Subgame Perfect Equilibria in Stopping Games

Ayala Mashiah-Yaakovi*f
April 20, 2009

Abstract

Stopping games (without simultaneous stopping) are sequential

games in which at every stage one of the players is chosen according
to a stochastic process, and that player decides whether to continue the
interaction or stop it, whereby the terminal payoff vector is obtained
by another stochastic process.
We prove that if the payoff process is integrable, a Jd-approximate
subgame perfect e-equilibrium exists; that is, there exists a strategy
profile that is an e-equilibrium in all subgames, except possibly in a
set of subgames that occurs with probability smaller than § (even after
deviation by some of the players).

1 Introduction

Stopping games (without simultaneous stopping) are n-player sequential
games in which, at every stage, one player is chosen according to a stochastic
process, and that player decides, whether to continue the game or to stop it.
Once the chosen player decides to stop, the players receive a terminal payoff
that is determined by a second stochastic process.
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Stopping games have been introduced by Dynkin (1969), who studied two-
player zero-sum games with bounded payoffs. Dynkin proved the existence
of the value and pure optimal strategies in that game.

Dynkin’s result has been extended to the case in which players can stop
simultaneously (see, e.g., Kifer (1971), Neveu (1975), Rosenberg, Solan and
Vieille (2001)).

Multi player stopping games (without simultaneous stopping) are a subclass
of sequential games with perfect information. By Mertens (1987) it follows
that every such game has an e-equilibrium. The e-equilibrium strategies that
were constructed by Mertens (1987) employ threats of punishment, which
might be non-credible. Stopping games were used to model, e.g.; exit from
shrinking markets (Fine and Li (1989), Ghemawat and Nalebuff (1985)), du-
els (Karlin (1959)), and investments (Kifer (2000)). In such applications, it is
not clear whether the players will implement a Nash equilibrium that involves
non-credible threats. Recent work concentrates on the existence of subgame
perfect equilibria. The question whether every sequential game with perfect
information has a subgame perfect equilibrium is still open and the existence
was proved only for some subclasses of these games.

Solan and Vieille (2003) studied multi-player stopping games, where the or-
der by which players are chosen is deterministic, and the probability that
the game terminates once the chosen player decides to stop may be strictly
less than 1. They proved that this game has a subgame perfect e-equilibrium
in Markovian strategies. Furthermore, if the game is not degenerate, this
e-equilibrium is actually in pure strategies.

Solan (2005) studied an n-player game in which both the terminal payoff
process and the process by which players are chosen are stationary. Solan
proved the existence of either a stationary e-equilibrium or a subgame perfect
0-equilibrium.

Mashiah-Yaakovi (2008) generalized Solan’s (2005) result to the case where
both of the processes that define the stopping game are Markovian and peri-
odic, rather than stationary. Mashiah-Yaakovi proved the existence of either
a periodic subgame perfect e-equilibrium or a subgame perfect 0-equilibrium
in pure strategies.



Maitra and Sudderth (2007) present sufficient conditions for the existence
of subgame perfect equilibria in multi player stochastic games with Borel
state space and compact metric action sets. Their conditions do not hold
when the payoff is undiscounted.

Recently, Flesch et al. (2008) proved the existence of a subgame perfect
e-equilibrium in every n-player limiting average recursive games with perfect
information in which the payoffs in all absorbing state are non-negative.

In a general stopping game there might be a continuum of subgames. Fur-
thermore, the expected continuation payoff at a given stage k is a measurable
function (with respect to the o-algebra generated by the play up to stage k),
and therefore it is defined almost surely, and not for every history. Hence,
the traditional concept of a subgame perfect equilibrium should be adapted.

In this paper we define a variant of the concept of subgame perfect equi-
librium, a é-approximate subgame perfect e-equilibrium, which is ap-
propriate to stopping games. A strategy profile ¢ is a J-approximate sub-
game perfect e-equilibrium if there is an event G that occurs with probability
smaller than ¢§, such that for every stage K € N, and every event F' € F}, in
the complement of G that occurs with positive probability, no player can gain
more than e by deviating in the game that starts at stage K, conditioned that
the event F' occurs. That is, o induces an e-equilibrium in every subgame,
except perhaps a set of subgames that occur with probability smaller than

J.

We show that every stopping game (without simultaneous stopping) has a
d-approximate subgame perfect e-equilibrium, under merely an integrability
condition on the payoff process.

The structure of the proof is similar to that of Shmaya and Solan (2004),
who proved that every two-player stopping game (with simultaneous stop-
ping) has an e-equilibrium in randomized stopping times. Their proof is

LA state s in a stochastic game is called absorbing, if once the game reaches that state,
it stays there forever, whatever the players play; otherwise it is called non-absorbing. A
stochastic game is called recursive if the stage payoff in every non-absorbing state is 0.



based on a stochastic variation of Ramsey Theorem, which allows to reduce
the problem of existence of an e-equilibrium in a general two-player stop-
ping game to that of studying properties of e-equilibria in a simple class
of stochastic games with finite state space: the class of two-player absorb-
ing games, that always have stationary e-equilibria (Flesch, Thuijsman and
Vrieze (1997)).

In the model that we study the approximating game is equivalent to a multi-
player absorbing game, yet stationary equilibria may not exist in such games,
and it was not known whether such games have subgame perfect e-equilibria.
The core of our proof is that indeed subgame perfect e-equilibria exist in
this class of games. Furthermore, under some sufficient conditions, one can
bound from below the probability of termination in each period of the game,
under these e-equilibria, a property which is needed for using the technique
of Shmaya and Solan.?

The paper is organized as follows: In Section 2 we present the model, some
basic definitions, and the main result. In Section 3 we study the class of
periodic stopping games whose filtration consists of finite o-algebra, and we
prove that games in this class have a subgame perfect e-equilibrium. The
proof of the main result appears in Section 4.

2 The model and the main results

2.1 The model

DEFINITION 2.1 A stopping game is given by I’ = (I,Q, A, P, F, (i) e, s (ak) ey s Goo)
where:

e [ ={1,...,n} is a non-empty finite set of players.
o (2, A,P) is a probability space.

o F = (Fi)iey is a filtration over (0, A, P), representing the information
available to the players at stage k.

2Flesch et al. (2008) study recursive games with positive payoffs, whereas we study
stopping games with general payoff process. It is therefore not clear whether their result
can be used in our proof.
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o (i), and (ax)pe, are F-adapted processes. (iy),—, is an I-valued
process, which indicates the player who decides whether to stop the
game or to continue at stage k. (ag)p, is a R"-valued process, which
indicates the terminal payoff if player i) stops.

e a,, € L'(P) is a payoff function, representing the payoff if no player
ever stops at stage k.

The game is played as follows: An element w € € is chosen according to P.
At every stage k € N, the players learn the atom of Fj that contains w, and
player i, (w) decides whether to stop the game or to continue.? If player iy (w)
decides to stop, the game terminates with terminal payoff vector ay (w). If
player i (w) decides to continue, the play continues to stage k + 1. If the
game never terminates, the payoff is a.(w).

2.2 Strategies and equilibria

To save notations, we assume that each player ¢ chooses actions in stages in
which 7, = 7, even after the game terminates.

DEFINITION 2.2 A pure strategy for player i € I is a {0,1}-valued F-
adapted process o' = (0}),,. ok (w) = 1 if player i stops the game at w
when chosen at stage k (provided the game did not terminate before that
stage), while o}, (w) = 0 if player i continues at w when chosen at stage k.

We denote by 0° the strategy of player 7 in which he continues whenever he
is chosen.

DEFINITION 2.3 A (behavior) strategy for player i is a [0, 1]-valued F-
adapted process o' = (0})r,. 0L (w) is the probability that player i stops at
w when chosen at stage k (provided the game did not terminate before that
stage).

A profile is a vector of strategies, one for each player. We denote by o~ the
vector of strategies of all the players excluding player 1.

Let 6 be the termination stage, that is, the first stage k& in which player
1 chooses to stop. In case the game never terminates we set § = 4+00. Note

3Formally, for every A € Fj the players learn whether w € A or w ¢ A.



that ay is the payoff in the game.

A profile ¢ is called terminating if P, (f < co) = 1; Namely, under o,
the game terminates with probability 1.

A play is given by w together with an infinite sequence of players’ actions.
Notice that the play is infinite even when 6 is finite, since players choose
actions even after the game terminates.

Each profile o together with P induces a distribution P, over the set of
plays. Let E, be the expectation operator that corresponds to P,. The
expected payoff vector under o is

7(0) = Eylag).

For every F' € A such that P (F) > 0, denote by v (c0) the conditional
expected payoff vector under ¢ given F' occurs, that is

Y (0) = Ey[ag| F].

DEFINITION 2.4 Let € > 0, and F € A such that P (F) > 0. A profile o is
an e-equilibrium given F' if for every player i € I and every strateqy o' of
player 1,

’Y|iF (o) > ’Y\iF (Uﬁiaﬁi) — ¢
The vector v (o) is called an e-equilibrium payoff vector given F.

In particular, o is an e-equilibrium if and only if it is an e-equilibrium given (2.
For every K € N define the game that starts at stage K, by

1_‘|K = <]7 Q,A,P, (‘Fk)ZO:K ) (Zk)ZO:K ) (ak)ZO:Kuaoo) .

Every strategy o° of player 4 in I' induces a strategy ofK in Ik, by ignoring
the play in the first K — 1 stages.

In finite games in extensive form, a profile is a subgame perfect equilib-
rium if it induces an equilibrium in every subgame. In a stopping game,
there is a continuum of subgames. Therefore, it is natural to define the
concept of subgame perfect equilibrium, such that for every K € N, and
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every event F' € Fg such that P(F) > 0, the profile induces an equilib-
rium in the subgame which starts at stage K given F' occurs. We will study
a weaker concept of subgame perfect equilibrium, a d-approximate sub-
game perfect e-equilibrium, which requires that the induced strategy be
an e-equilibrium in every subgame that starts at stage K, given event F' oc-
curs, for every K € N, and every event F' € Fg such that P (F) > 0, except
possibly a set of subgames which occurs with probability smaller than §.

DEFINITION 2.5 Let €,6 > 0. A profile 0 is a /-approximate subgame
perfect e-equilibrium if there is an event G € A with P(G) < §, such that
for every stage K € N, and every event F' € Fy, such that P (F) > 0 and
FNG =0, ok is an e-equilibrium in Tk given F.

2.3 The main result

The main result of the paper is:

THEOREM 2.6 Every stopping game such that ||as|| o, SUPgen [lak]loco € L (P)
has a d-approrimate subgame perfect e-equilibrium, for every d,e > 0.

It is not known whether the game has a subgame perfect e-equilibrium. The
rest of the paper is devoted to the proof of Theorem 2.6. We first provide a
sketch of the proof.

To simplify presentation, suppose that each o-algebra Fy, is finite. For every
positive integer k, every stopping time 7 > k, every atom F of Fj, and every
w € F, define a periodic stopping game I'y ,(w) that starts at stage k, and
if no player stops before stage 7, then it restart at stage k with a new state
w' € F that is chosen according to P conditioned on F. The game I'y (w)
is a finite stochastic game with perfect information. In Section 3 we prove
that the game has a subgame perfect &-equilibrium with special properties.
If F is general, the fact that they can be approximated by finite filtrations
without affecting the strategic properties of I'y . is proven in Shmaya and
Solan (2004, Section 6).

We now attach a color ¢ . from a finite set C' to each of the periodic stop-
ping games Iy - (w); the color captures the properties of the subgame perfect
&-equilibrium in I'y ,(w). Using a stochastic variation of Ramsey’s Theorem
(Shmaya and Solan (2004), Theorem 4.3), we concatenate subgame perfect
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&-equilibria in (I'y - (w)) to construct a d-approximate subgame perfect e-
equilibrium in TI'.

The structure of the proof is similar to that of Shmaya and Solan (2004),
yet some details are quiet different. Shmaya and Solan studied two-player
stopping games with simultaneous stopping; they show that the two-player
approximating game is equivalent to a two-player absorbing game, and they
used the fact that two-player absorbing games have stationary &-equilibria
(cf. Flesch, Thuijsman and Vrieze (1997)). In the model that we study the
approximating game is equivalent to a multi-player stochastic game, yet sta-
tionary equilibria may not exist in such games, and it was not known whether
the induced multi-player stochastic games have subgame perfect equilibria.
Another difficulty arises with the concatenation of the subgame perfect equi-
libria in the finite games: when a stationary equilibrium exists, one can bound
from below the probability of termination in each period of the game, and use
this property to properly concatenate strategies in different approximating
games. When a stationary equilibrium does not exist, such a lower bound is
not available. In section 3 we provide sufficient conditions for the existence
of such a lower bound, and in Section 4 we show that these conditions can
be assumed w.l.o.g.

3 Periodic stopping games with a finite fil-
tration

Periodic stopping games in which the filtration is finite play an important
role in the proof of Theorem 2.6. In the present section we prove that these
games have subgame perfect e-equilibria.

Suppose that the filtration is finite, that is, each F}, has finitely many atoms,
and F; has a single atom. Given a bounded stopping time 7, consider the
game that restarts at time 7: if no player stops before time 7, then at time
7 the game restarts, with a new state w € €2 that is chosen according to P,
independently of previous choices of the state. Such a game can be repre-
sented as a stochastic game in which each atom of each Fj correspond to a
state. We call such a game “a stopping game on a finite tree”.

DEFINITION 3.1 A stopping game on a finite tree is given by T =



(S7 SO? r, (Csap& 7:5, a's)SESO ) aoo); where

. (S, So, T, (CS)SGSO) is a tree. S is a nonempty finite set of nodes, So C S
is the set of nodes which are not leaves, Sy := S\ Sy is a nonempty set
of leaves, r € S is the root, and for each s € Sy, Cs C S\ {r} is the
nonempty set of children of s.

o [or every s € Sy, ps is a probability distribution over C.

e For every s € Sy, s € I is the player who can terminate the game at
node s, and as € R is the terminal payoff at that node.

e a,, € R" is a payoff vector.t

A stopping game on a finite tree starts at the root r. If the current node
is s € Sy and the game did not terminate before, player is decides whether
to stop the game or to continue. If he stops, the game terminates and the
terminal payoff vector is a;. Otherwise, the game continues, and a new node
s’ € S is chosen according to p,. If s’ € Sy, the process repeats itself with s
as the current node; if s’ € S7, the process repeats itself with r as the current
node. If the game never terminates, the payoff vector is a.

A stopping game on a finite tree is a stochastic game with perfect infor-
mation. A (behavior) strategy o' for player i is a function from the set of all
finite histories that end at a decision node of player i, to [0,1]. A strategy
o' is stationary if the play after every given history is a function of the last
decision node in the history.

Denote by H the space of all finite histories, and by H,, the set of all infinite
histories. H,,, equipped with the o-algebra spanned by the cylinder sets, is
a measurable space.

Let 6 be the termination node, that is, the first node s in which player
15 chooses to stop. In case the game never terminates we set § = +00. Thus
ag is the payoff vector in the game.

4For simplicity, in this model, unlike the general one, we assume that as is a payoff
vector, rather than an integrable payoff function.



Each profile o together with the distributions (ps)ses,, induces a distribu-
tion P, over H,,. Let E, be the expectation operator that corresponds to
P,. The expected payoff vector under o is

v (o) := E,[ag].

For every finite history h € H, we denote by Tj, the restriction of T' to
the subgame that start after history h occurs. Given a finite history h =
(s1,b1,82,b9,...,81) € H (such that s; is a node and b; is a chosen action
of player i), and strategy o of player i € I, we define the continuation
strategy of player i given the history h occurs by

Ufh (W) := o' (h, 1),

for every h' = (s1, by, 85, b, ..., $)y) € H such that s, = sy, iy, = 7, and
(s1,b1,..., 80,0, 85,0, ....,5,) € H. Note that oy, is a strategy in Tj.

Let 45 (o) be the expected payoff vector that corresponds to the profile oy,
in the subgame Tjj.

DEFINITION 3.2 Lete > 0. A profile o is a subgame perfect e-equilibrium
if for every history h € H, the profile oy, is an e-equilibrium in the subgame
e

Assuming no player ever stops, the collection (p;), g, of probability distri-
butions at the nodes induces a probability distribution over the set S of
leaves, and over the set of branches that connect the root to the leaves. For
every set £ C S, denote by mg the probability that the chosen branch passes
through FE.

Let So; := {s € Sylis = i} be the set of decision nodes of player 7. In
general, given a set of nodes E, we indicate by E; := E NSy, the subset of
E which contains the decision nodes of player ¢ in F.

Let Z; := {s€ Sy; | a. =0} be the set of decision nodes of player i in
which his terminal payoff is zero. Below we will assume w.l.o.g. that the
maximal payoff that a player can achieve when all other players continue is
0, so that Z; will be the set of all states in which player ¢ can stop and obtain
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his optimal payoft.

The next theorem states that if 7, the probability that the game passes
through Z;, is close to 1, for every ¢ € I, and if every player can gain at
most 0 by terminating the game by himself, then the game has a subgame
perfect 2e-equilibrium, for every € > 0. Furthermore, unless the equilibrium
is stationary, there is a lower bound on the termination probability, even in
case one player deviates, and this bound does not depend on the filtration
or on the depth of the finite tree.

THEOREM 3.3 Let D € N, D > 2, and let ¢ € (0,min{55,~}). Let
T = (S, So,7, (Cs, Psy sy s) g5, ,aoo) be a stopping game on a finite tree that
satisfies the following conditions :

Q.1 for every s € Sy, as € R := {O,i%,i%, --'vi%}n;

Q.2 max,cs,, a; =0, for every i€ I,

Q.3 1z, >1— %, for everyi € 1.

63

327
Then the game has a subgame perfect 2e-equilibrium o,. Furthermore, unless
the equilibrium is stationary, there is an integer B = B (€,n) such that under
o, the game terminates during every 3B periods with probability at least %
even if one of the players deviates.

The proof of Theorem 3.3

The proof distinguishes between three cases. We start with identifying two
cases where a stationary equilibrium exists (Section 3.1). We then study the
periodic game excluding these cases (Section 3.2).

3.1 Stationary equilibria

We first discuss the case in which the vector a, is non-negative. By Condition
Q.2, the highest payoff that a player can obtain by stopping is 0. Therefore
we obtain the following:

LEMMA 3.4 If al, > 0 for every i € I, then (0),.; is a stationary O-
equilibrium.
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From now on we assume the following:
A.1. There is a player j € I such that a/_ < 0.

For the second type of equilibrium we need some definitions.

DEFINITION 3.5 A playeri € I is called dummy if a’, > 0, and a’, > 0 for
every s € Sy such that iy # 1.

A dummy player has no reason to terminate the game, since whatever hap-
pens his payoft is at least 0, his maximal payoff if he stops. Consider the game
T in which all dummy players were recursively eliminated. Every subgame
perfect e-equilibrium in 7" can be extended to a subgame perfect e-equilibrium
in T, by instructing all dummy players to continue whenever chosen. There-
fore, we assume the following w.l.o.g. :

A.2. There are no dummy players in 7.

Assume that the profile ¢ is a stationary profile. Since o is stationary, o
is a subgame perfect (e-) equilibrium in 7', if and only if for every s € S,
o induces an (&) equilibrium in the subgame which starts at stage s. We
denote by <5 (¢) the expected payoff when the initial node is s rather than
r when the players follow a stationary strategy o.

Assume next that there is a player ¢ € I who has a stationary strategy
o' such that all the players (excluding player i) prefer that player i follows
o' while all the other players continue whenever chosen, rather than they
stop the game by themselves. Assume also that by following this strategy
player i obtains 0, in every subgame (which is the maximal payoff he can
receives by stopping). In this case we say that player ¢ is a social welfare
player. We show that under Assumptions A.1 and A.2, if player ¢ is a so-
cial welfare player, then the game has a subgame perfect (e-) equilibrium, in
which player ¢ follows o;, and all the other players (except, perhaps, for one)
continue whenever chosen (see Lemma 3.7).

DEFINITION 3.6 A social welfare player is a non-dummy player i € I
who has a pure stationary strategy o' of player i, such that

V\is’ (0_i> Ui) =0 Vs'e SO and’ (1)
W (070°) 2, (07,0 0%)  Wj#id, ol 0 and s' € So,  (2)

12



where 0777 is the profile in which all the players, excluding players i and 7,
continue whenever they are chosen.’

Consider Definition 3.6. By Assumption A.1 and Condition Q.2, and since
o! is stationary, such ¢° is necessarily terminating. Furthermore, by Eq. (1)
player i can gain 0 by following ¢*, and therefore under the strategy o*, player
i stops only at nodes s € Z;, that is, at nodes s € Sy; where a’ = 0.

By Eq. (2), if player i is a social welfare player, then every player j # i
prefers that player i terminates the game according to the strategy o® rather
than he himself does so. This leads us to next type of equilibrium:

LEMMA 3.7 If there is a social welfare player, then there is a stationary
subgame perfect e-equilibrium, for every e > 0.

Proof : Let i € I be a social welfare player. There are two cases.

1. a, < 0: the profile “player i follows ¢’ and all other players continue
whenever chosen” is a stationary subgame perfect 0-equilibrium.

2. a’ < 0 for some s € Sy: the profile “player i follows ¢’, player i,
stops with probability ¢ sufficiently small, whenever the game reaches
node s, and all other players continue whenever chosen” is a stationary
subgame perfect e-equilibrium.

Since player ¢ is not dummy, at least one of these cases hold. [ |

The result of Lemma 3.7 is tight, in the sense that the game needs not have
a subgame perfect e-equilibrium in pure strategies, nor a subgame perfect
0-equilibrium (cf. Solan and Vieille (2003), Example 3).

From now on we assume the following:
A.3. There are no social welfare players.

5The strategy o’ of a social welfare player i could be a behavior strategy rather than
pure. Later we prove that if there is no player that has a pure strategy which satisfies Eq.
(1) and Eq. (2) then the game has a subgame perfect e-equilibrium in pure strategies.
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3.2 Non-stationary equilibria

Assumption A.1 ensures that the profile (0%),_; (according to which all play-
ers always continue) is not a subgame perfect equilibrium. By Assumption
A.3, every player i« € I is not a social welfare player. Therefore, for every
player i € I and every s € Sy, there is a player j € I such that aJ < 0.

Under these Assumptions we prove the next theorem:

THEOREM 3.8 If Conditions Q.1-Q.3 and Assumptions A.1-A.3 hold, then
the game T has a subgame perfect 2e-equilibrium in pure strategies.

The rest of this section is devoted to the proof of Theorem 3.8. For every
v = (Vs),eq € RI%X" define an auxiliary game G (v), as a single round of
the game T (that start at the root r), such that if no player stopped in this
round, the game ends when it reaches a leaf s € S, with final payoff v,.

To prove Theorem 3.8, we construct a sequence of final payoffs (vn),,en
and a sequence (fp,),,cn Of subgame perfect e-equilibria in (G (vp)),,en With
corresponding payoffs vectors (um),,cn, in which for every m > 1, the final
payoff in the leaves vy, := (V). g, are subgame perfect e-equilibrium pay-
offs in earlier games in the sequence (that is, for every leaf s € Sy, v, s =
for some I < m). We will then properly concatenate the profiles (fim,),,cn On€
after the other. Finally, we use a diagonal extraction argument to show that
a limit of the concatenations of the profiles (py,),,cn is @ subgame perfect
e-equilibrium in 7.

We start by explaining the main ideas of the construction of these sequences.
The formal construction follows. We will simultaneously construct the three
sequences by induction. Assume we already constructed the first m elements
of each sequence as required.

The naive construction is to set v,+15 = u,, for every leaf s € S;. That
is, the final payoff in G (v,,+1) is the e-equilibrium payoff in the previously
constructed game. If u,, has a negative coordinate, that is, there is a player
who prefers to stop rather than obtaining the final payoff w,,, then in any
equilibrium in G (v,,11) the game terminates (by the players) with positive

probability. If moreover w,, # — % = (—%, o —%), that is the final payoff
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is below —% for some player,® then we could bound from below the proba-
H

bility of termination in any equilibrium in G (vy41). If uy, 2 —% for every
m € N, one can construct a subgame perfect equilibrium along the lines
described in the previous paragraph.

Unfortunately, u,, may not be a non-positive vector, in which case all play-
ers will prefer to continue in G (v;,41), and we will not be able to use this

—

procedure to construct a terminating profile. Therefore, when w,, > — % our

construction is more intrgate. Roughly, we set m’ < m to be the maximal
index such that w,, % — % In G (vy41), for some nodes s € Sy, we instruct
the player 7, who controls s to stop at s, if he stopped at s in one of the
strategies i/, a1, -, m- 1f player is stops at s according to pu,;, where
m’ < m < m, then it means that player iy prefer to stop at s, when the
play after s coincides with pu,; and the final payoff in all leaves s’ that can
be reached from s, is vy, . We then set v, ¢ = v, ¢ in these leaves. We

will show that in such a construction, infinitely many vectors among (u,,)

meN
—

are # — %, and therefore a subgame perfect e-equilibrium can be constructed
along the lines described above.

To state the formal construction we need additional preparation, which are
done in Step 1. The formal construction of the sequences will be given in
Steps 2-4.

Step 1: Perturbation of the payoffs in T

Assumption A.1 ensures that in any subgame perfect equilibrium the game
terminates with probability 1. Assumptions A.1-A.3 ensure that if at most
one player, say player i, uses a stationary strategy in T that is not 0?, and
all the other players continue, then there is some player 7 whose expected
payoff is negative. In particular, there is at least one node s € Sy ; in which
player j is better off by stopping than continuing. If it was possible to bound
from above the negative payoff of player j uniformly (over all the trees), one
could bound from below the probability that player j stops, and use this
bound for constructing a subgame perfect e-equilibrium in the game 7. Un-
fortunately, such a uniform bound does not necessarily exist. In order to

For every b,a € R", denote b > a if and only if b* > a* for every i € I; b # a if and
only if there is i € I such that b’ < a’.
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get some bound, we will perturb the payoffs in T" as follows: we reduce the
payoff a’_ by € for every i € I. Likewise, for every node s, we reduce the
payoff of every player who does not control the node by €2. Formally, let
f = (S{, So0,75 (Cs, Pss s, Gis) e, > Goo) Where @l := al, — € for every j € I
al = al — €* for every s € Sy and every j # i,. Every subgame perfect
e-equilibrium in Tis a subgame perfect 2e-equilibrium in 7'.

Assumptions A.1-A.3 hold for T. Hence there is a player 5 € I such that
al, < —e?. In addition, for every i € I and every stationary strategy u' # 0°
of player ¢ such that i stops at a set £ C Z; and otherwise he continues,
there is a player j € I who loses at least €2 in T' under the profile (u*,077).

We are now ready to simultaneously construct the sequences (V). cns (Hm)mens

and (tm),,cn in the perturbed game 7.

Step 2: The initial value uy

=
Set gy := doo. Then ug # —5.

Assume we already constructed the first m elements of each sequence as
é

€2

required. We first discuss the case in which u,, 7 -5

—

Step 3: The case u,, 7 —%

In this case there is a nonempty set of players I’, such that u’, < —% for every
player i € I'. We set vy, 41 5 := Uy, for every s € S;. We also set g, 41,5 :=m,
for every s € S;. This is the index of the game whose e-equilibrium payoff
was determined as vy,41 s-

By using an (approximate) backward induction process, we will construct
a specific e-equilibrium in G (v,,41). Let p,,41 be the profile obtained by
using a backward induction in which at every node s € Sp:

e If i, € I’ player i, stops at s if and only if his payoff if he stops is at
least as much as his expected payoff if he continues.

e If i, & I', player i, stops at s if and only if his payoff if he stops exceeds
his expected payoff if he continues by at least e.
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We say that players i € I’ use the regular rule, and players i € I’ use the
e-rule

This backward induction process produces a profile i, 1, in which, in every
subgame, no player can gain more than e by deviating. That is, ;11 is a
subgame perfect e-equilibrium in G (v,,11).

Note that, since the players in I’ use the regular rule, and since (by Condi-
tion Q.2) every player has nodes in which he is allowed to stop and receive
zero, the game will terminate with positive probability. Furthermore, all the
players who are not in I’ use the e-rule, so they delay their stopping even if
they lose, thereby increasing the probability that players in I’ stop. As a re-
sult, and by Condition Q.3, the game G (v;,,11) terminates with some positive
probability which is bounded from below (see Corollary 3.10). Moreover the
probability that either the game G (v,,41) or the game G (v,,42) terminate
is bounded from below, even if one of the players deviates (see Corollary 3.13).

We now formally state and prove some properties of the subgame perfect
H

T . 3
e-equilibrium fi,,11 in case up, 2 —5.

Denote by ¢ (jm+1) the probability that under the profile p,,.; the game
G (Umy1) terminates, and by ¢; (f4m1) the probability that G (v,,11) is ter-
minated by player .

The following lemma presents a lower bound on the probability ¢;(im1),
that the game G (v,,41) is terminated by a player i € I’. The lower bound
depends on the probability ¢_;(pm,+1) that the game is terminated by the
other players. Furthermore, this bound is a decreasing function of ¢_;(ft;,41)-

LEMMA 3.9 For every playeri € I' (that is, ul, < —%), the probability that
the game G (Vyq1) will be terminated by player i, satisfies

B O—i (Hm+1) (1 + %)

¢i(ﬂm+1)21_§_ &2

2

Proof Assume all the players follow p,,.1. Recall that the set Z; is the set of
decision nodes of player ¢ in which his terminal payoff is zero. For every node
s € Z;, the game G (v,,11) does not terminate in s with positive probability

17



only if one of the following two cases holds:

(i) the game is terminated before it reaches s by some player, which happens
with probability at least myq;”

(i) the game does not terminate before it reaches s, and player i (who uses
the regular rule) prefers to continue, since his continuation payoff at s is not
negative.

Denote by r¢ and ¢, the probability that the subgame that starts at s is
terminated by player i, and by all of the players except 7, respectively. The
subgame that starts at s is terminated either by player ¢, in which case ¢
receives at most 0, or by the other players, in which case he receives at most
1, or it might ends at the leaves, in which case player ¢ receives at most
ul < —%. As a result, the continuation payoff for player ¢ at s is at most

2

TSO+QS1+(1_rs_QS)(_§)

Hence, a necessary condition for player ¢ to prefer continuing is:

62

QS.1+(1_T5_QS).(_§)>O7

which is equivalent to:
2

1+ <
re > 1—qg—5=. (3)

2

In particular, if all players except ¢ continue (that is, if g = 0), then player
1 stops at s with probability r, = 1.

By Condition Q.3, the probability that the chosen branch passes through Z; is
at least 1—;—;. For every s € S, denote by Succ (s) the set of all descendants of
s in the finite tree (S, So, r, (Cs),cq,)- Let Z :={s € Z| Vs’ € Z;, s & Suce(s')}
be the frontier of Z;, that is the set of all the nodes in s’ € Z; such that
there is no node in Z; that appears before s’. We divide the set Z into
three disjoint sets X,Y and W: X contains the nodes in which the game is
terminated by one of the players except i before it reaches s (i.e., case (i)
holds); Y contains the nodes in which the game does not terminate before it
reaches s, but player i prefers to continue (i.e., case (ii) holds); W contains

"Recall that, for every set E C S, 7 is the probability that the chosen branch passes
through F, given all the players continue whenever chosen.
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the nodes s € Z!" in which the game is terminated by player 4, either at the
s, or at some node which appears before s.

If the chosen branch passes through X (with probability 7x), then the game
is necessarily terminated by a player other than i; if the chosen branch passes
through Y (with probability 7y ), then by Eq. (3), the conditional probability

2
Dsey T{s}ds 1+5 | if
Ty 2

that the game is terminated by player ¢ is higher than 1 —

the chosen branch passes through W (with probability 7y ), then the 2gaume
is necessarily terminated by player ¢. The probability that the chosen branch
passes through either X, Y, or W is equal to the probability that the chosen
branch passes through Z;, so that

€3

= >1-— —
Tx + Ty + 7w =Tz, = 39"
To summarize the probability that the game is terminated by player i,

®i (fma1), satisfies:
62
ZSGY T{s}ds 1+ 7)
2

¢i (my1) > my - (1 — + Tw
5% ?
1+ 5
= Ty + 7w — Z Tsyqs— = e2
seW 2
1+ 5
= Tz, —Tx — Z 7T{S}C_Is €2
seW 2
&
> 1___7TX_Z7T{S}QS E2
seW

One can verify that the probability ¢_; (f,,+1) that the game is terminated
by one player other than i, is at least mx + Y, T(5}¢s, hence

e 3 ¢—i(fms1) (1‘1‘—6)
€ 2
) m >1___ - st4s >_1___ .
&i (fm+1) Tx SEE s }q 6 3 622

From Lemma 3.9, one can derive a lower bound on the probability that
G (Vs 1) terminates, which only depends on e.
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COROLLARY 3.10 & (stmi1) > &

The next lemmas introduce bounds on the probability that the game G (vy,41)
terminates when one player deviates. The following lemma claims that if the

deviator 4 is not in I’ (ie., u! > —%), then the game terminates with

probability at least %, even if player ¢ deviates.

: 2

LEMMA 3.11 Let ¢ € I such that ', > —%. Then

(4)

Proof If the probability that the game is terminated by player i satis-
fies ¢; (pms1) < %, then Eq. (4) follows from Corollary 3.10. Assume
then that the probability that the game is terminated by player i satisfies

E2
Gi (ftms1) > -

Denote by X the set of decision nodes of player i in which the game G (v;,41)
is terminated by player i. In particular, 7x = &; (mi1)-

Fix a node s € X. Since i ¢ I', player i uses the e-rule. Since player i
stops at s, his continuation payoff at s is necessarily at most -e.

Let g be the probability that the subgame that starts at s terminates under
(/L;LZ_H, Oi). In that case, player ¢’s payoff is at least

r-eyea-a(-5)

Therefore, if player ¢ follows pf,, in the subgame that starts at s, he def-
initely receives at least this amount. A necessary condition for player i to
prefer stopping at s is,




As a result, in case that player 7 deviates, the game terminates with proba-
bility ¢ (g1, 0"), which is at least

(ZS ;um+170Z Zﬂ-s ds > Zﬂ-s _6 - (ZSZ ,um+1) <5>

seX seX

Consequently, since ¢; (tmi1) > %, and € < 1, Eq. (4) follows from Eq. (5).
n

As opposed to the previous case, if the deviator is a member of I’ the
probability that the game G (v,,11) terminates when player i deviates is not
necessarily bounded from below. Nevertheless, the following lemma asserts
that if this probabigty is too small, then u,, 1, the e-equilibrium in G (v,,41)

satisfies w41 # — %, and u!, > —%. As a result, player 7 is not a member
of I in the game G (v,,,42). Hence, by Lemma 3.11, the probability that the
game G (V,42) terminates when player ¢ deviates, is bounded from below
(see Corollary 3.13).

LEMMA 3.12 Assume there is a player i € I who satisfies:
(a) ul, < ——2, and (b) gb(pmﬂ, < g—iz. Then
(i) &i (pms1) > 1 — 3—2, (ii) uy, .y > —% , and (iii) there is a player j # i

such that u), | < —%5.
Proof
By Lemma 3.9 and by Conditions (a) and (b),
e (1 + 5) €2
. S [P WL VAP [
oF (:um-H) = 39 % = 39’ (6>

and (i) follows.

Consider a pure strategy p' of player ¢ in which he only stops whenever
he is chosen at nodes s € Z;, that is, at each node s in which a. = 0.
By Condition (b) and Condition Q.3, if player ¢ uses the strategy u‘, while
all the other players follow u;fH, the game is terminated by player ¢+ with

&
647

(1—;—3 ) 0+< +62>-( 1—e)> -2
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Since player i uses the regular rule, ,um 41 18 a best response against T 1

in G (vy41), and therefore v, , > —<. and (ii) follows.

i3
Since ul,,; > — 5> the probability ¢ by which under ph,y player i ter-
minates the game at a node in which he receives a negative payoff is low.
Indeed, in G (vy,11) one of the following cases occur: (1) player ¢ terminates
the game in nodes in which he receives at most —% < —¢, with probability
q; (2) player i terminates the game at nodes in which he receives 0; (3) the
game is terminated by the other players with probability g—z and player 7
receives at most 1; (4) the game ends at the leaves, in which case player i

receives less than 0. Therefore, player i’s payoff is at most
6 3
61 1> Ut > g

q(—e€)+

so that

62

<3
Consider the strategy @' of player ¢ in which he stops according to pf, .,
unless his terminal payoff is negative, in which case he continues. Since player
1 is not a social welfare player, there is a player j such that his expected payoff
is less than -€2, given player i played 7i*, the other players follow ugfﬂ, and
the game terminates by player i. Hence, if the players (mcludmg player 7)
follow ft,,11, then with probability at least 1 - 3—22 — § — &1 the game is
terminated by player ¢ as if he follows 1 ,u and player j receives less than -€2;
otherwise player j receives at most 1 —e2. Therefore, the e-equilibrium payoff
of player j satisfies

; 62 62 66 62 62 66
7 1 — — = R 2 - - s 1_2
“m+1<( 323 64)<€)+<32+8+64)( <)

and (iii) follows. n

Summarizing the last two lemmas, if the probability that the game G (vy,41)
terminates when player ¢ deviates is less than g—4, then the probability that
the game G (v,,42) is terminated when player ¢ deviates, is bounded from

below by &.
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COROLLARY 3.13 For every i € I, if ¢ (uiy1,0°) < & then ¢ (u'15,07) >

€6

6_4.

& v
&7, necessarily u

»

< =<

7
m 2

Proof By Lemma 3.11, if ¢ (., ,,0") <

Therefore, by Lemma 3.12, uf, ,, > —% and Uy, 41 7 —%.
4 6

Using again Lemma 3.11, it follows that, ¢ ([L;ZZ_Q, Oi) > S >
—

Step 4: The case u,, > —%

As mentioned before, if we set u,, to be the final payoff in every leaf in
G (Umy1), then we might not be able to use the iterative process to construct
a subgame perfect e-equilibrium. To overcome this difficulty, we choose the fi-
nal payoffs (Um+1,s)3€ g, from the set of the previous equilibrium payoffs, such
that the following conditions hold: (C1) The game G (vy,41) will terminate
with positive probability that is bounded from below; (C2) there will be an
integer B, such that for every 3B games G (Vy11), G (Vm+2) s s G (Umi3B),
and every player ¢ € I, one of these games terminates with positive proba-
bility which is bounded from below, even if player i deviates; and (C3) there
will be irii)nitely many games in the sequence such that the equilibrium pay-

offs 7

_ &
5 -
—
2

Let m’ < m be the maximal index such that u,, # m’ is well defined

%
since uy = Qoo 7 —%. By Corollary 3.13, the game G (v,,y11) terminates
with some positive probability, which is bounded from below, given that all
players, except possibly one, follow ft,,,/41.

€
2 *

Assume we already defined v,, 1. Consider the following profile in the game
G (Umy1): at every node s € Sy, player i, stops, if and only if he stops at s ac-
cording to one of the profiles i,/ 11, fmr12.-., tm- Denote this profile by u. Let
Emi1 = {s € So|p'=(s) = 1} be the set of nodes in which the players stop
according to p. Denote, EF | := {s € Epq | Vs’ € By, s & Suce (s)}
the frontier of F,, ;. This is the set of the “highest” nodes in E,, ;-there
is no node in F,,; which appears before them in the tree. In particular, if
the players stop only in nodes which are in the frontier E 41, rather than
in every node in F,,,1, the probability that the game terminates, does not

change: 7g,, ., = TEr -
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By Corollary 3.10, ¢ (1) > %, and therefore under p the game G (vy,41)

> &

terminates with probability 7z 7 In the construction below we will

m—+1
use this property.

Although, the profile x is not necessarily an e-equilibrium in the game G (vy,41),
we can define a game G (v,,41) for which there is a subgame perfect e-
equilibrium, such that the players stop at the frontier EZ 41~ Let s be a
node in EX +1- We can give player i an incentive to stop at s, by choosing
appropriate payoffs in the leaves of the subgame that start at s, as follows.
We choose some mg € {m',m' +1,...,m} such that player is stops at s ac-
cording to pf , ie., pl (s) =1 (if there are more than one such my, choose
one arbitrarily). We then set the payoff for every leaf s’ that can be reached
from s, to be equal to its payoff in the game G (vy,,), 1.€., Ui,y = U, s
Furthermore, during the backward induction in G (v,,+1), we instruct the
players to follows g, in the subgame of G (v,,11) that starts at s. In other
words, the subgame of G (v,,41) that starts at node s, coincides with the
subgame G (vp,,) that starts at node s, and the profile ji;,1)s coincides with
the profile fi,,,s.

Unfortunately, this profile might not satisfy Condition (C3), and therefore we
cannot use the iterative process to construct a subgame perfect e-equilibrium.
Hence, in the game G (vy,41), we choose only a subset of nodes A,,.1 C Ef
such that only for each node s € A,, .1, we instruct the players to follow the
profile fi,,,|s in the subgame that starts at node s. In each node which is not
in one of these subgames, we instruct the players to use the e-rule.

We now explain how we choose the set A,,1. We first divide the set EX |
into n disjoint subsets: for every player i € I, let EX 41, be the subset of
nodes s € Ef 41 that are controlled by player ¢. Let ig be the index that
maximizes the probability 7zr = that the chosen branch passes through
this set (given the players continue whenever chosen). We next divide the
chosen subset E . ;. into two disjoint subsets: the first set is Z,41,4, which
includes each node s € EX +1.i, Such that the terminal payoft a® to player iy
is 0, and the second set is Ny41,4, Which includes each node s € EJ, , ;. such
that the terminal payoff a' to player ¢ is negative. Finally, we determine
either the set Z,, 11, or the set N,,11,, to be the set A,,;1, according to the
following rule:
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(I) If in the previous game G (vy,), either the set A, was not defined, or there

was a set A, but A, # Z,,,,, then

e If in the current game, the probability to path through the set Ny, 11,
is higher than the probability to path through the set 7,1 ;,, then we
set Am+1 = Nerl,io'

e Otherwise, we set A1 = Zmi1.o-

(IT) If in the previous game G (v,,), there was a set A,, that satisfies 4,, =
Zm, i, then:

e If in the current game, the probability to pass through the set Ny, 11,
exceeds the probability to pass through the set Z,,1,, by more than

4
5., then we set Apmt1 = Nps14o-

e Else, we set A1 = Zmi1o-

The motivation of the choice of the set A,,.; is as follows. The set A,,11
is contained in a set EI +1.ig» S0 each node in A, is controlled by player
19. Assume that player i¢ is forced to stop in each node s € A,,.1, and all
the other players continue whenever chosen. Then, by Corollary 3.10, and
by (I) and (II), the game terminates with probability at least 628;;4. If, in
addition, A,,+1 = Z,,41,, then, since player i, is not a social welfare player,
there is another player j who is damaged in case that the game is terminated
by player ig, and after bounded number of games player j will prefer to stop.
By (II), this argument is also proper in case that the game is terminated
by the players other than ¢, with a low probability. On the other hand,
if Ayi1 = N1y, then, by the properties of the expectation, after finitely
many games player iy will prefer to stop only at nodes in which he obtains
0.

As was explained before, for every node s € A,, 1, we choose some m, €
{m’,m’ +1,...,m} such that pu, (s) = 1. For every leaf s' € S; N Suce (s)-in
the subgame that starts at s define v,,11 ¢ 1= vy, &, and the index of the game
that its e-equilibrium payoff was determined as vp,11.5, 1S Gmt1.s = Gm..s'>
the same index as in the game G (v,,,). Furthermore, during the backward
induction in G (vy,41), we instruct the players to follows p,,, in the subgame
of G (vy,41) that starts at s.
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For every leaf s’ € S; that cannot be reached by nodes in A,,.1, we set
Um+1(8) = Uy, and gmi1s := m. In addition, we instruct the players to
use the e-rule during the backward induction in every node that cannot be
reached by nodes in A,, 1. Let u,,.1 be the appropriate e-equilibrium.

N
If all the players follow i1, then (since u,, > —é and the players use
the e-rule) every subgame that does not include nodes in A,,,; terminates
only in the leaves. Yet, Condition (Cl) holds in G (vy41), and the game
terminates with probability at least e T < (by Corollary 3.10). It is there-
fore left for us to prove that Conditions (C2) and (C3) also hold. In the
next lemmas we prove that the way we choose the sets (A,,) guarantees that
these conditions hold. That is, although there need not exist a lower bound
for the probability of termination when one player deviates, Condition (C2)

holds: there is a bound B (which only depends on € and n), such that if the
_)

e-equilibria payoffs w,,, Um i1, .., Umizp > —%, then for every player i € I,
there is at least one game G (vy,), for m € {m + 1,m + 2, ...,m + 3B}, such
that the game is terminated by one of the players with a probability which is
bounded from below, even if player i deviates (cf. Lemma 3.15). In addition,
Condition (C3) holds: there are i_r>1ﬁnite many games in the sequence such

that the equilibrium payoffs # —< .(cf. Lemma 3.16).

We next formally present and prove the properties of the subgame perfect
é

e-equilibrium fi,,, 41 in case u,, > — <, which were introduced in the previous
paragraph.

The following lemma claims that there is a bound B that depends on € and n,
such that if there are B+1 consecutive games G (vy41) , G (Vma2) 5 o, G (Umapi1)
that satisfy that (i) the e-equilibrium payoffs in these games are hlgh and
(ii) the players other than ¢ stop with sufficiently small probability in these
games, then in one of these games player i is forced to stop in nodes in which
he obtains 0 by stopping.

A node s is called a “zero-node” if a’s = 0: the terminal payoff to the
player who control the node is 0. It is called a “negative-node” if a’s < 0.

LEMMA 3.14 There is an mteger B = B (e,n) such that, if

. 2
(1) U, Ups1, - UmaB > —S 5 and
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y —i i —i i —i i s .
(”) ¢ (/’Lm—‘rl? 0 ) 7¢ (,LLm+2, 0 ) ) Cb (H’m+B+17 0 ) < 30n.’ Then
there is 1 € {m,m + 1,...,m + B} such that Az includes zero nodes of
player 1.

Proof Let B be a sufficiently large integer; below we determing how large

it should be. Assume that (i) and (ii) hold. By (i) wpy» > —% for every
m” € {m+1,m+2,...m+ B+ 1}, and by (ii) player ¢ is forced to stop due
to the construction in all the games G (v;41), G (Vimi2) 5oy G (Vmipt1). In
particular, every game is necessarily terminated by player ¢ with probability

62 —€ 66
at least ™ e

If A,,41 includes zero nodes, we are done. Otherwise, assume that for every
m” € {m,m+1,...,m+ B— 1}, A,»2 includes negative nodes. Therefore,
the probability that player ¢ terminates the game G (v,,741) at nodes in which
he receives 0, is less than the probability that player ¢ terminates the game
at nodes in which he receives a negative payoff. Consequently, if the game
is terminated by player 7, his expected payoff is less® than —s5. Hence, if the
game terminates, player i’s expected payoff is at most

-t S b 2

s aom (L) 4 0w g o _2€
62—64 2 62—64 3 .
8n 8n

Therefore, the game G (vy41) terminages with probability at least 628;;4 in
which case player ¢ receives at most —%; otherwise, the game ends at a leaf
< in which case player i receives u! , > —%,

e2—
8n

; - e — ¢ 262 4 (1 e — et ;
U, 1 * - - U, .
miH 8n 3 8n m

Consequently, and by the construction of the games, it follows that, player
i’s expected payoff in the game G (v,741) is at most

. 62 . 64 m'’'+1—m 62 . 64 m'’'+1—m 262
< | 1— -1 1—11-— A —-——1.

(7)

with probability at most 1 —
so that

8Recall that, by Condition Q.1, for every s € Sy, as € R = {O,i%,i%,...,i%}n,
where % > €.
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For a sufficiently large m” the value of the right-hand side of Inequality (7)

is less than —%. We set B to be the minimal m” 4+ 1 —m such that the value
62

in the right side is less than —%, so the lemma follows. [ |

Let

e — e\" 2 — e\ F
B = B (e,n) = min kGN‘ (1— & ) 14 1—(1— - ) -<——

B is an appropriate bound for the previous lemma.

The next lemma deals with the constructions in Steps 3 and 4. It asserts that,
for every consecutive games G (vpi1),G (Umy2), ..., G (Umi3p), and every
player i € I, there is at least one game G (v,,»), where m” € {m,...,m+ B},
in which the probability that the game is terminated, when player ¢ deviates,
is bounded from below.

LEMMA 3.15 For every 3B consecutive games G (Vm+1) , G (Vim+2) 5 s G (Vmi3B),
and every player i € I, there is m"” € {m + 1,m + 2,...,m + 3B} such that
the probability that the game G (vy) terminates, when player i deviates, is

at least ¢ (i vy, 0%) > 6539.

Proof In case that for some m” € {m,m + 1,..m + 3B — 2}, there is
ﬁ

Uy F — %, then the argument follows Corollary 3.13.

In addition, if there are m,m € {m,m + 1,....m + 3B — 2}, in which

é
Uy, Uy > — %, and in G (vs41) player i is forced to stop, while in G (vm41)
player j # ¢ is forced to stop, then we are done.

We next assume that, for every m” € {m + 1,m + 2,....,m + 3B — 2},

H
Uyt > — %, and player i is forced to stop in each game G (vy,r41).

In particular, for every m” € {m + 1,m + 2,...,m + 3B — 2}, and every
player j # i,

6 (1, 0) = 6 (phyyy,07) > > C 0 5 ©
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It is left to prove that ¢ (#;f;urp Oi) > 62—63 for some m”.

Case 1: Assume to the contrary that for every m” € {m+1,m+2,....m+
3B — 2},
) . €
¢ (Mml//+1, Ol) < 64_B
We first deal with the case that A,,,; includes negative nodes. By Lemma
3.14 there is a minimal index m € {m,m + 1,...,m + B} such that Az,
includes zero nodes of player ¢. Furthermore, the probability that the chosen

branch passes the zero nodes in FEj.q is at least the probability that the
chosen branch passes the negative nodes in Ej, 1.

We will now estimate the probability that the game G (vy41) is terminated
by player ¢ in nodes which do not belong to A,.1.

Let X be the set of nodes in which the game G (vs41) is terminated by
player ¢, excluding nodes in Ay 1. By the construction, for every s € X, the
node s cannot be reached by nodes in Ay, 1, and player i uses the e-rule at s.
Denote by ¢s the probability that the subgame of G (v;41) that starts at s is
terminated by the other players. Then, if player ¢+ continues in every nodes
in the subgame that starts at s, except for nodes in A,,1, his payoff is at

least qs- (=1 —€*) + (1 — q5) - (-%) . Hence, by following pf,,, his payoff is
at least this amount. Yet, he prefers to stop at s, so that

o (1= -0 (-5) =

and therefore

Thus, the probability 7y, that the game is terminated by player ¢ at nodes
which do not belong to A1 satisfies,

3 2¢ 3 3 —i 3¢
’/TX:ZTFSZQ_e.ZgﬂsgQ_G'qu,/TSSQ_E.¢(’um+170) < 264B

seX seX seX

As a result of the upper bound on 7y, the set Ay .o also includes zero nodes,
since the probability that the chosen branch passes the zero nodes in Ej, 11

29



might decrease by at the most 7y, while the probability that the chosen
branch passes through negative nodes in Ej; increase by at the most 7y.
Hence, the probability that the chosen branch passes through negative nodes
in Ej; 2 may exceeds the probability that the chosen branch passes through
zero nodes but by no more than

236 n b < et
2-64B -64B 8n’

By repeating this argument for the following B games in the sequence, it
follows that for every m” € {m + 1,m + 2,...,m + B}, A, includes zero
nodes.

Let H = ﬂﬁfffm +1 Amr, be the set of nodes in which player ¢ is forced

to stop in each game G (vs41) , G (Vis2) .., G (Vs13p). By the upper bound
of mx it follows that

S €2 — et B 3e° n €6 e—et & 3 n

- B- = —— | -+€].
=g 2.64B ' 64B 8 64 \2
Player 7 is not a social welfare player, so there is a player j # ¢ whose ex-
pected payoff given the game terminates at H is less than -€2.

Hence, for every m” € {m, ..., + B}, the expected payoff of j in G (v11)
under 741, given the game terminates, is at most

628;7:4 _i<%+€) (=) + E_Z'
8n 8n

3 2
(5 +¢) -1<—2i.

€2 _¢4 —

Therefore, the expected payoff of j in G (v;4 ) satisfies

- 2 — ¢t B €2 — ¢t B 2¢2 €2
J <(1- -1 1—(1-— | = -
um+B—< 8n ) +< ( 8n ) ( 3)< 2

a contradiction.

Case 2: Assume now that A,,.; includes zero nodes. If for every m” €
{m+1,m+2,....,m+ B} the set A,,» includes zero nodes, the proof is sim-
ilar to the previous case. If, on the other hand, there is a m” € {m + 1,m +
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2,...,m + B — 1} such that the set A,,» includes negative nodes, then we
return to Case 1, and we are done. [ |

The following lemma asserts that situation described in Step 3 occurs in-
finitely often.

|

€

LEMMA 3.16 There are infinitely many games such that u,, * -5

N
Proof Assume to the contrary that w,, > —% for every m > m”. Following
Step 4 in the construction, (Ep,41),,-,,+ i @ non decreasing sequence in the
following sense: the set of all descendants of E,, 1 is contained in the set of
all descendants of E,, .o, for every m > m”. Furthermore, there is an infi-
nite subsequence of (Ey,41),,-,,» Which is increasing. Indeed, in each game
G (Umy1), for m > m”, there is at least one player whose expected payoff,
given the game is terminated at the set A,,.;, is less than —e?. Therefore,
if Bppi1 = Epao = ..., then A1 = Apis = .oy tlgl)s there is necessarily a

game G (vs;), where m > m + 1, such that uz; # — %, a contradiction.

Since there is an infinite increasing subsequence of (Ep,41),,<,,, and since
the set of the nodes in each game is a finite set, there is necessarily a game
-

G (v) such that Em.; contains only the root 7, so that uzm Z —%, a con-
tradiction. ]

Concatenating the games and the profiles:
We are going to define a new sequence of finite games (Gy,),,cns by properly
concatenating the games in (G (vp)),,en- Let Gi = G (v1). Assume we al-

ready define (Gm)z;. Let G711 be the game that starts with one round of

T and, if no player terminates, and the game reaches a leaf s € S;, continues’

with Ggm,,+1 .- In the same way we can concatenate the profiles (yi,)
and get a sequence of profiles (o)

in (Gm)meN‘

meN?

men that are subgame perfect e-equilibria

By Lemma 3.16 it follows that, as m goes to infinity, the minimal length
of the path that connects the root to a leaf in G, goes to infinity.

9Recall that, for every s € S and every m € N, g,,41.s is the index of the game that
its e-equilibrium payoff was determined as vy,41,s.

31



By Lemma 3.15, for every player ¢ € I the probability that the game G,, ter-
minates under (o,%,0%) before it reach a leaf goes to 1, as m goes to infinity.
Note that, every game G,, is equivalent to a finite partial game of T which
start at the root.

The profile o, is an element in the space [0,1]"™ for some n,, € N. o,
can be identified with a point in [0, 1]N, by identifying the n,, initial co-
ordinates with o, and the other coordinates with 0. The space [0, 1] is
compact, and therefore (0y,),,.n has a subsequent that converges to a limit
.

Using a limiting argument, it is standard to prove that o is a subgame perfect
e-equilibrium (cf. Solan and Vieille (2003)).

From the proof it follows that the bound B = B (e,n) defined in Eq. (8)
satisfies that according to o the probability that the game terminates at ev-
ery 3B periods in the period stopping game is at least (;1—63 , even if one of
the players deviates. [ |

REMARK 3.17 The proof of an existence of a subgame perfect 2e-equilibrium
in Theorem 3.8 can be easily generalized to the case of a periodic stopping
game with bounded payoffs, without Conditions ().1-Q).3. However, in the
absence of Condition Q).3, the upper bound B, as well as the lower bound of
termination probability under deviation, depend on the minimal probability
that the chosen branch reaches a leaf s, over the set of leaves.

4 The proof of Theorem 2.6

4.1 Preliminaries

Let I' = (1,Q, AP, F, (ix)sy (ak)sey » @) be a stopping game such that
lacolloo € L (P), and supyen llaxl|eo € L (P). Fix §,e > 0 once and for all.
Since every d-approximate subgame perfect e-equilibrium is §’-approximate
subgame perfect ¢’-equilibrium, for § < ¢’ and € < €, we can assume that
0<d<e<i.

Since the payoffs satisfy ||ao|loo € L' (P), and sup,ey l|ak/l € L' (P), and
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since we want to prove the existence of a J-approximate subgame perfect
e-equilibrium, we can assume w.l.o.g. that the absolute values of the payoffs
are bounded by 1, and moreover the range of the payoff processes is included
in the finite set R = {0, +4,+£2%,...,£81", where ¢ < L < € (cf. Shmaya
and Solan (2004)).

Fix a value £ € <0, %) In the rest of this subsection we prove that there is

no loss of generality assuming that:

A.4. There is a set of players J C I, and an increasing sequence 1 < K; <
Ky < ... of integers such that for every m € N the following condition holds,
with probability at least 1 — f—f:
(1) for every player j € J, there is a stage k € {K,,, Ki + 1, ..., Kppn — 1}
such that player j receives 0 by terminating the game by himself at stage k,
and

(2) the maximal payoff every player j € J can gain by terminating the game
by himself during stages K,, up to K,,1; is 0, and

(3) every player ¢ who does not belong to J, cannot terminates the game
during stages K,, up to K,,11.

The motivation for this assumption is as follows. In the proof of Theo-
rem 2.6 we will use a reduction to periodic games ['k, ,, which are played
between stages K,, and a bounded stopping time 7 > K,,11. In the next
section it will be argued that these games can be approximated by games
with a finite filtration, that is, a collection of games on tree. Assumption
A 4 guarantees that with probability 1 — g the approximating games satisfy
Conditions Q.1-Q.3 of Theorem 3.3. Therefore these approximating games
have subgame perfect e-equilibria with some useful properties.

To see that assumption A.4 can be assumed w.l.o.g, let F be a finite fil-
tration of {2 that satisfies:

1. a is measurable with respect to F.

2. For every F € F, and every (i,a) € I x R either (ix(w), ax(w)) = (i, a)
infinitely often, for every w € F, or (b) (ix(w),ar(w)) = (i,a) only
finitely many times, for every w € F.

Each F' € Fis measurable, and therefore there is K sufficiently large such
that F can be approximated by sets in F: there is a finite partition F which
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is F-measurable such that for every F' € F there is F € F that satisfies

P(FVF)=P(F\ F)+ P(F\F) < WEUIRI'

Likegvise, by replacing a, by a constant we add an additional noise of
WEU\RI' Therefore, Theorem 2.6 holds in the subgame that starts at stage
. By a backward induction we proof that Theorem 2.6 is also holds in I'.

4.2 Approximating partial games

We will use a stochastic variation of Ramsey’s Theorem due to Shmaya and
Solan (2004). We now introduce the concepts which are needed for the
formulation of this theorem and for using it.

DEFINITION 4.1 Let (2,P,F) be a measurable space, and let (Fy), be a
filtration. Let Y be any space. A function f : (k,7) — Y that assigns to
every positive integer k and every stopping time T > k an element in Y, is
F-consistent if for every k € N, every Fr-measurable set ', and every two
bounded stopping times Ty, To, we have

T =19 > k on F emplies fi, = fir on F.
That is, if P (FO{m =72 > k}) =P (F) then P (F O {fon # fen}) =0.

For every positive integer k, every stopping time 7 > k, and every w € €2,
consider the periodic stopping game I'y, - (w) that starts at stage k, and if no
player stops before stage 7, then it restart at stage k with a new state w’ € )
which is chosen according to P, such that for every F' € F either both of
the state w,w’ belong to F' or not one of them belong to F.

To this end one should approximate this game by a stopping game on a
tree.

Denote by )\, = £6/216B%252 for each & > 0. Set A, = Dok A =
£°/216 B2, so that )7, ., Ay = £°/216B>.

DEFINITION 4.2 Let 11 < T be two bounded stopping times. A A\-approximation
of I' between 71 and 7 is a pair ((G) , (qa.x)) such that for every k > 0
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. Gy is a Fy-measurable finite partition’® of {m <k < 7},

ix and ay are Gp-measurable,

71 and Ty are measurable w.r.t. G; that is, for every k > 0, {m = k}
and {1y = k} are unions of atoms in Gy,

any atom G of G such that k < 7 on G is a union of some atoms in
gk+17

for every atom G of Gk, qc i s a probability distribution over the atoms
of Gr11 that are contained in G, and

> cregy,, [P (G| Fi) (W) —qck (G') | < A, for every atom G of Gy and
almost every w € G.

THEOREM 4.3 Let T' be a stopping game such that supyey |lax/le € L' (P).
Then there is a F-consistent function that assigns to every k > 0 and every
bounded stopping time T, a A-approximation of I' between k and 7.

Theorem 4.3 was proven by Shmaya and Solan (2004) for two player stop-
ping games with simultaneous stopping. Their proof extends to multi-player
games.

Every A-approximation (G, (¢cx)) of I between 71 and 75, defines a finite
collection of games on trees, a game T, ., (G) for each atom G € G, , as
follows:

The root of the tree is G.

The nodes are all the non-empty atoms F of (G) such that (a) F' C G,
and (b) if F' € G, then 7, > k on F.

The leaves are all the atoms F' € Uy>., Gy where there is equality in

(b).

The chosen players and the terminal payoffs are given by (ik)n k<

and (ak>r1§k§72'

10We identify G, with the finite o-algebra generated by Gj, and we denote G = (gk)kzo-
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e The children of each atom F' in G are all atoms F” in Gy, which are
subsets of F'.

e Transition from any node F' in Gy, is given by gp.

e a,, € RN" is a payoff vector.

DEFINITION 4.4 Let 7y < Ty be two bounded stopping times. A (F, 11, Ts)-
strategy is a sequence o = (oy) of random variables such that for every k > 0,
(i) ok {1 <k <m} —10,1], and (ii) oy is Fr-measurable.

Thus, a (F, 1, 72)-strategy prescribes the player what to play in I between
stages 71 and 7 (excluded).

Let 0(G) be a strategy profile in 7%, ,, (G). The collection (o (G’))GEQT1 de-

fines a (F, 1y, 72)-strategy profile, by instructing the players to follow the first
period of each profile o(G) for every G € G,,. Similarly, every (F, 1, T2)-
strategy profile o such that for every k € N, oy is Gi-measurable, defines a
stationary profile in T, ,, == (Tr -, (G))) Ged,, - We denote by o the collec-

tion (o (G)) Geg,, » S well as the (F, 1y, 72)-strategy profile which induces by o.

Let F € A such that P(F) > 0. Denote by n(o;F, 7,72 | F) (respec-
tively, m(0;G, 1,7 | F')) the conditional probability given F', that under o
the finite subgame of I" which is played between stages 71 and 7, (respectively,
the game 77, ,) terminates before stage 7. Denote by p(o; F, 7,7 | F)
(respectively, p(o;G, 1,72 | F)) the conditional expected payoff given F' and
given that this finite subgame (respectively, the game T, ,,) terminates be-
fore stage 7.

The following lemma provides an estimate for the difference between the
conditional expected payoff and the difference between the conditional ex-
pected probability of termination, when one changes the filtration. The proof
is similar to that of Lemma 6.3 in Shmaya and Solan (2004).

LEMMA 4.5 Let (G, (gax)) be a A-approzimation of I' between T and Ts.
For every F € A, such that P (F) > 0, and every (G, 1, T2)-strateqy profile
0-7

1. |7T<O';f,7'1,7—2 | F) - (W(U;g,Tl,TQ | F))‘ < ATI'
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2. \plo; Fym,mo | F) — (p(o;G, 11,72 | F)) oo < Ary.

Let v : Q@ — R" be a G,,-measurable function. Denote by I'7 | the partial

game which starts at stage 71, and if not terminate before, it terminates at
stage 1o with payoff v. Denote by 7, (c; F, 7,7 | F) the conditional expected
payoff given F' under o, in this game. The following lemma states that if
(G, (gax)) is a A-approximation of I' between 7 and 7, and if the opponent
plays a (G, i, 7»)-strategy, then the player does not lose much in I'Y, by
considering only (G, 71, 72)-strategies (rather than (F, 1, 72)-strategies). The
proof is similar to that of Lemma 6.4 in Shmaya and Solan (2004).

LEMMA 4.6 Let (G, (qcx)) be a A-approzimation of I' between T and 7o.
For every F € A, such that P (F) > 0, every (G, 1, T2)-strategy profile o,
and every (F, Ty, T2)-strateqy o of player i, there is a (G, 1, T2)-strateqy o
of player i, such that

\75(071751;-7:771772 \ F) —72(0;-7‘-771772 \ F)\ <A (9)

4.3 Coloring the periodic games

In this section we define a finite set of “colors”, and attach for every triplet
. . . 2
(k,7,w), a color ¢y, (w) in that finite set. Choose 0 < £ < min{<, 5-} once

and for all.

By Theorem 4.3, there is a F-consistent function that assigns for every & > 0
and every bounded stopping time 7 > k, a A-approximation of I' between
k and T, (QZT, <qé7k,>) For each atom G € Q],E’T, and every w € G, we
identify Ty , (w) = T} - (G).

Fix a stage k € N, a bounded stopping time 7 > k, and w € €. Let
Ty (w) be the game on a tree that is defined by <Q,]§,’T, (qéz,))

From now on, suppose that T}, (w) satisfies Conditions Q.1-Q.3. By Theo-
rem 3.3, one of the following holds for T} - (w): either (a) (0),; is a stationary
equilibrium in the game, or (b) the game has a social welfare player, so that
for every ¢ > 0 the game has a stationary subgame perfect £-equilibrium, or
(c) Assumptions A.1-A.3 and Conditions Q.1-Q.3 hold for the game, so that
by Theorem 3.8, the game has a subgame perfect {-equilibrium oy, (w) in
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pure strategies which is supported by at least two players.

Let o (w) be a subgame perfect £-equilibrium in 7}, (w) that satisfies the
conditions of Theorem 3.3. Roughly, the color will indicate the type of the
equilibrium oy, ; (w), namely, whether case (a), (b) or (c¢) above holds; if case
(b) holds, the color will also indicate the identity of the social welfare player,
and if case (c¢) holds, the color will also indicate the set of payoffs along the
equilibrium path, as well as some information on the termination probabili-
ties.

Because T, (w) is a periodic game, and oy, (w) is a subgame perfect &-
equilibrium in that game, every continuation payoffs u under oy, (w) at the
root of the tree at some period of the game is a subgame perfect &-equilibrium
payoff. Let Uy, (w) be the set of all the payoff vectors that are a continuation
payoff under oy, (w) at the root of the tree at some period of the game. For
every ¢-equilibrium payoff u € Uy, (w), denote by oy, -, (w) the &-equilibrium
in Ty , (w) which correspond to u. oy ., (w) is the reduction of oy , (w) to the
appropriate subgame.

For every &-equilibrium payoff u € Uy (w), define [, € L := {1,2,...,3B} U
{oo} as the minimal number of periods of the game T}, (w) under oy, 1, (w),
that are needed to ensure that even if one player deviates, the probability that
the game terminates is at least £ That is, if case (a) holds then [, = oc;

728"
if case (b) holds then [, € {1, 00}; and if case (c¢) holds then [, € {1, 2, ...,3B}.

Let
ULy, (w) = {(u,1,)|u € Uy, (W)}

Although the set of payoff R is finite, the set of equilibrium payoff is not
necessarily finite. We therefore have to approximates the set ULy, (w) by a
finite set.

Choose @ € N that satisfies () > 6 and

<1— 1443) <7 (10)

Let Y = {O, :I:%, :i:%, ...,:I:%}n, where W > %. Let YL = 2V*F be the set
of all the subsets of Y x L.
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For every periodic game T}, » (w), let YLy, (w) € YL be a discretization of the
set ULy, (w). The set YLy - (w) is obtained by replacing each pair (u,l,) €
ULy, (w) by a pair (y,l,) € Y x L such that |[u — y[| < 5. Note that
the number of elements in Y Ly ., (w) is uniformly bounded: YL (s,7)]| <

Y| x |L| = (2W)" x (3B +1).
Denote by If (w) the set of all players i € I such that o (w) is a pure
strategy different from 0%

I (w):={i€l; o}, (w) is a pure strategy #0'}.

Denote by I}” (w) the set of all players such that o} . (w) is a non-pure
strategy (which is necessarily different from 0°),

I,QJT (w):={iel; o}, (w) is a non-pure strategy} .

The set I (w) 1% (w) is the set of all the players who stop with positive
probability according to oy , (w).

Let Z = 2! be the set of all the subset of 1.

We are now ready to attach a color for every triplet (k, 7, w):

For every positive integer k € N, every bounded stopping time 7 > k, and
every w € (2 such that T}, , (w) satisfies Conditions Q.1-Q.3, attach the color
iy (W) = (IP, . YL)]M (w) from the finite set Z x Z x VL.

Observe that if case (a) holds, then I} (w) = I}, (w) = 0); if case (b) holds,
then |I]_ (w)| = 1 and |[I} (w)] < 1; if case (c) holds, then [I}) (w)| > 2
and I (w) = 0. In particular, [I} (w)| < 1, and if [I}) (w)| = 1 then
necessarily I} (w)| = 1.

Finally, if the game on a tree T}, (w) does not satisfy at least one of the
Condition Q.1-Q.3, then we attach to it the color ¢, (w) = (0,0, 0).

4.4 Using a stochastic variation of Ramsey’s Theorem

For every positive integer k, every stopping time 7 > k, and every w € €,
we attached an element in a finite set. By a stochastic variation of Ram-
sey’s Theorem (Theorem 4.3 in Shmaya and Solan (2004)), there exists
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an increasing sequence of bounded stopping times 7, < 75 < ... such that
Ti(w) € {Ky, Ky, ...} forevery t € N, and every w € Q, and ¢,y r, = Cryry = ...y
with high probability. That is,

)

= (MY, =) 1= ()

P M
P((I M VL) .

71,72

To simplify notations, we exchange the index {7, 7441} by ¢; for example, we
set I/ (w) := I . Denote by G the A-approximation of I between 7, and

Tt4+1-

We define a profile o, in I" as follows:
1. The definition for the subgame that starts at 7.

(i) We first choose a subgame perfect ¢-equilibrium payoff in the
game T (w), for every w € Q such that the game 7} (w) satisfies
Conditions Q.1-Q.3.

For every w € Q, if the set Y L; (w) # 0, choose (y1 (w), 1 (w)) €
Y L (w), such that the choice is G'-consistent. That is, for ev-
ery w,w’ in the same atom in G*, (y; (w),l; (w)) = (y1 (W), 11 (W')).
Let t := 1.

Let X be a set of elements w € 2. Set at first X := Q. During
the process we will remove from X elements that, according to o,
the players are allowed to choose arbitrary actions in the subgame
that starts at stage 7; for some ¢t € N.

(ii)) We next define a (F, 7, 7441)-strategies, one for each player.
For every w € X:

i if YL, (w) = 0 (i.e., at least one of the Condition Q.1-Q.3 does
not hold in 7} (w)), instruct each player to choose arbitrary
actions from now on. Remove w from X.

ii. Likewise, if (17, 1™, Y L), (w) # (I”,I™,Y L), | (w), instruct
each player to choose arbitrary actions from now on, and re-
move w from X.

iii. Else, choose u; (w) € Uy (w), a &-equilibrium payoff in T} (w),
which is G'-consistent, such that [|u; (w) — ¥ (W) oo <
and (u; (w),l; (w)) € ULy (w).

1
2w
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At stages 7, given w until 7,1 — 1, the players should follow
Oty (w) (W), the &-equilibrium in 7} (w) which correspond to
the payoff u; (w).

(iii) We now find, for every continuation payoff at 7,11 in every T} (w),
an approximate payoff in YL, (w):
For every w € X, let 441 (w) be the continuation payoff at 744,
given w in T} (w) under o4, () (W), and l1 (W) = lg,, , (@)-
UYLy (w)#0,and Y L (w) =Y Ly (w), then choose y41 (w) €
Yi41 (w) such that [|y41 (w) — g1 (W) [|eo < 53, and the choice is
consistent with G'*1.
Go back to (ii) with ¢ + 1.

2. Use backward induction to define a subgame perfect equilibrium in the
finite game that terminate at stage 7, with terminal payoff y; (w) for

every w € ) such that the set YL; (w) # 0, and y; (w) = 0 for every
w € Q such that the set Y L; (w) = 0.

Notice, the profile o, is a well defined profile in I', since every selection along
the process is consistent with G'™!, for every t € N. That is, for every t € N
we choose a (G, 7, T441)-strategy profile, which, as we already mentioned,
defines a (F, 7, 1441)-strategy profile, which prescribes the players what to
play in I" between stages 7; and 741 (excluded).

4.5 The profile o, is a J-approximate subgame perfect
e-equilibrium

We now prove that the profile o, is a d-approximate subgame perfect e-

equilibrium. Namely, there is an event G € A with P(G) < ¢, such that

for every stage K € N, and every event F' € Fj, such that P (F) > 0 and
FNG =0, o0k is an e-equilibrium in I'|x given F.

At first we define the event G. Let GG; be an event that includes all the ele-
ments w € 2, in which there are at least two finite games, T; (w) and Ti4; (w)
(for t € N), which do not have the same color, i.e., (IP,]M,YL)t (w) #
(IP, ", YL)t+1 (w). On G the profile o, need not be an e-equilibrium, but

by Eq. (11), P (Gy) < &.
Let G5 include all the elements w € €, in which the game T} (w) does not
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satisfies at least one of the Condition Q.1-Q.3, for every t € N. On G5 the
profile o, need not be an e-equilibrium. By Assumption A.4, and since the

stopping times (7;),. Were limited to the set of stages { K1, K3, ...}, it follows
that P (Gs) < .

We set G := G1 UGs. Then P(G) < P(Gy) + P(G2) < 6.

For every w € Q) that does not belong to GG, the same color is attached to all
the games T; (w), for t € N. That is, for every w € Q\G, (I”, I™,YL), (w) =
(1%, IM7YL)t+1 (w), for every t € N. In addition, Conditions Q.1-Q.3 are
satisfied in all the games T} (w), for every ¢t € N.

We next prove that for every stage K € N, and every event F' € Fx such
that FNG =0 and P (F) > 0, 0,k is an e-equilibrium in I'|x given F.

Fix K € N and F € Fk such that FNG = 0 and P (F) > 0. We de-
fine a partition of the set I’ to a finite number of subsets, according to cases
(a),(b), and (c) in Section 4.3. For each subset, we verify that the upper
bound over the amount every player can gain by deviating is at most e.
Hence, we conclude that no player can gain more than €, by deviating in I'|x
given F'.

1) (0%),c; is a stationary equilibrium:

Let Fy includes all the elements w € F, such that I/ (w) = IM (w) = 0, for
every t € N. Thus, for every w € F, each game T} (w) has a stationary equi-
librium, such that all the players continue whenever chosen. In particular, for
every i € I, a', > 0, and every player expects to receive at least 0. However,
by Condition Q.2, each player can gain at most 0 by terminating the game
by himself, in every subgame which starts at K, so no deviation is worthwhile.

Note that, if a’, > 0, for every ¢ € I, then F; = F, which implies that
no player can gain by deviating in I'x given F', and we are done.

If that not the case, i.e., there is at east one player i € I such that a’ < 0,

then I} = (). Assume from now on, that there is at least one player i € I
such that a’ < 0.
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2) j' is a social welfare player and al_ < 0:

For every j' € I, let FZJ " be the set that includes all the elements w € F , such
that the game T} (w) satisfies Conditions Q.1-Q.3, IF (w) = {j'}, and IM (w) =
(), for every t € N. Player j' is a social welfare player in each game T} (w); he
has a pure stationary strategy o'(w) that ensures every player i € I (includ-
ing j') receives a non-negative payoff in T} (w), given the game terminates
between stages 7 and 7.7 — 1. In particular, the profile in T; (w), according
to which player j' follows this strategy, and all the other continue whenever
chosen, is a stationary equilibrium in 7} (w) with equilibrium payoff at least
0, for each player, for every t € N.

Observe the game I', given w € Fle is chosen. o,(w) instruct all the play-
ers, except for j/, to continue whenever chosen, while j' has a terminating

pure strategy, which is derived from the strategies (O'g / (w)) of the games
teN

(T} (w))ien- By Lemma 4.5, every player expect to receive at least 0 — A,
if the game I' terminates between 7, and 731 — 1, thus the expected payoff
for each player in T, is at least —Ag = —£5/432B% > —5- However, if player
i # 7’ deviates and terminates the game, he receive at most 0 (by Q.2), while
if player j' deviate and continue, the game never terminates, and he receive
a negative payoff. Therefore, every player can gain at most ¢. Note that this
argument is valid in every subgame.

3) j' is a social welfare player and al_ > 0:

For every two players j', 5" € I, let Fgl’jﬁ be the set that includes all the
elements w € F, such that the game T} (w) satisfies Conditions Q.1-Q.3,
IF (w) = {j'}, IM (w) = {j"}, and Y} (w) = {y (w)}, for every t € N. These
sets are similar to the previous case. Player j’ is again a social welfare player
in every game T} (w), who has a pure stationary strategy ag " that ensures ev-
ery player ¢ € I (including j') receives a non-negative payoff in 7} (w) given
the game terminates between stages 7, and 7.1 — 1, for every t € N. In
addition, player j” has a mixed strategy ag”, which threatens player j’, by
stopping the game with some sufficient small probability, at stages where
the terminal payoff for player j' is negative, for every ¢t € N. Since y (w) is
the approximated &-equilibrium payoff in the game T} (w), given the game
terminates between stages 7; and 7.1 — 1, then every player receive at least
y(w)— ﬁ under this &-equilibrium, and at most y (w) + ﬁ + ¢ by deviating,
given the game T; (w) terminates between stages 7, and 7,41 — 1, for every
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t e N.

Observe the game I', given w € FJ "" is chosen. 0.(w) instruct all the players,
except for j', j”, continue whenever chosen, while j’ has a terminating pure
strategy, and j” has a terminating mixed strategy, which are derived from
the strategies in the games T} (w).

By Lemma 4.5, the expected payoff of player i in I" is at least y' — ﬁAt,

given w € F; 5J EART chosen, the players follow o, (w), and the game terminated
between stages 7, and 7,1 — 1.

On the other hand, assume player ¢ deviates in I', and his expected pay-
off is v;, given the game terminates between stages 7, and 7,7 — 1. By
Lemma 4.6, there is a (G, 11, 72)-strategy of player ¢ in which he can lose at
most A; by considering this strategy, instead of the original, so its expected
payoff is at least vy — A4, in I', given the game terminates between stages 7;
and 7,47 — 1. By Lemma 4.5, if player i deviates to this (G, 1, 72)-strategy
in T; (w), his expected payoff is at least v; — 2A; given the game terminates
between stages 7; and 7341 — 1, on the other hand, as we already mentioned,
this amount must be at most y* + & + ﬁ, so, vy < y' + ﬁ + &+ 2A,.

Therefore, every player can gain at most & + 3A; + % by deviating in I"
given w € Fgl’jﬂ is chosen, and the game terminates between stages 7, and
Ti+1 — 1. As a result, every player can gain at most £ + 3Ay + % < g by
deviating in I' given w € Fg 7" is chosen. These arguments are valid in every
subgame, which start at stage K.

4) There is no social welfare player:

For every subset of players J C I, |.J| > 2, and every YL € YL, let F4J’YL
be the set that includes all the elements w € F, such that the game 7T} (w)
satisfies Conditions Q.1-Q.3, IF (w) = J, IM (w) = 0, and YL, (w) = YL.
Meaning, every player ¢ € J use a pure strategy which is different from 0° in

T, (w), and the set of equilibrium payoff is Y, for every ¢t € N.

In order to prove that no deviation in I'x can be profitable, we further
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partition the set F 4] YT For every t' € N, let

Fi’t’/”: = {w e F" [y (w) < K <7 (w)}

__ K _

The collection <F4J;§,/L> is a finite partition of F;""". Fix t' € {1,2,..., K}
B e=

such that P(FZ;},/L) > 0.

t'+Q JYL

= O Fyy
JYL

Fiv ™

We define a new game on a tree 7' using the games (7} (w))

as follows: it starts at stage K in (Ty (w))weF sz, and for every w €
4t/

if the game Ty (w) reaches a leaf, T' continues with Ty 41 (w), and so on.

o, induces a strategy in 7', in which every player can gain at most & + QQﬁ,
given 7' is terminated before 7y4¢. Indeed, every player can gain at most &
by deviating in the game T} (w), given the game is terminated between stage
7 and 744q. Furthermore, a player might use the fact that during the con-
struction of o, we used an approximate continuation payoff (cf. Step (iii)),
so by postponing the termination of the game to 74, at least, he can gain
at most 2Qﬁ

By applying Lemmas 4.5 and 4.6 to each of the games T} (w), it follows
that if a player deviates in I' given F 4{ ;},/L occurs and the game is terminated
between stage K and 7y4¢, then he can gain at most

t'+Q 1
2 A 20)——
Z ¢+ &+ QZW <

t=t’

€
5 .

We next claim that, if all the players, except perhaps for one, follow o,, the
game [ given F, 4‘{;3,@ is terminated between stage K and 7,4 with probability
at least 1 — 7. In fact, by Theorem 3.3, it follows that the game 7' is termi-
-1

6 \ 35
£ . In

~ T72B
addition, by Lemma 4.5, for every ¢t € N, the difference between the termi-

nation probability between stages 7, and 7,41 — 1 under any strategy profile,

nated before it reaches 74 with probability at least 1 — (1

. . . JYL .
in (Ty (W) et and in I' given F}}, ~ occurs, is at most A,,. Hence, under
4.t

o, the game I' given F4{’tﬁ is terminated between stage K and 7y with
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RN R
probability at least 1 — (1 — %) s — i

To summarize, every player can gain by deviation in I'|x given Fi{ %YL at
most 3, if the game is terminated between stage K and 7y,q, while he can
gain at most 2, if the game terminates after stage 7. ¢, therefore, he can
gain by deviating at most

€ € €
<. 1—-) 2.5 <e
2 ( 1) ey
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