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omAbstra
t. Delivering popular web pages to the 
lients results in highbandwidth and high load on the web servers. A method to over
ome thisproblem is to send these pages, requested by many users, via multi
ast.In this paper, we provide an analyti
 
riterion to determine whi
h pagesto multi
ast, and analyze the overall saving fa
tor as 
ompared witha uni
ast delivery. The analysis is based on the well known observationthat page popularity follows a Zipf-like distribution. Interestingly, we 
anobtain 
losed-form analyti
al expressions for the saving fa
tor, that showthe multi
ast advantage as a fun
tion of the site hit-rate, the allowedlaten
y and the Zipf parameter.1 Introdu
tionOne of the largest problems in the web is to deliver the 
ontent eÆ
iently fromthe site to the user. High load on the server and on the network leads to longdelays or more extremely denial of servi
es. In
reasing the 
apa
ity for deliveringthe 
ontent results in a high 
ost of extra servers and extra bandwidth. Moreover,the 
apa
ity is planed to some value, though larger than the average load, butalmost always 
annot a

ommodate the peak load. This is spe
ially 
orre
t forpopular pages were the a

ess pattern may be unpredi
table and very unstable(e.g. the famous Starr report 
ase).There are several methods to try to over
ome the problem. One is to use
a
hes [13, 7, 1℄. However, 
a
hes are not e�e
tive for frequently 
hanging 
ontentor for long �les (e.g video, audio). A di�erent possibility that we 
onsider in thispaper is to use multi
ast [4, 8, 6℄, i.e., to deliver the 
ontent simultaneously tomany (all) users via multi
ast dynami
 tree. Obviously, one may also 
ombineboth 
a
hing and multi
asting to further improve the solution.At �rst, it may seem that multi
ast 
ould be e�e
tive only if many usersrequests exa
tly the same 
ontent at exa
tly the same time, whi
h 
an o

urmainly in real time events. However, it is well known (see, e.g., [8℄) that one
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an 
y
li
ly transmit by multi
ast a page until all users requested the page inthe multi
ast tree re
eive it. Note that ea
h user needs to re
eive one 
y
le fromthe time that he joins the tree (whi
h does not need to be a beginning of anew 
y
le) assuming that there are no faults. A more eÆ
ient methods thatover
omes possible pa
ket losses 
an be a
hieved by using erasure 
odes, e.g.,[11, 3℄.The multi
ast advantage is manifested by 
ombining together overlap re-quests to a single transmission. This way the server load and bandwidth de
reasedramati
ally sin
e all overlapped users appear almost as a single user. Hen
e,the most attra
tive pages (�les) to multi
ast are pages that are popular, i.e.,have many hits per se
ond, and pages that are large. Fortunately, the a

esspattern to pages of a site are far from being uniform. Any non-uniformity onthe distribution of the a

ess pattern to pages enhan
es the advantage of usingmulti
ast sin
e it results in more popular, hen
e higher 
on
urren
y, pages. Ithas been observed [2, 10, 9℄ that indeed the a

ess pattern for pages in a siteis highly non-uniform and obeys a Zipf-like distribution with � parameter thatis in the range of 1:4� 1:6. With this distribution, a �xed number of pages a
-
ount for almost all requests for pages (say 95%). As in many other events, Zipfdistribution o

urs naturally, and so we assume that this is the request patternin order to obtain quantitive expressions for the multi
ast advantage. We willpresent the results in terms of the Zipf parameter � and note that even for thepure Zipf distribution, i.e. for parameter � = 1, and furthermore even for Zipf-like distribution with � < 1, a small number of pages (maybe not as small asfor � > 1) still a

ount for most of the requests. Sin
e a Zipf-like distributionhas a heavy tail, assuming su
h a distribution on the a

ess pattern is one of theweakest possible assumptions in terms of the advantage of multi
ast.It is worthwhile to mention that the popular pages may 
hange over time. Anappropriate system that keeps tra
k of the a

ess pattern 
an easily maintain thelist of the hot pages. Hen
e, su
h a system 
an de
ide whi
h pages to multi
astat ea
h point in time a

ording to the estimated parameters of the a

ess rateand the size of the pages.We next dis
uss the results of this paper. We start, in se
tion 2, by an anal-ysis of a site in whi
h all the information regarding the a

ess pattern and �ledistribution is given. The analysis is based on a 
riterion we derive, that deter-mines whi
h pages to multi
ast. This 
riterion assumes that the page a

ess rateis given, or estimated, and it also depends on the allowable delay to re
eive thepage, whi
h in turn, determines the bandwidth in whi
h the page is multi
asted.The major result of our paper appears in se
tion 3, and 
ontains a set of analyt-i
al expression for the gain in bandwidth (and server load) in serving a typi
alsite by sele
tive multi
ast (i.e., multi
ast of hot pages) as 
ompared with thestandard uni
ast serving. For the typi
al site we assume that the a

ess patternfollows a Zipf-like distribution with some parameter �. The overall saving band-wiz fa
tor a
hieved depends on the a

ess rate to the site and the laten
y thatwe allow for pages. Se
tion 4 extends the analysis to a site with various typi
al�le groups. The paper is summarized in se
tion 5.



32 Analysis for a Given SiteWe make the following notations{ n the number of pages in the site.{ pi probability of requesting page i for 1 � i � n given that a page wasrequested from the site.{ Si is the size of page i, in bits, for 1 � i � n.{ � the average a

ess rate in hits per unit time, to the site. We note that� = N�0 where N is the size of the population a

essing the site and �0 isthe average a

ess rate of a person from the population to the site.As a step toward an analysis for a typi
al site we make an analysis for agiven site with the probably unrealisti
 assumption that all the above parameters(n; pi; Si; �) are known. In this se
tion we �rst 
ompute the minimal requiredbandwidth to serve this site by uni
ast. We then 
onsider serving the site bysele
tive multi
ast, where we �rst determine whi
h pages worth multi
astingand then 
ompute the resulting bandwidth. By that we estimate the gain inserving this site by multi
ast. Note that we assume that the site is planned tohave the ability of serving all requests and not to drop/blo
k some of them.2.1 Serving by uni
astUsing the above notation the amount of bits per unit time generated on theaverage in serving the page i is �piSi. Consider nowBu = nXi=1 �piSi = � nXi=1 piSi :This formula is the information theoreti
 lower bound on the required band-width for serving all the pages by uni
ast, sin
e the total average number of bitsrequested per unit time must by equal (on the average) to the total number ofbits transmitted. Note that the lower bound is independent of the transmissionrate of the pages. Moreover, the above formula stands for the minimum possiblebandwidth in the ideal 
ase where we 
an store the requests in a queue and out-put 
ontinuously exa
tly the same number of bits per time without any bound onthe laten
y en
ountered for delivering the �les. The a
tual bandwidth requiredby any pra
ti
al system to support all requests (in parti
ular, with bounded la-ten
y) needs to be higher than this. Nevertheless, we essentially demonstrate themulti
ast bandwidth advantage by showing that multi
ast requires less (some-times mu
h less) bandwidth than this information theoreti
 bound.2.2 Serving by sele
tive multi
astIn serving a �le i by multi
ast, a 
arousel transmission (or better, a 
oded streamusing, e.g., Bandwiz blo
k-to-stream 
ode [11℄) of the �le is transmitted at some



4parti
ular bandwidth wi and all requests for the �le are handled by re
eivingfrom this multi
ast transmission. The bandwidth advantage in serving a �le thisway 
omes from the fa
t that the �le is served at the �xed bandwidth wi andthis bandwidth allo
ation is suÆ
ient no matter how many requests the �le hasduring its transmission. In uni
ast, on the other hand, ea
h request requires anadditional bandwidth allo
ation.One may 
on
lude that multi
ast 
an lead to an unbounded saving 
omparedwith uni
ast, simply by allo
ating a small bandwidth wi to serve the �le i.But there is a pri
e for that. The laten
y in re
eiving the �le, whose size isSi will be
ome large. A reasonable multi
ast bandwidth allo
ation is su
h thatthe desired laten
y Li is guaranteed. Note that the information theoreti
 lowerbound 
omputed for uni
ast was independent of the laten
y we allow to deliverany �le (although the realisti
 bandwidth, higher than that, does depend on it asdis
ussed above). Thus, as the allowed laten
y is larger, the multi
ast advantageis larger.In view of this dis
ussion, we assume that the bounds on the laten
ies forthe various �les are imposed on the system. We use the following de�nitions:{ Let Li be the laten
y we allow for delivering page i using multi
ast.{ Thus, wi = Si=Li is the rate that we 
hose to transmit page i.We note that the value of wi and Li are fun
tions of the typi
al 
apability ofthe re
eivers and network 
onditions. For example, wi should not be larger thanthe typi
al modem rate if typi
al re
eivers a

ess the site through a modem.This implies that Li 
annot be small for large �les. Also for small �les it doesnot pay to have small Li sin
e 
reating the 
onne
tion from the re
eiver to thesite would dominate the delay. Hen
e we 
on
lude that Li is never very smalland may be required to be reasonably large. As will be seen, the larger the LI ,the better is the multi
ast advantage.Out of the bandwidth allo
ated to uni
ast, the portion of the minimal band-width required to transmit the �le i is �piSi (whi
h is the amount of bits per unittime requested of this �le). Thus, in using multi
ast, we redu
e the bandwidthto all the pages in whi
h �piSi > wiand in this 
ase we repla
e �piSi by the bandwidth by wi. The above formula,whi
h provides the 
riterion for transmitting the �le by multi
ast, is equivalentto �piLi > 1 :Hen
e we 
on
lude that the total bandwidth required by the sele
tive multi-
ast is Bm = Xij�piLi>1wi + Xij�piLi�1�piSi :



53 Analysis for a Typi
al SiteWe 
onsider a site, where the various pages 
an be partitioned into typi
algroups. In ea
h group the pages are of similar 
hara
teristi
s, i.e. approximatelythe same size and same required laten
y for delivery to the user. For example,one group 
an be text HTML �les, another group 
an be pages with imagesand yet another group 
an be audio, or video �les. We �rst 
onsider one su
hgroup of pages. It is well known and has been 
onsistently observed that thea

ess pattern to the pages in a group is not uniform. In fa
t, the advantage ofmulti
ast improves as the distribution be
omes less uniform sin
e one needs tomulti
ast less pages to deliver the same fra
tion of the traÆ
. We make one ofthe weakest possible assumptions on that distribution, i.e., a family of heavy taildistributions on the a

ess pattern. If the distribution is more skewed then thesaving by using multi
ast in
reases.Assumption. Among a group of pages with the same laten
y the popularityof pages is distributed a

ording to Zipf-like distribution with some param-eter � > 0. Spe
i�
ally, the probability of the i'th most popular page isproportional to 1=i� or equal to 1C(�)i� where C(�) =Pni=1 1i� :The above assumption is 
ru
ial for our analysis. The typi
al parameter �whi
h is usually observed for a typi
al site is in the range 1:4�1:6. In the sequelwe will use the following approximation Pbi=a+1 1i� � R ba 1x� dx or Pbi=a 1i� �1a� + R ba 1x� dx : In parti
ularPni=1 1i� � 1 + R n1 1x� dx :Now, we are ready to 
ontinue the analysis. First we 
onsider uni
ast. We
an approximate the expressionBu = � nXi=1 piSiby Bu = �E(S)where E(S) is the expe
ted size of a random page in the group.Using the Zipf-like distribution we 
an evaluate the total bandwidth requiredby multi
ast. Re
all that it is worthwhile to multi
ast a page if �piL > 1 (L is�xed for all pages in the group) and we should multi
ast the most popular pagesregardless of their size. Let k be the number of su
h pages that are worth tomulti
ast. Then k is the largest integer that satis�es �pkL > 1 or1C(�)k� = pk � 1�L :Following the above formula there are three di�erent 
ases that we need toanalyze a

ording the to value of the smallest k that satis�es the above formula:{ No need to multi
ast any page. This is the 
ase where the a

ess rate is smalland the required laten
y is so short that it is not worthwhile to multi
ast eventhe most popular page (smallest k � 1). That 
orresponds to �L � C(�).



6{ Multi
ast all pages. Here the a

ess rates are high or the number of pagesis relatively small su
h that it is worthwhile to multi
ast all pages (k � n).Here all pages are popular whi
h 
orresponds to �L � C(�)n�.{ Multi
ast popular pages. This is the typi
al 
ase where 1 < k < n and wemulti
ast only the popular pages a

ording to our metri
. This 
orrespondsto C(�) < �L < C(�)n�.Clearly, in the �rst 
ase multi
ast saves nothing. Later we dis
uss the savingwhen we multi
ast all pages. We begin, then, with the interesting 
ase where1 < k < n, i.e., the 
ase of multi
asting only the popular pages.3.1 Multi
asting the popular pagesIn this 
ase we get k = �� �LC(�)�1=�� where 1 � k � n.If we plug it into the formula of the total bandwidth of the multi
ast (i.e.multi
ast the �rst k pages and uni
ast the rest) we getBm = kXi=1 Si=L+ nXi=k+1 �piSi :Sin
e the pages in a group have similar 
hara
teristi
s in terms of size andrequired laten
y we 
an approximate the above by the followingBm � E(S)L ��LC �1=� + E(S)�C Z n(�LC )1=� 1x� dx= E(S)�C  ��LC �1=��1 + Z n(�LC )1=� 1x� dx!where we drop the integer value and we setC = C(�) = 1 + Z n1 1x� dx :Next we separate between the 
ase � = 1 and the 
ase � 6= 1. For the 
ase� 6= 1 we also 
onsider asymptoti
 behavior.the 
ase � = 1. ClearlyC = 1 + Z n1 dxx = 1 + lnn� ln 1 = ln enand Z n�LC dxx = lnn� ln �LC = ln nC�L = ln n ln en�L :



7Hen
e for the range of the typi
al 
ase i.e., ln en < �L < n ln en, we haveBm � E(S)�ln en �1 + ln n ln en�L � = E(S)� lnn+ 1 + ln ln en�Lln en != E(S)� ln en� ln �Lln enln en ! = E(S)� 1� ln �Lln enln en ! :If we 
ompare it to standard uni
ast, the saving fa
tor isR = 11� ln �Lln enln en :Examples of the savings 
an be seen in Table 1. Here � is given in hits perse
ond for the site (i.e. total rate for all pages), L is given is se
onds (4 se
ondsfor html page, 20 se
onds for page with pi
tures and 300 se
onds for audio orvideo 
lip) and n is the number of pages of the site. Plots of R appear in Figure2 as a fun
tion of � (and also for various �'s, see also below).� L n saving, � = 1200 20 104 2:41200 4 103 2:4020 300 103 6:19Fig. 1. Examples of the saving fa
tor for � = 1
the 
ase � 6= 1. In this 
aseC = 1 + Z n1 dxx� = 1 + n1�� � 11� � = n1�� � �1� �and Z n(�LC )1=� dxx� = n1�� � (�LC ) 1���1� � :Hen
e for the rangen1�� � �1� � < �L < n�(n1�� � �)1� �
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Fig. 2. The saving fa
tor (relative to uni
ast) of the bandwidth (load) of a server formulti
ast with Zipf-like distribution for various values of the parameter � as a fun
tionof the number of hits per se
ond. The number of pages is 10; 000 and the laten
y is 25se
onds.we have Bm � E(S)�C  ��LC �1=��1 + n1�� � (�LC )1=��11� � != E(S)�C  ��LC �1=��1 (1� 11� � ) + n1��1� �!= E(S)�(1� �)C  ����LC �1=��1 + n1��!= E(S)�n1�� � �  ����L(1� �)n1�� � � �1=��1 + n1��! :We 
on
lude that the saving fa
tor 
ompared with uni
ast isR = n1�� � �n1�� � ���L(1��)n1���� �1=��1 :Again, plots of R as a fun
tion of � and various �'s appear in Figure 2.



9asymptoti
 expression - � > 1. It is interesting to 
onsider the asymptoti
behavior of the saving fa
tor for a site, as the number of pages grows. It isnot hard to show that the saving fun
tion is monotone non in
reasing with thenumber of pages. Moreover, for the 
ase � > 1, it turns out that the savingfa
tor approa
hes to a limit whi
h is bounded away from 1. Hen
e, to boundthe saving fa
tor for any number of pages we 
an assume that the number ofpages n approa
hing in�nity. The saving fa
tor R in the asymptoti
 
ase, whi
has will be seen has a simpler expression (independent of n), is a lower bound onthe saving fa
tor for any n (i.e. we save at least that mu
h). This is very usefulsin
e the number of pages in a site is usually large and 
ontinuously growing.For evaluating the asymptoti
 behavior we approximate the expression for Rby repla
ing n1�� with zero. Then for the range ���1 < �L we haveBm � E(S)���  ����L(1� �)�� �1=��1!= E(S)� (�L(1� 1=�))1=��1 :Hen
e the saving fa
tor relative to uni
ast isR = (�L(1� 1=�))1�1=�and it is independent of n.The saving fa
tor of the total bandwidth for a site (in
luding both uni
astpages and multi
ast pages) yields by multi
asting the relevant pages 
an befound in Figure 3 for � = 1:4, � = 1:6 and � = 1:8 for few examples.� L saving, � = 1:4 saving, � = 1:6 saving, � = 1:8200 20 7:48 15:25 27:82200 4 4:72 8:49 13:6020 300 8:39 18:07 33:31Fig. 3. Examples of the saving fa
tor for � = 1:4, � = 1:6 and � = 1:8asymptoti
 expression - � < 1. Now assume that � < 1. For the asymptoti
behavior we 
an approximate the expression by assuming that n1�� is relativelylarge 
ompare to � (i.e n is relatively large). Then for the approximate rangen1��1� � < �L < n1� �



10 we have Bm � E(S)�n1��  ����L(1� �)n1�� �1=��1 + n1��!= E(S)� 1� �n1�� ��L(1� �)n1�� �1=��1!= E(S)� �1� � (�L(1� �)=n)1=��1� :Hen
e the saving fa
tor isR = 11� � (�L(1� �)=n)1=��1relative to uni
ast. This expression depends on n (as n goes to in�nity, the savingfa
tor goes to 1, i.e., no saving) but it is a simpler expression than above.3.2 Multi
ast all pagesHere we multi
ast all pages i.e., k = n whi
h 
orresponds to the range �L �C(�)n�. We have Bm =Pni=1 Si=L = E(S)n=L. If we 
ompare it to uni
ast, weget that the saving fa
tor is R = �Ln :It is worthwhile to note that the above saving fa
tor holds for all values of�. The range for a
hieving this saving fa
tor is �L � n ln en for � = 1 and�L � n�(n1����)1�� for � 6= 1. The range for � 6= 1 
an be approximated by therange �L � �n�1�� for � > 1 and �L � n1�� for � < 1.It is also worthwhile to mention that the 
ase � = 0 (i.e. uniform distribution)always falls in the extreme 
ase or the low traÆ
. That is if �L > n it is worthwhile to multi
ast all pages and otherwise it is not worthwhile to multi
ast anypage.3.3 Properties of the saving fun
tionWe list the following useful observations:{ The saving fun
tion is 
ontinuous monotone non-de
reasing as a fun
tion of�L for any given � and n in the admissible range. This 
an be easily provedby 
onsidering the saving fun
tion dire
tly.{ The saving fun
tion is 
ontinuous monotone non-in
reasing as a fun
tion ofn for any given � and �L in the admissible range. This 
an be easily provedfor � = 1. For � 6= 1 this 
an be proved by showing that the saving fun
tionis monotone in n� � � whi
h is monotone in n.{ The saving fun
tion seems to be 
ontinuous monotone non-de
reasing as afun
tion of � (also at � = 1) for any given n and �L in the admissible range.



114 A Site with Various GroupsIn this se
tion we assume that not all pages have a similar size and laten
y. Wepartition the �les into r groups where in ea
h group the �les are of approxi-mately the same size and laten
y. For group i we denote by f ju(Ej(S); �j)) theaverage bandwidth required for group j using the standard uni
ast serving andby f jm(Ej(S); �j ; Lj) the average bandwidth required for group j using multi-
ast. Re
all that we do not limit the number of pages that we multi
ast andhen
e, the de
ision if to multi
ast a page does not 
on
i
t with the de
isionsto multi
ast other pages. Hen
e the overall bandwidth is superposition of thebandwidth of the individual groups. Thus, we have that the total bandwidthused in uni
ast is rXj=1 f ju(Ej(S); �j))where f ju(Ej(S); �j)) = �jEj(S). The total bandwidth for multi
ast serving isrXj=1 f jm(Ej(S); �jLj)where for group j of the extreme 
asef jm(Ej(S); �j ; Lj) = Ej(S)n=Ljand for group j of the typi
al 
ase with � = 1f jm(Ej(S); �j ; Lj) = Ej(S)�j 0�1� ln �Ljln enjln enj 1Awhere for � 6= 1f jm(Ej(S); �j ; Lj) = Ej(S)�jn1��jj � �j 0���j  �jLj(1� �j)n1��jj � �j !1=�j�1 + n1��jj 1A :5 SummaryOur main 
ontribution in this paper is the analyti
al analysis of the savingfa
tor that 
an be a
hieved by using multi
ast versus using uni
ast in servinga a typi
al site. The analysis assumes the Zipf-like distribution for the a

esspattern for the pages in the site. We note that for the most interesting 
asewhere the parameter � of the Zipf-like distribution is larger than 1 the savingfa
tor is almost independent of the number of pages (i.e the site may 
ontain ahuge number of pages). We also note that a 
ru
ial parameter in determiningthe saving fa
tor is the produ
t between � and L whi
h is the a

ess rate for a



12group and the maximum laten
y we are allowed to deliver the �les. We have alsodesigned a simple 
riterion for a given site to de
ide in advan
e (or dynami
allywhile 
olle
ting the information on the a

ess pattern for the site) whi
h pagesto multi
ast and whi
h pages to 
ontinue to transmit with the standard uni
ast.We note that the saving fa
tor 
an be further improved, if we further 
onsiderthe peak behavior and not the average behavior of the requests. In this 
ase therequirement for uni
ast bandwidth grow, while the requirement for multi
astis stable. We 
an 
hange somewhat the 
riterion of whi
h pages to multi
ast -instead of 
omparing the average required rate for sending a page in uni
ast to itsmulti
ast bandwidth, we 
ompare the instantaneous demand. The exa
t analysisin this 
ase requires assumptions regarding the sto
hasti
 a

ess pattern. Re
entstudies show that requests are not 
oming as, say, a Poisson pro
ess, but havea self-similar heavy tail distribution (see e.g. [12, 5℄). Thus, this analysis 
anbe 
ompli
ated. Still, an approximation for the true saving 
an be obtained byusing the results derived here, and 
hoosing for � a higher value, that will re
e
tthe peak demand instead of the average a
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