.4 The graph G;

We are now ready to formally define the graph that will be used to prove Theorem 4. Let s € N
be even with

s > 400, (22)
and put ng = 458, Our graph, which we denote by G2, will be of density p := 1/2°. First, for
every 1 <r < s put n, = 2lnr—1/200]  Note that

ns > twr(s/2) , (23)

since n,42 > 2™ (as n, > ng is sufficiently large). Moreover, for 1 <r < sput ., = 1/(8ng -+ nr—1)
and d,_1 = ng Hg;%(n]ﬂ)

We recursively construct graphs Go, G1, . . ., Gs, starting from Gy = K, n,, in the same manner
described in the previous subsection. More precisely, setting p, = (n,,d,—1,a;,1/16) for each
1<r<s, welet

G, = Kno,ﬂo (,01, cee 7p1”) : (24)

Importantly, (24) is well defined since there exists a p,-sequence for every 1 < r < s. Indeed, this
follows from Lemma 5.1 since d,_; > ng > 200, n, is even, n, < 2Ldr-1/200] (as ny—1 < d,—1) and

V2In(d,_1)/n. <1/n?_; <1/(8ng---np_1) = ay .

We let our final graph G} be any blow-up of G5. Note that by Fact 5.9, G2 is a regular bipartite
graph of density p = 1/2°.

Properties of GJ. Recall that in the process of constructing G5, each vertex of G, is repeatedly
replaced by a set of new vertices. For 0 < r < s let &, be the partition of V(G2) whose parts
correspond to the vertices of G,.. Therefore, in what follows we will interchangeably refer to X € X,
also as a vertex of GG, or as a cluster of vertices in one of the graphs G,41,...,Gs.

Observe that each X, refines X,_1, and that X, is an equipartition of order

1| = o(Gy) = 2] [ s -
1=0

In particular, we have

| Xo| = 2ng = 217 - 4%, (25)
and moreover, using (23),

|Xs| > ns > twr(s/2) . (26)

If X,Y € X, with 7 < s and (X,Y) € E(G,) then we denote by (Xy,, Xy,1) the bipartition of X
that is associated with Y in the construction of G,41 from G, (recall the definition of a modified
blow-up in Subsection 5.3). Thus, Xy,o and Xy,; are each a union of parts in &}, ;. Similarly, we
denote by (Yx,,Yx,1) the bipartition of ¥ that is associated with X. We will need the following
properties of G;. We first note that from (22) we have

p=1/2° <2740 (27)
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Claim 5.11. Let 1 <r <sand X,Y € X,_; with (X,Y) € E(G,_1). For every ¢ € {0,1} there is
¢ € {0,1} such that:

o dgo(Xyye, Yx,¢) # 0. In particular, dgs(X,Y) # 0.

o Lweryv € Xy, satisfies dge (v, Yx ) = 2"p and dge (v, Yx 1—¢) = 0. In particular, dge(v,Y) =
27‘—1p'

Proof. As the first item follows from the second, we prove the latter. By construction, the edge
(X,Y) of G,_; is replaced in G, by two copies of K} (with k = %nr) and two copies of its
complement Ky . Specifically, G,[ Xy, Yx | ~ Kgx and Go[ Xy, Yx1-¢] ~ Ki g, where ¢/ = { if
choice (7) in Section 5.3 is used, and ¢’ = 1 —/ if choice (i7) is used. In the construction of G,1, the
above copy of K},  is turned into a modified blow-up of K}, ;; that is, G,41[ Xy, Yx o] = Ki k(0 11)
with pl 1 = (np41,k, op41,1/2). This follows from the fact that G,41[Xyy, Yx ¢] is a subgraph
of G471 together with Fact 5.2. Indeed, for each vertex, its associated sequence of bipartitions in
Gr+1[ Xy, Yx o] is a subsequence of its associated sequence in Gy41. Continuing in this manner,
we deduce that G[Xy,e, Yx o] ~ Kip (01, --,p,) (with pf = (ni,Hé;}"(nj/Q),ai, 1/2)), which is
regular of density 1/257" = 2"p by Fact 5.9. This completes the proof. O

Claim 5.12. For every 1 <r <s, every X,Y € X1 with dge(X,Y) # 0, every v € V(G3) \ X
and every ¢ € {0,1} we have dgs(v,Yx ) < 327p.

Proof. Suppose v € A’ C A with A € X,_1 and A’ € X, where by assumption A # X. Recall
that G, = G,—1(ny,dr—1,,,1/16). Apply Claim 5.7 on G = G,_1, G’ = G, and with z,y, w, 2’
corresponding to A, X,Y, A’, respectively. It follows that the fraction of Y € X, with Y’ C Yx
that satisfy dgs (A, Y”) # 0 is at most 2(% +a,) < 5/8, where the last inequality uses the fact that,
by construction, a;, < 1/16. By the second item in Claim 5.11 we have dgo(v,Y’) < 2"p for each
of the Y above, hence dgo (v, Yx ) < %Tp, as needed. O

Summarizing Claim 5.11 and Claim 5.12, we have the following regarding the degrees in G§.

Claim 5.13. Let 1 <r < s and X,Y € X1 with dgo(X,Y) # 0. If dge(Xy,e, Yx,¢) # 0 then for

every verter v € V(GS) we have

<52p ifv¢ X
dge(v,Yx i) = 2"p if ve Xyy
0 ifve Xy,l_g

Claim 5.14. For 0 <r < s and X € X,, the number of Y € X, with dge(X,Y) # 0 is |X,|/2" T,

Proof. By (24) and Fact 5.9, every vertex of G, has precisely 3|V (G,)|/2" neighbors. Recalling
that the parts of &, correspond to the vertices of G,., it follows that the number of Y € A, with
dge(X,Y) # 0 is, using the first item in Claim 5.11, |X,|/2" = |&,|/27 1. O

We will also need the following two pseudorandom properties of G7g.
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Claim 5.15. Let Z C V(GS) and 1 < r <'s. Suppose |Z \ X| < ¢|Z| for some X € X._1 while
|Z\ X'| > {'|Z| for every X' € X,. For at least £|X,_1|/2" clusters Y € X,_1 we have

] 1
min{|Z N Xyo|,|Z N Xy1|} > g(CI - 0lZ] .

Proof. Let X = {X),..., X, } be the partition of X into parts of X,. Recall that each of the
|X-_1]/2" clusters Y € X, with dgo(X,Y’) # 0 (see Claim 5.14) is associated with a bipartition of
X , and that the sequence of these bipartitions is 1/16-balanced. Apply Lemma 5.3 on this sequence
with Ay = |Z N X;|/|Z N X|. Thus, for at least ¢|X,_1]/2" clusters Y € X, we have

1 1
min{|Z N Xyl 12 0 Xyal} > £ (12 0 X| —max|Z 0 X,]) = S =012 .

where the last inequality uses the fact that, by the assumptions in the statement, |ZNX| > (1—()|Z|
while |Z N X < (1 —{')|Z| for every t. O

We write n = |V (G})| and, recalling that G¢ is bipartite, we write Gy = (U, V; E).
Claim 5.16. Let ACU, BC V. If |A| > p"/"™n and |B| < =151 then ege(A, B) < sispn|Al.

Proof. First, we prove that G, and hence G2, is (¢)-regular with e < p/7 (recall (20)). Recalling
Gs = Knpymo(p1,---,ps), we apply Claim 5.10 on G, using the fact that a; = 1/8ng---n;—1 for
every 1 < i < r, and the fact that ng = 45+t% > 478 It follows that G is (e)-regular with
€ < 1/71(1)/14 < 1/206H8)/7 < 1/25/7 = pl/7 as desired.

Now, if |B| > €|V| then egs (A, B) < (14 €)p|A||B| < 525p|Aln, as needed. Suppose otherwise
that |B| < ¢|V|. Note that ¢ < 278 by (27). We have |V \ B| > (1 — €)|V| > ¢|V| and thus, by the
(€)-regularity of G5, we get eqe(A, V' \ B) > (1 — ¢)p|A[|V \ B|. Therefore,

1
ez (4, B) = ecz (4, V) —eqe (A, VAB) < plA|(IV] = (A =) [VAB) < plA[(|B] +€|V]) < --pnlA],

where we used the fact that ego(A,V) = p|A||V| since G is regular of density p. This completes
the proof. 0

5.5 Lower bound proof

For sets S, T we write S Cg T if [S\ T'| < B|S|. For a partition P we write S €g P if S Cz P for
some P € P. For partitions P, Q of the same set of size n we write Q@ <g P if

> olQl<pn.

QeQ: Q%@P

Note that for Q equitable, Q@ <g P if and only if all but §|Q| parts Q € Q satisfy Q €3 P (as
mentioned in Subsection 5.1).

Our main technical result towards proving Theorem 4 is the following, where we recall that G§
denotes the graph of density p = 27° constructed in Subsection 5.4. We say that a partition Z is
perfectly e-regular if all pairs of Z are e-regular.
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Theorem 10. Let § < 2732 and put v = max{64V/8, p'/7}. Let Z < X, be a perfectly %Gp—Tegular
partition of a graph that is d-close to G. Then Z =, Xj.

The proof of Theorem 10 appears in Subsection 5.6. Our goal in the rest of this subsection is to
use Theorem 10 in order to prove the lower bound (4) in Theorem 4. For convenience, we restate
the lower bound statement below.

Theorem 11 (SRAL lower bound, restated). There are fized constants dg,c > 0 such that the fol-
lowing holds. If Z is a p®-regular partition of a graph that is 5o-close to G2 then |Z| > twr(clog %)

Note that Theorem 11 does not require the partition Z to be equitable. To prove Theorem 11
we will need the following corollary of Theorem 10.

Corollary 12. Let p?/7 < § < 273 If Z is a p°-regular partition of a graph that is 5-close to Gy
then Z N Xy = Xs with v = 128V/5.

Proof. Put Zy = ZN Ap. Recall that |Xy| = 217p~2 by (25). By Claim 5.4, the partition Zj is
e-regular with e = /8| X[p? = 21°p%/2. Note that

1

< _
€< 167>

1
7 < 1P < (28)

|

where the first inequality uses (27) to bound 210p1/2 < in/ 7. and the second and third inequalities
use the assumed bounds on d. Since Zj is an e-regular partition of a graph that is d-close to G¢, it is
also a perfectly %p—regular partition of a graph that is 26-close to GG; indeed, such a graph is obtained
by removing all edges between pairs of Zj that are not e-regular, of which there are, by (28), at most
10p|V(G)|> = 6e(G2) . We apply Theorem 10 with (the not necessarily equitable) Zo, using the
fact that 2y < Xy and 28 < 2732, Tt follows that Z; =4 X5 with v < max{128\/5, p1/7} = 128/,
where we again used the assumed lower bound on §. O

We will also need the following fact about the order of an approximate refinement.
Claim 5.17. If Q =y/4 P and P is equitable then |Q] > %|73|

Proof. Let the function m map the parts Q € Q satisfying Q@ C;/4 P for some P € P to that
(unique) P. Denoting by n the number of elements in the underlying set, observe that the total
number of elements in the parts P € P that are not in the image of 7 is at most %n+ZQeQ 1QI =
%n. As P is equitable, this means there are at least %|’P| parts P € P in the image of 7w, and

therefore |Q| > 1|P|, as claimed. O

Proof of Theorem 11. Suppose Z is a p°-regular partition of a graph that is 2733-close to G2.
By Corollary 12, the common refinement Zy := Z N Ap satisfies Zy <14 &s. By Claim 5.17,
|Z0] > 3|Xs|. Since |Zo| < |Z||X| we get |Z]| > £|Xs|/|Xo|, which completes the proof by (25)
and (26). O
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5.6 Proof of Theorem 10

Proof of Theorem 10. Put G = G¢ and n = |V(G)|. Let Z be a perfectly 1—16p-regu1ar partition
of a graph G’ on V(G), and suppose Z < X yet Z A, X,. Our goal is to prove that G’ is not
S-close to G, that is, |E(G)AE(G')| > § - p(n/2)2.

Let 1 < R < s be the smallest integer such that Z ﬁy Xgr. Foreach 1 <r < R let

D,={Ze€Z:Z¢,X, and Z €y X1},

We let B, with 1 < r <s, be the set of vertices that either lie in some Z ¢, X,._; or lie in some
Z\ X with Z C, X € &,_;. More formally,

B.=V(@&\ |J @nXx).
XEX,_1,7C2:
Ze, X
Note that since X5 =< --- < &) we have that By C --- C B, and furthermore, that Z € D, for at
most one value of . Throughout, if F is a family of disjoint sets we denote by ||F|| = ‘ Upe IF}
the “total” size of F. Put D = Ule D,. Since Z A Xg yet Z <, Xp_1, we have

ID]| >~yn yet |Br| <2yn < 279, (29)

where the first inequality uses the fact that D = {Z € Z|Z ¢, Xr} as every Z € Z satisfies
Z €y Xp by assumption, and the last inequality uses the assumed bound on § as well as (27) in

order to bound
v < max{64 - 2716 p!/T} = 2710 (30)
Let Z € D,. Let X € X,_; be the unique cluster such that Z C, X (recall v < 1/2). Let
Y € X._1 be one of the |X,._1]/2" clusters with dgo(X,Y) # 0 (recall Claim 5.14). Call Y good if

Z giv Xy, for each i € {0,1}. Denote by g(Z) the set of all clusters that are good for Z. We
16
claim that for every Z € D, we have

9(2)] > g1/ (31)

Indeed, if Z 1 ., X this is clear (actually in this case [g(Z)| = |X,-1[/2"), and otherwise this follows
2
from Claim 5.15 with ¢’ = and ¢ = 1.
Put a = =v. Fix Y € g(Z), and let £ € {0, 1} satisfy |Z N Xy,| > |Z N Xy,1_¢|. Since Z €, X
we have

1 1 7
120 Xyl 2 5120 X] 2 (17|21 2 171, (32)

where the last inequality uses (30). Furthermore, since Z € 1 Xy, we have
16
1Z\ Xyl = a|Z] . (33)

Let Z; be an arbitrary subset of Z N Xy of size «|Z|, and let Zy be an arbitrary subset of Z\ Xy
of size a|Z]| (both choices are possible by (32) and (33)). By Claim 5.11 there is ¢ € {0,1} with
da(Xy,e, Yx,er) # 0. Put

YI = YX,Z’ and Y* = Y/ \ BT .
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Notice o > Lp¥/7 > Ly As Z is a perfectly -Lp-regular partition of G/, for every Z' € Z we have
16 16 16
1
eG/(Zl, Z’ﬂyl) —6@/(22, Z/ﬁyl) = (d(;/(Zl, Z/OY,) —d(;/(ZQ, Z/OY,))()(|ZHZ/0Y/| < gpa|Z||Z,‘ s

where, denoting W = Z’' NY’, the last inequality bounds d¢/(Z1, W) — dg(Z2, W) by 2 - &p if
|W| > :p|Z'|, and otherwise bounds d¢(Z1, W) — dg/(Z2, W) by 1. Summing over all Z’' C, Y
gives

eG'(Zlv Y*) - eG'(227 Y*) = Z (€G/(Zl, Z/ N Y/) - eG'(ZQa Z, N Y/))
Z'eZ:
Z'CyY (34)

1 1
< qp-alZ|[YT] < opalZl[Y],
4 4

where the equality uses the fact that Y* = | 2,y Z'NY' and the first inequality uses the fact
that |Z'| < 2|Z'NY]| for every Z' C, Y as v < 5. On the other hand, in G we have that (notice
Y'NB, =Y'\Y*)

ec(Z1,Y") — ec(Z2,Y") = (da(Z1,Y") — dG(227Y/))a|ZHY/| —ec(Z1,Y'NB:)

—

(35)
>

OO\C/O

a|Z| |Y|—6G(Zl,YﬂBR) ,

where the second inequality uses Claim 5.13 (all three cases) and the fact that Y’ C Y and B, C Bp.
For every pair of disjoint subsets S,T C V(G), denote A(S,T) = |Eq(S,T)AEq/ (S,T)|. Note
that A(S, T) > |Eg(S, T) — Egl(S, T)| We get

A(Z)Y) 2 A(Z1,Y7) + A(Z2,Y7)

> (ea(21,Y7") —eq(Z1,Y7)) + (ear(22,Y7) — eq(Z2,Y7)) (36)
3 1 1
> 1—62rpoz\Z||Y| —eq(Z1,Y N Br) — Zpoz|Z||Y| > 1—62rpa\ZHY| —eq(Z1,Y N BR)

where the third inequality uses (34) and (35), and the last equality bounds p < £2"p as r > 1.
Recall that the above applies for every choice of a subset Z; of Z N Xy of size a|Z|. Note that by
choosing such Z; uniformly at random, we have

| Z1|

E[eG(Zl,YmBR)] m

16
(Zﬁ Xy,g,Yﬁ BR) < 70& . eg(Z,Y N BR) ,

where the inequality uses (32). Thus, there is Z; for which eq(Z1,Y N Bg) < 2a-eq(Z,Y N Bg).
Substituting into (36) implies that

1 16
A(ZY) > a(2'p- 12IIY] = Zea(Z.Y N Br)) .
Summarizing, for every 1 <r < R and every Z € D, we have, using (31), that

pn|Z| 16
A(Z YGZ )A (Z,Y) ( o — e, BR)) . (37)
9
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As G is bipartite, let U, V denote the vertex classes of GG, and note that every Z € Z is contained
in either U or V, since Z < Xy. Assume without loss of generality that D' :={Z € D : Z C U}
satisfies |D'|| > 3 ||D||. We can now prove a lower bound on |E(G)AE(G');

R
Z| 16
EGAEE) =Y. Y Az V@) za Y (P12, 8y)

r=1Z€D, ZeD!

(PN D' 16 g /pn 16 pn

=o(gg 7l U 280)) 20 1Pl (G5~ 7 p50)
1 1 (64+/6)?

> @72 : @Wﬂ > Tpn2 = dp(n/2)?,

where the second inequality uses (37), the third inequality uses Claim 5.16 (with A = J,.p Z and
B = B, while relaying on (29) to bound |A| > vn > p/™n and |B| < 279n), the fourth inequality
uses (29) to bound ||D’|| from below, and the last inequality uses the fact that v > 64+v/6. Thus,
we have shown that G’ is not d-close to G, completing the proof. O

5.7 SRAL and lower bounds for hypergraph regularity

We start with proving Theorem 4 by constructing a decomposition of Ky y into graphs witness-
ing (4). First, we generalize the definition of a modified blow-up of a graph to a definition of an
edge coloring of a graph.

Multicolored modified blow-up. Let G be a ¢-edge-colored graph whose ¢ graphs are each
d-regular. Let n € N, «, 8 € [0,1] be such that there exists an (n,d, a, §)-sequence. We define a
2g-edge-colored graph G’ = G(n, d, «, 3) as follows. Each vertex x of G is replaced by a set of n new
vertices X. Each edge (z,y) of G in color i is replaced by (using the notation of Subsection 5.3) two
copies of Ky, , in color ij, between (Xy,,Yx,0) and between (Xy1,Yx 1), as well as two copies of
K, ,, in color iy, between (Xy, Yx, 1) and between (Xy 1, Yx ). Here, i1 and iy are two new colors,
hence G’ is indeed 2g-edge-colored. Importantly, by using both choices available in the definition of
a modified blow-up (see Subsection 5.3), the graphs of color i; and of color iy are each a modified
blow-up of the graph of G of color 3.

Multicolored construction. Consider the 2°-edge-colored bipartite graph obtained by iterating
the above s times starting from the graph Ky, »,, where s,ng and the parameters (n,d, o, ) for
each iteration are chosen as in Subsection 5.4. Let G} be any blow-up of the colored graph above,
meaning that each edge in color 7 is replaced by a complete bipartite graph in color i. It follows
from the definition of a multicolored modified blow-up above that each of the 2 graphs of G} is of
the form G§. In particular, each is a bipartite graph of density p = 27°, and together they form a
partition of the edges of a Ky n.

Proof of Theorem 4. Follows from the construction above together with Theorem 11. O
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Let us now explain the relevance of the multicolored lower bound to lower bounds for hypergraph
regularity. As part of the usual proof of the 3-graph regularity lemma, one is confronted with
the following task; given a complete bipartite graph Ky n whose edges are partitioned into sparse
graphs—or equivalently, are colored by many different colors—find a partition that is e-regular (with
¢ depending on the density) for all graphs simultaneously.'® As explained before Proposition 1.2, it
in fact suffices to solve this task with the additional flexibility of modifying § N2 of the edges. This
raises the question of whether the additional flexibility allows one to do better than a tower-type
bound. Using the multicolored graph G constructed above, Theorem 13 below shows that this task
remains hard even if edge modifications are allowed. In fact, it remains hard even if the partition is
required to be regular only for a negligible fraction of the graphs. We emphasize that Theorem 13
does not follow from (4), but rather requires the fact that K y can be decomposed into sparse
bipartite graphs, all of which are hard for SRAL.

Theorem 13. Let p*/7 < § <276, Let Z be a partition of V(GY), and suppose that one can swap
the colors of at most SN? edges of G¥ so that Z is a p®-reqular partition for at least \/§ - 2° of its
graphs (over V(GZ)). Then Z N Xy =~ Xs with v = 128V/5. In particular,

2] = twr(Q(log(1/p))) -

Proof. By averaging, there are fewer than /4 - 2° graphs G of Gz for which the number of edges
that are added/removed is greater than Vo - e(G). Therefore, there exists a graph that is V-
close to a graph of G for which Z is a p°-regular partition. Since every graph of G is of the
form G3, Corollary 12 implies that Z N Ay =<, X, with v = 128+v/4, as desired. In particular,
2] > |2 N X|/|X| > /| X0| = twr(Q(log L)), by Claim 5.17 and (25),(26). O
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A Proof of the (Stronger) Weak Regularity Lemma

Here we give a proof of Theorem 6, which closely follows the proof in [16].

Proof of Theorem 6. Let G = (V, E) be a graph. Suppose the partition P = {Vi,...,Vi} of V
is not weak e-regular, and let S,T C V be disjoint sets witness this. Then, recalling the notation
S; =S8NV, and T; = T NV;, we have

[Sil T3]
|SIIT]

IS[,|T| = €|V] and Z

i,j=1

d(S3.T;) — d(Vi, V)] > c. (38)

Let O be the refinement of P obtained by subdividing each V; into three parts, S;,T; and W; :=
Vi\ (S;i UT;). Put differently, Qly; = {S;, T;, W;} where Qly; denotes the partition of V; that Q
induces. We claim that ¢(Q) > q(P) + €* where ¢ denotes the mean square density of a partition,
that is,

q<{Zl,---, Z‘Z“Z‘dQ “ )

7,0=1

(where the sum is over ordered pairs (7, 7)). Indeed,

k
VI (¢(Q) — q(P)) = Z( > \UHU’rcP(U,U')—mrrwd?(v;,vj))

ij=1 \U€Qly,,
U’EQ|Vj
k
-yl YW e o - 2w
- R Vil V] v
ij=1 Uegly,, "'
U/EQ|V]~
k
U||U"]
:ermvjr< D iy AU U - AV V)
ij=1 vegly,, '
U’EQIV

S;| | T
>eruvr ST (s, 1y) - a(vi, v7))?
71

ST,
= |5]T| Z Sz (S T) - d(Vi, V)

Sil |T; 2
>3] T|(Z BB sz - a0l ) > e v
i,j=1

where in the first inequality we used the fact that S; € Q|y, and T € Q]Vj, in the second inequality
we used Jensen’s inequality, and in the third inequality we used (38).
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Suppose now that P is also equitable. We will use Q in order to construct an equitable refinement
P’ of P satisfying
a(P') > q(P) +€¢'/2. (39)

Put s = V| /bk with b= [8/€*| € N. Let P’ be the equipartition obtained from P by subdividing
each V; € P into parts of size |s] or |s] + 1, in such a way that every part U € P’|y, satisfies
either U C S;, U C T; or U C W; except for at most three parts U/, U/, U!” in P’|y,. Note that
P’ refines P, but not Q (because of the sets U/,U/,U/"). To prove (39), let P* be an auxiliary
partition obtained from P’ by subdividing each U] into the three parts {U;N.S;, U/ NT;, U NW;},
and similarly for U/, U/”. Observe that P* refines Q. Furthermore,

k

SO (DL, WYL O2IVY 3l e D) 4
(P < i i < <-< :
N TR Syl

Since P* refines Q we have ¢(P*) > ¢(Q) by Jensen’s inequality. Therefore,
g(P") > q(P*) =" /2> q(Q) — ¢"/2 > q(P) + ¢'/2,

which proves (39). Note that |P’| < bk < (16/€*) |P|.

Starting with the equipartition Py given in the statement, we iteratively apply the above argu-
ment as long as the current partition P is not weak e-regular. It follows from (39), together with
the fact that the potential function ¢ is at most 1, that a weak e-regular equipartition is obtained
after at most 2/€* iterations. Since the order of the partition increases in each iteration by a factor
of at most 16/€*, the order of the final partition increases by a factor of at most

(16/64)2/64 _ (2/6)8/64 < 216/65 .

This completes the proof. ]

B Properties of e-regular Graphs

For completeness, here we give proofs for the well-known properties used in Section 4. Recall that
we say that (A, B) is an (e, d)-regular pair if the bipartite graph between the vertex subsets A, B
is e-regular of density d. First, we have the following degree property.

Fact B.1. If (A, B) is an (e, d)-reqular pair, all vertices of B but at most 2¢| B| have degree (d+e)|A|.

Proof. Otherwise there is a set B’ C B of at least €|B| vertices whose degrees are, without loss of
generality, greater than (d + €)|A|. Thus d(A, B’) > d + €, a contradiction. O

Next is the so called slicing lemma.

Fact B.2. Let o > ¢ > 0. Let (A, B) be an (e,d)-reqular pair. If A’ C A, B' C B are of size
|A| > a|A|, |B| > «|B| then the pair (A, B') is (2¢/a, d + €)-reqular.

1 Simply divide |Vi| by |s]; write |Vi| = a |s] +m = (a —m) |s] +m(|s] + 1) and observe m < b < ||Vi| /s] < a
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Proof. First, |[d(A’, B") — d| < € is immediate as G is e-regular and a > e. Next, if X C A" and
Y C B’ satisfy |X| > (¢/a)|A'| and Y| > (¢/a)|B’| then |X| > ¢|A| and |Y| > €|B|. Since (4, B)
is (€, d)-regular we have |d(X,Y) —d(A',B")| < |d(X,Y) —d| + |d — d(A4’, B")| < 2¢ < 2¢/a. O

Finally, we have the following codegree property.

Fact B.3. Let the pairs (A,C),(B,C) be (e,d)-reqular and (e,d’)-regular, respectively. Write
codeg(a,b) for the number of common neighbors of a,b in C, and put € = 6e/d. All pairs
(a,b) € A x B but at most €'|A||B| satisfy codeg(a,b) = (dd' £ €)|C]|.

Proof. Assume d > 6¢ as otherwise there is nothing to prove. Let a € A with e(a,C) = (d £ ¢)|C|
(> €|C]), noting that by Fact B.1 there are at most 2¢|A| vertices of A not satisfying this condition.
By Fact B.2, the graph between B and the vertices of e(a, C) is of density d” := d' + ¢ and is 2¢/d-
regular. Thus, again by Fact B.1, all vertices b € B but at most (4e¢/d)|B| satisfy codeg(a,b) =
(d" £2¢/d)e(a,C) = (d £3¢/d)(d+€)|C| = (dd’ £ €)|C|. Therefore, the number of pairs (a,b) not
satisfying codeg(a,b) = (dd' +¢€')|C| is at most 2¢|A|- |B|+|A|- (4¢/d)|B| < €/|A||B|, as needed. [
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